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Abstract

In this dissertation, we present several results related to spacelike singularities arising in Einstein’s
theory of General Relativity, and their connection to the heuristics of Belinski, Khalatnikov and
Lifshitz (BKL) in the physics literature. BKL proposed that spacelike singularities arising from the
Einstein equations resemble an anisotropic Kasner metric, but where the rates and directions of
compression and stretching depend on space and time. Further, they describe the time dependence
as a cascade of Kasner-like regimes connected by BKL bounces where the rates and directions
transition rapidly from one regime to another — often termed BKL’s chaotic and oscillatory approach
to singularity.

Our thesis has three main parts, each of which provides support of BKL’s proposal within
various contexts. In the first part, we show that a large class of spherically symmetric solutions
to the Einstein—(Maxwell)—scalar field system possess a Kasner—like singularity in the above sense.
Though the scalar field and symmetry assumptions suppress the above oscillations, remnants of
their effects remain upon introducing the Maxwell field. This is explored further in joint work with
M. Van de Moortel, where we study homogeneous black hole interiors with charged scalar hair.

In the second part, we characterize a wide class of symmetric, but spatially inhomogeneous
spacetimes, both in vacuum and within the Einstein—Maxwell-scalar field model, which feature BKL
bounces near their singularity. These are the first inhomogeneous examples of such bounces, and
although our current work allows for only one bounce rather than a chaotic cascade, our method —
combining nonlinear ODE analysis with energy estimates — is robust and we outline several potential
further applications.

The final part analyzes the linearized Einstein—scalar field system near exact Kasner spacetimes
and exhibits a scattering isomorphism between suitable Cauchy initial data and the asymptotic
quantities (e.g. Kasner-like rates and directions) at the singularity. The scattering map reveals
interesting gains and losses of derivatives, which depend sensitively on the anisotropy of the Kasner

background.
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Chapter 1

Introduction

A significant milestone in the understanding of Einstein’s theory of General Relativity is the pre-
diction of singularities, which arise, for instance, in the study of the interior of black holes or at the
Big Bang. The Einstein equations of General Relativity [56] detail how the curvature of a spacetime
(M*,g) is coupled to matter fields:

. 1 .
Ric,,[g] — §R[g]gw =2T,,. (Ein)

Here, g is a Lorentzian metric on a (1 + 3)-dimensional manifold M*, while Ric[g] and R/[g]
represent the Ricci curvature and scalar curvature associated to g, and T is a symmetric (0, 2)-
tensor on M representing the energy-momenta of matter; examples of T for various matter fields
will be given in Chapter [2| In the case that T = 0, we call the Einstein vacuum equations.

In mathematics, one studies solutions of the geometric equation by making a suitable
choice of coordinates on M, thereby transforming into a system of nonlinear PDEs. Many
such choices, including the wave coordinates considered in the foundational result of Choquet-Bruhat
[59], reveal the hyperbolic character of the Einstein equations. Therefore, may be treated as
a locally well-posed system of evolution equations, with initial data given on a spacelike Cauchy
hypersurface. One is then interested in the global properties of dynamical spacetimes arising from
such initial data.

Celebrated singularity theorems of Penrose [113] and Hawking [77] show that under several
physically reasonable conditions, “singularities” are a robust dynamical prediction of the Einstein
equations (Ein). Two examples of spacetimes exhibiting singularities are the (interior regions of
the) spherically symmetric Schwarzschild black holes [134], and the Kasner solutions |89] often
encountered in mathematical cosmology. One application of the Penrose-Hawking theorems is that
the “singularity” of these spacetimes persists upon applying small perturbations.

However, one shortcoming of the Penrose-Hawking theorems is that the proof, while remarkable

in its elegant use of Lorentzian geometry, reveals little about the nature of the predicted singularity.
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In fact, one should remark that what the theorems predict is not singularity formation in a mathe-
matical sense — suggesting blow-up of some quantity — but instead (causal) geodesic incompleteness.
Indeed, there are spacetimes, including the Kerr black holes and the Taub—-NUT spacetimes, which
satisfy the conditions of the Penrose-Hawking theorems yet exhibit no coordinate-invariant blow-
up; the geodesic incompleteness is instead due to Cauchy horizons across which these spacetimes
may be smoothly extended.

Even restricting to a class of spacetimes whose singularity exhibits, say, curvature blow-up and
such that the singularity may be realised as a spacelike boundary of M — thereby ignoring phenomena
such as weak null singularities [107] — the question of how the spacetime metric g generically behaves
near the singularity remains puzzling to mathematicians and physicists alike.

One proposal towards the resolution of this problem comes from a series of articles written by
physicists Belinski, Khalatnikov and Lifshitz [95, [16], [17], often shortened to BKL. To describe their

proposal, it will be convenient to write the explicit form of the (anisotropic) Kasner metric,

Eras = —dt® + 1?7 (dz")? + 1772 (d2®)? + %P3 (dx®)?, (Kas)

where pi,p2,p3 € R that determine the rates at which lengths contract or expand in the z!, 22

and 22 directions. For gxqs solving the Einstein vacuum equations, exactly one of the p; is negative
and the remaining two are positive, meaning that as one approaches the singularity at t = 0, one
direction is infinitely streched while the other two are infinitely compressed. This phenomenon is
colloquially known as spaghettification.

One notes, however, that gx,s is highly symmetric and does not necessarily, at first glance, say
anything about “generic” singularities. The remarkable proposal of BKL is that in a neighbourhood
of a generic spacelike singularity, the metric g highly resembles that of but where both the
rates p; and the directions dx® of contraction and expansion are allowed to depend on space and
time. We call this BKL’s Kasner-like ansatz, see already .

Furthermore, they postulate that, sufficiently close to the singularity, the spatial z-dependence is
dominated by the temporal t-dependence, and therefore that at any spatial point on the singularity,
the dynamical properties of the metric g, as well as any matter fields, are well-approximated by
the near-singularity dynamics of a system of finite-dimensional, autonomous, ODEs. Under this
assumption, often called the asymptotically velocity term dominated assumption, or AVTD for short,
the dynamics of generic singularities thus reduce to understanding the dynamics of generic orbits
of this ODE system.

We now distinguish two separate cases. The first case, often denoted the subcritical regime,
corresponds to the ODE system having stableﬂ fized points. Such regimes arise when studying
problems in symmetry, or when particular choices of “stiff” matter fields are present [14], or in

studying the Einstein equations in high dimension [50]. In this case, one expects generic ODE

!Stability is understood as stable in the direction ¢ — 0, i.e. towards the singularity.



14

orbits to converge to one of these fixed points; as a result, the singularity consists of spatial points
x each of which are associated to one of these stable fixed points.

On the other hand, in the second case, which we call the oscillatory regime, every fixed point
of the ODE system is unstable. Here, BKL [16] [I7] suggest that generic ODE orbits resemble an
infinite cascade of heteroclinic orbits, each of which connects one unstable fixed point to another.
As a result, near any point on the singularity, the spacetime resembles an infinite sequence of
Kasner epochs — corresponding to the unstable fixed points — which are connected by so-called BKL
bounces — corresponding to the heteroclinic orbit. Furthermore, the ODE system exhibits features
reminiscent of chaos, and the proposal here is often called BKL’s chaotic and oscillatory approach
to singularity. Interest in this regime stems from the fact that the (1 + 3)-dimensional Einstein
vacuum equations correspond to this regime. Further, this does not change upon coupling the
Einstein equations to many physically reasonable matter fields e.g. perfect fluids, electromagnetism,
particle-like matter, etc.

While there exists a plethora of work regarding the BKL proposal in the physics literature, see
for instance the book of Belinski and Henneaux [I3|, mathematical results in this direction are
relatively few. While there are examples, particularly in various symmetry classes, of rigorously
constructed solutions to with (curvature) singularities, their connection to BKL’s work is

rather underexplored.

Question 1. Are there large classes of solutions to the Einstein equations (Ein)) possessing a (cur-
vature) singularity Kasner-like in the sense of BKL? In particular, near the singularity can one

quantitatively identify the rates and directions, and their dependence on ¢t and x?

This question is (intentionally) vaguely phrased so as to leave phrases such as “large classes”,
“Kasner-like” and “quantitatively identify” somewhat open to interpretation. Question [I] can be
asked in both the subcritical regime (where, close enough to the singularity, the ¢-dependence may
be ignored), and the oscillatory regime (where one expects both ¢ and xz-dependence).

We answer Question [I| for the spherically symmetric Einstein—(Maxwell)—scalar field system in
Theorem where both the symmetry class and the scalar matter will help to enforce subcritical-
ity. This model has longstanding use in the study of (spherically symmetric) gravitational collapse,
see for instance [34, [99]. In [34] and references within, Christodoulou proves the Weak and Strong
Cosmic Censorship Conjectureﬂ in the simpler case of the Einstein—scalar field system, in particular
Christodoulou proves that generic spacetimes with a black hole terminate in a spacelike singularity
with curvature blow-up. One application of Theorem [1.3.1}is to show that this singularity in indeed
Kasner-like.

Another showcase of Kasner-like behavior in black hole interiors appears in Theorem [I.4.1] which

2See [114] for an introduction to these conjectures; the Strong Cosmic Censorship conjecture will also be expanded
upon in Section
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arose from joint work with M. Van de Moortel and concerns the interior of certain so-called “hairy
black holes”, which are spatially homogeneous solutions of the Einstein—(Maxwell)—charged scalar
field system. These hairy black hole interiors exhibit a plethora of interesting nonlinear behavior,
including growing and oscillatory behavior for the scalar field as one approaches the singularity, and
settling to a Kasner-like regime even closer to the singularity. While, as before, the scalar matter
enforces subcriticality, remnants of the oscillatory behavior — namely the BKL bounces — are present
in the findings of Theorem [T.4.1]

Question [I] appears to be much more challenging in the oscillatory regime. In this setting, at
present definitive answers are only available in spatially homogeneous spacetimes, where homogeneity
means there is no z-dependence, and one can immediately reduce the dynamics to ODEs, as we do
in the case of the Einstein—(Maxwell)-charged scalar field system with R x S? spatial topology in
Theorem See also [82] for an example of another such ODE system for the Einstein vacuum
equations with more general spatial topologies. Outside this spatially homogeneous case where the
ODEs exactly govern the dynamics, progress towards Question [I] necessitates a proof of the AVTD
assumption, so that terms involving z-derivatives may be considered error terms in the Kasner-like

description. This encourages us to pose the following question.

Question 2. Can one prove that generic spacelike singularities arising in solutions to the Einstein
equations ([Ein)) exhibit AVTD behaviour? Can one identify quantities that satisfy a system of

autonomous, nonlinear ODEs, up to error terms whose contribution is negligible?

As we elaborate upon in Section [I.2] Question [2] is easier to answer in the subcritical regime,
where subcriticality ensures no complicated nonlinear behaviour in a neighborhood of the singularity,
see for instance [63]. To make progress in the oscillatory regime, one must consider Question [2| even
in the presence of nonlinear, and possibly chaotic, effects. That is, Question [2]is asked in conjunction

with the following.

Question 3. Can one describe the dynamical behaviour of the associated system of ODEs? For
instance, can one identify stable fixed points, unstable fixed points, and heteroclinic orbits? What

is the behaviour of generic orbits?

At first glance, Question [3]is a pure ODE problem whose analysis involves the theory of finite
dimensional dynamical systems and is decoupled from the rest of the problem. Indeed, much of the
literature focuses solely on analysis of the ODEs of [82], see [I51], 120] and the recent [II]. We also
refer the reader again to Theorem [I.4.1] where an explicit mechanism for BKL bounces, i.e. suitable
heteroclinic orbits, is obtained for the spherically symmetric Einstein—-Maxwell-scalar field model.
However, as ultimatately the ODE is only an approximation and one must introduce error terms,
we see it is the case that Question [3] and Question [2] must be understood in parallel.

It is clear that to resolve Question for generic solutions of , resolutions of Question [2[ and

Question [3 will be key. As mentioned, this has been largely understood in the subcritical regime, at



16

least close enough to the singularity, while Question [2| remains challenging in the oscillatory regime.
One model problem which morally interpolates between these regimes is to understand spacetimes
which ultimately settle to the subcritical regime, but further from the singularity exhibit nonlinear
behaviour that is well-described by ODEs, which must in turn be analysed to resolve Question [3]
This is the approach taken in our results regarding “BKL bounces outside homogeneity”, see
Section and Theorems [1.5.2] [1.5.3] [1.5.5] and [1.5.6] In these results, we address various models

solving (Ein)) in symmetry classes, namely the Gowdy symmetric Einstein vacuum equations and

surface symmetric Einstein-Maxwell-scalar field equations (where the ODE behavior was derived
from that of the aforementioned Theorem . In these results, we construct a large, open, set of
initial data such that the solutions possess a spacelike singularity which is “subcritical” but that in an
intermediate regime away from the singularity the solutions exhibit nonlinear ODE-type behaviour
reminiscent of BKL bounces.

Another problem, which we address in the final part of the dissertation, is a scattering problem,
which is a step towards justifying BKL’s claim of their Kasner-like ansatz being “generic”. In [95] [16],
BKL claim genericity via a “degrees of freedom” counting argument. In other words, they apply a
combinatorial argument that the number of functional degrees of freedom in their ansatz matches
the number of functional degrees of freedom in prescribing initial data for the Einstein equations
. An interesting mathematical problem is to translate this function counting argument into
an isomorphism, or scattering map, between suitable topological spaces. In other words, we ask the

following.

Question 4. What is the precise mathematical nature of the (nonlinear) map between Cauchy

initial data for the Einstein equations (Ein|) and asymptotic information at the singularity?

One interprets the phrase “precise mathematical nature”, for instance, as a diffeomorphism be-
tween suitably defined Banach spaces or Fréchet spaces — such as Sobolev spaces W¥P or the space
C® — or, to allow for greater flexibility, Banach manifolds or Fréchet manifolds. Ideally, if one can
use Banach rather than Fréchet, Question [4] is answered such that there is no loss of information in
going from initial data to asymptotic information, and vice versa. For instance, for Banach spaces
based on Sobolev spaces one can hope to capture information about sharp and precise differences
in regularity between initial data and asymptotic information.

The resolution of Question []is more straightforward in the subcritical regime, where “asymptotic
information” is expected to be encoded by the (stable) fixed point of the ODE to which the spacetime
converges in a neighbourhood of each spatial point z = (z',22,23). In such cases, there is much
recent progress in understanding formation of Kasner-like singularities from smooth initial data
[63, 2], [69] as well as reconstructing a true solution of given smooth asymptotic information
[61], 127, 64]. Together, these works describe a C>° — C*° scattering map between an open set of

initial data and an open set of asymptotic information at the singularity.
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In the final part of this dissertation, we address the problem of upgrading the scattering map
from C* to C'™ to a scattering map between Sobolev spaces / manifolds of finite regularity. In
Theorem [7.3.1] we address the scattering problem for the linearised Einstein equations around a
fixed Kasner spacetime in the subcritical regime. This builds upon a model problem of under-
standing (finite regularity) scattering for the linear wave equation in a fixed Kasner spacetime, see
Theorem [1.6.2] These linear problems simplify the problem in that the scattering map becomes a
linear isomorphism between Banach spaces, though we hope that the methods introduced may be
applied in the nonlinear problem, which we hope to return to in future work.

In the remainder of the introduction, we provide further background on spacelike singularities
in General Relativity and, in particular, the heuristics of BKL, and then briefly discuss the main

results of this dissertation and their relationship to the BKL proposal and Questions [I] to [ above.

1.1 Singularities in General Relativity

We recall several well-known results about the evolution problem in General Relativity and, in
particular, the formation of singularities. Here, and in the rest of Chapter[l] we consider spacetimes
(M* g) solving the Einstein equations with matter fields ® and energy-momentum tensor
T = T[®] depending on ® and g.

From [78, Chapter 7|, initial data for the Einstein equations is given by a quadruple (X, g, k, @),
where Y3 is a smooth 3-manifold, g is a Riemannian metric on ¥, k is a symmetric (0, 2)-tensor on X,
and @ represents initial data for the matter fields ®, which evolve according to their own equations of

motion depending on the choice of ®. The quadruple is also required to satisfy constraint equations:

@ RIg] + [k]; — (trg k)* = 4p[@], (1.1.1)
d(try k) — div, k = 2j[@], (1.1.2)

where (3 R[g] represents the scalar curvature of g, and the scalar p[®] and 1-form j[®] can be derived
from the form of T[®].

Starting from the seminal work of [59] [30] for the Einstein vacuum equations, and later generalised
to many choices of matter field ®, it is known that any such quadruple (X, g, k, @) satisfying f
gives rise to a Mazimal Globally Hyperbolic Development (or MGHD, see [78] for a definition)
given by a triple (M, g, ®) solving , such that ¥ is a spacelike Cauchy hypersurface of (M, g),
g and k represent the induced metric and second fundamental form of the embedding ¥ — M, and
® is a suitable restriction of ® onto .

Armed with this initial value formulation, we now recall the Penrose-Hawking singularity theo-

rems. We choose to state the Hawking theorem, abridged from |78, Chapter 8|.

Theorem 1.1.1 (Singularity theorem). Suppose (3, g, k, ®) is an initial data set for the Einstein
equations (Einl), such that
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(i) The weak energy condition is satisfied i.e. T(X,X) > 0 for all timelike vectors X .
(ii) There exists 6 > 0 such that trg k < =8 uniformly on X.

Then the MGHD (M, g, ®) is (future) causally geodesically incomplete.

We reiterate that the singularity theorems never show “singularity” in the sense of coordinate
invariant blow-up, but instead (causal) geodesic incompleteness. We recall to the reader the example
of the Taub-NUT spacetime [78, Chapter 5], to which Theorem applies but which features no
coordinate invariant blow-up. Alternatively, one can consider the interior of the Kerr family and
Reissner-Nordstrom family of black holes. In all such cases, the prediced geodesic incompleteness
is instead due to the presence of Cauchy horizons, across which (M, g) has non-unique and non-
globally hyperbolic smooth extensions.

There are, of course, known solutions to the Einstein equations where genuine singularities are
present. The celebrated Schwarzschild family of spacetimes are vacuum solutions to depending
on a single parameter M > 0. They each contain a black hole interior region, described by the metric
g5chw O Mgenw int = (0,2M) x R x §2:

oM -1 oM
gSchw = — (r — 1) dr® + (T - 1) dt* + r? (d9* + sin® 0 dp?) . (1.1.3)

Treating r as a past-directed timelike coordinate, the interior region is bounded to the future by
a spacelike singularity at = 0. The singular nature of this boundary is reflected in the fact that
the Kretschmann scalar can be computed to be
. ,  48M?
K= |Rlem[gSchw”g = T
and thus blows up towards the singularity at » = 0. We call this a curvature singularity. In fact,
there does not even exist a C? extension of (T.1.3) across the r = 0 boundary [133].
As alluded to previously, the main protagonist of this discussion will be the Kasner spacetimes

, defined on the manifold Mg,s = (0, +00) X T3. For gxas to be a solution to the Einstein

vacuum equations, the real numbers p; must satisfy the following Kasner relations.

3

3
=1, > pi=1 (1.1.4)
=1

i=1
That is, the p; are constrained to lie on a circle in parameter space, often called the Kasner circle.
Like Schwarzschild, the Kasner spacetimes possess a singular boundary at t = 0, and the singular

nature of the boundary is manifested by the following blow-up of the Kretschmann scalar as ¢t — 07:

3
4
K= | Dopii -1+ ) pin]
=1

i<j
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We note that the choice (p1,p2,p3) = (1,0,0), and permutations thereof, gives rise to exceptional
Kasner solutions that are flat and thus locally isometric to Minkowski space. The ¢t = 0 boundary of
such flat Kasner spacetimes are Cauchy horizons, and for the most part we exclude these solutions
from the subsequent discussion.

We also consider Kasner spacetimes which solve not the vacuum equations, but instead the
Einstein—scalar field system, where the matter ® consists of a scalar function ¢ : M — R solving
the wave equation on (M, g):

Oy¢ =gV, V,0 =0, (Scal)

and whose associated energy-momentum tensor is given by:

1
T,ul/[¢] - Vu¢vl/¢ - ig,ullvp(bvp(b' (115>

Then a generalized Kasner spacetime (Mgqs, 8Kas, Pkas = Py logt) solves the Einstein-scalar field
system (Ein|) and (Scal) if the generalized Kasner relations hold:

3 3
Spi=1, > pi+2pi=1 (1.1.6)
=1 =1

Aside from the exceptional flat case above, these generalized Kasner spacetimes also exhibit curva-
ture blow-up as t — 0.

Before moving onto to the heuristic work of BKL in Section we take this opportunity
to introduce the Strong Cosmic Censorship conjecture of General Relativity. Vaguely speaking,
this conjecture states that in physically reasonable contexts, “generic” solutions to the Einstein
equations for which the Penrose-Hawking singularity theorems apply indeed exhibit singularity
formation in the stronger sense of blow-up. That is, although there are spacetimes such as Taub-
NUT and the Kerr family possessing smooth Cauchy horizons, these will be non-generic. We
present two versions of this conjecture, one of which applies in the astrophysical setting (e.g. whose
singularities are expected to reside in black holes) and the other of which applies in the cosmological

setting, which, in our paper, means spacetimes (M, g) with a closed spatial topology.

Conjecture 1.1.2 (Strong Cosmic Censorship — astrophysical version). Let (M, g, ®) be a generic
solution to the Einstein equations (Ein)) with reasonable matter ® which arises as the MGHD of

smooth, one-ended and asymptotically flat, initial data (3, g,k, V). Then (M,g) is inextendible as

a Lorentzian manifold in a suitable regularity class.

Conjecture 1.1.3 (Strong Cosmic Censorship — cosmological version). Let (M, g, ®) be a generic
solution to the Einstein equations (Ein)) with reasonable matter ® which arises as the MGHD of
initial data (2,9, k,®) with ¥ closed. Then (M,g) is inextendible as a Lorentzian manifold in a

suitable regularity class.
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The precise mathematical formulation of these conjectures depends on the choice of definition for
the underlined terms. These are all subtle issues, and we mention for one thing that Conjecture [I.1.2]
is false if one chooses the regularity class to be C?, see [43], but conjecturally true in the C? class.
The spacetimes of [43] conjecturally contain a weak null singularity [107], meaning a C° Cauchy
horizon at which the Christoffel symbols of g blow up. For most of this dissertation, we will consider
scenarios where the singularity is spacelike, and largely ignore other singular behaviour such as weak

null singularities and naked singularities.

1.2 The BKL proposal

We now elaborate upon the Kasner-like ansatz for the near-singularity solutions of Einstein’s equa-
tions, proposed by Khalatnikov and Lifshitz in [95] and developed in the celebrated work of BKL
[16, [17]. Starting with the Einstein vacuum equations, [95] considers the following well-known ADM

decomposition of spacetime:
M=(0,T)x%, g=—d*>+g(t). (1.2.1)

Here g(t) is a time-dependent smooth Riemannian metric on the 3-manifold X.
Influenced by the Kasner metric (Kas]), [95] proposes the following ansatz for g in the neighbor-
hood of a singularity at {¢ = 0}. For (t,x) € M, they write

3
gt,z) = —dt* + > POl (z) @ wl(z) +--- . (1.2.2)
I=1

In (1.2.2), w!(z) are smooth 1-forms on ¥ spanning the cotangent space T*Y, while the exponents

pr : X — R are smooth functions on satisfying the two Kasner relations, now functional identities:

3 3
S =1, S g =1 (1.2.3)
I=1 I=1

Note the time coordinate ¢ is chosen such that the singularity is synchronized at t = 0.
Assume for ease of exposition that p;(x) < p2(z) < ps(z). We define er(z) to be the vector fields
dual to w!(x), and use the following notational convention: for any (p, q)-tensor field T' defined on

7194 1o denote the tensor field evaluated using the coordinate
Ji-Jg

> we use lower case indices TZl

o)
Oz’

denote the tensor field evaluated using the frame fields e;(z),w!(x). Indices are raised and lowered

“ip

vector fields

and their respective coordinate 1-forms dz?, while upper case indices Ty .. I

with respect to the Riemannian metric g(t).

In the gauge ([1.2.1)), the evolutionary components of the Einstein equations are

0
190 = ~2kij, (1.2.4)
1 0 ) ) ) )
Wa (\/Wk‘ﬂ) — (3)Ric[g]i1 _ Tij + 51‘] (TOO + Tkk) ‘ (1.2.5)
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The metric on the right hand side of (1.2.2)), without the error term denoted by - - -, solves (1.2.4))
and (1.2.5), so long as the right hand side of (|1.2.5) is absent. It thus seems that a necessary
condition for (1.2.2) to be self-consistent in vacuum (with T = 0) is that the expression )Ric[q] is

suitably small. In [95], the authors argue that the required smallness is that, for some € > 0,
|®)Riclg]rs| = O(PITPI—2+€), (1.2.6)

On the other hand, assuming AVTD behaviour (more on this later), a computation of spatial
Ricci curvature with respect to the approximate orthonormal frame ¢ 71 ()¢ 7(z) allows one to obtain
the following asymptotics for (3)Ric[g] 17, Where )\f] are the structure coefficients of the frame,

[gPr a2 OORiclg] | = ()2 - 20y 4 O(r) (1.2.7)

Assuming ([1.2.3)) and p; < p2 < ps, it follows that 2(1 + p; — p2 — p3) = 4p1 < 0, and thus ((1.2.6)

can only hold if the structure coefficient )\%3 (z) vanishes identically on . Together with a function
counting argument, this provides an obstruction to being a sufficiently general ansatzEl That
is, outside of symmetry classes where )\53 may vanish by design, one expects p; and wy to depend
on t as well as z.

In [16], BKL then give heuristics suggesting what happens if fails. Again assuming
AVTD behaviour, which we recall means that J,-derivatives are subdominant in comparison to
Oi-derivatives. This has the effect that dynamics in the future light cones emanating from distinct
points (0,p) € {0} x 3 on the singularity are decoupled. With this assumption they then compute
that in such a light cone, the ansatz is valid for t > tp for 7p some critical time, and for
t < tp the metric transitions to a form that again resembles but with Kasner exponents
pr(x) replaced by new exponents pr(x).

Miraculously, in their computation they provide an explicit relationship between the exponents

pre- and post-transition, often known as the Kasner map.

o m p,2:p2+2p1 p,:p3+2p1
1+2p;’ T+2p " 7 142p

Between these regimes, the spacetime undergoes a nonlinear transition from one regime to another,

p1= (1.2.8)

often denoted in the literature as a BKL or Kasner bounce. Typically these nonlinear transitions,
or bounces, then cascade indefinitely, giving rise to BKL’s chaotic and oscillatory approach to
singularity.

The story changes slightly if, instead of considering the Einstein vacuum equations, one considers
the Einstein—scalar field together with (Scal). In [14], Belinski-Khalatnikov study near-
singularity behaviour for this system, where together with the same Kasner-like ansatz for

3In the original paper of Khalatnikov and Lifshitz [95], this observation together with a naive function counting argu-
ment led them to believe that singularities are in fact non-generic! However in the later paper [16] this observation

was instead understood as an instability; this is the modern viewpoint.
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g they suggest the following ansatz for the scalar field ¢:

o(t,z) = py(x)logt +q(z) +--- . (1.2.9)

In order for ((1.2.2) and (1.2.9)) to solve the Einstein-scalar field equations asymptotically, the Kasner
relations ([1.2.3]) are modified to

3 3

Yopr@) =1, Y pr(@)® +2ph(x)* = 1. (1.2.10)

I=1 I=1

The key observation made in [14] is that the modified Kasner relations admit p;(z) with
0 < p1(z) < pa(x) < p3(x). In such subcritical regimes, 2(1+py —p2 —ps) = 4p1 is now positive, and
the previously problematic term can be treated as an error. Since one may also show that the
matter terms Ti‘j and T" on the right hand side of combine to produce a similarly negligible
error. As a result, in such subcritical regimes, and actually combine to produce a
self-consistent leading order ansatz with the correct number of functional degrees of freedom.
From this argument, we learn that a scalar field, often called a “stiff” matter field, allows one to
access a subcritical regime near singularity where each spatial point x on the singularity corresponds
exactly to a generalized Kasner solution with Kasner relations . In connection with the
discussion preceding Section [I.1], we comment that these generalized Kasner solutions correspond
exactly to stable fixed points of an ODE system. See for instance [120], with the caveat that in place
of a scalar field [120] considers another “stiff” matter field, namely a perfect fluid with equation of

state p = p.

Function counting and higher-dimensional gravity

Let us flesh out the function counting argument of [95] 16, [14] in the case of the Einstein—scalar
field system above, and moreover, generalize the argument to 1+ D-dimensions, where the Einstein
equation and the wave equation , as well as the BKL ansatz and , together
with the Kasner relations , have natural generalizations.

Initial data sets for the Einstein-scalar field system are (3, g, k, ¢o, o), where ¢g and 1y will
correspond to ¢ and its normal derivative restricted to ¥. Taking the constraint equations f
as well as the choice of ¥ into account, the number of functional degrees of freedom for such

initial data quintuples is:

D(D+1) D(D+1) .
st 2 - @D+) - 1, =D

~——
from ¢0,%0  due to constraints ~freedom for ¥

from g from k

On the other hand, the degrees of freedom for BKL’s Kasner-like ansatz ((1.2.2)) and (|1.2.9) is

computed as follows, taking into account that w’(x),pr(z), ps(z), ¢(x) also satisfy D momentum
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constraints that we have previously ignored:

D+2 + Qi — 2 - D = D2
from p;,pg,g  from components of w!  due to Kasner relations  due to constraints
Therefore, so long as there are no additional obstructions, the number of functional degrees of
freedom for initial data and for the Kasner-like ansatz matches. This was BKL’s original justification
that, in the subcritical regime, where provides no additional obstruction, their ansatz covers
a “generic” class of spacetimes.

We further comment a little on the meaning of subcriticality in higher dimension. Following the
work of Demaret—Henneaux—Spindel [50] the obstruction that comes from the analogue of is
dealt with if we impose the subcriticality condition

Lmin (145~ gy~ pr) > 0. (1.2.11)
J#k
As mentioned previously, this is impossible in vacuum for D = 3, and this extends to 3 < D < 9.
Thus here, one needs the scalar field matter — or some other “stiff” matter — to access the subcritical
regime. However, in high dimension D > 10, [50] observes there are also vacuum Kasner spacetimes
satisfying (1.2.11]). This is also exploited in the mathematical work of [63] [69].

A comment on electromagnetism

In Chapter [3] and Chapter [6], we will also introduce another matter field, namely Maxwell’s elec-
tromagnetic field. This is described by a 2-form F € Q?(M), evolves according to the (source-free)
Maxwell equations,

V'F,, =0, VnFu =0, (Max)

and contributes to the right hand side of Einstein’s equation (Ein|) via

TwlF| =F,F/ — igw F7F . (1.2.12)

Belinski and Khalatnikov [15] also considered the effect of the electromagnetic field F — and in

fact more general Yang—Mills fields — near the singularity. Unlike the scalar field, F is tensorial

and anisotropic, and [I5] show that it actually mimics, in some sense, the effects of gravitational

perturbations. We base this discussion off [13, Chapter 4|, where the authors suggest the following
asymptotics for F alongside the Kasner-like ansatz (|1.2.2]):

1 1
El(z,t) = chg@) +---, Bzt = E<1>IB(33) 4+ (1.2.13)

where Ej = F (0¢,er) and By = *F (0, es) is the usual 1 + 3 electric-magnetic decomposition of

F, evaluated with respect to the spatial frame {e;}.
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However, even (|1.2.13]) turns out to be inconsistent outside the subcritical regime where min{p;(x)} >

0. Assuming p;(z) < p2(z) < p3(x), the e1(z) projections of Maxwell’s equations (Max]) in the BKL

ansatz yield:

OB @) ~ (PP 1B @), (BN A (T B ). (1210

Hence if p; < 0 the right-hand side would appear to be non-integrable.
Nonetheless, the system (|1.2.14]) does suggest that the expression

Wi (t,z) = t*[EY(x)* + B (z)?] (1.2.15)

is (approximately) constant in time, and, abusing notation slightly, we set w?(z) = w?(t,z) in the
following discussion. As well as (S)Ric[g], we must also estimate the matter term on the right hand

side of . Writing T, [F] in terms of E' and B?, one finds the following expression:
—2Ty; + gij(To’ + T}") = 2(EiEj + BiB;) — gi;(Ex E* + By B"),
which in light of , and upon treating the contributions of Fs, Bs, F3, B3 as errors, yields
’t*ﬁf*pﬁ? 2T + g1 (T,° + Tkk)]( — W2 25, + O(t9). (1.2.16)

The term (1.2.16]) with w # 0 sources a similar instability to that of (1.2.7) with Al; # 0. Even
more remarkably, the analysis of [15] suggests that as long as either w or )\%3 fails to vanish, we
obtain a Kasner bounce with the transition map (1.2.8]). This concludes our brief explanation of

why the electromagnetic field acts as a proxy for spatial curvature in the BKL setting.

1.3 Spacelike singularities in spherical symmetry

Here, we introduce the concepts of Chapter [3] which study the Kasner-like description of spherically
symmetric solutions of the Einstein equations , coupled to the scalar field ¢ via and
(1.1.5), and sometimes also an electromagnetic field F via and . Note that, by
Birkhoff’s theorem [22], spherically symmetric solutions to the Einstein vacuum equations are non-
dynamical and are (locally) isometric to some region of the Schwarzschild solution with mass M € R,
where M = 0 corresponds to Minkowski space, thus matter is introduced in order to study nontrivial
dynamical features.

In studying the coupled Einstein—scalar field system in spherical symmetry, the obstruction to
Kasner-like asymptotics, introduced in [95] and Section will be suppressed in two different
ways. Firstly, we observe that spherical symmetry causes the spatial curvature term sourcing the
instability to vanish by assumption. Secondly, the presence of scalar field matter allows for

subcritical regimes where the spatial curvature no longer provides an instability.
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For these reasons, the formation and asymptotics of general spacelike singularities is much better
understood in this setting. In Chapter [3] we prove that spacelike singularities in the spherically
symmetric Einstein-scalar field system can be described precisely, in the sense that in the neighbor-
hood of a point p on the singular boundary, we can describe the leading order blow-up rates of all
geometric quantities (including the Kretschmann scalar and the Hawking mass defined in )
and matter quantities such as ¢ and its derivatives, in terms of the area-radius r, defined in .

In doing so, we provide a precise correspondence between such spacelike singularities in the
spherically symmetric Einstein—field model and the heuristics of [14] — in particular we associate
to each point p on the singular boundary a triplet of Kasner exponents. This can be viewed as
a rigorous version of the correspondence previously found in the physics literature [26] regarding
these spherically symmetric singularities.

Our work builds upon that of An—Zhang [4], where the authors provide upper bound estimates
for various geometric and matter quantities. Our improvement is that such upper bounds are
upgraded to precise leading-order asymptotics, thus allowing us to make the correspondence to
Kasner-like singularities. Another novel aspect of our work is that, in order to explore phenomeno-
logical distinctions between subcritical and oscillatory regimes, we introduce an electromagnetic
field. As discussed in the end of Section [I.2] this causes a similar effect to that of gravitational
perturbations outside symmetry, and it is thus of great interest to extend ideas of [4], 26] to the
Einstein—Maxwell-scalar field.

Another reason for this is the prevalence of the spherically symmetric Einstein-Maxwell-scalar
field in the study of gravitational collapseﬂ In a series of remarkable works [31],[32], 35], Christodoulou
studied this system (without F) as a toy model for understanding the Weak and Strong Cosmic
Censorship conjectures (recall Conjecture . In these works, it is established that the maximal
globally hyperbolic future development of generic one-ended initial data possesses a future-complete
null infinity ZT, and that the spacetime either disperses as in Figure or possesses a black hole
region bounded to the future by a spacelike boundary, at which the area-radius r tends to 0 and
the Kretschmann scalar blows up, see Figure |1.2

In the latter case, |31, 32] applies monotonicity arguments to establish the spacelike character
of the singular {r = 0} boundary, as well as the blow-up of the Hawking mass and Kretschmann
scalar. In order to make a comparison to the BKL’s Kasner-like ansatz, however, we shall require
a more precise description of how such geometric quantities and the scalar field ¢ blow up.

Progress to this effect is achieved in [4] [3], where the authors derive upper bounds for ¢ and

r20¢. Subsequently, these upper bounds are used to show inverse polynomial upper bounds for

4We mention already the caveat that for such spherically symmetric spacetimes with nontrivial Maxwell field, there
cannot be a regular center of symmetry I', and one is restricted to studying two-ended black holes. In order to study
astrophysical one-ended collapse, one should instead study the spherically symmetric Einstein—-Maxwell-charged
scalar field model, see the start of Chapter E}
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Figure 1.1: Penrose diagram representation of a dispersive solution to the Einstein-scalar field
equations. This is a future causal geodesically complete spacetime with a complete future null
infinity ZT.

Figure 1.2: Penrose diagram representation of a gravitational collapse solution to the
Einstein-scalar field equations. The solution possesses a complete future null infinity Z+ as well as
a black hole region bounded to the past by the event horizon H*. The black hole interior contains

an apparent horizon A, whose future is a trapped region T culminating at a spacelike boundary
S = {r = 0} connecting i™ with the first singularity at the center, denoted by.

other metric quantities and the Hawking mass m. Note that [4] produces such estimates in a local
neighborhood of a small portion of the spacelike singularity, while [3] uses decay rates along the
event horizon H™, originating from the heuristics of Price [116] and rigorously proved in [47], to
prove improved bounds near future spacelike infinity ™, showing that the singularity “approaches
Schwarzschild” near i*. See also [5] for related results for the Einstein-scalar field system with a
positive cosmological constant A > 0.

In Chapter |3} we build upon the upper bounds [4], showing that in a regular double null gauge
with null coordinates (u,v) (see Section , the quantities 720,¢ and r?0,¢ can be extended as
Holder continuous functions all the way to the singular boundary {r = 0}. These asymptotics will
in turn allow us to deduce exact rates for the polynomial blow-up of quantities such as the null
lapse ?(u,v), Hawking mass, and the Kretschmann scalar. For example, we identify a quantity

U(u,v), bounded and Hélder continuous up to the {r = 0}, such that

Q2 (u,v) - pl= V2 (u) (u,v) = C(u) +O(r). (1.3.1)
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Here, C(u) should be thought of as a function ‘at the » = 0 singularity’. We prove a similar, but
conditional, result, for the Einstein—-Maxwell-scalar field model in spherical symmetry.

This latter model has also received much attention in the mathematical community, see [41, 109,
110, ©99]. These results, however, are largely concerned with the existence and properties of the
Cauchy horizon in the interior of black holes. Indeed, the groundbreaking result of [109, [110] proves
the C? formulation of the strong cosmic censorship conjecture in the context of the spherically
symmetric Einstein-Maxwell-scalar field model. On the other hand, the objective of this present
article is to study the behaviour of the scalar field and geometry when the singularity is no longer
null, as in the case of the Cauchy horizon, but instead spacelike.

In what remains of this section, we present a rough version of our main theorems. Our theorems
will apply on regions we call strongly singular spacetimes, which will be the maximal development
of characteristic initial data in the trapped region, which terminate at an {r = 0} singularity. See
Figure and Section [2.2] for details.

In the presence of a non-trivial electromagnetic field F, we must make the following two additional

assumptions on the strongly singular spacetime, where Ry > 0 and « € (0,1) are fixed constants:

( i%fDmin{—Tf)vr(u, v), =10y (u,v)} > Ro, (QTS)
u,v)e

inf min{ r 9v¢ (u,v),|r 0ut (u, U)} >V1+a. (SKE)
(U,U)GD - U’r‘ - u’r

(IQTS) and are acronyms for quantitatively trapped spheres and subcritical Kasner exponents
respectively. Note that , which holds by assumption when F = 0, provides a mechanism to
reach an r = 0 singularity in the first place, while the necessity of comes from the discussion
of Section [T.21

§_?{r:0}

o - - -

---0

CO C()

Figure 1.3: A strongly singular spacetime to which Theorem applies. The region D is foliated
by trapped 2-spheres, and possesses a future boundary S at which r extends continuously to 0.
Examples of such strongly singular spacetimes exist both in the case F = 0, and in the case that

F £ 0, where one must additionally assume (QTS)) and (SKE).

Theorem below is a rough version of our main Theorems and in Chapter
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Theorem 1.3.1 (Asymptotics — rough version). Consider solutions to the spherically symmetric
FEinstein-Mazwell-scalar field system (Ein|), (Scal), (Max]) on strongly singular spacetimes as in
Figure[1.3 If either of the following holds:

(A) The electromagnetic field vanishes i.e. F,, =0, or
(B) The electromagnetic field is non-trivial, but we assume a priori that (QTS|) and (SKE) hold,

then the dynamical variables r(u,v), Q%(u,v) and ¢(u,v) obey the following asymptotics:

(1) Asymptotics for r: r2(u,v) is a CYP function up to and including the singular boundary S.
Its first derivatives —rdyr(u,v), —rdyr(u,v) are strictly positive C%P functions up to S =

{(u,v) : r(u,v) = 0}, which is a CYP curve in the (u,v)-plane.

(1) Asymptotics for ¢: There exist functions ¥(u,v) and Z(u,v), bounded and Hdélder continuous
up to and including the singular boundary S, such thaﬂ

¢(u,v):xp(u,v)-1og< 1o >+E(u,v).

r(u,v)

Moreover, in case (B) one always has |[¥| > 1.

(III) Asymptotics for Q2: There exists a function M(u,v), with log M bounded and Hélder contin-

wous up to and including the singular boundary S, such that

r —(T241)
40720, 10y (u, v) = M - <> .

To

(1V) Estimates localized at a TIPF’]: Letpe S. By @—, —10yr, —10r, ¥, 2 and M may all

be defined at p, and we denote their values at p as Cy, Cy, Yoo, Eco and Mo respectively.

For such p, consider its causal past J~(p) = {(u,v) € D : v < up,v < vp}. Then for
(u,v) € J~(p), one has, for some a > 0:

—r@ur(u, U) =Cy + O(ra)a _Tavr(uv U) =Cy + O(ra)7
T2au¢(%v) =Cy Voo + O(Ta)a T2av¢(uav) =Cy Voo + O(Ta)v

d(u,v) = Uy - log (7;—0) + Zoo + O(r*log r_l),

2
10,0, w2 -1
Q2 (u,v) = CuC ot (L + O(T‘IIgo_Ha logr™1).
2 [e9)
L) To

Sro here can be chosen to be any fixed constant
STIP stands for terminal indecomposable past, see Chapter 6 of [T8]. Strictly speaking, our use of the term TIP

is an abuse of terminology as every p € § actually represents a 2-sphere of TIPs.
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(V) Precise blow-up estimates: For p € S and J~(p) as in , the Hawking mass m, the
Kretschmann scalar & = Riem|[g]qs,6 Riem[g]*# and the scalar field blow up at the fol-

lowing rates:

vz
2m(u, ’U) = moor() . <:£> 4 O(r—\ljz+a IOg 7“71),

o (T0\2(¥%+3) 4(3 — 202 4+ 20d)
m=o () | :

To

+ O(T—Q\Pgo—ﬁ—i-a log r‘l),

O(r_q’go_zﬂ'a logr™1).

VoV = _M;Ijgo _ (To)‘PioJrB .

o T

We refer to Theorem [3.1.1| and Theorem for the precise versions of Theorem [1.3.1| when

F =0 and F # 0 respectively. We conclude with several brief comments about Theorem [1.3.1

1. In light of (III), one may introduce the following (past-directed) time function:

9 3+w?

3
—o12. 0 (L . 1.3.2
! 3+ y2 To ( )
In particular, 7 is chosen such that g(V7,V7) = —1 + O(r®logr—!), and will become our

candidate time function for an asymptotically Gaussian or asymptotically CMC description

of our spacetime. See Corollary [3.1.3] for further details.

2. We further associate the following three p-dependent Kasner exponents to each p € S:

_ i) -1 2

= W7 p2(p) = p3(p) = W (1.3.3)

p1(p)

Note that in case (B), the condition |¥| > 1 translates to minp;(p) > 0. This is expected,
in the presence of a nontrivial electromagnetic field, due to the discussion at the end of

Section [L.21

3. Theorem m gives the leading order term of an asymptotic expansion for ¢, 92, and other
related quantities in terms of r. It would be interesting to compute the next order terms in

such expansions, as in the heuristic work [26], though we do not pursue that here.

1.4 A case study: Black holes with charged scalar hair

We now introduce the object of study in Chapter [4, namely a class of spherically symmetric and
in fact spatially homogeneous solutions to the Einstein-Maxwell-charged scalar field system (to be

introduced at the start of Chapter , which are based on the evolution of initial data posed on
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two bifurcate null hypersurfaces H; and Hp emulating the event horizons of a charged Reissner-
Nordstrom black hole, the difference being that these two horizons carry non-decaying (in fact,
constant) charged scalar hair of size e. An intriguing consequence is that with “stiff” matter model,
the resulting black hole interior will not have a Cauchy horizon but instead terminates at a spacelike
singularity, which will have a precise Kasner-like structure.

While our result in Theorem will hold|Z| for any value of the cosmological constant A € R
introduced into the Einstein equation (see at the start of Chapter [2)), it is perhaps most
physically relevant in the A < 0 case, where a large class of asymptotically Anti-de-Sitter (AdS) hairy
black hole exteriors has recently been constructed [155] [I56] and their interior region corresponds
to the spacetime we construct in our Theorem (see Section . Note that though we only
expect to be able to construct such an exterior region in the asymptotically AdS case, we nonetheless
name our spacetimes hairy black holes for all choices of A € R.

Furthermore, for A = 0, our construction from Theorem has bearings on the interior of
(non-hairy) asymptotically flat black holes as well, as we explain in Section To summarize: the
domain of dependence property allows to consider the black hole interior region independently from
the black hole exterior (see Figure ; thus the repercussions of Theorem extend significantly
beyond asymptotically AdS hairy black holes.

To give a rough (but detailed) version of our findings regarding these hairy black holes, we first
recall the interior region of the Reissner-Nordstrom-(dS/AdS) black hole, with metric gry:

oM e Ar? oM €2 Ar2\ 7!
8RN = — - S S e (1= S 2 dr? + r’dog
T r2 3 r 2 3

with parameters (M,e, A). The hairy black hole constructed in the following Theorem has
initial data (1.4.1)), (1.4.2)) that are O(e?)-perturbations of ggx, with scalar hair of initial size e.

Theorem 1.4.1. Fix the following characteristic initial data on bifurcate event horizons Hy UHR:

P=e, (1.4.1)
g =grn + O(%), (1.4.2)

where gry is a sub-extremal Reissner—Nordstrom-(dS/AdS) metric with e # 0.

Define (M,g,¢,F, A,) to be the mazimal globally hyperbolic future development of this data
with respect to the Einstein—-Mazwell-charged scalar field system. Then M = {(t,s,w) : t € R,s €
(—00, 500, w € S?} and g is a spatially homogeneous, spherically symmetric metric, with g, F, and
¢ written as
Qs)
r2(s)

"We also note the existence of exponentially growing modes for charged scalar fields on Reissner—Nordstrom-de Sitter

g = Q%(s)(—ds* + dt*) + r*(s)dog:, F = Q%(s)ds A dt, ¢ = ¢(s), (1.4.3)

and Kerr-Newman-de Sitter obtained in [20], which might suggest compatibility with the existence of hairy black
hole solutions in the A > 0 setting.
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where 7(s) is a decreasing function of s € (—00, Soo) with lims_,s  7(s) = 0 with se < +00.

Let n > 0 be sufficiently small. Then there exists eo(M,e, A,m? qo,n) > 0 and a set E, C
(—e€0,€0) \{0}, satisfying % = O(n) for all 0 < 6 < e, such that for all € € E,, the spacetime
(M, g) terminates at a spacelike singularity S = {r = 0}, asymptotically described by a Kasner
metric of positive exponents (p1,p2,p3) € (0,1)3. The spacetime (M,g) may be partitioned into
several regions, as illustrated by the Penrose diagram of Figure and has the following features:

1. Almost formation of a Cauchy horizon. In the early regions, (g,F,®) are uniformly close to
those of the Reissner—Nordstrom-(dS/AdS) background, and the scalar field is approzimated
by a linearly-oscillating profile:

é(5) = ¢ - Re (2B(M, e A, m?, qo)ei“RN(quM’emS) +O(e), (1.4.4)

where B(M, e, A,m? qy) € C\ {0} is a fized scattering parameter, and the frequency is given
by wrn (M, e, A, qo) = |qoe| - (7%_ — i) > 0. Here ry(M,e,A) > 0 are respectively the radii of
the event and Cauchy horizons of the background Reissner—Nordstrom-(dS/AdS) metric.

2. Collapsed oscillations. The scalar field ¢ experiences growing Bessel-like oscillations while r

shrinks from r_ to 0. For some so = O(e~?) representing the future boundary of this collapsed
oscillations region, there exists C(M,e, A,m?, qo) # 0 and another frequency wo(M, e, A,m?, qo) >
0, such that if one defines

a(e) = C - sin(wo - e+ O(log(eil))) + O(é? log(efl)) as |e] = 0, (1.4.5)

so that, at s = sp, one has _
—@(8) = a(e) and r(s) = e. (1.4.6)

R

Note that this quantity is of order 1 despite the initial data for ¢ being O(e).

3. Formation of the first Kasner regime. A Kasner regime starts developing with Kasner erpo-

nents
a? -1 2

“3var PTRT3nar

where py is the Kasner exponent in the t-direction and ps = p3 are the exponents in the S

directions in (1.4.3).

p1 = P(a) (1.4.7)

4. The final Kasner regime. For any fized o € (0,1) , we introduce the following disjoint subsets
of Ey.

e (Non-bounce case) € € E;,(],Vbo C E, if la(e)] > 140 (i.e. pr > 0). When e € E;hf,\”’o,
the first Kasner regime is also the final Kasner regime and continues all the way to

S = {r =0} in a monotonic fashion.
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o (Kasner bounce case) € € E,’%f;o C E,ifn <|a(e)] <1 —0. We have |E;7g"| > 0 (in

particular E;Lb" # 0). When € € E % the above Kasner regime eventually transitions

o n,0 7
towards a (different) final Kasner regime with positive Kasner exponents
1 1—a? 20
—pl=)= _ —pyg=— . 1.4.8
b <a> 14302 27T 17342 (148)

The final Kasner regime then continues all the way to S = {r = 0} in a monotonic

fashion.

5. Charge retention of the Kasner singularity. The charge Q(s) admits a limit Qs # 0 asr — 0.

More precisely

Qoo = (1 —v(M,e,A))-e+ O(e) withv(M,e,A) € <0, ;) , (1.4.9)
=1 if A =0,

and v(M,e,A){ € (0,3) if A >0, (1.4.10)
el ifa<o

Remark. While Theorem is in the setting of spherically symmetric spatially homogeneous
spacetimes (also known as Kantowski-Sachs cosmologies), it also applies to spatially homogeneous
spacetimes with other surface symmetry (see Section , for instance plane symmetry. While the
Einstein—-Maxwell-charged scalar field system takes a slightly different form in the plane symmet-
ric setting, our analysis still carries through, and the conclusions of Theorem hold mutatis

mutandis.

Remark. The constants n, 0 > 0, presumed small throughout this article, are present to ensure that
a(e) is bounded away from {0,1}. Note that we do not obtain a statement for every sufficiently
small €, but only for a set E,, which features an O(n) loss in the sense given above. However, the
methods used to prove Theorem allow for |1 — ale %% > 1 or |a|e=%! > 1, with only minor

adjustments. Understanding what happens when say |1 — a| < €2 or |a] < €%, is an interesting

open problem (see Section and [4.2.5)).
We will now discuss the relations between Theorem and the study of both the BKL proposal

and astrophysical gravitational collapse. One of the main features is the existence of a Kasner
bounce: this in fact was the first example of a spacetime, dynamically formed from physically
interesting initial data, in which an unstable Kasner regime forms dynamically, and then

disappears under the Kasner bounce.

Differences and connections with non-hairy black holes The hairy black holes of Theo-
rem and the analogous ones from the case of uncharged scalar hair from [I48] have a spacelike
singularity S = {r = 0} and no Cauchy horizon and, in that, differ globally from the non-hairy black
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spacelike singularity

Final Kasner regime

First Kasner regime

Region of collapsed oscillations

Early regions, g ~ grn

Figure 1.4: Penrose diagram of the hairy black hole interior from Theorem Ifla| > 140 > 1,
then the first Kasner regime matches the final Kasner regime and continues to {r = 0}. If 0 <7 <
la] <1 —0 <1, then there is a Kasner bounce between the first and final Kasner regimes. A more
detailed breakdown is given in Figure

holes arising in astrophysical gravitational collapse. However, the domain of dependence property
(in two-ended black holes) shows that the spacelike singularity S in non-hairy black holes can arise
from initial data that is locally similar to the data of Theorem [[.4.1] see Figure [£:4] Therefore,
our new theorem on hairy black holes may also dictate the qualitative behavior of the spacelike
singularity S inside the such non-hairy black holes. Lastly, our proof opens the door to studying

spacelike singularity beyond the spatially homogeneous case in subsequent works.

Comparison with hairy black hole interiors for other matter models The Kasner expo-
nents’ dependency on sin (wo €72 4+ O(log (6_1))) found in Theorem gives rise to fluctuations
near € = 0: we term this phenomenon the fluctuating collapse. The fluctuating collapse and Kasner
bounces from Theorem [1.4.1| contrast with the wviolent nonlinear collapse of the uncharged hairy
black holes found in [I48]. Recall from [I48] that in the uncharged case, there is no Kasner bounce,

and the final Kasner exponents and curvature are of the form
(p1.p2,p3) = (1 — O(e?), O(e?), O(e?)), K(r) mr O,

The name “violent collapse” in the uncharged case comes from the O(¢~2) power in the blow-up
rate of the curvature K(r), which becomes more singular as € — 0. This is an example of a singular

limit, since e = 0 corresponds to Reissner—Nordstrom, while we can make sense of the e — 0 (weak)
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limit in the appropriate region using
lin(l)(pl, p2,p3)(€) = (1,0,0), which corresponds to a subset of Minkowski.
e—

In contrast, in the charged case studied in our Theorem [I.4.1] there is not even a weak limit as
e — 0, since (p1,p2,p3)(€) depends on sin(wg e 24 O(log(efl))) as discussed above.

Lastly, we mention that previous numerics in the physics literature also predicted the presence
of Kasner bounces in the interior of Einstein—Yang-Mills hairy black holes [55] 25, [150]. It is a very

interesting open problem to compare these Kasner bounces with the one obtained in the setting of

Theorem [L4.1]

Collapsed oscillations and charge retention One new phenomenon driving the dynamics
of Theorem are what we term collapsed oscillations. Even at the linear level, a (spatially
homogeneous) charged scalar field has (infinite) linear oscillations of the form near the Cauchy
horizon of the Reissner—Nordstrom interior spacetime [92]. In the nonlinear setting, such linear
oscillations appear in some “early regions” in the dynamics. Subsequently, these oscillations start
interacting nonlinearly with the collapse process (as r gets closer to 0), leading to a Bessel-function
type behavior in terms of z = £. Because  is a decreasing function of time, this Bessel behavior
leads to growth of the scalar field which transitions from amplitude € to amplitude a(e) = O(1).
We will elaborate on collapsed oscillations and their mechanism in Section [4.2.3]

Another interesting question is whether spacelike singularities can retain charge/angular momen-
tum. This issue is puzzling, as the only explicit black hole solution with a spacelike singularity is the
Schwarzschild interior, which is uncharged and non-rotating. In point[5of Theorem[I.4.1] we exhibit

a mechanism of discharge of the black hole, passing from e at the event horizon H = Hy U Hg to

(1 — d)e at the spacelike singularity S, where § € (0, %) Note that the discharge is not complete
and the spacelike singularity retains a non-zero final charge (1 — d)e. It is remarkable that, for
A = 0, the discharge ratio § = % is independent of the black hole parameters. To the best of our
knowledge, the spacetime of Theorem is the first example of a spacelike singularity retainingﬁ
charge. The main mechanism of discharge and charge retention occurs at the same time as the

collapsed oscillations.

Kasner bounces In Theorem [1.4.1] we show that if
la(e)| = C - \sin(woe*2 + O(log(eil))) [+O(e? log(efl))

has «a(e) < 1, then there will be a Kasner bounce. For (M,e,A,m? qo) such that
C(M,e,A,m? qo) > 1, the bounce condition C - [sin(wpe 2 + O(log(e™')))| < 1 holds for all
€ € Ef;o N (0,€p), where Eg” has non-zero measure: in fact \Eg” N (0,e)| =~ & if C > 1. On

8The hairy black holes with uncharged matter from [T48] also had non-zero charge, but there F is not dynamical.
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the other hand, if C'(M,e, A,m?, qo) < 1, then the bounce condition always holds. These Kasner

bounces have the following features:

1. For some range of proper time {e %" (®) €% « 7 < @@} with ¢(a) > 0, b(a ) > 0, the metric

is uniformly close to a (p, = A, L ) Kasner-(like) metric, where p;(e) ~ o’~1 <.

3+a2

—b2 (a)-e’2

2. In the smallest values of proper time from the singularity {0 < 7 < e }, the metric

is uniformly close to, and 1ndeed converges as 7 — 0 towards, a (p1, 25 ==, 17 5+ ) Kasner-(like)

metric, where p; (€) ~ W > 0.

—b%(a)-e2 —N; .ebe(a)-e_Q

Remark. When writing (imprecisely) e < T, we mean € < 7 for some N7 > 0,

N2 g=b*(@)e"* for N, > 0, so that the transition region in

and similarly 7 < e ?*(@)¢"* means 1 < ¢
between the two Kasner regimes has size O(log(eil)) in terms of log (7*1), while log(Tfl) ~ e ?
at the times where the bounce is occurring. We interpret this to mean that the bounce occurs very

quickly in terms of proper time 7.

Remark. The dichotomy of whether |a(e)] < 1 or |a(e) > 1 and these Kasner bounces is exactly
consistent with Theorem in Section [I.3] Indeed, the quantity |a(e)| appearing in point [3] of
Theorem is exactly the quantities appearing in the max{---} in the “subcriticality condition”
(SKE). That is, if |a(€)| > 1 then one can apply Theorem — which should generalize to the
charged scalar field model considered — and yields a spacelike singularity with Kasner exponents of
the type , exactly as in (1.3.3).

On the other hand, if |a(e)| < 1 then the aforementioned charged retention means Theorem [1.3.1]
does not apply; instead there is an instability due to Kasner bounces. This is the same BKL bounce
that will be explored outside of the inhomogeneous case in Theorem 5| and Theorem [1.5.6 of
Section (In fact the homogeneous Kasner bounces studied in Theoremwas a key ingredient

and motivation for these latter results.)

Holographic superconductors in the AdS-CFT correspondence The numerical study [75]
already predicted the scenario of Theorem and the presence of Kasner bounces in this context.
Beyond the setting of Theorem (which features zero, or one Kasner bounce depending on ¢),
[75] also discusses the possibility of having two (or more) Kasner bounces. The original motivation
of [75] is related to a body of work on the physical significance of the hairy black hole (including
its asymptotically AdS exterior region) of Theorem claimed to be the model for a holographic
superconductor in the context of the AdS-CFT theory.

The proof of Theorem will be given in Chapter More precisely, after some setup in
Chapter [2] particularly Section 2.4 we state and prove the precise version of our results for these
hairy black hole interiors, namely Theorem and Theorem Before moving to the proof in

Chapter [2| we also briefly elaborate on the discussion points above.
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1.5 BKL bounces outside homogeneity

Here, we give further background to Chapters [5] and [6] of this dissertation, concerning BKL bounces
outside homogeneity. While the Kasner-like asymptotics of Chapter [3| only concern the subcritical
regime and subcritical phenomena, in these chapters we explore a model problem which begins to
provide an insight into the more nonlinear phenomena predicted by BKL, particularly the BKL
bounces. That is, we begin to explore to Question [2] and Question [3|in problems where nonlinear
BKL bounces are present.

As signalled by Question 2] and Question [3] the key ingredients to understanding BKL’s proposal
of [16] mathematically is (i) to show that, close to the singularity, d,-derivatives are negligible in
comparison to Os-derivatives and the Einstein equations may be treated as ODEs and (ii) to show
that these ODEs exhibit behaviour represented by a cascade of BKL bounces.

Our results of Chapter [5] and Chapter [6] which concern the Gowdy symmetric Einstein vacuum
equations and the surface symmetric Einstein—-Maxwell-scalar field equations respectively, will not
quite exhibit an infinite cascade of bounces, since the symmetry reductions mean that our spacetimes
ultimately settle to a subcritical regime. However, at an intermediate time scale preceding the
singularity, one can observe one, or potentially some other finite number of, bounces.

To elaborate on this, we begin to introduce the symmetry classes we consider. A T3 Gowdy
symmetric spacetime has topology R x T3 and has two spacelike Killing vector fields, whose orbits
together span copies of T? and whose associated twist constants vanich. See the original paper
of Gowdy [67], or [36, 124]. The Einstein vacuum equations in Gowdy symmetry will be given in
Section but we highlight that the two main dynamical equations are:

(t0:)* P — (t09)* P = *"'(t0,Q)* — *" (195Q)?, (15.1)

(t0:)?Q — (t09)*Q = —2(t0; P)(t0;Q) + 2(t9p P)(t0pQ), (1.5.2)

where P, Q : (0,+00) x S' — R depend on a time variable ¢ and spatial variable 6.

Solutions of the system f arising from regular initial data always persist remain
regular in the entire interval ¢t € (0,4+00). As a result, T?® Gowdy symmetric spacetimes are a
popular model for studying the Strong Cosmic Censorship Conjecture [I.1.3] with the strategy often
to show geodesic completeness in the t — +o0 directiorﬂ and singularity formation in the ¢t — 0
direction. For the latter part — which is more relevant to our thesis — the essential step is to
understand asymptotics for P as t — 0. We state a remarkable result of Ringstrom, which is a key

ingredient in his proof of Strong Cosmic Censorship in [123].

Theorem 1.5.1. For solutions to the system (1.5.1)—(1.5.2)) arising from initial data which is open

and dense in a suitable topology, there exists a finite set S C S' and a function Vo (0) which is

“Note that geodesic completeness is not necessary to show future inextendibility, see [44].
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regular and obeys 0 < V(0) < 1 for all @ € S*\ S such that
—tOP(t,0) = Voo(0) ast — 0.

Elements of the finite set .S are referred to as spikes and we defer further discussion to Chapter
One highly nontrivial aspect is that for such generic solutions, one has the restriction 0 < V' (6) < 1,
which notably differs from the results in polarized Gowdy — where Q = 0 — due to Chrusciel-
Isenberg-Moncrief [37].

However, understanding Strong Cosmic Censorship in full generality and the issue of spikes is

not our main focus. Our starting point is instead the following two interrelated questions.

Can one characterize a wide class of initial Cauchy data at t = ty > 0, including data
which is not at first glance compatible with Ringstrom’s asymptotics (e.g. data such that
0 < —t0yP(to,0) < 1 does not hold everywhere), such that the corresponding spacetime
reaches a t = 0 singularity for which one has the asymptotics —t0; P(t, ) — Vi (0) with
quantitative estimates depending on initial data@?

Moreover, for all such data can one fully understand the intermediate dynamics of the
spacetime between the initial data at t =ty and the asymptotics at t = 07

In the results of Chapter |5, we prove the existence of such a class of initial data (Theorem
together with a full quantitative understanding of the intermediate dynamics (Theorem , thus
answering the above questions in the affirmative. Moreover this class is open in the C*° topology
on initial data, thus our main results will represent a qualitative stability result in the sense that in
the regime considered, certain aspects such as curvature blow-up, are stable to perturbation. We
also uncover the interesting Corollary interpreted as an instability result for non-polarized
perturbations of polarized Gowdy spacetimes. See Section for details.

We roughly state our two main theorems. The first, Theorem [I.5.2] is a stability theorem, and
characterizes a subset in the moduli space of initial data at ¢ = ¢y such that the corresponding
solution is well controlled in both L? and L> for 0 < t < tg. The second, Theorem referred
to as the bounce theorem, characterizes the (nonlinear) dynamics arising from initial data as above.

To precisely define this subset of initial data, we introduce two real-valued parameters 0 <y < 1
and ¢ > 0. Then the initial data is chosen to satisfy three conditions: (1) Weak subcriticality:
The data at ¢ = ty satisfies certain L°° bounds depending on vy, (2) Energy boundedness: For
some N = N(y) € N, an Nth order L? norm of initial data is bounded by ¢, and (3) Closeness
to singularity: The time ¢ty at which initial data is prescribed satisfies 0 < tg < ¢, for some t,

depending on y and (. We state our results roughly as follows.

107 his differs from the approach in [121] [123], where the strategy is more akin to showing that the solutions not achiev-
ing the appropriate asymptotics are non-generic in some sense; in particular there is little use of the relationship
between the asymptotic information and initial data at some to > 0.
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Theorem 1.5.2 (Stability, rough version). For 0 <y <1 and { > 0, consider initial data obeying

the three conditions above. Then the corresponding solution (P, Q) to the Gowdy symmetric system

(1.5.1)~(1.5.2) is such that for all t € (0,tg),
LOP(0) 2y, (1P 6) + (P0pQ( ) > (1- 7).

Furthermore, there exist functions V,q : S* — R, with V bounded and q continuous, such that
—tOyP(t,0) — V(0) pointwise and Q(t,0) — q(0) uniformly as t — 0. If one further assumes
Y > %, then we have that q is C* and the convergence Q(t,0) — q(6) holds in the C* topology.

Our second main theorem concerns the dynamical behaviour of certain quantities along causal
curves. To fix notation, let v : I — (0,400) x S' be any causal curve parameterised by its t-

coordinate. Then define:

Py(t) = —tOP(1(t), Q) = e"10pQ(x(t)).

It is key that our theorem holds uniformly in the choice of causal curve v, meaning the ODEs for P
and Q, being independent for different choices of v with distinct endpoints, at least up to error terms

which reflect AVTD behaviour. This reflects explicitly that our result is spatially inhomogeneous.

Theorem 1.5.3 (Bounces, rough version). Let (P, Q) be a solution to the Gowdy symmetric system

[5.1)-(L5.2) arising from initial data as in Theorem [1.5.3 Then for ~(t) a timelike curve as
above, the quantities P~(t) and Q,(t) obey the ODEs:

d
Q, = (1-P)Q, + &,

d
P, =02 +¢ t—
vy ¥ + ﬂ)? dt

ti
dt

where the error terms vanish quickly ast — 0.
Furthermore, Q. (t) converges to 0 as t — 0, while there exists some P, o such that P~(t) —
Pyoo ast — 0. In fact, for V as in Theorem Proo = V(0o) where 8y = limy_,o0(t) is
the 8-coordinate of the past endpoint of . Finally, we estimate P~ o depending on the value of

9pq(bo) = limy—,0 DpQ((t)):

(i) If either the limit Opq(6o) does not exist or Ogq(fy) exists and is nonzero, then necessarily

V(0o) = Py <1 and moreover in the case that Qy(to) is small,

Pye0 & min{P,(to), 2 — Py (to) } + O(Qy(to))-

(ii) Lety > 3. By Theorem 0pq(0o) exists. If Oy is such that Opq(6p) = 0, then

Proo & Py(to) + O(Q4(t0))-
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We briefly the three conditions required in our results. Our first condition, weak subcriticality,
is chosen such that we include spacetimes where the nonlinear bounces above can occur, but such
that these bounces are not too wild enough to make quantities such as P, and Q, uncontrollable.
The second condition of energy boundedness is natural as our proof relies on L? energy estimates
at top order. We will, however, allow the initial energy bound, ¢ > 0, to be large, meaning we
allow large spatial variation. In this case, our final condition, closeness to singularity, is required to
prevent this spatial variation from playing a major role in the dynamics. Note that ¢, and ( play a
similar role to that of ¢; and ¢y in [69, Theorem 12|; as in [69], one may take ¢, = 1 so long as (
is taken sufficiently small, but the result is equally, if not more, interesting in the case where ( is
large.

We further make a connection between the bounce result Theorem [I.5.3] and the bounces studied
by BKL. To make this precise, one must change coordinates from the t variable used in f
and the “proper time” foliation used in ((1.2.2). It turns out that after performing this
change of coordinates, one can make a formal correspondence between the asymptotic quantity
V(6) and the Kasner exponents, namely (5.1.6). Furthermore, the transition from V(6) = P, (to)
to V(0) =2— P+ (o), as suggested in Theorem (1) when P, (t9) > 1, then formally corresponds
exactly to the Kasner map . This concludes our initial discussion of our results in Gowdy
symmetry.

We also briefly discuss our related result for the surface symmetric Einstein—Maxwell-scalar
field system, to be proved in Chapter [f] This model is, in some sense, a mild generalization of
the spherically symmetric model in Section [1.3] with the surfaces of symmetry now being general
2-surfaces of constant curvature. We once again have to introduce matter to break the rigidity from
Birkhoff’s theorem, and we choose a scalar field and electromagnetic field for reasons explained in
Section [[.2

For the results of Chapter [6] we do not, however, use the double null gauge as in Chapter [3] and
instead use another gauge for surface symmetric gauge initially due to Rein [I17]. See Section
for details. We focus on two of the equations coming from the Einstein—-Maxwell-scalar field system

in this gauge, namely

2
rOp = % ((r@rgé)z + 722N (9,0)2 +1 — ?262#) : (1.5.3)
2
(rd,)2p = 221N 20 + 122N, (1 — N)Dyp — Q—Qez“ r oo, (1.5.4)
T

where ¢, 1, A depend on a time variable r and spatial variable x, while () € R is a constant, which
vanishes if and only if F = 0. For a starting point of our discussion, in analogy to Ringstrém’s
result in Gowdy, we shall roughly translate / generalize aspects of our Kasner-like description in

Theorem [I.3.1] to surface symmetric spacetimes in this alternative gauge, as follows.

Theorem 1.5.4. For solutions to the Einstein—Maxwell scalar field system in surface symmetry in
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a region (r,x) € (0, R) x St which moreover either has Q = 0 or satisfies a version of the conditions
(QTS) and (SKE) in this alternative gauge, then there exists Vo, : S' — R such that

ropp(r,x) — Voo(z) asr— 0.
Moreover, when Q # 0 one always has |¥| > 1.

Unlike for Ringstréom’s result in Gowdy symmetric spacetimes, this is conditional both on having
a solution which reaches r = 0 and the two conditions and . This is necessary, due
to there being examples e.g. the Reissner-Nordstrom family, where » = 0 is not reached. Another
difference from the Gowdy case is that there are no spike points where ¥, is discontinuous; we
note, however, that such spikes reappear if we instead consider the Einstein—-Maxwell-charged scalar
field system. (See [99] for a description of this model.)

But in any case, the above theorem suggests we can ask similar questions in the Gowdy case.

That is, one asks the following.

Can one characterise a wide class of initial Cauchy data at r = rp, including data
which are not at first glance compatible with the above theorem (e.g. data violating
the condition in the sense that @ # 0 but 0 < r9,¢(rg,x) < 1), so that the
corresponding solutions of the Einstein—-Maxwell-scalar field system feature exist all the
way to {r = 0}, and for which one still has the asymptotics r0,¢(r,z) — Yoo (x) with
quantitative estimates?

Further, for all data in this class can one fully understand the intermediate dynamics of
the spacetime between the data at r = rg and the singularity at r = 07

In Chapter [6] we answer these questions in a similar manner to the results in Gowdy symmetry.
That, is, we prove a stability / global existence theorem in Theorem and a bounce theorem in
Theorem [I.5.6] As in the Gowdy case, we introduce two parameters, now n > 1 and ¢ > 0, from
which we similarly introduce three conditions: (1) Weak subcriticality: Data satisfies L boundes
depending on 1, (2) Energy boundedness: For N = N(n) € N, an Nth order L? norm of data is
bounded by ¢, and (3) Closeness to singularity: The time 7y at which initial data is prescribed
obeys 0 < rg < 7, = ry(n, (). Then we have the following.

Theorem 1.5.5 (Global existence, rough version). For somen > 2 and ¢ > 0, consider initial
data for the surface symmetric Einstein—Maxwell-scalar field system at rq > 0 satisfying the three
conditions (1)-(3). Then the corresponding solution is such that the maximal interval of existence

extends all the way to r = 0, with quantitative L>° estimates.

Our second main theorem concerns the dynamical behaviour of particular quantities along causal
curves. To fix notation, let v : I — Q = I xS! be any causal curve parameterised by its r-coordinate,

and define: )
o Q eQu

Py(r) =10:0(y(r)),  Qy(r) = Fe™(y(r)).
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Then the corresponding bounce theorem is as follows. (See Section for the interpretation re-
garding why this corresponds to the bounces predicted by BKL.)

Theorem 1.5.6 (Bounces, rough version). Consider a solution to the surface symmetric Einstein—
Mazwell-scalar field system arising from initial data as in Theorem m Then for v(r) any causal
curve as above, the quantities P(r) and Q(r) obey the ODEs:

d d
ro Py = =P 48 10y = 9, (P2 —1-9, — &),

where the error terms vanish quickly as r — 0. Furthermore:
(1) If Q =0, then P,(r) converges to some Py o as r — 0, satisfying Py oo = P(r0).

(it) If Q # 0, then Q(r) converges to 0 as r — 0, while P~(r) converges to some P o asr — 0,

necessarily satisfying P~ oo > 1 and in the particular case where Q(rg) is small,

Py,00 & max{Py(ro), ?W(To)il} + 0(Q(r0))-

See Section [6.1] for a more precise version of these theorems. This completes our general overview
of the BKL bounce results.

1.6 Scattering towards spacelike singularities

In the latter part of the dissertation, meaning from Chapter [7] onwards, we somewhat segue into a
different topic, namely a scattering problem for spacelike singularities, which addresses Question []
posed at the start of the introduction. While Chapter [7] provides further geometric setup and
background, the main objectives to be achieved in Chapter [§ and Chapter [] are to determine
a scattering theory for two model linear hyperbolic problems in exact Kasner spacetimes ,
relating Cauchy initial data at t = 1 and suitable asymptotic data living at the ¢ = 0 singularity.
In these linear problems, this relation will take the form of a Hilbert space isomorphism.

The first of these model problems will be the linear scalar wave equation on a (1+ D)-dimensional

Kasner background, which we write in the form of a first-order hyperbolic system as follows:

0 =, (1.6.1)
D

topp =y 1*P0% 6. (1.6.2)
=1

Smooth initial data, say at ¢ = 1, gives rise to a unique smooth solution in the entire spacetime
(t,z) € (0,+00) x TP. However, in light of the singularity, one expects blow up as t — 0, even for

smooth Cauchy data. In fact, one obtains [I], T15] [125] the following asymptotics for ¢ as t — 0:
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Theorem 1.6.1 (Asymptotics for the wave equation in non-degenerate Kasner spacetimes). Let

¢ 1 Mgkas — R be a smooth solution to (1.6.1)—(1.6.2)) on a non—degenemtﬁ Kasner spacetime.

Then there exist smooth functions Voo and Yoo 0N TP such that as t — 0,

¢(t,$) = %o(fﬁ) log ¢ + (Poo($) + 0(1)7 Qﬁ(t’x) = oo + 0(1)' (1'6'3)

We comment already that Theorem suggests AVTD behaviour in the sense that
is exactly what one expects if the z-derivative term on the right hand side of is ignored.
Further, the asymptotics (|1.6.3) suggest a notion of asymptotic data at the ¢ = 0 singularity for the
problem under consideration, namely the functions g, Yoo : TP — R. The full scattering problem

for the wave equation may thus be formulated as follows:

(i) (Ezistence of the scattering operator): For what class of Cauchy data (¢¢, 1) does there exist
corresponding scattering data (10, Poo) such that the solution ¢ to the wave equation attains

the asymptotics ((1.6.3)) in a suitable sense? What can be said about the map S : (¢c, ¥c) —
(oo, Po0)?

(i1) (Asymptotic completeness): If instead we are given (¢, o), When is it possible to find
Cauchy data (¢, ¥¢c) such that the solution ¢ to the wave equation attaining the Cauchy
data obeys the asymptotics (1.6.3|) with the given s, and ¢? What about the map Sy =

('SJ,)_I : (¢007 ¢OO) = (d’Cﬂ/’C’)'

(iii) (Scattering isomorphism): Can we find Hilbert spaces H¢e and Hoo such that the scattering

operator S| can be extended to a Hilbert space isomorphism S| : Ho — Hoo with inverse 57

The second model system addressed in this article is the linearized Einstein—scalar field system.
This is given by the Fréchet derivative of the Einstein—scalar field system (Ein|)—(Scal) with respect
to the metric g = gxas + €h and scalar field ¢ = ¢gq.s + ed. This formal linearization yields the

following two equations.

(g;(}ls)"‘ﬂ D,Dgshyy + DD, (trh) — 2D, (div h),, + 2 Riem” b hap = 4D, ¢D,)prcas, (1.6.4)

=

D (tr h) Do Kas. (1.6.5)

DN | —

DgKas(b = haBDaDB¢Kas + (le h)a Da¢Kas -

Here, any raising and lowering of indices is via the background metric gg,s, and the symbol D is
the Levi-Civita connection of gxqs.

To have a well-posed initial value problem, the system f must be imbued with a
choice of (linearized) gauge, most often inherited from a suitable gauge for the nonlinear Einstein—
scalar field system. In this article we to adopt a linearised (1 + D)-dimensional ADM-type gauge

with Constant Mean Curvature (CMC), where the spacetime is foliated using a time function ¢

'Non-degenerate means that the Kasner exponents are (1,0, ...,0) or a permutation thereof.
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whose level sets ¥; = {t} x TP have constant mean curvature equal to trk = —t~!, see Section
for details. In this gauge, the key evolutionary variables of the linearized problem will be nij , Kz-j , O,
1V, which represent linearized versions of the first fundamental form, the second fundamental form,
the scalar field, and the normal derivative of the scalar field.

The point is that — under additional constraints that we defer to Chapter [7] - these evolutionary
variables also satisfy a first-order (elliptic-)hyperbolic system, and given that the background Kasner
spacetime is subcritical as in , can be shown to obey asymptotics of a similar sort to ,
with asymptotic quantities (noo)ij, (Koo)ija $oo and Poo. In analogy with the wave equation, we
can ask similar questions about the scattering theory; note that there are additional subtleties due
to the constraint equations and choice of spatial gauge, see Chapter [7]

In light of these additional complexities, within this section we only state our scattering theorem
for our first model problem, concerning the linear scalar wave equation. Our theorem will involve a
symbol (or pseudodifferential operator) 7, which we define as follows. See Appendix@for a review

of Fourier decompositions and symbol calculus on TP .

Definition 1.6.1. Firstly, for A\ € Z%\ {0}, let ty, > 0 be the unique solution of Tf(t,\*) =
Ei’; 1 tifp i)\? = 1, and let tp» = 1. Then set 7. be the symbol associated (in the sense of Defi-
nition to the function T, : ZP — R which has Ti(A\) =ty for X € 7P . For any exponent
a € R, we also define 7, and log(7,) following the standard symbol calculus.

Remark. In the language of [80, Chapter XVIII|, we show in Lemma that 7.% lies in the symbol
classes Smax{o’a(l_p)fl}, where p = max; p;, while log(7) lies in S for any € > 0. In particular, for

suitably chosen s1, s2 € R the operators 7, and log(7.) are bounded operators from H*' to H*2.

Having set up our first-order system (|1.6.1))—(1.6.2)), we now state Theorem our scattering

result for the scalar wave equation in non-degenerate Kasner spacetimes. The proof of Theorem
will be in Chapter

Theorem 1.6.2 (Scattering for the wave equation in non-degenerate Kasner spacetimes). Let

(MEKas, 8Kkas) be a non-degenerate Kasner spacetime. We consider solutions ¢ : Mgqes — R to
the wave equation (1.6.1)—(1.6.2) on (Mkas, 8Kkas). Then we have the following scattering results:

(i) (Ezistence of the scattering operator) Let s > % + 1. Given Cauchy data (¢pc,c) € HSTL x

H?, there exists a unique (classical) solution (¢(t),v(t)) to the system (1.6.1)—(1.6.2) in M
attaining the Cauchy data ¢(1,-) = ¢pc(-) and 0xp(1,-) = pc(-). Let o(t) be defined by:

o(t) = ¢(t) — P(t) - logt. (1.6.6)
Then there exist unique functions Yoo () and poo(x) in H® such that

Y(t, z) = Yoo(x) in H?, o(t,z) = poo(x) in H®  strongly as t — 0. (1.6.7)
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Furthermore, one has that

Yoo € HP2, oo + log(To)thee € H 2. (1.6.8)

(i1) (Asymptotic completeness) Let s > % +1, and let Voo and Yoo be functions in TP with Sobolev
regularity as in (1.6.8). Then there exists a unique (classical) solution (¢(t),1)(t)) to the system

[C6.0)~([C6:2) in Micas, with regularity

(6,9) € CO((0,+00), H** > H*) N C((0, +00), H® x H*™),

such that if o(t) is defined as in (1.6.6)), then the asymptotics (1.6.7)) hold, strongly ast — 0.

(111) (Scattering isomorphism) For s € R, define the following Hilbert spaces together with their

norms:

He ={(6,0): 0 € HT e H*Y, (6,9 [5ss, = N0l Frers + 10013, (1.6.9)

Hio = {(6 ) s € B3 o 4 log(To)w € H™3),

1, 0) s, =1 oy + Nl +1og(T)UI .y (1.6.10)

Then the map S|, which is defined to map (¢c,vc) from @) to (Yoo, o) in (1.6.7), may be

extended to a Hilbert space isomorphism S| : H — HE,, whose inverse Sy = S\L_l s exactly

given by (a suitable extension of ) the map taking (oo, Poo) in to (o(1,-),¥(1,-)).

A remarkable feature of Theorem is the gain or loss of half a derivative from Cauchy data
to scattering data. In particular, the renormalized time derivative ¥ = t0;¢ lies in H® at any fixed
time ¢ > 0, but its limit ¢, at ¢ = 0 has its regularity increased to H s+3. This as a sign that spatial
derivatives not only become negligible compared to temporal derivatives near ¢ = 0, but actually
become better behaved as one approaches the singular boundary at ¢t = 0.

Note than an almost-sharp correspondence between Cauchy data and asymptotic data was al-
ready found by Ringstrém in [125, Propositions 8.1 and 8.9|, however in this work the derivative
gain is from H® to H s+3—¢ rather than the sharp H s+3. In order to achieve this sharp result, it
is essential that we modify our Hilbert spaces using the symbol log(7.), a feature not present in
[125]. This final modification was partly inspired by a scattering result for the wave equation in
higher-dimensional de Sitter spacetimes [3§].

One could also entertain scattering between Cauchy data at ¢ = 1 and a suitable notion of
asymptotic data at ¢ = +o00. The issue is that although one may obtain upper bounds for ¢(¢) and
P(t) as t — 400, it is difficult to upgrade these to asymptotics since both ¢(t) and 1 (t) oscillate at
late times. There are partial results in this direction, see [I15] and [125, Chapter 6].
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Another reason we do not study ¢t — 400 scattering is that the Kasner spacetimes are expected
to be unstable in the ¢ — +oo direction as solutions to the Einstein-scalar field system, see [98)].
One could conjecture that generic perturbations lead to either isotropic expansion or recollapse into
a singularity, see for instance [6l 58]. This is also related to the “cosmic no-hair conjecture” in the
presence of a positive cosmological constant, see [10, 24].

The analogous scattering theorem for the system of linearized gravity and the variables
(nij , Kij ,®,1) is stated in Chapter |7| as Theorem m We mention two things: firstly, here we
must impose the subcriticality condition ([1.2.11)), which we refer to in the stronger form:

1§{7x]1_7i]£1§D(1 +pi —pj —pr) > 0>0. (1.6.11)
J#k

We shall mention already that a new phenomenon arises upon introduction of the (1, 1)-tensors
nij and Kij . In that case, Theorem involves also the symbol 7, * it 7. thus the anisotropy of
the Kasner spacetime also affects the derivative gain and loss incurred in the scattering process,
particularly in off-diagonal components of the tensors Kij and Yij .

In fact, as one varies across the whole range of Kasner exponents satisfying the subcriticality
condition , the symbol T, * “"Pi can be of arbitrarily high order. Thus the degeneration of
top order energy estimates — without modification by such a symbol — as observed in the nonlinear
setting of say [63] or [61], is a true phenomenon, and one expects that in any nonlinear scattering

result one must allow for a large loss of derivatives in either direction.

1.7 Outline of the dissertation

Chapter 2: In this chapter, we set up various formulations of the Einstein vacuum equations,
Einstein-Maxwell—(real) scalar field system and Einstein—-Maxwell-charged scalar field system in
symmetry classes that reduce the systems to (1 + 1)-dimensional PDEs, in preparation for Chap-
ters[3|to[6] After a brief introduction to these different matter models and their physical relevance,
in Section [2.1] we define the surface symmetric equations and discuss various properties including
rigidity of the electromagnetic field in surface symmetry. In Section [2.2] we discuss the particular
case of the Eisntein-Maxwell-(charged) scalar field system in spherical symmetry, using double null
coordinates (u,v) to describe the metric. In Section we specialize further to the Einstein—
Maxwell-real scalar field system in spherical symmetry, and set up initial data in trapped regions
in preparation for the results of Chapter In Section we discuss equations describing the
spherically symmetric Einstein-Maxwell-charged scalar field equations for the homogeneous hairy
black hole interiors studied in Chapter [4] where the evolution equations reduce to ODEs. In Sec-
tion [2.5] we then reformulate the surface symmetric Einstein—-Maxwell-real scalar field equations in

another gauge we call Rein gauge, where the area-radius r is treated as a time coordinate. We also
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briefly discuss well-posedness and continuation criteria for this gauge, in preparation for Chapter [6]
In Section we introduce the final symmetry class discussed in the dissertation, namely the 72
Gowdy symmetry class for which we study inhomogeneous BKL bounces in Chapter

Chapter 3: In this chapter, we study the Kasner-like description of singularities arising in the
spherically symmetric Einstein-Maxwell-(real) scalar field model introduced in Section and
Theorem In Section we firstly state the detailed version of our results in Theorem [B.1.T]
and Theorem [3.1.2] and provide a sketch of the proof, before giving further context and insight into
applications in Chapter [3:2] The next three sections are devoted to the proofs of Theorem [3.1.1] and
Theorem in Sectionwe provide upper bounds for ¢ and 2, in Sectionwe upgrade these
to precise asymptotics, which are then used to conclude the proof in Section In Section we
then provide several examples of spacetimes to which one may apply the results of Theorems

and B.1.21

Chapter 4: In this chapter, we present the results regarding the interior of homogeneous hairy
black hole solutions, introduced in Section [I.4] and Theorem [I.4.1] In Section [{.I} we first intro-
duce the various regions in our black hole interior, and state the precise version of our results in
Theorem and Theorem This is followed by a more elaborate explanation of the physical
and mathematical context regarding these constructed spacetimes in Section [£.2] The remainder
of Chapter [4 is dedicated to the proof of Theorem and Theorem [£.1.2} In Section we
analyse the “early regions” of the black hole interior, where the spacetimes remains close to the orig-
inal Reissner-Nordstrom spacetime. In Section [£.4] we then study the collapsed oscillation region
O, where the scalar field ¢ exhibits oscillatory, Bessel-like behavior. In Section [4.5] we study the
proto-Kasner region, where g starts to exhibit Kasner-like behavior. In Section [£.6] we do some
preliminary analysis to study the sets of values of e for which we can provide more detailed analysis
of the Kasner-like regions. In Section and Section [4.8] we then complete the proof by studying

the precise Kasner-like behavior near the singularity, depending on the value of e.

Chapter 5: In this chapter, we study BKL bounces outside homogeneity for Gowdy symmetric
vacuum spacetimes (see Section for a definition of Gowdy symmetry), introduced in Section
and Theorems [I.5.2) and [I.5.3] In Section [5.1] we state the precise version of our results in Theo-
rem|[5.1.1land Theorem [5.1.2] and give a brief overview before proceeding to the proof. In Section [5.2
we introduce the bootstrap assumptions and energy quantities used in the proof, and also provide
several lemmas regarding Sobolev spaces to be used in the proof. In Section [5.3] we carry out the
energy estimates needed in the proof, and use these to derive ODEs with errors in Section [5.4
In Section [5.5], we now use these ODEs to prove certain L estimates for the variables in Gowdy

symmetry. Finally, in Section [5.6| we conclude the proof of Theorem [5.1.1] and in Section we
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conclude the proof of Theorem [5.1.2]

Chapter 6: In this chapter, we study similar BKL bounces outside homogeneity for surface sym-
metric solutions to the Einstein—Maxwell—(real) scalar fields equations also introduced in Section
see Theorems and This chapter largely follows the structure of Chapter [5 in Section [6.1
we state the precise versions of our results in Theorem and Theorem In Section we
introduce the bootstrap assumptions and energy quantities used in the proof, and in Section [6.3] and
Section we carry out the energy estimates and the L / ODE estimates respectively. Finally,
in Section [6.5] we conclude the proof of Theorem [6.1.1] and in Section [6.6] we complete the proof of
Theorem [6.1.21

Chapter 7: In this chapter, we begin to consider the full Einstein—scalar field equations in (1+3)-
dimensions, without symmetry assumptions, with the aim of understanding the scattering problem
towards spacelike singularities introduced in Section In Section [7.1] we consider the Einstein—
scalar field equations in the (1 + 3)-, or more generally (1 + D)-dimensionaon, ADM decomposition
of spacetime, and also discuss how to consider the Kasner spacetimes ([Kas) within this context.
In Section [7.2] we detail the linearization of the Einstein-scalar field equations around the Kasner
solutions in the context of the ADM-decomposition, and introduce various notation to be used
in Chapter 0] In Section [7.3] we then state the precise version of our scattering theorem for
the linearized Einstein—scalar field system around Kasner, namely which will be proven in
Chapter 0] In Section [7.4] we then further contextualize our results, and consider how one could

apply or generalize our results to scattering theory for the nonlinear Einstein—scalar field system.

Chapter 8: In this chapter, we study the scattering theory for the linear wave equation in a fixed
Kasner background introduced in Section [I.6] That is, we prove Theorem [1.6.2] We start with an
overview of the proof in Section 8.1} and provide some notation and preliminary lemmas regarding
the frequency space (Fourier) decomposition in Section The bulk of the proof of Theorem m

)

is a combination of a “high-frequency” energy estimate given in Section [8.3] and a “low-frequency”

energy estimate given in Section [8:4] These are then used to complete the proof in Section 8.5

Chapter 9: In this chapter, we complete the dissertation by studying the scattering theory for
the linearized Einstein—scalar field system around Kasner, which was introduced in Chapter[7] That
is, we prove Theorem[7.3.1] In Section[0.1] we start with an overview of the new ideas introduced in
the proof (in comparison with the wave case). In Section we repurpose the linearized Einstein—
scalar field system of Chapter [7] into a system of ODEs at each frequency A\ € Z”. These are
then used to carry out a high-frequency energy estimate in Section [9.3] and a low-frequency energy

estimate in Section . We complete this chapter by using these energy estimates (together ith
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Chapter 2
The Einstein equations in symmetry

Within this chapter we will introduce basic definitions and properties regarding the Einstein vacuum
equations and various Einstein matter systems in symmetry, notably the Einstein-Maxwell-scalar
field system and subsystems thereof, where we allow the scalar field to be massive and charged. We
in particular consider the Einstein vacuum equations and Einstein—matter systems in the surface
symmetry, T? symmetry and Gowdy symmetry classes, the purpose being to reduce the (1 + 3)-
dimensional Einstein equations to a (1 4 1)-dimensional system.

Recall that the Einstein equations of General Relativity describe the dynamical coupling of a
spacetime (M, g) to matter fields ® via the following geometric equation, where the Einstein tensor
G, represents curvature while T, represents the energy-momentum content of matter. Note that

we also introduce a cosmological constant A € R.
Gvlg] + Agu = 27T, [®], (Bin*)
. 1
where G, [g] == Ric,,[g] — §R[g]gw.

While is already non-trivial in the vacuum (meaning T = 0), it is often informative to
introduce additional matter fields, including perfect fluids, scalar and vector fields, electromagnetic
waves, particle-type fields (obeying equations from kinetic theory), and so on, both for the purpose
of studying the dynamics of such matter fields in curved spacetimes, as well as understanding their
backreaction on (M, g) themselves via the right hand side of (Ein¥).

We start with an electromagnetic field, represented by a 2-form F € Q%(M). This has energy-
momentum content

1
TMV [F] = F,UPFVP - Zg,uquanav (201)

while the electromagnetic field F, often referred to as the Mazwell field, evolves according to

Mazwell’s equations; we now also include a source term J, on the right hand side:
VZ/F/J,V = JV; V[AFMV} == 0 (202)
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The other type of matter we consider is a scalar field ¢, which is a scalar-valued function on M.
We distinguish two cases. Firstly, there is the simple case of a real scalar field ¢ : M — R, with

energy-momentum content
1
TNV[¢] = Vu¢vl/¢ - ig,uyvp(bvp(b- (203)

The function ¢ then evolves according to the scalar wave equation on (M, g), namely
Og¢ :=g""'V,V,0=0. (2.0.4)

Definition 2.0.1. We say that a triple (M, g, ¢) solves the FEinstein—scalar field system if they

solve the equations (Ein*) and (2.0.4)), with T[®] given by T[¢] as in (2.0.3)).

We say that a quadruple (M, g, F, ¢) solves the Einstein—Mazwell-scalar field system if they
solve the equations (Ein*), (2.0.2)) and (2.0.4), where T[®] is given by T[F]+ T[¢] as in (2.0.1) and

(2.0.3), and the source term J, in (2.0.2]) vanishes.

Remark. The characteristics of both the Maxwell equations (2.0.2]) and the scalar wave equation
(2.0.4) are exactly null vectors of (M, g), meaning that both electromagnetic waves and (massless)

scalar waves propagate at the same speed as gravitational waves, i.e. at the speed of light. As a

result, these matter fields are often used as a proxy for gravitational waves in vacuum.

We now introduce the second, and more complicated, type of scalar wave equation. This charged
and possibly massive scalar wave will be complex valued ¢ : M — C and nonlinearly coupled to the
electromagnetic field F in the following sense: from the second equation of it follows that F
can (locally) be written as F = dA for some 1-form A,,. This allows one to define a gauge derivative
D, =V, +iqA,, where g9 € R and D acts on complex-valued tensor fields. Then the complex

scalar ¢ has energy-momenta

T.UV[(M = Re (Du¢m) - %guu (Dp(bm + m2‘¢’2) 5 (2.0.5)

for some m? € R — representing the mass of the scalar field — and ¢ obeys the gauge covariant wave

equation with respect to (M, g, A):
g"’D,D,¢ = m*¢. (2.0.6)

We comment that the tuple (A, ¢) described above is subject to the following gauge invariance; for
any real-valued f : M — R one can transform A, — A, +0,f, ¢ — pe~"F ¢, This is related to
the fact ¢ may be viewed as a section of a complex line bundle whose connection has curvature F,
see [99] for details.

Definition 2.0.2. We say that a quintuple (M, g,F, A, ¢) with F = dA solves the Einstein—
Mazwell-charged (and massive) scalar field system if they solve (Ein¥), (2.0.2), (2.0.6), with ¢o € R
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and m? € R (m? = 0 corresponds to massless), and T[®] = T[F] + T[¢] as in (2.0.1]) and (2.0.5),
and on the right hand side of (2.0.2)),

Ju = —igoIm (¢ D), (2.0.7)
where we view two quintuples as equivalent if (A, ¢) may be related by the gauge invariance above.

Remark. The Einstein—-Maxwell-charged and massive scalar field system may be derived as the

Euler—Lagrange equations of the following Einstein—Hilbert action, with matter:
5= [ (Rle) 2 (8”8 FucFu + DDy + ml0f) + 4) v/~ det g ',
M

In what follows, we will generally take A = 0 in the Einstein equation , with the excep-
tion of Section [2.4 where we describe the equations used to study spatially homogeneous, spher-
ically symmetric hairy black hole interiors in Chapter [4 For the remainder of Chapter [2] we will
specialize the Einstein vacuum equations, the Einstein—(Maxwell)-scalar field equations and the
Einstein—-Maxwell-charged scalar field equations to various symmetry classes, and introduce various

coordinate gauges such that these systems may be written as PDEs which are amenable to analysis.

2.1 Surface symmetric spacetimes

A spacetime (M*, g) is said to be surface symmetric if it possesses two linearly independent spacelike
Killing vector fields, which together generate a group of isometries whose orbits are each rescaled
copies of a surface »2 of constant sectional curvature, so that M?* >~ Q? x ¥2 with Q being the

quotient manifold, and the metric g has the following warped product form.
g =go + r’dosp. (2.1.1)

Here go is a (1 + 1)-dimensional Lorentzian metric on the quotient manifold Q, the function
r: @ — R is positive on the interior of @ and is referred to as the area-radius functionﬂ Finally, the
quantity dos2 denotes the standard metric on the surface X2, rescaled to have constant sectional

curvature k € {1,0,—1}. That is, in some local coordinate chart,

df? + sin? 0 dp? if ¥ has universal cover S?,
dos2 = do* + sini 0d<,02 =do?+ dcp2 if ¥ has universal cover R?,
d6? + sinh? 0 dy? if ¥ has universal cover H?Z.

In the spherically symmetric case, where ¥? = S?, we also allow for the isometry group to have

single-point orbits, which lie on the centre I' of spherical symmetry. The centre I' is often considered

'Indeed, when ¥? is a closed manifold, this is a characteristic length scale associated to each copy of £2 in (M, g).



92

as a regular boundary of @, and the area-radius r is continuously extendible onto I' C 9Q with
rlr = 0.

Let us now consider a surface symmetric spacetime solving the Einstein equations (Ein)). Since
the left hand side of must respect the warped product structure of , it follows that
the energy-momentum tensor T = T[®] must also obey a symmetry assumption. That is, we are
always able to decompose T as

T =To+ gd@, (2.1.2)

where To, often denoted as simply T" or T,p in the sequel, is a symmetric (0, 2)-tensor on Q and
S : Q — R is a scalar representing a trace of T in the X2 directions.

The simplest possibility is the case that T vanishes i.e. the Einstein vacuum equations. Un-
fortunately, at least in the spherically symmetric case, it is known due to Birkhoff [22] that any
spherically symmetric solution to the Einstein vacuum equations is locally isometric to a member
of the Schwarzschild family of black holes with mass parameter M € R, with M = 0 thought of as
Minkowski space. A similar result is true for more general constant curvature surfaces ¥2, and any
value of the cosmological constant A € R. As a result, in surface symmetry one typically introduces

additional matter fields to study nontrivial dynamics.

Electromagnetism in surface symmetry

Let us first consider coupling an electromagnetic field F € Q2(M) to the Einstein equations in sur-
face symmetry. In light of the form of the energy momentum tensor (1.2.12)) and the decomposition
(2.1.2)), it follows that such an electromagnetic field F must take the form:

Q
F = Jawe + Bwyy, (2.1.3)

where wy2 = sin, 0 df A dyp is the natural volume form on ¥? and wy is the volume form associated
to go, and ), B : Q — R are functions we call the electric charge and magnetic charge respectively.

Another remarkable simplification of surface symmetry is that for F of the form solving
the source free Maxwell equations , it follows that Q and B are constant.

Lemma 2.1.1. Let F be a surface symmetric solution to the Maxwell equations (2.0.2)) wiht J,, = 0,
and g and F given by (2.1.1) and (2.1.3). Then Q, B : Q — R are constant.

Proof. Consider the first of Maxwell’s equations, dF = 0. Since dr,dQ,dB € Q'(Q) c Q}(M), and

the 2-forms wo and wsy2 are closed,
dF =dB ANwy2 =0 implies dB = 0.

The second of Maxwell’s equations is equivalent to d x F = 0, where * is the Hodge star associated

to g. Note that — modulo choice of signs — one may compute that

B
*F = —ﬁwg + Qw22
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Therefore, the same argument shows d@Q = 0, as required. O

Lemma shows that in surface symmetry, even the coupled Einstein—Maxwell equations dis-
play no nontrivial dynamics (indeed, there is an extension of Birkhoff’s theorem in electrovacuum).
In fact, Lemma[2.1.] remains true so long as the Maxwell equations are source-free, and also applies
for the Einstein-Maxwell-(real) scalar field system.

This is no longer true for the Einstein—-Maxwell-charged scalar field system, since here, the scalar
field ¢ : M — C is complex valued and is itself coupled back to the electromagnetic field via the
source term J, in . This allows one, for instance, to study one-ended gravitational collapse
with an electromagnetic field, though for the most part we only analyse the Einstein—Maxwell—
(neutral) scalar field system within the present dissertation, with the exception of Section and
Chapter [4]

In the sequel, following the physical heuristic that there are no “magnetic monopoles”, we shall
always assume B = 0, and F thereby takes the following form, with @ € R constant for te Einstein—
Maxwell—(real) scalar field model.

= ng. (2.1.4)

In the Einstein-Maxwell-(charged) scalar field model, @ : @ — R is allowed to vary.

2.2 The Einstein-Maxwell-scalar field system in double null gauge

To study the Einstein—-Maxwell-(possibly charged and massive) scalar field system in the surface
symmetric setting, it remains to pick a gauge for the quotient metric g. One convenient choice is

the double null gauge, where coordinates (u,v) are transversal null coordinates chosen so that the
warped product (2.1.1)) takes the form

g = — Q2 (u,v) dudv + 12 (u,v) dos:. (2.2.1)

That is, the geometry is entirely described by two functions of (u,v), the area-radius r(u,v) > 0
and the null lapse Q?(u,v). For the rest of Section and the whole of Chapter 3| and Chapter
we only consider the case ¥? = S2.

There is gauge freedom regarding the choice of the null coordinates v and v; given smooth and

monotonically increasing U = U(u) and V = V(v) we may alternatively write
g=—-02(U,V)dUdV +r*(U,V) dosz,

so long as Q2(U(u), V (v)) - dUdY. — O2(u,v). It will often be useful to consider quantities that are

gauge-invariant, such as the area-radius r(u,v) or the Hawking mass m(u,v), given by

2
1 g(Vr,Vr) = —4Q720,7 O,r. (2.2.2)
r
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Now considering the full Einstein-Maxwell-scalar field system, the scalar field ¢ = ¢(u,v) now
depends only on (u,v), while, in light of (2.1.4)), the Maxwell field F can now be written as

P9 2 du A dv, (2.2.3)

T 22
where for our purposes Q = Q(u,v) is the electric charge of our spacetime, and is a constant in the
case of the uncharged scalar field.
In this choice of gauge, we use the Einstein-Maxwell-(possibly charged and massive) scalar field
to write the following equations for the dynamical quantities 7(u, v), Q2(u, v), and ¢(u,v). The uu—
and vv—components of give the following Raychaudhuri equations, which can be interpreted

as constraint equations for Q2 along null hypersurfaces of constant u or v.
0u(Q720,r) = —Q 7 2r|D o (2.2.4)
9p(220,r) = —Q 21| Dyo %, (2.2.5)

The remaining components of (Ein|) imply the following propagation equations for r2 and Q?:
0% Ourd,r n 02Q? n O%r(m?|6|? + A)

Oy Oyt = " . 13 1 , (2.2.6)
9,0, 1 (QQ) — &2 + 20urdur 2’ — 2Re(Dy¢D, o) (2.2.7)
uwOv 10g =92 2 A e(Dy, v®), 2.
In the charged scalar field case, the Maxwell equations (2.0.2) with (2.0.7]) become:
2,Q = —qor?* Tm(¢D, @), (2.2.8)
2yQ = +qor* Im(¢D,¢), (2.2.9)
Finally, the wave equation (2.0.6) becomes
. . : 2 2002
DD, — _Our-Dy¢ Oyr - Dy¢ n 1qo QN2 b m-§) b, (2.2.10)
r r 4r2 4
where the gauge field A, = A, (u,v) will satisfy
QQ?
WAy — Oy Ay = ——-. 2.2.11
d d o3 (2.2.11)

Following this, it is also convenient to make the following definitions of the Hawking ma&sﬂ m

and the renormalized mass w by

m = g(l —go(Vr,Vr)) = g(l —4Q720,70,7). (2.2.12)
B QQ Ar3
w=pt o (2.2.13)

2We admit there is a conflict in notation in that m simultaneously represents Hawking mass and the mass parameter
in the scalar field equation (2.0.6). In the sequel, it should be clear from context which of these is meant.
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From (2.2.4)—(2.2.10) one can derive the following transport equations for the renormalized mass:

2
Oyt = —2r*(Q20,r) ' Dugl® + %T2l¢l28ur — qoQrIm(¢Dy¢), (2.2.14)

2
0y = ~20*(Q20,r) "V Duof + 5?6 0ur + qoQr Im(6D, 9). (2.2.15)

The equations (2.2.4)—(2.2.11)) may be viewed as a system of wave and transport equations for
(r2, 02,6, A, Q). Tt is straightforward to derive the following local existence result for characteristic

wnitial data away from any center of symmetry I

Proposition 2.2.1. Let k > 2. Let Q> > 0,72 > 0,¢,Q, Ay, A, be C* functions defined on

(u,v) € [ug,u1] x {vo} U{ug} x [vo,v1] such that the equations (2.2.4), (2.2.5)), (2.2.8) and (2.2.9)
hold on [ug, u1] x {vo}U{ug} x [v, v1], with appropriate C* compatibility conditions at (ug,vo). Then

there exists some § > 0, and C* functions Q> > 0,72 > 0, ¢, Q, Ay, Ay on (u,v) € [ug, u1] X [vy, v+
0] U [ug, ug + 0] x [vo,v1], unique up to gauge transformations A, — A, + Ouf and ¢ — pe~1of

satisfying the system (2.2.4)—(2.2.11]).

Proof (sketch). For local existence, it is convenient to fix a gauge for A, by choosing f to make
A, = 0 in the whole spacetime. Then upon differentiating (2.2.11)) in u, one can write (2.2.6)),
(2.2.7), (2.2.10)), (2.2.11) as a system of wave equations of the form

Bu0u® = N (D, 9, P, 9,),

where ® represents the tuple ® = (r2,log Q?, ¢, A,,r~!) and A is a smooth function of its argu-
ments.

For such a system, local existence in a region (u,v) € [ug, ug + 6] X [vg, vo + 9] is straightforward,
see for instance [45], Proposition 2|, and one can extend to the region (u,v) € [ug, u1] X [vo, vy + 0] U

[ug, ug + 0] X [vg, v1] using appropriate null structure for N, similarly to [106]. The remaining equa-

tions (2.2.4)), (2.2.5)), (2.2.8)) and (2.2.9)) are viewed as constraint equations, which are propagated

by the system of wave equations above, so long as they are satisfied on initial data. Uniqueness (up

to gauge) is also a straightforward consequence of the local theory. O

Remark. In fact, by [99], the Einstein-Maxwell-charged scalar field system satisfies a generalized
extension principle that gives one further control over the maximal domain of existence; in particular

one expects first singularities p € Q away from the center I' to have r — 0 near p.
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2.3 Einstein—Maxwell-scalar field initial data in trapped regions

Specializing the Einstein-Maxwell-scalar field system ([2.2.4)—(2.2.11]) to the particular case where

¢ is real and qp, m?, A = 0 — so that in particular A,, A, are no longer necessary — we yield

Du(—Q720,1) = Q2 (9,0)?, (2.3.1)
Do(—720,r) = O 2r(9,0)2. (2.3.2)
02 Ouro,r Q2 9
8u3v7" = —E — , + 477.3@ s (233)
02 20,r0,r 2
9u0y log (%) = st = - 74@2 — 20,00, (2.3.4)
DOy = —8“7“7'48”(’5 _ G ;ﬂa“qb, (2.3.5)

We shall later find it advantageous to rewrite (2.3.3)) and (22.3.5)) in the following forms:

Ou(—10yr) = T <1 - f?;) : (2.3.6)
Oy(—r0ur) = T <1 - gj) : (2.3.7)
8u(rav¢) = —Oyr - au¢7 (238)
Oy (r8u¢) = —0yr - Oyo. (2.3.9)

Throughout Chapter |3| in particular, we call the system f the Einstein-Maxwell
scalar field system in spherical symmetry (or EMSFSS for short). In the special case that @ = 0,
we instead denote the system simply as the Einstein-scalar field in spherical symmetry (or ESFSS
for short).

There, we pose characteristic initial data for (r, Q2 ¢) for the EMSFSS system in a trapped
region. That is, as in Proposition [2.2.1] initial data is prescribed on two null hypersurfaces Cy =
{up} X [vo,v1] and Cy = [ug, u1] x {v1}, and this data yields a mazimal future hyperbolic development
in a domain as follows (see Figure :

D = {(u,v) € [ug,u1] X [vo,v1] C R?: 7(u,v),2*(u,v), d(u,v) bounded and regular}.

Our analysis will be confined to the trapped region. As in [32], we take this to mean the region
T C Q with T == {(u,v) : Our(u,v) < 0,0,r(u,v) < 0}. Due to the monotonicity of 2729,r and
Q29,r from the Raychaudhuri equations (2.3.1)) and (2.3.2), it suffices to have initial data in the

trapped region, since
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Figure 2.1: The characteristic initial value problem considered in Chapter . Regular initial data
is prescribed at Cy U C, such that Cp U (|, is trapped, yielding a maximal future hyperbolic
development D with a singular boundary & at which r = 0.

Assuming Cp U Cy C T, we may fix the remaining gauge-freedom in (u,v) by prescribing
Oyr = —1 on Cp, Our = —1 on C,. (uv—gauge)

Imposing , the free data on Cy U C,, will then be Q%(ug,v9) € RY, r(ug,v9) € RT, and
the characteristic data for the scalar field, namely 9,¢ on Cy and J,¢ on C, as well as ¢(ug, vo).
For our purposes, it will mostly suffice to take 9,¢|c, and 8u¢\QO to be C1.

It is often advantageous to consider quantities which are gauge-independent with regard to the
choice of 4 and v. We may, for instance, consider the Hawking mass m, defined in , in place

of Q2. We also make frequent use of the following gauge-independent vector fields:

1 1

L 8,, L= B, (2.3.10)

—70,T

which are normalized such that g(L, L) = —2(2mr — r?)~!. Observe that in (uv—gauge)),

 —rOyr

rL¢ = 0,¢ on Cp, rL¢ = 0y¢ on C.

2.3.1 Strongly singular maximal future developments

We are interested in solutions of the characteristic initial value problem containing singularities,
or more specifically spacelike singularities. By [31], 32, [99], in particular the generalized extension
principle of [99)], such singularities in the ESFSS or EMSFESS system, at least those away from the
center of symmetry I', are characterized by the area-radius r(u,v) tending to 0.

For this purpose, we focus on maximal globally hyperbolic future developments D possessing a

non-empty singular boundary S at which 7(u,v) = 0, which may be parameterized as (u, v.(u)).



o8

In the ESFSS system (where @ = 0), there is additional monotonicity in the system that simplifies
the issue of finding S. Note that (2.3.6) and (2.3.7) give:

QZ
Ou(—10yr) = Oy(—10yr) = T > 0.

Hence —rd,r and —rd,r are bounded below by their minimum value on Co U Cy. Thus r%(u,v) is
monotonically decreasing at a rate which is bounded below, in both the u and v directions, must
therefore reach 0 so long as the intervals [ug, u1] and [vp,v;] are large enough. We formalize this

observation in the following lemma.

Lemma 2.3.1. Consider the ESFSS system with characteristic initial data prescribed on Cy U C,,
as in Section [2.3.  Then there exist constants Ry, Ry > 0, depending only on data, such that for
(u,v) € D,

Ry < —rdyr(u,v) < Ry, Ry < —1rdyr(u,v) < Ry. (2.3.11)

For the EMSFSS system with @ # 0, the upper bound of remains true.

If holds and one supposes, moreover, that there exists vi(u1) < vi such that (u1,v) € D
for vg < v < wi(uy), but r(ug,v) = 0 as v = ve(u1)~. Then the region D has a singular boundary
S, parameterised by a continuous curve v = vy(u) for vy (v1) < u < wuy, such that r(u,v) extends

continuously to 0 on S. The boundary S is spacelike in the sense that v.(u) is strictly decreasing.

Proof. When @ = 0, the monotonicity of (2.3.6) and (2.3.7)) mentioned above immediately implies
the lower bound in for Ry = min{miny, »)ec, =707 (uo,v), min vy ec, —70ur(u,vo)} > 0.
Regardless of the value of @, the upper bound is found by integrating , and then
applying , . For instance,

uQQ

—1Oyr(u,v) < —rdyr(ug,v) + /uo 1 (a,v)da,
r(uo,v) 02
= —r0yr(uo,v) + /T(u’v) 1o (,v) dr(a,v),
r(uow) ()2
< —rdyr(ug,v) + /T(u’v) 1o (uo,v) dr(t,v),
02
< (ugl’%z)mécco(—rf)vr(ug,ﬁ)) + 7(uo, vo) - (u(%?gco “Jor (ug, D).

The inequality on the third line follows from the Raychaudhuri equation (2.3.1), which implies that

7%; is decreasing in u. A similar computation for —rd,r(u,v) then implies the upper bound in

2-3.11).

Assuming the existence of v,(u1) as in the lemma, the parameterization of the singular boundary

S as (u,v4(u)) follows straightforwardly from (2.3.11)). O
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2

Remark. By the monotonicity 0,0, < 0 in the case () = 0, a sufficient condition on data to

guarantee the existence of such a v, (u1) < vy is the following inequality:
r(ug, v9)? > r(u1, v9)? + r(ug, v1)% (2.3.12)

However this is not necessary, and need not restrict ourselves to scenarios where (2.3.12)) holds.

We now consider the EMSFSS system with ) # 0. In this case, there is no monotonicity akin

to 0,0,m% < 0, and in order to proceed we instead make the a priori assumption

( ir;fpmin{—ravr(u, v), —royr(u,v)} > Ry. (QTS)
u,)e

By Lemma the full inequality (2.3.11]) holds so long as (QTS)) holds.In the case @ # 0, we

also need to make a second a priori assumption: for some a € (0, 1), we assume

( ir;fDmin {\T2L¢(u, v)|?, |r2Lé(u, v)|2} >1+a. (SKE)
u,)e

Here the null vector fields L and L are defined in (2.3.10). In Chapter [3| we often refer to the

following definition.

Definition 2.3.1. A strongly singular future development D of (trapped) characteristic initial data
on CyUC| is a maximal future development D, as described in Section [2.3] with the two additional

properties:

(i) There exists some continuous, strictly decreasing function vy (u), defined on v; 1 (v1) < u < uy
for some vy ! (v1) € (ug,u1), such that S = {(u, v«(u)) : vy 1 (v1) < u < uy} is a future boundary

of D such that the area-radius r(u,v) extends continuously to 0 at S.

(ii) Either the Maxwell charge @ is identically zero, or the strongly singular development must
also satisfy the two conditions (QTS)) and (SKE)).

See Theorem to recall the (rough version of the) results proven for such strongly singular

spacetimes.

2.4 Equations for homogeneous hairy black hole interiors

In Chapter [ we will be interested in charged hairy perturbations of sub-extremal Reissner-
Nordstréom interiors. To define this, given some parameters M > 0, e, A € R, consider the polyno-
mial

Prren(X)=X?—2MX +e* — IAX" (2.4.1)

Then the set of subextremal-parameters (M, e, A) is Ps. = PA<0 U PA=0 U PA>0 where PA<C is

such that A < 0 and the polynomial Pyse a(X) has two distinct positive real roots r— < ry, PA=0
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is such that A = 0 and the polynomial Pyse A (X) has two distinct positive real roots r— < r, while
PSAB>0 is such that A > 0 and Pjyre a(X) has three distinct positive real roots r— < ry <r.

The Reissner-Nordstrom(-dS/AdS) spacetime is a spherically symmetric solution to the Einstein—
Maxwell system, and can be written in standard (¢,r) coordinates as

gRN = — (1 M, e M) dt* + (1 — ¥ + iz - Af) ldﬁ + rldoge. (2.4.2)

In particular, the Reissner-Nordstrém(-dS/AdS) interior metric is given by (2.4.2)), restricted to the
coordinate range r— < r < r4, t € R. Note that, in the interior, ¢ is a spacelike coordinate while r
is a timelike coordinate.

The Maxwell field is given by setting Q = e in (2.2.3)), and 0% = Q%% n Will be defined shortly. A
choice gauge field A which will be consistent with the remainder of Section and Chapter [4] is

A=— (e - e) dt. (2.4.3)

T4+ r

To recast the metric (2.4.2) into the double null form (2.2.1)), we define

dr 0%y 9 2M  e*  Ar?
= Oy =—4(1——4+ 5 — — 244
dr* 4 7 RN r + r2 3 ) ( )

r*—t ¥+t
= = . 2.4.5
T (2.45)
In this (u,v) coordinate system, the metric can now be written as

grN = —Q% vdudv + rdoge. (2.4.6)

In the sequel, we denote the Reissner-Nordstrém area-radius function by rry-.
We define the surface gravity of the event horizon 2K, and the surface gravity of the Cauchy
horizon 2K _ by the following functions of black hole parameters:
2 2 A3
2Ky = 2K (r =rs) = - <M & i) . (2.4.7)
1
It is then a well-known fact that the null lapse Q% obeys the following asymptotics, where

at > 0 are fixed constants depending on the black hole parameters:

Q%%N 2Ky (M,e,A)r* *
log<a+62K+(M,e,A)~r*> = O(est+ e ) as " =u+v— —o0, (2.4.8)

0?2 . .
1og<a_€2K’(ﬁe7 AW) — O(2K-(MeA)T7y o 1% — 4y 4y 5 oo (2.4.9)

We note that, for subextremal black hole parameters, one has 2K, > 0 while 2K_ < 0.

Introducing the following “regular coordinates”,

U=e+e, V=, (2.4.10)
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it is well-known that in the coordinate system (U, v), the metric ggy can be smoothly extended
beyond U = 0, and the right event horizon Hr = {(U,v) : U = 0,v € [—00,+00)} is realised as
a smooth null hypersurface. A similar construction can be made for the coordinates (u, V'), with
Hr = {(u,V) : u € [—00,+00),V = 0}. Using the coordinate system (U, V'), the metric gry is
defined for 0 < U,V < 400, and can be smoothly beyond both Hr and H [, including the bifurcation
sphere Hr NHy ={U =0,V = 0}.

2.4.1 Black hole interiors with charged scalar hair

Figure 2.2: The local solution to the characteristic initial value problem for a spatially homogeneous
black hole interior with charged scalar hair

Consider the characteristic initial value problem with initial data given on the two affine complete
null hypersurfaces Hy, = {(U,V) : U > 0,V = 0} = {(u,v) : u € [—00,4+00),v = —oo} and
Hr={(U,V):U=0,V >0} ={(u,v) : u =—00,v € [—00,+00) }, intersecting at the bifurcation
sphere (U, V) = (0,0).

We normalize the regular coordinates (U, V'), which are related to the usual interior coordinates

(u,v) via (2.4.10)), using the following gauge choice:

1
Q%@LUNHR::§Rfe*ﬂﬂ4MﬁA)"Q2@hvﬂHR::i%Leﬂﬂ4Mﬁﬂ>a (2.4.11)
+ +
1 a
02 _ 2K (Me,A)v ()2 = —t 2K+(MeA)u 2.4.12
L(u? V)|HL 2K+e (u7 U)|HL 2K+e I ( )

These choices are made such that, with respect to the generalized Kruskal-Szekeres coordinate

system (U, V), Q2 is normalized as follows on H = Hr UH:

02 SR Q-dat
Teg(Ua V)|H (2K+)2 ( a a)

In the context of this article, we pose the following characteristic initial data (recall (2.2.13)) for
the definition of w):
T"H = T+(M7e7A)7 (T—data)
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wly =M >0, (w-data)
Qly =e e R\ {0}, (Q-data)
¢ln =€ € R\ {0}, (¢-data)

as well as a gauge for the Maxwell field such that the components Ay, Ay vanish on Hpg, Hy,

respectively. In particular Dy ¢ and Dy ¢ will vanish on their respective horizon pieces. As a result,
this data is compatible with the null constraints , .

In the following proposition, we show that the data ((2-data)), (r-datal), (Q-datal), (¢-datal)

uniquely specifies a solution to the Einstein-Maxwell-charged scalar field system, which is more-

over spatially homogeneous. Of course, in order to have uniqueness we must impose a gauge for the
Maxwell field A. In our setting, for the purpose of reducing the Einstein-Maxwell-charged scalar
field system to a system of ODEs (see already Section and ), it will be convenient to
choose

UAy +VAy =0. (A-gauge)

We now identify the spacetime describing the hairy black hole interior spacetimes studied in this

article, which we firstly describe in the regular coordinate system (U, V).

Proposition 2.4.1. Consider characteristic initial data (Q-datd), (r-datd), (Q-datd), (¢-datd) to
the Finstein-Mazwell-charged scalar field system f, with u, v replaced by U,V respec-
tively. Then imposing also , there exists a unique maximal future developmenﬂ of the
system (2,7, ¢,Q, Ay, Ay) that is smooth up to and including the horizon H = Hy U Hg.

Furthermore, the domain of definition of this maximal development is given by {(U,V) : 0 <
UV < Dpaz} for some Dpar(M, e, A, m?, qo,¢) € (0,+0c], and letting T be the vector field (see
Figure

T :=2K, <_U88U + v£/> , (2.4.13)

one finds that T is a Killing vector field, satisfying Tr = TQ? = TQ = T¢ = T(UAy) = 0. In
particular, the spacetime is foliated by Cauchy hypersurfaces UV = const, which are each spatially

homogeneous with isometry group R x SO(3).

Proof. We appeal to a local existence result, for instance Proposition [2.2.1] with the caveat that
our gauge choice (A-gauge) is not well-suited to such local well-posedness statements. Following
Proposition we firstly instead find a solution with some other choice of gauge field AELO), in a

3Maximality is meant in the sense that there is no larger causal region of the (U, V)-plane where one may smoothly

extend the solution.
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region (U, V) € [0,6] x [0,8] with ¢ sufficiently small (see the darker shaded region of Figure [2.2)),

attaining the prescribed data, with A replaced by A in the equations. In particular, Maxwell

2
reg’

We seek a gauge transformation that relates any such A©®) to an A satisfying (A-gauge). The

correct gauge transformation is A = A©) — dh, with h given by

gauge-independent quantities such as Q% ,r, Q) are already uniquely determined.

1
h(U,V) ::/ UAO(Uz,Vz)da. (2.4.14)
0

The reason is that this choice of h implies that

oh _ 0Oh ! 0A© ©
“ i (0) 2
U@U +V(9V ; (UA (Ux,Vx)+Ux 50 (Uz,Va)+UVx Y% (Uz,Vz) | dx,
'd
_ /0 2 UrAO(Uz, V) de = UAO (U, V),
so that 5 5
h h
— A0 oy =
UAy +VAy =UA U@U V&V 0,

as required. Furthermore, the h chosen in (2.4.14}) is the unique such gauge transformation that is
regular at (0,0): If h was another such function, then the difference ¢ = h — h would satisfy

whose general solution is of the form ¢g(U,V) = G(U/V). So regularity at (0,0) implies that G, and
thus g, is constant, and dh = dh after all.

Hence we have constructed a unique regular solution in the characteristic rectangle [0, §] x [0, ¢].
We next show that the vector field T" defined in annihilates all the relevant quantities. For
this purpose, we argue geometrically as follows: let a > 0 be any positive real number, and consider
the double null coordinate transformation U + U’ = aU,V + V' = a='V. Then in the (U’, V')

coordinate system, we note that it still holds that on H = {(U’, V') : U’ =0 or V' = 0}, we have

02 (U/ V/) _ %4

reg 2K, )2’
r=T,
Q=e,
¢ =6

U/AU/ + V/AV/ =0.

Hence by the aforementioned existence and uniqueness result, we have a unique solution in the
characteristic rectangle (U’, V') € [0, 4] x [0,6]. Furthermore, this agrees with the solution in the
original (U, V') coordinates, so that, for f € {Q% r, Q, ¢, UAy}, we have

fU' V) = flaU,a V) = f(U, V). (2.4.15)
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Allowing a to vary across all positive reals, it is clear that we have a solution in the whole of
{(U,V) e RE;: 0 < UV < %}, ie. the lighter shaded region in Figurethat arises from sweeping
out the darker shaded region for different choices of @ > 0. Furthermore, it is immediate from
that 7" annihilates all such quantities f.

The extension to the region {0 < UV < Dipa.} is then straightforward using standard extension

principle arguments for nonlinear waves and again appealing to this geometric trick. O

Remark. By the generalized extension principle of [99], if the quantity D4, of Proposition m
is finite, then one must have r — 0 as UV — D,,q.. However, Proposition [2.4.1] is qualitative
in nature and says little about quantitative properties of the interior, or if and how any spacelike

singularity is formed.

Following Proposition [2.4.1] we would also like to understand the transversal derivatives of r and
¢ along H, for which we shall need the full system of equations (2.2.4)—(2.2.11)). For r, we see that

using (Z2) on M,

ooyr = —=—— | —— + —+ A . 2.4.16
v OoyT 12K,)? < - + Ti +r A+ ryime ( )

Since r4 = r4 (M, e, A) satisfies the equation
Pren(ry) =15 —2Mry +e* — 1A} =0,

it is readily checked that the expression in the parentheses in (2.4.16)) is equal to —2K, + r m?2e>.
We then integrate ([2.4.16)), noting that dyr = 0 at the bifurcation sphere (U, V) = (0,0), to find

alV rom?2e?
8U7"|’HR = 78?(4. <—1—|— _;K+ > .

Returning to (u,v) coordinates, and performing a similar procedure on Hp,, we deduce

. —40,r . —40,r r+m262
S~ ()= im —er () =1 ==

(2.4.17)

We remark here that due to the presence of the charged scalar field mass, there is already an O(€?)

deviation from the corresponding Reissner-Nordstrém quantity. A similar procedure applied to
(12.2.10) will yield

2K . ¢
a;/ Dyo(0,V) = lim =o5=(u,v) = fye, (2.4.18)
2K Dy
oz+(+] "Dy ¢(U,0) = UEIPOO 02 (u,v) = Bye, (2.4.19)

where 5y = B4 (M, e, A,m) is some fixed constant we do not explicitly determine.
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2.4.2 System of ODEs for spatially homogeneous solutions

Define s = u+ v, t = v — u, where the null coordinates (u, v) are fixed by the gauge choices ,
(]2.4.12[), (]2.4.10[). Since 0y = %(81, —Oy) = %T, Proposition m proves that the maximal future
development arising from the characteristic data of Section obeys Oyr = 0,022 = 0,0,Q =
0,0:¢ = 0. So we may consider these just as functions of s.

Of course, this is only true after imposing (A-gauge)). In the (u,v) coordinate system,

A= ApdU + AydV = 2K, (UAydu + V Aydv) = A(du — dv) = —Adt, (2.4.20)

where, due to Proposition A = UAy(s) is a real-valued function of s, with lims_, o, A(s) = 0.

We next show that this choice of gauge will in fact constrain the scalar field ¢ to be real.

Lemma 2.4.2. With and the initial data of Section ¢ = ¢(s) is everywhere real.

Proof. Consider the transport equations 1) D for the quantity ). Since 0;Q) = %(Bv —
au)@ = 07
gor® Im(¢D$) = $qor* Tm(¢(Dy¢ + Dyg)) = 0.

Hence by we must have Im(¢Dgsp) = Im(¢pdsp) = 0.

Next, we decompose ¢ into its modulus and argument; ¢ = ®e’. Then
Im(¢0;0) = —®%9,0 = 0,

so that the phase 6 is constant whenever ¢ is nonzero. But as ¢ is smooth in the variable s, it does

not change phase when it reaches 0, hence ¢ is real everywhere. O

Using the identities 8, = 05 — 0, Dy = 05 + J, we have that, for f € {r(s), Q(s), #(s), Q(s), A(s)},
one has
df

Ouf =0uf == [

We now proceed to rewrite the Einstein-Maxwell-Klein-Gordon system (2.2.4)—(2.2.11)) as a system
of ODEs.
Firstly, the Raychaudhuri equation becomes

d

—-(=0727) = Q7% (|6 + [AP g5 4I)- (2.4.21)

Defining the quantity x = —iQ%’“‘l, which is exactly 1 in Reissner-Nordstrom(-dS/AdS), we may

rewrite this as

d _ P N
T =407 (o + [APgg|¢l). (2.4.22)
We also at times appeal to (2.4.21)) in the form:
d, . d . . -
——(=7) = —log (@) - (=) = r(|6]* + | A5 |¢I*). (2.4.23)

ds ds
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The wave equation for 7 is now written as

e T 2 T g 4 0, (2.4.24)

m?|g|* + A). (2.4.25)

&> 2 25 T'Q e 12 012,21 112
ﬁlog(ﬁ )= 53 t23 4Q —2¢° + 2| A5 |0, (2.4.26)
or alternatively
d2 QZ 392@2 2m2
a52 IOg(TQZ) w21 —2|¢|” + 2|A]Pg3|o|* + 1 —— ol (2.4.27)

For the Maxwell field Q and the gauge field A, the equations (2.2.8)), (2.2.9), (2.2.11)) become

Q = Aggr|¢), (2.4.28)
- QZ
A= —%. (2.4.29)

Finally, the wave equation ([2.2.10|) for the scalar field may be written as the second order ODE

- 27"(& 9 %12 m2Q?
— 27 R2A124 —
¢ , Q@) Al 1

?, (2.4.30)

which we often use in the form

2927“2

d . ~
. (r70) = —r’gg| AP — ) (2.4.31)

We also reformulate the initial data of Section so as to satisfy the ODE system ([2.4.21])—
(2.4.31). Data is posed at the limit s — —oo, and is given by

Skr_noor(s) =71, SgglooQ(s) =e, Sl}r_nooqb(s) =€, (2.4.32)
lim Q2(s)-e 25+ =, (2.4.33)
S——00

lim —4Q72(s)i(s) = 1 rymie (2.4.34
im — s)r(s) =1— T 4.34)

. d
Jim o log(Q%)(s) = 2K, (2.4.35)

9 ~ _ e

SEIPOOQ (s)A(s) = 78[(4_7“3_’ (2.4.36)
lim Q7 2(s)p(s) = Be. (2.4.37)

This concludes the set-up for the analytical problem considered in this section and Chapter [
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2.5 Equations in Rein gauge

In contrast to the results of Chapter [3| for spherically symmetric spacetimes, in later parts of the
dissertation, namely Chapter [6] we shall turn our attention to more general surface symmetric
spacetimes of Section now written in a different choice of gauge, originally due to Rein [117] in
the study of the Einstein—Vlasov system.

This gauge choice will make sense only in regions of the spacetime (M, g) such that the surfaces
¥2 of symmetry are trapped, meaning the area-radius r may be treated as a timelike coordinate. In

such trapped regions, we write the spacetime metric f of (2.1.1]) in the following diagonal form:
g = —edr? + P da? 4 rldoyye. (2.5.1)

Here, level sets of the coordinate = are orthogonal to leaves of a constant r-foliation, while p, A are
real-valued functions of r and =z.

While the gauge has previously been considered for the surface symmetric Einstein—
Vlasov—scalar field system in [139, 140, 141], to the author’s knowledge it has not previously been
used for other matter systems, including Maxwell; thus we choose to include a more thorough
description of the gauge in the cyrrent section. We later record a local well-posedness result Propo-
sition and a continuation criterion in Lemma differing slightly from that given in [141].
Given the decomposition for the energy momentum tensor T = T[®], one expresses the Ein-
stein equations with respect to the gauge as follows, where trg T = e~ 2T}, + e~ T,

1
rop\ = r2T,, — 3 (1 + K,GQM) , (2.5.2)
1
rOppt = r2e2h=NT, + 3 (1 + /162“) , (2.5.3)
Ot = 1Ty, (2.5.4)

(r9y) 2 — 122 N2 =(ro\) (12 trg T + k) + 10, [(rPtro T + k) €]
1
+ 7“262(“_)‘)833,11 Oz — N) + r2e2=N . — 3 tro T — ge”‘

(2.5.5)
We refer the reader to [I17, Equations (1.3)—(1.6)] for the specific case where the matter field ® is
Vlasov matter (though that our r and z are instead ¢ and r in [I17]). Compared to [I17], we have
manipulated the equations somewhat so that (a) our canonical choice of time derivative is 70, and
(b) equation has wave-like structure.

The claimed wave-like structure is made clear by the observation that with respect to the coor-

dinates of (2.5.1]), the wave equation (Scall) for ¢ is given by:
(rd,)2p — r2e2H=N92p = (1, ¢) (r’troT + k) + 22N G0 8, (1 — N). (2.5.6)
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Thus has similar structural features to , albeit with a more complicated right hand
side.

In the remainder of this section, and subsequently Chapter [6] we assume that the quotient
manifold @ is diffeomorphic to I x S!, where I C (0,400) is an interval and we periodise the z-
variable to lie in S!, exactly as in [140]. This is purely for convenience; upon localising to suitable

causal subdomains one could also consider settings where z lies in an interval rather than S'.

2.5.1 The Einstein—-Maxwell-scalar field system in Rein gauge

We specialize the above to the Einstein-Maxwell-scalar field system (M, g, ¢, F). In light of (2.1.4)
and the metric gauge choice (2.5.1]), the electromagnetic tensor F is represented by the following

2-form, where @) € R is the constant electric charge.

2
F = T—?e“"’)‘dr Adx. (2.5.7)

Proposition 2.5.1 (Surface symmetric Einstein—-Maxwell-scalar field system). Let (M, g, ¢, F) be

a surface symmetric solution to the Einstein—-Mazwell-scalar field system (Einl), (Scal) and ,
with metric g given by (2.5.1) and Mazwell tensor F given by (2.5.7)). Then the dynamical quantities

(A, i, @) satisfy the following equations for (r,x) € Q.

2
O\ = % ((r@rqb)Z + 722N (9,0)2 — 1 — ke + %62#> , (2.5.8)
1 2 .2 2(u—A 2 o @ o
ropp = 3 (r0r )% + r2e2H N (9,0) + 1 + ke — P ) (2.5.9)
Ozt = 100 020, (2.5.10)

2 2
(rd, )2 — r2e® =N 92 =(rd,\) <—C£2 + /‘&) e + 19, [(—% + H) 62“]

) (2.5.11)
+ 7“262(“_)‘)8xu Or(pn — A) + 27"262(“_)‘)((%@2 — %62“,
T

QZ

(rd, )2 — r2e2 =N o2 ¢ = (rd,.¢) (—72 + /@) e 4+ 122 NE 6 0, (1 — ). (2.5.12)
Furthermore u — A obeys the transport equation

2
ror(p—A) =1+ <—702 + /{) e, (2.5.13)

Proof. The equations ([2.5.8))—(2.5.12|) are derived directly from (2.5.2)—(2.5.6)), upon insertion of the

following expressions for the decomposition of the energy momentum tensor T, = T, [¢] + T [F]
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with respect to the coordinates of ([2.5.1)):

T (0] = 62(M_)\)Tm{¢] - % ((8r¢)2 + 62(“_)\)(890@2) , S[¢] = 6_2“(7"67‘@2 - 7’26_2)‘((%@2,
B 1 Q2 4@2
— _ 2N _ X J2u _ 2%
T, [F] e T.x [F] 5,2 et S[F] o
We leave the details to the reader. O

2.5.2 The initial value problem

We briefly outline local existence for the surface symmetric Einstein-Maxwell-scalar field system as
given in Section See also statements similar to the following Proposition in [117] for the
surface symmetric Einstein—Vlasov system and in [I41] for the surface symmetric Einstein—Vlasov—
scalar field system.

We treat the equations in a slightly different manner from [I17], as to emphasize the wave-like
nature of . As a result, though our system is reduced to a 2-dimensional problem and one can
apply the method of characteristics as in [I17], we clarify that local existence also holds in energy

spaces H*T1 x H*, for s > %

Proposition 2.5.2 (Local well-posedness). Let Q € R be a constant and k € {—1,0,+1}. Consider

solutions (¢, 1, A) to the surface symmetric Finstein—-Mazwell-scalar field system ([2.5.8))—(2.5.12)) for
(r,z) € I x S, where I C (0,+00) is an interval.

Consider data as follows: let rg > 0 and let qﬁD,uD,AD,(bD,/lD,}\D : St — R be functions with

reqularity to be specified shortly, satisfying the following three constraint equations:

L1 - ?
fip =5 <q% + 722 =A0) (9, 6p)? + 1 4 me% - ?262”’> ,
0

. 1 /. 2
AD = 3 <¢2D + 7221 =A0)(9,6p)? — 1 — ﬁe% + 63262‘MD> ,
0

a@U/D = (ZBD 6x¢D

Let the Banach space X be either C*1 x CF for integers k > 0, or H*T' x H® for real numbers
5 > % Then given (fD,fD) € X for f € {¢,u, \}, there exists a mazimal interval I containing

ro and a unique solution (¢, p, ) of the surface symmetric Einstein—-Mazwell-scalar field system

E59) €51 with
(f7 Tarf) < C(I’ X) and (f7 rar‘f)’T:To = (fDa fD) fOT f S {¢7 Hy )\} (2514)

Proof. (Sketch) We prove local-wellposedness for this system by identifying several of the equations
in (2.5.8)—(2.5.12)) as evolution equations for which one may apply standard local well-posedness, and

the remaining equations as constraint equations which are true at r = r¢ and are then propagated.
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The equations we identify as evolution equations are (2.5.11)), (2.5.12)) and (2.5.13). Note that
(2.5.11) and (2.5.12)) are quasilinear wave equations with respect to the metric g in (2.5.1]), while
(2.5.13) is a transport equation whose transport vector field 79, is timelike with respect to g. Thus:

o If X = CF1 x C*, then one finds (¢, u, \) solving (2.5.11)(2.5.13)) and achieving (2.5.14))

by applying the method of characteristics, with respect to the characteristic vector fields L =
O+ et 20, L = 0, — et 20, for (2.5.11)-(2.5.12)) and the timelike vector field 9, = %(L—i—L)
for (2.5.13]).

o If X = H5t! x H* for s > %, then the existence and uniqueness of (¢, i, A) solving (2.5.11)—
(2.5.13]) and achieving (2.5.14)) follows from the local well-posedness for systems of quasilinear

wave equations, see for instance Hughes—Kato—Marsden [83]. This is easily extended to the

wave—transport system ([2.5.11)—(2.5.13)), particularly since the right hand side of the transport
equation ([2.5.13)) depends only on i and not on any of its derivatives.

It remains to show that the remaining equations (2.5.8))—(2.5.10) are satisfied. In fact, since we

already have (2.5.13)) it suffices to show that (2.5.9)—(2.5.10]) are satisfied. We do this via constraint
propagation. The key computation is that from (2.5.8)—(2.5.10)), if one defines:

1 2
C1=7rdp— 5 <(r8r¢)2 + 7’262@7)\)(8:5(?)2 + 14 ket — ?262“> , Co =0 — 10,0 0,0,
then one may derive the equations
Q2
rd.Cp = ret19,Co + 2 <_7a + K) e @y,

2
r0,Cy = 7’6“7)‘5’;(;@1 +2 <1 + <_2 + Fi) e2ﬂ> Ca.
T

So (€1, C2) obey a homogeneous first order linear hyperbolic system with coefficients determined

by the previously found solution to (2.5.8)—(2.5.10). Therefore, by considering an energy of the form
Ee(r) = 5 [1(€3(r,z) + C3(r,z)) dz, integration by parts yields that

d
7“%86(7“)

< C-&(r)

for some C' depending on the solution (¢, u, A). Since the initial data constraints imply Ee(rg) = 0,
we have that e(r) = 0 for all » € I. Therefore €1,C2 = 0 and the remaining equations ([2.5.8])—

(12.5.10) hold as required. O

Along with the local well-posedness result of Proposition [2.5.2] we also include the following

continuation criteria, showing that if the past endpoint of I is not 0, then the quantity p must blow

up.
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Lemma 2.5.3 (Continuation criterion). Let (¢, u,A) be a solution of the surface symmetric
Einstein—-Mazwell-scalar field system (2.5.8)—(2.5.12)), arising from initial data as in Proposi-
tion . Then if r, = infI € [0,rg) is the past endpoint of I, then either r, = 0, or one
has

sup p(r, z) = +oo. (2.5.15)
(r,x)€(rp,ro) xSt

Proof. Suppose for contradiction that r, > 0 and u(r,z) < A < +oo for all (r,z) € (rp,70] x St.
By standard continuation criteria for the quasilinear wave—transport system — it will
suffice to show that 0, f and 0, f remain uniformly bounded for (7, x) € (rp, ro] for each of f = ¢, p1, A.

The first observation is that if p(r,z) < A, then * < ¢*4 and %262“ < QQT;ZeQA. So the
coefficients appearing in the wave equations and are uniformly bounded. We apply
this first to the wave equation for ¢. This equation can be shown to be equivalent to:

2
(0 + e*720,)(0,0 F e 10,0) = % (—?2 + Ii) e (0pp + e 10,0).

Therefore, if one defines
A(F) = max { sup 10, 6(7, ) + 20, 6(7, 2)], sup |0, (7, 2) — F 20, (7, x>|} ,
:EESl .’L'ESl

integrating the above integral curves of 0, 4+ e*~9, yields the integral estimate
ro
A(r) < A(ro) + 1, H(Q%r) 2 + 1)e*4 / A(F) dr.
T

Thus applying Gréonwall’s inequality, there is a uniform bound A(r) < Ay for all r € (rp,r9]. By
the definition of A(r), we therefore have |9,¢(r, z)| < Ay and |e# =20, ¢(r, )| < Ay.

We now play the same game with . There are more terms arising in this equation,
and for instance that the 62(“*)‘)(&(15)2 in needs to be controlled by the previous estimate
let=28,¢| < Ap. Omitting the details, one finds A, so that [0,u(r,z)| < A, and |e# 20, u(r, )| <
A, for r € (rp, o).

It remains to estimate derivatives of A\, or equivalently derivatives of © — A. The expression
Or(pt—A) may be estimated immediately using . We also commute with 9, yielding:

_ Q2 2u _ Q2 pAN | p—A
T0rOz(pt — A) = —r—2+/<; eH(20,p) = 2 —r—2+n et et T O .

Having estimated |e# 2d,pu| < Ay, it suffices to find an upper bound for el One does this
by using — to show that 79,(u + \) > 0, and therefore e#** decreases as r decreases
towards rp,. So 70,05 (pt—A) is uniformly bounded, and thus one finds Ay such that [0, (p—A)| < Aj.

The final step is that the previous p and ¢ estimates yielded |e#~*d,¢| < Ay and P20, | < Ay
To conclude, one must remove the e#~* prefactors, which is easy since we have an estimate for
|0r (1t — A)| and therefore for |y — A| itself. So have uniform bounds for |0, f| and |0, f| for each of
f = ¢, u, A\. By standard continuation criteria for wave—transport systems, this allows us to extend

the solution beyond r = 7}, yielding the required contradiction. O
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2.6 Gowdy symmetry

We complete Chapter [2] with a discussion of the other symmetry class for which we present results,
namely T?2-Gowdy symmetry. This will be used in the results of Chapter [5| where we study BKL
bounces for the Einstein Vacuugﬁ equations in Gowdy symmetry.

A spacetime (M, g) is said to be Gowdy symmetric if it contains two spacelike Killing vector
fields X and Y, which together generate an isometry group Ggowdy Whose orbits are topologically
diffeomorphic to a two surface £2, where the twist constant Cg = Eapys X 2y BVT1Y? is set to vanish
identically, where € is the volume form associated to g. See [67, [36] for further references. We note
that unlike the case of the surface symmetric spacetimes, it not required that each copy of 3?2 is
isometric to a rescaled version of ¥? with a standard metric.

We shall consider the particular case of the T? Gowdy symmetric spacetimes, where X and Y
can be chosen to be coordinate vector fields on ¥2 = T?. Here, a Gowdy symmetric spacetime

metric g can be written in the relatively simple form (see [124]):

A
2

g = —t2e2(—dt2 + db?) + tle? (do + Qdd)? + e~ Tdo?), (2.6.1)

where (t,0) are coordinates on the quotient manifold @ = M/Ggowdy and (o, ) are coordinates
on each copy of T2. In this form, X = 0, and Y = 05, meaning that the functions \, P,Q are
functions of (t,0) only. Note that, since P and Q are allowed to be non-constant, each copy of T?
is a stretched / sheared version of the standard metric on T2.

Since the area of each copy of T? has area proportional to t > 0, the gauge is often
referred to as an areal gauge for a T3 Gowdy symmetric spacetime. In any case, in this gauge we
consider ¢ € (0,400) to be a time coordinate, while § € S!, is our natural spatial coordinate. With

respect to , the Einstein vacuum equations are written as:
(t0)2P — (tDp)* P = 2 (t0,Q)* — 2P (t0pQ)?, (2.6.2)
(t0,)?Q — (t09)*Q = —2(t0, P)(t8,Q) + 2(tdy P)(t9pQ) (2.6.3)
together with two equations for .
tO\ = (tOyP)? + (t9g P)* + €*F' (t0,Q)? + 2 (t9pQ)?, (2.6.4)
oA = 2(t0, P 0P + €2T'10,Q 04Q). (2.6.5)

Note that the former equations ([2.6.2)) and (2.6.3|) decouple from the latter two equations for A,
and in studying the evolutionary problem one usually solves for P and @ using (2.6.2)) and (2.6.3)),
then afterwards one integrates (2.6.4)) to solve for A\. The final equation (2.6.5)) is a constraint that

4To the author’s knowledge, the literature is scarce for Einstein equations with matter in Gowdy symmetric settings.

We would like to return to the Einstein—(Maxwell)—scalar field equations in Gowdy in future work.
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is propagated by the remaining equations, as long as it is satisfied at some initial time. Due to this,
we typically study only the equations (2.6.2)) and (2.6.3)).
A remarkable feature of T Gowdy symmetric spacetimes is that the equations (2.6.2)) and (2.6.3)

have a hidden geometric structure. It turns out these two equations are exactly a system of wave

maps (see [137, Chapter 6] for a general definition of wave maps) between a domain manifold
R+ x T? with metric
go = —dt® + db* + t2dy?,

and a target manifold R? with metric
gr = dP% + 2P dQ?.

More precisely, the equations ([2.6.2)(2.6.3) describe wave maps from (Rsq x T?, go) to (R?, gg)
which are independent of y. We comment that (R?, gg) is isometric to hyperbolic space. Indeed,

the change of variables z = Q, y = e~ ¥ puts g into the familiar upper half plane model gr =
y~2(dx?® + dy?). See [121], [123] and references therein for further details regarding the wave map
structure. What is important for us is that, for such wave maps, it is straightforward to show that

the energy functional:

Et) = % /S @Y (1,0) + (9 P) (1, 0) + €27 (BQ)* (1, 0) + €2 (3pQ)* (¢, 0)] df (2.6.6)
obeys the derivative identity:
GE0 =45 [ (0PP.0)+ @07 w0,

so that —1&(t) < %5 (t) < 0 and &£(t) thereby remains bounded within any compact interval in
time, ¢ € [Ty, T1] C (0, 4+00).

Since the key evolutionary equations ([2.6.2)—(2.6.3) is simply a (semilinear) system of wave
maps, the initial value problem here is standard (see [124]), for initial data given by functions

Pp, Pp,Qp,Qp which will be presribed at ¢t = tg > 0:

(PDu-PD)QD7QD) = (P7 tatpaQutatQ)’tZto‘

A consequence of the energy boundedness above is that in fact, for suitably regular initial data, the
corresponding solution of the wave map system (12.6.2)—(2.6.3)) always exists and remains regular in
the entire interval ¢ € (0,400). That is, we have the following.

Proposition 2.6.1. Let k > 0 be an integer, and suppose (P,Q) be is a (mazimally extended)
solution of the Gowdy wave maps system f, arising from initial data Pp, Pp,Qp,Qp
att =to > 1, with Pp,Qp € C*t1(SY) and Pp,Qp € CH(SY). Then (P,Q) exist and have reqularity
C**1 inside the entire domain (t,0) € (0, 4+o00) x S.
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In light of Proposition the more interesting problem is instead to study the asymptotic
behaviour of (P,Q) in the limits ¢ — 0 and ¢ — oo. In particular, for the study of the Strong
Cosmic Censorship Conjecture|l.1.3] a common strategy is to use such asymptotics to show geodesic
completeness in the ¢ — oo direction and singularity formation, or more precisely curvature blowup,
in the ¢ — 0 direction. We elaborate more in Section [5.1]

We conclude this section, and Chapter with a definition of a subclass of the T® Gowdy

spacetimes, called the polarized Gowdy spacetimes.

Definition 2.6.1. A polarized Gowdy spacetime is a T3 Gowdy symmetric solution to the Einstein

vacuum equation with ¢ = 0 everywhere.

For polarized Gowdy spacetimes, the wave map system (2.6.2)—(2.6.3)) then reduces to a single linear
hyperbolic PDE:
(t0y)?P — (tdg)*P = 0. (2.6.7)

This will be the starting point of our discussion in Chapter [f



Chapter 3

Singularities in spherically symmetric

spacetimes with scalar matter

In Chapter 3] we state and prove our main results regarding the Kasner-like description of spacelike
singularities in spacetimes with scalar matter, based on my article [103]. Throughout Chapter

we shall refer to the spherically symmetric Einstein—(Maxwell)—scalar field equations in double null
gauge (2.3.1)—(2.3.9), which we commonly shorten to the E(M)SFSS system.

3.1 Statement of main results and overview

3.1.1 The Hoélder regularity norms

Before diving into the theorem statements, we first recall what it means for a function to be C*#,

and define our notion of logarithmically modified Holder regularity, C*-#:1o8.

Definition 3.1.1. For D bounded in R? and 8 € (0,1), we define the C%® norm of a function
f:D = Rtobd}

HfHCOﬁ ‘= sup \f(u U)H‘ sup |f(U,1~)1)_f(U,’l~)0)|+ sup |f(ﬂ1¢v)_f(ﬂ0,v)|. (3.1.1>
" @wep T {uhxfion] |01 — Bo|? [ii0,1]x {v} |Gy — o
cD cD

If || fllco.s < 400 we say that f is Hélder continuous in D, and can be defined up to and including
the boundary 9D (in a unique Hélder continuous fashion).

Similarly, define the logarithmically modified C%#1°¢ norm of f : D — R to be

[fllcosios == sup |f(u,v)]
(u,w)eD

b sup | f(u, 91) — f(u, Do) L swp |f(ti1,v) — f(iio, v)| _
{uyx[o,51] 191 — olP (L4 [log(D1 — 0)|)  jag,ar)x{v} 1@ — @0l ?(1 + [log (@1 — o)])
cD cD

(3.1.2)

'As D is bounded in R?, it is straightforward to see that this is equivalent to the usual C*# norm.

75
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If || fllco.sies < 400 we say that f is log-Hdlder continuous.
Finally, we define f to be C*# (respectively C*51°8) for some k € N if f is C*¥ and its kth
derivatives 631852]“ with ki + ko = k are each C%P (respectively C95:108)

Remark. Since 1+logz~! < 277 for o small, it holds that for 0 < 3’ < B < 1, there exists C(3, 8, D)
such that [|f|| 0 < C||f[|co.p.0e. Hence log-Hélder continuity implies Hélder continuity for any

smaller exponent.

3.1.2 Theorems [3.1.1] and [3.1.2} Asymptotics at singularity in double null co-

ordinates

(u1,v0) (ug,v1)

Cy Co

(u0,v0)

Figure 3.1: Theorems and give precise asymptotics for the dynamical quantities r(u, v),
02(u,v) and ¢(u,v) inside the strongly singular maximal future development D. Localizing to the
TIP J~(p), one may use the values of ¥, = and 9 (defined in Theorems and at the
singular point p € S to describe the asymptotics in J~(p).

We now state Theorems and which are the precise versions of Theorem for the
ESFSS and the EMSFSS system respectively. We encourage the reader to recall the notion of a

strongly singular spacetime, and the gauge condition (uv—gauge)), from Section and often refer
to Figure [3.1] for the Penrose diagram representing both results.

Theorem 3.1.1. Consider characteristic initial data for the ESFSS system on the bifurcate null hy-
persurface CoUC,), obeying the gauge condition . Suppose that the mazximal development

D is strongly singular, as described in Section|2.5.1. Then:

(1) Asymptotics for r: The squared area-radius 72(u,v) is a C/2 function in D. There exist

constants Rg, Ry > 0, such that for (u,v) € D,

Ry < —rdyr(u,v) < Ry, Ry < —rdyr(u,v) < Ry. (3.1.3)
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Consequently, we identify the r = 0 singularity as a CYY/2 curve, denoted S, which we
parameterize as S = {(u,ve(u)) : ug < u < vyl(v1)}. We define D = DUS, and by
Cu(p), Cy(p) the continuous limits of —rdyr, —rdy,r respectively at p € S.

(II) Asymptotics for ¢: There exists a C%Y/2 function W(u,v) and a COY?1°8 function Z(u,v)
such that for (u,v) € D,

d(u,v) = ¥(u,v) - log (7;—0) + =(u,v). (3.1.4)

We may extend ¥ and = continuously to the singular boundary S, and denote by Vo (p) and

Ex(p) their values at p € S.

(III) Asymptotics for Q%: There exists a COY218 function M(u,v), continuously extendible as a

positive function on D, such that we have the following asymptotics for the gauge-invariant

quantity 4Q720,1r0,r:
—(¥2+1)
40720, 10y (u, v) = M(u, v) - () ) (3.1.5)

We denote by Moo (p) the value of M at p € S.

(IV) Estimates localized at a TIP: Let p = (up, v«(up)) € S, and consider its causal past J~(p) =

{(v,v) € D : u < up,v < ve(up)}. Then there exists a constant D > 0 such that for

(u,v) € J~(p):
| = 70ur(u,v) — Cu(p)] < D -1, (3.1.6)

| = 70yr(u,v) = Cy(p)| < D -1, (3.1.7)

r*0ud(u,v) — Cu(p) - Yoo (p)| < D -1, (3.1.8)

720y p(u,v) — Cu(p) - Yoo(p)| < D -1, (3.1.9)

’gﬁ(u, V) = Uoo(p) - log (%0) - Eoo(p)’ < D-rlogr (3.1.10)

‘I’oo(p)z_l
2 = ACuP)Cp) gp1. ( r ) < D.r¥=®1og . (3.1.11)

7o

(V) Precise blow-up estimates: For p € S and J~(p) as in , we have the following blow-up

rates for the Hawking mass and the Kretschmann scalar:

0]

w2,
‘ 2m(u, v) — Moo (p)ro - (7) < Dy V@ g p 1 (3.1.12)
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_ , 70\ 2% (1)’ +3)  4(3 — 20 o (p)? + 2V (p)*
‘ Riem,g.sRiem®?° — M. (p)? - (7()) = (p24 ey
0

< D2V 5160 p=1 (3.1.13)

For the scalar field, we have the following gauge-invariant blow-up rate:

<Dy Vo) 2 g p 1 (3.1.14)

Moo (P) Voo (p)2 /70 Yoo ()23
‘VQ(W%JF (p)2 (p) <g)
T T

0

Theorem 3.1.2. Consider characteristic initial data for the ESFSS system on the bifurcate null
hypersurface Co U Cyy, obeying the gauge condition . Suppose a priori that the maximal

development D produced by this data terminates at an r = 0 spacelike singularity, and moreover that

and (@ hold in D. Then for B = «/2,

(1)

(11)

(111)

(1V)

Asymptotics for r: The squared area-radius r>(u,v) is a CYP function in D. Building upon
, we find an additional upper bound: for (u,v) € D, there exists some Ry > Ry such
that:

Ry < —royr(u,v) < Ry, Ry < —rdyr(u,v) < Rjy. (3.1.15)

Consequently, we can identify the r = 0 singularity as a CYP curve, denoted S, which we
parameterize by S = {(u,vi(u)) 1 ug < u < vyt (v1)}. We then define D, Cy, and C, as in @)
of Theorem [3.1.1]

Asymptotics for ¢: There exists a COP function U(u,v) and a COP1°8 function Z(u,v) such

that for (u,v) € D,
d(u,v) = ¥(u,v) - log (T—O) + =(u,v). (3.1.16)
r
We may extend U and = continuously to the singular boundary S, and denote by Vo (p) and

Eco(p) their values at p € S.

Asymptotics for Q%: There exists a C%P1°8 function M(u,v), continuously extendible as a

positive function on D, such that we have the following asymptotics for the gauge-invariant

quantity 4Q0720,10,r:
—(T2+1)
40720, 70,1 (u, v) = M(u,v) - <> . (3.1.17)

We denote by Moo (p) the value of M at p € S.

Estimates localized at a TIP: Let p = (up, vi(up)) € S, and consider its causal past J~(p) =

{(u,v) € D : u < up,v < vy(up)}. Then there exists a constant D > 0 such that for
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(u,v) € J~(p):

| = 70ur(u,v) — Culp)| < D - 1%, (3.1.18)
| = 70pr(u,v) — Cy(p)| < D -1, (3.1.19)
72 0up(u, v) — Cu(p) - Yoo(p)| < D - 1%, (3.1.20)
20y (u,v) — Co(p) - Yoo(p)| < D -7, (3.1.21)
d(u,v) — Voo (p) - log (%0) - Eoo(p)‘ <D-r%logr L, (3.1.22)
0?2 40“(?20“@) M (p) <:0> e < D Vel ool (3].23)

0

(V) Precise blow-up estimates: For p € S and J~(p) as in , we have the following blow-up

rates for the Hawking mass and the Kretschmann scalar:

g,
Moo (p)ro ()] < D ¥ e log, (3.1.24)

2 r

‘ om(u, v) —

)2<woo<p>2+3> 43 = 200 (p)® + 2¥ss(p)*)

4

,
‘ Riem,,g,sRiem®?7° — 9o (p)? - (—0 .
0

"
< Dy 2Ve@)?~6ta50 =1 (31.25)

We treat also the matter fields. For the scalar field ¢, we have the following gauge-invariant

blow-up rate:

2 Too(p)2+3
’vacbv% + Do Voolp)” () PP g e sta0e -1 (3.1.26)
TO T

while the electromagnetic 2-form F satisfies:

2Q°
F/“/F/J'V == _TT (3127)

3.1.3 Corollary A BKL-like expansion

We now state Corollary [3.1.3, which interprets the strongly singular spacetimes of Theorem [3.1.1]
and Theorem in the context of the BKL ansatz. In particular, we define a foliation using the
level sets of a time function 7, given by , and show that this foliation obeys several BKL-like
properties. We refer the reader to [126] to justify how Parts[l] to [5| indeed detail a correspondence
between our foliation and the BKL picture.

Note that throughout Corollary we refer to error terms of the form O(r®logr~1'). To
see that these are genuine lower order terms, note that via 7 one has O(r®logr—!) =

2a
O(7%*+3 log 7 1), and thereby converge to 0 as 7 — 0.
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Corollary 3.1.3. Let (M, g) be a smooth, spherically symmetric, strongly singular spacetime solving
the EMSFSS system, and described by either Theorem [3.1.1) or Theorem[3.1.3 Let W, = and M be
described by and in these theorems. Now define the function 7 : D — R by

w243

2’/“0 —1/2 T 2
= ) I e . 3.1.28
Ty (7‘0 ( )

We foliate the spacetime (M, g) by hypersurfaces of constant T, denoted S;. Then there exists some

T0 such that:

1. The spacetime M N {1 < 19} is globally hyperbolic and foliated by the spacelike hypersurfaces S;.

Furthermore, the time-function T is asymptotically normalized in the sense that

19(V7,V7) + 1| < Dr*logr!. (3.1.29)

2. The foliation is also asymptotically CMC' (constant mean curvature) in the sense that the mean

curvature k with respect to the foliation obeys

Tk — 1| < Dr*logr 1. (3.1.30)

3. Define an orthonormal frame as follows: let eg = n~ V7 with n = (—g(Vr,V71))/? the ADM

1

lapse function, let eq = %89 and €3 = 57

0y be tangent to the 2-spheres of symmetry, and
finally choose ey to complete the orthonormal basis with direction chosen such that g(eq,d,) < 0.

Then the frame is approximately parallel transported in the following sense:

Ve €i = cieg,  where ¢; obeys |T¢;| < Dr®log rL. (3.1.31)

4. Defining k;j to be the second fundamental form of the embedding S, — (M, g), let lCl-j denote the
respective expansion normalized Weingarten map, defined by ICZ-j =k 1. kij = (tr k)*lkij . Then
the eigenvectors of ICZ-j are exactly the frame vectors ey, ea, es, and their respective eigenvalues
p1, p2 and p3 satisfy

U2 _1
U2 4+ 3

2

m +O(T‘a logr_l). (3132)

p1 = +O0(r*logr™), pa=p3=

5. Finally, the scalar field has the following logarithmic behavior:

2V 2V

_ « -1
=213 213 +O(r“logr™). (3.1.33)

o Jogr 14+ 0(1), —Tepd =

3.1.4 Sketch of the proof

We briefly describe several of the key steps in the proof of Theorem [3.1.1] and Theorem [3.1.1] For
simplicity, we focus on part (IV), i.e. estimates localized at single TIP p € S and its causal past

J~(p). The essential claims will be that for any (u,v) € J~(p), there exists some « > 0 such that:
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(I) There exist positive constants C,,, C;, > 0 such that in J~(p), one has

—r0yr = Cy + O(r?), —rdyr = Cy + O(r®).

(IT) There exist constants Vo, Ze € R such that in J~(p), one has
20,0 = Cyy - oo + O(r?), 20,0 = Cy - Uoo + O(r®),
=V logr ' + =2, +O(r).
(IIT) There exists some Cq > 0 such that in J~(p), one has
02 — Co - r\pgo—l + O(rtlfio—l—i—a).
In the full proof, each of these must be shown simultaneously. For the purpose of illustrating

the ideas, we sketch a proof of each of |D assuming the others. We start with (I1I}), which
is proven in Section [3.5.1] particularly Proposition [3.5.1] The idea is to rewrite the Raychaudhuri

equation (see already (2.3.2))) as:

0?2 Oy r20,¢ 2
0O, log = —" .
—0Oyr r —7r0yT
Assuming (I) and , the rightmost expression can be written as W2, + O(r®). Therefore, sub-
tracting U2 - 9,(logr) = W2 . B;r from both sides, one finds

QZ
— Oy

Oy log ( . r_‘llg°> = O, - O(r™7 ).

The right hand side is now integrable towards r = 0, hence % -7~ %% tends to some positive
constant as r — 0. Combining again with , and performing similar integrations in the u-direction,
we indeed find .

Next, we move onto , see already in Section (note though that in the course
of our actual proof we largely circumvent the need for by using instead the gauge-invariant
derivatives , introduced in Section . For this, we use the following wave-like evolution

equation for r?(u,v):

Ou(—rDr) = Du(—rdur) = = <1 - Qz) .

4 72

But by , we may bound Q? by a power of r, giving
O(r¥s-1 if Q =0,
Ou(—10yr) = ( , ) @
O(r¥==3) if Q #0.

To integrate this, we change variables from wu to r. This is where we use (QTS)), which tells us that
du = O(r)dr. Furthermore, when Q # 0, we require W2, > 1 in order for the integral of O(r¥*—3)
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in w not to diverge as r — 0 — justifying why we need the assumption . If either Q = 0,
or @ # 0 but and hold, then we get as claimed. Note the O(r®) error term in
() is not optimal, and that the true first-order correction will be O(r?) with v depending on W2_.
However, for our goal of deriving the leading order asymptotics, our O(r®) errors are sufficient.

Finally, we derive , giving asymptotics for the main dynamical quantity ¢(u,v). This is the
main objective of Section particularly Proposition There, we use the wave equation in
the following form:

Ou(r20,0) = —rOyr - Dy + 11 - Byt = X ¢,

where X is defined as X = —1r0yrdy + 10yrd,. The procedure will be to first estimate \f( ¢| and
then integrate this equation towards r = 0.

The fact X ¢ appears is crucial. If the vector ﬁel X were to be replaced by, say, the null vector
field 9,, then anticipating (I) the modified right-hand side would obey |0,¢| = O(r~2). However,
r~2 is not integrable in u towards r = 0, recalling that du = O(r)dr but one still sees the logarithmic
divergence [r~2du = [ O(r~')dr = O(logr~'). Fortunately, X will be a “better” derivative than
dy; since Xr = 0, X is a “spatial” derivative tangent to the spacelike hypersurfaces of constant r,
and is expected to behave better than “temporal derivatives” in line with the AVTD expectation of
BKL.

Indeed, we shall obtain |X¢| < =2+, the proof of which is the main focus of Section
particularly Proposition [3.4.3] Using this, we now integrate the above equation and find that
20,6 = Cy - Voo + O(r®), for some Vo, € R. The remaining claims of are then straightforward

— noting that we use |qu| < 72+ again to show that the V., arising in the leading order terms

of r20,¢ and r20,¢ coincide. This concludes our sketch of the proof of our main theorems.

3.2 Applications and future directions

Before moving onto the proof of Theorem [3.1.1], Theorem and Corollary in Sections [3.3
to we first elaborate on a few further questions and applications stemming from our results.
3.2.1 Stability and instability of spacelike singularities

Our main results provides leading order asymptotics for all geometric and matter field quantities

near a spacelike singularity S = {r = 0} provided we already know it exists. Returning to our

initial discussion regarding the generality of such singularities, it is prudent to ask to what extent

our results model singularities arising from a general class of initial data.

2The vector field X is also a rescaled version of the Kodama vector field [97], most often used to find energy estimates

in the exterior region, where r is instead a spacelike variable and X is timelike.
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For instance, one may consider stability properties of the strongly singular spacetimes described
in Theorems [3.1.1]and [3.1.2] Even for perturbations in spherical symmetry, this is a subtle problem,
since the whereabouts of the eventual singular boundary is only determined a posteriori, and one
must track the location of the new singularity S arising from perturbed data, in any choice of
coordinate gauge.

In particular, to make quantitative comparisons between the perturbed spacetime and the back-
ground spacetime, we require a further gauge transformation (u,v) — (@(u),0(v)) such that the
position of S in the (u,v)-plane coincides with that of S in the (u, v)-plane. We state the following
theorem, which we do not prove in the current dissertation but we instead comment that it should
follow from the methods used in the proof of Theorem in Appendix

Theorem I (Stability — rough version). Let (r,Q% ¢,Q) be a spherically symmetric and strongly

singular solution to the Einstein-Mazwell-scalar field system (Ein|), (Scal), (Maxl), as described in
Theorems [3.1.1 and |3.1.2, with characteristic initial data (r;,Q2, ¢i, Qi) given on Co U Cy. The

domain of existence D and spacelike singularity S are given by the following subsets in the (u,v)-

plane:
D = {(u,v) € [ug,u1] x [vo,v1] C R?: v < v,(u) when vy (v1) <u < ul,

S ={(u,v.(w) : vy (v)) <u <y}

By Theorems|3.1.1 and|3.1.2, v.(u) is a CY° curve in the (u,v)-plane.
Consider perturbed characteristic initial data on CoU C,y given by (74, QZQ, <Z>i, Qz), with the per-

turbation being of size € in a suitable norm, and suppose further that either
(A) Qi=Qi=0, or
(B) the subcriticality assumption (@ hold&ﬁ for the background solution (r,Q2, ¢, Q).

Then for e sufficiently small, the mazximal future development (f,fﬂ,(;g, Q) of the perturbed data,

defined in a new domain of development 15, 1s also strongly singular with spacelike singularity S and

satisfies the assumptions of Theorems[3.1.1 and[3.1.2

Furthermore, after a gauge transformation u — u(u),v — 0(v), with ||G(u) — ul|c1,8, ||0(v) —
vllore < €, the locations of D and S in the (@, 0)-plane coincide with that of D and S in the
(u,v)-plane. Abusing notation somewhat, for (u,v) € D as above we define (f — f) (u,v) to be
flu,v) —f(ﬁfl(u),ﬁfl(v)). If U, = and O are the quantities arising in (@)— of Theorems
and corresponding to the perturbed spacetime, one finally has the quantitative stability estimate

72 = #llors + 1% = ¥llco + | = Ellco + |9 = Mlco S e

3The gauge transformation u — 4(u),v — ©(u) could be described, for instance, by concatenating two gauge trans-

formations between double null gauge and the Rein gauge used in Theorem [6.1.0
4By a Cauchy stability argument, it is only necessary for (SKE)) to hold near S, which translates to inf,es U% (p) >

1+ a.
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This stability theorem is consistent with the expectations of BKL, since either of (A) or (B)
suggests that the right hand side of equation in Section is suitably small. It is more
interesting to consider perturbations that violate both (A) and (B). Concretely, this means taking
a strongly singular solution with @ = 0 and having ¥? < 1 somewhere near S, but then perturbing
with Q # 0.

The subtle nature of this problem is illustrated by the following scenario (see Figure : take
the unperturbed spacetime to be a strongly singular portion D of the Schwarzschild interior, then
choose the perturbation to be such that Q = € # 0 but ¢ still vanishes. This perturbed spacetime
is therefore a portion of the Reissner-Nordstrom interior (see Chapter 5.5 of [78] for the explicit
Reissner-Nordstrom metric). However, the Reissner-Nordstrom interior contains no singularities; it
instead possesses a bifurcate null Cauchy horizon. Hence the perturbed maximal development D
arising from compact data contains no singularities, and is smoothly extendible in all directions, no

matter the smallness of e.

cHt L CHT

(u1,v1)

Figure 3.2: Penrose diagrams representing the Schwarzschild interior (left) and the
Reissner-Nordstrom interior (right). The darker shaded region of the Schwarzschild interior
represents a strongly singular spacetime in the sense of Theorems and whose singular
boundary § is destroyed upon perturbations adding a non-trivial charge @@ # 0. This effect is due
to the presence of a (global) Cauchy horizon CH ™" in the Reissner-Nordstrém interior.

This example illustrates that perturbations violating (A) and (B) can in fact destroy the very
presence of the spacelike singularity, both locally and globally. In fact, using the methods of this
paper, it is possible to qualitatively characterize the instability in our context. We argue that a
charged perturbation of a strongly singular spacetime violating will either fail to be singular,
or contain a Kasner bounce such that the new singularity instead obeys the subcriticality assumption
, so long as the double-null gauge remains reasonable in the sense that still holds.
The proof of the following corollary is omitted, but follows straightforwardly from the methods of
Chapter [3

Corollary II (Instability). Let (r, Q2, ¢, Q) be a spherically symmetric and strongly singular solution
to the spherically symmetric Einstein-Mazwell scalar field equations (Ein)), (Scall), (Maxl), such that
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Q = 0. Suppose furthermore that @) is violated near the singular boundary S — in fact impose
the stronger assumption that sup,es W3 (p) < 1.

Given that the above spacetime arises from characteristic initial data (ri,Q?,qﬁi,Qi = 0) on
CoUC, consider now perturbed initial data (74, Q%, qgi, QZ) with QZ % 0. Upon solving , ,
, the mazximal future development of the perturbed data, given by functions (7, 02, qg, Q) defined

on a new domain of existence @, is such that one of the following holds:

1. (Disappearance of singularity.) The domain of existence is the entire causal rectangle D =
[ug, u1] X [vo,v1], so that infx7(u,v) >0 and each of (7, 02,6, Q) are bounded and regular in D.

The singular boundary S disappears.

2. (Gauge degeneration.) The perturbed spacetime remains singular in the sense that inf s r(u,v) =
0, but the quantitative trapped sphere condition now fails to hold, i.e.
inf min{—rd,r(u,v), —rd,r(u,v)} = 0.
(u,v)€D
3. (Bounce to subcritical regime.) The perturbed spacetime remains strongly singular and contains
a new 7 = 0 singular boundary S. The quantitative trapped sphere condition still holds,
however the new function v quantitatively departs from that of the unperturbed spacetime, in the

sense that

liminf sup W2(p) > 1.
r«—0 7(p)<rs

Furthermore, if U can be shown to be continuously extendible to the boundary, and Voo is its
restriction to S, then inf,cgs \iloo(p) > 1. In particular, holds in the a sufficiently small
neighborhood of S in the perturbed spacetime.

In each case of these three cases, some quantity will differ in a large sense from its value in the

unperturbed spacetime, no matter how small € # 0 may be.

We now discuss circumstances in which each of the possibilities 1-3 may hold. An example of
possibility [1| is the Schwarzschild to Reissner-Nordstrom perturbation described earlier. However,
one could argue that this scenario is fine-tuned in the sense that ¢ is chosen to vanish identically in
both the background spacetime and the perturbed spacetime, so the scalar field provides no access
to subcriticality. It may be reasonable to expect that ¢ plays a significant role in the instability
mechanism, and hence possibility [I] is conjecturally non-generic.

We turn next to possibility 2] in Corollary [Tl This is somewhat undesirable, as we cannot use
our methods to describe the Kasner exponents at any point p € S at which fails. Note for
instance that the failure of allows for portions of the 7 = 0 singular boundary which are null
rather than spacelike. Unfortunately, it is difficult to rule out the failure of , and one expects
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to be able to find constructions where possibility [2| occurs. Nevertheless, one could hope that such
instances are again non-generic, particularly in the context of Corollary [T where the size € of the
perturbation is sufficiently small.

This leaves possibility |3} which suggests (at least in the case where U remains bounded and
continuously extendible to S) the presence of Kasner bounces as described in Section . In the
context of the Einstein-Maxwell scalar field system, this is perhaps the most interesting of the
possibilities in Corollary [II| (and is expected to be the generic outcome when e is small).

We do mention, for instance, that the results outlined in Section namely Theorem [I.4.1] pro-
vides examples exhibiting a Kasner bounce which are spherically symmetric, spatially homogeneous
solutions to the Einstein-Maxwell-charged scalar field system, referred to as the interior of hairy
black holes. These spacetimes contain an r = 0 singular boundary S, and the near-singularity region
of the spacetimes features, in some cases, a “Kasner inversion” where a quantity morally equivalent
to ¥ “inverts” from ¥ ~ a € (0,1) (in a non-subcritical Kasner-like regime K1), to ¥ ~ a~! > 1 in
the final subcritical Kasner-like regime Ky containing the singularity S. See already Figure [4.2

The spatial homogeneity assumed in this construction (which is investigated in detail in Chap-
ter [4 reduces the dynamics to a finite-dimensional ODE system. The inversion mechanism is then

described via deriving a one-dimensional dynamical system for W:

dv
— =TT —a) (¥ —a ).
o~ V(T =) (¥ —a)

1 -1

Here R := logr™" is such that R — +o0o0 as r — 0, and the inversion from ¥ ~ o to ¥ ~ o~ is
exactly the progression of ¥ away from the unstable fixed point o and towards the stable fixed point
a~'. We note, finally, that via the correspondence between ¥ and the Kasner exponents
p1, P2, p3, the inversion o — a1 corresponds exactly to the Kasner map .

More precise and quantitative control of the instability possibility 3| particularly in the case
that neither the background nor the perturbation are spatially homogeneous — even if one stays
in spherical symmetry — remains interesting and open. One major difficulty here is the presence
of spatial derivatives, forbidding one from staying in the realm of ODEs. We also refer the reader
to Chapter |§| of this dissertation (see also Section where we find a large class of spacetimes
solving the Einstein—-Maxwell-scalar field system — albeit written in the Rein gauge of Section [2.5
— exhibiting such bounces outside spatial homogeneity; furthermore, a subclass of these can be

checked to dynamically verify the conditions (QTS|) and (SKE]) upon transforming back to double

null gauge.

3.2.2 Applications to spherically symmetric collapse

As discussed, a familiar setting under which the system (Ein)), (Scal), (Max) has been studied is

that of one- or two-ended spherically gravitational collapse. We discuss first the F = 0 case, where
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Christodoulou [31} 32], 5] shows that the generic Penrose diagram representing collapse of one-ended
asymptotically flat data to a black hole is that of Figure [I.2]

Theorems [3.1.1] and [3.1.2] shows that for such spacetimes, we can associate to any trapped 2-
sphere (u,v) € T : {(u,v) : Oyr(u,v) < 0,9,7(u,v) < 0}, the functions ¥, = and 9, which each

extend in a continuous manner to functions W, Z and M., defined along S. We focus on ¥,

which determines the Kasner exponents associated to any p € S, via (1.3.3]). There are two regions
of the Penrose diagram which are of particular interest — the region near spacelike infinity i+, and

the region near the first singularity at the center bp; each of these is depicted in Figure (3.3

70,1 — 0,
r0yr — 0, S
bg Yoo ? -7

Figure 3.3: Zooming in on the portions of the singular boundary S near it (left) and by (right),
indicating the relevance of Theorems and in these regions

For the purpose of studying the near-i* region, [3] uses Price’s law decay of the scalar field ¢
along the event horizon H™, namely that for an outgoing Eddington-Finkelstein type coordinate v
and some p > 1,

Dl ()] S v (3.2.1)

Decay of the form was first proven in the spherically symmetric setting in [47] — in fact [47]
also allows for F,,, # 0 so long as the black hole is sub-extremal in the limit.

Returning to F,,, = 0, [3] propagates the decay towards S, showing that for the same
coordinate v, one has |V (v)| S v™P for large v. Via Theorems and it is thus reasonable
to say that the singularity is “almost-Schwarzschildian” near :*. Note, in particular, that is
necessarily violated in this region, and we expect instability should we turn on either electromagnetic
or non-symmetric perturbations.

We turn now to the region near by. Though Theorems and attributes a value for ¥,
and hence the Kasner exponents, for all p € S\ {bo}, it is highly unclear what happens at the point
bo itself. For by, one cannot apply the analysis presented in this article, since by is not preceded
by a trapped region — in fact J(bg) N T = (). Hence new techniques are needed to understand,
for instance, if W (p) has a limit as p — by. This may be related to the subtle issue of naked

singularities, see also [33] 34, [35].
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Moving on, we introduce a non-trivial Maxwell field F,,, # 0. The Einstein-Maxwell-scalar field
model considered in this article forces us to consider only two-ended asymptotically flat black hole
spacetimes. For this model, [40 41] and later [I09, [I1T0] show that the possible Penrose diagrams
are as in Figure and the black hole contains a non-empty Cauchy horizon CH™ across which

the metric is C%-extendible.

cHt N oMY

cut Sont

p) Py

Figure 3.4: Penrose diagrams representing two-ended spherically symmetric gravitational collapse
spacetime. The shaded regions correspond to the black hole interiors (LA and 7 are no longer
drawn), which always possess a non-empty Cauchy-horizon CH* and in some cases an r = 0
spacelike singularity S. If S # () as in the rightmost picture, it is unknown whether S could

contain null pieces.

Since the Cauchy horizon is null and 7,4+ 7# 0, Theorems and does not apply therqﬂ

In fact, there are spacetimes e.g. perturbations of Reissner-Nordstrom [40] for which the Penrose
diagram is as in the left of Figure Nevertheless, for large data an » = 0 singularity S could
arise, as in the right of Figure [3:4]

In such cases, Theorems and could apply, though we must be careful as may
not necessarily hold. In particular it is not clear a priori whether S could contain null segments.
It is worth mentioning, however, that one could refer to the charged examples of Section [3.6.1] and
apply a straightforward gluing argumentﬁ to guarantee that at least part of S obeys the assumptions
of Theorems [3.1.1] and 3.1.2]

Finally, we mention the spherically symmetric Einstein-Maxwell-charged scalar field model. This
matter model allows for one-ended gravitational collapse, while retaining the possibility of a non-
empty Cauchy horizon. Therefore all of the issues mentioned here could arise. We refer the reader
to |99, 143, [145], 92] 147] for further discussions of the black hole interior in this model.

3.2.3 The scattering problem for spacelike singularities

As in [9] 60, 61], one could take the approach of starting with asymptotic data on the singularity,

and ask whether one can construct a singular solution to Einstein’s equation (Ein|) realizing such

®Even so, CH T is generically singular in a C? sense, see [41], [109]. This is historically significant in showing that

singularities in General Relativity are not always spacelike, in contrast to the original predictions of BKL.
6See [91] for a more detailed discussion of gluing for Einstein’s equation in spherical symmetry.
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asymptotics. In light of Theorems and the appropriate asymptotic data should be the
functions U (p), ZEco(p) and Moo (p).
Unfortunately, there is one major shortcoming of Theorems [3.1.1] and [3.1.2] — namely that to

have any hope of solving ([Einl) backwards, one needs to obey the following asymptotic momentum
constraint at S:

?log E)ﬁoo(p) = 2\Ijoo(p) : vEoo(p)7 (3'2'2)

where V is a suitable spatial derivative on S. See Section 5 of [26] for heuristics deriving from
the usual momentum constraint. However, Theorems and gives only Holder regularity for
log M~ and E, hence (3.2.2)) cannot even be interpreted meaningfully. Finding a suitable gauge,
and notion of spatial derivative, such that can be verified remains an open problem in the
present setting.

Nonetheless, one could begin with smooth quantities ¥ (p), ZEcc(p) and log Mo (p), satisfying
(3.2.2). Then one expects, using methods from [9, [61], that one could reconstruct the strongly
singular spacetime solving and realizing Theorems and with Uy, Zc and My, as
given. We hope to return to this problem in the future. However, due to the above regularity issues,
we are still far from a satisfactory scattering theory linking asymptotic data at the singularity to

data on any spacelike or bifurcate null hypersurface.

3.3 Upper bounds

We now begin the proof of our main Theorems [3.1.1] and [3.1.2] In this section, we recover the
upper bounds of [4], and generalize their results to the EMSFSS model with @ # 0. Throughout
Section D will represent a constant depending on the initial data at Cy U C), as well as the

constants Rp,a > 0 in (QTS]), (SKE) in the case @ # 0.

3.3.1 [Initial bounds on ? using Raychaudhuri

We begin with an upper bound for 2 that will be crucial for integrability purposes. Note that
at this point, we must already assume (QTS|) and (SKE) when @ # 0. One may compare this to
Section 3 of [4].

Lemma 3.3.1. For (u,v) € D, one has the following upper bounds for Q2 and related quantities:

(A) For the ESFSS system, one has

0?2 0?2
max{_aur(u, 'U),jvr(u, 'U)} S D (331)
as well as
2 D
Q% (u,v) < (3.3.2)
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(B) Now consider the EMSFSS system with Q # 0. Assuming (@, one has the stronger bound

O (). ()} < D)o (3:33)
max{ —— (u,v), —— (u, v r(u,v . 3.
—8u’l” s V) —81)?" 3 > )
Assuming also (QTS), one further finds, with ro = r(ug, vo):

Q%(u,v) < Dr(u,v)* < Dr§. (3.3.4)

Proof. (3.3.1)) follows trivially from the Raychaudhuri equations (2.3.1)), (2.3.2)). Indeed, these imply
that —Q~20,r and —Q 20,7 are nondecreasing in u and v respectively, so the quantities on the left

hand side of (3.3.1) are bounded by their respective maxima on Cy U Cy. To get (3.3.2)), simply
combine ([3.3.1)) with the lower bounds on —rd,r, —rdyr from Lemma [2.3.1]
Moving on to the case with @ # 0, we recast the Raychaudhuri equations as transport

equations for the following logarithmic quantities:

02 Oyr 70y 2 Oyr 9 9

o () 28 (10?0 055
0?2 OpT 7Oy 2 Opr 9 9

Oy log <—8Ur> = ( Bor ) = (rL¢)-. (3.3.6)

Now assume the lower bound (SKE). Since 0,7, d,r < 0, (SKE|) applied to (3.3.5) and (3.3.6))

yields
QQ
) < d,logr - (1+a),
T

u

Oy log <

v

Q2
Oy log ( 3 r> < Oplogr- (14 ).

. : 2 . . . . :
From this, the expression % -7~ (1+9) 5 also monotonically decreasing in u. This observation,
u

alongside the analogous observation with v in place of u, asserts that

2 2
max{ - (u,0) - r(u,v) ) ¢ (u,v) - r(u,v)_(1+°‘>} <D.

—Oyr T —O,r
This is exactly (3.3.3)), and the final estimate ((3.3.4]) follows from combining (3.3.3) and the lower
bound (QTS|) on —rd,r and —rd,r. O

3.3.2 Upper bounds for r*L¢ and r?L¢

We now apply the upper bounds on Q2 found in Section to bound appropriately weighted
derivatives of the scalar field ¢. We use a similar Gronwall argument to that appearing in Section
6 of [4], though we instead opt to estimate the gauge-independent quantities L¢ and L.

As in [4], we foliate our spacetime D using spacelike constant-r hypersurfaces. Define, for 7 <

ro = 1(uo, o), the hypersurface

Yi = {(u,v) € D:r(u,v) =7}
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(u1,v0) 7 (ug,v1)

(g, vo)

Figure 3.5: Foliation of D by constant-r hypersurfaces ¥, used in a Gronwall argument

We next use the EMSFSS system to determine null transport equations for the weighted quan-

tities rL¢ and rL¢. From the equations ([2.3.8) and (2.3.6]), one finds the following propagation

equations: ) )
Oy Q
ourLe) = 2 - “4rdyr (1 B 6}«22> ke 330
81) Q2 2
Ou(rLe) = f - (1 - %) Lo, (3.3.8)

The following proposition uses these to produce the required upper bounds for r?L¢ and 2 L.

Proposition 3.3.2. Let (u,v) € D for either (A) the ESESS system with general initial data, or
(B) the EMSFSS system supplemented with and@, one has

P’ L(u,v)| <D, [r’Lé(u,v)| < D. (3.3.9)

Proof. Define the function A(r) to be

A(F) = sup max {( max |rL¢(u,v)|, max ) |rLop(u,v)| } .

F<PA<rg u,v)EX, (u,0)€Sy

The objective is to show that A(r) < D/r for some constant D depending only on data, Ry and a.
We integrate (3.3.7) in the interval [ug, u]; one finds after a change of variables @ — 7(u,v) that

“[‘W 25 (1_422

r (@ v) = —4rd,r r2

rLo(u,v) = /

uo

r(u,v)
:/ [_1 ~7“L¢—972 (1_?22> ~TL¢>] dr(t,v) + rLé(ug, v).

(u0,v) r —47r0,ro,r

) Lo, U)] dii + r L (uo, v),
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One deduces from this the integral inequality
[rLo(u,v)| <
70
/r(u,v)

A similar integral inequality can be found for |rL¢(u,v)|. Taking the maximum over (u,v) € 3,
we find

A() < / A
(3.3.10)

The last term is controlled by data, and we now apply Gronwall’s inequality. The 1/7 appearing

(a,0)| - A(F)dr + sup |rLe¢(ug,?)]|.

vE [Uo,’uﬂ

—+ sup

1 B Vi PR
T (a,5)ex, —47r0,r0,r

r2

(a,v)| - A(7) di + sup max{|rL¢|, |rL¢|}.

0 UQO

1
-+ sup ——F————-
P (ames, —4rourdyr

QQ '1_Q2

r2

in this inequality is responsible for the 1/7 growth of A(7), while the term involving Q2 will be
controlled by Lemma [3:3.1}

1 if Q =0,
< @ (3.3.11)

QQ ’ - Q2
T el i Q # 0 but (QTS) holds.

—47r0,rd,T ' 2

Since a > 0, this expression is integrable in r as » — 0, and there exists some D, such that

/m
7Z

Hence applying Gronwall to (3.3.10)) and using this estimate (3.3.12), we find that

2 2
Q ’1_Q

r2

1
—+ sup

P (ap)es, —47r0,rd,r . 7

(@, 5)] d < log (T—O) 4 D. (3.3.12)

A(F) < eP - sup max{|rLo|, |rLo|} - 2. (3.3.13)

CQUQO r
Multiplying both sides by 7, we have a uniform bound on |r?L¢(u,v)| and |r?Le(u,v)| as required.
O

Remark. Proposition provides upper bounds for the scalar field ¢ appearing in the ESFSS or
EMSFSS systems. However, since only the wave equation is used in the Gronwall argument,
it follows from the proof that a similar estimate would holds if ¢ were any spherically symmetric
scalar function evolving via to the scalar wave equation in the fized background (M, g).

Note that the =2 growth of L¢, Lo, and the associated logarithmic growth of ¢ itself, is ubig-
uitous in the study of scalar waves in backgrounds involving a Kasner-like spacelike singularity, see
for instance [62, [1].

It will be useful in the sequel to control not only solutions of the scalar wave equation but also
solutions of inhomogeneous wave equations in the background (M, g), where the inhomogeneity has

a prescribed blow-up rate. This will be the aim of the following Section [3.3.3]
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3.3.3 Upper bound estimates for general inhomogeneous wave equations

We prove a result, analogous to Proposition|3.3.2] producing sharp upper bounds for scalar quantities
1 satisfying a (possibly inhomogeneous) wave equation in the region D. This will be useful when
commuting the wave equation with various vector fields, as will be necessary in Section [3.3.4] and

Section [3.41

Proposition 3.3.3. Let ¢ be a function on D C R? obeying the following inhomogeneous wave
equation:

DOyt = — (3.3.14)

Oyr - Opt B O+ Oy i F
r

,
Here F is a function of (u,v) € D, such that for some v € R and Fy > 0 fized, F satisfies:

F(u,v)
Oyr Oyr

< For(u,v). (3.3.15)

Then there exists a constant C, depending only upon the initial data for (Q2,7,¢,Q) at CoUC,
the exponent v, and the quantities Ry and o in and (@) when Q # 0, such that we have
the following estimates for the first derivatives Ly and L :

1 if v > —2,
L0 0)| + P L )] £C sup max{irLul IrLol} + CFy - 1og (;25)  if v =2,

OUQO (u,v)

r(u,v)7+2 if v < —2.
(3.3.16)
Furthermore, the quantity 1 itself obeys the following estimate:

(1, 0)| < [0, )| + € sup max{VW"'TW'“"g(r " )*

CoUQO

Proof. The proof follows that of Proposition We first rewrite (3.3.14)) as propagation equations
for the quantities r L1 and rLi. One finds

au QQ 2

Ou(rLyp) =+ r¢ i (1 - %) -rLi + 0 (3.3.18)
&) QQ 2

By (rLip) = + rw - — (1 _ %) L= (3.3.19)
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One now integrates (3.3.18)) and (3.3.19) from Cy and C, respectively. Integrating (3.3.18) and

changing variables to (@, v) as before yields:

r(u,v)
rLy(u,v) = / [—11" crLayp — 972 (1 - Q2> 'er] dr(a,v)

(o) — 410y rOyr 72

r(u,v) F
o+ [

r(ug,v)

dr(a,v). (3.3.20)

We wish to find an integral inequality similar to (3.3.10)). To simplify notation, we define

o .’1_@2

r2

B(r) = 1o swp (i@, ). (3.3.21)

T (apen, —4rourdyr

Due to (3.3.11), there exist constants Dy < D; depending only on the data (r, 2, ¢, Q) at Co U C,,

as before, such that we have the following bounds:

73%)3%

D < y(F) = exp < / " B(7) df) < Do (3.3.23)

7

: (3.3.22)

We also use (3.3.15)) to bound the rightmost term appearing in (3.3.20). To avoid having to

distinguish cases further based on whether v > —1, we write

r(u,v) Ia |
By = e, 3.3.24
/T(uo,’u) _au/rav’[" T(u’ U) —_ 0 ’I"(u, U) ( )

We can now write down the inequality analogous to (3.3.10)) in Proposition Define

Ay(7) = sup max {( max |rLy(u,v)|, max } |r L (u, v)| } .

7<r<rg u,v)GZl,: (U,U)EZT

Then using (3.3.20f) and the corresponding equation for r L1, as well as (3.3.24)), one finds
0 )
Ay(F) < / B(F) Ay (7) di 4+ Py + CFo Pin{+1-1/2} (3.3.25)
f

Here Py = supg,uc, max{|rLy|, [rLip|} is the term arising from the initial data for 1.
Since the usual integral Gronwall inequality applied to (3.3.25) would produce a weaker estimate
than the required (3.3.16]), we instead use (3.3.25)) to produce a differential inequality for the quantity

By(7) = / " B A7) dF.

From (3.3.25)), we find the following inequality for B (7):

%Bw(f) = —B(F)Ay(F) > —B(F) By (7) — Py — CFp B(F) #™nir+1—=1/2}
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Defining ~(7) as in (3.3.23), one thus finds
a
dr

Integrating backwards in 7, and noting from and that v~ 1(7) ~ 7 and v~ 1(7) B(F) ~
1, one therefore finds that (where cases are distinguished based on the integrability of the right hand

side of (3.3.26)):

(Y H#) By (7)) = —Poy ™ (F) — CFoy ™ (7) B(F) Fmintr =12}, (3.3.26)

1 if y > 2,
7By (7) < CPy7 + CFy - {log (%) if v = 2, (3.3.27)
Y2 if v < —2.

Inserting (3.3.27) in the equation (3.3.25), we find that 7By, (7) in the left hand side of (3.3.27))

can be replaced by 7A,(7), at the cost of increasing the constant C. This estimate is then exactly

the desired (|3.3.16)).
To find the final estimate (3.3.17]) for ¢ itself, note that the vector fields rL and rL are morally

r-derivatives, taken in null directions. To make this concrete, given G(r) any real function of r and
¢ : D C R? a C! function satisfying |rL¢(u,v)|, |rL(u,v)| < G(r(u,v)), then

¢ (u, )| < [C(uo,vo)| + [¢(uo, v) — ((ug, vo)| + [¢(u, v) = ((uo, v)],

< [C(ug, v0)] + / 100 (0, 9)| 5 + / 10,C(v)] di

r(uo,v) r(u,v)
— loCun,oo) + [ rLo(un,5)ldr(un, ) + | L] dr(i ),
0 r(ug,v
)
< |C(uo,v0)| + / G(F) dF. (3.3.28)
r(u,v)
Using (3.3.16)) and applying (|3.3.28) with ¢ =, we deduce (3.3.17)) as claimed. 0

3.3.4 Higher order estimates

As in Section 7 of [], it will be important in later sections to control higher derivatives of the

quantities (r, 2, ¢). We start with the geometric quantities r and Q2
Proposition 3.3.4. We have the following estimates for derivatives of Q?(u,v):

(A) For the ESFSS system, there exists a constant D such that

D D

0.2 < 9,Q%| < . 3.3.29
0.7 < 10 < (3:329)
(B) For the EMSFSS system supplemented with[QTY) and (SKE), we have instead that:

|0, < 10,927 < (3.3.30)

ri=e(u,v)’ ri=e(u,v)’
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Moving onto estimates for derivatives of r*(u,v), we have

(A) For the ESFSS system, with D as above, we have

D
- = - < 3.
‘&L( 7‘81,7“)’ |av( rau"')| >~ r(u, U)’ (3 3 31)
D D
u\""Yu < ’ v v < . .3.32
|Ou(—170y1)]| (. 0) |0y (—10y7)| () (3.3.32)
(B) For the EMSFSS system, with D as above, we have
0u(=rur)] = 0,(~r0ur)] < (33.39)
u\—TOyT )| = |Op(—TOyuT)| = 7‘27a(u’ U)’ 0.
D D
- < 55— - < . 3.
|8y (—r8yr)| < Ta(u ) 00(=10ur)| < 5= 0] (3.3.34)
(C) In both cases, one also has
1Oudur| < 2 10,007]| < 10,07 < (3.3.35)
uOuTl = r3(u,v)’ ur] = r3(u,v)’ Ol = r3(u,v)’ -

Remark. Regarding (3.3.29)—(3.3.35)), due to (2.3.11]) it is straightforward to derive similar estimates

except with the derivatives 0,, 9, replaced by the gauge-invariant derivatives L, L respectively.

Proof. Consider the evolution equation ([2.3.4)) for log Q2. Using Lemma and Proposition m

we find from this equation the following estimate:
9,8, log 02| < —
|04y log Q°| < e (3.3.36)

We now integrate (3.3.36|) in the u direction; since —rd,r > Ry 2 1 we have

v 1
0, 10g 92/ (u,0) 5 10, og (w0, 0) + [ (@0} da
uo
) r(ug,v) 1 R 1
< |9y log Q% |(ug, v) + /T(uw) T—3(u,v) dr(a,v) < 2w 0)

noting that the first term on the right hand side arises from data and can be ignored.
Writing 0,92 = Q2 - |9, log Q?| and using Lemma m to bound 2, one deduces the 9,02

estimates in (3.3.29) and (3.3.30). The 9,2 estimates follow analogously.
We turn to the second derivative estimates for r2(u,v). (3.3.31)) and (3.3.33) follow easily from

the evolution equations (2.3.6) and (2.3.7), where Lemma is used to bound the Q2 arising in
these equations. On the other hand, to deal with 9, (—rd,r) for instance, we differentiate (2.3.7)) in

u to find:

auau(_raur) = 1 1——= |+ — . (3337)

r2 4 3

0,2 ( Q2> 02 Q%*0,r
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Using (3.3.29) or (3.3.30) alongside Lemma one therefore finds:

Dr(u,v)3 for ESFSS,
|0y 0y (—10yr)| < (3.3.38)

Dr(u,v)~4  for EMSFSS, given (QTS), (SKE).
Integrating (3.3.38)) and changing the integration variable from v to 7 in a familiar fashion, one
gets

Dr(u,v)™! for ESFSS,
|Ou(=10ur)| < (3.3.39)

Dr(u,v)"2t*  for EMSFSS, given (QTS), (SKE).
An analogous estimate holds for 9, (—rd,r), yielding exactly (3.3.32)) and (3.3.34)). The final estimate
(13.3.35) is straightforward from combining all previous estimates, e.g.

1

1
|8uau7" = ; }(aur)Q + au(_raur)‘ 5 T‘T)’

This completes the proof of Proposition [3.3.4] O

We now use Propositions and to derive estimates for second order derivatives of
¢(u,v).

Proposition 3.3.5. For either the ESFSS system or EMSFSS supplemented with , (@,
there exists a constant D such that the second order derivatives of ¢ satisfy
D D D
0yOud| < —— O0uO0p@| < ——— OpOpd| <
‘ u u(b‘ — 7’4('&,1))7 ’ u v‘b’ — T4(U,’U)’ ’ v ’U¢’ —

As in Proposition we may find a similar estimate to with Oy, 0y replaced by L, L
respectively.

ot (3.3.40)

Proof. Commute the wave equation (2.3.5) for ¢ with the coordinate derivative 9,,. One finds:
_&ﬂ' : 8v(aud)) . 81)7“ : au(au¢) +

0u0y(0up) = " . F,. (3.3.41)
Here the inhomogeneity F' is given by:
our)? 0,0 OO, 0,0,
F, = <( “;") _Gu “T) Bych + ( W S “T) 3. (3.3.42)
r r r r
Using Proposition particularly (3.3.35]), and Proposition one estimates
F, < i
OyrOyr | ~ 14
In light of (3.3.41)), one now applies Proposition with ¢ = 9,¢ and v = —4 to find that

1
1r2LOy¢| + |12 LOyd| < =t

Since L and L are uniformly equivalent to 0, and 0, respectively, one therefore deduces the
0uOu® and 0,0,¢ estimate in (3.3.40). The 0,0,¢ estimate follows by commuting with 9, instead
of 0. O
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3.4 Precise asymptotics for the scalar field

The aim of the present section will be to prove the parts of Theorems [3.1.1] and [3.1.2] concerning
the scalar field ¢. The key step will be to show that the weighted derivatives r2L¢, r2L¢ can be

extended in a C%P fashion to the r = 0 boundary.
As discussed in Section the key ingredient will be the following: treating instead r20,¢ =
—r0,r - 72 L¢ in this preliminary discussion, one has from (2.3.8) the equation

Ou(120y,0) = —1yr - Oy + 10T - Db

The results of Section particularly Proposition imply that the right-hand side is O(r—2),
which is borderline non-integrable in the variable u as r — 0.

Thankfully, the operator X = —rdyr - Oy + 10,7 - 9, turns out to be a better derivative than the
standard coordinate derivatives 9, d,. Since Xr = 0, the vector field X is adapted to the constant-
r spacelike hypersurfaces Y, see Figure Hence one expects that such a “spatial” derivative
behaves better.

Indeed, we shall see from Proposition that X ¢ is integrable up to the r = 0 singularity,
allowing us to extend 720,¢ and r20,¢ to the singularity in a continuous manner. As in Section
the argument is streamlined upon replacing 0, and d, by their gauge-independent counterparts L

and L. In particular, instead of treating X as above we will study the spatial vector field X = L— L.

3.4.1 The vector field X =L — L

Define the vector field X by

: L . (3.4.1)

X=L-L= -
= Oy —rOyr

From (3.4.1)), it immediately follows that X7 = 0, hence X is tangent to the constant-r hypersurfaces
7. In particular, X is spacelike, and we can further compute
QQ

0. (3.4.2)

We wish to show that X¢ obeys better estimates than those of L¢, L¢ found in Proposition
3.3.2l For this purpose, we commute the wave equation ([2.3.5) with X, and apply Proposition m
We therefore first produce some preliminary estimates regarding the various commutator terms that

arise.

Lemma 3.4.1. For X as defined in , decompose the commutator vector field [0y, X] with

respect to the coordinate basis Oy, 0y in the usual way:

[8uaX] = [ath]uau + [almX}vava
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and similarly for [0y, X] and [L,X] = —[L,L] = [L,X]. Then there exists a constant D > 0,
depending on the data at Co U Cy, such that
|[80, XT*| + [[0u, X]°| + 1100, X]*| + ([0, X]°[ + |[L, XT*| + |[L, X]|
Dr(u,v)~! for ESFSS,
Dr(u,v)~2t®  for EMSFSS, given (QTS), (SKE).

(3.4.3)

Alternatively, one may decompose the commutator vector fields with respect to the basis L, L:
[0, X] = [0, XJEL + (00, X] "L,
and similarly for [0y, X] and [L, X]. Then holds with the u, v indices replaced by L, L indices.

Proof. This will follow from the higher derivative estimates of Section Using (3.4.1]), we have

1 1

_ Ou(=T0yr)
 (=1r0,r)? Ov +

Ou(—10yT)
(—royr)2

Hence we may read off [9,, X|” and [0,, X]", and bound these using Proposition and the
lower bounds for —rd,r and —rd,r. The commutators [0,, X| and [L, X] are dealt with similarly.

For the final statement of the lemma, note that changing basis from 0,, 9, to L, L simply
involves multiplying and dividing by —rd,r and —rd,r. Since these are upper and lower bounded
(see Section 2.3.1] and (QTS))), the estimate still holds when computing components of the

various commutator vector fields with respect to the L, L basis. O

We also need to consider commutation with the second order wave operator 0,0,:

Lemma 3.4.2. We write the second order operator [0,0y, X| in the form
[0u0y, X| = X040y + Xyyy0u0y + X0y Oy + Xy 0y + X0y, (3.4.4)

where Xyy, Xuv, Xov, Xu, Xy are each scalar functions of (u,v) € D. Then we have the following

bounds:

Dr(u,v)~! for ESFSS,
| K| + [ K| + | K| < (3.4.5)

Dr(u,v)"2t®  for EMSFSS, given , (@,

Dr(u,v)™3 for ESFSS,
| X + | X] < (3.4.6)

Dr(u,v)™*®  for EMSFSS, given (QTS), (SKE).
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Proof. Once again, we may write explicit formulae for each of Xy, Xy, Xy, Xu, Xy, then appeal to

(3-3.4). Using [0,0y, X] = 0y 0 [0y, X] + [0y, X] 0 Dy, we find that:

qu = [avaX]u = av ( ! > )

—10,r

xuvz[av,xrﬂau,xw:av( ! )+au( -1 )

—10,T —10y,T
Xy = [0, XJ" = 0y [ —=—
VU T U - u _Tav,r b

Xy = 0u((0, X]") = 0,0, ( ! ) ,

—10yr

xv:au([av,X]v):auav< ! )

—10yT

In particular, (3.4.5) follows immediately from (3.4.3)), while for (3.4.6)), we first use the equations
(2.3.6) and (2.3.7). For instance, we rewrite X, using (2.3.7)) as

1 QQ Q2

The 8, derivative could hit any of (—rd,7)~!, Q2 or r~!. However, we see from Lemma and
Proposition [3.3.4] that in any of these cases, the result remains bounded by the right hand side of
(3.4.6). The estimate for X, is analogous, concluding the proof of Lemma O

3.4.2 Estimates on X¢

In this section we prove Proposition |3.4.3] producing upper bounds on X ¢ and its derivatives. One
achieves this by commuting (2.3.5)) with the vector field X, then appealing to Proposition m For
convenience, we record (2.3.5)) again here:

Our - Opd  Oyr - Oy

r r

0u0pp = — (3.4.7)

Proposition 3.4.3. For the ESFSS system or the EMSFSS system supplemented with the additional
assumptions , (@, we have the following upper bounds for X ¢ and its weighted derivatives:

X o(u, v)| + [r2LX ¢(u,v)| + [r*LX ¢(u, v)|

Dr=Y(u,v) for ESFSS,
(3.4.8)
Dr=2ta(y,v)  for EMSFSS, given , @/
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Proof. In light of Proposition we seek an equation of the form (3.3.14]), with ¢ = X¢. We
apply X to equation (3.4.7)); since Xr = 0 we find

-0y X - Oy X
where the inhomogeneous term Flx is given exactly by:
u v u, X b, X
Fy = [040y, X]6 + ? [0, X]6 + % [0, X]6 — 12 - I g6 12 - I ou6. (3.4.10)

It simply remains to estimate this inhomogeneous term Fxy using the results of Section
. We introduce some schematic notation; we write X,, to represent some element of
{[Ous X", [Ou, X]", [0y, X]", [0y, X]V} or any linear combination thereof. Note that X, Xuw, Xuw
are included in X, see the proof of Lemma . Likewise, denote X, to represent one of X, or
X, as in Lemma Finally, denote 0, to be one of the two null coordinate derivatives 0y, 0,.

Using this notation and Lemma [3.4.2] Fx can be written in the schematic form:

Fy =X, -0, + Xy - 00,0 + Xo. - % 0., (3.4.11)

Now, from Lemmas and we may deduce that
=1 (u,v) for ESFSS,
r=2+e(y,v)  for EMSFSS, given (QTS)), (SKE).

We also need to control 0,7, 0x¢ and 0,0x¢. The upper bounds for —rd,r give that —0,r < r—
while derivatives of ¢ are controlled using Proposition for d,¢ and Proposition for 0,04 ¢.
These yield

P22 + || S

10:0] S T_2’ 10:0:0| S rt,
Applying all of these bounds to (3.4.11]), we find that
=5 (u, v) for ESFSS,

r=6te(y,v)  for EMSFSS, given (QTS)), (SKE).

Using again lower bounds for —rd,r, we therefore have that

Fx
< Fxgo-r7(u,v). 3.4.12
Oyr Oyr| — xo 17w, v) ( )
Here F'x o is some constant depending only on data, while v = —3 and v = —4 + « in the context

of the ESFSS and the EMSFSS system respectively. We are now in a position to apply Proposition

to (3.4.9).
Since we have 7 < —2 in both cases, the final term on the right hand sides of (3.3.16|) and (3.3.17))

arising from the inhomogeneity dominate any terms arising from the data for ¢ = X¢ at Cy U C,,.

Therefore the estimates (3.3.16]) and (3.3.17) applied to ¢ = X ¢ yield (3.4.8)), as required. O
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3.4.3 Asymptotics for the scalar field at the singularity

Armed with Proposition [3.4.3] we now prove the asymptotics for ¢ given in Theorems [3.1.1] and

3.1.2] including the appropriate Holder continuity for the quantities ¥ and =.

Proposition 3.4.4. Let (r,Q2 ¢,Q) be a strongly singular solution to the EMSFSS system with an

r = 0 spacelike singularity as in Section where we assume (QTS), (SKH) to hold if Q # 0.
Define the functions ¥ : D — R and Z: D — R to be:

(u,v) =12 (LJFLQW (3.4.13)

S(u,v) = d(u,v) — ¥(u,v) - log < "0 > . (3.4.14)

r(u,v)
Then W is C%P in D, with Hélder exponent f = 1/2 for the ESFSS system and B = a/2 for the
EMSFSS system with , @ 2, on the other hand, is COP18 (see for a definition
of log-Holder continuity).

In fact, | U]|cos and ||Z||co.s10¢ are bounded by a constant D depending on the data:

[W[cos + [IEllcosaoe < D. (3.4.15)

Proof. We study the derivatives of the quantities ¥ and Z. Using the wave equation (3.4.7)), we
produce some null transport equations for r2L¢ and 72L¢. Using (2.3.8)) as well as (2.3.6)), one finds

2 02 Q* 2
One finds an analogous equation for r2L¢:
Q2 Q2
L(r’L¢) = X¢p+ —5~+—— | —5 — 1) -7°L¢. 417
(r°Lg) o+ 4720, 10,7 <r2 > r'Lg (3 )

As W contains both L and L derivatives, it is useful to also include the following null transport

equations for 72X ¢. Using that Lr? = Lr? = —2, we have:

L(r*X¢) =r’LX¢ —2X¢, (3.4.18)

L(r’X¢) = r’LX ¢ — 2X ¢. (3.4.19)
By Proposition and Lemma all the terms on the right hand sides of (3.4.16)), (3.4.17)),
(3.4.18), (3.4.19) are O(r~!) when @ = 0 and O(r~27%) when @ # 0. This implies that these

equations can be integrated up to r = 0. These equations, along with the definition (3.4.13)) for ¥,
yield

1 QZ 2
LV =9’ LXp+— [ = —1)- -r°Lo. 4.2
- " = o+ 4r20y,r Oyr (7"2 > rLe (34.20)

L\If—12LX¢+972 Q—2—1 ’Lo (3.4.21)
— 9" 4r20,r Oyr \ 12 T o
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Applying Proposition there exists a constant D, depending on the data, Ry and «, such
that

|LY| 4 |LY| < Dr(u,v)” 225, (3.4.22)
Here 8 is as defined in the statement of Proposition We now use this to prove the desired

CYP regularity: we first control the Holder seminorm in the u-direction:

W (t,v) — ¥(ig, v)| =

9

U1
/ 0,0 (@i, v) dii
)

@iy
< / |rOyr - LY (4, v)| du,

0

T’(ﬁ(),’l}) D 9 9
< D/ 71428 g = Do )28 (i, 0)29).
r(a1,v) 26

We next use the inequality z? — y? < (z — y)? for £ > y > 0 to get

U (g, v) — U (i, v)| < 2Dﬁ |r2(ag, v) — (i1, v)|P. (3.4.23)

Since the Holder seminorm is defined with respect to v and not r, we need to again use the upper
bounded for —rdy,r; we have |r?(tg, v) — r?(t1,v)| < |41 — | - SUPg,<a<a, (—2rdur(@,v)). Since
—r0yr < Ry is uniformly bounded by Lemma we deduce from (3.4.23]) that

U (u — U(u
ey |E@0) = Blin, )

[0, ] X {v} |ty — tio]?
cD

<D. (3.4.24)

The [-Hoélder seminorm in the v-direction is similar, while the boundedness of |¥| follows imme-
diately from the seminorm bounds and the fact that D is a bounded domain. This completes the
estimates for W.

We now move onto the quantity = defined in , describing the O(1) term in the asymptotic
expansion of ¢. From (]3.4.14D7 q3.4.13D, and Llogr = Llogr = —%2, one finds

L= =Lé— % — LV -log (%0) - —%Xd) _ LV -log (%0) : (3.4.25)
LE=Lé— % — LU -log (%0) - %qu ~ LU -log (%0) . (3.4.26)

From Proposition that | X¢| < r~228 while the terms involving L¥ and L¥ on the right
hand side are bounded using (3.4.22)). Unfortunately, the presence of the log(rg/r) term on the

right hand side produces some loss on the exponent, and we therefore only have
g
|LE| + |LE| < Dy~ 22 Jogr~ 1, (3.4.27)

Given (3.4.27)), the remainder of the proof follows the same strategy as for ¥, with appropriate

modifications due to the logr~! term. This concludes the proof of the proposition. O
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Remark. The important steps of this proof are (3.4.22)) and (3.4.27). Once these estimates are
found, there are other ways to characterise the regularity of ¥ and =. For instance, one can instead

find uniform Sobolev regularity on null hypersurfaces of the form:

Dg 1

WPg
B , pﬁ = m

1,p5 1 _ 1,p5 1
e LW, nLEW, "™, Ee LW, n LW,

3.5 Proofs of the main theorems

In this section, we conclude the proofs of Theorems [3.1.1] and [3.1.2] as well as the proof of Corol-
lary B13)

3.5.1 Asymptotics for O?

We firstly provide asymptotics for the null lapse Q2(u,v), and related geometric quantities.

Proposition 3.5.1. Consider a strongly singular solution to the EMSFSS system as in Section
2.3.1. Recalling the function ¥ : D — R from (3.4.13|) in Proposition there exists D > 0
depending on data, Ry and «, such that

log <Q2. (m)_wH)’ < D. (3.5.1)

r

In fact we find the following precise asymptotics for the gauge-invariant quantity g(Vr,Vr) =
40720, 8,r. There exists a positive function M : D — R, COP18 up to the {r = 0} boundary, with

—(¥241)
4020, Oyr = M - (:()) , (3.5.2)
Here the Hélder exponent 3 is as in Proposition and one finds the following bounds on 9

[ log M| co,6.108 + [N co.p10s < D (3.5.3)
Proof. We use the Raychaudhuri equation , which we record again for convenience:

8u(_Q_28uT) = 9_2T13u¢|2,

We rewrite this equation as a null transport equation for the following logarithmic quantity involving

QQ.
0?2 r
1 = —. 2,
Oulog (—48ur> Our 9]

Converting to the gauge-invariant derivative L, one finds:

Llog L :—i-|r2L¢|2. (3.5.4)
= —40,r r2 =
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Of course, there is also the analogous equation:

Llo Py [r2 Lo|? (3.5.5)
g —10,r =2 r . 0.

By Proposition the right hand sides of (3.5.4) and (3.5.5) are O(r~?2), and thus borderline
non-integrable as » — 0. We solve this issue by subtracting from (3.5.4) and (3.5.5)) the leading

order term, which is exactly U2 - r~2. Since Llogr = Llogr = —%2, we therefore find:

Llog <_i2;ur> —-L (\112 log (;)) = _ri? ) (\T2L¢\2 _ \112) — 2W(LW) log (;)

Taking the difference of two squares on the right hand side, and combining the terms on the left,

we get:

Llog ( @ ( r )412) - é(Xqﬁ)(rQLgﬁ + ) — 20(LV) log <T> . (3.5.6)

—40,r \ro 0
We now follow a similar method to the proof of Proposition [3.4.4] By (3.4.8)) and (3.4.22), the right
hand side of (3.5.6) is bounded by r~272% log r—1:

02 r -
Llog(—zxaur'(ro) )

Hence integrating in the L direction, where as usual this involves multiplying by r then integrat-

<D-r 2P0 (%0) , (3.5.7)

ing in r, we observe that the right-hand side is integrable towards » = 0, and

0?2 T -
1 N
8 —40,r (7“0)

We finally exponentiate this expression, and use that —rd,r < 1 to get the sharp upper bound

(3.5.1) for Q2 as a polynomial power of r.
To find the sharp asymptotics for 9 as defined in (3.5.2)), the additional ingredient is to use

(2.3.6) to get:

<1

2 2
Llog(—ro,r) = 48521“(91}7“ . (1 - %) . (3.5.8)
Combining (3.5.8) with (3.5.6)), we therefore find that
LlogM = 43527;7« : (1 _ gj) - %(Xqﬁ)(rqub + ) + 20(LV) log (;) . (3.5.9)
Similarly, in the v-direction we have
LlogM = _ (1 - QQ) + LX) (2L + W) + 20 (L) log <T> . (3.5.10)
40,r0,T 72 2 o

Now we may proceed in the same manner we used to derived Hélder continuity for ¥ and = in
Proposition [3.4.4] Using Proposition [3.4.3] Proposition [3.4.4] and Lemma [3.3.1] one has

ILlog M| + |Llog M| < D - 72428 10g <’i°) . (3.5.11)
T

The remainder of the proof then follows exactly as in the proof of Proposition [3.4.4] O
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Remark. Taking the difference of (3.5.10)) and (3.5.9) yields the equation:

X log M = 2(X$)T + 2T(XT) log (:) =20 . XE. (3.5.12)
0

This can be viewed as a momentum constraint relating the quantities log9t, ¥ and = on any
constant-r hypersurfaces Y.

Since M, ¥ and = extend continuously to the {r = 0} singularity, one would also like to view
(3.5.12) as an asymptotic momentum constraint at the singularity, see (3.2.2). However, in order
for this to be true, we need log M and = to be regular enough to make sense of the spatial derivative
V along the singularity, which is unfortunately not achieved by Theorems and To prove
an identity of the form , it seems we need to at least be able to upgrade the Holder regularity

of ¥, 2o and M, to Lipschitz regularity.

3.5.2 Proof of Theorems [3.1.1] and B.1.2]

We finally combine the results of Section Section and Proposition above to complete
the proofs of Theorems and We shall prove both theorems simultaneously using the now
familiar notation

1/2  if Q =0,

a/2  if Q # 0 and , hold.
With brevity in mind, when we refer to equations in Theorems [3.1.1] and [3.1.2] we generally only

mention those of the latter, e.g. equation (3.1.18]) will refer to (3.1.6) also.

Proof of (). The estimate (3.1.3) holds in the ESFSS case by Lemma while the analogous
(3.1.15) in the EMSFSS model follows, assuming (QTS)), by the same lemma. To prove that r2(u, v)

is C1P, we use Proposition specifically estimates (3.3.31)), (3.3.32)), (3.3.33) and (3.3.34).
These estimates, combined with (3.1.3]), give that

8=

1

’L(_Taur” + |L(_T8ur)’ + |L(_Tav7')| + ‘L(_T&)T” S; m

(3.5.13)

From here, a familiar argument (e.g. from the proof of Proposition yields that the expressions
—r0yr(u,v) and —rdyr(u,v) are C%% in D = DUS. These expressions are exact multiples of the
first derivatives of r2(u,v), hence r? is C# in D with respect to the double-null coordinates (u,v).

Furthermore, by the gradient of r2(u,v) is non-vanishing in D, so the level sets of 72,
including the limiting level set & = {r(u,v) = 0}, are C*# curves. It is then clear that one may

parameterize using the C# function v,(u) as described in the theorem.

Proof of . This follows immediately from Proposition m

Proof of (II]). This is exactly equation (3.5.2) of Proposition and the following estimate
B5.3).
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Proof of . We pick now a point p € S, and consider its causal past J~(p). We shall prove the
various estimates of by integrating “backwards” from p € S, given that we already know that
the limiting values Cy(p) > 0, Cy(p) > 0, Yoo (p), Ecc(p) and Moo (p) > 0 exist.

We illustrate this by giving a complete proof of (3.1.18]) in Theorem Let p = (up, v« (up)),
and suppose (u,v) € J~(p). Then one has:

| — 10y (u,v) — Cy(p)| < | — rour(u, v) + r0yr(up, v)| + | — 70,7 (Up, V) + 70,7 (Up, V< (up))],
Up s (up)
< / Bu(—rur) (@, 0)] di + / 18y (—r0ur) (up, 5) | d5,

r(u,v) r(up,v)
— / |rL(—r0y,r)|dr + / |rL(—=10yr)|dr < r26(u, v).
( 0

7(up,v)
Note that the final inequality followed by using (3.5.13) above, and evaluating the integral

Jo 7120 dr = 55r%F. This proves (3.1.18), and (3.1.19) is similar.

For the scalar field estimates, note that a similar procedure with ¥ or = in place of —rd,r, gives

W (u,0) = Voo (p)| S 727, (3.5.14)
(1, v) — Eco(p)| S 7*7 logr™". (3.5.15)

Here we used (3.4.22)) and (3.4.27)) to estimate the appropriate null derivatives. The definition of =
in (3.4.14]) then yields (3.1.22]).

To translate the estimates on gauge-invariant quantities such as ¥ to estimates on the coordinate
derivatives d,¢ and 0,¢, we use the definition of W in (3.4.13]), as well as the definition of the vector

fields L, L and X. For instance, we write
120y = (—70y,r) - (\IJ — %’F2X(f)) .

Using (3.1.18) and (3.5.14) above, as well as (3.4.8) to estimate the remaining term r2X¢, one

straightforwardly deduces (3.1.20)). (3.1.21)) follows analogously.
Finally, (3.1.23) follows by integrating (3.5.11f) backwards from p, exactly as before, to find that

| log M(u,v) —log Moo (p)| < r28 log r L
Hence by the definition (3.5.2)) of 9, we find

< Voo (p)*+1428 logr— .

~

02 L Voo (p)?+1
ez -7 ()

(3.1.23) then follows upon multiplying by 49,r0,r, and using (3.1.18]), (3.1.19).
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Proof of (@ The estimate (3.1.24) for the Hawking mass m(u,v) is immediate from (3.1.23)),
(3.1.18]), (3.1.19)), in light of the following expression for m(u,v):

(14 49720,r0,r) = - +

2
m(u,v) = B @(

—10y1)(—=10yT).

N3

To estimate the Kretschmann scalar, we list all the non-vanishing components of the Riemann

tensor, whose components are evaluated with respect to the following null frame:

1 1 - . —
L:T&JT&J’ L:T&Lr&“ e1r =110, ez = (rsind) 0,

For the EMSFSS system, one computes that, modulo the symmetries of the Riemann tensor:
Riem(Vy, Va, V3, Vy) = Riem(Vs, Vy, Vi, Vo) = —Riem(Vs, V1, V3, V), the only non-vanishing com-
ponents are (where A, B € {1,2}):

1
Riem(L,eq, L,ep) = 774|7~2L¢|25AB,

1
Riem(L,e4, L, ep) = —|r*Lo|* Sas,
T

. 1 QQ 2
Rlem(L, eA,L, eB) = ﬁ I:l + W (1 — ?2>:| (5AB,

1
Riem(ey, e9,€1,e9) = 2 (1 + 49_28UTBUT) ,

. 01 0 20Q?
Riem(L, L, L, L) = = o= 5 [1 — (r*Lg)(r’Le) + 10,100 <1 - 72)] ~

Using these, alongside the estimates of , one can deduce the estimate , describing
the leading order polynomial blow-up of the Kretschmann scalar.

Finally, can be deduced using (3.1.20), (3.1.21) and (3.1.23)), while (3.1.27)), which is
an exact equality, can be computed using the form of the electromagnetic 2-form F. This
completes the proof of Theorem [3.1.1] and Theorem [3.1.2} O

3.5.3 Several higher order estimates

We move now to Corollary [3.1.3] In order to make precise statements about the foliation using the
time function 7, defined in , such as statements regarding the second fundamental form of
the embedding S, — M, we must first understand the second-order derivatives of 7.

As the quantity ¥ appears in , this means that we must now understand third-order
derivatives of ¢. Hence we now assume the initial data to be smooth (in fact C? is sufficient), and

use the following:

Proposition 3.5.2. Consider a strongly singular solution to the EMSFSS system as described in
Theorems|3.1.1) and|3.1.2. Assume moreover that (r?,Q2, @) are smooth in D. Then there exists D,
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depending only on data, such that

|ILLX¢| +|LLX ¢| + |LLX ¢| + |[LLX | < D r~ 0. (3.5.16)

Furthermore, the quantities W and 9 from Theorems|3.1.1 and|3.1.4 obey:

\LLW| + |[LLW| + |LLY| + |LLY| < Dr—4+, (3.5.17)
|LLlog M| + |LLlog M| + |LLlog M| 4 |LLlog M| < Dr~ 4T logr™'. (3.5.18)

Proof. We start with (3.5.16)). We first rewrite (3.4.9) in terms of L and L; one gets

1 1 0?2 Q? Fx
LLX¢p=5LX¢p+ LXp— 51— | LX _ 5.1
LLX¢=5LX¢o+ 5LXo 120,100 < TQ) ¢+(_Taur)(_mvr) (3.5.19)

We use this directly to get the |[LL¢| estimate in (3.5.16]). We estimate the first three terms on the

right hand side of (3.5.19)) using (3.4.22), as well as (3.5.2) to deal with the Q2 term. The Fx term
is then estimated using ([3.4.12)). Combining all these allows us to conclude that |[LLX ¢| < r~6+e,
and |[LLX¢| < 77+ follows similarly.

To get the LLX ¢ estimate, we commute the equation (3.5.19)) with the vector field L. We find:
LLLX¢ = Ki(u,v) - LLX ¢+ Ko(u,v), (3.5.20)
where K1, Ko : D — R are given by the following expressions:

1 L 25 Q?
K1—772+[L,L] —M‘O—ﬂ . (3.5.21)

2 2 1
Ky=[L, LY LLX¢+ LX¢+ LX¢+ 5 LLX
T T T

02 Q? Fx
-t Laa | (1 - ﬂ Xow L [(—ram(—ravr)} - (@522)

By Lemma and Proposition we have that K; = %2 + O(r=2*%).  Furthermore,
combining all the results of Sections and we can also deduce that |Ky| < r=8t%. We

~

mention here that to estimate the final term appearing in (3.5.22)), we go back to the expression
for Fx. Taking an L-derivative of Fx therefore entails taking a further derivative of the
commutator terms appearing in . But we have explicit expressions for the commutator terms
in Lemmas [3.4.1] and [3:4.2] and one crucial ingredient will be to estimate the third-order derivatives
03(r?), where 0 is either of 9, or 0.

This would require pushing the results of Section [3.3.4]to one derivative further, which is straight-
forward, and we refer the reader to Proposition 7.4 and Proposition 7.5 of [4]. The strategy in that
article applies also to the @) # 0 case supplemented with , , and the eventual estimate
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is that 93(r?) < =4+ The remainder of the argument deducing the estimate |Ka| < r~8%* is left

to the reader. The upshot is that (3.5.20) can now be written as:
1
LLLX¢ = (2 + O(r_2+“)) -LLX ¢+ O(r87e).
r

We then integrate this expression using a familiar Gronwall argument to deduce |[LLX ¢| < r~6+,
The estimate for |[LLX ¢| is similar, completing our proof of (3.5.16)).
To go from (3.5.16)) to (3.5.17)), we recall for instance (3.4.21)), and apply L, to get

LLY = 17«2LLX¢ —LX¢+ L S 1) -r’Lo
2 4r20,10,r r2 '

This, combined with ((3.5.16]) and the estimates of Theorems and yields |[LLW| < r—4+,
The remaining estimates of (3.5.17)) follow similarly. The final estimate (3.5.18)) then follows upon
applying the vector fields L and L to (3.5.9) and (3.5.10). We leave the details to the reader. [

Remark. 1t is apparent from the proof of Proposition [3.5.2] that similar estimates hold for higher
derivatives, so long as the data has the required regularity to begin with. A general rule of thumb is
that taking an L or an L derivative (or equivalently 9, or 9,) costs a factor of r—2. Note, however,
that we do not claim anything about improving such derivative estimates when differentiating in

spatial directions.

We now apply Proposition Proposition [3.5.1] and the above Proposition to analyze
the first and second derivatives of the function 7, defined in (3.1.28]). Recall for convenience that

w243

_ 270 12 [T P
T = 7713 m o

Corollary 3.5.3. The first and second derivatives of T obey the following estimates: for Ly, Ly €
{L,L} one has

w21
. 3 2_
Lyt + 93?*1/27"0_1 . (T) < Driz @ logr—t, (3.5.23)
o
7 7 -1 1 —2+a -1
Lo(|log Ly7|) + 5 2 <Dr logr™". (3.5.24)
r
Proof. We compute L7 explicitly. One finds
Wi;l 1 9
Lyr=—m 2t (L 4 (—) - 3.5.25
1 "o 70 + U2 4+ 3 70 Li|” ( )
where the error term €; is given by:
4‘:[’ =~ ~ T‘O ~
= gryg V20 L log<7> + Ly log M. (3.5.26)
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By (3.4.20), (3.4.21), (3.5.9) and (3.5.10), we find that |€ | < r—2T%logr~1. Inserting this into

(13.5.25)), it is straightforward to deduce (3.5.23]). Furthermore, from Proposition and (|3.5.26]),
we find also |I~/2€£1| < r~4*t Then (3.5.24) follows by taking a logarithm of (3.5.25)), and then
applying Lo. O

3.5.4 Proof of Corollary [3.1.3

We conclude this section with the proof of Corollary indicating how our strongly singular
spacetimes fit into the BKL picture. To show Part [T} we first write

vt [LT-L+L7-L]. (3.5.27)

gL, L)
Therefore, using (2.3.10) to determine g(L, L), we expand g(V7, VT) to deduce

2(L L U241
g(Vr,Vr) = (g(;),(L)T) = — 40" %20, rdyr(L7)(LT) =72 - M (%0) - (L7)(LT).
Then ([3.1.29)) follows immediately from Corollary particularly (3.5.23)). So 7 is asymptotically
normalized.
We now write down the frame eg, e1, €2, e3 from Part |§| in terms of L, L and 7:
(L L (L L o I
e = — <LT+LT>’ el_q/(LT _LT>’ eg =1 "0p, ez =1 "sin " 00y,

where 7 is chosen such that ey and e; are unit vectors. That is, 2y?g(L,L) = —(L7)(L7). In order
to evaluate the second fundamental form, we must evaluate connection coefficients with respect to

this frame. Standard observations allow us to write

L L L L
Ve (r) =i Vali)wr

L L L L
Velz) g V() e

We wish to understand the leading order behavior of these coefficients Az, Apr, Arr, Arr. In fact
an explicit computation using the EMSFSS system (2.3.1)-(2.3.5) will yield, for Ly, Ly € {L, L}:

N N 1 N L
. [—Ll log<\LgT]> + 73(1 — \7”21?1(75\2)] if L1 = Lo,

U7 [FLatog(1arl)] £y £ Ly

Applying Corollary particularly the estimate (3.5.24]), and Theorems and one
finds

102-1 _
. [2 5+ O(r~?**log r_l)] if L1 = Lo,
;

! [ + O(r~ % log 7“_1)] if Ly # Lo.

+7°2 2
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We now use to find the connection coefficients of (M, g) with respect to the frame
€p, e1,€2,€e3. We begin with the components of the second fundamental form, k;; = g(Ve,eo, €;).
It follows from spherical symmetry that k;; is diagonal with respect to our choice of frame. To
evaluate ki1, use

L L L L
oo =0 (Vo p (£ 1) 1)

L
L L
= =" (=Arr+ AL+ App — ALL) - g < >

(=ALL + AL+ Anp — ALn)-

B2

Combining this with (3.5.28), the estimate (3.5.24), and Theorems and we find

VA
g(Ve,eo,e1) = —(—2g(L, L)) /2 ( o O(r—**log 7‘_1)>
— 5 2ol
=-—m/2. (T) ot ( 2_ +O(r® logr1)> . (3.5.29)
o

For the eo and e3 components of the second fundamental form, one also explicitly computes

w243

e O S ey L W op. 1
g(Veye0,62) = 2 <LT + LT> =-M - ro - (1+0(@r%logr™)) , (3.5.30)
_ 9243
2
g(Veseo, €3) = g(Veyeo, e2) = —M/2. <:> ot (1+ O(r“log r_l)) . (3.5.31)
0

From the expressions (3.5.29), (3.5.30) and (3.5.31), Parts [2] and {4] of Corollary are imme-
diate. For Part (3| note that a similar computation to (3.5.29) yields

l.(

g(Veser,e0) = 9 A+ AL — Arp + ALn). (3.5.32)

However, now substituting will lead to a cancellation at the leading order O(r_(‘l’2+3)/ 3,
and we therefore find that g(Vese1,e0) = 771 - O(r®logr~!). Furthermore, we easily compute
g(Veye2,€0) = g(Veye3,€0) = 0. Hence Part (3] also follows.

Finally, we study the scalar field. Rewriting the expression (3.1.16)) in terms of 7, one gets

20
U243

¢ U243

1 2
<log 1 — 3 log M + log 1o ) +E. (3.5.33)
Therefore the first expression in (3.1.33]) is immediate, while the second is straightforward after

combining ((3.5.33) with Proposition Proposition and Proposition as per usual. We
leave the details to the reader. This concludes our proof of Corollary O
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3.6 Several important examples

In this final section, we mention several explicit examples of spherically symmetric spacetimes
possessing an r = 0 spacelike singularity, mostly taken from [26]. Each of these are solutions to
the EMSFSS system (i.e. coupled to (Scal) and (Maxl), in fact these examples are such that
F,,, = 0 aside from those of Section . We then consider each of these spacetimes in the context
of Theorem [3.1.1] and Theorem [3.1.2

To the best of our knowledge, every such explicit solution is such that the quantity ¥, (p) arising

in Theorem will be constant along S. However, as illustrated in Section [3.6.1] we show every
value of ¥, € R can be achieved. Further, in Sections and we show that the remaining
asymptotic quantities E(p) and M (p) need not be constant, though in all cases the asymptotic

momentum constraint (3.2.2)) is satisfied.

3.6.1 Spatially homogeneous cosmologies

A spherically symmetric spacetime that is also spatially homogeneoueﬂ known in the literature as

a Kantowski-Sachs cosmology [88], has a metric that we write in the following form:
g = —h(s)ds®> + h(s)"tdz? + r?(s)dose. (3.6.1)

The associated massless scalar field ¢ and the electromagnetic field F are given by:

¢p=0o(s), F= Tf(i)ds A da. (3.6.2)

There are explicit families of solutions to the system ([Einl), (Scal)), (Maxl) of the above form,
known in the F = 0 case as the Just spacetimes [S7, 105} [154]. When Q = 0, the functions 72(s),

h(s) and ¢(s) are given by:

r2(s) = s(1— s)h(s), h(s) = ( ; )b, o(s) = =YL (1;8). (3.6.3)

1—s 2

Here b € [—1,1] is a freely chosen parameter, while s lies in the open interval s € (0,1). Note that
the particular choice b = 1 is exactly the Schwarzschild interior metric (1.1.3), with 2M = 1.
If, on the other hand, there is a non-trivial Maxwell field, then Q(s) = @ # 0 is constant, and

the remaining functions r2(s), h(s) and ¢(s) are given by

r2(s) = s(1 — s)h(s), h(s) = %22 [(1 i S>b/2+ <1is>_b/2]2,

V1-—10? (1—3)
Tlog S .

(3.6.4)

¢(s) =+

"The metric (3.6.1)) has the additional Killing field K = a% — note that in this setting any such K is also hypersurface

orthogonal.
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As h(s) is undefined at b = 0, we now constrain b to lie in (0,1]. It turns out that b = 1 now
corresponds to a Reissner-Nordstrom interior spacetime.

We now write these spacetimes in a double null coordinate gauge . Choosing v and v such
that 2du = —h(s)ds + dz, 2dv = —h(s)ds — dx, one writes

r2(u,v) =r%(s), Q*(u,v) = ,  where s = s(u,v) is defined by / h(5)ds = —u —v.
0

4
h(s)
Note that s is a past-directed timelike coordinate, and the boundary at s = 0 is now located at

the line w + v = 0 in the (u,v)-plane. Since r(u,v) = 0 here, we interpret this as the spacelike

singularity S in Theorems [3.1.7] and [3.1.2] These theorems will be applicable only in the trapped

region where % > 0, which includes an s-neighborhood of 0.
By spatial homogeneity, the functions ¥(u,v), Z(u,v) and M(u,v) arising in these Theorems

are now solely functions of s. We compute ¥(s) to be:

V1—1b2
in the @ = 0 case (3.6.3)),

1—2s5s—1b’
U(s) = 3.6.5
) Ny | (369
, in the @ # 0 case (3.6.4)).
1 —2s+ btanh (% log (%ﬂ))
In both cases, U is given by limg_,o ¥(s) = i—fg. Therefore, as b varies across [—1,1], U is

allowed to take all real values in the () = 0 case. However, in the @) # 0 case we must obey Vo, > 1,
as only b € (0, 1] is admissible. This is not surprising, as W, > 1 is equivalent to the subcriticality
condition holding in a neighborhood of § = {r = 0}.

Alternatively, we can view the metrics corresponding to and as being singular
at s = 1 instead, with the caveat that the “singularity” will disappear when b = 1. The s = 1
singularity is a past boundary rather than a future boundary. We compute ¥(s) to be (3.6.5)) as
before, but evaluating as s — 1 we have a different value for ¥, depending on whether
Q =0 or @ # 0. Penrose diagrams for these spacetimes are given in Figure [3.6

As mentioned in the introduction, the existence of the @ # 0 example (3.6.4) is significant not
only in showing that the non-emptiness of the set of spacetimes to which Theorem applies,
but also, via a straightforward gluing of some compact part of the right diagram in Figure to
a two-ended asymptotically flat exterior, shows that there exist spacetimes with the right Penrose
diagram in Figure [3.4] and where Theorem applies to at least part of the singular boundary
S.

3.6.2 The FLRW spacetimes

The most famous cosmological solutions to Einstein’s equation (Ein|) are the spatially homogeneous

and isotropic Friedmann-Lemaitre-Robertson- Walker (FLRW) spacetimes. These metrics are of the
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Figure 3.6: Penrose diagrams representing the Kantowski-Sachs cosmologies . Ignoring the
borderline cases b = 1, the spacetimes are bounded both in the future and in the past by a
spacelike singularity. When @ = 0 (left), the value of W, at either singularity takes all real values
as b varies in [—1,1]. When @ # 0 (right), we must have b € (0,1], and hence the value of ¥, at
both boundaries obeys |¥. |2 > 1.

form:

grLrw = —dt* + a*(t) dos,, (3.6.6)

where Y is a Riemannian manifold of constant curvature (here we take 39 = R3 or Xy = H?), and
doy, is the standard metric on ¥y. The proper time variable ¢ takes values in (0, 400), and a(t) > 0
is such that lim g a(t) = 0.

We study FLRW metrics solving the Einstein-scalar field system (with F = 0). Focusing on
Yo = R3 or H?, we write down the following explicit forms of the metric and scalar field in conformal

coordinates:

e If ¥y = R3, then we have the following for 7' > 0:

grLrwy = T(—dT? + dX* +dY? +dZ?), ¢= i\f log T. (3.6.7)

o If ¥y = H?, then we denote R? = X?+Y?2+ 72, and the metric and scalar field can be written
in the following form, valid for T? — R? > 1:

1
8rLawy = (1 — o553 | (—dT? +dX? + dY? 4+ dZ?),
S (3.6.8)
¢_i\/§1 T2 - R* -1 o
Ty %\ MR )
In both cases, we express the metric in double-null coordinates using u = _Tz_R,U = 7_T2+R.

Then the lapse 92, the area-radius r and the scalar field ¢ can be written as follows.

e In the Euclidean case ¥y = R3, we have for (u,v) € Q = {(u,v) : v > u, u+v < 0}:

Q2 (u,v) = 4(—u —v), r*(u,v) = (—u—v)(v—u)?, ¢(u,v) = :t\ég log(—u —v). (3.6.9)
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e In the hyperbolic case Xg = H3, we have for (u,v) € Q = {(u,v) : v > u, 4uv > 1, u < 0}:

1 1
Q% (u,v) =4 <1 16u21)2> , 1m(u,v) < 16u2v2> (v—u)?,

V3 4quv — 1
= iil .
¢ (u,v) 2 Og<4uv ¥ 1)

(3.6.10)

It is straightforward to check that and solve the system ([2.3.1)), (2.3.2)), (2.3.3)),
, with Q = 0. In both cases there are two parts of the boundary 9Q where r = 0: the
regular center I' corresponding to the fixed points of the SO(3) isometry group, and the singular
boundary S located at u + v = 0 and at uwv =4 in (3.6.9)) and respectively.

bo

Figure 3.7: (Non-compactified) Penrose diagrams representing the FLRW spacetimes (left)
and (right). Both spacetimes feature a spacelike singularity S at which ¥, = F+/3. The
singular boundary § is preceded by a trapped region 7 and an apparent horizon A. In both cases,
we can consider initial data given on a regular null cone emanating from I' which coincides exactly
with the induced FLRW data on the thick red line above. Extending this initial cone to be
asymptotically flat, the maximal development of this data will have a singular boundary, a portion
of which exactly coincides with that of FLRW.

In both cases, 9,7 < 0 everywhere, and the singular boundary S is preceded by a trapped
region T = {(u,v) : 9,r < 0}, depicted in Figure Therefore, we may apply Theorem to
subregions which are strongly singular, and associate quantities ¥, = and 9 to all (u,v) € T US.
In particular, we compute the quantities r2L¢ and r?L¢ appearing in to be

2(u+v) 2(u +v)
27 b — R NCPN - _Aurv)
r ¢—:F\/§[1+ 3 U]7T<f> :F\/§[1 w+ 30 for (3.6.9),

4uv — 1) (402 + 1) (duv — 1)(4u? + 1)
Lo = 4 Lo = 1-— for (3.6.2).
Lo =%V3 [ e L0 =FV3 16uS0 — 1 or ¢8.2)

In both cases, it is apparent that we have W, = /3. Using the correspondence (I.3.3)), the Kas-

ner exponents at S are therefore always p; = po = p3 = é This is in accordance with the isotropy
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assumption i.e. the assumption that all spatial directions should be equivalent. Furthermore, these
exponents agree with the fact that a(t) ~ t'/3 in (3.6.6) for both of these spacetimes.

We compute also the values of =4, and 9, for these spacetimes. Setting 9 = 1 in the expressions

(3.1.4) and (3.1.5)), one finds:

6

1 R
Zoo = FV3log(v —u) = FV3log R, Moo = (v —u)’="-, for @69),

-2 R
Eoo = ?\/glog<v2> = FV3log 2 Moo = 4(v — u)® = 4R®,  for (3.6.2).

Note, in particular, that these obey the asymptotic momentum constraint , with V = %.

Our analysis is valid for the whole spacelike singularity S, excluding the first singularity at the
center, by = I' N S. As noted in Section the point by is excluded from our analysis as it is
not preceded by trapped 2-spheres. We note, however, that in the specific context of the FLRW
spacetimes, upon reverting to the metric the point by need not be distinguished from other
points on the spacelike singularity, and still has Kasner exponents p; = ps = p3 = 1/3.

Finally, one notes that the FLRW metrics and may be considered within the
context of gravitational collapse. To see this, observe that if we consider a null cone emanating
from b € T', continuing it beyond J~(by) but not into the trapped region 7, and instead extending
the cone to be asymptotically flat (see the red lines in Figure , the Penrose diagram resulting
from the maximal future development of such data would be that of Figure [1.2

Moreover, the metric in a neighborhood of by would be exactly FLRW, and have subcritical
Kasner exponents of py = py = ps = 1/3. This contruction is particularly interesting in light
of the fact that FLRW singularities are known to be stable outside of symmetry in some settings
[130, 1311, 136, 57].

3.6.3 Scale-invariant collapsing spacetimes

Our final explicit example of a spherically symmetric spacetime possessing a spacelike singularity
are the scale-invariant solutions [I53] [32]. These are spherically symmetric solutions to ,
possessing a conformal Killing vector field S, known as the scaling vector field, which obeys
Lsg =2g.
In a suitable double-null gauge, where S can be written as S = ua% + v%, the metric has the
following form, with Q2 = 1:
g = —dudv + r*(u,v)doge,

where the area-radius r(u,v) and scalar field ¢(u,v) are as follows: for v < 0,

T:%(U—U), ¢EO,
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while, for v > 0, one has for some p € R:

. 1 (I1—-pv—u
P = 40 =)o —ull(L P —ul, 6=~ log {(Hp)u] . (3:6.11)

These solutions feature a loss of regularity across the ingoing null hypersurface {v = 0}; along
any outgoing null cone Cy = {(u,v) : v > u} with v < 0, the quantity d,¢ will have a jump
discontinuity at v = 0. Nonetheless, these solutions remain relevant in light of the fact that the
Einstein-scalar field equations in spherical symmetry remain well-posed for d,¢ merely of bounded
variation [32]. In any case, for this article we are only concerned with the interior region v > 0,
where all quantities are smooth.

This interior spacetime, whose area-radius r and scalar field ¢ are given by , is singular
if the parameter p is such that |p| > 1. Assuming without loss of generality that p > 1, the singular
boundary lies at S = {(u,v) : u+ (p — 1)v = 0,v > 0}. This boundary S is preceded by a trapped
region T, bounded to the past by an apparent horizon at A = {(u,v) : u + (p?> — 1)v = 0,v > 0}.

Applying Theorem we compute the quantity ¥(u,v) for (u,v) € T to be:

\I’(u,v):1<( e ) (3.6.12)

2\1-pv—u v-—u

By considering (3.6.12)) in the limit u + (p — 1)v 1 0, one finds that ¥, (u,v) =1 for all (u,v) € S.
Setting 7o = 1 in (3.1.4)) and (3.1.5]), we also compute E,, and M., to be:

[(1 +p2)v —u}

Zo = log =logpv, Mo = (v —W)[(p* — Vv +1u] = 1p?(p — 1)v°.

Here we used that (p — 1)v + w = 0 on S. In particular, it is straightforward to check that the
asymptotic momentum constraint holds with spatial derivative given by V = 8%

One should mention that the Penrose diagram corresponding to these spacetimes coincides with
the left picture in Figure [3.7] though there are key differences in that the region to the past of C,
is now exactly Minkowski and that the value of ¥, on S is now identically 1 rather than /3.

This concludes our discussion of the scale-invariant spacetimes. Note that one could also ap-
ply this analysis to the k-self-similar spacetimeﬁﬂ constructed by Christodoulou in [33]. However,
since these spacetimes are not fully explicit, and instead constructed via orbits of a 2-dimensional
dynamical system, we choose not to discuss them any further here. We instead refer the reader to

1

[39] for a detailed discussion in the specific case k% = 5, and we note that it is expected that the

methods of [39] will generalize to all relevant values of k.

8Note that the purpose of [33] was to obtain self-similar spacetimes containing a naked singularity. Nonetheless, there
are also k-self-similar spacetimes in [33] which contain a trapped region and spacelike singularity S in the interior,
and we can apply Theorem to these spacetimes.



Chapter 4

A case study: Black holes with charged

scalar hair

In Chapter {4} we state and prove our main results regarding a class of spatially homogeneous black
hole interiors with charged scalar hair, based on the article [104] written in collaboration with
Maxime Van de Moortel. See Section for a brief introduction to the setup. The analysis
of this Chapter will use the formulation of the spherically metric Einstein—-Maxwell-charged and

massive scalar field system introduced in Section or in particular the ODEs corresponding

to our spatially homogeneous spacetimes given in Section namely (2.4.21)—(2.4.31]), with data
given in the s — —oo limit and given by ([2.4.32))—(2.4.37)).

4.1 Statement of main results and overview

4.1.1 Definition of the spacetime sub-regions

We now give a precise definition of the various regions appearing inside our homogeneous black hole
interiors, represented in Figure . Using the gauge choice , the following regions are part
of the spacetime described in Proposition The following regions, which each correspond to
solutions of the ODE system f with s being inside a non-empty interval I C R, are
such that, for e chosen sufficiently small, their union covers the entire spacetime of Theorem [£.1.1]

e The red-shift region is R := {—oc0 < s < —Ag} for some Ar>> 1: Here, we make strong
use of the positive surface gravity of the event horizon (red-shift effect, e.g. see |40} 48] and

subsequent works).

e The no-shift region is NV := {-Ar < s < S} for some S > 1: Here, we use a Cauchy
stability argument and Grénwall’s inequality to show that quantities are still €2-close to their

Reissner-Nordstrom values.

119
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Figure 4.1: A more detailed version of Figure partitioning the hairy black hole interior into
the different regions R,N,EB, LB, O, PK,K..

e The early blue-shift region is EB = {S < s < syin(€) := [2K_| ' log(ve™!)} for v > 0: Here,
we begin to exploit the blue-shift effect of the Cauchy horizon of Reissner-Nordstrém, which

is due to negative surface gravity 2K_ < 0.

e The late blue-shift region is LB := {s,(€) < s < Age~ !} for some some Ag > 0: Here, the
spacetime geometry begins to depart from that of Reissner-Nordstrom, and we provide the
key ingredients to help us with the analysis of subsequent regions. In particular, this region

starts to see a growth of the Hawking mass (a relic of mass inflation, see [112, 145] and the
introduction of [148]).

e The oscillation region is O := {sp(€) := 50spn(€) < s < spr(€)} where r(spx) = 2|B|Wr_e
for W = W(M,e, A,q) > 0 defined in (4.3.51): Here, the Bessel-type behavior kicks in,
leading to the collapsed oscillations discussed in Section [.2.3]

e The proto-Kasner region is PK = {spx(e) < s < si(e)} where r(s;) = e %< for § =
0o(M,e, A, qo) > 0 defined in (4.5.1): Here, the Bessel-type behavior continues but exhibits
logarithmic growth rather than oscillations.

We also define the sub-region PK’ := {sx, () < s < 5;(€)} C PK where r(sx,) = 2| B|Wr_e>.

In this sub-region, we will establish that Kasner-type behavior starts to take place.

e The Kasner region is K := {s;(€) < s < soo(€)}, where limg_,s _ r(s) = 0. In this region,

we prove that the metric is described by either one Kasner regime, or two Kasner regimes
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Ko is a stable Kasner

regime with ¥ ~ o' K1 is an unstable Kasner

regime with ¥ ~ a

K1 is a stable Kasner

regime with ¥ ~ «

Figure 4.2: A zoom on PX UK in Figure with the top picture representing the bounce case
(Kq, Kpo # 0) and the bottom picture the no bounce case (Kz,Kp, = 00). Note the inclusion
PK' C PK.
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connected by a bounce. In IC, the scalar field is governed by a first-order ODE.

We also introduce the additional sub-regions of PX U KC depicted in Figure where W is defined
by ¥ = —"% and a is defined in (T.4.5).

e The first Kasner region K; C PK’' UK overlaps with PK and K. In this region, we will show
the metric is in a Kasner regime. Anticipating Theorem we will find that K1 = PK'UK
in the no Kasner bounce case (i.e. the first Kasner regime is the final Kasner regime,
with all Kasner exponents being positive) and K1 = {sg, < s < sin} # PK' UK in the
Kasner bounce case (with one negative Kasner exponent, which is thus expected to
be unstable). Here s;,, := min{s € K : |¥(s)| = |a| + *}.

e The Kasner bounce region Ky, C K. We have Ky, = () in the no Kasner bounce case (4.1.22)),
and Kpo = {8in < s < Sout} in the Kasner bounce case (4.1.21]), where s,y := min{s € K :
|U(s)| = ||t — €2}. We have weaker control of the metric in Kp,, but we show that it is very

short in terms of proper time.

e The second Kasner region Ko C K. We will have K2 = () in the no Kasner bounce case
(4.1.22), and Ko = {Sout < $ < S0} in the Kasner bounce case (4.1.21]), where we exhibit a

second Kasner regime with positive Kasner exponents.

4.1.2 First statement: formation of a spacelike singularity

We first start with our main result, which covers part of Theoremm (namely the formation of the
spacelike singularity). We reiterate that Theorem contains the statements of our rough
Theorem [I.4.1} more precisely statement [I] of Theorem [T.4.1] corresponds to statement [f of Theo-
rem while statements [2] and [5] of Theorem [T.4.T] are covered by statement [ii] of Theorem
as well as the estimate .

The statements [iii] and fiv] of Theorem will also lay the groundwork towards proving the
more specific Kasner asymptotics claimed in statements[3|and [f] of Theorem [T.4:1} the precise nature
of these asymptotics will be covered in Theorem [£.1.2] upon further restricting e.

In the following theorem and the rest of the paper, for A, B > 0 we will use the notation A < B
to denote that there exists C'(M, e, A, go, m?,n) > 0 such that A < CB.

Theorem 4.1.1. Let (M,e,A) € P, with e # 0, qo # 0, m> € R be subextremal Reissner-
Nordstrom(-dS/AdS) parameters (see Section . Then, for n > 0 chosen sufficiently small, there
exists €g(M, e, A, qo,m?,n) > 0 and a subset E, C (—eq,€0) \ {0} satisfying W = O(n) for
any 0 < 0 < €, such that the following holds: For all € € E,, the maximal future development
M for the Einstein—Mazwell-charged (and possibly massive) scalar field system of the characteristic
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data from Section (i.e. (Q-datal), (r-datal), (Q-datal), and (¢p-datal)) terminates at a spacelike

singularity S on which r extends continuously to 0, and the Penrose diagram is given by Figure [].1}

More precisely, there exists a foliation of M by spacelike hypersurfaces ¥g, with s € (—00, Soo(€)),

where s is defined in (QQ-datal), and soo = 4“}'3['2;‘2 6*2+O(10g(e*1)), where B(M, e, A,m?, qy) # 0 is
RN
defined in Proposition[{.1.3, and 2K_(M,e,A) < 0, wpn (M, e, A, qo) > 0 are defined in Section[2.4)

The subsequent spacetime dynamics are described as follows:

8.

(Almost formation of a Cauchy horizon). In the late blue-shift region LB = {sjn(€) < s <
Age '}, we have the following stability estimates with respect to the Reissner—Nordstrém(-
dS/AdS) metric:

L 14(s) — 2¢ Re(Be )]

e o(s) — 2¢ Re(Be™rNs)| 4 ¢ 1 -

+r(s) —r-|

+1Q(s) —e| + ';.ls log (©2?)(s) — QK‘ <els<e (4.1.1)

For s € LB, we find also the following estimate for —r(s):

, 4|B|2w? ye2r?
) - T

(Collapsed oscillations and loss of charge). In the oscillation region O == {sp(€) < s < spx(€)},
K|
MBPory T

< eHos g, (4.1.2)

~

we have the following Bessel-type oscillations for the scalar field: for some & =

O 10g(c ),
o) = (ot (2550) - evioms (25 2)) | s ose), ay

% (¢(s) - (C ()0 (W (S)> + Oy ()Y (&;«i(;)»)‘ < € log(e7!), (4.1.4)

where the constants Cj(e), Cy(€) are highly oscillatory in €; namely for 20(M, e, qo,A) > 0

given by
WRN |q0€|

QUM7e7A7q0 = = >0, 4.1.5
e ) =\ ] Jfém(mmﬂ )

one finds that
Cy(e) — \fﬁﬂ_l COS(@(E))‘ + ’Cy(e) - ‘fﬁn—l sin(@(e))‘ < log(eh), (4.1.6)

< -1

‘@(e) 8|B|2m’ log(e™). (4.1.7)

For s € O, one has (note this improves upon in LBNO):

4|B\2wRN62r2

‘—M‘(s) - K| < etlog(e ). (4.1.8)
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(2r—+ry)

2
Moreover, the charge Q transitions from e to Qoo(M, e, A) := %e—I—AT_T+ 9% (up to O(€*7)

errors), and

‘Q(s) —e+(e— Qo) <1 — rjfﬁ) ' < Clog(e™Y) for all s € O, (4.1.9)
Qo (M,e,0) _ % (4.1.10)

{QOO(JZGA) . (M, e,A) € Po, A< o} — <;i> , (4.1.11)
{Qoo(]‘ZeA) . (M,e,A) € Po, A> 0} - (i,l) . (4.1.12)

iii. (Logarithmic Bessel-type divergence). In the proto-Kasner region PK := {spx(€) < s < s;(€)},

the Bessel-type behavior persists with modified coefficients, namely there exist

Cyi(€) = Cy (€) + O(*log (7)),
Cyk(e) = Cye) + O(€log(e 7)), &k = & + O(*log (1)),

such that (4.1.3)), remain true for all s € PIKC, after replacing (Cy(€),Cy(€),&) by

(Cyk(€e),Crk(€),&x). Consequently, we have the following logaritheoremic growth: for all s €
PK,

22 o
m 56 10g(€ ), (4113)

o(s) + %CYK(E) log( ) — Cyk(e) — 27r_1(y —log2)Cyk(e)

a 6(s) + 2Cyxclo 2 V)] < 2o (e (4.1.14)
ds 7 YEO6 Exr2(s) ~ € 0Ble ) o
Moreover, (4.1.8)) still holds for s € PIKC, while the charge Q remains close to its value at spg;
for all s € PK:

Q(s) — Qoo| < € log(e7). (4.1.15)

Finally, in the sub-region PK' = {sk, (€) < s < s;(e)} C PK, the quantity ¥(s) defined by

S ‘:—7“3@3 = r(s) @s
Vo) = (o) g () = 5 gl
obeys the estimates:
U(s) + ;EEZB_I sin(0(e))| < € log(e™1). (4.1.16)

(W (s) — U(s;)| Sr°(s)log(e!) < etlog(e™?). (4.1.17)
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iv. In the Kasner region K := {s; < s < soo(€)}, —17(s) obeys the lower bound

4|B*w% ye*r?

1 2
I, 411
oK_| 2 (4.1.18)

—rr(s) >

The quantity W obeys the following ODE: introducing R = log(%),

% = —U(¥—a)(V-—a )+ F, (4.1.19)
o — U(s;)| S e F(R) < e % p(R). (4.1.20)

Finally, the charge retention remains in the sense that (4.1.15)) is also valid for all s € K.

4.1.3 Second statement: Kasner asymptotics in the P and K regions

We now enter into the details of the regions P’ U K, in which the Kasner-like behavior manifests.

The following theorem requires a (slightly) stronger assumption on € than Theorem m

Theorem 4.1.2. Let (M,e,A) € Ps. with e # 0, qo # 0, m*> € R. Then, for any sufficiently
small m,0 > 0, there exists eg(M, e, A, qo,m? n,0) > 0 such that there exists a subset E;%U C Ey
satisfying % = O(n+ o) for any 0 < 0 < o, and such that Ej , may be expressed as a

i ; r _ 1 bo " Nbo
disjoint union By . = E, 2*U E, 1%, where

/ 2
e € B, if n < |¥(s;)| = ﬁmﬂ sin(0(e))| + O(*log(e 1)) <1—0 < 1. (4.1.21)
e € E) N if [0(s;)]| = —=20sin(0(e))] + O(clog(€ ™)) = 140 > 1. (4.122)

NG
We call these respectively the Kasner bounce case and the no bounce inversion case.

Moreover, we have the following two possibilities.

o [fAW(M,e,A 2 ' Nbo _ (B 2| _
e, N\, q) > = then E, 3% = (0, and therefore e = O(n+o), forn,o small.

o IfW(M,e, A, q) < %T, then ]E;“],Vbo\, \E;g"] >0, and for n,o small:

E Nbon —€,€ 2
1o ( ) = —arcsin| 1 — ﬁﬂﬁ + O(0),
2e T 2

E bon —€,€ 2
B’ O Hzl——arcsin 1—ﬁﬂﬁ +0(n+ o).
2e us 2
Then, for all € € Evlw’ we have the following Kasner-like behavior, where, in what follows, b— =
|BlwrN
[K-[ -

1. In the first Kasner region K1, we have the following, recalling o from (4.1.20)).
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(a) In the no Kasner bounce case (4.1.22)), we have |a] > 1, K1 = PK' UK, and for all

s ek,
B
W(s)—al < - (T(S)> , (4.1.23)
T’(SPK)
where we define § := mim{%,oz2 — 1} > 0. Moreover, the metric takes the following

Kasner-like form

2(02-1)

4
g= —dr? + Xi(1+ Ex (7)) T o243 dt® + Ri(1+ €ra(7)) r? ra?is dogz, (4.1.24)

o +14|K_|? 1 4|K_|?
log Xy + —5—— 2 4 |log Ry — 2| <log(e! 4.1.25
og 1+a2+3 |B|2 € —I—‘Og 1”213 B2 Slog(e™!), | )
36
T a“+3
€xa (7)) + [€Ra (7)) S € ( ) , (4.1.26)
T(SK1)

where T is the proper tz'm and we call (p1,p2,p3) = (g;;é, a22+3, O‘22+3) € (0,1)3 the

Kasner exponents.

(b) In the Kasner bounce case ([£.1.21)), we have |a| <1, K1 = {skg, < s < sin} C PK'UK,
and for all s € Ky,
|T(s) —al <€, (4.1.27)

~

where sin = g7 + O(log(e™')) is such that

6_2

r(sin) =1 eXp<_2b2_-(1—a2)

+ O(log(el))>. (4.1.28)

Moreover, the metric takes the following Kasner-like form, where 79 > 0 is a constant.

2(a2-1) 4

g=—drt+ X1 (1+Cx (7)) (T —70) @ dt* +Ry-(1+ Epy (7)) r2 (T —10) 2%+ doge.
(4.1.29)
We call ( = (%=L 2 2 ~1 12y, K
p17p2ap3) - (a2+3’ 243" a2+3) € ( 3’0) X (27 3) the ﬁTSt asner exponents.
Moreover, X1 and R1 obey (4.1.25)), and for all T(sk,) < 7 < 7(8in):

€x1(7)| +[€ra(T)] S €. (4.1.30)

2. In the Kasner bounce region Ky, (only in the Kasner bounce case (4.1.21)), we have for all

ENS ’Cb07
—2
€ -1
r(s) =r_ -exp(—w + O(log (e ))) (4.1.31)
Moreover, in terms of proper time, we have
—2
0< T(Sin) - T(Sout) S exp(—w + O(lOg(G_l))> . (4132)

"More precisely, T a is past-directed timelike variable, orthogonal to the hypersurfaces ¥, and normalized such that

g(dr,dr) = —1 and 7 = 0 at the spacelike singularity {r = 0}.
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3. In the second Kasner region Ko (only in the Kasner bounce case (4.1.21)), we define 8 :=
min{i,a 2 — 1} > 0 (since || < 1). We have for all s € K;:

s B
[U(s) —a | S € (())> : (4.1.33)

T(Sout

Moreover, the metric takes the following Kasner-like form, for all 0 < 7 < 7(Sout)

2

2(1-a?) 4a
g=—dr? + Xy - (1 + Ex (7)) 7 1+32 dt* + Ry - (1 4 Era(7)) ri 714302 dogp. (4.1.34)

1+a 24K |2 1 4K P .
log X logRo — <1 4.1.35
o8 2+1+3a2 | B|? € 7| ]log k2 1+3a2 |BJ? e ?| Slog(e ), ( )
i
T a— 443
[€x2(7)| + |€ra(r)| S € < ) . (4.1.36)
T(Saut>

We call (p1,p2,p3) = (11+_3C;22, 1?&2{2, 1?312) € (0,1)3 the second Kasner exponents.

Finally, in terms of proper time, we have (recalling that T is normalized so that lim 7(s) =0):
S—Sco

1+a™2 _9 1
- r* 1
exp( 2 (1= a?) € —|—O(0g(e ))
14+ a2

S T(Sout) S exp <—M

24 O(log(e_l))) (4.1.37)

Without loss of generality, we will choose € > 0 in all the subsequent sections.

4.1.4 Linear scattering in the Reissner-Nordstrom interior

In the proof of Theorem [I.1.1] we often need to make comparisons to various quantities in exact
Reissner-Nordstrém(-dS/AdS). While this is straightforward for (r, 2, Q), the scalar field ¢ vanishes
in Reissner-Nordstrom, and we instead compare ¢ to solutions to the linear (charged) covariant

Klein-Gordon equation in the Reissner-Nordstréom interior:
ghinDuDy¢ = m?¢. (4.1.38)

Here grn and D are the metric and covariant derivative in Reissner-Nordstrom(-dS/AdS), with A
as specified in Section and m? € R and ¢g # 0 are fixed.

Since we are interested in the spatially homogeneous problem, we consider only solutions ¢ = ¢,
to that satisfy To¢r = 0, S¢, = 0, where T = 0, is the Killing vector field of Reissner-
Nordstrom(-dS/AdS) associated to stationarity and S is any vector field on the sphere.

Then denoting (s) = ¢c(t = 0,7 = s), where r*,t are as defined in Section it can

be checked that 1) satisfies the following second order ODE in s (see, for instance, the equation

[2-4.30)):

LD b Oh) o afe e V!
. " q0< (S)> . (4.1.39)

4 QTRN<8) 4 [ a TRN
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We define the quantities
~ e e ~
ARNoo = — = — #0, WRN = |qoARN,c0| > 0. (4.1.40)
+ —

Then, following [94], we define four functions solving (4.1.39): 2.1, V2.2, Yen,1 and ez 2. These

satisfy the following asymptotics towards the event horizon H = {s = —oo} and the Cauchy horizon
CH = {s =+o0}
Ppa(s) =14 o0(1) as s — —0o, (4.1.41)
Yy 2(s) =s+o(1) as § — —00, (4.1.42)
Ve (s) = BN 4 o(1) as s — 400, (4.1.43)
Yen2(s) = dewa(s) = e WRNS 1 (1) as s — +00. (4.1.44)

The results of [04] then imply the following, where the coefficient B = B(M, qo,e, A, m?) ap-
pearing below is exactly that of Theorem [4.1.1]).

Proposition 4.1.3. Recalling the definition of 2K_(M,e,A) < 0 from Section and
a_(M,e,A) >0 from (2.4.9), there exists some constant C > 0 such that

dipeyn
ds

[ 1(s) — e“RNS| 4 ’ (5) — iwrne“rNS| < CO% N (s) < 2Ca_e?K=3, (4.1.45)

, d ,
e ,2(s) — e ENS| + ’¢§;{’2 (s) + iwrne “rN*| < CQpy(s) < 2Ca_e* >, (4.1.46)

Furthermore, there exists a scattering coefficient B = B(M, qo,e,A) € C\ {0} such that

1/17.[71(8) = B”LﬁC’H’l(S) + ET/JC’]—LQ(S) =2 Re(B@bCH’l(S)). (4.1.47)

Corollary 4.1.4. Let ¢ be the solution to with constant data ¢ = € on the event horizon
H = {s = —o0}. Then there exists C(M,e, A,m? qo) > 0 and S(M,e, A, m?,qy) > 0 such that, for
s> S, one has

|¢r(s) — Bee™mN® — Bee RN®| < Cee?B-5, (4.1.48)

‘ég(s) — iwpN Bee™ NS 4 jwpn Bee WRNS| < Clee?K-5, (4.1.49)

4.2 Further context on the constructed hairy black holes

Before proceeding to the proof of Theorem [I.1.1] and Theorem [{.1.2] we elaborate slightly on the
physical context of the hairy black holes constructed in our result, and their relevance to astro-
physical gravitational collapse (in the A = 0 case), to other hairy black holes, to cosmology, and
to so-called holographic superconductors (in the A < 0 case via the famous AdS-CFT correspo-
dence). We also outline the key new phenomena together with ideas in their proof, particularly in

the collapsed oscillations region O and the Kasner-like region K.
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4.2.1 Differences and connections with non-hairy black holes

The spacetimes constructed in Theorem [1.4.1] are spatially homogeneous and we interpret them
as the interior region of so-called “hairy black holes”. The main distinctive feature of “hairy black
holes” is the presence of so-called scalar hair, meaning that the scalar field ¢ does not decay on the
event horizon H' and tends to a non-zero constant instead. (In the case of the hairy black holes of
Theorem ¢ is identically equal to this constant on H = H U Hpg, see )

We have already explained that it is not possible to obtain an asymptotically flat spherically
symmetric hairy black hole exterior solution of the Einstein—-Maxwell-charged scalar field system
with A = 0; however, as we will discuss in Section [£.2.5] the construction of a such hairy black hole
exterior is possible for asymptotically-AdS data, with A < 0 in . Such a construction will
necessarily involve a static exterior region, while the corresponding interior is spatially homogeneous.
This is due to the fact that for a t-independent black hole, t is a timelike coordinate in the exterior
which, by definition, becomes a spacelike coordinate in the black hole interior.

Nonetheless, one may also wish to consider asymptotically flat (where A = 0) spacetimes which
are relevant to the study of astrophysical black holes. In this context, one anticipates that solutions
of the Einstein—Maxwell-charged scalar field system with regular Cauchy data decay towards a
Reissner—Nordstrom exterior solution, in particular ¢ tends to 0 on H™ (in spherical symmetry,
see [46], [110] for the Einstein—Maxwell-real scalar field system with m? = gy = 0, and also [146]
for small |gpe| on a fixed Reissner—Nordstrom exterior). The resulting black holes thus feature ¢

decaying on H™ at the following rate: for all v > 1,

|Blj3+ () + [Dodljger (v) S 0% (4.2.1)

where v is a standard Eddington—Finkenstein type advanced-time coordinate and s > % We will
call such black holes “non-hairy” in the sequel, to mark the contrast with the black holes from
Theorem [L4.11

The interior of the non-hairy black hole solving the Einstein—-Maxwell-charged scalar field system
in spherical symmetry was studied in [94] 142} 144 (147, 145] and their Penrose diagram was com-
pletely characterized (modulo issues related to locally naked singularities, see the second paragraph
below). In this section, we will briefly explain these results and provide contrast with our hairy
black hole interiors from Theorem We also comment that one can use our hairy black hole

interiors as a tool to retrieve information on non-hairy black holes.

Local structure of the non-hairy black hole interior near infinity i* We discuss the
terminal boundary of the black hole interior. In the case of the hairy black holes of Theorem [I.4.1]
it is entirely spacelike S = {r = 0}. In contrast, for (spherically symmetric) non-hairy black holes

solutions of, the terminal boundary is not entirely spacelike and admits a null component near i*
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Figure 4.3: Penrose diagram of the spacetime corresponding to Theorem m

— called the Cauchy horizon CH™ # (). This fact constitutes the most important difference between
hairy and non-hairy black holes.

Theorem 4.2.1 ([142]). Consider regular spherically symmetric characteristic data on H* U C,,,,
where HT := [1,400), x S?, converging to a sub-extremal Reissner—Nordstrom exterior as ([4.2.1)

Then, restricting C,,, to be sufficiently short, the future domain of dependence of HT U C;,, is
bounded by a Cauchy horizon CH™Y, namely a null boundary emanating from it and foliated by

spheres of strictly positive area-radius r, as depicted in Figure[{.3.

Remark. We note that the presence of a Cauchy horizon CH ™ # ) in the interior of dynamical black
holes is not specific to spherical symmetry: for instance, it has been obtained for perturbations of
Kerr for the Einstein vacuum equations (without symmetry) in [43]. Whether Theorem can
be generalized to the Einstein—-Maxwell-charged scalar field equations without spherical symmetry
is an interesting open problem, in view of the particularly slow decay of the form one has to

assume in the presence of matter (see [93], 108, [144] for an extended discussion of slow decay).

Global structure of non-hairy black hole interiors Theorem only gives information
on a local region located near i* (see Figure . The global nature of the terminal boundary, as
it turns out (see Theorem {4.2.2)), depends on the topology of the initial data; we distinguish two

important cases:

a. The two-ended case (topology of time-slices: R x S?). The maximally-extended Schwarzschild,
Reissner-Nordstrom, and Kerr spacetimes, and our hairy black holes from Theorem possess
the two-ended topology.

b. The one-ended case (topology of time-slices: R3) is the topology suitable to studying the gravita-
tional collapse of a star into a black hole [31], 99] 108, [147] (referred to as “gravitational collapse”

for short).

In the one-ended case [b] the following is known about the terminal boundary.
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Theorem 4.2.2 (Black hole interior in gravitational collapse, [147, [146| [145]). We consider a one-
ended black hole interior, under the assumptions of Theorem[].2.1] and additional inverse-polynomial
lower bounds on ¢ consistent with . Then, assuming the absence of locally naked singularities
emanating from the center T, there is a (non-empty) spacelike singularity S = {r = 0} and the

Penrose diagram is given by the left-most of Figure[1.2

Remark. A locally naked singularity is an (outgoing) null boundary CHr emanating from the center
I". Assuming their absence in Theorem is unavoidable, since examples of locally naked singu-
larities have been constructed [33] for the Einstein-Maxwell-charged scalar field system. However,
at least within solutions where F = 0, such locally naked singularities are non-generic within spher-
ical symmetry [32, B5] and one may conjecture the same statement in the more general situation

where F # 0. See [99, [147] for an extended discussion of this delicate issue.

For two-ended black holes (irrelevant, however, to gravitational collapse), Theorem is false
because small perturbations of Reissner—Nordstrom obeying (4.2.1]) feature no spacelike singularity
[42]. However, it is conjectured [42, 49, [99] that, even in the two-ended case, large perturbations

would yield a spacelike singularity S = {r = 0} # 0.

Remark. Note that for a two-ended black hole, the causal past of any compact subset of S intersects
the event horizon H™' on a set with compact closure. This observation will be important in the

discussion of the next paragraph, see Figure [4.4]

Connections between hairy and non-hairy black holes and related open problems We
come back to our original motivation: understanding spacelike singularities inside black holes. Our
goal is to construct a large class of (asymptotically flat) black holes with both a spacelike singularity
S = {r = 0} and a null Cauchy horizon CH™, with precise quantitative information on (at least
part of) S = {r = 0}.

It is an open problem to provide a quantitative description of the spacelike singularity inside any
Chargedﬂ or rotating black hole (note indeed that Theorem does not describe S quantitatively).
In the two-ended case, however, we propose a construction of a black hole featuring both a null
Cauchy horizon CH™ # (), and a spacelike singularity S which is partially described by the terminal
boundary in Theorem [1.4.1

Parameterize the two event horizons by Hr = {(—o0,v), v € R}, Hp = {(u, —0), u € R}.

i. Fix ¢|H§(U) =efor v < A, and d)\HZ (v) = € for u < A, for some large A depending on e. We
evolve (non-uniquely) this characteristic data on (Hr N{v < A}) U (Hr N {u < A}) towards
the past in the following fashion:

2Note, however, that it is possible to describe asymptotically Schwarzschild one-ended uncharged spherically sym-
metric black holes [3].



132

e Attach a small past-directed ingoing (respectively outgoing) cone QE (respectively C’z') to
the future-endpoint of Hr N {v < A}) (respectively (Hr N{u < A})).

e By local well-posedness, the past domain of influence of HrN{v < A})UC}, (respectively
Hr N {y < A}UCY) is the causal rectangle with past ingoing boundary C} (respectively
Cr).

e Evolving the initial data on CrUC towards the past and appealing to local well-posedness
again provides another smaller causal rectangle. This rectangle combines with the two

previously-constructed rectangles into the (future) domain of influence of some Cpyyy UC,,,.

We obtain a (non-unique) solution to the Einstein-Maxwell-charged scalar field system up to

the bifurcate null cones Cyyr U C;,, (see Figure .

ii. Extend Cyy (respectively C;,,) into an outgoing (respectively ingoing) cone which is asymp-
totically flat using a standard truncation argument (see [33] [128]). The bifurcate null
cones Cyr U C;,, thus obtained intersect (what should be thought of as) future null infinity

It =1I; U}, and OGoupuc,, decays towards Ir.

iii. Solve forward for the above characteristic data on Coyy U an By the domain of dependence

property, the following spacetime region (consisting of the dark grey, orange, brown and yellow
regions in Figure 4.4)

{(u,v) ;u< A, v< A}NDT(HrN{v < A}) U (HL N {u < A})),

where DT denotes the domain of dependence,

is isometric to a subset of the hairy black hole g. of Theorem that contains a large portion
of the spacelike singularity S (in green in Figure .

iv. Using that ¢|C‘outuQm decays towards ZT, prove that the decay condition is satisfied
on the new event horizons H}, and Hj (note that the event horizons Hy, Hj for the newly
constructed black hole do not coincide with the original event horizons Hp, Hy of the hairy
black hole). As a consequence of Theorem obtain the existence of Cauchy horizons
CHr,CHpr # 0.

We want to point out that the only unknown step is the proof of (4.2.1)) (step which relies
on establishing polynomial decay on the event horizon. We note, furthermore, that for small charge

|qoe| < 1 and m? = 0, step [iv| should follow from (a slight generalization) of [146].

Remark. Note that A must be chosen to be large enough (depending on €) for the construction to
feature any part of the spacelike singularity constructed in Theorem As a consequence, the

weighted norm ||(1 + [v|*)¢||ze (where s > ) is large, thus we are not in the small-data regime
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spacelike singularity

CHy, ,’/

CHr

\\\ 7
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Z*l ;1/ Region isometric
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[ to the hairy
~_ black hole metric
ge from Theoremm

Hyn{u<A}  Hrn{v< A}

C,., extends to Qm NN v Clout extends to Coyt

=in

Figure 4.4: The proposed construction of a two-ended black hole with a spacelike singularity S via
gluing argument. The union of the dark grey, orange, brown and yellow regions (including the green
part of the spacelike singularity) is isometric to a subset of the hairy black hole of Figure Izr
and I;g are the components of null infinity ZT.

considered in [42] (this is consistent with the non-empty spacelike singularity our construction,
recalling the earlier discussion on the global structure of two-ended black holes).

Running stepssuccessfully provides a (two-ended) black hole with a Cauchy horizon CH™' # ()
and a spacelike singularity S # ) partly given by S in the hairy black hole of Theorem [1.4.1 We

formalize the above strategy into the following open problem.

Open problem a. Construct a (one or two)-ended black hole with a Cauchy horizon CH™ # ()
and a spacelike singularity S # (), which coincides with the hairy black hole singularity S from
Theorem away from CHT N S.

Our road-map towards a resolution of Open Problem [a shows that the fluctuations and Kasner
bounces of Theorem [I.4.1] can play a role in the interior of asymptotically flat, non-hairy
black holes. We find it striking that, even when restricted to spherical symmetry, the spacelike
singularity inside a black hole can obey such intricate dynamics. It is an interesting open problem
to study the stability of these dynamics outside of any symmetry assumption and thus gauge their
relevance to generic black hole solutions.

To understand a larger class of black holes with both a Cauchy horizon CH™' # () and a spacelike
singularity S # (), it is of interest to perturb the hairy black hole of Theorem within spherical
symmetry but relaxing spatial homogeneity. Subsequently following steps where g, is replaced

by a perturbed spacetime, will yield even more general insights than Open Problem [a]into spherically
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symmetric spacelike inside black holes, which we formalize in the following open problem (note Open
Problem [] is the charged (go # 0) version of Open Problem v in [148]).

Open problem b. Consider (two-ended) initial data on H™' such that, instead of (1.4.1]):
| (v) — e < eV - e (4.2.2)

for € € E,), as defined in Theorem with N > 0 and Cy > 0 sufficiently large constants. Prove
(or disprove) that the terminal boundary is spacelike, and provide (reasonably) precise quantitative
estimates.

Then, construct a (one or two)-ended black hole with a Cauchy horizon CH' # () and a spacelike

singularity S # (), which coincides with the above perturbed hairy black hole singularity S away
from CHT N S.

We finally want to emphasize that our quantitative methods give hope to transpose some results
of Theorem to towards Open Problem [l We hope to return to this these very interesting

questions in future work.

4.2.2 Comparison with hairy black hole interiors for other matter models

The charged hairy black holes with uncharged matter from [148] An alternative to study-
ing the Einstein—-Maxwell-charged scalar field system with gg # 0 is to study the uncharged scalar
field case go = 0 where the Maxwell field F # 0 does not interact with ¢. This was first done nu-
merically in [74] and then rigorously by the second author [148] and qualified as “violent nonlinear
collapse”. It is remarkable that the behavior in the gqg = 0 case differs drastically from what we
found in the gy # 0 case in Theorem as the following result shows.

Theorem 4.2.3 ([148]). We make the same assumptions as Theorem|[1.4.1] except that now qo = 0,
hence F = r%(s)Qst Adt, where e # 0. Then, for almost all sub-extremal parameters (M, e, A, m?),
there exists eo(M,e, A,m?) > 0 such that, for all 0 < |e| < eo, the spacetime (M,g) ends at
a spacelike singularity S = {r = 0} asymptotically described by a Kasner metric with exponents
(p1,p2,p3) = (1,0,0) + O(e?) € (0,1)? and given by Figure . Moreover, the Kretschmann scalar

K = R Ryp.5 blows up at a rate pmCe?H0E) o 8 = {r =0} for C(M,e, A, m2) > 0.
We point out the following similarities and differences between Theorem[4.2.3]and Theorem[1.4.T

1. In both cases, the terminal boundary is a spacelike singularity S = {r = 0} approximately

described by a Kasner-like metric with positive Kasner exponents (compare Figure and

Figure .

2. In both cases, the early regions are similar and governed by the almost formation of a Cauchy

horizon.
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3. In both cases, the Maxwell charge ) is uniformly bounded away from 0: in Theorem
this is trivial (Q = e # 0 is constant), in Theorem this is item [5], a surprising property

that we call “charge retention”.

4. Even at the linear level (i.e. (2.0.6]) on a fixed Reissner-Nordstrom interior), (1.4.4) is not true if
go = 0: the scalar field does not oscillate, it grows instead like ¢ ~ €-s, where CH™ = {s = oo}
(except possibly for an exceptional set of (M, e, A, m?) of 0-Lebesgue measure that leads to

the absence of growth, see [90, 148], which is why one restricts to almost every parameter in

Theorem 4.2.3)).

5. The oscillating profile (|1.4.4) turns it a Bessel-type growing oscillation as r — 0, after which
|¢| becomes O(1) around r =~ e (collapsed oscillations). There is no such mechanism in
Theorem [4.2.3]

6. The final Kasner exponent pg € (0,1) in Theorem [1.4.1] is related to
| sin(woe ™2 + O(log(€7!)))|, but we restrict e so that p; is bounded away from 0 and

1, so there is no overlap (by our assumptions) with any of the Kasner exponents obtained in
Theorem where |p; — 1| < €2

7. As a consequence, the collapse in Theorem [[.41] is not violent but instead rapidly fluc-
tuating in e: one can easily see that K blows up at a rate r~¢, where ¢ depends on
sin(wo - €72 + O(log(e71))).

8. There is no Kasner bounce in the gg = 0 setting: in fact, in Theorem one proves that
the final exponent p; lies in (0,1), so there is no mechanism triggering a Kasner bounce. In
contrast, in Theorem in the regimes where |sin(wp - €72 4+ O(log(e1)))| is too small, a
Kasner regime with p; < 0 forms, which is unstable, and ultimately disappears under Kasner

bounce, giving rise to a second Kasner regime with p; € (0,1).

We also remark that Theorem restricts € to a subset of (—e€p, €g) \ {0}, which is the comple-
ment of a set of small measure, while Theorem [£.2.3] does not have this restriction. The restriction
is to ensure that the final p; is bounded away from {0, 1} in Theorem , as we explained above.

Finally, we note that Theorem [£.2.3]should lead to a resolution of Open Problem [a]in the case of
an uncharged, massive scalar field (i.e. with go = 0, m? # 0), upon the proof of for m? # 0
(i.e. step [iv| in the last paragraph of Section .

Other hairy black holes The study of spatially homogeneous hairy black holes has been abun-
dant both in the mathematics and physics literature: we first mention the important examples of
Einstein—Yang—Mills hairy black holes [23] 25, 28], 55], 132, [135]. For the Einstein—Yang—Mills black

holes, the above work suggest the presence of a spacelike singularity preceded by (potentially many)
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H+

Figure 4.5: The Penrose diagram of the hairy black hole interiors constructed in Theorem

Kasner bounces, although the qualitative behavior is different than what we obtained for charged
scalar fields in Theorem [[.4.1] Finally, we mention the existence of rotating hairy black holes with
massive Klein—Gordon fields |29} [51],[79]; The study of the interior of these rotating hairy black holes
remains an open problem. We refer the reader to the introductions of [29, [148] for an extended

discussion of various hairy black holes.

4.2.3 The collapsed oscillations resulting from the charge of the scalar field

The collapsed oscillations occur in a region O = {e L r < r—} (see Figure [1.4). The key point is
that, schematically, ¢ will be shown to obey the following Bessel equation of order 0 in O, with

: Lo . : 2
respect to a new variable which is the renormalized square of the area-radius 2 := :

d ([ dé

= (zdz) + &22¢ = error. (4.2.3)

Here &y # 0 is a constant proportionaﬂ to qo. To simplify the discussion here, we normalize £ = 1.

Sincel $ =z 5 €2, we need to understand the behavior for large z: it is given by damped oscillations

2 2
Yo(z) ~ \/Ecos(z - %) or Jo(z) ~ \/Esin<z - %) as z — +o0. (4.2.4)

Note, however, that z is a past-directed timelike variable, so the damping is “backwards-in-time”.
Thus |Yp|(2), |Jo|(2) < € on the past boundary z ~ €2 of O, but |Yy|(2), |Jo|(2z) < 1 on the
30ne sees, as predicted by Theorem (see [148]), that in the go = 0 case, we have % (r%) ~ 0, hence r% ~

constant = e~ *, which is why in the go = 0 case, the behavior is violent, and not fluctuating as in the go # 0 case,
see also the discussion in Section@

of the form
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future boundary z =~ 1 of O; modulo the oscillations, this means that the scalar field amplitude has

experienced growth of size e in O.

Remark. Note that, as long as r is bounded away from 0, (4.2.3)) is consistent with (linear) oscillations
giving rise to ([1.4.4)): it is only as r gets close to 0 that these oscillations provide growth, hence the

name “collapsed oscillations”. We will show, however, that as soon as r < €, ¢ no longer oscillates,

see Section .24
The algebraic relations connecting (4.2.4]) to the ODE initial conditions ¢(r ~ r_) will ultimately

show that ¢ has the following schematic form at the exit of the collapsed oscillations region O:

2
o(r)~ Cy cos(wo e 24 O(log(e_l)))Jo <§0€2>

2
+ Cy sin(wp - €2 + O(log(e 1)) Yo <§062> . (4.2.5)

Contrary to appearances, (4.2.5) is not symmetric in Jp and Yy: when r < €, the function Yy (50’6"—5)

dominates Jy (50 ’;—i), since the Bessel functions Jy(z) and Yy(z) obey the asymptotics
Jo(z) = O(1) and Yy(z) ~ log(27") as z — 0. (4.2.6)

Hence, for e < r < ¢ (the lower bound will be explained in Section , we schematically

show

2
¢(r) = Cy sin(wp - € 2 4+ O(log(e™'))) log (50_1;2)
~ Cy sin(wp - 24 O(log(e_l))) 10g<£). (4.2.7)
r
Remark. Most other quantities, such as the charge @), already determine their final values at r =0
inside O (up to O(e)-errors). Therefore, the charge retention mechanism from Theorem results

from an explicit computation in O, see Lemma [4.4.7]

For more details on Bessel equations and functions, we refer the reader to our Appendix [A]

4.2.4 The Kasner bounce mechanism within our spacetimes

We will now explain the schematic mechanism behind the Kasner bounce phenomenon as obtained

in our Theorem which is the second main novelty compared to the gy = 0 case of [148]. We

bo

will show that the Kasner bounce, in the regimes where it occurs (namely, for € € E;W of positive

measure), is located in a region of the following form; for constants D > 0, N > 0:

2

Kyo C {e_D'E_ZeN Sr<e Pee Ny (4.2.8)
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We define the key quantity ¥, which is a dimensionless derivative of ¢: for r_(M, e, A) > 0 and
do(M,e,A) > 0 to be defined later, let

d¢

W= —ro and define ¥; := | 2. (4.2.9)
T

r=e %0 ¢ "p_

The condition for the presence of a bounce will end up being
n < |¥;| <1-—o0, for some 1,0 > 0 independent of e. (bo)

The reason for assuming 1 < |¥,| is that, based on numerics (see Section [1.2.5)), there could be
multiple Kasner bounces when|¥,| is close to 0, and the dynamics would be even more complicated.
If || is too close to 1, though we are still able to produce a spacelike singularity (see already The-
orem , we do not claim further quantitative estimates, as some Kasner exponents degenerate

towards 0 in this case
As a consequence of ([4.2.7)), we find that, for some C(M, e, A,m?,qg) # 0,

|W;| ~ |C| - |sin(wo - € 2 + O(log(e™)))]. (4.2.10)

Combining and (4.2.10) explains heuristically why the presence of a bounce depends on €
and why any small neighborhood of 0 of the form (—d, ) still contains infinitely many spacetimes
featuring a bounce.

Our non-bounce condition in Theorem is not the complement of (bo), it is instead
|W;| > 1+ o, for some o > 0 independent of ., (no-bo)

where, as above, we arrange that |¥;| is not too close to 1 to avoid the Kasner exponents degener-
ating.

We now explain why it is that if is satisfied, there is a bounce, whereas if is satisfied
then there is no bounce. Since the wave equation is second-order, ¥ should satisfy a first-order ODE.
Though our system is highly nonlinear, this ODE surprisingly turns out to be presentable in a simple
form, written schematically] as follows:

dv

B —U (¥ — 0,) (¥ — U; 1) + error, where R := log<r ), (4.2.11)

-

where the error terms are of size 0(6_60672) for some dg > 0 and, thus, have no impact on the

qualitative behavior of the ODE. The dynamics of ¥ relies on the linearized stability of (4.2.11])

near ¥ = W; of the schematic form

d(ow)
dR

“Note that the discussion of the ODE (@.2.11)) and its solutions was already present in [75] at the heuristic and

= (U2 —1) -6V + error.

numerical level.
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If |¥;| > 1, then ¥ = ¥; is a stable fixed point as R — 400 (corresponding to r — 0): this is
what happens if is true and then, there is no bounce and ¥ ~ ¥; up to r = 0. In contrast,
if |¥;| < 1, then ¥ = ¥, is an unstable fixed point, but ¥ = \I/;l is a stable fixed point. If is
true, then we find that ¥ gets inverted from ¥; to \I/i_l in the region , over which the change
in Ris AR = O(log(e1)).

Once the behavior of ¥ has been quantified, one can immediately retrieve the Kasner exponents
from Theorem using similar techniques as in [I48]. The most important (but algebraically
trivial) feature of these relations is that p;y = P(a) > 0 if and only if |a] > 1, see the formula
, (where oo &~ U;): thus, the final Kasner regime always has p; > 0 in Theorem m

Hence, the final Kasner regime indeed lies in the subcritical regime of exponents as explained earlier

in Section .24

4.2.5 Holographic superconductors in the AdS-CFT correspondence

In this section, we will discuss two separate questions, which end up being connected by a vast

literature.

e In what sense is the spacetime of Theorem the interior of a hairy black hole, i.e. can we

construct a corresponding “hairy black hole exterior”™
e What do numerics tell us about the hairy black hole interior of Theorem [1.4.1]

Note that Theorem [1.4.1]is valid for any value of the cosmological constant A € R. However, in the
A = 0 case, there are no non-trivial static, spherically symmetric solutions of the Einstein—-Maxwell—
charged scalar field system, see [12] (although [I2] assumes gy = 0).

On the other hand, in the A < 0 case, recent works of Zheng [155] [I56] construct asymptot-
ically Anti-de-Sitter hairy black hole exteriors bifurcating off of (a large subset of) sub-extremal
Reissner—Nordstréom—AdS spacetimes. The interior of these black holes corresponds to the space-
times considered in Theorem (in the gy # 0 case) and Theorem (in the go = 0 case),
thereby resolving Open Problem iv in [148].

Anti-de-Sitter asymptotics impose that, for a negative cosmological constant A < 0 in (Ein™):

2
g= (1 - % - A;’ - o(r—l)) [—dt? + ds?] + r?(s)dose, (4.2.12)

which gives the following asymptotics on ¢: for m? < 0, there exists constants b0y, ¢(1) such that

o(r) = d(o) - up(r) + ¢y - un(r),
(4.2.13)

3 9 2
2

—m
4 as r — +o0.

3y [o_ _
where up(r) ~r 27V ™ and un(r) ~r

Here ¢ ) = 0 corresponds to Dirichlet-type boundary conditions, while ¢y = 0 is Neumann-type.
Both boundary conditions are allowed in [I55, [I56]. We note that the Dirichlet case is the A < 0
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analogue of asymptotic flatness in the A = 0 case and thus truly corresponds to what should be
called an asymptotically-AdS “hairy black hole”.

Previous works in physics already argued for the existence of such stationary asymptotically-AdS
black holes [70, [73 [72] as part of the broader field of AdS/CMT (for Condensed Matter Theory)
aiming at improving the understanding of condensed matter on flat spacetime by embedding it in
a higher-dimensional AdS spacetime (see e.g. [76] or the related discussion in [148]). In the charged
scalar field case (qo # 0), such black holes represent holographic analogues of superconductors due to
a spontaneous breaking of the U(1)-symmetry that the charged scalar field is associated with. The
presence of black hole hair (meaning a non-trivial stationary black hole) reflects the phenomenon of
condensation, with Dirichlet boundary condition ¢y # 0 corresponding to a so-called stimulated
emission, and ¢(g) = 0 to spontaneous emission, in analogy with real-life superconductors (see e.g.
[81] for more details).

In summary, the first question is answered in the affirmative: the regions considered in The-
orem and Theorem indeed correspond to the interior of an asymptotically-AdS black
hole (with Dirichlet or Neumann boundary conditions) recently rigorously constructed in [155, [156],
whose existence had already been speculated in physics works [70] [72] in view of their importance
as holographic models of superconductors.

We turn to the second question, regarding previous numerical works in the interior of
asymptotically-AdS hairy black holes. Prior to discussing the gy # 0 case as studied in Theo-
rem let us mention that the hairy black hole interior with F = 0 (uncharged black hole)
was studied in [65], and with F # 0, go = 0 (uncharged matter) in [74], see [I48] for an extended
discussion. We also mention the interesting follow-up works [27, 52| [53] [68] [7T] for different matter
models.

Turning to the case with qg # 0, we start by remarking that the collapsed oscillations and Kasner
bounces from Theorem were previously anticipatedlﬂ numerically in [75]. This scenario was
verified numerically and is entirely consistent with our findings from Theorem [1.4.1] The motivation
to investigate the interior of holographic superconductors in [65] [74, [75] is two-fold: at first, it
originates as a rudimentary model for quantum effects in the interior of black holes, following the
AdS/CFT paradigm. In this context, the authors of [75] promote a holographic version of Strong
Cosmic Censorship roughly asserting that generic stationaryﬁ (asymptotically-AdS) black holes
(corresponding to thermal states) possess an internal singularity. Secondly, another motivation

originates in the paradigm of AdS/CMT to understand real-life superconductors using holographic

SWhile [75] is in the setting of planar symmetry which obeys slightly different equations, it happens to make no
difference to the fluctuating collapse and Kasner bounce phenomena and the conclusion of Theorem also hold

in this setting, as we already noted in Remark
5In contrast, the usual notion of Strong Cosmic Censorship is not tied to stationary solutions and formulates genericity

considerations inside a moduli space of initial data leading to a large class of dynamical spacetimes, see, for instance,

the discussion in [149].



141

models (as already formulated in [70, [72], [73] and pursued in [65] [74], [75]). In this context, an
analogy was established between the oscillations found inside holographic superconductors and the
(AC) Josephson effect inside a “real-life” superconductor, see [85, 86|, ultimately causing the Kasner
bounce in some regime. The physical interpretation of these Kasner bounces inside holographic
superconductors is still being debated [75].

Finally, note that, by the formula ((1.4.7), when o &~ ¥; gets close to 0, then the Kasner exponents
p2 = ps get close to 0: when this happens, [75] numerically observes a second Kasner bounce and
have also mentioned the possibility of arbitrarily many Kasner bounces. These very interesting
aspects are not covered by Theorem [1.4.1] since its assumptions specifically require to choose € so
that a(e) is bounded away from 0 (at the cost, of course, of reducing the measure of the set of
eligible € by an arbitrarily small amount n > 0). It would be of great interest to prove rigorous

results confirming the numerical breakthroughs of [75].

Open problem c. Generalize the conclusion of Theorem for a larger set of € € (—eq, €0) \ {0}
such that |¥;| < €V are allowed for a suitably chosen N > 0, where ¥; defined in (4.2.9) is
schematically of the form (4.2.10). In the |¥;| < €V situation, control the occurrence of two (or

more) Kasner bounces.

4.2.6 Outline of the proof in Chapter

The remainder of Chapter [f] will be devoted to the proof of Theorem [I.1.T] and Theorem [£.1.2] and
will follow the various regions R, N, €B, LB, O, PK and K depicted on Figure Recall that

the system of ODEs and initial data was already given in Section [2.4.2

e In Section [£.3] we prove estimates in the red-shift region R, the no-shift region N, the early
blue-shift region £B, and the late blue-shift region £B. These estimates are similar to the

ones appearing in [I48| and feature the almost formation of a Cauchy horizon.

e In Section[4.4] we prove estimates in the oscillation region O. This section corresponds to the
collapsed oscillations discussed in Section

e In Section [4.5] we prove estimates in the proto-Kasner region PK. In this section, we demon-
strate the onset of a Kasner geometry transitioning from the collapsed oscillations in O to the

Kasner behavior in K.

e In Section [4.6] we linearize the system of Einstein equations to control precisely the phase
O(e) = woe 2 + O(log(e_l)) appearing in (4.2.10)); this step is essential in constructing the
set E, of acceptable € in Theorem

e In Section [4.7] we prove estimates in the Kasner region K. In particular, we prove the Kasner

bounce phenomenon discussed in Section [.2:4]
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e In Section we conclude the proof of (the precise version of) Theorem by providing

precise geometric estimates characteristic of the Kasner behavior in a sub-region of PXC U K.

4.3 Almost formation of a Cauchy horizon

In this section, we provide estimates up to a region s ~ e 1. The analysis will be perturbative in
nature, and we always bear in mind the comparison to the linear charged scalar field problem in
Reissner-Nordstrom, see Section The analysis will largely follow [148], with minor modifica-
tions due to the dynamical nature of the charge () and the charge of the scalar field.

As in [I48], the estimates up to s ~ ¢~ will be divided into the four regions R, N/, £B, and LB
(see Figure [4.1). Where differences from [I48| are minor, we aim to be relatively brief, and focus

on the new techniques required to deal with the charge and the scalar field.

4.3.1 Estimates up to the no-shift region

We begin with some notation. As the arguments of this section are perturbative, it will help to
introduce differences between the quantities (r, Q2, ¢, Q, A) and their Reissner-Nordstrom(-dS/AdS)

values. Therefore define
br(s) = r(s) — ran(s), 802(s) = O(s) — D (),
56(5) = 8(5) — 92(5),
Q) = Q) e 94 = Al + (- 2.

Ty B rrN(S)

where we used 1' to provide the Maxwell gauge field Apny to which we compare, and ¢ is the
solution to the linear charged scalar field scattering problem in Reissner-Nordstrém, see Corollary

414
We also use the quantity §logQ?(s) = logQ?(s) — log Q% (s). We commonly use that for

§log Q2(s) < 1,
602(s) < Q%(s) 6log Q% (s) < 692 (s). (4.3.1)

We now proceed to the estimates in the red-shift region R.

Proposition 4.3.1. There exist Dp(M,e, A,m? qy) > 0 and Ar(M,e,A)> 1 such that, in the
red-shift region R = {—o00 < s < —AR}, the following estimates hold:

|6 +1927%¢| < Dre, (4.3.2)

k™1 — 1| < Dgé?, (4.3.3)

|w — M| < Dgé?, (4.3.4)
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dlog(? _
dg) — 2K (s)| + |log(a;'Q?) — 2K, s| < DRQ* < 1, (4.3.5)
010g (Q2)| + [67] + |67 + [SA|Q 72 + [6Q| < Dpé?, (4.3.6)
166 + |6¢| < Dré®. (4.3.7)

Proof. We provide a short sketch. For more details, see Proposition 4.5 in [142] or Lemma 4.1 in

[148]. We make the following bootstrap assumptions:

% log(?) — 2K, | < K4, (RS1)
9] < 4e. (RS2)
Q-el<3, (RS3)
r—ril < (RS4)

These will hold in neighborhood of s = —oco due to the asymptotic data (2.4.32)) and ([2.4.35)).
The bootstrap assumption (RS1)) will give the important estimate

/8 Q%(s')ds' < /S di log(Q?) - Q*(s') ds' = /S iQQ(S/) = 0%(s). (4.3.8)

oo oo A8 oo dS

The evolution equation (2.4.29)) for A will immediately yield that |/~1| < Q2. Therefore, turning
to the equation ([2.4.31)), we use (4.3.8]) to see that

|r2g'b| S/ 92(5/)6 ds < QQ(S)E,

—00

which, after another round of integration, gives |¢| < € + CQ?(s)e, for some positive constant C.
Since the right hand side of the equation is now bounded by CQ?e2, the estimate
is straightforward, and from this point and are also immediate. In particular, the
remaining bootstraps are all improved, so long as A is chosen large enough that Q?(s) < C~! and
€ is sufficiently small.
In order to get the difference estimates , , we make yet another bootstrap assump-
tion:

o] + |67 + [0 1log (Q%)| + 0A| + € Hog| 4+ e dg| < €2 (RS5)

The claim is that we can then use the ODEs for differences (found by subtracting from the
relevant ODE in Section the analogous ODE in Reissner-Nordstrém) to then improve the RHS
of by CQ?€e?, hence improving the bootstrap for Ag > 0 sufficiently large.

We demonstrate this for the d¢ estimate as an illustration. Taking the differences of ,
we have

1561 < 167110] + [71166] + [7|lor] + [0A]|Allg] + (A% + Q2)[6] + [62%[g].
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Using (4.3.2)—(4.3.5) as well as (RS5) to estimate the RHS by appropriate powers of ¢ and Q2
((4.3.1)) is also useful here), we see that

36| < %€,
so that, integrating this from s = —oco once and then twice, using (4.3.8) we indeed get
60| + 6] < CR2E

as claimed. A similar procedure can be executed for the remaining equations of Section [2:4.2] This

improves (RS5|) and completes the proof of this proposition. O

In the sequel, we fix Ag such that Proposition [£.3.1] applies. Next, we use a Gronwall argument

to provide estimates in the no-shift region N.

Proposition 4.3.2. Take S > 0 to be any fixed real number. Then there exists some
C(M,e,A,m? q0) > 1 and Dy (M, e, A,m? qo) > 0 such that, in the region N' = {—Ar < s < S},
the following estimates hold for e sufficiently small:

6] + ¢] < DnC*e, (4.3.9)
k™t — 1| < DyC*é?, (4.3.10)
|Q — e < DyC*¢?, (4.3.11)
|w — M| < DyC3é?, (4.3.12)
d ~
07| 4 |67 + |6 log (Q?)| + ‘djlog(QQ) + |§A] < DyC*€?, (4.3.13)
66| + |0¢| < DyC*é. (4.3.14)

In the sequel, we only apply these estimates at s = S, so that allowing Dy to depend also on S, the

terms involving C° can be absorbed into Dy — indeed we define D'y, = CSDy for convenience.

Proof. Here, we begin with some bootstrap assumptions on the geometry and the Maxwell field

which clearly hold in a neighborhood of s = —Ag:

QI < 2le], (NS1)

A< 2 (NS2)

k1 =1] <3, (NS3)

r> (NS4)

02 <202 (M, e, A) = 2sup Q% (s). (NS5)

seR
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Using these bootstraps and ([2.4.30)), it is straightforward to see that

d . :
‘ds(¢7 ¢) < Cl(M’e7A,q07m2)|(¢’ QZ))”

which immediately yields (4.3.9)). Using the evolution equation (2.4.28) for @ then gives (4.3.11)),

improving (NS1) — in fact we have |Q — e| < C%%¢2.
Next, we consider the following tuple of geometric and gauge quantities:

X = (61,07, 6log 2%, L5log Q%, 5 A).

Taking the differences from Reissner-Nordstrom for the equations (2.4.24)), (2.4.26)), (2.4.29)), along

with the bootstrap assumptions, for some Co(M, e, A,m?, qo) > 0, we get

X
‘C;S < Co(|X] + CFe?). (4.3.15)

Thus, using Gronwall, we deduce (4.3.13) for some C' with appropriate dependence on Cy,Cs. For
e small, this improves (NS2)), (NS4)), (NS5).
Next, for s > —Ag, we know Q72 < Cze~25-% for some C3(M, e, A, m?, qo) > 0. Hence, (2.4.22),

Ik71(s) — kU (=AR)| < Cye 2K-5C25¢2, (4.3.16)

So, for C chosen sufficiently large, we get (4.3.10) and improve (NS3|). The final estimate (4.3.14))
is straightforward. O

Corollary 4.3.3. Let S’ > S be another arbitrarily chosen real number. Then for S < s < S’ and
for € sufficiently small, there exists some D_(M, e, A,m?, q,S,S") > 0 such that:

Ir(s) —r_| < D_(® + e2K-%), (4.3.17)
'A + & Sl D (&4 Ky, (4.3.18)
T4+ r—
D7le?B-5 < 0?2 < D_*K-3, (4.3.19)
| — Bee™RNS — Bee WRNS| 4 | — iwpn Bee™ RN 4wy Bee WRNS| < D_ (€3 4 ee?K-%), (4.3.20)
dlog(©2?) 2 2K K|
—= 2K _| < D_ )< —. 4.3.21
ds S D) < g (4.3.21)

Proof. Note the previous proposition holds in the same way for S replaced by S’. Therefore, the
corollary follows from the difference estimates of that proposition, Corollary [£.1.4] and some further

basic computations on Reissner-Nordstrom such as
L. ran(s) —r_ Se?B-sfors >8> 1.
2. Q%N ~ e2K-5 for s > § > 1.

The final part of (4.3.21)) clearly follows by taking S large and e small. In the sequel, we will take
advantage of the fact that S and S’ can be taken to be as large as required. O
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4.3.2 Estimates on the early blue-shift region

The early blue-shift £B is defined by EB = {S < s < sy, = (|2K_|)"'log(re?)}, where
v(M,e,A,m? qo) > 0 is chosen such that (4.3.28)) holds. In the blue-shift regions, we begin to
exploit the fact that Q? is exponentially decaying in s.

Proposition 4.3.4. Take the quantity S in Proposition to be sufficiently large, and
v(M,e,A,m?,qo) > 0 to be sufficiently small. Then there exists some Dg(M,e, A,m?, q0) > 0
such that the following hold:

d
\(5log(92)] +s %Mog(ﬁz) < Dpe*s?, (4.3.22)
6]+ [¢| < Dg|Ble, (4.3.23)
|0r]s™! + 67| 4 [§A| < Dgé?, (4.3.24)
|x™! = 1] < 5, (4.3.25)
@ — M| +|Q —e| < Dgeé’s, (4.3.26)
6] + 16| < Dpe’s. (4.3.27)

Proof. Recall the quantities Dy, from Proposition and B € C from Proposition We

bootstrap the following estimates:

|61log Q2| < 4D/\e?s?, (EB1)
6] + wpklél < 20/Ble, (EB2)
r> 5, (EB3)
A < 2. (EB4)

To start with, note that, by (EB1|) and the Reissner-Nordstrém asymptotics, we have that, for
some C > 0,
C—ISQK,S < Q2 < CGQK,S.
Note also that [§Q| < €%s is immediate from (4.3.11)) and the bootstraps.
Next, we use (EB2|) along with the Raychaudhuri equation (2.4.22]) to get the estimate on x:

1
k™! — 1| < Dyé® + C| B2 -1 < 100" (4.3.28)

where v is chosen such that the second inequality holds. One can rewrite the left hand side of this

expression as
k71— 1| = 4033 |67 + #(e 0l — 1),

Hence, we can use (4.3.28) and (EBI1)) to produce a preliminary estimate on J7:

67| < Q%61og Q2| + e2E-5€ 4+ | B[22 < e2K-5(Dy + Diys?)e? + | B2 (4.3.29)
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Integrating this up|Z| from s = S, we get |dr| < €2s, or to be more specific we have the following,
where C' depends on the black hole parameters, m? and go but not the choice of S (unlike the

quantity D% = C°Dy which does have exponential dependence on S):

|6r| < C€*(|B|*s 4+ Dy + DiyS?e*5-%) < Ce(|B|*s + DYy). (4.3.30)

Here, we use that S2e2K-5

We wish to improve the bootstrap (EB1|). So we use the equation (2.4.26) and take differences

from Reissner-Nordstrom, leading to following inequality

is uniformly bounded for S > 0.

2 ' .
F < (9108 92| + 18] + 167+ 10QD) + 10f + 4

—§log 02
52 8

< e2B-s(Dis® + | B%s + Dy )e? + | B]2€2.
Integrating this expression up from s = S twice, we get

‘jélog 02| < Diye® + |B|?é?s,
s

|61log Q2| < Dlye?s + | B|?e%s2.

So, for S sufficiently large, we improve the bootstrap — note that D), = CSDy grows
exponentially in S so that D), > |B|? for S large.

Then taking differences between our ODEs and the Reissner-Nordstrom ODEs will lead to the
estimates (4.3.24) and (4.3.26)), thus improving upon the bootstraps (EB3) and (EB4)).

We now turn to the estimates on the charged scalar field. We shall use the equation and

consider the quantity

H =r'¢* + 1| AP, (4.3.31)

As we already control r and \/Nl| from below in this region, producing an upper bound for H would
give us desired estimates on |@|, |¢|. Using (2.4.31)) as well as (2.4.29), we compute

dH _ m*Q*rt b6 rlg AQQ?
2

o= : ¢? + 4riigl| AP

The last term is negative since 7 < 0, so we can apply Cauchy-Schwarz (again recalling the lower

bounds on r and |A|) to see that
H
df < CHQ2H,
ds

for some Cyp = O (M, e, A,m?,qo) > 0. Therefore, by Grénwall, so long as we pick S large enough
such that

Slin [e'e]
CyN?ds < CCH/ K-35 ds < log 2,

S S

"We use here a straightforward calculus lemma: given a > 0 and N € N, then for so € R large, f;: sNe ™ ds <,n

shlema%o,
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we deduce that H(s) < 2H(S) < 16rtw? | B|%€%, where the latter estimate for H(S) is computed

using (4.3.20). This improves (EB2)).

Finally, for the difference estimate on the scalar field we use the modified quantity H, given by
H =160 + g2 A]*|66)2. (4.3.32)

To find the analogous differential inequality here, we first need to find the difference version of

L)

m2Q2

4
where the errorﬁ term Egp is estimated by |Epp| < (1 — st + s2Q% ).

.. 2% . -
5 = —77"&;5 — @|APs¢ — 56+ Epp, (4.3.33)

Using a similar procedure as before, one can use this equation to get the differential inequality:

dH . -
oo S Q*H +E(1 — si+ 82Q% )V H. (4.3.34)

Rewriting this expression as a differential inequality in terms of v/ H and using the usual Grénwall
inequality with a (nondecreasing) inhomogeneous term, we get

VH(s) < VH(S) +/ S(1— s+ 20%) ds < €35

S
as required. This concludes the proof of (4.3.27) and the proposition. O

4.3.3 Estimates on the late blue-shift region

To close this section, we give the estimates on the late blue-shift region. Here, we leave the regime
where Cauchy stability holds, in particular showing that 7 remains at size O(¢?) rather than con-

tinuing to decay exponentially.

Proposition 4.3.5. Choose Ag > 0 sufficiently small, and define b_ = Q‘Qﬂ(iwjjv . Then, in the

region LB = {sin < s < Age~ '}, there exists some Dp(M,e, A,m? qo) > 0 such that the following
estimates hold, recalling the quantity c— from (2.4.9)):

r(s) —r_| < Dpé’s, (4.3.35)

4|/B 2,2 2
i ABPORneT(9) | g2 gy (4.3.36)

2|K_|

d 2 2
d—log(Q ) —2K_| < Dp€’s, (4.3.37)
s

‘CZ log (7“(5)‘17:25_2 . 92(5))‘ < Dp(e72Q% + €%s), (4.3.38)

8In this expression for the error term, our estimates in the region £B show that both —sr and s*Q%y are O(1).
Nonetheless, we choose to write it in this form both for clarity and because we shall use the same expression again

in the late blue-shift region, where both of these are still O(1) but for different reasons.
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log <a_§2;q> ’ < Dpe’s?, (4.3.39)

6] + 1| < Dre, (4.3.40)

Q —els™ +[6A] < DLé, (4.3.41)

| — BeeRNS _ Bee WRNS| 4 |¢) — iwpyn BeeFNS 4+ jwpyBee WRNS| < Dy és. (4.3.42)

Proof. We use the following bootstrap assumptions, where the constant By (M, e, A, m?, qo) > 0 will
be described later in the proof:

% log? —2K_| <|K_|, (LB1)
4] < 2l (LB2)

8| B|2w? T
i SR, <LBS>
Q] < 2le], (LB4)
|61log Q2| < B1e®s®. (LB5)

From (LB3), we have the trivial estimate |67 < €2, and thus |d7] < €2s.
Due to (LB1]), we have that in LB,

S
O2(s")ds' < |K_|7'0%(spin) S €2,
Slin
So given all the bootstrap assumptions, we may proceed exactly as in the proof of Proposition [£.3.4]
to recover the estimates (4.3.40) and (4.3.42)). Note that the error €5 in (4.3.33) is replaced by

&r,p which still satisfies the same estimate

€| S 63(1 —sr+ S2Q%N) < e,

so the proof follows in an identical fashion.
We also get the estimate (4.3.41)) just as in Proposition improving the two bootstraps

and (CB1),

Using the difference version of (2.4.27)), we get the inequality

‘ 5log r(22 < BIO%e3s? 4 €2 (4.3.43)

Integrating once, we deduce that

(r2?)| S Bi®siy(e) - € + %5 S s (4.3.44)

Therefore, in light of the previous estimates on dr, o7, for € sufficiently small we have

‘(Zlog(r(ﬁ)(s) - QK‘ + ‘;i log(Q?)(s) — 2K_| < Cé’s < | ’ (4.3.45)
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where the final inequality follows for Ag taken sufficiently small.
This improves the bootstrap (LB1)), and moreover, integrating (4.3.44)) once again will yield

|610g (rQ?)| < C(e?s},(€) + Bie*st, (€) + €2s%), (4.3.46)

which improves (LB5|) after once again accounting for dr, so long as Bj is chosen sufficiently large

(i.e. larger than 4C for the C' appearing in (4.3.46])).
It remains to improve upon the bootstrap (LB3)). For this, as in the uncharged scalar field model

of [148], we use the Raychaudhuri equation in the convenient form ([2.4.23)). We begin by estimating

the expression involving the scalar field; using (4.3.42) and (4.3.41]), we have

1012 + |A]2¢2|¢|? = |Bupnee™ PN — Bupyee “RNS|2 4 2 | Bee™RNS 4 Bee WRNS|2 4 £p.
Expanding out the trigonometric expressions on the right, we can see this can be rewritten as
|6 + |APg5|¢* = 4| BPwhye® + €, (4.3.47)

where the error term is bounded by |Ep| < €*s

Therefore, using also (4.3.35) and (4.3.44)), one finds that (2.4.23) may be written in the form

a, . )
ﬁ(—r) — 2K _(—7) = 4| BPPwhyr_e* + Ep(s), (4.3.48)
with the error £g(s) once again satisfying |Eg(s)| < €*s.
We now use a classical integrating factor of e 255 to integrate (4.3.48) between sy, and s,
yielding
S
—i(s) = —e2K-(s=sun)yi( g —i—/ 4| BlPwhyr_e2e?K-075) 4 gp(s)e? K- q¢/ . (4.3.49)

Slin

Using |Ep(s")| < €*s’ and computing these integrals, we find that

4|B|?w? yr_e?

—7(s) — ok |

4|B|?w? yr_e?

2K |

2K_(s—Siin) _f(slin) _ + 648. (4350)

~

From this and prior estimates, we yield (4.3.36|), thus improving the remaining bootstrap (LB3]).

The estimate (4.3.38]) simply comes from combining (4.3.36]) and (4.3.37)). Finally, (4.3.39) follows
from combining ([2.4.9) with (LB5]), plus using that e?5-5 < e2K-sun < €2 for s € LB. O

We conclude this section with a straightforward corollary concerning quantities evaluated at a
specific point s = sp(€) = 50sy;,,(€) that will be useful in the next region. For ease of notation, we

first define the dimensionless parameter 20(M, e, A, go) > 0 as:

WRN M e, A qg)
2 = \/IQK— Vo) (4.3.51)
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Corollary 4.3.6. Let so(€) = 50sy,(€) € LB. Then, upon defining the quantities

~ d [ r? !
ro =7(s0), wo = |qA(so)l, & = wo <_ds <r2 62)) (s0);, Qo= Q(s0), (4.3.52)
we have the following estimates:
1
lro —r—| + log(e_1)|wo — wrN| + &0 — S| BPae +1Qo —e| < Dpé log(e_l). (4.3.53)

In particular, the following upper and lower bounds hold for &.

1

§o < W, 50_1 < 16|B’2QU2. (4.3.54)

Finally, one has
|6(s0)| + [b(s0)| < Dre. (4.3.55)

4.4 The collapsed oscillations

From this point, the results begin to differ from that of [I148]. We next study the region of ‘collapsed
oscillations’ (see Section , a region where r eventually becomes O(e) small. The dynamics in
this section are largely driven by the charged scalar field, which remains oscillatory but also exhibits
a slowly growing behavior, in that the amplitude grows from O(e) at start of the regime to O(1) at
the end of the regime. Indeed, after a change of variables, the behavior of ¢ will be well approximated

by a Bessel function of order 0. Schematically, in the region € < r < r_, the scalar field behaves as

r2 _ 2
$(r) ~ — - cos < 5 + O(log(e_l))) . (4.4.1)

€

We will, in fact, need to track the growth-oscillatory behavior more precisely using the explicit

Bessel functions Jy(z) and Yp(x), defined as the two linearly independent solutions of Bessel’s

d% (Z@ Laf—o. (4.4.2)

They exhibit the following asymptotic behavior (see also Facts[A.0.1} |A.0.2| and [A.0.4]in Appendix
for more detailed asymptotics):

equation of order 0:

Zcos(z—T)+ O(z7%?)  as z — 400,

Jo(Z) = = (4.4.3)
14+ 0(2) as z — 0,
2 g _T —3/2
Yolz) = V=sin(z— %) +0(z7%?)  as z — 4o, (4.4.4)

2(In(%)+7) +0(z) as z — 0,
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where v = 0.577 is the Euler-Mascheroni constant. We see, therefore, that the Bessel functions
Jo(z) and Yp(z) both oscillate and decayﬂ at a slow inverse polynomial rate as z — oo, but exhibit
very different behavior in the z — 0 regime. We later show the schematic estimate (4.4.1) takes the

following more precise form involving the renormalized variable z = Z—; and the frequency &y defined
in Corollary [4.3.6}
& 1’ &
¢(T) ~ Cj(ﬁ) . J() 7172 . 672 + CY(G) . YO 7172 e )

€

Cy(e) = /2m& - |B| - cos (& - €2), Cy(€) = \/2n&o - |B| - sin(&o - €72).
In light of (4.4.3)-(4.4.4), tracking the size of the coefficients Cj(€) and Cy (e) precisely will be
important in later sections.

The main objective of Section [£.4]is to prove these schematic estimates. In view of the logarithmic
growth of Yy(z) for z < 1, the precise value of the coefficient Cy (€) will be crucial in the geometry
of the later regions where r < € (see Section [4.5).

Once the scalar field asymptotics are understood, we also account for the scalar field backreaction
onto both the Maxwell field and the geometry. In this region, the backreaction on the spacetime
geometry is minimal; however the backreaction on the Maxwell field has a rather curious effect. That
is, within the oscillatory region, the charge Q(s) will decrease in absolute value from (approximately)
e to (approximately) Qoo, where Qoo (M, e, A) depends on the black hole parameters and lies strictly
between § and e, see and Lemma Qoo being bounded away from 0 is causing the
charge retention in Theorem see Section 4.2.3

We now state the main result of this section, where O = {s > sp(e) : r(s) > 2|B|Wer_} and we

recall that 20 was defined in (4.3.51]).

Proposition 4.4.1. For s € O, the lapse Q2 obeys the following upper bound, where we recall a_

from .
Q%(s) < a_exp(K_s). (4.4.5)

There exists some Do (M, e, A,m?,qo) > 0 such that, for s € O, we have the following estimates:

| — r7(s) — 4| B]*W*r? wrn| < Doetloge ™, (4.4.6)
d 2 2 -1 -2
£logQ —2K_| < Do€*(log(e™) +772(s)). (4.4.7)
|0 A(s) — qoARN 0| < Doe?, (4.4.8)
1 2K_
|Q(3) —e+ i (r2 —12(s))| < Doe*log(e™1). (4.4.9)
RN,c0

9As z is decreasing in s in our setting, and we are interested in behavior as z decreases, the decay of Bessel functions

exhibits itself as inverse polynomial growth of the amplitude of the scalar field ¢.
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Finally, there exist coefficients Cj(€) and Cy (€) determined via the formula and satis-
fying (4.4.29) and (4.4.30) such that we have the following two estimates on the scalar field: for all
seO,

‘¢(s) — <CJ(€)JO (5(;;26(;» +Cy (e)Yo (é‘;i(;)»' < Doe*log(e ™), (4.4.10)
‘é(s) — wo <CJ(€)J1 (%i?) + Cy(e)1 <&7’;_2S))> ‘ < Doe*log(e ™). (4.4.11)

Here, & and wy are as defined in Corollary [{.3.0

Later, it will be convenient to refer to (4.4.9)), (4.4.10) and (4.4.11]) evaluated at the right endpoint
of O.

Corollary 4.4.2. Let spi(€) > 0 be such that r(spr) = 2|B|2Wer_. Then
|spr — (8| BI*W?wrn) '€ ?| < Dolog(e™!). (4.4.12)

Further, if one defines Qo as

2K_(M,e,A)-r2(M,e,A)

Qoc(M, e, A) =€ oMo d) (4.4.13)

one may infer the following estimates at s = spi.
1Q(spK) — Qool < Doe?log(e™"), (4.4.14)
|6(spr) — (Cr(€)Jo(4€0| BI?W?) + Cy (¢)Yo (4| B[*W?))| < Doe?log(e ), (4.4.15)
[9(sp0) — w0 (Cr(0)7 (46| BPAP) + Oy (Vi (46| BP)) | < Do log(e7).  (4.4.16)

This section will be organized into three parts. In Section we introduce the main bootstrap
assumptions for the region O, and make several preliminary observations. In Section[£.4.2] we derive
the main scalar field estimates, establishing the aforementioned Bessel type behavior. In Section

4.4.3] we use the results on the scalar field to improve the bootstrap assumptions, proving in

particular the estimates (4.4.5)), (4.4.7) and (4.4.9) regarding Q?(s) and Q(s), then complete the

proof of Proposition [4.4.1

4.4.1 Bootstraps and preliminary estimates

Throughout the proof of Proposition [£.4.1] we make reference to the following three bootstrap

assumptions:

Q° < €', (01)
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6] + 9] < €', (02)

Q<€ (03)

By Proposition and Corollary these hold within a neighborhood of s = sp(€). It will

be convenient to define the bootstrap region Opyer as the connected component of {s € O : s <
¢4, (O1)-(O3) apply} such that so € Opoot. We now make some preliminary estimates using these
bootstraps and Proposition Morally, the following lemma will allow us to treat —r7 and A as

constant inside O, at least up to an extremely small error.

Lemma 4.4.3. Any s € Oy satisfies s < € 2. Furthermore, there exists some constant

Do (M, e, A,m?, qo) > 0 such that, for s € Opot,

d
25T F1ri(s) —ri(so)l < Doe®, (4.4.17)
|—ri(s) — 4| BPWwrnr? €| < Doetlog(e7), (4.4.18)
|0A(s) — q0A(s0)| < Doe™, (4.4.19)
llgoAl(s) — wrn| < Doe”. (4.4.20)

Proof. These estimates are immediate from and . Indeed, letting f be either —rv
or A, we see that

<02 By(ol 10l e )

for some polynomial P; of degree less than 2. Then, using that provides a large power of ¢,
the remaining bootstraps plus the fact that r(s) = € give the estimates (4.4.17) and (4.4.19). The
other two estimates then follow straightforwardly from Proposition and .

As —r7 2> €2 and 72(s0) = 2 + O(? log(e_l)), it is immediate that s < e 2 for s € Opppr. [

We use Lemma [£.4.3] to rewrite several of the equations of Section [2:4.2] as simplified equations
with constant coefficients, plus an error term. Recalling & from (4.3.52)), to simplify notation, we

denote

2 -1 5
x=ux(s) = :2(:2), so that & = ‘ <_dx> ~qoA

I (s =so0). (4.4.21)

We then proceed to rewrite (2.4.31)) and (2.4.28) in terms of the new variable . Performing this

change of variables, one gets the two equations:

d d
- <$df:> + Exp = &, (4.4.22)
% = sgn(e)qor? &oe’a|d|? + Eg- (4.4.23)

We should like to estimate the error terms &£, and £g. To do so, we apply Lemma extensively

to prove the following corollary.
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Corollary 4.4.4. Recall x and & from (4.4.21). Then, for s € Opoor, one finds

o (~2) " wAl

Furthermore, in the equations and , one has the following control on the error

terms:

< Doe®. (4.4.24)

€| + |€q| < Doe®

Proof. For (4.4.24)), we first use that, from (2.4.25)),

A2z d 02

-
ds? ds 2r2 ¢2

T€2

Q2

)| =

r2|p)? — ‘ < €%, (4.4.25)

where the final estimate comes from the bootstrap assumptions (O1)—(O3]). Integrating this once
between sp and s € Opyer, and combining with (4.4.21)), (4.4.24)) follows.
For the error terms, making the substitution s — z in (2.4.31]) and (2.4.28)) yields:

de\ 1 ~
§O_<_ds> lgo Al

for some polynomial P of degree less than five. Upon inserting (O1f), (4.4.25) and (4.4.24]), the

corollary follows. O

A2z

a2 | T

€l + €0l S (92+ ) Pl r (el 19]),

4.4.2 Scalar field oscillations

The focus of this subsection will be understanding the behavior of the charged scalar field ¢(s) via
the equation (4.4.22). This equation is a Bessel type ODE that we would like to understand as x
decreases from e 2 + O(log(e™ 1)) to r?(spk)(r2e?)~! = 4| B|*02.

Proposition 4.4.5. For s € Opyet, there exists a constant Do > 0, and coefficients Cj(e) and

Cy (€) such thaﬂ
|6 — Cy(€)Jo(éo) — Cy (€)Yo(éox)| < Doe' (4.4.26)

‘ + &C(e)J1(&o) + ECy (€)Y (&oz) | < Doe'”. (4.4.27)

Defining xp = x(s0), the coefficients Cj(€) and Cy (€) are determined by

Cole) | _ map | —EYi(Sovs) —Yo(fol’ts)] [¢($B)] ‘ (4.4.28)
Cy (€) 2 | &ibors)  Joléoxn) | | %(zp)
The coefficients obey the estimates
Cy(e) — \fm—l COS(@(E))‘ < Doe*log(e ™), (4.4.29)

0For a definition of the Bessel functions Ju(z) and Y, (2), see Appendix and Fact
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‘Cy(e) - ‘fml sin(©(e))| < Doe?log(e™1), (4.4.30)
where the phase function ©(e) is given by
-1
i 2 d o i
O(e) = |qAl(s) - r*(s) - (dsr (s)> +wrNS +arg B — 1 . (4.4.31)
$=80

Finally, one has the following upper bounds for ¢(s) and ¢(s):

100|Bler_

max{|¢],wpy o[} < (4.4.32)

Proof. Ignoring the error term &, the equation is exactly Bessel’s equation of order 0 after
a rescaling z = £yz. We should like to separate the analysis of the linear behavior arising from
Bessel’s equation and analysis of the error term.

For this purpose, we recast the equation (4.4.22)) as a first-order linear evolution equation in the

variables (¢, %), treating the error term as an inhomogeneity. We get the following (see also the
discussion preceding Lemma [A.0.6)):

)| | 0 1| 0
Zi(l’)] - [—5(2) —;] Lzli(x)] + L&J : (4.4.33)

The analysis of this first-order system then follows from Lemmal[A-0.6] or more precisely Corollary
Following these, we aim to write the solution using Duhamel’s principle; let S(z1;29) be the
linear solution operator for the usual Bessel’s equation defined in Lemma and S¢,(x1;x0) =
Q¢ 0S(&ow1; €ox0) OQ;)1 as in Corollary where Q,, : R? — R? is the linear stretching operator
Q, : (A, B)— (A, xB).

Then, following Corollary S¢, (w15 x0) can be interpreted as the linear solution (semigroup)
operator for the first-order system without the inhomogeneous term &;. Defining x5 as in
the statement of the proposition, we have from Corollarythat lzp—e2| < log (6*1). Duhamel’s
principle (i.e. Corollary applied to first-order systemﬂ gives that

¢ ¢ : oo ]
x) =S¢, (T;x x S¢o(m; T dx. 4.4.34
[%] () =S¢y (z;28) [Zlf] ( BH/W ¢ (@ T) L&ﬁ(%)] ( )
We define:

5 ¢ be ’ oo
x) = S¢,(z; zRB), T) = Seo(z3 7
] =setwan [g) o (& o= [ s ]l

Thus ¢p(x) represents exactly the solution of the homogeneous linear Bessel ODE with data given

a4
dzx

di. (4.4.35)

at © = xp, while ¢.(x) is to be treated as an error term due to the small inhomogeneity. To treat
¢p(x) and ¢¢(z), we shall use parts and of Corollary respectively.

"'Note that in this section, we are always integrating backwards in z. Nonetheless, the standard theory of first order

systems will still apply, with the usual convention that f;ol = — f;l".
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As ¢p(x) must be a solution to (a rescaled) Bessel’s equation, the solution must be exactly

(using Fact to justify the appearance of Ji(§z) and Y;(§px) in the derivatives):

¢p(z) = Cydo(§ox) + CyYo(oz), (4.4.36)

dop

dx

In these equations, the coefficients C; = Cj(€e) and Cy = Cy(¢€) are chosen such that ¢(zp) =

¢p(xp) and %(x ) = d¢B B (zp), i.e. so that ¢p(x) agrees with ¢(x) to first order at » = zp. (It is

immediate from (4.4.35) that ¢e(x) vanishes to first order at x = xp.) Part of Corollary
then implies (4.4.28)).

In order to deal with ¢.(z), we recall part [2] of Corollary Using Corollary in

particular the upper and lower bounds for & in (4.3.54)), the operator norm of the rescaled solution

(x) = =& CrJ1 (&) — & CyYi(&ox). (4.4.37)

operator satisfies

1 i)
ISy (21: 70) 1252 < max {W 16|312m2} - max {1, :E} |

Integrating backwards in the variable x, i.e. x < T in (4.4.34]), we can see that upon defining the [*°

norm on R? as [|(z,y)[liee = max{|z|, [y[},

- 0
S¢o (z,T) !15¢(j)]

where we apply Corollary and x > 4|B|?20? in the last step. Furthermore, the length of the
interval of integration in (4.4.34)) is bounded by x5 — x < x5 < 2¢72, so we have

de(2) P ,
Se¢, (x; T dx
‘ [izﬁ: <x>] / ) [;%m]

as required. Combining (4.4.36)), (4.4.37)) and (4.4.38) then gives both (4.4.26) and (4.4.27)).
We now recover the precise form for the coefficients C(¢€), Cy (€). We carefully compute C(e);
the other coefficient Cy (e) shall follows in an analogous manner. By (4.4.28)), we have the formula

1 20v72 1 20
S maX{W,|B‘ Qﬂ } . ;Sup ’g¢| 5 €

[oo

< €l (4.4.38)

zw|

[

LB

€)= T3 |-6a¥i(Epre)o(on) ~ Yo(€une) Y2 am)|. (4.4:89

We therefore obtain a precise expression for C;(€) using the large-z asymptotics for the Bessel
function Y, (z), and the scalar field estimates at the comparison point s = sp given by (4.3.42)) in
Proposition m By Fact [A.0.4/and z3 = ¢ 2 + O(log(e™ 1)),

Yo(&ozp) = 1/ s1n foscB - —) + 0(€%), (4.4.40)
Y1 (&oxg) = 1/ cos §0x[5 — —) +O(é%). (4.4.41)
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On the other hand, writing B as B = |B|(cosarg B + isinarg B) in (4.3.42) gives for ¢(zg) =

B(8)|s=s0"
d(xp) = 2|Blecos(wrnso + arg B)| + 0(63 log(e_l)). (4.4.42)

For %, we proceed in several steps, using in particular Lemma |4.4.3| (4.4.24), (4.4.21]) and (4.3.53]):
do dz\ ' .
7 @B) = <d5) ¢

d 71
= —2|Blewrn <d$> sin(wrns + arg B)
s

$=s0

+ O(e’log(e 1))

=50

= +2|Blewrn (8| B’W?wrn) ' sin(wrnso + arg B)| + O(e* log (e 1))

= 2|Ble&osin(wrnso + arg B)| + O(e* log(e71)). (4.4.43)

Substituting all of (4.4.40), (4.4.41)), (4.4.42)), (4.4.43) into (4.4.39)), one deduces that

2
Cye) = %1 / Wj; - 2| Ble cos (onlg - % + WRNSO + arg B) + O(é? log(e_l)). (4.4.44)

To conclude, one uses Corollary and zg = e 2 + O(log(e™')) to yield, since /8% |B| =
W + O(elog(e™1)):

Cjle) = \fﬁﬂ_l cos(9(e€)) + O(e* log (e 1)), (4.4.45)

where by the definition of £y in Corollary 4.3.6, ©(€) is as in (4.4.31]).
Finally, to obtain the upper bound (4.4.32)), note first of all that &z > 4| B|?? > 1/4 by

Corollary . Since one can check that, for z > %,
max{|Jo(2)], |/1(2)], [Yo(2)], [Ya(2)]} < 102712,

one can use (4.4.26) and (4.4.27)) along with (4.4.29) and (4.4.30) to deduce that

dgf)‘ < 60|B|€7‘_'
dx -

r

max {\¢(x)\,§0—1 (4.4.46)

} < VTW - 10(6x) 2 + O(e? log (e 7))

Then, one can use Lemma to change the z-derivative to an s-derivative, with negligible error,

and thus find (4.4.32]). O

4.4.3 Precise estimates for ) and (2

Note that while (O2)) has already been improved by (4.4.26)), it remains to estimate Q and Q2 in
the region Opyet, and close the remaining bootstraps (O3]) and (O1)). We shall show that @ changes

to (a value close to) the quantity Qu., while Q2 remains exponentially decaying in s.
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Proposition 4.4.6. For s € Oy, we have the following estimates for Q(s) and Q?(s), where
Do > 0 may be larger than that of Lemmal[{.4.3 and Proposition[{.4.9 if necessary.

Q(s) —e+ E ~2K7 (r2 —1%(s))| < Doe*log(e™1), (4.4.47)
4 ApN oo
‘CZ log Q% — 2K_‘ < Doe* (log(e™h) +7r72%(s)) . (4.4.48)

Proof. We shall prove (4.4.47)) using (4.4.23|) and Proposition By Corollary particularly
the estimate |Qp — e| < € log(eil) from (4.3.53)), it remains to estimate the integral:

€T
sen(e) | aor a0l (z) da, (4.4.49)
zB
where we recall for convenience that z = (-=)% 2.

Firstly, using (4.4.26)), (4.4.29), (4.4.30)), and the Bessel function asymptotics in (4.4.3)), (4.4.4),
one may find that

1
‘gb - @Qﬁ_l cos(&ox — /4 — O(e))| < € log(e_l)x_1/2 + 2732, (4.4.50)
which we may use to deduce the estimate
Qﬂ_2
Eord? — 5 cos®(&ox — /4 — @(e))‘ < eflog(et) +a (4.4.51)
Therefore, recalling that 072 = li[;:,‘ = ||§K*| | by definition, we can integrate this to estimate
0|/ 1RN,co
(4.4.49) by
T 2K 2 T
/ qor E0e%i|62(3) di — ’~|T—62/ cos(€oF — /4 — O(e)) di
B 2|ARN,<>0| B

< €2(e? 10g(e_1):n3 +log(zp/z)) < € log(e_l). (4.4.52)

Then integrating cos?(§oz — /4 — O(€)) = (1 + cos(2§oz — m/2 — 20(€)) in the usual manner,

| arteociloP @) di - @) — (as)

R < e2log(e™t). (4.4.53)
5 4|ARN o] )

By replacing r?(z) by 72 (which carries an error of O(e?log(e™1))), we get the estimate (4.4.47)
~ to ensure we have the right sign in (4.4.47)), recall that e and A RN,oc have opposite signs, while

2K _ is negative.
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We now move onto the estimates for Q2. For this, we consider (2.4.27)), and integrate by parts
using (2.4.30) as follows, where we use (O1) to control error terms involving Q2

d s . -
%mg(rfﬁ) —2K_|(s) S ‘dsélog(rm) (s0) + /go<—|¢|2+q8|A|2|¢|2)ds + e
< log(e7) + [60(s)] + [9(s0)| + / o(6+ gBIA20) ds
< Elog(e7!) + |¢d(s)| + /8 _i‘w ds|. (4.4.54)

In the third line, we used Corollary to absorb |¢d(se)| into the €2 log (e71) error.
By (4.4.32) in Proposition for s € Opot, One has

10% B]2wgne?r?
5 .

|60(s)| <

r

Inserting this estimate into all instances of qﬁq‘ﬁ in (4.4.54) and then evaluating the integral, one
eventually arrives at the estimate (4.4.48]), after applying (4.4.18)) again. Indeed, one has

d 2 d 2 —7 2 —1 —2
£log(2 —2K_‘ < ’dslog(rﬂ ) —2K_ —|—7§6 [log(e™) +77%(s)] .
This completes the proof of the proposition. O

Proof of Proposition [{.4.1 and Corollary[{.4.3. Suppose the bootstrap assumptions (OI), (O3),
(02)) hold in Opyer C O. Then the conclusions of Lemma and Propositions and hold.

In particular, (4.4.32)) and (4.4.47)) show that (O2) and (O3) are indeed improved in the bootstrap
region. Since, by Lemma [4.4.3] we know that s < =2 for all s € Oy, in order to show O = Oyt

it remains only to improve (O1]).
For this purpose, we simply need to integrate (4.4.48). By (4.4.18)), we know that —rr > €2,
hence due to (4.3.39)) and s > sp 2 log(e_l), one has

|log Q%(s) — 2K_s — log a_| 56210g(61)2+/ (glog(el) _r)
.
o

S

r(so)

r(s)
In fact, the final term on the right hand side is also bounded by € log (6*1)3. To see this, note that
if s is such that r(s) > %, then (4.4.18) implies that

S _ (3 s 2
log r(so) = / TES) ds < / < 5 d5 S é%s.
r(s)  Jso 7(3) so T(5)
On the other hand, if r(s)<’5 then (4.4.18) implies that s > €2, and thus log(rr(ff))) Slog(e™?) <
€2 log(efl)s.

< € log(e_l)s + log (4.4.55)
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Hence, (4.4.55)) implies that

02 < a76(2K_+D06210g(6_1))S’ (4456)

which clearly implies 1} for e small. Moreover, since e~50(6) < €50 we have improved the final
bootstrap (O1]). Therefore, Opoor = O and its right endpoint is s = spx, where r(spx) = 2|B|Wer_.
Integrating (4.4.18) in the region O, one gets:
L 9

1 _
57" (so) — 57“2(8]3[() — 4|B|29ﬂ2wRNr362(SPK —50)| S € log(e 1),

which simplifies after applying the estimates of Proposition to
|T3 — 8|B|2ﬂﬂ2wRere25pK| < € log(e_l).
This yields the estimate (4.4.12) for spx. The remaining parts of both Proposition and

Corollary are straightforward. O

Remarkably, (4.4.14]) shows that the spacetime exhibits a nonzero, yet controlled discharge within
the oscillatory region @. We conclude this section with a (purely algebraic) lemma revealing that

the final charge Qo (M, e, A) lies strictly between e and e/2.

Lemma 4.4.7. Define Qo as in (4.4.13). Then one has the following alternative form for Qs,
where we recall Pse = PAVUPA=0UPA>0 from Section .

3 Ar2r (2r_ +ry)
Qoo =get 12e '

(4.4.57)
From this, we make the following observations regarding Qs :
(i) If A =0, then Qoo = 2e.

i) If A < 0, then Qoo lies strictly between e and 3e. Furthermore, as (M, e, \) varies across
2 4

(
the sub-extremal parameter space PSAG<0, Qo /€ achieves all values in (%, %)

(111) If A > 0, then Qoo lies strictly between %e and e. Furthermore, as (M, e, \) varies across the

sub-extremal parameter space P70, Qoo /e achieves all values in (3,1).
In particular, in all cases, one has |Qso| > 3|e| > 0.

Proof. To get (4.4.57)), we need to find a clean expression for 2K_ in terms of the black hole
parameters. For this purpose, recall the polynomial (2.4.1]), and define the function f(X) as

2

F(X) = XPyen(X) = X2y — X)(r- — X) (72 — s + )X — 4X7),

TyT—

from which we may alternatively define the surface gravity 2K_ as:

2K (M,e,A) = f(X)[xmr =2 —ry) (75— A (g +r) — 42).

T
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Recalling once more that ARN’OO(M, e, N)=°2%— <& = M, we therefore get (4.4.57)).

T4 T [
Once we have (4.4.57)), the case (i) is immediate. For the first statement of , one may assume
without loss of generality that e > 0. Then, for A > 0, (4.4.57) gives Qv > %e, while (4.4.13|) gives

Qoo < e, since ARN,OO < 0 and 2K_ < 0. For the A < 0 case, we require one final observation,

namely

1 1

0=17"Prren(rs) == Paea(r-) = e <r N r> +(rp—r) —
Jr —

Dividing by r4 — r— and multiplying by r;r_, this gives
%fmrfr_(ri +ryr +r2)=—e? fror_.

In particular, in the case A < 0, we then have

0< —%72_74(27’_ +ry) < —%mrr_(ri +ryr_ +12) < e
Substituting this into (4.4.57)), we get the first statement of ().
To prove the second statements of , , we first state without proof several facts about the
sub-extremal parameter spaces. Without loss of generality, we fix e to be positive. Then letting

PL = Pse N {e > 0} be the space of subextremal parameters with positive e,
e PL is an open, connected set in R3.

e Define the set PA<0 to be the set of (M, e, A) € RT x R x (—o0,0) such that the polynomial
Piren(X) has a single repeated positive root X = R, and PA>0 to be the set of (M, e, A) €
R* xR x (0, +00) such that the polynomial Pyse A(X) has two positive roots X = R and X =
Re, with X = R having multiplicity 2 and R < Rc. Then, P, = (PA<0UPA>0) N {e > 0}
is a subset of the boundary OP.

e For (M, e, A) € PL, one must have —o0o < AM? < %, i.e. we are constrained to have AM? < %

se’
in order for there to exist a choice of e > 0 such that the polynomial Ppse A (X) has the correct

number of distinct positive roots. Moreover, all these values are achieved when restricting to
~ 2
the extremal case i.e. {AM?: (M, e, A) € PfL} = (—o0, 2).

e The functions r, (M, e, A) and r_(M, e, A) are continuous in PL. Furthermore, they may be

continuously extended onto P}, C 9PL, upon defining r— =r, = R on PJ,.

In light of these facts, Qo is a continuous function of (M, e, A) in PZ, and may be continuously

se’

extended onto the space of extremal parameters P | where we have

3 AR*
Qoo = e+ - (4.4.58)
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We would like to estimate AR*  For extremal parameters, we must have Ppea(R) =
diXPM»& A(R) =0, from which we can get the two identitie:

—2AR? + 3R —3M =0, (4.4.59)

R? —3MR +2e* = 0. (4.4.60)

Using (4.4.59) and then (4.4.60) in (4.4.58]), we then get

3 R(R—M)\ 3 R-M\ 3 1

It remains to work out the range of values that R/M can take. We rearrange (4.4.59) to get the

equation:

R 2 R\?
1——+=AM?*(=) =o0. 4.4.62
T3 (M) 0 (4.4.62)

As AM? varies between —oo and %, we can see that the unique positive root of this cubic expression
in R/M varies between 0 and 3, not including the endpoints. (Note that if AM? > 2, then in fact
there are no positive roots! This is why AM? must be upper bounded.)

Therefore, as AM? and thus R/M vary within their allowed ranges, from we have that
Qoo 1s allowed to take every value between e/2 and e, not including the endpoints.

Of course, this computation was done for extremal parameters in P, rather than the subextremal
parameters in Pf. But P is connected, so it is straightforward to show that indeed {Q (M, e, A) :

(M,e,A) € PL} = (e/2,e) also. This concludes the proof of Lemma [4.4.7} O

4.5 The Proto-Kasner Region

4.5.1 Estimates beyond the oscillatory region — statement of Proposition 4.5.1

In the previous section, we considered the region O = {s > sp : r(s) > 2|B|Wer_} = {so < s <
spr}, where sp(€) = 50sy;, and we spr = O(e~2) was defined such that r(spx) = 2| B|2er_. The

reason it was necessary to end this region at r ~ er_ was twofold:

1. Considering the Bessel function form of ¢,

&or? &or?

6= (55 ) + Cr v (55 ) + e,

then the Bessel functions Jy(z), Yo(z) will change behavior from oscillatory (at large z) to
convergent or logarithmically growing (at small 2) once r?(s) < &5 'r2e? ~ 8|B|?W2e%r2.
(See (A7), (L))

">These will arise from % Pasea(R) =0 and % (X *Pase,n)(R) = 0 respectively.
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2. We tackled many error terms using the smallness of Q2(s) to dominate polynomial powers
of 1 and |¢|. At the start of the region O, i.e. s = so(€) = 508y, (€), we only had that
02 < €19 50 in order for the errors to be controlled we required r~! to be at worst an inverse

power of e.

Nevertheless, we will show that we may extend many of the important estimates beyond s = spg

to a region PK = {s > spx : r(s) > e~%¢ “r_}, which for reasons that will later become clear we

denote by the proto-Kasner region. Here, the dimensionless constant dg(M, e, A, qo) is selected to

be (recall that b_ = 2ZEEY — 2| B|2p?)

_ 1 2 g4 _ 1.
0 1= 5oos | BOM, e, )| > W4 (M, e, A, o) = b~ (4.5.1)

In the region PX, we will overcome difficulty [1| by instead using new bootstrap assumptions that
reflect the now monotonic behavior of ¢ and ¢. The more fundamental difficulty [2is dealt with by

now using the fact that Q2 is now such that —log Q? > —K_s > €2 in regimes such as PK where

s is of order e 2.

Proposition 4.5.1. Choose do(M,e,A,q0) > 0 as in (4.5.1). Then, in the region PK =
{2|B|20er_ > r(s) > e~%¢ *r_}, there exists some Dpy (M, e, A,m?,qo) > 0 such that that one has

the following exponential behavior for the lapse Q2(s):
QQ(S) < DPK exp(—5050672). (4.5.2)

Recalling the quantity Qo from , we have the following for all s € PK:

|—7“7"(5) - 4\B’2w2WRNT%€2} < Dpge* log(ﬁfl), (4.5.3)
‘QOA(S) - QOARN,OO‘ < Dpgé, (4.5.4)
|Q(s) = Qool < Dpge®log(e™). (4.5.5)

Using these, and recalling that wpy = \qoflRNpO], we define the quantities wi and Ex by

wr = |qoA|(spr) = wrn + O(€?), (4.5.6)
R (L R R ] (45,7
K = WK ds ’1"362 SPK) — 8|B]2Q172 € logle . ..

For the scalar field ¢, there will exist coefficients Cyi(€) and Cyx(€) obeying, for Cj(e) and
Cy (€) as in Pmposition the estimates |Cy(€) —Cy(€)|+|Cy i (€) — Cy (€)| < Dpxe*log(e™),
such that for all s € PK:

’gb(s) - (CJK(e)Jo (5”2(3)) + Cyx(e)Yy <§K§2(23)>>' < Dpietlog(e™D), (4.5.8)

r2 €2 rle
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r2 €2 r2 €2

’a@—w<qm@h<&ﬁ@>+a%@n<&ﬁ@>ﬂgDMébggw (4.5.9)

Moreover, the following upper bounds for ¢ and ¢ are satisfied for all s € PK:

8| B 2m]2 2 .2
|¢@M§]ﬂomr1<y+mg<"T2T4:>>, (4.5.10)
. 8| B Qm 2.2
6] < 100wgy - ||r2r6 (4.5.11)

Remark. Both the statement and the proof of Proposition will show large similarities to
Proposition in Section One notes, however, that, in order to obtain the necessary error
estimates, such as those of Lemma the quantities £y and wg, which are defined as the values
of certain quantities evaluated at s = sp, to the quantities £ and wg, which are the values of the

same quantities but evaluated at s = spg instead.

4.5.2 Proof of Proposition 4.5.1

We often make reference to the following four bootstrap assumptions in the region PK.

0% < a_ exp(—505pe2), (PK1)
_ 8| B|?W?r? 2
|p| < 1002071 (1 + log (rz : (PK2)
. 8 B 291] 2 2
|¢!§100WRN-’|73T6, (PK3)
Q[ < 2[e]. (PK4)

From Corollary and Lemma it follows that that the bootstraps (PK2)), (PK3)), (PK4)
hold in a neighborhood of s = spx. On the other hand, (PK1|) holds in a neighborhood of s = spk

due to (4.4.5) and (4.4.12)): note that, for e chosen sufficiently small, using (4.5.1)) and (4.4.12)), we

have

2’K_‘ 1 —2 1
€ ———— 5~ €
WRN 32‘BI2QB2 - 32‘BI2QU4

We now proceed in largely the same manner as in the region O. Always assuming the bootstraps,

K _spg < — 2 < —51p¢ 2. (4.5.12)

we begin as in Section with some preliminary estimates on —r7 and A, then as in Section
we use these together with the equation (2.4.31)) written in Bessel-like form to find precise asymp-
totics for the scalar field ¢. Finally one concludes using these Bessel asymptotics to close estimates
for Q and Q? as in Section We shall aim to be rather terse, as modifications from the analysis
of the region O are generally minor.

Before proceeding, we briefly address how to deal with the difficulty 2] mentioned in Section .51}

The idea is that the new bootstrap (PK1)) now means the smallness of Q2 dominates by powers of
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1 e 2

r=1, since 1=t < e %

expression arising in (2.4.25)); in light of the bootstrap assumptions (PK1)—(PK4]), one estimates

2 2
% <Q2 + m27'2’¢‘2> ,S 6—4860672.
r

in the region under consideration. For instance, consider the following

We now proceed with the proof in a series of lemmas similar to those of Section [4.4] As in that

section, it is convenient to define Py as the connected component of the set {s € PK : s <
¢4, (PK1))-(PK4) apply} such that spx € PKpoot- Then we have the following.

Lemma 4.5.2. For s € PKpyot, one finds

+ |=1i(s) + ri(spi)| < Dpre 100, (4.5.13)

d .
T (=ri)(s)

lgoA(s) — qoA(spi)| < Dpge 1090 (4.5.14)

Further, (4.5.3) and (4.5.4}) hold. Moreover, letting x(s) = :Z%, one finds that

& ( d¢> b Eaf =&, (4.5.15)

dx $%

where the error term Ey is bounded by

[E6(5)| < Dprce™20% ",

Proof. The proof is almost identical to that of Lemma [4.4.3] and [£.4.4] in light of the comments

above. O

Lemma 4.5.3. Recalling x(s) = %, let xpx = x(spK), and define the coefficients Cyx(€) and

Cyk(€) via
-1
Cix(e)| | Jo(€xzpk) Yo(lxzpK) (rpPK)
- - . (4.5.16)
Cy i (€) €k 1(Exkrpr) —ExY1(§xkTPK) T (rpK)
Then one has that |Cyk (e) — Cy(e)| + |Cyk(€) — Cy (e)| < Dpre®log(e™t), and that, for x = x(s)

corresponding to s € PKpoot,

|6(x) — Cxc(€)Jo(Exx) — Cux(€)Yo(Exa)| < Dpre 2007, (4.5.17)

‘Zi(S) + kO (6)J1(Exx) + ExCy i (6)Yi(Exx)

Proof. The idea is that in light of (4.5.15]), we can use the equation (4.4.34) describing the solution

for the scalar field using the solution operator to the linear Bessel equation, just as in Proposition

< Dpye 2000¢?, (4.5.18)

4475 To get improved error estimates, however, we evolve the system from x = xpg as opposed
to z = x, hence the appearance of the updated Bessel coefficients Cjx (¢) and Cy g (€) in (4.5.16)).
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We first show these are close to the original coefficients as claimed; from Proposition [4.4.5] we

have
[¢(xPK)] _ [ Jo(orpK) Yo(éoxpi) C(e) 0(c)
%(xPK) —&oJ1(Sorpr) —oY1(SozpK)| |Cy(e) .

Moreover, using xprx = 4\B|2‘,m2, from (4.3.53) and Corollary we know that {yzprx and
(xxpi lie within the interval (%, 1) and that |$zprx — Exrpr| S €2 < €2 log(e_l). Thus, since

the derivatives of J,(z) and Y, (z) are bounded for 1/4 < z < 1, and |Cy(e)|, |Cy (¢)] < 1, we can

modify the above formula to

d(rpK) Jo(éxTpK) Yo(éxkpi) Cr(e) N
B O(e” log(e ) 5.
[33“”()] Lfﬂﬂfmzvm “ecri(enar)] |ov(] O (4.5.19)

Finally, since by Lemma [A70.5] the inverse matrix

—{xkY1(€xkzpr) —Yo(lxzpk)

[ Jo(€krpK) Yo(lxkxprK) ]1_ 2
¢xJiéxrpk)  Jo(Exkxpr)

—{xJ1(€xrpr) —ExY1(ExkTpPK)

has uniformly bounded entries, combining (4.5.19)) with (4.5.16]) shows, as claimed, the relation

TEPK

Crk(€)
Cyx/(€)

The remainder of the proof is as in Proposition Adopting the same notation from the
proof of this proposition, we record the analogue of (4.4.34]) again here:

[5;] (2) =S¢y (z;2PK) [Z)] (zPK) +/ Sey (23 7) ng(g})] di. (4.5.20)

dx dx TpK

The first term on the right hand side will correspond to a solution of the linear Bessel equation
after a rescaling z = £x, just as before. Using once again part of Corollary we see this
corresponds to the objects on the left hand sides of (4.5.17) and (4.5.18]).

For the second term on the right hand side of , we once again appeal to part of

Corollary From this corollary, the appearance of the operator S¢, (z;zpk) will contribute at
2 26p€e™
e

* in our [*° estimates. Since the length of the integration
interval |x — zpgi| < zpg is uniformly bounded, (4.5.17)) and (4.5.18) follow straightforwardly. [

worst an additional factor of x71 < ¢

Completing the proof of Proposition[{.5.1, We are now in a position to close all the bootstraps and
complete the proof. We first use Lemma to improve and . We shall only show
the latter; the former follows in a similar fashion.

By Lemma and the bounds on the coefficients in Proposition[4.4.5] within the region PKpoot,

one has

dz

'dﬂ < 2m W e (| (Exca)] + Yi(Exea)).
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In light of Facts |A.0.1{ and |A.0.2, one may check that ‘%‘ < 4y/7W'z~!. Hence, using —fl—i =
8| BI*Wwrn + O(e*log(e!)) from Lemma we improve . As mentioned, improving
is similar.

We now move onto @ and Q2. For Q(s), it remains to understand only how @ changes in the
region PK, in particular that it changes only by O(e? log(efl)). Looking at , we need to
study

| Adrieps)as
SPK

Now, we use (4.4.20) and (4.5.10) to estimate

° 2 T2 62 2 / 1
SPK -

Substituting x = ;”—22 as usual, and noting that —fl—x ~ 1, we therefore see that
T_€ S

| Adriop s as
SPK

4| B|?29?
< / x(1 4 |log(x)])* dx < €. (4.5.22)
0

~

S
| Adriop s as
SPK
Combined with (4.4.14)), this will yield (4.5.5), and hence improve the bootstrap (PK4)).

Last of all, for the quantity 2, we proceed using that the Raychaudhuri equation ([2.4.21)) implies

—Q~27(s) is nonincreasing. Therefore, for s € PKpoor,

D2 (spk)

—7(SpK)

Therefore, one applies 1} and 1 , alongside r(spx) = 2|B|20r_c and r(s) > e%0¢? for
s € PK, to find

9 —rir(s)  r(spk)
2(s) < —r7(SpK) . r(s)

(=7 (s)) = Q(spx) -

Q%(s) < (1+2Dpe*log(e™h)) - a_ef=5PK 2| B|Wr_e- e’ (4.5.23)
By (4.5.12)), this means that Q%(s) < a_e 0% *.(1+2Dpe? log(€™1))2|B|20r_e. Thus, for € chosen
sufficiently small, it is straightforward to bound the right hand side such that we improve the final
bootstrap (PK1)). As a result, PICpoor = PK, and the remaining assertions of Proposition are
straightforward. O

4.5.3 The onset of the Kasner-like geometry

Following the proof of Proposition we mention a corollary of Proposition that will be
important in later sections, and in interpreting the subset PK' = K1 N PK = {2|B|We?r_ > r(s) >
e%0¢7%1_} as a genuine Kasner-like region. (Note that, for this step, we restrict to r(s) < e2r_

rather than r(s) < er_ in order to ignore the O(1) terms in the Bessel function asymptotics.)
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Corollary 4.5.4. Consider the region s € PK' = {2|B|20e2r_ > r(s) > e % *r_}. In this region,
we have the following forms for (¢, qﬁ), where c1 = 1 and ¢ = 271 (y —log2) and vy ~ 0.577 is the
Euler-Mascheroni constant.

T2 62

o(s) + %CYK(E) log <7“2(<9)§K> — 10k (€) — c2Cy i (€)| < Dpge? log(e_l), (4.5.24)
. 2 T‘%WKGQ 2 1
‘qﬁ(s) + ;CYK(E)W < Dpge’log(e™). (4.5.25)

Neat, recall the function ©(e) arising in (4.4.31). Then, defining ¥(s) := %‘f,(s) [see already
(4.6.1)) in the next section/, one finds that

’\If(s) + \/27? gy sin(@(e))‘ < Dprlog(c ™). (4.5.26)

Furthermore, if we let U; = U(s;), where r(s;) = e % then for s € PK/,
|U(s) — ;| < Dpgrr?(s) log(e_l) < D%et log(e_l). (4.5.27)
Finally, one obtains the following estimates for the lapse Q2:

% log 92(5)
% logr(s)

— U2 +1| < Dpgetlog(e ), (4.5.28)

1

log + 5b:Qe—2 < Dpglog(e™?). (4.5.29)

Proof. The equations (4.5.24) and (4.5.25)) follow immediately from (4.5.8]), (4.5.9) and the Bessel

function asymptotics in Facts [A.0.1) and [A.0.2) Indeed, by restricting r(s) < 2|B|20e?r_, we guar-

antee that )
Exre(s)

1"2 €2

<é

9

hence Facts [A.0.1] and [A.0.2| guarantee that

)

v <§Kr2(s)> N 2 r2e

r2e2 ;&(7“2(8)

Substituting these into (4.5.8) and (4.5.9), we get (4.5.24) and (4.5.25) with ¢; = 1 and ¢z =
21 (y —log 2).

< € log(eil).
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Next, combining (4.5.25) with the estimates (4.5.6) and (4.5.7)) it is straightforward to get

‘7'2(&(3) + 167 1Cy i (€)| B|*W wrnr? €| < € log(e™1). (4.5.30)
Hence from (4.5.3]) we find that
-1 _ T2¢3(5) -1 < 2 -1
|U(s) + 47~ 'Cyk(e)| = =i () + 47 Cyk(e)| S *log(e ™), (4.5.31)

thus (4.5.26) follows from |Cy i (€) — Cy ()| S e*log(e™!) and (14.4.30).

To get , note that will also yield [r2¢(s) — r2d(s;)| < € log(e~1)r?(s), while we
also know from that | — ri(s)+ri(s;)| < e 40007 < 2 log(e~1)r?(s) changes little in the
region PK. Since —r7(s) ~ € by , the computation

1
—r7(s)

o

—rr

_r

—rr

(s) (i)

S

|Ir(s) = 126 (s0)| + | = ris) + ris)]|

together with r(s) < €2 for s € PK/, yields (4.5.27).
We now move on to the estimate (4.5.28) for the derivative of Q?(s). We proceed here using the
Raychaudhuri equation in the form (2.4.23)), which after multiplying by r(s)(7(s)) ™2 gives
rdge i 100 r* APl

——log 2 2 2= 2

Using ([2.4.24)) to substitute for 7, and noticing that the rightmost term on the left hand side is
exactly W2, one finds

rd

7 ds

- 02
log @° + 1 — W% = (—ri)? |:T4A2Q(2]|¢‘2 + e (Q* —r*+ A + r4m2|¢|2)] )

From Proposition and (4.5.24)), the right hand side of this is bounded by a multiple of

e 4(r? Iog(r%))2 <ét log(e_l), so that if we also use , then we get as required.

Finally, for , one would like to integrate (4.5.28). However, one needs to first estimate
02(sk,), where s = sg, is such that r(sg,) = 2|B|2e*r_ (corresponding to the past boundary
of PK'). For this purpose, one finds exactly as in the proof of Proposition that, for s €
O U (PK\PK') ={so <s<sg}

d 9 2 -1 -2
s log Q*(s) — 2K_‘ < llog(e™) +r7%(s)]. (4.5.32)

Integrating this for s € O U (PK \ PK'), using that the length of the integration interval is of
O(e7?%), one gets

|log O?(sg,) — 2K _sp, | Slog(e™!) + |log Q%(so)| Slog(e™h).

'*We need to extend from r(s) 2 € to r(s) 2 €, but the proof still applies as we only needed |log(r/r_)| < log(e™").
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We also need to estimate the expression 2K _ sk, . This follows from an identical computation to
that of spx as in (4.4.12)), and one finds that

2K_|

2K sy, = —
KT T BRW R e?

+ O(log(e ™)) = —%bz,e’2 + O(log(e ™).

T(SKI)

T(sKl)

Since ~ €2, so that additional factors of log(T) may be added, we arrive at

02(s) (o))

1
log + 5()2_6_2 Slog(e ™). (4.5.33)

Finally, we rewrite (4.5.28) as

4 log < elog(e ) _7‘"(8).

ds

Q(s) (TS)YW]

Integrating this for s € PK’, and using (4.5.33) to estimate the boundary term at s = sg,, we find
(4.5.29). O

4.6 Construction of the sets F, and E, , for further quantitative

estimates

So far, we have a description of the hairy black hole interior up to the region P, where s =
(8| B|*W wrne®) ™ and r(s) > exp(—doe ?)r—. These estimates hold for 0 < e < ¢, where
co(M, e, A,m? qo) > 0 is taken sufficiently small, and &y is a fixed quantity determined by .
In particular, up to this point, we have placed no restriction on the value of €, other than its
smallness.

However, within the present article, to proceed further we will need to restrict attention to

a smaller subset of values of e verifying a certain condition. We define the following important

quantity:
5
o d¢
U= - _ ) 4.6.1
—rr Vdr ( )
Then the precise condition on € we shall use is that
(Wi := [W(s5)| = n >0, (1)

where s; marks the end of the region PK, i.e. r(s;) = e %0’

constant. Before using ({|) to analyse the spacetime beyond P in Section , we first quantitatively
characterize the set of € for which a condition such as holds. In light of Corollary |4.5.4) we are
required to study the quantity ©(e) defined in (4.4.31)).

r_, and 7 > 0 is an arbitrary small
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4.6.1 Improved estimates on O(e)
From Proposition m O(e) is identified to have the following dependence on e:

O(e) + O(log(e™1)). (4.6.2)

1
~ 8|BPPW2e?
However, the O(log (e_l)) error prevents us from having any quantitative control on quantities such
as sin(©(e)), i.e. given only the above expression, for any fixed n > 0, if | - | denotes Lebesgue
measure, the limiting density
limsup e, ' [{e € (0, 0] : |sin(O(e))| > n}|
€0—0
could be arbitrarily small, or even vanish asymptotically.

To overcome this issue, we instead consider the quantity:

-1
%e(e) = (i + dsge(E)a‘D <]q0/~1\(s) 2 (s) - <—C;ir2(s)> +wRN5> , (4.6.3)

where to make sense of the right hand side, we now interpret f(s) €
{r(s),log Q%(s), Q(s), A(s), ¢(s), ¢(s)} as (smooth) functions of € as well as s.

Denoting the e-derivatives by using a subscript, i.e. f. = % f, while still using f = % f to denote
s-derivatives, we shall take an e-derivative of the system ([2.4.21f)—(2.4.31)) to find a system of linear
evolution equations for the quantities f(s). For instance, the e-derivative of (2.4.29) is

i= 3 (@ + Quoger), - 22),

€ @
while the corresponding evolution equations for the other linearized quantities are more complicated

and will not be written explicitly. We can also perform this linearization for the difference quantities

0 . 0
= De (¢(3) - Cbﬁ(s))v dpe = s

Along with the evolution equations, one must pose data for the quantities f(s) in the s - —oo

0pc OQPe.

limit. For this purpose, one should return to the 1 4+ 1-dimensional formulation of the problem in
the regular (U, V') coordinates as in Section and take the appropriate e-derivatives there. The

correct asymptotic data is

sggloo re(s) =0, SEEHOO Q(s) =0, SEEHOO e =1, (4.6.4)
d
. 2y _ 1, & 2y _
Sgr_moo(logﬂ )e = SE@OO S(logQ )e =0, (4.6.5)
lim Q2A.(s) =0, (4.6.6)
S——00
lim 402 (s) = 2 m'e (4.6.7)
§——00 ¢ a 2K ’ e
lim Q2¢. = B,. (4.6.8)

S§—>—00
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The plan is now to use a similar procedure to Section to find sufficiently strong estimates
for the quantities f. € {re, (log 2?)c, Qc, Ac, ¢} up to the late blue shift region £B, where we have
nontrivial overlap with the oscillatory region O, and compute %@(6). The most crucial estimate

will be to determine that 7. is comparable to e.

Proposition 4.6.1. For s € EBU LB = {S < s < Age '}, there erists some constant
Dre(M,e, A,m? qy) such that:

el + 57 rel < Drge, (4.6.9)

d
'ds(log QQ)E + 3_1\(log(22)€\ < Dpges, (4.6.10)
|Acl + s7'Qc| < Drge, (4.6.11)
|bel + ¢e| < Drg, (4.6.12)
60| + 16¢| < Drpe’s. (4.6.13)

Furthermore, we have the more precise estimate for so = 505y, < s < Age™1:

|—7e(s) — 8| B’ W wpnr—e| < Dppe’s. (4.6.14)

Corollary 4.6.2. Consider the expression . Then

d

1 _ _
%@(6) + W S DLEE llOg(E 1). (4615)

Proof of Corollary[{-6.3 given Proposition[{.6.1. First consider the % derivative in (4.6.3). One
checks from ([2.4.25)), (2.4.29)) and Proposition that one has

-1
. (|qu|<5> 26 (- ) +wRNs>

where the final step follows from Q2 < ¢!% at s = s and Proposition m Hence even with the

d;—f ~ ¢! factor in front, this term contributes at worst O(e) and can be ignored.

S et (14 6) + |warn — q0d]| S €

The main term (4|B[?25%¢3) ™! on the left hand side of (4.6.15) comes from taking the e-derivative

-1 . : .
of (—%’FQ(S)) . Indeed, the expression that arises from this is

d

Il () (<9 209 + (i)

Using Propositions and particularly (4.6.14)), we can evaluate (note 7(s)re(s) = O(e3s)

is treated as part of the error):

2
— WRNT— 2772 2 -1 1
I - 2(—8|B|*W*w +0 1
(8| BPAW2r2 wpye?)? (=8|B] RNTZ€) (e Og(e ))

1 _ _
= ~IBPwES +O(e tlog(e ™).
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Therefore, the e-derivative on the left hand side of (4.6.15) can be evaluated using Proposi-
tion 6.1l as:

. . d ! 1
2 2 _ -1 -1
1+ (Al + 2Aand (I relo) - (~ 5570 ) =~ g + O og(e 1)),
completing the proof of the corollary. O

Proof of Proposition[{.6.1. The first step will be to find the upper bounds. For this purpose, we
will have to write out the full linear system of ODEs, however, as mentioned previously, this would
be cumbersome, and we therefore only include upper bounds for | f;\, often using that r ~ 1, —7 <

1, |o| < e \¢| <€Q ~1and A < 1 within this region. Differentiating (2.4.24)—(2.4.30)) in ¢, the

appropriate inequalities and equations are:

7] S Q2 (Jre] + [(10g Q)| + 1Qc]) + (=) (Ire] + 7e]) + Q2| pebel, (4.6.16)

d? - .. -
\dszaogfz?)e < Q2 ([re] +1(log 2)e] +1Qe]) + (=) (|rel + |7e]) + [ Al | e | + | dbe| + | Acl|6]?, (4.6.17)
1Qc] < (JAc| + |Are))| 6] + |Ado], (4.6.18)
Al S Q2(Irel + (10g 2%)] + 1Q.]), (4.6.19)

. Woe o9, M2 TR T 2 2
Pe = — — A ¢E_T¢E+J¢v ‘J¢>‘ S [Pe —7re||p] 4 |Acl| o] + Q27 (log Q7)|@]. (4.6.20)

Note that, for the final equation (4.6.20)), it is necessary to exactly keep the terms corresponding
to ¢ being a solution of the linear charged scalar wave equation. We now proceed through the

regions R, N, EB and LB exactly as in Section [4.3

Step 1: The redshift region R = {—c0 < s < —Ag}

In this region, we consider the following bootstrap assumptions, which hold in a neighborhood of

s = —oo by the asymptotic data above:
el + [7e| + |(log )| + |Qc| + 2724 < e, (4.6.21)

|bel + de| < 2. (4.6.22)

Note that by Proposition we know already that —r,|A| < Q2 and |¢],|¢| < e, so given
these bootstrap assumptions and the inequality (4.3.8) we may simply integrate up the equations

(1.6.16)(#.6.20) to get

+ Q| + Q%A S e, (4.6.23)

d
|re| + |7¢] + |(log Qz)e\ + ’dS(log 92)6

e — 1] + 6] < 97 (4.6.24)
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(Recall that the asymptotic data for re, 7, log Q? and Q. is 0.) Hence with a choice of A large

enough, the bootstraps are easily improved.

Step 2: The no-shift region N' = {-Ag < s < S}

Since we are integrating only in a finite s-region, the no-shift region is easily dealt with using

Gronwall. To do this, let X, and ®, denote the tuples:

ds
then in light of Proposition |4.3.2] the system (4.6.16])—(4.6.20) can be translated into

|X6| S X + €| @], |<I>€| S 1P| + € Xel.

Xe= (T‘g,f“e, (log Q2)ea i(log QQ)G?QGAE) ) e = (QSE’Q.bE)’

Hence a straightforward use of Gronwall in the bounded s-region s € [—Ag, S] yields

sup [Xe|(s) S [Xel(=Ar) + esup [@[(s) S [Xe|(—AR) + €| @c|(—AR) + ¢ sup [Xc[(s)
seN seEN seN
So, for € sufficiently small, we absorb the rightmost term into the left hand side, and repeat the

argument for ®.(s), to derive that

sup |Xe[(s) S [Xe|(—AR) + €| @[ (—Ar),
seEN

su}o/\@e\(s) S R(—AR) + €[ X|(-AR).
IS

Inserting our bounds from the red-shift region R, there exists Dyg(M, e, A, m?, qo) such that,
for all s € NV,
[Xel(s) < Dnge, |®e|(s) < Dnp. (4.6.25)

Step 3: Upper bounds in the blue shift regions EBU LB = {S < s < Age '}

This step will be much simpler than the corresponding nonlinear estimates in Sections [£.3.2] and
[1.3:3] We use the bootstrap assumptions:

e < 10D N e, (4.6.26)
|(log ©%)| < 10Dy pes’, (4.6.27)
|Qc| < 10Dy pes”. (4.6.28)

Note that the first of these trivially implies |r| < 10Dyges. Then integration of gives that
|/~16| < Dnpe.

We next use these bootstraps to estimate ¢, and be. Note that the expression Jg in now
obeys the estimate |.Jy| < Dyge?. We now follow the proof of Proposition and consider the
quantity

H' = 1§24 riqd| AP 97,
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Completely analogously to before, one finds that
HE <O?HO 4 |J]|¢| S Q2H + Dype?VHO.

So, as Ase! (g2 5)d5 <1, one can apply Gronwall to the quantity vV H(© to yield
S ~ Yy y y

V H(e)(s) S H(e)(S) + DNEGQS S ‘(256’(5) + ’(ﬁJ(S) + DNE628 g DyE.

Since H(© ~ 2 + gﬁ?, one gets the estimate (4.6.12]).
The next step is to integrate (4.6.16). Note that, by Propositions [4.3.4] and |4.3.5] we have

—7 <max{Q? €2}, [¢| < eand Q2 < 255 50

Apge ! ,
7] < Dype + CDNE/ (e*5-55B¢ + 35') ds’ < 2Dppe,
s

where C' is a constant independent of ¢ and Dyg. For the second inequality above, note that
evaluating the integral gives a quantity bounded by a multiple of e(e?£-983 + A%), hence the

inequality follows for S chosen sufficiently large and Ap chosen sufficiently small. This improves

(4.6.26]) and in fact yields (4.6.9) after a further integration.
The estimates (4.6.10) and (4.6.11)) then follow from integration of (4.6.17)), (4.6.18)) and (4.6.19)),

and this also improves the remaining two bootstrap assumptions.

Step 4: Precise bounds for the scalar field

We now move onto the estimate (4.6.13). Note that d¢ = ¢ — (¢r)e, but recall that since ¢, is
the exactly the solution to the linear charged wave equation in a Reissner-Nordstrom background
having initial data lims_, o ¢ = €, it is clear that (¢ ). is exactly the solution to the linear charged

wave equation in Reissner-Nordstrom with lims_,_ oo (¢ )e(s) = 1. Namely, we have

(Be)e =~ 2N _ g3 (60 - T (o).

Hence subtracting this equation from (4.6.20)), and using both the estimates of Section and

earlier within the proof of this proposition, one finds

202
m Qg

: 276, . m202
0pe = === — g A%p — —,

where Jy is as in (4.6.20)), j¢ arises from taking the differences of 7,7, A, Q2 from their Reissner-

Nordstrom quantities, and one gets the estimate

Spe + Ty + g, (4.6.29)

e20?  for s € R,

EACIEIPAGIES
€2 for s e NUEBULB.

We now proceed in the usual way using the quantity

HO = 1466 + r* @G| AP|6oc .
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Then by using the equation (4.6.29)), one finds that for all s € RUN UEBU LB, we get

%ﬁﬂe) < QHO 4 (|J,] + [T )VHO.

Apge™

Using now the fact that limg_,_ H (6)(3) = 0 and f_oo ' 02 is uniformly bounded in €, Gronwall

applied to this differential inequality gives:
- Age™! .
VO < / (6(3)] + s (3))) d5 < e2s. (4.6.30)

This of course will yield the estimate (4.6.13). Note that by Corollary one then has for
s € LB,
|pe — BeAN® — BeTWANS| < 25, (4.6.31)

ée — iwpNBe™WENS 4 jwpy Be WRNS| < €2s. (4.6.32)

Step 5: The precise estimate for 7

We finally move to the estimate (4.6.14). We now use the differentiated version of the Raychaudhuri

equation in the convenient form (2.4.23)). We see that using (4.6.9), (4.6.10) and (4.6.11)) we can

find
(i) — L10B(9) - (~0) = 2r(Bde + | APG060) + Jo.
where the error Jg satisfies |Jo| < €3s.
Now we use (4.6.31)), (4.6.32), alongside the estimates (4.3.39)), (4.3.37)), (4.3.42)), to find further

that

d B . =

Zo(=ie) = 2K (=r) = 8|BPwhnr_e + Jo + Ja,

where \jQ] < e3s. We now use a standard integrating factor to integrate between sy, and s € LB,
yielding

—e(s) = e2K=(5730n) (4 Y (s13n) + / 2B =) (8| BlPwhnr—e + Ja(s') + Ja(s)) ds'.

Slin
One may then simply compute the relevant integrals to find that

2,2
8| BI*wiyT—€ < 102 4 (3

ATy
But for s > so, we know Q2 < €!%9 and (4.6.14)) follows immediately. O

4.6.2 The measure of the set £,

We now use Proposition [£.6.1} or more precisely Corollary [1.6.2] to control the measure of the set
of values of € such that condition holds. Let eg(M,e, A,m?,qy) > 0 be such that the results of
Section [4.5| hold for 0 < |e| < 9. Then we have the following corollary:
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Corollary 4.6.3. Let n > 0 be a sufficiently small constant. We define E,, to be the set of € such
that the hairy black hole interior corresponding to ¢ = € on H obeys the condition at s = 8;:

E,={ec (0,e) : || > n}. (4.6.33)

Then the set Ey, is non-empty, has 0 as a limit point, and we have the following upper bound for the

limiting density of values of € violating : there exists some constant K such that

limsup € '|(0,€) \ E,| < K. (4.6.34)
élo
Proof. We will estimate the measure of the set F,; = (0,€) \ E, = {€ € (0,€) : |¥;] < n}. We first
use Corollary to change variable from € to © =0(e). For ¢y and 7 sufficiently small,

[ F el :/0 L{jw,|<n} de

< /0 L) sin () < y/mamn} de

-1

d de.

%@(6)

“+o00
= / L) sin &)< /mamn)

o) e=0-1(0)

We now apply Corollary along with the previous estimate (4.6.2) for ©(e). This will yield:

%@(e) = —4V2|B]200(e)*? + 0(©'/? 10g ©). (4.6.35)

Combining with the above, we therefore see that

|F, ~|</+OO]1 - ;@—3/2(1@
M€l = o) {| sin ©|</7Wn} 4’3‘321; :

To evaluate this integral, note that if 7 is taken sufficiently small, then the set {| sin O] < /720n}
is simply a union of intervals of width 2,/720n + O(n?) and centered on the integer lattice 7Z. So
the integral is akin to taking a discrete sum of the form E::j@(g) n;]ﬁ, multiplied by appropriate
weights. Keeping only the weights |B| and 20 which depend on the background parameters, we
have

|Foel S IBI7H 0612y < e, (4.6.36)

using (4.6.2) again in the last step. This yields (4.6.34)), and the remainder of the corollary follows
easily. O

Remark. Recalling Theorem as well as studying the values of € obeying , we also need to
investigate the measure of the set of values of € obeying the ‘bounce’ condition n < |[¥;| <1 -0

or the ‘non-bounce’ condition |¥;| > 1+ o. This can be done in the same way as the proof of

Corollary [£.6.3|
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4.7 Kasner regimes and bounces

Now, assuming the condition , i.e that € lies in F,, as defined in Theorem we will complete
the proof of Theorem In particular, we claim there exists some €y(n) > 0 depending on 7
as well as the usual parameters M, e, A, m?, g, such that if 0 < € < ¢y = €o(n) and holds,
then our corresponding hairy black hole interior contains a crushing spacelike singularity, with more
quantitative Kasner-like asymptotics to follow.

Firstly, we briefly describe the expected dynamics between the end of the region PX and the
eventual spacelike singularity at s = sy. It turns out the intermediate dynamics will be highly
sensitive to the value of W(s;), often denoted as ¥; in the sequel, where ¥(s) is given by (4.6.1)).

Following the discussion of the introduction, particularly Section if |¥;] > 1, then the
region PK' C PK (see Corollary should already lie in a regime associated with positive
Kasner exponents. For e sufficiently small, we will show that many of the estimates of Proposition
will persist all the way to the spacelike singularity {s = s}, meaning a single (stable) Kasner-
like regime.

On the other hand, if n < |¥;| < 1, then initially, the spacetime lies in a regime associated with
one negative and two positive Kasner exponents — known to be unstable in the cosmological setting.
In this case, we shall observe the aforementioned Kasner bounce phenomenon. In simplified terms,
between s = s; and § = s, the quantity ¥ will invert from its initial value ¥; = ¥(s;) to a final
value ¥ =~ \I/i_l satisfying |W¢| > 1. The spacetime in turn evolves into a regime associated with
positive Kasner exponents, which in turn persists up to the singularity.

The cause and nature of such Kasner bounces, as well as why this allows for spacelike singularity

formation, will be the focus of this section. Denote by K the region {s > s;} = {s : r(s) <

6_506727“_}. The section will be organized as follows:

e In Section we give further background into why we distinguish between |¥| < 1 and
|| > 1, and hence the need to study Kasner bounces. We will also introduce new renormalized

quantities and the equations that they obey.

e In Section [£.7.2] we state the main Proposition regarding the quantity ¥ in the region K.
We then state the main bootstrap assumptions used in this proof, and prove some preliminary
results used in the proof of Proposition

e In Section [.7.3] we provide the proof of Proposition [£.7.1] This will entail a detailed estimate
for all the error terms involved in deriving an ODE of the form (4.2.11]). Once completed, this

proof shows that the spacetime will exist up to a spacelike singularity at some s = s,, with
7(500) = 0.

e In Section [£.74] we apply our results regarding ¥ in Proposition [£.7.1] to find quantitative
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estimates on geometric quantities such as Q2. This will be crucial in showing quantitative

closeness to Kasner spacetimes in Section [£.8]

4.7.1 Background on Kasner bounces

In this section, we briefly explore the important role played by the quantity ¥, and the differing
evolutionary dynamics that occur when |¥;| = |¥(s;)| is greater than or less than 1. The two key
equations are the evolution equation (2.4.25)) for —r7 and the Raychaudhuri equation (2.4.21)). It
will be useful to rewrite (2.4.21)) as an evolution equation for log(Q2 / (—7")), and express the first
term on the right hand side in terms of the quantity W:

d 02 T r?

—log [ — ) = -9? + —|AP¢|o*. 4.7.1

fion (£) = Twr e TP (@.7.)
Supposing for now that the rightmost term is integrable and small, one sees that the value of

U2 determines the leading order behavior of Q2 in r. Letting o? = inf U2 and 3? = sup ¥? in our
region of interest, integrating (4.7.1)) gives:

QQ
6110’11)67”7“62 S : S Cupperra2. (472)

For this heuristic discussion, it is only important to note that Cjgyper and Cypper are independent or
r, indeed the important feature will be the powers of r.

In light of , we turn to the evolution equation for —r7(s) written above. Inside a region
such as KC where r is small, one expects that the dominant term on the right hand side is the term
QP ond will yield upper and lower bounds of the form:

4r2 >

—Clowert® 72 < —%(—m < —Cuppert® 27 (4.7.3)

Integrating this expression, and ignoring the degenerate case where o or § are equal to 1, we

have
2

P (s) = 7P T )] S ri(s) = (i) S I (s) = T (sl (4.74)

~ ~

We can therefore make two observations:

o If B < 1, then |r(s)?*~! — r(s;)?*~!| is unbounded as 7(s) — 0, which suggests that —r7 is
unbounded. In fact, since this suggests r7(s) will at some point become positive, we have
somehow exited the trapped region. So something must have gone wrong, either in our a
priori assumptions or in assuming that 5 < 1. In our context, we shall show the latter issue

arises; there must be a ‘bounce’ which forces g > 1.

o If a > 1, then |r(s)® 1 — r(s;)*"~!| is bounded by a multiple of r(s;)**~!, which in our case

has order of magnitude O(e~ (D% ) « _pi(s;). So —ri* changes little from its value at
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s = 8;. The insight is that if U(s;) > 1 initially, then there is a hope of closing estimates in a
bootstrap argument, such that —rr only changes by this extremely small quantity, and thus

allows for formation of a spacelike singularity.

4.7.2 The bootstraps, preliminary estimates and statement of Proposition 4.7.1

In this section, we state and initiate the proof of Proposition[4.7.1] As well as asserting the eventual
formation of an r = 0 spacelike singularity, the key content of this proposition is that we can control
the quantity W(s) via a certain nonlinear ODE — which, as we show in Section in turn allows

us to control the other geometric quantities including Q2(s).

Proposition 4.7.1. Fiz some n € R with 0 < n < min{32, 1}. Then there ezists some ey(n) > 0

depending on 1 as well as the usual parameters M, e, A, m?, qq, such that if both

O0<e<e(n) and [Vf:=|U(si)|=>n, (%)

then the solution of the system (2.4.21)—(2.4.31)) exists in the interval s € (—00, So0), with s; <
S0 < 00 and r(s) — 0 as $ = Soo. In fact, for s € K = {s > s; : r(s) > 0}, one obtains the

following bounds on —rr(s).
—ri(s) > 2|B*W*r2 wrnn?e?,  —ri(s) < 8| B|*Wr2 wrnel. (4.7.5)

Regarding  the quantity ¥ defined in  (4.6.1)), there  exists some  constant
Dy (n, M, e, A,m?, qo) > 0, a real number o = a(e) and a function F(s) satisfying:

oo = Wi| < D exp(—doe 2), | F(s)| < Drcexp(—doe *)r(s) = Dyr_e 00¢ *~R

where we define R =log(r_/r(s)), so that ¥V = V(R) satisfies the following ODE in the region KC:

dv 1
= U -a) (\I’ - a) +F. (4.7.6)
Finally, one has the following upper and lower bounds for |V(s)| for s € K:

min{| ], [¥; ']} = Die™ " < [U(s)] < max{| W], |97 |} + Drce . (4.7.7)

Remark. We use the same notation Dx = Dy (n, M, e, A, m?, qo) > 0 throughout the various lemmas
and propositions of Section Note that it is possible to track the dependence of Dy, and any
constants implied by the notation <, on 7, and thereby strengthen the result from having a fixed n

0.01

in to allowing n = n(e) to decay as ¢ — 0, for instance n = €”°*. However, for the purpose of

simpler exposition, we do not pursue that here.
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The proof of Proposition will be broken into several lemmas in Sections [.7.2] and [£.7.3]

We first list the three main bootstrap assumptions of the region :

0| < 4n~?, (K1)
—r7(s) > | B|*Wr2 wrnne?, (K2)
9l < 1Q(s)) < 210w (3)

Here, Qo = Qoo(M,e,A) # 0 is defined in ; by Lemma R lies strictly between
e/2 and e. In light of Proposition and Corollary these bootstrap assumptions hold in a
neighborhood of s = s;.

In the remainder of Section we state and prove two preliminary lemmas, the first of which
provides estimates for the Maxwell quantities fl(s) and Q(s), as well as the scalar field ¢(s). The
second lemma then produces a crucial lower bound for |V| as well as a useful preliminary upper
bound on Q2(s).

Lemma 4.7.2. Assuming the bootstraps , , , we have the following preliminary esti-

mates on ¢ as well as the Mazwell quantities (Q and A:

8| B|?20%r2 €2
6(5)] < 20~ log ("()) , (478)
Q(s) — Q(s:)| < D exp(—boe?), (4.7.9)
llg0A|(s) — wrn| < Die®. (4.7.10)

In particular, using , we tmmediately improve the bootstrap assumption .

Lemma 4.7.3. Assuming the bootstraps , , , we have the following upper bound on

—rr and estimate on r2¢ which we use to get a corresponding lower bound on |V|:

—r7(s) < 4|BI*W wrnr? € 4+ Dice’ log(e_l), (4.7.11)
o) 4| < py exp(—6oe ) (4.7.12)
r2¢(si) B 7

|| > n — Dg exp(—boe?). (4.7.13)

In particular, ¥ will never vanish, and thus never change sign, in the region K. Moreover, we have
the following initial upper bound for Q2(s):
02 02

_7;(3) < j(si) < exp(—5080€?). (4.7.14)
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Proof of Lemmal[{.7.9. To prove the preliminary bound on ¢, recall that we may rewrite ¥ as —r‘é—‘f.
So we use (K1)) as follows:

T | ()] r(s:) r?(si)
—¢(s)] < dr < 4n'1 Y <ophi 2. 4.7.1
ote) = (sl < [ i < a1 ) <2t (1520 ) (4.7.15)
But, from (4.5.24)) in Corollary
2 -1 r? e
[6(si)| < —Cyr ()W log 6 () +le1Crk (€)| + |e2Cy i (€)]
_ 8| B|?3?r2 €2
<op! — ). (T
<27 log< 20s) > (4.7.16)

In the second step, we used |Cy i /(€)|,|Crk(€)| < /72 from Propositions and as well
as n < %Qﬁ and the definition (4.5.7). In particular, r(s;) = e~ is small enough that the

contribution of |c1Cyx(€)| + |c2Cy K (€)| is negligible. Combining the two inequalities (4.7.15]) and
(4.7.16) will clearly yield (4.7.8]).

For the gauge field A(s), we use the following trick: For s € K, we have r(s) < exp(—doe ?)r_ <

min{@é’o, L }, and |m?r2|¢|?| < 1 via [{.7.8)), so

2y/[A

Q2 Q2Q2 927,2

4 4r2 4

Q2Q2

2 2
(|6 +A) < —— %

Thus, (2.4.25) tells us that —r7(s) is decreasing in K, and one further has a bound on the integral

/ QL o 45 < —2ri(sy). (4.7.17)

4r2?
Hence, using the lower bound of (K3|) once more, the equation (2.4.29) yields
s |Q|QQ(~)dN< 2 [°Q*? —4ri(s;)
5)ds < —— e
s Ar? T Qo] Sy, 4r? Qoo

Thus, (4.5.3) and (4.5.4) of Proposition allows one to deduce (4.7.10)).
To close the estimate on @, we simply integrate (2.4.28)):

a0 A(s) — qoA(si)| < (4.7.18)

(3)d5 <

8| B 2m2 2 .2
HU) da. (4.7.19)

@) - Qs < [ @l as < [ o (M

Si

But in the region K, where r(s) < e=%¢ “r_ and the interval of integration has length |s — s;| =

0(6_26_260672) by 1} it is straightforward to determine |D and improve the bootstrap 1)
O

Proof of Lemma[f.7.3. The first estimate (4.7.11)) is immediate by monotonicity. Indeed, as argued
in the proof of Lemma the quantity —r7(s) is decreasing in s. So the estimate (4.5.3)) evaluated

at s = s; yields (4.7.11]).
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For the lower bound on |¥|, we first produce the estimate (4.7.12)) regarding r2¢. Using the
monotonicity of —727(s) from the Raychaudhuri equation (2.4.21)), and Proposition we first

find the preliminary estimate

L L < 20

This is (4.7.14)), and we use this together with (4.7.11)) and the conclusions of Lemma to yield
from ([2.4.31))

d )
S (25)(s)

Integrating this up, and using once again that the interval of integration has length bounded by
O(e2e¢7200¢7%) e therefore find that

N

<exp(—500p€?) - € 2 exp(—doe ?) < exp(—505p€ ?). (4.7.20)

8| B 2@2 2.2
< exp(—doe?) - 7(s) log <|L2(S)U> < exp(—doe?). (4.7.21)

[ (s) — r°d(si)| S exp(—3doe™?). (4.7.22)

Finally, since |¥(s;)| > n and —r7(s;) is bounded below using , we have |r2¢(s;)| = —ri(s;) -
|U(s;)| = €2. Combining this with we obtain (4.7.12).

Therefore, for e sufficiently small, we see that
—ri(si)  r2e(s
(W (s)| = _7,7;((;)) ’ 7“25((81')) '
Here, we used and that —r7(s) is decreasing for s € K, as well as the original assumption
()- O

W (s;)| > n— Di exp(—dpe?). (4.7.23)

4.7.3 The dynamical system for ¥ and the proof of Proposition [4.7.1

In this section, we complete the proof of Proposition [£.7.1] The main step will be to find the ODE
(4.7.6). For this purpose, we start with a lemma concerning the first and second derivatives of ¥

with respect to the timelike variable 7.
Lemma 4.7.4. Assume that the bootstraps , , hold. If € is defined such that

2 2
Wy L9 <1 @ m?r?| ¢ — r2A> + &, (4.7.24)
T

then we have the following estimates in the region s € IC:

d
I€| < Dk exp(—260672) .7, ’df; < Dg exp(—25oe*2) ot (4.7.25)
T

For the second derivative, if the error term Fi is defined such that

(i (dxy>2_ U2 - 24V

il i 4.7.26
dr? dr r dr F1 ( )

then for s € IC, the expression Fi satisfies the following bound:

F1 < Dg exp(—260e %)r~ " (4.7.27)
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Proof of Lemmal[{.7 Assuming the bootstraps, the conclusions of Lemmas [£.7.2] and [£.7.3] will
hold. In light of (2.4.25) and (2.4.31]), differentiating ¥ in the variable r one yields:

dv  1d¥ 1 02 Q? 9 9,0 o
i B 1— = _ —7r°A 4.7.2
dr 7 ds —rr —47 ( 2z [oF = > +& (47.28)
where the error £ is given by
1 d ) 1 2| 41243 20)2,.2
£=— 1042 = — WATG M7 (4.7.29)
—rrdr —rr —r7 —4r

We seek the estimates (4.7.25)). Using Lemmas and together with (K2)), it is straight-

forward to get

2 2

1€l < e 43 log (55 2) + exp(—2506_2)6_2r2 log (55 2) < exp(—2506_2)r. (4.7.30)
r r

For the derivative estimate in (4.7.25)), we simply differentiate the expression (4.7.29) term by

term. This is rather cumbersome, and we simplify the exposition by merely considering the new

multiplicative factors that arise when differentiating the various terms, noting that it is most crucial

to keep track of the additional powers of r—! that arise:

(i) Differentiating (—r7)~! in r will yield an extra multiplicative factor of

0?1 2

B (@ e o )

—45 —rr \ r?

Since @ # 0, this will contribute a multiplicative factor of 7—2. Note that though one could

fear that additional powers of e~! will appear (e.g. in the —r# appearing in the denominator),

these will be negated by the smallness of %’ see (4.7.14)).

(ii) Differentiating A in 7 will introduce a similar factor of
QQ?
—4r27

which we treat in exactly the same way as ({i).

(iii) Differentiating ¢ in r simply yields
do
dr
so that in light of bootstrap (K1|) providing an upper bound on |¥|, differentiating this term

—‘Ifr_l,

contributes only one power of 1.

(iv) Differentiating the %f in the second term of (4.7.29) introduces, by the Raychaudhuri equation
(4.7.1)), an extra multiplicative factor of

T2 21 11242\ _ =
(0P + Bl A126?) = e

where we used the bootstrap (K2) and Lemma So differentiating this term contributes

at worst one power of r—L

U2 p302|A1242 w2
74_ a@lAl%¢ 41,
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(v) Finally, differentiating any powers of r that arise in (4.7.29) will trivially only lose one power

of r.

From f we get the estimate (4.7.25)).
Due to (4.7.25)), (4.7.8), (4.7.14) and the bootstrap assumptions, (4.7.24)) yields the upper bound

‘ < Dg exp( 50(506_2)r_2 + Dg exp(—2(506_2)7" < Dg exp(—5506_2)r_2. (4.7.31)

We now treat the second derivative. We differentiate the expression (4.7.24]) again in r, and find

> A A A v,
—— =yl ¢ — =& — =& + — 2 |A]2p? 4.7.32
dr? < dr ><dr > (dr )(r 7;2q0| "¢ ( )
4y d Q2 4. d€
A L T r2A| 4+ &
+<dr S)dr og’ r2 mere” - +dr

To explain the derivation of the equation (4.7.32)), we take (4.7.24)), subtract £ from both sides, take

a logarithm, and then finally differentiate, to write

4 log

Q2
o T—Q—m2r2¢>2—r2A ’

from which follows after using the usual evolution equations and .

We now wish to recover the ODE (4.7.26) along with i.e. we just need to show that all
error terms present within are bounded by exp(—5oe_2)r_1. This is mostly straightforward
by and , with the most complicated term being the one involving the log.

Firstly, using (4.7.31) and (4.7.25)) as well as the lower bound (4.7.13) for |¥|, we see that

AW A L (AP
- (2m—5>(m—5)—zw <d)

Next, note that by (| m and (4.7.10)), the expression involving ¢? can be bounded by

02
<log|\I'| — log(—rr) + log ( " > +log|1

av d
— =&
dr ‘ dr

< exp(—2dp€ 2)r . (4.7.33)

%qg|A|2¢2 < ety 10g(7‘_1) < exp(7606_2)r2 < exp(72506_2)r,

from which we may also deduce

dv \112 r U2 v
_ _ - < -2 -1
'(dr 5) ( —+ 54 @A ¢> s < exp(—2dpe ) r 1. (4.7.34)

We now move onto the more tedious term involving 2 4 log(---). Computing the derivative using
the system of equations ([2.4.21] f one eventually finds

2 _
1_@ m27’2q§2—r2A‘:_21 /
.2

d
— log r1=g’

dr
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where the expressions f and g are given by

f= 6332 (—QIL&IEEQSQ + m27‘¢>2 — m21"qz5\11 + ’I“A) ,

2

g = @ :
Using the bootstraps along with Lemmas [£.7.2] and [£.7.3] it is straightforward to deduce that

(1 —m?r?p? — r?A).

|fl + |g| < r? The conclusion of this computation is therefore that

d Q* .|, 2

+ T‘ <r, (4.7.35)

which along with (4.7.31]) and (4.7.25)) finally yields the required estimate

2
'(dq’—g> dlog‘l—%—m2r2¢2

dr dr T dr

2d¥
+ d’ < exp(—260e %)r . (4.7.36)
r

The desired equation (4.7.26]) is then found by combining the identity (4.7.32)) with the estimates
(4.7.33]), (4.7.34), (4.7.36) and (4.7.25)) to get the required error term JF satisfying (4.7.27)). O]

We have now finished all the preparation for the proof of Proposition [.7.1] Before turning to the

actual proof below, we first give a brief sketch for the benefit of the reader. After changing variables
to R = log(r_/r(s)), we may integrate up the second-order ODE to derive a first-order
ODE of a similar form to . More precisely, one finds an equation of the form

—rcfl—lf = % = —U(V? - KU + 1) + error, (4.7.37)
where the expression K appearing here is a constant of integration. By evaluating at s = s;
we find that K ~ ¥; + \Ili_l.

We treat as a one-dimensional dynamical system for the unknown ¥ = W(R), and
consider what happens as r — 0, i.e. R — 4+00. Assuming the error to be negligible, the dynamical
system will prohibit ¥ from growing too large — in particular allowing us to improve the
bootstrap . This, in turn, will allow us to improve the bootstrap due to the definition
of ¥ and the upper bound on 7“2& from . Recall also that bootstrap has already been
improved in Lemma [£.7.2]

Having improved all the bootstraps, the lower bound allows us to continue the solution all
the way to some s = s, with 7(so) = 0. To obtain , we again integrate up the second-order
ODE , but by determining the constant of integration K teleologically at R = 400 (i.e.
r — 0), we get the precise bound for the error term F as in Proposition m

Finally, some soft arguments using known upper and lower bounds for |¥| will allow us to
determine that K > 2, so that, writing K = o + o~ !, we get the required ODE (4.7.6). The

remaining assertions are then straightforward. We now make this argument precise.
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Proof of Proposition[{.7.1 Performing the change of variables R = log(r_/r(s)) = logr_ —logr(s)
on (4.7.26), one finds the ODE

d2v dv\ 2 dU
i)} /A (it U2 1) = 2F. 4.7
dR? <dR> +( Jag =" (4.7.38)

Multiplying by the integrating factor W2, we write the left hand side as a total derivative:

d d¥ 1
— (2= U+ =) = U232 4.7.
dR( dR+ +\I/> r“F1 ( 739)

Due to (4.7.13) and (4.7.27), the right hand side of (4.7.39) can be bounded by

4 Dgn~? exp(—2606_2)r < exp(—dge_Q)e_R. So this error is integrable as R — 400, and we

proceed by integrating up (4.7.39)).
For now, we can only integrate (4.7.39) in a finite bootstrap region; for Ry > R; :=

log(r_/r(si)) = doe~? lying in our bootstrap region, there exists a constant of integration Kg,
and an error term Fg,(R), such that, for R € [R;, Ry], the following holds:
dv 1
U2 — 4V Kp, + — = R). 4.7.40
dR =+ Ry T U ]:Ro( ) ( )

The choice of Kg, is made such that Fr,(Ro) = 0 and hence from the aforementioned bound on
Fi, one has Fr,(R) < exp(—dpe2?)e . We also rewrite the above in the form

v

R ~U(V? — Kp,W + 1) + U2 Fg,. (4.7.41)

In order to proceed, we must estimate the constant of integration Kpg,. For this purpose, we
evaluate (4.7.40) at R = R;, and then apply Proposition ((4.5.2)) specifically). This proposition,

together with (4.7.24]), will give

,dv
dR

so that, when evaluating (4.7.40) at R = R;, one finds the estimate

’\Il (Ri)| < exp(—25oe*2),

1
KRO_\IJZ_ﬁ

(2

< 2exp(—28pe?). (4.7.42)

In particular, for e chosen sufficiently small one can get the key upper bound |Kg,| < %77_1.

Here we used the estimate at s = s; in Corollary and that we chose n < min{%ﬂﬂ, i},
as well as 773 < % We can use this to improve the bootstraps and . We first improve
the upper bound on |U[; we prove |¥| < %17*1. Without loss of generality, suppose that ¥,
and hence Kg, are positive for s € K, and suppose for contradiction that sup,cc ¥ > %7]_1.

So we may choose Ry to be Ry = inf{R > R; : ¥(R) = 3n~'}. This trivially implies that
%(Rl) > 0. However, looking at for any Ry > Ry we get

dv _1n\2 _ _
ﬁ(Rl) = - (277 1) (%77 T KRO) - gn ! + \II2]:R0(R1) <0,
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where the final step follows from Kp, < gn*1 and 2| Fp,(R1)] < U?exp(—26pe?) < n~! for €

small. This is a contradiction, and thus ensures that sup,cx [¥(s)| < gn_l. This improves the

bootstrap (K1).
For the remaining bootstrap (K2), we combine the above with the estimate (4.7.12)). To be

precise, we have

, 2 2
\Ij(sl) i r ¢(8) Z §n2 . (-7’7’(81)) . r ¢(8)
W(s) r2p(si) 5 r2¢(si)
Thus, upon using Proposition and (4.7.12), one finds (with Dg made larger if necessary) the

lower bound

—rr(s) = —ri(s;) - : (4.7.43)

3
—ri(s) > 5772 - [4| B)*W wrnr?e? — Dicet log(e_l)], (4.7.44)
which clearly improves (K2|) for € sufficiently small. So the bootstrap argument is complete, and in
light of (4.7.44]), we conclude that the spacetime extends all the way to r =0, i.e. R = 4o0.

To find the final one-dimensional dynamical system (4.7.6) we require a argument involving
taking limits. Consider the identity (4.7.40)); another consequence is that for Ry > Ry > R;,

_ -2 _
\KRy — Kp,| = |Fry(R1)| < e7%¢ e 1,

In particular, if (R, )nen is a sequence with R,, — 400, then the sequence (Kg, )nen is Cauchy, and
the limit is independent of the sequence taken. So there exists some K € R such that Kp — K as
R — 400, which by (4.7.42) also satisfies

K —W; — U < 2exp(—200e 2). (4.7.45)

Hence we may take the limit in equation where we fix R and take Ry — +o0o. We
find that there will exist some function F with W2Fg (R) — F(R) as Ry — +o0, also satisfying
|F| < Dge % *¢=R such that one has

dv
dR

By construction, K has the same sign as ¥(s) in K. We argue now that |K| > 2. Suppose

—U(V? - KU 4 1)+ F. (4.7.46)

otherwise that |K| < 2, which implies that ¥? — KW + 1 is bounded below by a positive constant

. Then (4.7.46) implies that
d|v|
—— < —B|¥|+ |F|.
< —plu+ |7

We then apply Gronwall’s inequality, finding that

R B, ~ ~
|\II(R)| ge—ﬁ(R—R*)|\IJ(R*)|+/ e—B(R—R)|]_-(R)|dR R—+o00 0.

*

But this is a contradiction to the lower bound (4.7.13)! Hence |K| > 2, and we may write K =
o+ a~! for some a € R. By |K| < 271, it is clear that |a| < 25! also. From (4.7.45), we can
deduce that

(o = W) (e — T )| < exp(—280e2)n " < exp(—2dpe2),
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so, interchanging a <> a~! if necessary, we may choose a accordingly such that |a — U;| <
exp(—5oe_2) as required. Therefore, we have arrived at the ODE (4.7.6)).
For the final statement in Proposition note that the upper bound follows from rather

straightforward analysis of this ODE, while the lower bound arises from a straightforward modifi-

cation from the proof of (4.7.13]) in Lemma m O

4.7.4 Geometric features of the region K in the bounce case |¥;| < 1

In this section, we make use of Proposition [£.7.1] to derive more quantitative information regarding
the quantities r(s) and Q?(s) in the region s € K, focusing for now on the interesting case where
|¥;| < 1 and there is a Kasner bounce. In particular, we will estimate the value of r(s) where the
bounce occurs, and bound Q2 (s) in such a way that we can infer quantitative closeness to Kasner-like
spacetimes before and after the bounce.

To make precise statements about the closeness of these regions to Kasner-like geometries, we
will have to assume further that U;, and therefore the quantities o and a~! of Proposition m
are bounded strictly away from 1 in absolute value, where several important quantities will begin
to degenerate@.

So, for this section, we strengthen the condition to the following assumption on ¥;, any
0<o<1/4:

n<|¥l<1-o0. €3

In light of Corollary or more precisely the remark following it, the assumption is not
vacuous; for n sufficiently small and any choice of o € (O, i), there are certainly arbitrarily small
€ such that is satisfied, and in fact the measure of this set of € is controlled, as claimed in
Theorem

Assuming , we make precise the region of spacetime where the bounce occurs in the following

lemma.

Lemma 4.7.5. Givenn € N withn > 2, there exists eg(n,n,0) > 0 such that if 0 < |e| < eg(n,n,0)
and the assumption holds, then for any z > 0 such that z € [Ja| + €, |a|™! — €], there exists
a unique s, € K such that |¥(s,)| = z. For this domain of z, the function z — s, is increasing,
smooth and invertible, we may define the inversion interval K} to be {sin(€) < s < soui(€)} with
W(si)] = (Jo] +€) and |9 (sou)| = (o]~ — em).

Moreover there exists a constant Dy(M, e, A,m?, qo,n,0,n) > 0 depending on n and o as well as

the usual parameters M, e, A, m?, qo such that we have the following for all s € K-

r_ b2

2 —
e -lo —
8rs)  2(1—a?)
14 Assuming the Kasner correspondence of Section [4.2.4] having |a| = 1 would imply a spacetime of Kasner exponents
0, 1/2 and 1/2, which already begins to display degenerate features in the BKL picture, see Section

< Die’log(e™). (4.7.47)
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Remark. The idea is that Lemmal[4.7.5]identifies precisely the region where the quantity ¥ transitions
from having absolute value smaller than 1 to having absolute value greater than 1, and that this
T— r—

transition occurs entirely within a region where log<@) is of size ~ €2, but the 10g<@)—

difference within the region is only O(log(e™1)).

In what follows, we will, for the most part, take n = 2 and define Cp, := IC{,LOZQ.

Proof. We shall prove Lemma in three steps:

e First, we show using equations (4.7.1)) and ([2.4.25|) that when log(%> < §b:26—2(1*o¢2)—1f
O(log(e™1)), we still have —r7(s) &~ —r7(s;) and U(s) ~ ¥; = .

072721 — a2)7! + O(log(e71)), we must have that W(s) > |a| + ¢", hence identifying an

s = sin(€) which which satisfies (4.7.47)).

e Now applying Proposition m particularly the ODE li we deduce that % is positive
and bounded strictly away from 0 for [¥| € [|a|+€", |a~!|—€"]. Using this, we then show that

e Next we show using the same equations, that conversely, once we proceed to log(%) >

one proceeds from [¥| = |a| + € to |¥| = |a|~! — €" in an R-interval of length O(log(e™')),
thus proving (4.7.47) for s € K, as well as the remaining assertions of the lemma.

For ease of notation we suppose, without loss of generality, that W, «a > 0 in this proof.
By (4.7.7), we know that, ¥ > o — ¢ in K. Therefore, one has from (4.7.1]) that

2 —(a—€?)? 2 .
ilog « (8) @ < ilog Q(S) — f\Il2 <0.
ds —7 r_ ds —7($) r
2 (s) —(04—62)2
So %(s) (Tr—f) is decreasing. But by Corollary 4.5.4} specifically (4.5.29)), and |0 — U;| <
€ log(e_l), as well as the fact that W;)‘ Sr(si)-e? Sexp 210g(e_1)), we have
Q2 7(&762)2 Q2 ; 7(0&762)2 1
7(3> (T(S)) < 7(31) (7“7(:9 )> < exp (—25:262> - exp (DK log(ﬁil)) :
- r_ - _

(4.7.48)
Furthermore we used that, because U7 —(a—€?)? = O(e?), one has (T(Si))‘I’?*(O‘*Ez)2 < 00 <

r_
1.

We now use this upper bound when integrating the equation (2.4.25)). Due to Lemma we
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can use the following estimate for the integral of the right hand side of (2.4.25)):

T QL% (5 S 02(3)r2(3 s 02(3
| =rils) +ritsil < | %dﬂ/s Q(i()(IAHmQchIQ)dH/Si 94( )

r(s;) 021
r(s) —IT

r(si) (04—62)2—2
1 r
< exp (—2b226_2) -exp(DK log(e_l)) / . () dr

(s)

ds

i

r 1—(a—e?)? 1. . B
< <r(s)> - exp <—2b_2€ 2) -exp(DKlog(e 1))

Here, the last step follows as 1 — (a — €2)? > o > 0 for sufficiently small ¢ depending on o. If
) > exp (1—a*)t (*%b:26_2 + (Dg + 6n)log(e™1))), then one finds

1—(a—e?)? 1—(a—e22/ 1
<r> < exp <—1((ia2€) <—2b_2€_2 + (Dgk + 6n) 10g(e_1)>>

< e exp <;b_26_2> 'exp(—DK log(e_l)).

Putting this in the above one sees that | — ri*(s) + ri(s;)| < €57, or

—ri(s) 1] < 2
—rr(si) ~

But —r7(s) changing little from its initial value means that W(s) also changes little from its initial

value; to see this use also (4.7.12)), which combined with the above implies |¥(s) — ¥;| < 5772, As

la— U] < e %* we thus know that for log r(s) > —3(1 —a?) T2 2 +O(log(e!)) as specified,

we have not yet entered the regime Cp,.

On the other hand, we show that for s;, = sup{s € K : ¥U(s) < a + €'}, we must have
log r(sin) > —%(1 —a?)" 12 2-0(log (6*1)). For this purpose, we use the Raychaudhuri equation
(4.7.1) to see that, for s; < s < s;;,, one has
02(s) [r(s)) @)’ d 02(s 7 r?

() ( ) Z—log ( ) _7\1122_ \A[2q3]¢]2
—7 r_ ds —7(s) r —r7
Since r(s) < e 00 fors € K , one sees using Proposition and Lemma that the integral
of the right hand side is bounded below by — log 2, say. Therefore a similar application of Corollary

will yield that

02 (r(s) “late)® 1 5 _
= <7’_> > iexp <—2b26 2) 'exp(—DK log(e 1))

4

ds
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One now again integrates the equation ([2.4.25)), or more precisely (4.7.17)), getting now the upper
bound

. . S Q*02(5) . /T@%) 021
_ N> W) e e
| — rir(s) + rr(s;)| > . S203) ds 2, P . dr

1 r(si) 7 g0\ (@)’ =2
2 exp <—2b_26_2> -exp(—DK log(e_l))/ () dr

7‘(5) r—
" 1—(a+e™)? 15 .
> <7’(s)> - exp <—2b_ € > -exp(—DK log(e ))

But by Proposition we always have €2 < —r7 < €2, so that

<T(S)>1—(a+e")2 > exp (_;b_26—2> -exp((2 — D) log(e71)).

r—

Hence we do indeed find that for s; < s < s;,, we must have log(r(s)/r—) > —3(1 — o)~ 1h2e 2 —
O(log(€e™!)) as claimed. This identifies s = s;, obeying (4.7.47).
The remainder of this proof then proceeds entirely using the ODE (4.7.6), which for R =

log(%) we record again here as

% = V(W —a)(V—a )+ F, |F(R)|< Dyge % "k (4.7.49)
We have identified Ry, = R(sin) = 3(1 —a2)_1b:26_2+0(log(6_1)) such that ¥(R;,) = a+€". We
want to use that « is an unstable fixed point and a~! a stable fixed point of this one-dimensional
dynamical system.

Note that for ¥(s) € [a + €",a~! — €], one knows that (i) ¥ > n, and (ii) a ™! —1>1—-a >
o— 0(6760672), so we absorb the error term F and quantify the stability and instability of the fixed
points to find

d no .

— (¥ —a) > (V- " .

dR(\If a) > 5 (¥ —a) ifVea+e1], (4.7.50)
i(ofl — ) <-Z(@t=0) fTelat— e (4.7.51)
iR <-3 : : .

In particular, fl% > 0 as long as ¥ € [a+ €*,a”! — €"]. From , one finds that ¥ — «
proceeds from €” to 1 — « in O(log(e_l)) time in R, and from that a~! — ¥ proceeds from
a1 —1to € also in O(log(eil)) time in R. Therefore defining R, to be the minimal R such that
U(Rout) = ot — €, one finds Rout = Rin + O(log(e7!)) = 1(1 — a?) 71272 4 O(log(¢ 1)) also.

Finally, since % > %e”na > 0 when ¥ € [a + €",a! — €"], we have that, upon entering this

region of W, it is impossible to return, and the remaining claims of the lemma are immediate. [
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4.8 Quantitative Kasner-like asymptotics

Let us recapitulate the various regions so far:

1. In Section we worked in the Proto-Kasner region PK = {spx < s < s;} = {2|B|2e >
> e=doc™?Y,
We now also define the restricted region PK' = {sg, < s < s;} = {2|B|We* > = > e—00c Y,

2. In Section we have worked in the Kasner region £ = {s; < s < s} = {0 < [~ < e—00e %)

and showed that lims_,5__ r(s) = 0.

In what follows, we prove quantitative estimates on the “Kasner-like behavior” of the metric; for
this, we will first have to restrict PK to its aforementioned subset PKX’ on which r > €2 (recall
that 7(sk, ) = 2| B|2r_e2). While in the previous sections, the analysis was so far oblivious to the
absence/presence of a Kasner bounce, we will now also be obliged to distinguish both cases and
treat them differently.

As we will soon show, the “No Kasner bounce” condition will be that, for some 0 < o < 1,
[(si)| = 1+o, (%)
whereas the “Kasner bounce” condition will be that, for some 0 < o0 <1 and n > 0,
n<|¥(s)| <1—o. (%)

We note that even combining and does not cover the range of ¥(s;) included in (). In

particular, we do not say anything further in the case where ¥(s;) = 1. In each of these two cases,

we will further sub-divide PXC U K as follows:

i. If the “No Kasner bounce” condition is satisfied, we define the first Kasner region by
K1 =PK UK. (4.8.1)

Because there is no bounce in that case, we show indeed that the metric is close to a single
Kasner spacetime on the whole of K1 = PK’ U K in Theorem m

ii. If the “Kasner bounce” condition is satisfied, we define the first Kasner region by
Ki={sk, <s<sm}DPK, (4.8.2)
where s;, € K will be defined shortly. We also define
Ko = {8in < 5 < Sout} (4.8.3)
to be the Kasner bounce region, and

Ko ={Sout <8< 50} (4.8.4)
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to be the second Kasner region, where s;,, sout € K given by Lemma m (applied to n = 2)
are defined such that (4.7.47)) is satisfied on Kp,. Because of the Kasner bounce, we show that

the metric is close to a first Kasner spacetime in K1, and close to a second, different Kasner

spacetime in o in Theorem |4.8.2] By (4.7.47)), the transition region Kp, will be shown to be

small in an appropriate sense.

We now state the two main theorems of this section, Theorem [£.8.1] and [£.8:2]

Theorem 4.8.1. Let (1,Q%,¢,Q, A) be a solution to the system (2.4.21)~(2.4.31)), which, by Propo-
sition |4.5.1, exists at least up to the value s = s; = 4|K r+ O(log(€e™')) at which r(s) =e —0oe
(see Proposition for a definition of b_). Suppose that for some given 0 < o < 1, is
satisfied.

Then there exists some eo(M, e, A,m?, qo,0) > 0, such that, if 0 < |e| < €q, then there exists some
Seo > S; such that the solution of (2.4.21)—(2.4.51) exists for s € (—00, Soo) with lims_,s r(s) = 0.

Furthermore, we have the following Kasner-like asymptotics: denote sk, such that r(sk,) =

2| B|20er_, then in the region K1 = {sg, < s < So}, one may write the metric in the following
form, where « is as determined in Proposition [{.7 1}

2(a —1)

4
g=—dr’+ - (I+€Ex1(r)) T %3 dt? + R - (14 ¢€ri(1)) r2 a2 doge. (4.8.5)

Here, X1 and Ry are constants, and €x 1(7) and €r1(T) are small functions of T satisfying the

following bounds for = min{%, 1—a?}

logX1+a2+1b 2672 + [log R — 1 2.2 < Cklog(e™h) (4.8.6)
a?+3 " a?+3 " ’ o
5,8
T a“+3
Ex1(r)] + € (7)) < cKe2-< ) . (187)
T(SKI)
21

Hence, the spacetime corresponds to a Kasner-like spacetime, with Kasner exponents p1 =

_ _ _2
p2 _p3 - 042+3'

o —1
a2+37

Theorem 4.8.2. Let (1,92, ¢, Q, A) be a solution to the system (2.4.21)(2.4.31), which by Propo-

—2

sition|4.7.1) exists at least up to the value s = s; = 4|K I +O(log( 1)) at which r(s) = e~ r_.
Suppose that for given n >0 and 0 < o < 1, 15 satisfied.

Then there exists some eg(M,e,A,m? qo,m,0) > 0, such that, if 0 < |e| < eg, then there
exists some Soo > 8; such that the solution of (2.4.21)—(2.4.31) exists for s € (—00,Sa) with

limg_s r(s) = 0. We further single out two different regions with Kasner-like asymptotics, between
which there is an intermediate region where the Kasner bounce occurs. Letting sk, be such that

r(sk,) = 2|B|Wer_, we define the following three regions:

K1 = {SKl <s< Sin}y Ko = {Sin <s< Sout}a Ko = {Sout <s< Soo}~
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We will describe Kasner-like asymptotics for the two regions K1 and ICo.

In the region K1, one writes the metric in the following form, for o as in Proposition [{.7 1}

2(a?-1)

4
g=—dr’+ X - (14+Ex (7)) (1 —10) o*+3 dt?> + Ry - (1+€r1(1)) 7“%(7' —70) 2?3 doga. (4.8.8)

Here 79 > 0, X1 and Ry are constants, and €x1(7) and Eg1(T) are functions of T satisfying

a?+1

-2 9 -2 -2 -1
log X1 + " 3b_ € |+ |logRy — e 3b_ €% < Cklog(e™h), (4.8.9)
€x1(7)] + [€ra(T)] < Cre. (4.8.10)
On the other hand, in the region Ka, one instead has the following form for the metric
2(1—a?) 402
g=—dr? + Xy - (14 Ex (7)) 7 1432 dt* + Ry - (1 + Cra(7)) r2 714302 dogs. (4.8.11)

The constants Xy and Ra are constants, and the functions €x o(7) and Ego(T) now satisfying the

following bounds for = min{%, 1—a?}

14a72 _, _ 1 o _ _
lOgXQ + mb_Qe 2 + IOgRQ - 1 +3a2b_2€ 2 < CK lOg(E 1), (4812)
283
9 T a=243
[€x2(T)| + [€Ra(T)] < Cge - | —— : (4.8.13)
T(Sout)

One sees that the spacetime exhibits a Kasner bounce from the Kasner-like region K1 with Kasner

exponents of p1 = gz—jré,pz =p3 = QQLH to another Kasner-like region Ko with exponents of p1 =

11;70527192 =p3 = 1_2522. We further provide the following estimates regarding the proper time length

of the regions Ko and Kp,. For Ko, the proper time T from the singularity varies between 0 and

T(Sout), 0beying
la?+1

log 7(Sout) — ST a2 b2 < Ok log(efl). (4.8.14)
On the other hand, we have the following (non-sharp) upper bound for the size of Ko = [Sin, Sout],
where the proper time variable T = T(s) satisfies g—g = —@.
b=2e 2
0 < 7(8in) — T(Sout) < exp (- 17_ a2) . exp(C’K log(e_l)). (4.8.15)

4.8.1 Asymptotics for U near the {r = 0} singularity

The first step in proving that the {r = 0} singularity has Kasner-like asymptotics relies on showing
that U tends to the appropriate constant o or o~ ! sufficiently quickly near the singularity. The aim
will be to show that ¥ = a + O((:=)?%) or ¥ = a~! + O((:=)?) for some positive exponent 3 > 0.

After the usual change of coordinates r = e &

r_, this translates to showing that ¥ decays
exponentially to & or ! in the variable R. For this purpose, we shall need to use the ODE (4.7.6)
from Proposition [£.7.1] By standard dynamical systems theory, one expects that ¥ tends towards

its stable fixed point at an exponential rate. We quantify this in the following lemma:
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Lemma 4.8.3. Fix constants 0 < o, < % For all o € R satisfying 1 + o < |a| < n~ 1, consider
the following ODE for the function ¥ = V(R):
dw -1 —R
E:—\P(\IJ—@)(\IJ—@ )+ F(R), |F(R)| < e ™. (4.8.16)

Define = min{},a? — 1} > 0. Then there exists some vy = vy(o,n) > 0 such that, for all [v| < vy
and R, satisfying both
|U(R,) —a|<v? and e T <12 (4.8.17)

one finds that, for R > R, V(R) decays to « at the following exponential rate
|U(R) — o < 8p2e AE-1A), (4.8.18)

59—
50 2

The above lemma will be applied with v ~ €™ or v ~ e™ 2 in what follows.

Proof. We use a bootstrap argument along with Grénwall’s inequality. We take the bootstrap
assumption to be the desired estimate . Assuming this holds in some bootstrap region, we
have

(W —a ) >a?-1—-[2a —a”l| Sle Al-F),

Therefore, for R and R in the bootstrap region, one computes that, for v small enough,

R )
_/ U(R)(T(R) —a ) dR < —(a® —1)(R—R) + B '|2a — a™!| - 82 AR
R

< —B(R— R) +log?2.
Hence, after finding from (4.8.16|) the differential inequality
d
E‘\P —a| < UV —a HT —a|+e
one uses Gronwall to deduce that

R 1, I ~
U(R) — af < 2027 PR / 2e e PR qR < 2(0% 4 (1 — B)~le e )e AR,

*

So taking into account the second assumption of (4.8.17) and § < 1/2, we improve the bootstrap
assumption (4.8.18)). So this estimate is true for all R > R,. O
4.8.2 First case: absence of Kasner bounce

In this subsection, assuming that holds, we prove the quantitative Kasner asymptotics in the

region K1 = {sk, < s < Seo}. The essential ingredient is the following lemma:
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Lemma 4.8.4. Consider a solution (r,Q%, ¢, Q, fl) to the system (f?.4.21l}—(f?.4.31[) as in Proposition
4. 7.1 Assuming also , one finds that there exists some Y1 > 0 satisfying, for sk, <5 < Soo:

log <Qi <T> _a2> (s) —log V1| < Dyé (’j‘”)ﬁ (4.8.19)

1
log 1 + §b:26_2

with Y1 satisfying
< Dy -log(e ). (4.8.20)

Furthermore, one may find a constant 21 > 0 such that

8
|—rii(s) — 21| < Dyé* (i@) , (4.8.21)

with Z1 satisfying
|21 — 4| BPWPwrnr? | < Dy - e*log(e?). (4.8.22)

Proof. We will use the Raychaudhuri equation (4.7.1). In light of Lemma m it is preferable to
change variables once again, now to the R-coordinate:
d 02 7‘4(]21212¢2
—1 =02 0 4.8.23
dR og< r> (—rr)? ( )
Proposition and Lemma tell us that the second term on the right hand side of this

—1e~4ER2) Adding o? to both sides and using that ¥ is bounded, we have

(%)

The crucial observation is that the right-hand side will be integrable (and with small integral) in the
) = —log(2|B|20e?), then for Rk, < R < +o0,

expression is O(e

S| —al + e e HR2, (4.8.24)

region K. Indeed, we claim that if Rx, = — log(rfi1

we have

400 _ ~ 400 - _
/ |W(R) — a|dR + / e e RR2 AR < 27 PR, (4.8.25)
R R

The bound for the latter integral follows by straightforward calculus, using also f < 1/2 and

e B < e fmi ~ €2 to get the correct dependence on e. For the former integral, we proceed in two
steps; first we use Lemma [£.8:3] to deal with the region K, then use Corollary to handle the
remaining part PX N K;.

Note that, for the region X, where we have access to the ODE , we have the bound

|U(R;) — a| < e %" from Proposition Hence, by Lemma with v2~e %" we know
that, for R > R;, we have |¥ — o] < e 00 ? =B(R—Ri) Thus, for R > R;, one has

+o0
/ |¥(R) — a|dR < ¢ %0c = B(R-Ri) S e~ (1=P)doc™? o—PR,
R

The last line here follows from the definition R; = dpe 2. The smallness of the expression e~ (1=B)doe™?

thus proves (4.8.25)) for R > R;.
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For the remaining portion R € [Rg,, R;], we use Corollary The point is that, in this
region, we have | — af < [0 — U, + |¥; — a| S e *log(e™?) + e~%< Therefore, one finds that

R; N - _
/ |U(R) — a|dR < e 2 log(eil) + e R, < 2e PR,
R

So we have proved the estimate (4.8.25). From (4.8.24]), this shows that the expression

2 2 —a?
log <Q> +a’R =log (Q <T> > (4.8.26)
-7 — \r_

indeed has a finite limit log 1 as R — 0o, and moreover satisfies the estimate (4.8.19)).
We next estimate the constant log V;. To do this, we evaluate (4.8.19) at r = rg, i.e. s = sk,

and use the estimate (4.5.29) from Corollary As |logr(sk,)l,|log(—7(sk,))| = O(log(e™!))

here, we find that
1
log V1 + 5b226_2

Slog(e ™). (4.8.27)

Finally, we show the estimate (4.8.21)) by considering the equation ([2.4.25)) after changing vari-
ables to r; Propositions and and then the now-known (4.8.19)) tell us that for s € K, we

have 2,
02 r\%¢ "
< T o<y () |

—rer r_

d .
%(—”)

Integrating this expression then yields (4.8.21)) — of course it is essential here that o® — 1 > Z >0,
and we have the smallness (4.8.27)) for the expression ). O

4.8.3 Second case: presence of a Kasner bounce

Assuming instead that holds, Proposition and Lemma [.7.5] (for n = 2) show that the

spacetime must exhibit a Kasner bounce. We proceed to show that if we define K1 and Ky as in

(4.8.2), (4.8.4), there are Kasner-like asymptotics in both regimes. As in Section [4.8.2} we first find
the precise asymptotics for the lapse 02, as well as —7-.

The pre-bounce Kasner regime

We start to look at the region K; (pre-bounce regime).

Lemma 4.8.5. Consider a solution (r,Q%, ¢, Q, fl) to the system (f?.4.21|)7(f2.4.25|) as in Proposition
4.7.1.  Assuming now the condition on the value of ¥ at s = s;, there will exist some Y

satisfying, for sk, < s < sip,
02 /r\
log < (> ) (s) —log 1
—7 \r_

< Dyé, (4.8.28)
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with Y1 satisfying
log V1 + b 2e2 < log(e™). (4.8.29)

Furthermore, one may find a constant 21 > 0 such that
|—ri(s) — 21| < Dyé, (4.8.30)

with Z1 satisfying
|21 — 4| BPWPwrnr? | S et log(e7!). (4.8.31)

Proof. We follow a similar template to the proof of Lemma [4.8.4] though unlike in that case, we
do not need (.~ )B decay rates. In particular, we are able to integrate from R = Rp, rather than
backwards from R = +oo. Using the same Raychaudhuri equation (4.8.23), we need to prove the
analogue of (4.8.25)), i.e. for R > R, ,

R ~ ~ R .

/ | (R) — a|dR +/ e e BR2AR < €2 (4.8.32)

RKl RKI

As in Lemma the latter integral is straightforward, and we focus on the former. Following

Corollary and Proposition we know that for s € PK' = PK N Ky, where R € [Rk,, Ri,
we have |U(R) — a| < |U(R) — U]+ |¥; — o] S e ?Flog(e™!) + e~90¢™* S0 we know as before that

R; 5 _
/ (R) - a| dRt < 2. (4.8.33)
Ry,

On the other hand, when integrating between R; and R;,, ¥ is growing away from « exponentially
as opposed to exponentially decaying, so we need a new tactic. The key observation is that following
the definition of R;y, from Lemma for n = 2, we know a priori that |¥(R) — a| < € when
R € [R;, Rin). The same lemma also tells us that |R; — Ry, | < €2, so these two observations
combined tell us that fR " |W(R) — aldR < 1.

This is not quite the claimed estimate . To improve the O(1) bound to O(€?), we apply
Lemma with n = 4. Defining R/, to instead be the unique R > R; with |¥(R},) —a| = €*, we
find that, for R € [R],,, Rin], we have |[U(R)—a| < e % (R=Rin) 2 This is because, within this region,
m ) holds and may be “integrated backwards” from R = R;,. Furthermore, for R € [R;, R}, ],
we know a priori that |[U(R) — a| < €. So

Rin R Rin -
/ W(R) — a|dR < / " dR +/ % (R-Rin)2 4R < 2. (4.8.34)
R; R; :
Combining this with yields the desired . The estimate then follows

exactly as in the proof of (4.8.19)), as does the estimate (4.8.29) on ).
For the estimate (4.8.30), let us define Z; as —r7(s;). By Proposition it is easy to integrate

(2.4.25) and deduce (4.8.30)) in the region s € [sk,, s;]. The difficulty lies in showing (4.8.30)) in the

region s € [s;, Sin], not least because —r7 is expected to change value during the inversion process.
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What helps us here is that —rr is approximately inversely proportional to the quantity ¥, given

that 7'2(& = —r7- W is approximately constant. To be quantitatively precise, we combine the estimate

4.7.12) with the trivial a priori observation that ‘%‘j) — 1‘ < €2 for s € [s;, 5] to get

—ry (s 21
‘ ris) _ 1‘ _ | rels) <) (4.8.35)
—r7(s;) U(s)  r2e(s;)

Since —r7(s;) ~ €2, the estimate (4.8.30)) follows immediately. O]

The post-bounce Kasner regime

Finally, we consider the post-bounce regime, i.e. the region Ko = {Sout < s < S0 }-

Lemma 4.8.6. Consider a solution (r,Q?, ¢,Q, /Nl) to the system (f2.4,21|)7(f2,4.25|) as in Proposition
4.7.1. Assuming the condition on the value of U at s = s;, then for spur < 8 < 8o, there exists

some constant Yo such that

log (g_zz (’“) _> (s) — log

with Yo > 0 satisfying

gDQ€2.< r(s) )ﬂ, (4.8.36)

T(Sout)

1
log Vs — 5of2b:26 21 < Dy -log(eh). (4.8.37)

Here 3 = min{a=2 — 1, %} One may also find a constant Zo > 0 with | 25| ~ €2 such that, in the

same Tegion,

5
|—ri(s) — 25| < Dae* - (T(S))> : (4.8.38)

T(Sout
Proof. We again begin the proof of (4.8.36] by using the Raychaudhuri equation (4.8.23]). In this
case, this equation alongside Proposition [£.7.1] will tell us that

()

To estimate |¥ —a ! | in (4.8.39), we apply Lemma with R, = Royut, v = € and « replaced by
~! |note that a=! > 140 > 0 assuming («#)]. The lemma thus tells us that, for € chosen sufficiently

small, we have |V — « 1| < 8e2ePR—Fout) for all R > Royt- Hence, using that R > Ryt 2 € —2
which in turn yields e e 4% R? < e7PR¢2 | the inequality (4.8.39)) implies that

S|U(R) — a4 e te 1B R2. (4.8.39)

5 € efﬁ(RfRout)‘

As the right hand side is integrable, %2

obtain (|4.8.306|).
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For (4.8.38), we will not estimate —r7(s) directly but instead use ¥ and r2¢ = —ri - 0. We
already have |0 — o~ !| < e2e Ai—Fout) while we integrate (2.4.31)) backwards from R = +o0 to
find that

. . Soo T(S) 3 QQ
2906) — tim 9@ S [ Rel@) ol ass [ L gl
S—Sco s 0 —rr T

Using Proposition and that %i is monotonically decreasing in s and thus uniformly small
(see e.g. (4.7.14))), it is straightforward to find that defining Py = lims_s_, TQ(ﬁ(s) ~ €2, one (easily,
since the RHS is O(r*7)) has

[120(5) = Po| S etem P Hout), (4.8.40)

Combining this with the aforementioned |¥ — a~1| < e2e PU—Fout)  we deduce for Z9 =
aPs.

Finally, we provide the estimate for log)s. Note that is valid in the whole
region K = {R; < R < +oo}, so that, in particular, we may integrate in the interval R € [R;y,, +00)

to find
0?2 o
log Vs — log ( <T> ) (Rin)
—-Tr r_—

We now compare this to the estimate (4.8.28|) evaluated at R = R;,. As we are changing the

Rout
< € +/ |¥(R) — a '|dR. (4.8.41)

in

exponent from a2 to a?, we generate an extra term on the left hand side:

Rout
log Vs —log V1 — (a2 — a®)Rin| S € + / |U(R) — a"'|dR. (4.8.42)
Now we appeal to Lemma m By this lemma, we know that |Rou — Rin| < log(efl), so the
integral on the RHS is O(log(e_l)). Using also (4.7.47) to estimate R;, and the estimate (4.8.27))
for log V1, we find that

1
log Vs — —a 2b"%e 2

< -1
5 Slog(e™t). (4.8.43)

This completes the proof of the lemma. O

4.8.4 Kasner-like asymptotics in synchronous coordinates in both cases

To complete the proofs of Theorems [£.8.1] and [£.8:2] we simply need to use the estimates of Lemmas
4.8.4] [4.8.5] and [£.8.6] to put the metric g in the Kasner-like form stated. The following lemma will

justify the change of coordinates.

Lemma 4.8.7. Let (M,g) be a spherically symmetric spacetime with metric . Defining the
coordinates s = u+ v, t = v — u, suppose further that T = 0, = %(BU — 0y) is a Killing field for the

metric, i.e. 7(s) and Q2(s) are functions of s, and that we are in a trapped region with 7(s) < 0.



203

Suppose that for some interval J C R, there exist constants ), Z > 0 and an exponent vy > 0, as
well as sufficiently small “lower-order terms” €(s), such that we have the following asymptotics for
the expressions %% and —r7 when s € J:

02 r(s)\”
—(s)=Y- <7E)> (14 €(s)), (4.8.44)

—rr(s) = Z - (14 €(s)). (4.8.45)

We quantify the required smallness of € in the following way: there exists €. > 0 small and a
non-increasing function €(s) such that |€(s)| < €(s) < €.
Upon defining (up to translation) the past-directed proper time coordinate T such that
dr _ Q(s)
ds 2
then there exist constants X and R depending on Y, Z,v,r—, and 19 € R, such that one has the

(4.8.46)

following asymptotics for Q% and r? with respect to T:

2(v=1)

(1) =4X - (1 —19) 715 - (1 + Ex (7)), (4.8.47)

() = R-r2 - (7 — )75 - (1+ Ex(r)). (4.8.48)

Here, there exists some C = C(v) > 0 such that |€x ()], |€r(1)| < CE(s(7)).

In particular, the metric g can be written in the form

2(y=1)

g=—dr’+ X - (1—79) 5 -(1+Ex(r)d* +R-(r— To)ﬁ (14 €R(7)) -2 doge. (4.8.49)

Finally, one can find the following relationships between X, R and Y:
2(y+1)

log X — T3 logy‘ <1+ |log Z|, (4.8.50)
log R + 2 lo y‘<1+\lo Z| (4.8.51)
gR+ S 5lsY| < g Z|. 8.

Proof. In this proof we schematically write all lower-order terms as &, leaving the precise claims on

these errors to the reader. The crucial estimate is to find an expression for 7 in terms of r. Using

([@8.40), ([A.8.44) and ([A.8.45), we find

d o) 1/2 1/2 aFL
7 _ Yy <T> T +te). (4.8.52)

dr ~ —27  922z1/2

r_
Although infsc ; 7(s) is not necessarily 0, we may artificially extend the interval J to an interval
J, and the functions r(s),7(s) on J so that inf__;7(s) =0 and (4.8.52) holds for all s € J. After
doing so, we may normalize 7y so that r(79) = 0, and find that, for s € J,
+3
Y125/ r\ 7
-—hp=——= | — (14 ¢). 4.8.53
T T G 322\ (1+¢€) (4.8.53)
The remaining assertions are immediate upon combining (4.8.53)) with the assumptions (4.8.44)) and
(1.8.45). O
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Conclusion of the proof of Theorem [4.8.1 and[{.8.4 Theorem follows immediately from
combining Lemmas and taking 79 = 0 (note indeed that, in the No Kasner bounce case

(%)), (4.8.52) is true up to {r = 0}, so 79 = 0). Here v = o2, and in order to obtain the final error

estimate (4.8.7)), we also need (4.8.52)) to change variables from r to 7.
For the proof of Theorem in case , we first run the proof in Ky and apply Lemma m

to show that (4.8.44) and (4.8.45) with ) = Vi, Z = Z1, v = o2 are true for J = K;. Unlike in

case (%], we are not able to continue these estimates all the way up to » = 0, so we take 79 # 0

to account for the fact that the proper time variable with respect to which K; is Kasner-like must
be modified. Thus, we can apply Lemma to deduce the Kasner-like behavior of Kq claimed in
Theorem [£.8.2] On the other hand, Lemma [£.8.6] and Lemma [£.877] applied to Y = Yo, Z = 2,
v = a2 determine the Kasner-like behavior of J = Ky (where here we take 7 = 0).

Finally, we prove the proper time estimates (4.8.14) and (4.8.15). For the former, taking the
logarithm of (4.8.53)) in the context of the region Ky (where 79 = 0) yields:

01_2

1 1
logT:§logy2—§long+ 310gr+0(1).

In particular, evaluating this at s = sy, then using Lemma to estimate 7(Sout) = Tout yields

1 43
log 7~ (sout) = o *b=%e ™ + ME%? +O0(log(e7!)) = b7 m——5

For the final estimate (4.8.15]), we shall use the fact that ‘é—: = _LQT, to find that

Q3 02 1\’
750) = 7o) < (s = 1) 1m0 <202 e (2 )

Now applying the estimate (4.7.48) and then (4.7.47) again (as —r# ~ €2 it is absorbed into the

exp (D log (6_1)) term in the next line), one obtains

3+(a—e?)?
2

7 (sin) = 7 (50u0)] < ()

- exp <—ib‘2e_2> -exp(Dlog(e™)),

2
< exp(—ib_2e_2 [i) i— 32 + 1}) . exp(D log(e_l)),

yielding (4.8.15]) as required. This completes the proof of Theorem and also Theorem [1.1.2]



Chapter 5

BKL bounces outside homogeneity:

Gowdy symmetry

In this Chapter, we state and prove our main results concerning BKL bounces outside homogeneity
in Gowdy symmetry, based on our recent arXiv preprint [I00]. We will be making frequent references

to the T Gowdy symmetric spacetimes introduced in Section [2.6]

5.1 Statement of our main results and overview

Let us recall the global existence result of Proposition [2.6.1] and the remarks following it. To start
relating the general Gowdy framework to the heuristics of BKL in Section the key issue is to
understand the asymptotic behaviour of (P, Q) in the direction of the singularity, i.e. as ¢ — 0.
For instance, one would like to understand the asymptotic behaviour of the functions P(t,6) and
Q(t,0) in the limit ¢ — 0. By considering a (Fuchsian) series expansion at ¢ = 0, i.e. an asymptotic
expansion whose terms are powers of ¢t with coefficients depending on €, one could conjecture that,

e.g. from [84]:
P(t,0) = -V () logt + ®(0) + o(1), (5.1.1)
Q(t,0) = q(0) + YO 1w () + o(1)], (5.1.2)

where V,®,q, ¥ : S' — R are regular functions of §. Upon substituting into the equations (2.6.2)—
(2.6.3), one sees that these expansions are self-consistent, at least under the assumption that for
each @ € S', one of the following holds:

(i) The coefficient V() satisfies 0 < V(0) < 1, or
(ii) V(8) > 0, but 9pq(#) =0, or
(iii) V(0) <1, but ¥() = 0.
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Note: in the subclass of polarized Gowdy spacetimes from Definition [2.6.1] where the equations
reduce to the single linear wave equation , any value of V() is permitted.

Deriving asymptotics of the form f was a crucial step in Ringstrém’s proof of the
Strong Cosmic Censorship for Gowdy symmetric spacetimes [37, 121, 123]. In particular, for our
applications we shall make use of the following, see [37, Step 1| in the polarized case and [121],

Proposition 1.5] for the unpolarized case but with with the assumption 0 < V(0) < 1.

Theorem 5.1.0. Let (P, Q) be a solution to the Gowdy symmetric wave map system f,
arising from reqular initial data (P, Q,t0;P,t0,Q)|i=1, € (C**1)2 x (C¥)? for some k > 1. Then for
all 0y € St, there exists some V(0g) € R such that —t9;P(t,00) — V(6p) ast — 0, in other words
—tOyP(t,0) — V(0) pointwise.

Suppose moreover that either Q = 0 i.e. the solution lies in the polarized Gowdy subclass, or we
assume a priori that 0 < V(0) < 1 for all § € S'. Then V(0) is C*~1 and moreover there exist
C*=L functions ®(), q(0) and r(6) such that the following limits hold uniformly in the C*~1 norm

ast — 0:

—td, P(t,0) — V(0), P(t,0) +V(0)logt — ®(8), (5.1.3)
e*P19,Q(t,0) — r(0), 2P (Q(t,0) —q()) — 2:/(2). (5.1.4)

Note that these imply (5.1.1)) and (5.1.2), given ¥ (0) = 2:/(?2))6_24)(9).

Under the same assumptions, if A(t,0) solves the remaining equations (2.6.4)—(2.6.5)), then

A, 0) = V2(0)logt + L(6) + o(1), (5.1.5)
where L(0) obeys the asymptotic momentum constraint dL = —2V - d®.

In a context where (5.1.3)—(5.1.5)) hold, a straightforward change of coordinates from the gauge
(2.6.1) implies that the metric behaves in a Kasner-like fashion near the t = 0 singularity and
moreover one can describe the Kasner exponents by

V2(6) -1 2-2V(9) _242V(0)

nO) =g PO=3ag3 PO=15

(5.1.6)

These exponents depend on #, but always satisfy the (vacuum) Kasner relations (|1.1.4)).

We remark that in [121] [123], Ringstrom proves much stronger statements than Theorem
For instance, he shows that for any 6y € S! with 0 < V() < 1, then there exists a neighborhood
I of 6y in S such that V(#) is C*~! in I C S! and moreover the limits (5.1.3)(5.1.5) hold when
restricted to 8 € I. Furthermore, it is proven that for genem’oﬂ smooth initial data, 0 < V(6) < 1
for all & € S'\ S, where S is a finite set of points known as “spikes”. See the review article [124] for

details.

"Here generic means open and dense in the C*°-topology on initial data sets (P, Q,t0: P, t9q)|t=t,-



207

In this chapter of our dissertation, our main concern is not understanding Strong Cosmic Censor-
ship in full generalirt, nor the issue of spikes, but instead to address the questions posed in Page [37]
In the current section, we plan to state the precise version of Theorem and Theorem [1.5.3
succeeding these questions. The first point of call is to introduce a more precise version of the
three conditions (1) Weak subcriticality, (2) Energy boundedness and (3) Closeness to singularity

introduced there.

5.1.1 Setup of the initial data
Notation and key parameters

We first introduce various parameters v,y’,y”,{, N, §, ... that appear throughout.

e The real number 0 < vy < 1 captures the size of —t9; P allowable in our results. Many of the
subsequent parameters will depend on vy, as do the constants appearing in our quantitative

estimates. We further define y’,y” to be related constants that satisfy

O<%<y/<y<y”<1. (5.1.7)

e The natural number N represents the largest number of dp-derivatives with which we commute
the Gowdy system (2.6.2)—(2.6.3) in deriving energy estimates. Our choice of N depends on
v,Y',v”, and we expect N — oo as y — 0. We often use K to denote an integer with

0< KN,

e The real number ¢ > 0 represents the maximal admissible size of initial data in the L? sense.

See already the initial data bounds (5.1.11)—(5.1.12)) below.

e The real number C, > 0 is used in the bootstrap argument. We choose C\ depending on vy,
Y, ¥ and (, though we do not make this explicit. The number A, > 0 will depend on C,

and represents the rate at which our energies may blow up.

e The real number ¢, > 0 represents how close to the ¢ = 0 singularity our initial data is required
to be in order to obtain our results. That is, our results apply for initial data at ¢ = tg for
0 < tg < tyx. Our choice of t, will depend on y and ¢ and we expect t, — 0 as either y — 0

or ( — 00.

e Other constants, often denoted C', will be allowed to depend on all of aforementioned parame-
ters. The notation & will be used to represent quantities depending on all of these parameters
(e.g. v, (,ty) such that & | 0 as t. | 0. We often allow abuse of notation such as “6 + & = §”
or “Cyd =08 etc.
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Initial L> and L? bounds

For the Gowdy symmetric system (2.6.2)(2.6.3), initial data is given for (P,Q) and their ¢0;—
derivatives at {t = to} for some 0 < ¢ty < t,. That is, we let Pp, Qp.Pp,Qp : S' = R with

(PDvQD7PDaQD) = (P7Q7tatp) tatQ)|t=t0 (518)

We characterize an open set O, ¢ (perhaps more precisely O, s, ¢) to which our results apply.

Initial data (Pp,@p, Pp, QD) in this open set will obey the following pointwise bounds:

~Pp>v", (1-Pp)*+ ("™ t0sQp)* < (1 —v")? (5.1.9)

ePQp < iy, P <y, (5.1.10)

as well as the following L? energy bounds at t = ty, where N depends on y and ¢ > 0:

% (/ (05 Pp)* + (tod; "' Pp)* + (tgang)Qde) <, (5.1.11)
K=o \/S'
1 N
5 </Sl e2Pp ((6§<QD)2 v (t08§<+1QD)2) d9> < (5.1.12)
K=0

Finally, one assumes 0 < to < t,, with ¢, is chosen small depending on vy, (,vy’,y”".

5.1.2 Theorem — Stability

Theorem [5.1.1] is the precise version of our stability result, see the rough version Theorem [1.5.2]

Theorem 5.1.1 (Stability). Consider initial data (Pp,Qp, Pp,Qp) for the Gowdy symmetric sys-

tem (2.6.2)—(2.6.3)), which obeys (5.1.9)), (5.1.10)), (5.1.11)), (5.1.12) with 0 < tg < t«. Then for N
sufficiently large depending on y and for t. chosen sufficiently small, depending on vy, N and C, for

0 < t <ty we have the following L bounds:

v< —thP<2—vy, [Ft0pQ] <1 —7. (5.1.13)

There exists C = C(y,Y',¥",C) and A, = A.(y) such that one has the L* energy bound:

N
> /S (t0:05 P)* +1%(95 "1 P)* + (95 P)* + " (t0,05 Q) + €*"t*(9," "1 Q) db
K=0
< O 2A2K0Y) (5.1.14)

Furthermore, there exists V : St — R bounded so that —t0;P(t,0) — V(0) pointwise as t — 0.
Finally for k = 1 whenever y > % and k = 0 otherwise, there exists a C* function ¢ : S' — R so
that Q(t,0) — q(6) ast — 0 in the C* topology.
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5.1.3 Theorem 5.1.2l - BKL bounces

In Theorem [5.1.2] we make precise our bounce result, see the rough version in Theorem [5.1.2] The
idea is that certain quantities will obey a system of nonlinear ODEs, plus error terms, and that one

may use properties of the ODEs to understand certain aspects of the dynamics.

Theorem 5.1.2 (Bounces). Let (P, Q) be a solution to the Gowdy symmetric system (2.6.2) ~(2.6.3),
arising from initial data (PD,QD,PD,QD) obeying f and 0 < tg < t, as in Theo-
rem [Z. 117

Let v = (0,t0] — (0,t0] x St be a timelike curve parameterized by the t-coordinate, and let
P (t) = —t0 P(v(t)) and Q,(t) = ePt9pQ(~(t)). Then there exist error terms Ep(t), Eq(t) depending
on v but with |Ep(t)|,|€a(t)] < " uniformly in the choice of 7y, such that

d d
t%?7:93+8% t0y = (1= P,)Qy + Eo. (5.1.15)

Since vy is timelike there exists 0y € S* such that y(t) — (0,0¢) ast — 0. Further, Q(t) converges
to 0 ast — 0, while P,(t) converges to Py oo = V(0p). Finally, there exists C = C(y,Y',vy", () >0
such that:

(1) If the limy_0 0pQ((t)) does not converge to 0, then necessarily V(8p) = Py oo < 1 and more-
over
|Py,00 — min{P(to),2 — P, (to)}| < C- (tg/ + Q%(to))l/? (5.1.16)

(ii) Lety > % By Theorem 0pq(6o) exists, and lim;_,0 OgQ(Y(t)) — Opq(Oo). If Opq(6y) = 0,
then one instead has:
(P00 = Pylto) < C -5 (5.1.17)

where % <v' <y is chosen appropriately.

A corollary of Theorem is the following stability / instability statement regarding nonpo-

larized perturbations of a class of polarized Gowdy solutions.

Corollary 5.1.3 (Stability / Instability). Let P(t,0) be a smooth solution to the polarized Gowdy
equation , arising from initial data given by (Pp, PD) att =1t > 0. By Theorem there
exists smooth V,® : S' — R such that P(t,0) = —V(0)logt + ®(0) + o(1) as t — 0.

Suppose that 0 < V(0) < 2 for all € S'. Then there evists N € N such that for (possibly non-
polarized) perturbations of this data with |’(PD,QD,]5D,C§D) — (PD,O,PD,O)H(HN+1)2><(HN)2 < g,
then for e sufficiently small the perturbed solution still has —tOyP(t,0) — V(0) pointwise as t — 0,
for V' satisfying 0 < V(6) < 2.

Next, suppose further that % < V(o) < % for the original polarized solution. Then for per-
turbations as above, we moreover have that dpQ(t,0) — 99G(0) uniformly for some C function

G : St — R. Furthermore, for any é > 0, € may be chosen small enough depending on & such that:
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(i) |V(0) —min{V(0),2 — V(0)}| < & if Bpg(0) # 0, while
(ii) |V(0) — V(0)| < & if Dp(0) = 0.

We consider Corollary a stability / instability result in the sense that while the perturbed
spacetime retains the spacelike singularity and curvature blowup, in the case where the original V()
has 1 < V() < 2 for some #y € S! a generic unpolarized perturbation will have a corresponding
V (60) with V(6g) ~ 2 — V (6p), which is “far away” from V (6p).

Our result applies in particular when the background unperturbed spacetime is an exact Kasner
spacetime with P() = —V logt where 0 < V < 2 (and Kasner exponents given by (5.1.6)). When
1 <V < 2, this gives a precise instability mechanism for a certain range of Kasner exponents. See
also Figure p.I] Note our methods do not allow us to access this mechanism outside this range,

especially regarding spatially inhomogeneous perturbations.

0 e St 0 e St

p(0) == —t0,P(to,0),
5/4 < p(0) < 3/2

p(0) = —to,P(to,0),
5/4 < p(6) < 3/2

3 3 data at t =g 3 3
t 3 | ¢
1 T perturbation 7 f
| Q=0 | _— ' Q = O(¢) nonzero, generic |
T : . :———-o-o- ———————— O +———:

V(9) ~ p(h), asymptotics at £ =0 V(9) ~ 2 — p(6),
5/4<V(0)<3/2 1/2 < V(0) < 3/4,

except at spikes, where V() = p(0)

Figure 5.1: Diagram illustrating an example of a global bounce instability arising from a
non-polarized perturbation of a polarized Gowdy spacetime. In the unperturbed spacetime (left)
@ = 0 and the asymptotic quantity V() is close to the (inhomogeneous) data p(6), while in the

perturbed spacetime (right) with generic @ = O(g) the bounce of Theorem [5.1.2{i) applied to
constant #-curves v means that V' (0) is instead close to 2 — p(6), except at finitely many points
representing spikes.

Our instability is triggered when Jpg(0) # 0, while if Jpg(0) = 0 and 3 < V(6) < 2 our result
suggests that the instability is suppressed. Note that in light of [123] it is true that for an open and
dense subset of perturbations, the instability is indeed triggered at all but finitely many 6 € S'; at

the remaining points we leave open the possibility of spikes.

5.1.4 Future research directions

Before moving to a sketch of the proof, we propose two conjectures which would go beyond a single

BKL bounce, but remains in the 14 1-dimensional setting. The first conjecture still concerns Gowdy
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symmetry but with multiple bounces. Note that this would mean exiting the low-velocity regime
with 0 < V(0) < 2.

Conjecture 5.1.4. There exists a large, open class of initial data for the Gowdy symmetric system

which exhibit any finite number of BKL bounces.

One expects that this would require a different choice of gauge from , since the results of
this paper suggest that dyp may not be the correct “spatial derivative” outside of the low-velocity
regime; see already Section [5.1.5] To go beyond a finite number of bounces to a possibly infinite
number, one needs to move beyond Gowdy symmetry, and into the realm of more general T?-

symmetric spacetimes, see [I8] for definitions.

Conjecture 5.1.5. One can describe initial data for the Einstein vacuum equations in T? symmetry

which exhibit an infinite number of BKL bounces.

The reason to study T? symmetry is that the symmetry assumption no longer enforces that any
of the w!(x) are integrable in the sense of Frobenius, thus giving the potential for infinite bounces.
Note both Conjectures and are supported by the heuristic and numerical investigations
of [19]; this article also suggests possibilities for the ODE system and corresponding nonlinear orbits

causing the bounces.

5.1.5 Sketch of the proof

The proofs of the stability result Theorem and the bounce result Theorem will be done in

tandem and there are three major steps, which we briefly sketch here. Recalling the main evolution

equations (2.6.2)—(2.6.3), we caricature these steps as follows:

Step 1: Analysis in the spatially homogeneous case: In this step, we ignore certain terms in
f involving dy-derivatives which one expects to become negligible as t — 0. We
do, however, keep terms involving the expression e”t9pQ. The result is a nonlinear ODE
system for the quantities —td; P and e’'t0yQ; one then analyzes this system to determine

bounds for these quantities.

Step 2: Linearization of the ODE system: In the second step, we consider the best possible
behaviour of the terms involving further dg-derivatives i.e. the non-spatially homogeneous
corrections. We do this by taking commuting 9y with the ODE system in Step 1, resulting
in a new linear ODE system for new quantities whose coefficients are given by the solution

(i.e. some orbit) of the ODE system in Step 1.

Step 3: Energy estimates: Finally, one must ensure that we can close our argument without loss

of derivatives (necessary due to the existence of top order terms such as 892P in (2.6.2)).)
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One achieves this via L? energy estimates, which are allowed to blow up but only at a

controlled rate as ¢t — 0.

We now explain in a little more detail how these steps apply to the Gowdy symmetric system.

For Step 1, with P = —t9,P and Q = e't0yQ, the spatially homogeneous ODE system one gets is:
toP =Q%  t9,Q=(1—-P)Q. (5.1.18)

(Eventually we also include another ODE variable R = e”'t9;@Q but we ignore R this for now.) The
upshot is that one can study the 2-dimensional ODE system ([5.1.18)) via phase plane analysis, as
we see in Figure [5.2] below. The direction of the arrows in Figure [5.2]is with respect to ¢ | 0.

P = —t@tP

T ~ T % % Q= ePt89Q

Figure 5.2: Phase portrait showing the dynamics of P and Q towards ¢ = 0 in the spatially
homogeneous case. A bounce is a transition from «a to 2 — a.

The ODE system contains a line of fixed points at Q = 0. Each of these fixed points
represents an exact (vacuum) Kasner solution with exponents py as in where V() is constant
and equal to the value of P at the fixed point. These fixed points are (orbitally) stable as ¢ | 0 if
P <1 and unstable otherwise.

The dynamics of the ODE system in the remaining region Q # 0 are then described by heteroclinic
orbits linking an unstable fixed point to a stable fixed point. In fact, one may solve the system
exactly using a conserved quantity X = (P — 1)2 + Q2. Thus the heteroclinic orbits, which we
identify as BKL bounces, link the unstable fixed point (P = «,Q = 0) to the stable fixed point
(P=2-0a,9=0), for any a > 1.

Now, the condition of weak subcriticality together with the conserved quantity K = (P—1)%+Q?
means that any (P, Q)-orbit associated to Oy ¢ remains in the bounded region {& < (1 —+)?}. This
will be essential in Steps 2 and 3.

In Step 2, we commute the ODEs with dy. This yields:

t0:(0pP) = 29059, t01(09Q) = —Q0pP + (1 — P)9pQ. (5.1.19)
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We see this is a linear ODE system for 0pP and 0ypQ whose coefficients are functions of the dynamical
P and Q orbit from Step 1. The fact that the orbit remains in the bounded region {X < (1 — )2}
allows one to prove, using the linear system (5.1.19), that |9pP| + |9pQ| = O(t~(1~7)).

So these 0yp-derivatives are permitted to blow up as ¢ — 0, but at a controlled rate. This blow-up
rate is sharp in the following sense: if our (P, Q)-orbit is a constant orbit at an unstable fixed point
with P = 2 —y — ¢ with ¢ small then generic solutions of have 9pQ = O(t~(1=Y)*+). This
choice of (P, Q)-orbit is related to spikes; it is unsurprising that near spikes certain dg-derivatives
will blow up.

But in any case, the outcome of Step 2 is that heuristically, each dp-derivative comes with a loss
of t~(1=Y) for instance one expects 892P = O(t_Q(l_V)); this confirms the AVTD expectation that
Op-derivatives cost fewer powers of ¢ than O,-derivatives (note this requires y > 0 and is exactly
where we require that our spacetimes are “low-velocity” with 0 < P < 2). This is good news, since
in the term t28§P will be O(#%Y), and thus negligible as ¢t — 0. So throwing this term away
to derive the first ODE of in Step 1 is justifiable, at least at the heuristic level. Similar
arguments hold for the other terms we threw away in Steps 1 and 2.

Step 3 concerns making the argument of the above paragraph rigorous. In particular, we must
overcome the issue of derivative loss due to terms such as BgP . This is achieved via energy estimates;
let £ (t) represent an L2-based energy which resembles but controlling 95X P and 9 Q in
place of P and ). We explain the main energy estimate: commuting with 85( yields the

following

0
(t0)20F P — (10920 P = 26*T (19,Q - 190 Q — t9,Q - 19} +'Q)

+ 227 ((t@tQ)Q - (tagQ)Q) Of¥ P + lower order quantities .

(10) (I1I)

A standard argument will then yield the differentiated energy estimate:
d
0] < \2EM00) (0 + (@) + (D 2).

It remains to estimate each of (I), (IT) and (III) in L?. Here we need to use Step 1 and Step 2,
the key observation being that e”’t9pQ, represented by Q in Step 1, is bounded by 1 —y. It turns
out that etd,Q is similarly bounded, and thus for appropriately defined &) (t) the terms (I) and
(IT) may be bounded by:

ID)llz2 + A0 22 < Auy/265 (),

where A, is a constant only depending on 7.
For the remaining lower order terms (IIT), we will also have to use Step 2. To simplify the

exposition, in this sketch we replace (IIT) by just the single term c-9g(e”’t95Q)-e” tﬁeK Q, where ¢ may
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depend on K. One can think of this as ¢-9ypQ - ePt%{Q, and thus via Step 2 is O(t*(lfy)) -eptﬁgQ.
This seems alarming at first sight, since this O(t_(l_y)) prefactor is not integrable with respect to

% as t — 0. But e”'t9fQ is not dependent on the Kth order energy EE)(t), but instead EE D (¢).

So
JUD2 < Cypet~ 00y /266 e).

Our eventual estimate for (IIT) will also involve £ () for all k < K, see already Propositions m
and [5.3.3
But sticking to our simplified (III), combining all of the above, as well as combining with a

similar energy estimate using the Q-wave equation (2.6.3)), yields

't % £(r) (t>’ < 2A,E00(t) 4+ 20yt~ EW (1) - -1 1), (5.1.20)

When K = 0, the last term on the right hand side is absent. Because of the 2A,, even the Oth order
energy £(©) (t) will blow up as t~24* as t — 0. Further, the appearance of t~(1=Y) means that as K
increases the rate of blow up also increases. Indeed, one can use ((5.1.20) to show:

5(K) (t) < DY K. thA*fZK(lfy)7

where D, g ¢ depends on y and the data, as well as the regularity index K.

It is crucial that A, is independent of K. The reason for this is that one now applies an
interpolation argument together with the above, much like what is done in [63], to show e.g. that
OBP = O(t*1=¥)=%) with § — 0 as N — oo, where N is the maximum regularity index for which
one applies the energy estimate. This means that one may interpret the ignored terms in Step 1
and Step 2 as negligible errors, as claimed.

To apply Steps 1 to 3 to the nonlinear problem, one uses a standard bootstrap argument. In
our proof, we shall actually perform Step 3 first. That is, one bootstraps L bounds on 0th order
and 1st order quantities, see 7, and uses these to derive the energy estimate . Then
one combines this estimate, an interpolation argument, and the ODE analysis of Steps 1 and 2, to
improve the bootstrap assumptions. This will yield the stability result Theorem [5.1.1] while the
bounce result Theorem follows from more detailed ODE analysis.
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5.2 Bootstrap assumptions, energies and interpolation lemmas

5.2.1 The L* bootstrap assumptions

As explained in Section let C = Ci(y,C) > 0 be a large real number to be chosen later in

the argument. We often make reference to the following four low order L* bootstrap assumptions:

to,P| < C., |eftdyQ| < C,, (B1)
1e’t0,Q|, e 7| < C, it (B2)

89 P|, |et3Q| < Ct=(1—7), (B3)
t8,0p P, |e" t0,0pQ| < Cyt = 7Y), (B4)

5.2.2 Energies

Definition 5.2.1. Let 0 < K < N. Define the following Kth order energies at fixed ¢:

eyo(t) = % /S 1 ((tataéf P)? +12(0) T P)? + (95 P)2) de, (5.2.1)
sg‘)(t) = % /S 1 e ((tatan)Z +t2(ag<+1Q)2) de, (5.2.2)
ety =09 (t) + €57 (). (5.2.3)

To recover asymptotics for Q(t,6) without the e weight we also make use of the following energy:
1

5 [, (100 QP +20[ 107 + (05 Q)R) a0 (5.2

5.2.3 Sobolev—type inequalities
Lemma 5.2.1 (Sobolev interpolation inequality). Let N, K be integers with 0 < N < K, and let
f:S' = R be such that 05 f € L2(S'). Then the following L>°~L? interpolation inequality holds:

N
K —

10 Flloeon) Svac P19 FllGary,  where o = (5.2.5)

NI

Proof. This is standard, see for instance [I11}, Lecture II]. O

Lemma 5.2.2 (Weighted Sobolev product inequality). Let M, N > 0 be integers and let K =
M+ N. Letw:S' — Rsq be a weight function and let W = logw. Then for f, g sufficiently reqular
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one has

K—1
lwoy fON gllrasty S I fllpeesty | lwOF gllr2s) + Z 102 W (|7 00 gy 10 O gl r2@n
j=1
+ gz | 1w o fllzzey + D 10:W I s gy w05 fllasny | - (5:2.6)
j=1
Proof. This is a generalization of [122, Lemma 6.16] where R” is replaced by the unit circle S* and we

also introduce a weight function w. A complete proof of this lemma is provided in Appendix[C}] O

5.3 The energy estimate hierarchy

In this section, we derive energy estimates for £ (t), at orders 0 < K < N, where N = N(y) is
chosen sufficiently large, by commuting the equations f with up to K Op-derivatives.

To handle “error” terms in the hierarchy (where the precise coefficients arising in the commuted
equations are not crucial), it is useful to introduce the following schematic notation: expressions
such as

Z 8gpf*8glg*---*8gig
kp+k1+...4ki=K

will represent some linear combination of products of the form 8{;” f- 851 g--- Gg" g such that ¢ > 1,
k, > 1 and kj > 1 forall 1 < j < 4 and ky + k1 + ... +k = K. We emphasize that
unless explicitly stated otherwise, in these schematic sums 7 and j will be positive integers, as are

the indices ky, k1, k; etc.

In the event that any index e.g. k, is allowed to be 0, this will be explicitly stated, and similarly

if there are further constraints on any index.

5.3.1 Energy estimates for P

Proposition 5.3.1. Let (P, Q) be a solution to the Gowdy symmetric system (2.6.2])—(2.6.3)) obeying
the bootstrap assumptions (B1)—(B4). Then there exists a constant A, depending only on Ci, as
well as a constant C') depending on C., and the reqularity index K € {0,1,..., N}, such that

K-1
'ti(s}f) (t)‘ <24,£B(1) + 3 oW 2ANE=R W) (¢ (5.3.1)
k=0

where it is understood that the final term is absent if K = 0.
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Proof. For any K > 1, commuting the wave equation for P (2.6.2) with 9f yields

(t0h)?0F P — 12030 P =
205 P’ ((t0,Q)° — (t0sQ)°) + 2¢*7 (t0,Q) (10,05 Q) + 2> (10pQ) (105 ' Q) (5.3.2a)

+ %2 > OP - % O P x 0,08 Q * 9,0°Q (5.3.2b)

i>0,kr<K
kit A kiky ks =K

+ %2 > IP - x OF P+ O TIQx O T1Q (5.3.2¢)

>0,k <K
kibotki bk tks=K

Note that in the uncommuted case K = 0, is replaced by 2" ((t@tQ)2 + (tagQ)2), while
the terms f are absent; this case will be simpler in the subsequent estimate.

The first line is the leading order contribution that gives rise to the 24,£5)(t) on
the RHS of (5.3.1). It remains to estimate the remaining lines (5.3.2b) and (5.3.2d) in L?. For
this purpose, we will use the product estimate Lemma It will be convenient to replace the

schematic expression (5.3.2al) by

> ILP 5 -5 Oy P+ O (T'18,Q) % 95 (T 10,Q), (5.3.2b")

1>0,0<ky ks <K
R T R

noting these two schematic expressions are equivalent since expanding (5.3.2b’|) simply means that
more derivatives can fall on P. We can apply Lemma with w = 1 to this expression; since we
can use (B2) to bound |et0;Q| < C. if k., ks = 0, repeated use of this lemma yields:

K-1
1E32D 2 < (1+C2) Y (105 Pl + 195 ("t3:Q) | z2) - (86 P 1o~ + 9p(e"t0,Q) L) ~*.
k=0

(5.3.3)
Note in this expression it is critical that the sum does not include K = k; these top order objects
appeared instead in .

To explain a little further how one arrives at this estimate, note that summands in
containing i 4+ 1 terms in the product (not including undifferentiated copies of ef't3;Q which are
estimated by (B2)), the maximum number of dy derivatives landing on either P or ePt0Q is exactly
K —i. Then repeated use of Lemma allows us to put exactly K — i 0y derivatives on one of
these, which we estimate in L?, while the remaining i terms are estimated by either ||0yP| e~ or
109(e"t0,Q)|| oo Setting k = K —i € {1,..., K — 1}, we obtain the desired estimate (5.3.3)).

The next step is to represent the right hand side of in terms of our energies. One issue is
that our energy €é2K) (t) in Definition[5.2.1|controls ||e” (t0;:0[Q)?| 12 as opposed to |0} (eFt0,Q)]| 12

However, this will not be a major issue, since by Lemma [5.3.2] which we defer to after this proof,
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will tell us that assuming (B2)),

k
195 ("t Q)2 S Y (195 P 2 + lle” (6035 2) - (106l 1= + [|09(e"t0 Q)| L=)" .

Jj=1

Thereby combining this with (5.3.3) and the expression for £)(#) in Definition — and using
that (5.3.2b) and ([5.3.2b’) are equivalent — and finally using the remaining bootstrap assumptions
(B3)—(B4) to estimate ||9pP||1 + ||0g(eF't0; Q)| L, one therefore deduces that

K-1
IE328) (112 Sovie » tVER Je® (), (5.3.4)
k=0

The estimate for (5.3.2¢) is essentially the same; we first rewrite ((5.3.2c]) in the schematic form

> OV P x -+ % O P x Ofr (eF105Q) * 9 (eF195Q), (5.3.4¢")

12070§k7‘ )kS <K
kvt tki bk tke=K

then use the product estimate Lemma [5.2.2] along with the forthcoming Lemma to express the

L? norm of this in terms of familiar quantities:

K-1
IG3ADI S D (105 Plle + Ne” (05 Q) 2) - (10 Pll + 196 ("t 0@l )" (5.3.5)
k=0

We then combine with the definition of the energies &%) (t), and use the bootstrap assumption
([B3) to estimate |G P L= + ||0p(eFtDpQ)|| L ; one yields

K—1
1(5.3.2d)[| 22 Seu Z tA=E=R), [e®)(¢). (5.3.6)
k=0

Now, to conclude, for 0 < K < N we write

1

t0y <2 ((t@tagf P2+ 205 P)? + (05 P)2)>
— (10,05 P) | (10,20 P — 20} *2P + 9f P| + 120, P)? + 0y (10:0 P - 2057 P) .

Integrating over @ € S! so that the last term vanishes, and inserting the commuted wave equation,

one has the following identity for the t% derivative of the energy:

d
tag}j‘) (t)

_ /S [0k P) (E32) + 05 P) + £(0F ' PY?) da

- / (10,05 P) ((5:325) + (5:3:29))] da.
st
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From the bootstrap assumptions (B1)-(B2), it is clear that ||(5.3.2a)||;2 < 10C2\/EE)(t). Using

Cauchy—Schwarz, the first integral in the above expression can thus be bounded as:

‘ / t@t ((5-3:24)) + 05 P)+t2(a§<+1p)2} dz| < (1002 + 9)e5) (1).

On the other hand, the latter integral can be estimated using ([5.3.4)) and (5.3.6)); one yields that
for some C5) > 0,

K-1
< VOE) § 4= 1-E-k) \/g<k> (1) - \/5<K> ¢

k=0

‘/Sl [(t0:05 ¢) ((5-3:2B) + (5-3:2d))] d=

Combining these and applying Young’s inequality, Proposition follows, with 24, = 10C?% +
10. [l

We end this subsection with the promised Lemma used to relate [|0F(eFt0,Q)| 2 to
|ePt0;08 Q|| > in the estimate (5.3.3), and [|0F (e”'t8pQ)| 12 to |[eFtas T Q|| > in (5.3.5).

Lemma 5.3.2. Let f : S' — R be a sufficiently regular function, with |e*f| < C,. Then for
P :S' = R regular function, and k € N, one has

k
105 (e” A2 S (1+C) D (105 Pl 2 + €0} fll12) - (106 Pllzoe + 9a(e” Fllz)*7. (5.3.7)
7=0

Proof. We prove ([5.3.7)) using induction on k& € N. The base case k = 1 follows from
[B9(e” f)] < 186P| - e f| + e"0p f| < Cic - [8pP| + |e" Dy f|.

Now, let us suppose that (5.3.7) holds for k¥ < K € N. To go from k = K to k = K + 1, we use

our schematic notation to expand aéK (el f), and write

Oy el ) =0 P f PO+ > M Px- %0 POy (e"f), (5.3.8)
kittkj+ky=K+1

where crucially each of the k1,...,k;, ky will not exceed K. Therefore, one may apply the product
estimate Lemma [5.3.2] to find

Z aglP*---*ﬁng*ﬁgf(ePf)

kit tki+kp=K+1 2

K
< S AP + 195" Hllz2) - (106P 1o + [Ba(e” Pl )<+,
7=0
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We now apply the induction hypothesis to change H@g(epf)HLz to HePGgPHLz. We thus deduce

Z 8glP*---*65jP*8§f(ePf)

itk +kp=K+1 2

K
S (L4 C) D (105P 12 + 11e" 0 122) - (189P o + [18p(e” f) | o)+
7=0

On the other hand, the first two terms on the right hand side of ([5.3.8) have L? norm bounded by
Cll X P2 + [|€P X £|| 2. This proves the estimate (5.3.7) for k = K + 1 and completes the

proof of the lemma. O

5.3.2 Energy estimates for @)

We now prove the analogous energy estimate for EC(QK) (t).

Proposition 5.3.3. Let (P, Q) be a solution to the Gowdy symmetric system (2.6.2])~(2.6.3)) obeying

the bootstrap assumptions (Bl))—(B4). Then there exists a constant A. depending only on Cy, as

well as a constant C) depending on C, and the reqularity index K € {0,1,..., N}, such that
K—1

‘tjtz»:éf) w\ < (24. +20.0)EM (1) + 3 CURTHIEEREN @), (5.3.9)
k=0

where it is understood that the final term is absent if K = 0.
Proof. Commuting the @ wave equation (2.6.3) with 9/, one yields for 1 < K < N:
(0,05 Q — 20505 Q =

— 2t0, 0 P - t0,Q — 2t0, P - 10,0 7' Q + 2t9) T P - t0pQ + 2t0, P - 19y T Q
(5.3.10a)

+ Y (0 P00y Q+ 10y P19y Q) (5.3.10b)

kptkq=K
The base case K = 0 is just the equation and will be easier to deal with. Note it again
crucial that neither of k,, k4 is allowed to equal K.
In light of the e?” weight appearing in 8é2K) (t) in Definition [5.2.1} we will be required to estimate
e? times the right hand side of this equation in L?. For the lower order term , we use a
similar method to the estimate for in Proposition For the first term in , it

is convenient to write instead

el Z t@tag”P * t@taqu = Z %“P Kok 8giP * tBtBSPP * ag“q(ept('?tQ)

kepthq=IK i>0
ki+-tkit+kpt+ke=K
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Then one may estimate this in L? in the same way as the term (5.3.2b7), eventually getting

e’ N 10,07 P 10,0, Q
kp+hg=K

K-1
Sc. Y (185 Pl e + 1005 Pll 2 + lle”t0:05 Q) 12)-
k=0
(100 Pl| oo + [|t0:p P L + 1|0p(e” Q)| L) "~

Thereby using Definition and the bootstrap assumptions (B1])—(B4), we get

K-1
¢’ N 100y P00 Q| Scox Y T ITIER), et).

keptkg=K k=0

The same method allows us to estimate the second term in (5.3.10b]) in the same way, thus

K-1
le” E3I0B) 12 Senie Yt EIETR Je®) (1), (5.3.11)
k=0

To conclude, we first write the derivative identity; for 0 < K < N:
0 <; (2P (t00f Q)% + 62Pt2(89K+1Q)2)>
= P (10,05 Q) e (1005 Q — oF Q| + 0y (10,0 Q - 201 Q)
+tO P - 2P (10,05 Q)% + (1 + 18, P)e2 P2 (0F T1Q)? — 2t9p P - 210,05 Q - tof 71 Q.
Next, integrating this over # € S, one deduces that
1Ll r)

e
- /S 1 P 10,05 Q (" B3 100 + to,P - "10:05 Q) + (1 + 10, P)e (9 1 Q)2 da

/ 2105P - 10,05 Q - P1OK T Qd + / (60,05 Q) (¢" (F3100))] de.
St

Finally, using the expression for , the bootstrap assumptions and , and the
expression for &) (t) in Definition one may check that the first line of the right hand side is
bounded by say (10C2 + 9)£5)(¢).

On the other hand, by using the bootstrap assumption for the second integral and
for the third, one yields:

< 20,47 EF (1),

/ 29 P - 10,08 Q - Pt0) T Q dx
gl

SWEE Kz:ltl TVEZR) Je®)(t).
k=1

[ (0095 Q) (" E310)) ds

Sl
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Therefore applying Young’s inequality, one deduces (5.3.9) for 24, = 10(C? + 1). O]

5.3.3 The energy hierarchy

We now use Propositions u - together with the initial data assumption (5.1.11] m,
to show that the total energy of order K, X )( t), grows at most polynomially in ¢ as ¢ | 0, and

moreover that the rate of blow-up depends linearly in K.

Proposition 5.3.4. Let (P, Q) be a solution to the Gowdy symmetric system f in the
interval t € [tp, to], such that the solution obeys the bootstrap assumptions f. Assuming
also the bounds f for the initial data, then there exist a constant A, depending only
on Cy, as well as constants CE) depending on Cy, K and (, such that for 0 < K < N, the total
energy £ (t) satisfies the bound:

EF) (1) < oK) (=24 72K(1=y) (5.3.12)

Proof. Combining Propositions and it is straightforward to show that for some A, > 0
depending only on C and constants C' (K) > 0 (we allow A, to differ from the previous propositions),

one has the following derivative estimate:

K-1
5<K>()‘ (24, 4 2C,)EF) (1) + DN ReW) ().

‘ d
k=0

ti
dt
As we integrate “backwards” i.e. towards r = 0, the derivative estimate we actually use is the

following;:
d

L em) 4 y oK) Y(K—k) g (k)
tE0 () > —(24, +2C,17)EE Zr EF ().

In fact, using the integrating factor ¢4+, which is crucially independent of K, we write:

K-1

A (28,0) (1)) > _o0gv (242 (1)) _ o) N 20— (K—k) (240 g(k)
t— (245 (1)) > =20, (A1) —C t 2Ae® ). (5.3.13)
dt( ) ( ) kzo ( )

We will now use (5.3.13)) and induction on K € {0,..., N} that
2 g(B) (1) < 201K (5.3.14)

where the implied constant is now allowed to depend on C,, K and (. This is equivalent to (5.3.12)).
Note that the dependence on ( comes from the fact that the initial data bound (5.1.11)—(5.1.12])

implies that
N

> gt e®(t) < ¢ (5.3.15)

k=0
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For the base case K = 0, one simply applies Gronwall’s inequality to (5.3.13]) for K = 0; then
fort € [tb, to]

24-£0)(1) < exp(F(to, 1)) - 24 €O (1), where  F(sq,s5) = / 20, tyit
Sb

Since F'(sq,sp) is uniformly bounded for sq,sp € [tp,to], it follows from the initial data bound

(5.3.15) that (5.3.14) holds for K = 0.

Moving onto the induction step, assume that ((5.3.14)) holds for 0 < K < K < N; we wish to
prove it also holds for K = K. Applying Gronwall’s inequality to (5.3.13) for K = K, we have that

124-£00(t) < exp(F(to, 1)) - 5™ €5 (to)

to I, . di
4 / exp(F(E, )01 Y 720 DpA- g0 %
t

It therefore follows from the initial data bound (5.3.15)) and the inductive hypothesis for £24+£®) (¢)

that
to K-1 ~

_ ~ d _
24-g(K) () < / 2Bk okt o a0-yK
¢+ E PN

as required. This completes the proof of the proposition. O

5.3.4 An auxiliary energy estimate

In order to recover precise asymptotics for Q(¢,0) as t — 0 we also make use of the following energy

estimate for the energy Eg(u) (t), see Definition [5.2.1

Proposition 5.3.5. Let (P, Q) be a solution to the Gowdy symmetric system ([2.6.2) (2.6.3|) obeying
the bootstrap assumptions (Bl))—(B4). Then there exists a constant A, depending only on Ci, as
well as a constant C'F) depending on Cy and the reqularity index K € {0,1,..., N} such that

K (K—
§2A*5c(9,13(t)+C(K)\/25( ( 1”«/25 V() + ¢\ /260 (¢ ) (5.3.16)

With initial data as in Proposition one can moreover show that for some C¥) > 0,

o

ES(t) < ¢4 —2K (), (5.3.17)
Here C'5) may also depend on the initial data (Qp, QD).
Proof. For the auxiliary estimate we again commute the wave equation ({2 with 85( , though we
shall group terms in a slightly different way to (5.3.10a) and ([5.3.10b)). We have:
(t0)205 Q — 0308 Q = —2t9, P - 18,05 71 Q + 2t9p P - tO) T1Q (5.3.18a)

kp kq kp kq
+ Y (0o P100;Q+ 0 Pty TQ) (5.3.18b)

kp+hg=K
0<ky<K
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The difference between this and ([5.3.10a))—([5.3.10b]) is that the top order term containing P (i.e. k, =

K) is now included in (5.3.18b)). We shall now estimate (5.3.18b)) in L? without the el weight.
Using Lemma and the fact that 1 <k, < K, one finds

|(B-318) || 2 S [It0i04 Pl 21|t Q|| Lo + [t0: 99 P o |[t0: 05 1 Q|| 2
+ 10 Pl 2 [t0pQl Lo~ + ([0 Pl| oo |05 Ql 2.
For the first and third terms on the right hand side, the L? norm is controlled by EI(DK)(t), while
the L° norm is controlled via the bootstrap assumptions (Bl and (B2)), which together give
1t0: Q|| L=, [[t0sQ| L= < C?t¥. For the second and fourth terms, the L? norm is controlled by

& (Ku_l)(t), while the L> norms are controlled using (B3)—(B4).
Combining all of these will yield that

IE3IH) < 'y €7 () + 17 eG o). (5.3.19)

Continuing, we write down the derivative identity:
1
(5 (1005 QP + 20102 + (05 Q1) )
— (10,05 Q) |(t0)205 Q ~ PO +2Q + 9f Q| + P(Of Q) + 0y (1005 Q- P9 +1Q)
Integrating over # € S, one thus yields that

d
t%‘sg() (t)

:/ [(tatagfcz) ((5-3184) + 95 Q) +t2(ag<+1Q)2} da;+/ [(t8:05 Q) - (5-3-18D)] da.
St St
Using the bootstrap assumptions and to deal with (5.3.18a)), and using (5.3.19) to deal

with ([5.3.18b|), one therefore deduces the estimate (5.3.16]) in a similar way to say Proposition m
Inserting the bound (5.3.12)) into ([5.3.16f), we find that:

tiS(K) t 2—2A*5(K)t — 90 JeB) gy (0= JeE=D) py 4 gy —A—K(1=v) ) |
dt Q,’U, Q:u Q»/U‘ Q,U

Equivalently,

d K (1 K—1 Al K(1—
t@ 2A*gé27u)(t) > _¢(K) (t (1-v) tQA*géM )(t)—i—t YA —K(1 Y))l

The integrated estimate (5.3.17) then follows easily using induction on K € {0,..., N}. O
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5.4 Derivation of ODEs

5.4.1 Low order interpolation estimates

The goal in this section is to use the energy estimates of Proposition [5.3.4] together with the Sobolev
interpolation in Lemma to provide L> bounds for low order dy derivatives of P and @, allowing
us to treat (2.6.2)—(2.6.3) as ODEs for certain quantities without worrying about losing derivatives.

Lemma 5.4.1. Let (P,Q) be as in Proposition m Gwen any 0 < vy < 7y, for N chosen
sufficiently large there exists a family of constants & = &(Cy, (,ts) > 0 with & L 0 as t,. | 0, such
that for any 0 < k < 3 and t € [ty, to] one has

195 P(t, )|z + 1005 P (¢, )| o= + [|e” 0,05 Q(t, | zow + [|€” 15T QI poe < 8¢ HITY) (5.4.1)

Proof. We use the energy estimate ([5.3.12)) for K = N, alongside Lemma applied to f = t0,Q
and f = t0yQ, to derive the following top order L? estimate:

105" P17 + [[t0:05" P72 + 195 (e"t0,:Q) |72 + 1105 (€"t0pQ) |72 < 20242V (5.4.2)

Note that while CN) depends on N, the number A, does not, and we later choose N depending on
A,

We now interpolate between and the low-order L* bootstrap assumptions and .
Applying Lemma with f € {P,t0;P,e"'t0;Q, e"'t0pQ} and 0 < k < 3 one finds:
k

195 f(t. Moo Sv IF NN £ (8, )|, where o = —

D=

Inserting the bound (5.4.2)) and the bootstrap assumptions (B1f) and (B2)), one finds

k Moo < —24.-2N(1-7)) 2 — 4~ k(Q=y) | (4—24—(01~y) 2
106 f(t, Mz Sne. t ¢ :

Note that as N — oo, a — 0. In particular, for N chosen sufficiently large (depending on A, y
and Y’ < y) one can guarantee that the second term in the product (t_QA*_(l_V))% can be bounded

-y’

by say t~ 2 . Thus for this choice of N, we deduce that for f as above,
18E £(t, YL < Cv.o,t FEV=YF5 = Oy ot HOY) k==Y (5.4.3)

To go from (5.4.3) to (5.4.1]), there are two more steps required. The first is that we can expand
out 9% (ePt9,Q) and 85 (eF't9yQ) to yield, for some suitably modified constant Cy ¢, ,

105 P(t, iz + ([t P (2, 1o + lleTt00FQ(E, Iz + [le” 05 QLo
<t7*1Y) (O o 2V,

1y, A~/
Note we used here that k — % > % Then recalling that ¢ < to < t,, letting 8 = Cn ¢, - t2 =)

completes the proof of the lemma. O
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Using Proposition we also derive interpolated estimates for Q, without the e’ weight.

Lemma 5.4.2. Let (P,Q) be as in Proposition m Forvy,y',N as in Lemma there exists
a family of constants & = 8(Cyx, (,ts) > 0 with 8 | 0 as t. | 0, such that for any 0 < k < 3 and
t € [ty, to] one has

105 QUL ) + [[t0:05 Q¢ )| e < 8EFIY. (5.4.4)

Proof. The proof is identical to that of Lemma [5.4.1, using instead the energy & (V) (t) and the

U

estimate ([5.3.17)). O

5.4.2 The main bounce ODEs

Corollary 5.4.3. Let (P,Q) be as in Proposition m Then for N chosen sufficiently large
there exists a family of constants & = 8(Cy, C,tx) > 0, with & | 0 as r« | 0, such that for all
(t,z) € [ty,m0] x S! and all a € [-1,1]:

|(t0; + atdp) (—t3,P) — ((eFt3pQ)? — (eFt0,Q)?)] (¢, z) < 8¢, (5.4.5)
|(t0; + atdp) (e"tpQ) — (1 + 0, P) (" t0pQ)| (t,x) < 5t (5.4.6)
|(t0, + atdy)(eTt0,Q) + (18, P)(e"t0,Q)| (t,x) < 5tY'. (5.4.7)

Proof. Each of these will follow straightforwardly from Lemma and basic manipulation of the

equations (2.6.2) and (2.6.3)). For (5.4.5)), from (2.6.2]) one has:

(t0 + atdp)(—t0:P) — ((e"t0pQ)* — (e"'10,Q)*) = —t205 P — at®0,0p P. (5.4.8)
Then applying Lemma [5.4.1] the right hand side is bounded by
(POZP| + |at?0,;0pP| < 5t~ 207Y) 4 51~ (1Y) < 25¢Y,

and the bound (5.4.5) follows upon redefining & appropriately.
For (5.4.6)), one simply applies the product rule on d;(e’t9pQ) to get:

(t0; + atdy) (eF't0pQ) — (1 + 0, P)(eF195Q) = e 120,09Q + atdy(eFt0yQ). (5.4.9)

Applying Lemma repeatedly, one bounds the right hand side of this by 5(2+ C,)t"’, so (5.4.6)

follows upon further redefining 9.

For (5.4.7)), one uses the equation , to derive
(t0; + atdp) (e t0:Q) + (10 P)(eF10,Q) = e 1202Q + 2eF't0pQ - tdp P + atdp(eF't0,Q),  (5.4.10)

and by Lemma is bounded by (2 + 3C;)tyl, thus completing the proof upon redefining 6. O



227

5.4.3 The equations of variation

On top of the ODEs for —t0, P, eF't0yQ and ef’t0;Q exhibited in Corollary we shall also require
corresponding ODEs for their dyp-derivatives; that is, the linear system obtained by linearizing the
ODEs of Corollary around a given solution for (—t9, P, eF't95Q, e"'t0,Q).

Corollary 5.4.4. Let (P,Q) be as in Proposition m Then for N chosen sufficiently large
there exists a family of constants & = 8(Cy, (,ty) > 0, with & | 0 as v« | 0, such that for all
(t,z) € [ty,m0] x St and all a € [-1,1]:

|(t0s + atdp) (3,05 P) — 2(eF't3pQ) (e 13pQ) + 2(e"10,Q) 0y (eT10,Q)| (¢, x) < 57142V,
(5.4.11)

|(t0; + atdp)(9p(e"t0pQ)) — 1009 P e"t0pQ — (1 + 9, P)dp(eF't0pQ)| (t,2) < 5t 1+2Y' (5.4.12)

|(t0; + atdp)(Dp(e"t0Q)) + t,p P " 't0,Q + 10 P 9p(et0,Q)| (t,2) < 5712V (5.4.13)

Proof. Each of (5.4.11)—(5.4.13]) will be derived by commuting the equations (5.4.8)—(5.4.10|) used
in the proof of Corollary with a Oy-derivative, then using Lemma to bound the right

hand side. We demonstrate this by deriving ([5.4.13)); by commuting ({5.4.10) with Jy, one yields

(t0; + atdy)(0p(eF'10,Q)) + t0,0p P eF'10,Q + tO,P Oy(eT't0,Q)

= 3ty PtI2Q + t eTtIQ + tI3 P eF't0pQ + atdi (eF't0,Q).

By Lemma [5.4.1] each Oy-derivative on the right hand side, not including the one derivative in

ePt9yQ, costs t~ 1Y, thus the additional power of ¢ on the right hand side means
|(t0; + atp)(3p(e"tD,Q)) + 10105 P e¥'t0,Q + t3, P 9p(e"'0,Q)| e, 81 7207Y) = ¢~ 142",

Redefining & to absorb the implied constant, one deduces ((5.4.13|). 0

5.5 Low order ODE analysis

In this section, we apply the ODEs derived in Section [5.4] to derive L> bounds for Oth and 1st order
quantities. Eventually, these will be used to improve the bootstrap assumptions (B1f)—(B4).
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5.5.1 The bounce ODE

Lemma 5.5.1. For ty < t. < 1 sufficiently small, let P,Q,R : [ty,to] C Rsg — R satisfy the
following ODEs, where for some 0 <y' <y the error terms &; obey |&;| < §tY' fori=1,2,3:

t0P = Q? — R* 4 &4, (5.5.1)
t9,Q = (1 —P)Q + &y, (5.5.2)
tOR = PR+ 3. (5.5.3)

Suppose furthermore that for some y" >y, one has (P — 1)%(to) + Q%(to) < (1 —v")? and |R(to)| <
5tg/. Then for & chosen sufficiently small (depending on all of v,Y',Y") the solution obeys the
following bounds for t € [ty, to].

(P-1*O)+ Q%) < (1-v)* R <t (5:5.4)

Proof. We proceed via using a continuity / bootstrap argument, with bootstrap assumption which
is exactly (5.5.4). That is, we assume holds on an interval [t,t9] C [tp, to], and show that we
may in turn improve upon in this interval. For the improvement step, we use an approximate
monotonicity property of the ODE system; let X be defined by

K= (P—-1)2+0Q%+ R (5.5.5)

Using (5.5.1)—(5.5.3)), one may show that t9,K = R2+2E1(P—1) +2E2Q+2E3R. Thus using R? > 0
and taking (5.5.4)) as a bootstrap assumption, t9;K may be bounded by

10K > — (4(1 —v) + 2tV’) 5t

Thus for & = 8(y,v’,vy”) chosen sufficiently small, one may guarantee that

fo R | "
oK (D) < 5 ((1 B - y”)2> . (5.5.6)
t

Similarly using our assumptions on initial data we may choose & sufficiently small such that
1 1!
K(to) < (1=v"2+5 (1 =22+ 1 =v")?). (5.5.7)

Combining (5.5.6) and ((5.5.7), it is clear that one has K(¢) < (1 — W%YH)Q < (1 —7v)? for t € [t,to],
thereby improving the first inequality in (5.5.4)).

For the second inequality in , from and P >y (which follows from the first part of
(5.5.4))), one has the following differential inequality for R:

t@t(ﬂQ2) > 2’}/R2 + 2&3R.
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Using an integrating factor and the assumptions on R and €3, we may thus write

0yt~ R?) > 2851207,
(

Our assumption at ¢ = to means ¢, YR2(ty) > 8%ty 20r=Y) Thus for § chosen sufficiently small, we
integrate the above inequality in the direction of decreasing ¢ and yield that ¢t 2YR? < 207",
Multiplying both sides by ¢2Y, this is a strict improvement of the second inequality in (5.5.4). This

completes our continuity argument, completing the proof of Lemma [5.5.1 O

5.5.2 The equations of variation

Lemma 5.5.2. For 0 < tg < t. < 1, let P,Q,R : [ty,to] — R satisfy the assumptions of
Lemma)5.5.1. Further, let £L,M,N : [ty, to)] = R obey the following ODEs, where |&;] < 5t 12 for
1=4,56:

10,5 = 20M — 2RN + &4, (5.5.8)
tOM = —QL + (1 — P)M + &, (5.5.9)
tON = RL + PN + & (5.5.10)

For some ¢ > 0, impose the following conditions at initial data: |L(to)|+|M(to)|+|N(to)| < Ctalﬂl.
We further assume that 2y' > y.
Then for & chosen sufficiently small depending on y,Yy',y" and (, there exists a constant D > 0

depending on the same parameters such that for all t € [ty, to], one has

|L(t)| 4 M) + IN(t)| < Dt (5.5.11)
Proof. We shall rewrite the system (5.5.8)—(5.5.10)) in the following matrix form:
L 0 20 2R| | L &4
to IM| =|-Q 1-P 0 M|+ |€5] - (5.5.12)
N R 0 P N &
=L

The goal is to bound the operator norm of the matrix L = L(r), as a function of ¢ € [ty, to], in
such a way that allows one to integrate this equation. Note our operator norm will be with respect
to the £2-norm on R3, i.e. for a 3 x 3 matrix M we write

Mx|| p2
||M”op — sup H Hf )
xer3\{0} |IX[le2

In fact, we shall actually estimate the operator norm of
0 29 2R
L=|-0 1-? 0 |=L+P,
R 0 0
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where we note P = diag(0, 0, P) is a positive definite matrix with respect to the ¢? inner product.
Our strategy will be to estimate ||L||,, differently depending on the size of Q(t). The idea is that
when Q(¢) is small, the largest matrix element of L will be 1 — P, which is bounded by 1 — v by
Lemma [£.5.1]

On the other hand, when Q(¢) is not small, we will only have a weaker quantitative bound
|Llop < 10; this will be mitigated using an estimate on the size of the interval for which Q small is

not small.

Case 1: [Q()| < 1(v" —):

Recall from the proof of Lemma [5.5.1] particularly (5.5.6) and (5.5.7), that for ¢ € [t;, ] one has

"\ 2
(ga_mgg(l_vy) |

In particular, the Hilberthchmid norm of L is given by:

[112 2 2 2 2 y+y'\* 1, ) )
ILlFs = (P = 1) + Q4407 + 5% < (1 = | + (" —y)* +5%%

Without the 5R? term, the right hand side is strictly less than (1 —v)2. From Lemma we
have R? < 2’| and in particular for ¢ < ¢, chosen small enough one has | L] zs < 1 — 7. Since for

any 3 X 3 matrix M one has |[M]||,, < ||N||gs one concludes that:

L) lop <1—7v whenever [Q(¢)] < ~(y" — ). (5.5.13)

o |

Case 2: |Q(t)] > L(v" —v):

If one assumes no additional smallness for |Q(¢)| then one may only use Lemma to bound the
individual matrix elements of L(t). Using Lemma we simply crudely bound each nonzero
matrix element of L(t) by 4, then proceeding via the Hilbert-Schmidt norm as above one can show
IL]op < V8O < 10.

As mentioned previously, this will be mitigated using control on the size of the set B = {t €
(to,to] : |Q(t)] > 1(v" —v)}, at least upon assuming sufficient smallness on & and t,. To justify
this, suppose that & < 6%1(1/” —7v)? and that R? < 2 < é(y” —7)2. Then using and the

equation (5.5.1) for t0;P,

1 1
> (v — 2—932— > (v —~)2
toyP > 16 ('Y 'Y) 6 > 32 (Y Y)

2Recall the Hilbert-Schmidt norm of a 3 x 3 matrix A is given by the £>-norm of all its matrix elements:

3 1/2
[Allms = (Z Afj) -

i,j=1
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while t € B. Furthermore, for ¢t ¢ B, from Lemma one still has t9,P > —CtY' for some C > 0.
But from (j5.5.4)), P(r) is certainly bounded between 0 and 2. So:

to - dt - dt - dt Loy 2 =1y
2> to P(t) = = toP(t) = + toyP(t) = > pu(B) - ==(v"' —v)* = Cy" Y.
t 13 ieB 3 teB t 32
Here u(B) is the measure of the set B with respect to the measure %. Let us choose t, small
enough so that Cy/ *ltl/ < 2. Then collecting all this information,
- 1
IL(t)|lop < 10, whenever |Q| > 1(}/” -v) (5.5.14)

1
where B = {t € [ty, to] : |Q(2)] > Z(y" —y)} has u(B) < 128(y" —v)72

We now use ([5.5.13) and ([5.5.14]) to complete the proof of the lemma. We introduce the further

notation:

So that we further rewrite the ODE system ([5.5.12) as t0;x = (I: + P)x + e. Using the positivity

T

of P, one then shows that ||x||2, = x”x satisfies

y)1x)1% > 2xTLx + 2xTe > 2|y x[ % — 2v35t 2 |x] .

Note the final inequality follows from the definition of the operator norm and using Cauchy—Schwarz

on x’ e, together with the assumed bounds on the error terms &;. Therefore
tO||x||p2 > —\|i[\op- Iz — V35t (5.5.15)

The idea is now simply to apply Gronwall’s inequality to this differential inequality. Recalling

that we always integrate in the direction of decreasing ¢, the crucial bound will be the following,

which follows from ([5.5.13]) and (5.5.14)):
R - dE Food

F LG P S - S |
to te[tg,tl]\B t tE[tQ,tl]ﬁB t

t dt dt
t2 t teB t

<(1-7) 1og<2> +10u(B) = (1—v) log<2> 1280y — 7). (5.5.16)

To conclude, integrating ([5.5.15[) and inserting our initial data bounds yields the following integral
inequality, where B(t) = v/3(Cty 'Y + 6(1 — 2y/) "1~ 1+2Y'):
dt

[x(#)le2 < /t LDl - [xD)e — +A®).
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Thus Gronwall’s inequality in integral form implies that

dt\ d
0l < 50+ [ B0 1@ exp</ 170l t>t~

By (5.5.16) and the fact ||L(t)||op < 10 holds everywhere, we can bound the integrand here by:

U ~ N\ 1Y 7N\ Y )
ﬁ(f)'li(f)\lop'exp< | el Cf) som-(5)  sefy) e

Therefore, using that 2y’ > vy, inserting this into the above yields that ||x(¢)||,z < t~'*Y. By

the definition of x, and since the ¢? and ¢ norms on R® are uniformly equivalent, the lemma

follows. O

5.6 The stability result

5.6.1 Proof of Theorem [5.1.1]

The proof of our stability result Theorem [5.1.1]follows from a boostrap argument. By local existence
for the Gowdy wave map system, for initial data as given there exists some t;, € (0,¢y) such that
a solution to the Gowdy system f exists in the interval ¢t € [ty,to], which moreover
satisfies the bootstrap assumptions f.

We show that assuming this, one may then improve upon the bootstrap assumptions, for in-
stance showing the same f hold with C, replaced by say C./2. By a standard continuity
argument, t, may then be any number in the interval (0,%p), and the corresponding solution thus
obeys (improved) bootstrap assumptions in the whole of ¢t € (0,t9). We then apply the results of
Section [£.3] and Section [B.5] to conclude.

Improving the bootstrap assumptions

Let (P, Q) be a solution of the Gowdy symmetric system in our bootstrap region ¢t € [tp, o] with
assumptions on initial data as given. Then the results of Section [5.3] and Section [5.4] all apply, in

particular Proposition [5.3.4 Lemma [5.4.1] Corollary [5.4.3] and Corollary [5.4.4f We now proceed in
the following steps:

Step 1: ODE analysis on timelike curves

The first step will be to use Corollary [5.4.3] Corollary and the results of Section [5.5] to provide
L bounds for the following 6 key quantities:

—t0, P, el't0yQ, eTtaQ, —td0yP, eFt03Q, el't0;05Q.
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To do set, let v : [ty, to] — (0, +00) x St with v(t) = (¢,0(t)) be a C! past-directed timelike curve.
One example is a curve of constant 6 i.e. with 6'(¢) = 0. In view of the metric (2.6.1)), the timelike

character is equivalent to |0’(¢)| < 1. For such a curve, v, define
B(t) = 0P, Q1) = POQA(D), R = FRQGW),  (56.1)
L(t) = —t00eP(v(1),  M(t) = Dp(e"0pQ)(7(1)),  N(t) = ("t Q) (V(1)). (5.6.2)

The initial data assumption means that (P(tp) — 1)2 + Q3(tg) < (1 —vy”)? and the
second assumption means that for & < Ctl_y/, one also has R(tg) < 6th. Combining these
initial data bounds with Corollary it is clear that along the curve 7, P, Q and R satisfy the
assumptions of Lemma , with a = %. Applying this lemma yields that:

1—PE)2+Q2H) < (1-v)? RE) <. (5.6.3)

We also provide bounds for £, M and N. To do this, we use the ODEs in Corollary [5.4.4L With
error terms bounded as in this corollary, it is evident that the quantities £, M and N satisfy the

system (5.5.8)—(5.5.9) in Lemma [5.5.2]

We also need to verify the conditions on initial data for the ODEs. To do so, we use the initial
L? bounds (5.1.11)) and (5.1.12). It follows from these, Sobolev embedding in ', and also (5.1.9)-
(5.1.10)), that one has |9y Pp(0)], |05 (e t009Qp)(0) |, |99(e"PQp)(0)| < Cs1, where Cq1 is a Sobolev
constant that is independent of ¢ and y. Thus one has |£(to)|, [ M(t0)|, [N(t0)| < Cs1¢ < CtaHY, S0
long as ty < t, is chosen small enough to absorb the Cgi. Thus applying Lemma [5.5.2] we deduce

that for some constant D > 0 depending on vy, ( etc but not Cy, one bounds
L) + M)+ N < DEmHY. (5.6.4)

Step 2: Improving the bootstrap assumptions (B1)) and (B2])

Using , and allowing v to vary over all timelike curves, in particular all curves with constant
f-coordinate, we find that [t0; P(t,x)| < 2 —vy and |eFt0yQ(t,x)| < 1 —7 for all (¢,z) € [ty, to] x S'.
Thus choosing C, > 2(2 —1), one easily improves upon . Note that since P cannot change sign,
(5.6.3) actually yields —td; P(t,x) >y.

Similarly using (5.6.3)), |e"t0,Q(t,z)| < ¥, so the first part of is improved for C, > 2. For
the second part of , we simply use:

e P(t,z) < e P(tg,0) - exp(— /to(—tatP)(f, 0)?) <e r(h)exp (y log(ti)),
t

where in the second step we used that —t9;P(t,z) > y. Using the initial data assumption (5.1.10)),
we thus have eP(t,az) < (tY. Since ¥ <y and t < 1, choosing Cy > 2( also improves the second

part of (B2).
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Step 3: Improving the bootstrap assumptions (B3]) and (B4))

We shall improve these using (5.6.4)). Allowing ~ to vary over all timelike curves, for all (¢,0) €
[ty, to] x St

t8, 09 P(t,0)| < Dt~ 185(ePt0pQ)(¢,0)| < D=V |9y(e"t0,Q) (8, 0)] < Dt=(1=Y),
(5.6.5)
We now integrate the first inequality in (5.6.5)). Using and Sobolev embedding to bound
|99 P(ty,0)], we deduce that [9pP(t,0)| < Dt~(1=Y) also, where D is modified appropriately.
We now expand the second and third inequalities in , yielding that

lePt02Q| < D= 1 10,P| - [eF185Q|, T t0,05Q| < Dt=Y) + 9y P| - e"t0,Q).

Now using the above bound for |9y P| and the bounds from Step 2, by modifying D appropriately we
also have |ePt92Q)|, |eT't0,05Q| < Dt~(=Y) Choosing C, > 2D, we thereby improve the remaining

bootstrap assumptions.

Completion of the proof

To complete the proof, it remains to prove the statements contained in the final paragraph of
Theorem The former two bounds follow immediately from and Proposition m
respectively.

To show that —td; P(t,0) converges pointwise as t — 0, note that this is equivalent to showing
that P(t), as defined in , has a limit as ¢ — 0, for curves v of constant #-coordinate. From
Step 1, we know that P solves an ODE as in Lemma [5.5.1] namely

t0,P =Q% —R2 4 &,

where |&1| < ¢Y'. By (5.6.3), one also has R? < 2. We can integrate the above and write:

to g to g
70 - 900+ [ (€ -2)F = - [T
t t

By the lower bound for P(¢) in and the aforementioned bounds for £; and R implying
a lower bound for the LHS, it is clear that the right hand side attains a limit as ¢ — 0. Thus the
quantity P(t) also attains a limit as ¢ — 0.

Finally, we show that Q(t,0) and 9yQ(t,0) converge uniformly as t — 0, where for the latter
statement we require y > % Starting with Q(¢, ), we multiply by t~°, for some o > 0 to

be determined:

0y (t™°t0;Q) = (=2t P — o) - t "t Q + t> 03 Q + 24> 9 Py Q. (5.6.6)
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We shall choose o < y’. Therefore, we have —29; P— ¢ > 0, while by Lemma and Lemma

we can bound the final two terms on the right hand side by

[77005Q| + [0 PByQ| < 1>~ Y) = Ve

Since 2y’ — 0 > ¥/ > 0, this is therefore integrable with respect to % as t — 0. Therefore

integrating (5.6.6|) yields that t~°t0,Q is uniformly bounded in the region 0 < ¢ < ty. This means
that:

to
Q(.0) = QUto.0) — [ (°t0Q(E 0D dr

indeed converges uniformly as ¢ — 0 to some ¢(6), and |Q(¢,0) — ¢q(0)| < t°.
To prove a similar statement for 9pQ, we need to differentiate (5.6.6|) in 6,

t@t(t_"tﬁtagQ) = (—2t8tp — 0') . t‘“t@tagQ — 2t6t69P . t‘“t@tQ
+127003Q + 2P 0p POZQ + 2t* "0 P9y Q.  (5.6.7)

To bound the last term on the first line, we use Step 2. In other words, we use the estimates (B2)),
which together yield t9,Q < ¢?¥'. Therefore, using also Lemma we get that:

[t0,0p P - t~°t0,Q| S —0=Y) g2y =0 _ 43 —1-0

For the second line of (5.6.7), we again combine Lemma and Lemma to get
B00}Q) + |00, PORQ + I GFPOQ S £o30) — pY i,

Forvy > %, we may choose y/ > % also and then choose 0 < 3y’ —1. For this choice, —2t0; P — o >
2y — 3y —=1) =1—v'" >0, so the first term on the right hand side of ([5.6.7)) can be ignored, and

—1—0o

by integrability of 3’ with respect to % one yields that t79t0;0pQ is uniformly bounded in

the region 0 < t < tg. One now concludes as in the previous case, and one yields:

|0gQ(t,0) — Dgq(0)] <o t°, for any o < 3y’ — 1. (5.6.8)

5.7 BKL bounces

5.7.1 Proof of Theorem [5.1.2

Under the assumptions of Theorem [5.1.2] we may apply the stability result Theorem [5.1.1} in partic-

ular Corollary applies, and the ODEs ([5.1.15)) follow exactly as in the proof of Theorem
— note that the term involving R can now be ignored since we have R(t) < ¥ from (B2).

It remains to prove the various convergence results stated in Theorem The convergence of

P4 (t) to some Py o = V() follows in the same manner to the pointwise convergence of —t9,P(t,0)
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in the proof of Theorem To show the convergence of Q,(t) to 0, we first use that from the
first ODE in (5.1.15) and the convergence of P,, the integral

/ "2 () Cé (5.7.1)
0

is finite, or in other words Q?,(t) converges to 0 in an averaged sense. In particular there is a
sequence {ty} with ¢, — 0 such that Q%(tk) — 0 as k — oo. To upgrade this sequential convergence
to convergence of Q. (t), we use the second equation in , or more precisely the ODE t@th, =
202(1—P,) +280Q,.

Integrating this gives that for any 0 < t <t < to, we have:

Wit i
192 (t) — Q2 (1) < 0/ 22(h)% +c/ e
0 0

By the finiteness of the integral (5.7.1]), the right hand side is finite, and in fact converges to 0
as k — oo. Since we already know Q%(tk) — 0, this implies that Q%(t), and therefore also Q,(t),
converges to 0 as t — 0.

Moving onto (i), it will be necessary to use the conserved quantity X encountered in the proof
of Lemma Recall from there that defining K, = (P, — 1)? + Q,2y, one can show

< ¢

~

d
%

—
dt

Using the convergence of P, and Q, it holds that K,(t) = Ky oo = (Pyec — 1)? as t — 0, and

moreover from the above that |3, () — K, 00| <t Inserting t = tg, one has:
(P (t0) — 1) = (P — 1 S 8] + O2(to). (5.72)

In (i), we assumed that JpQ(7y(t)) did not converge to 0 as ¢ — 0. However, since Q,(t) =
ePtdpQ(~(t)) does converge to 0, this implies that e”"®)t — 0 as t — 0. Now simply note that

d PO1),) — ‘
t% log(e t) =1-P(t) 21 -Py ast—0,

and thus in order for eO®)¢ — 0 we must have P00 < 1. Combining this with yields the
estimate (5.1.16)). (For instance, one uses that if |22 — y?| < Z with z,y > 0 then |z — y| < Z1/2)

For (i), if y > 3 and 9pQ(v(t)) converges to 0, it will be helpful to use from the proof of
Theorem [5.1.1] or rather its generalization to

00Q(v(t)) — 9pq(f)| So 7, for any o <3y'— 1.

Note that this generalization, where -y is allowed to be any timelike curve rather than only a constant

O-curve, is proved easily using previous methods. In (ii), we may insert dpq(6p) = 0, and therefore

2Q((1)] S 7.
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Furthermore, from —td;P < 2 — 7 it holds that e” < t=2%Y_ therefore one has |eZt9yQ(7(t))| <
t=1Y+o But by the definition of Q,(¢), this means that |Q, ()| < ¢~ Note that so long as

vy > %,v <vyand ¢ < 3y — 1 may be chosen such that —1 + vy + o > 0. In the case of (ii), we
therefore have from ([5.1.15]) that

L0, P, (1)| < 21V F0) gy

For convenience, let use choose ¢ =y’ —y + &, where y >y’ > 3 —v. Then $2(=14y+o) — ¢2v'~1
and integrating the above immediately yields (5.1.17)). O

5.7.2 Proof of Corollary

Lastly, we shall apply our Theorems and to prove the stability / instability corollary. Let
P(t,0) be as stated. By Theorem for all k£ € N the convergence —td; P(t,0) — V() holds in
the C* norm.

Since we are assuming 0 < V(6) < 2, since # € S! it holds that there exists y € (0,1) such that
Y < V(0) <2 —y. In fact, by the above convergence we can find y,y’,y” and tg > 0 such that for
N chosen (depending on 7y) as in Theorem we have that for 0 < t <ty and all § € S!:

0<vy <y<vy'<—-toPt,0)<2—vy' <2-vy<2-vy <2,

and there exists some ¢ > 0 so that for all 0 < ¢t < ¢g:

N
1
en =3 /S (00 PY + PP+ Y PY) db <

NN

(This follows because in fact £(t) — L SN _o [(9KV)2df as t — 0.)

We note that ty above may differ from the initial data time ¢; > 0 in the statement
of Corollary [.1.3] This is mitigated a standard Cauchy stability argument, for any ey >
0 there exists € > 0 such that a perturbatlon of size ¢ at t = t; implies a perturba-
tion of size g9 at t = tg i.e. H(PD,QD,PD,QD) — (Pp,0, Pp, O)[[(gn+1y2(mgvy2 < € implies
(Pto. ). Q(tn, 0),t0, P10, 0), 10, Q0. 0)) — (Plt0,0).0,t0, P10, 0),0) | (yx+1y2 (32 < 0. Due
to this we may instead consider perturbations of initial data as perturbations at time ¢ = .

Thereby by choosing ¢ (and thus £¢) small enough one can guarantee that
(1410, P)2(t0, 0) + (e"t00p P)2(t0,0) < (1 —v")2,  [eFt0,Q(t0.0)| < CtY, e (to,0) < Y

as well as the energy bound

N -~
% Z /Sl((tatagfp)z + t2(85<+115>2 + tzy(ag{p)z 1 2P [(tat(?g{@)Q 4 (taerlQ)QD 40 < C.
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That is, the perturbed data at ¢ = t( satisfies the assumptions (5.1.9)—(5.1.12). Moreover, ¢y can
be chosen small enough so that 0 < ¢ty < t, = t.(y, ), so that one may apply Theorems and
. 1.2l

The remainder of the argument is then a direct application of these theorems. Applying Theo-
rem to the perturbed data, it is clear that —td; P(t, §) converges to some V (6) pointwise, with
y<V(@)<2-v.

In the setting where % < V() < %, we are allowed to in fact choose y > vy > % By the final
statement of Theorem [5.1.1, 99Q — 9p(#) uniformly as claimed. We next apply Theorem
In the case that dyq(fy) # 0, Theorem [5.1.2{i) implies that for v the timelike curve with constant
0= 007

V(00) = Py 00 = min{—t0, P(to, 00),2 + t0, Pto, 00)} + O(L "*) + O(eP 1009 Q k0, o))
= min{—t3, P(to,00),2 + t, P(to, 00)} + O(t]"*) + O(=0)
= min{V (6p),2 — V(60)} + Ot '*) + O(z0).

Since we have license to choose ¢y and ¢¢ small depending on €, Corollary [5.1.3((i) follows.
Similarly, in the case that dypG(6y) = 0, Theorem [5.1.2(ii)implies that for the same timelike curve

Y,
V(00) = P00 = 10, P(to, 60) + O ™)
= —t0,P(to,00) + Ot 1) + O(c0) = V(6p) + O(£2Y 1) + O(e0).

Again choosing ty and gg appropriately small yields Corollary [5.1.3(ii). O



Chapter 6

BKL bounces outside homogeneity:

Surface symmetry

In this Chapter, we state and prove out main results concerning BKL bounces outside homogeneity
for the Einstein—Mazwell-scalar field system in surface symmetry, based on the arXiv preprint [101].
We make frequent references to Chapter |2 in particular the Einstein—-Maxwell-scalar field system in
the Rein gauge, given in Section The results of this Chapter also contain significant similarities

to those of Chapter [p] and we make a detailed comparison in Page

6.1 Statement of our main results and overview

In Section we listed the Einstein—-Maxwell-scalar field system in surface symmetry, for the gauge
, in Proposition Our goal in Chapter @ is to provide an in-depth description of the
behaviour of solutions to the Einstein-Maxwell-scalar field system (Ein)—(Max]) in the vicinity of
a spacelike singularity. In the gauge , the spacelike singularity corresponds to the boundary
portion {r =0} C 0Q.

A priori, it is unclear that a solution arising from reasonable initial data even reaches {r = 0}.
For example, the (subextremal) Reissner-Nordstrom black hole interior written in the gauge

is given by:
oM Q*\ ! oM Q?
gRNZ—(—l—i-—?) dr2+< 1+—Q>d$ + ridose,

for constants M and @ obeying 0 < |@| < M. Hence the solution, at least in this gauge, is only

well-defined for r_ < r <ry, wherery = M+ \/m . It is well-known that the boundary piece

{r =r_} is a null (and completely regular) Cauchy horizon as opposed to a spacelike singularity.
Nonetheless, within this Chapter we restrict attention to scenarios where {r = 0} is reached.

Indeed, our first main result, Theorem shows global existence towards {r = 0} for suitably

239
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chosen initial data. See also previous results of [138], [152), 18], [140] concerning the Einstein—Vlasov
and Einstein—scalar field system. We also an analogy to our results in Chapter [3] concerning the
Einstein—-Maxwell-scalar field system instead in the double-null gauge.

Given existence up to {r = 0}, one should next ask how solutions behave near r = 0. For
instance, one could consider the asymptotic behaviour of the metric and the matter quantities.
This is also partially answered in [I17, 140, 103] for the matter models they consider, where under
certain conditions it is shown that the metric and scalar field behave in a Kasner—like fashion, for
instance

o(r,x) = V(x)logr+E(x) +o(l) asr—0, (6.1.1)
where the coefficients ¥(z) and Z(x) are allowed to depend on the spatial coordinate x € S!.
Furthermore, the generalized Kasner exponents of the near-singularity spacetime are:

U(z)? -1 2

\Ij(x)g T3 p2(z) = p3(x) = W (6.1.2)

pi(z) =

The “certain conditions” alluded to above, in the context of the Einstein—-Maxwell-scalar field
system, are versions of and in this new setting. We consider two different cases: for
the pure Einstein—scalar field system with F = 0 and k € {0, 41}, there are no additional conditions;
global existence towards {r = 0} and the asymptotics f always apply. Furthermore,
the function ¥(z) is permitted to take any value.

When either F # 0 or k = —1, two additional conditions are required:

e Assumption 1: Global existence towards {r = 0} with e?* = —g(Vr, Vr) — 0 uniformly as

7} 0. (This is an analogue of (QTYS).)

e Assumption 2: If F #£ 0, then assume the subcriticality condition, namely that for some o > 0

and all r sufficiently small, one has |rd,p|(r, x) > %(24—04). (This, less obviously, is an analogue

of (SKE).)

In the case that these assumptions apply then asymptotics of the form f were found
in Chapter [3 with the caveats being that Chapter [3]is limited to k = 41 and uses the double null
gauge in place of . One drawback of the double null gauge, as discussed in Section is that
null coordinates tend to degenerate towards {r = 0}, and one only has C1® regularity for say ¥(z).

In our current gauge (2.5.1)), the asymptotics (6.1.1)—(6.1.2)) can be given to any desired degree of

regularity.

Theorem 6.1.0. Let (M, g, ¢, F) be a surface symmetric solution to the Eintein—Mazwell-scalar
field system of Proposition arising from initial data (¢, g, N, O, Oppty Op )| r=ry € (CFH1)3 x
(C*)3 for some k > 1. Suppose that either F = 0 and x € {0,4+1}, or that Assumptions 1 and 2
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above hold. Then there exist C*¥~1 functions ¥(z), Z(z), M(z) and A(z) on S' such that:

¢(r,x) = ¥(x)logr + Z(x) + Errg(r, x), (6.1.3)
p(r,z) = 3(¥(2)* + 1) logr + M(z) + Err,(r, z), (6.1.4)
A(r,z) = L(U(2)? — 1) logr + A(x) + Erry (1, 2), (6.1.5)

where the error terms tend to 0 in the C*~1 norm uniformly as v — 0. Furthermore, M (z) obeys

the asymptotic momentum constraint equation
dM(z) = ¥(z) - d=(z). (6.1.6)

By performing a change of coordinates to change the gauge into a Kasner-like form, this
confirms the asymptotics f. To the extent of the author’s knowledge, Theorem is
new, but is not our main focus; we therefore defer its proof to Appendix [B] Our focus instead is to
resolve the questions of Page[d0] In the current section, we state the precise version of Theorem [I.5.5]
and Theorem discussed there. The remainder of this section precisely imitates the structure
of Section [5.1]

6.1.1 Setup of the initial data
Notation and key parameters

e The real number n > 2 is a constant that captures both the maximum and minimum allowed
size of the quantity r0,¢ (see already (6.1.10))). Though n may be chosen arbitrarily large,
many of the subsequent parameters will depend on 1, and all quantitative bounds will depend

on the choice of n.

e The positive real number v is a small parameter representing the admissible blow up rate for
first-order derivatives, for instance we always have d,¢ = O(r~Y). One can use any y with

1
0<v< 155

e The natural number N represents the largest number of d,-derivatives with which we commute

our system ([2.5.8)—(2.5.12)) in deriving energy estimates. That is, our top-order energy esti-
mate will control 70,.0Y f and re#=*9N*1 f for f € {¢, u, A\}. Our choice of N will depend on 1

and we expect N — oo as 1 — oo. Also K will represent an integer with 0 < K < N.

e The real number ¢ > 0 will represent the maximum admissible size of initial data, see already

(6.1.9). ¢ may be arbitrarily large so long as it is compensated by taking r, small, see below.

e The real number C, > 0 will be used in the bootstrap argument, see Section [6.2.1] The

eventual choice of C, will depend on 1 and ¢, though we do not make this explicit. The real
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number A, > 0 will depend on C, and will represent the rate at which our energies may blow

up.

e The real number r, > 0 represents how close we require our initial data to be to r = 0 in order
to obtain our results. That is, our main results will apply to initial data given at r = rg so

long as 0 < rg < r4. Note that r, will depend on 1 and ¢ and we expect r, — 0 as 1, { — oo.

e Other constants, often denoted C', will be allowed to depend on all of the aforementioned pa-
rameters. We also use 0 to represent quantities depending on all these parameters (e.g. n, ¢, 7«)
such that & — 0 as r. — 0. We often abuse notation and write for instance “6 + & = §” or
“Ckbd =8 ete.

Initial L>° and L? bounds

As in Proposition m, given @ € R, k € {—1,0,+1} and ro > 0, initial data will be given
by (f,78:f)lr=ro = (fp, fD) for f € {$,\, u}, where the functions ¢p, p, Ap, ¢, fip, Ap satisty
certain constraints. Our results will apply to a large class of initial data (fp, fD) e HN*1 x HN

that obeys the following three conditions:

o (Weak subcriticality) For x € S':

B . Q2 Q2
n~! < ¢p(x) =rord(ro, ) <m, r—262“D (x) = T—ZeQ"(ro,w) <1, (6.1.7)
0 0

e (Closeness to singularity) For x € St

0 (1) = 2 (rg, x) < Lro, 21D =A0) (1) = 21N (rg 1) < Lo, (6.1.8)

e (Energy boundedness) The following L? bound holds:

N
% > 2 < /S (Fp + 13t OF L ) 4 oY (0 fD)2) dz

fe{g u} K=0

<C  (6.1.9)

r=r0

Furthermore, we will require 7, to be chosen sufficiently small depending on 1 and C.

6.1.2 Theorem [6.1.1k Global existence

Theorem 6.1.1 (Global existence). Consider initial data (¢p, jip, A\p, ¢p, fip, Ap) at r = rq as in
Proposition . Then there exists r. = r«(n,C) > 0 such that if 0 < rog < ry and the conditions

(6.1.7)—(6.1.9) are satisfied, then the maximal interval of existence I for the solution (¢, u, \) to the
surface symmetric Einstein—Mazwell-scalar field system (2.5.8)—(2.5.12)) satisfies (0,ro] C I.
Furthermore, for (r,z) € (0,70] x St one has the following L bounds:
2

() <roor ) <t () < 160, (6.1.10)
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and for 0 < K < N = N(n), there exists C = C(n,(,K) > 0 and Ax = Ax(n) > 0 such that one
has the L? energy bounds: for fived r > 0,

> ( / (ro0K £)2 4+ (ret oKL )2 4 =2 (9K £)? daz) < Op~ 242Ky (6.1.11)
fe{o A}

Remark. Theorem is independent of the choice of sectional curvature x € {—1,0,+1}, as well
as the choice of @ € R, so long as the second equation in (6.1.7)) is satisfied. So Theorem applies
equally to the surface symmetric Einstein—scalar field system and to the surface symmetric Einstein—

Maxwell-scalar field system. We make distinctions between these two models in Theorem [6.1.2]

6.1.3 Theorem [6.1.28 BKL bounces

Theorem 6.1.2 (Bounces). Let (¢, i, \) be a solution to the surface symmetric Einstein—scalar field
system f, arising from initial data (QSD,,LLD,)\D,QZ)D“L'LD,).\D) obeying f
and 0 < rg <1y as in Theorem|[6.1.1]

Let v : (0,r0] = Q be any timelike curve parameterized by r, and let P,(r) = ro¢(y(r)) and
Q,y(r) = %262”(7(7“)), note Q = 0 if and only if @ = 0. Then there exist error terms Ep(r), Eq(r)
depending on ~ but with |Ep(r)],|Ea(r)| < r/2 uniformly in the choice of ~, such that

d d
ro Py =00+ &, o0y = Qy(P2—1-Q, —&g). (6.1.12)

Furthermore, there exists C' = C(n, ) > 0 such that:

(1) If @ =0, then P,(r) converges to P asr — 0 and |Py o — Py(10)| < C"r(l)/Q.

(ii) If Q@ # 0, then Q,(r) converges to 0 as r — 0, while P (r) converges to Py o as 7 — 0,

necessarily satisfying P o > 1 as well as:

[P ,00 — max{P, (ro), Py (ro) " }| < C(Q4(ro) + 15/%). (6.1.13)

A corollary of Theorem [6.1.2]is the following stability and instability statement regarding charged
perturbations of a class of uncharged solutions to the surface symmetric Einstein—scalar field system.

We assume that x € {0, +1} so as to be able to apply Theorem for the unperturbed uncharged

spacetime.

Corollary 6.1.3 (Stability / Instability). Let (¢, 1, A) be a smooth (i.e. C*) solution to the surface
symmetric Einstein—scalar field system f with @ = 0 and k € {0,+1}, arising from
initial data given by (¢p, D, AD, qBD,;lD, /'\D) atr =11 >0. By Theorem there exists smooth
U, = :S! = R such that ¢(r,x) = ¥(z)logr + Z(x) + o(1) as r — 0.

Suppose further that W(z) > 0 for all z € S'. Then there exists N € N such that for possi-
bly charged perturbations of the initial data, i.e. |Q| < e, and H(fD,]gp) — (fo, fo)llgvixmy <
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e for f € {o,u, A}, then for e sufficiently small the solution (b, 1, ) arising from data
((%D,ﬂp,j\p,gi[),ﬁp,/'\p) and charge Q has (a) global existence towards r = 0, (b) is such that
for any x € S' the limit U(z) = lim,_o rd,¢(r, ) exists and moreover for any € > 0, if € is chosen

small enough depending on € then:
(i) [¥(x) = ¥(2)| <Eif Q =0,
(ii) B () — max{W(x), W)L} < & if Q £ 0.

Remark. We consider Corollary a stability / instability result because in a very similar way
to Corollary in the Gowdy symmetric setting. See also Figure below. It remains an open
problem to study cases where ¥(x) is allowed to change sign; this is outside the scope of this article,

given our dependence on 1 > 2 and the weak subcriticality condition (6.1.7]).

xz e St z eSSt

ép(x) = 10:¢(ro, z),
1/4 < ¢p(x) < 1/2

ép(x) = rd:$(ro, ),
1/4 < ¢p(x) < 1/2

data at r = rg

T T
perturbation
Q=0 Q=c¢
______________ -___""____asmtoticsatr:O____""____7_"__"______
U(z) ~ dp(z), yip U(z) ~ dp(z) L,
1/4<¥(x)<1/2 2<W(x) <4

Figure 6.1: Example of a bounce instability arising from a charged perturbation of an uncharged
spacetime. In the unperturbed spacetime (left) @ = 0 and the asymptotic quantity ¥(z) is close
to the (inhomogeneous) data ¢p(z), while in the charged spacetime (right) with Q = e the bounce
of Theorem applied to constant z-curves v means that ¥(z) is instead close to ¢p(z)~".

6.1.4 Outlook: bounces outside symmetry

Before moving to a sketch of the proof, we consider a natural conjecture regarding bounces, com-
plementary to those in Section which we hope to return to in the near future. That is, to
understand an analogue of this result for the full 1 + 3-dimensional Einstein—scalar field outside of

symmetry.

Conjecture 6.1.4. There exists an open set of initial data for the Einstein scalar field equations with

no symmetry assumptions such that the maximal (past) development arising from such initial data

terminates in a Kasner-like spacelike singularity at t = 0, but such that the intermediate dynamics

(between data and the singularity) exhibit one, or potentially a finite number, of BKL bounces.
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A resolution of this conjecture would present a key step towards understanding the full heuristics
of BKL in 1 4 3-dimensional vacuum; the latter problem is substantially more difficult since [16]
suggests that in vacuum there are infinitely many BKL bounces and that the ODE dynamics are
chaotic. As mentioned above, addition of the scalar field allows study of a regime where there are

only finitely many bounces.

6.1.5 Sketch of the proof

The proof will proceed in a very similar manner to the Gowdy proof in Section[5.1.5] and we illustrate
the three key steps using two of the equations in the Einstein—-Maxwell-scalar field system. These

two equations are the p evolution equation (2.5.9) and the wave equation for ¢ (2.5.12)). Letting

k = 0 for simplicity, these equations are:
_ 1 2 2 2(p—X\) 2 Q2 21
ropp = 5 (ro.¢)° +re (0z0)°+1— e (6.1.14)

Q2

r2

10y (rop¢) = r2e® N2 + 122N, (1 — N0y — ~- 2 10, (6.1.15)

We now describe the three major steps as follows:

Step 1: Analysis in the spatially homogeneous case: Here, this involves setting all terms

involving a d,-derivative to zero, and understanding the resulting nonlinear ODE system.

Step 2: Linearization of the ODE system: In the second step, we consider the best possible
behaviour of the terms involving a J,-derivative. We do this by taking commuting 0, with
the ODE system in Step 1, resulting in a new linear ODE system for certain 0, derivatives

whose coefficients are given by the solution (i.e. some orbit) of the ODE system in Step 1.

Step 3: Energy estimates: Finally, one must ensure that we can close our argument without loss
of derivatives (necessary due to the existence of top order terms such as 92¢ in (6.1.15).)
One achieves this via L? energy estimates, which are allowed to blow up but only at a mild

rate as r — 0.

We now explain in more detail how each of these steps applies to our simplified system (6.1.14f)—
(6.1.15). For Step 1, we remove the terms with 0,-derivatives in these equations. Letting P = r0,.¢
and Q = %262“, upon removing these terms and rephrasing in terms of P and Q we yield the ODE
system:

ro,P = —-PQ,  r0,Q=09(P*-1-0Q). (6.1.16)

We restrict attention to the region P > 0,Q > 0. Then this ODE system contains a line of fixed
points at Q = 0, each of which represents an exact generalized Kasner solution to the Einstein—scalar
field system (with F = 0). Moreover these fixed points are (orbitally) stable if P > 1 and unstable

otherwise. (Note that stability is meant in the direction r — 0.)
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The dynamics of the ODE system in the remaining region P > 0,Q > 0 may be described as
a union of heteroclinic orbits linking an unstable fixed point to a stable fixed point. In fact, the
dynamics can be solved exactly due to the fact that K := P+P~1+QP~! turns out to be a conserved
quantity of the system. As a consequence, these heteroclinic orbits, which we identify as the BKL
bounces, link the unstable fixed point (P = a,Q = 0) to the stable fixed point (P = a1, Q = 0),
for any « > 1. The phase portrait for the ODE system is given below in Figure [6.2

P =10

Figure 6.2: Phase portrait showing the dynamics of P and Q towards r = 0 in the exactly spatially
1

homogeneous case. A bounce is a transition from o to o™ ".
The requirement of weak subcriticality means that even upon evolution of P and Q according to
, the dynamics will remain in a bounded portion of the (P, Q)-plane, and importantly this
will remain true if we introduce small error terms in . This will be essential in both Step 2
and Step 3.
We now move to Step 2, which involves commuting with 0. In our case, it is actually
more convenient instead to find evolution equations for M = 9, = 0, 1og Q and N = 9, P. The idea
is that commutation will yield a linear ODE system for M and N whose coefficients are functions

of the (dynamical) P and Q, namely the linear system
ro,M = —QM + PN, ro.N = —2PQN — QN. (6.1.17)

One then uses to find estimates for M and N that are uniform in the choice of dynamical
orbit for P and Q (at least for orbits compatible with the boundedness property above). One finds
that for any y > 0, one haﬁﬂ M,N=0(r7).

The outcome of Step 2 is that heuristically each 0,-derivative comes with a loss of Y. Since

one may choose y < 1, this confirms AVTD behaviour in the sense that 0,-derivatives cost less than

! Actually, for the exact system (6.1.17)), it can be shown that M = O((log)?),N = O(logr), but since in the eventual

analysis we encounter error terms it will be more straightforward to allow a little loss.
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a Op-derivative. For instance, one expects 9,0 = O(r™Y), 0, (pp — A) = O(r~Y), and 92¢ = O(r—2Y)
in the equations f. Using this, as well as that e * = O(r), one verifies that the
terms involving a d,-derivative, which we threw away in Step 1, are all of size O(r*~2Y). So these
are integrable with respect to % towards r = 0, and may be treated as negligible errors in the ODEs
(E-L10).

Step 3 concerns turning the above paragraph into rigorous bounds. In particular, one must
overcome the issue of derivative loss due to terms such as 92¢. This is achieved via energy estimates;
define for instance the Kth order energy SéK) (r) as:

£89(r) = 5 /S (o058 o(r,a))? + 122N OE (r,))? + (0K 6(r,2))?) da.

To estimate EéK) (1), we commute the wave equation (6.1.15)) with 9%, yielding:

(n

2
(10,20l 6 = 20N oI 2 - L (10,086 -+ (20K 1)(r0,0))
2
+3r2 VO, (1 — NOF ) - %e%(zaxu)(raraf o)+

~~

(ID (1)

There are many more terms in the - - -, but the terms present here will illustrate the ideas necessary

in the energy estimate. A standard argument yields the derivative estimate

Tifé’%} < V26890 - (1) + (A1) + (AT + -+ 12).

It thus suffices to estimate each of (I), (II) and (III) in L?. Here we need to use Step 1 and Step

2. For the first term in (I), we use that %262” is less than the maximum value of Q over all orbits,
which is bounded, while ||70,0X¢||;2 < QSéK) (r) by definition. For the second term in (I), we
also use that r9.¢ is less than the maximum value of P, while 90X is controlled by (the square
root) of some other Kth order energy. We thus conclude that for some constant A, depending only

onmn,

1D 2 < Ar/20 (7).

For the expression (II), we use that [[re*= MoK+, . < 25(55[()(7"), while the prefactor

ret =29, (p — A) is of size O(r?~Y) by Step 2. So there is a constant Cy, ¢ ¢ depending on 1, the data

and aISOE| K so that
_ K
(D)2 < Coeer® Y4/ 26 (7).

Finally, in (III), by Step 1 and Step 2 we know that %262”(2&/0 is O(r~Y). This seems alarming,

since this is not integrable with respect to % as r — 0. But the other factor in (III), 70,05 ~1¢ is

2The dependence on the regularity index K is because there are secretly more terms like (IT) hidden in - - - .
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not dependent on the Kth order energy, but instead the (K — 1)th order energy 25(1(51(_1) (r). So:

(D) |2 < Coeie Y4/ 26550 ().

Combining all of the above, we obtain the following derivative estimate for K > 1:

4 £(5) )

o oK _ K K1
" Co <2(A + Chok r? y)gé )(7”) +2Ch kT Y\/é’(; )(7") . \/E’éS )(r) +---. (6.1.18)

When K = 0, the last term on the right hand side is absent. Because of the 2A,, even the Oth order
energy £O©)(r) will blow up as r—24* as r — 0. Furthermore, the appearance of r~Y means that as
K increases the rate of blow up also increases. But in any case, one uses this expression to find an

energy bound

S(K)(T) < DT]7K7C T—2A*—2Ky’

where D, i ¢ depends on 1 and the data, as well as the regularity index K. It is crucial that A, is
independent of K. This is because applying an L?-L* interpolation argument to the above bound,
one shows e.g. that 92¢ = O(r=27=®), where & — 0 as N — oo, where N is the maximum regularity
index for which we perform the energy estimate.

To apply Steps 1 to 3 in the nonlinear problem, one uses a standard bootstrap argument; note
we actually perform Step 3 first. That is, one first bootstraps L>°-bounds on 0th order and 1st order
quantities, see 7, and uses this to derive the energy estimate (6.1.18)). From the energy
estimate, the interpolation argument is used to control expressions such as 92¢, which are then
treated as error terms in the ODE analysis of Step 1 and Step 2. The nonlinear ODE analysis then
allows us to improve the bootstrap assumptions 7, completing both the proof of global
existence (Theorem and first part of the bounce theorem (Theorem . The remainder of
Theorem follows from more detailed ODE analysis.

6.1.6 Comparison to results in Gowdy symmetry

Before continuing to the proof proper, we make an explicit comparison between our results and
those of Chapter [5] concerning BKL bounces in Gowdy symmetry. Referring back to Section for

details on the equations in Gowdy, we provide a “dictionary” translating between the two.

e Due to the reduction to 1 4 1-dimensions, the Gowdy spacetimes have one dynamical time
variable ¢ and spatial variable § € S!, in comparison to r and x € S! in our surface symmetric

spacetimes.

e Just as our surface symmetric spacetimes may be described as Kasner-like using Theo-
rem [6.1.0, with the exponents given using ¥(x) = lim,_,o r9,¢(r,z) and the correspondence
(6.1.2), the {t = 0} singularity of Gowdy spacetimes can also be described as Kasner-like
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using the asymptotic quantity V' (6) = limy_,o(—t9:P(t,0)) and the analogous correspondence
(5.1.6). However, unlike V' (0), the function ¥(z) is smooth and contains no “spike points” of

discontinuity.

e The polarized Gowdy spacetimes of Definition where the asymptotic quantity V(0) is
smooth and may be prescribed freely i.e. no longer has the restriction 0 < V(6) < 1, can be
held in direct analogy with the uncharged Einstein—scalar field solutions in surface symmetry;
in light of Theorem [6.1.0} at least if x € {0,41} then the function ¥(z) can similarly be
prescribed freely. On the other hand, if F # 0 then necessarily |¥(z)| > 1.

e Moving on to the results, Theorem and Theorem both characterise initial data for
the (unpolarised) Gowdy system at ¢ = ¢y > 0 and the Einstein-Maxwell-scalar field system
at 7 = ro > 0 such that one reaches a singularity at {¢ = 0} and {r = 0} respectively.

In both cases, this class of initial data is engineered to be large enough to allow for spacetimes
with nontrivial intermediate dynamics i.e. between 0 < t < ty or 0 < r < rg suggestive of
BKL bounces.

Indeed, Theorem is the analogue of our bounce result Theorem [6.1.2] proving that on
any causal curve v directed towards the singularity, certain quantities an ODE reminiscent of
BKL bounces.

e There is, however, one feature of [100] that does not appear in the present article, namely the
aforementioned “spikes”. Spikes correspond to special orbits of the ODE system converging to

unstable fixed points, and generically occur at finitely many § € S! in Gowdy spacetimes.

We comment that spikes do not occur for the Einstein—-Maxwell-scalar field in surface symme-
try since the rigidity of the electromagnetic field means that for Q) # 0 it is impossible for any
orbit to converge to an unstable fixed point. If one considered the Einstein—-Maxwell-charged
scalar field system where ¢ is dynamically coupled to F', then spikes would similarly become

an issue.

6.2 Bootstrap assumptions and energies

Theorems [6.1.1] and [6.1.2] will be proven simultaneously via a bootstrap argument. That is, we

suppose that a solution (¢, u, A) to the surface symmetric Einstein-Maxwell-scalar field system
f exists in the interval r € [ry, 79], where 7, > 0 is a “bootstrap time”.

We moreover suppose that the solution satisfies certain pointwise bootstrap assumptions in this
interval [rp, 7o), namely f below. The strategy is to then use these bootstrap assumptions to
derive energy estimates, where energies are suitable L? type integrals to be defined in Section
Though the energy estimates will blow up mildly towards r = 0, they will be used together with an
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ODE-based argument to eventually improve our L* bootstrap assumptions, completing the proof
of Theorem [6.1.1] Further analysis of the ODEs will yield Theorem [6.1.2]

6.2.1 The L™ bootstrap assumptions

As mentioned in Section Cyx = Ci(n,¢) > 0 will represent a large real number to be chosen
later in the argument. In the proof of Theorem we make repeated reference to the following

four low order L°° bootstrap assumptions:

?2262“ <C,, 42N < Oy, (B1)
rOrgl, [rrpl, [rorAl < Cs, (B2)
10201, [0zpl, [02A] < Cur™, (B3)

|70r 0|, 10ROz, |TOrOxA| < Cyr™Y. (B4)

Using the assumptions on the initial data (6.1.7)-(6.1.9) and Sobolev embedding, one can choose
C\ depending on ( such that the (B1)—(B4]) will hold in a neighborhood of r = ry. Thus we can

always find some ry, so that we can carry out our bootstrap argument in the interval r € [ry, 7].

6.2.2 Energies

Below, we define the L? type quantities that will appear in our energy estimates of Section
Since eventually have a hierarchy of energy estimates (see already Proposition [6.3.4), we define a
separate energy at each order of differentiability, up to a top-order energy with N derivatives, with

N eventually chosen depending on 1.

Definition 6.2.1. Let 0 < K < N. Define the following Kth order energies at fixed 7:

&) =5 [ (00,00 + 20V 6? 1 (90 da. (6.2.1)
&) =5 [ (0008 +r20 NG + (0 w?) d, (6.2.2)
&) =5 [ (60BN + 20V 4 (GNP da (6.2.3)

5 () = S (r) + £ (r) + 1 (). (6.2.4)

(

Remark. Even at order K = 0, the energy & ¢0) (r) includes the lower order term ¢2. Even when
that Theorem applies, this will blow up as O((logr)?). However, since we allow our energies

to blow up towards r = 0, this O((logr)?) blow up will not be of any concern. It will be useful
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to include the (05 $)? term in SéK) (r) since this is how we will eventually get pointwise control on

Op-derivatives of ¢ without the problematic weight re#~* which vanishes as r — 0.

6.3 The energy estimate hierarchy

We now derive energy estimates for £ (r), at orders 0 < K < N, where N = N(1) is chosen
sufficiently large. The derivation of such energy estimates will involve commuting the equations
f with up to K 9J,-derivatives. See Section for an overview.

For the junk and lower order terms in the hierarchy (where the precise value of coefficients
arising in the commuted equations are not crucial), we introduce the following schematic notation:

expressions such as

S© kg« O

k’p+k’1+...+k‘i=K

will represent some linear combination of products of the form 8];1’ f-0%g---0kig such that i > 1,
ky > 1 and kj > 1 forall 1 < j < 4 and ky + k1 + ... +k = K. We emphasize that

unless explicitly stated otherwise, in these schematic sums ¢ and j will be positive integers, as are

the indices ky, k1, k; etc. In the event that any index e.g. &, is allowed to be 0, this will be explicitly

stated, and similarly if there are further constraints on any index.

6.3.1 Energy estimates for the scalar field ¢

Proposition 6.3.1. Let (u,\,¢,Q) be a solution to the FEinstein—-Maxwell-scalar field system

(2.5.8)—(2.5.12)) obeying the bootstrap assumptions (B1l)—(B4). Then there exists a constant A,

)

depending only on C, as well as constants C’%K) and CéK depending on Cy and the regularity index

K €{0,1,...,N}, such that
K—

‘rigﬁ (7")‘ < 24,50 (r) + C{OrtYe® () + 3 O ERe®) (), (6.3.1)
k=0

[y

where it is understood that the final term is absent if K = 0.
Proof. For any K > 1, commuting the wave equation (2.5.12) with 9% yields
2
(ron)?0k ¢ — 22 N2k ¢ = (—622 + m> e (rd,0F ¢ + 2rd,¢ OF 1) (6.3.2a)
r

+ r2e2(h=2) Z c')icpqﬁ O (= N) %% 0% (u—N) (6.3.2b)
kep+k1 4+ +ki=K+2

2
+ (_?2 + ,i> e2H Z T@@ip(ﬁ s QR s QR (6.3.2¢)
0<kp<K,k1 <K
P N
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Note that in the uncommuted case K = 0, the final term on the RHS of is absent, as is the
term ; we leave the derivation of in this case to the reader.

The first line (6.3.2a]) is the leading order contribution that gives rise to the 24,£()(r) on
the RHS of (6.3.1). It remains to estimate the remaining lines (6.3.2b) and (6.3.2¢) in L?. We
start with . Using the bootstrap assumptions f and the Sobolev product estimate
Lemma with w = 1, one finds that

163292 < C? S 00O e Oy

0<ky <K, k1<K L2
etttk =K
K-1
K—k
<c. 3 (Ira,d5olle + 108ulsz) - (1rrdule + 19pll i)
k=0

As this is the first time we derive such an estimate, we include a more detailed explanation. In the
first line, we use to estimate first ‘—%262“ + meQ’“ < 4, and if k, = 0 we get another Cy from
roy¢ and .

To get the second line, for summands such that there are i41 terms in the product, note that the
maximum number of d,-derivatives landing on either r0,¢ or u is K —i. Furthermore, (repeated)
use of the product estimate Lemma [5.2.2] allows us to put exactly this many 9,-derivatives on some
term in the product, which we estimate in L?, while the remaining i terms in the product are
estimated by either ||0y(r0r¢)||Le or ||Ozp|/r~. By setting k = K —i € {1,...,k — 1}, we obtain
the desired estimate.

By using the remaining bootstrap assumptions (B3)—(B4) to estimate ||[rd,0;¢|| Lo + ||Oupt| Lo,

as well as the definition of £¥)(r), we therefore deduce that

K-1
16322 Ser Y rYERLJEE (). (6.3.3)
k=0

We move onto the L? estimate for (6.3.2b)). For this term we first use (BI]) to remove one of
the factors of e#~*, but for the remaining factor of e#~* we use Lemma with w = re#~*. In
particular, 9, W = 9, logw = 9,(; — A), and one gets

”HL2§7“C'* ret A Z (91;17(1)*851(“_)\)*“'*8?(/‘_)\)
kp+ki+-+ki=K+2 12
K+1
Seor S (Ire 0k e e + Irer 08 (s = Nl ) - (190l + 1061 — Vi) <F>
k=1

It is important we applied Lemma in such a way that the top order term 9X+1¢ has the weight
re#~* in front to match with the energy £ (r). Fortunately, the weighted version of Lemma, m
means that any additional factors of ||0,(p — A)||z~ reduce the number of derivatives on either

ret= 20k or ret~20k (1 — N), and we obtain the above.
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Using the bootstrap assumption (B3) and the definition of £¥)(r), we thus deduce
K
IG320) |12 Sovie Y ' YEHTR feW)(r), (6.3.4)
k=0

The additional power of © means that the top order term /&) (r) appears with a weight that is
suitably integrable as r | 0, and thus does not contribute to the A.£%)(r) on the RHS of (6.3.1)).
Now, to conclude, for 0 < K < N we write

ro, (; ((raraf ¢)? + 22N (9K )2 + (OF ¢)2>)
= (r0,06) | (10,208 6 — r2XOEH2p 1 O 6| 4 r220 N (9F T )2

+ 0, (T‘QGQ(M_)\)T‘araf ¢ a§+1¢) ~ 22BN, (1 — ) - r0,0K ¢ - 9K+ g,

Integrating over € S! so that the first term in the last line vanishes, and inserting the commuted

wave equation, one has the following identity for the rd% derivative of the energy:

r%é’g{) (r) = / [(Ta’"af@ ((6:3:2a) + 9K ¢) + 122 (85“@2} dr
Sl

+ /S 1 {(7’87«85 ) <(|6.3.2b|) + (632d) — 222V, (4 — A)ﬁf“q&ﬂ de.

From the bootstrap assumptions (BI)-(B2)), one may estimate |(6.3.2a)( 2 < 10C2/2EE)(r).

Using Cauchy—Schwarz, the first integral in the above expression can thus be bounded as:

’ / ((r0,0¢) (328 + 05 6) + re2 = N(9F 1 6)?] da| < 21002 + 9)eM)(r).
St

On the other hand, the latter integral can be estimated using (6.3.4)) and (|6.3.3) — the expression
involving r2e2(r=9, (1 — A) can be bounded in the same way as (6.3.2b)) — one yields that for some
o) oK) S g

1 Y2 )

| /S 1 [(T&f)fqb) ((|6.3.2b|) + (632d) — 2r2e2 (=N, (1 — A)Bf“gb)] da

K-1
< ((J{K)rl—n/s(m (r) + /O 3 KR e (7")) JEE ).
k=0

Combining these and applying Young’s inequality, Proposition follows, with A, = 10C? +
10. O

6.3.2 Energy estimates for the metric variables ; and A

Proposition 6.3.2. Let (u,\,¢,Q) be a solution to the FEinstein—-Maxwell-scalar field system
(2.5.8)—(2.5.12)) obeying the bootstrap assumptions (B1)—(B4). Then there exists a constant A,
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depending only on Cy, as well as constants C’{K) and C’éK) depending on Cy and the regularity index
K €{0,1,..., N}, such that

d
r €00 < 24,659 () + O Ve ()
K- 1 (K) . —2y(K—k) g (k) :
(@) Y E , if K#£0,
+ 2= (r) 1K # (6.3.5)
24, if K =0.

Proof. We consider the equation (2.5.11)) as a wave equation for pu. As in the proof of Propo-
sition we first commute (2.5.11) with 5. Instead of doing this directly, we first rewrite

(r0,)*pu — 7“2@2(”*”8%# -

2 2
(—% + /{> Prdp (N + 20) 4+ r2e2H N1 0, (1 — N) + 2r2e2 BN (9,0)% + Q—e
Now commuting this equation with 9% one yields for 1 < K < N:
(r0,)0; p— r*e2 N30
_ Q2 2% K K Q? 2p oK
=|(—=5 + k) eHrod, (A+2u) +2ro.(A+2u) 0, 1) + Pl Oy 1 (6.3.6a)
+ 212 Z OlP u x O (= N) % k0¥ (— N (6.3.6b)
kptki+-+ki=K+2
+ 2= Z 0P N9« O (=N % O (u— N\ (6.3.6¢)
2
+ (—QZ + /1) et Z r@raﬁp()\ +2u) x Ok -- % OFiy (6.3.6d)
r kp>0,k1 <K
kp+k bt =K
Q2
+ T—zeQ“ Z OV s x O, (6.3.6¢)
1<k1<K
ki ok =K

Note for K = 0, the terms (6.3.6d)) and (6.3.6e) are absent, as is the expression involving
7O (A + 2p)0K 1 in (6.3.6a). We leave the details in this case to the reader, highlighting that

the (uncommuted) term %262“ in (6.3.6a) is responsible for the final term A, arising in (6.3.5).
We now proceed exactly as in the proof of Proposition [6.3.1, We first bound the terms ([6.3.6b))

and (6.3.6¢). Just as we did for (6.3.2b) in the proof of Proposition we apply Lemma

with w = re*~, to get

K
1(6-3:6B) 12 + [|6:3:6d) (|2 S Y r YEHT JE® (7). (6.3.7)
k=0
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Moving onto ([6.3.6d)) and (6.3.6€)), we now apply Lemma with w = 1. The result is
K-1
|E3SD 2 + | E3Tze Soor 3 r 7 EH) [0 (r). (6.3.8)
k=0

We highlight that (6.3.8)) does not have the top order term £ (r) on the RHS, while (6.3.7) does
feature this top order term but with a favourable weight 717,
Now, just as in the proof of Proposition one can use the 9X-commuted wave equation for

i to derive the following derivative identity for E,SK) (r):

d
P €00 = [ (0.0 ) (BTTD + 01 w) + 1260 02 da

+/ (8,0 1) <(]6.3.6b|) + (63:6d) + (6:3.6d) + (6360) — 222N, (1 — A)a§+1ﬂ> dz.
Sl

Using the structure of (6.3.6a}) and the bootstrap assumptions (B1)—(B2), one finds ||(6.3.6al)
20C2\/2E®E (1), and therefore

2 <

‘ / [(r@rﬁf 1) ((6:3:6a) + 05 1) + T262(“_/\)(8§+1,u,)2] dz| < 2(20C2 +19)€E) (1),
gl

Furthermore, combining (6.3.7) and (6.3.8)) yields that for some C’fK), CéK) > 0:

/Sl (1,05 1) ((|6.3.6b|) + (6369 + (6:3:6d) + (6:3.69) — 222N, (1 — A)af“u) dz

K-1
< (o{f%l—v,/gm (r) + /5 3 IR fet 0«)) JEO).
k=0

Inserting these bounds into the derivative identity, we get (6.3.5) with A, = 20(C? + 1). O

It remains to prove the energy estimate for A. In light of Proposition it will be enough to

prove a corresponding estimate for the modified energy £ /(fjg\(r), defined by:

e =5 [ (00 (= W) + 2O = W) + (0L (a = )P da

With this definition, we have the following derivative estimate for the energy:

Proposition 6.3.3. Let (u, A\, ¢,Q) be a solution to the FEinstein—Maxwell-scalar field system

(2.5.8)—(2.5.12)) obeying the bootstrap assumptions (Bl)—(B4). Then there exists a constant A,

)

depending only on C, as well a constant C’éK depending on C, and the reqularity index K €

{0,1,..., N}, such that

K-1 ~(K) —2y(K—k)c(k) :
> 1 Co 'r™Y EVW(r), if K+#0,
< 24,6E)(p) 4 { H0 72 ), K+ (6.3.9)

d (K
e |
2A, if K =0.
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Proof. Here we instead commute the transport equation ([2.5.13)) with 9%, yielding for 1 < K < N:

2 2
ro, 0K (11— \) = <—%+m) P oK 1+ <—i22—|—/£) et Z OMpx - x %y, (6.3.10)
k1+]'€'l'i]§=K

while for K = 0 the final term is not present but there is an additional 1 (see the RHS of (2.5.13))).

From this equation we can derive further equations, namely

2
1O, (ret KT (1 — N)) = (—(032 + /@) et OKT 4 (14710, (1 — N)) reP 20K T (1 — \)

2
n <_Q2 n ,{) et ST e x b, (63.11)
" ky <K-+1
Bt K4

as well as
r@r(r&«af(,u —A) =

2 2 2
(—632 + Iﬁ?) e 10,08 i+ (27%62" + 2701 (—(;22 + n) 62“> O 11+ 10,05 (u — \)

2 2
+ (%262“ + 2701t (—Q2 + IQ) 62“) Z O -+ x OFip
T

2
T
k1<K
ki+-+ki=K

2
+ <_§2 + ”) e N 0O s O, (6.3.12)
k1<K
P

From (6.3.12)), (6.3.11)) and (6.3.10)), repeated use of the bootstrap assumptions (B1)—(B4)) and
the weighted product estimate Lemma yields that for some C’éK) > 0,

18-85 (1 = M2 + 70, (re? 25 (= A g2 + 1r0r (r -5 (1 — M)l 2

K-1
< (A, — 1)y 2600 () /O 3 v et ().
k=0

Proposition then follows immediately from this and Young’s inequality. O

6.3.3 The energy hierarchy

We now use Propositions [6.3.1],[6.3.2f and |6.3.3| together with the initial data bound (6.1.9), to show

that the total energy of order K, £() (r), grows at most polynomially in 7 as r | 0, and moreover

that the rate of blow-up depends only mildly in K.
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Proposition 6.3.4. Let (u,\,¢,Q) be a solution to the FEinstein—-Maxwell-scalar field system
f in the interval v € [ry, 0], such that the solution obeys the bootstrap assumptions
f. Assuming also the bound for the initial data, then there exist a constant A, de-
pending only on C, as well as constants C') depending on C.., K and {, such that for 0 < K < N,
the total energy EF)(r) satisfies the bound:

EF)(r) < W) p=24.72Ky, (6.3.13)

Proof. Combining Propositions [6.3.1] [6.3.2] and [6.3.3] it is straightforward to show that for some
A, > 0 depending only on C and constants C’}K), CéK) > 0 (which are allowed to differ from those

of the previous propositions), one has the following derivative estimate:

a
Tdr

O SIS B e® ), i K £,

W ()] < 24,£B)(r) + I 1veE) (1) 4

Since we shall integrate towards r = 0, the derivative estimate we actually use is the following:

K1 =2y (K-RgM)(r), i K £ 0
r r), i :
rdig(K)(r) > 24,65 (r) - CfK)Tl—yg(K)(T) _ Zk =0 (r) 7

T 2A4,, if K=0.

In fact, using the integrating factor 24+, which is crucially independent of K, we write:

Tdi (T2A*S(K)(r)> >

r

ZK 1 —QYK k‘)( 214*5(]‘3)(7“))’ lfK?éOa

_ o)1y (TzA* g(K) (T)> _ (6.3.14)
We will now use (6.3.14) and induction on K € {0,..., N} to show that
702A*5(K)(r) < K (6.3.15)

where the implied constant is now allowed to depend on C,, K and (. This is equivalent to (6.3.13)).
Note that the dependence on ¢ comes from the fact that the initial data bound (6.1.9) implies that

for A, >,
N

> gt eW(rg) < ¢ (6.3.16)

k=0
We begin with the base case K = 0. Applying Gronwall’s inequality to (6.3.14) for K = 0, we

obtain that for any r € [rp, o], one has

T0
7“2A*5(0)(7“)Sexp(F(o)(ro,T))- r24£0) () + / exp(F<°><f,r>) ZA*zA*df :

\z"ﬁz

where sa, Sp) / C
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Since F©)(s,, sp) is uniformly bounded for sq, s, € [rp, 0], it follows from the initial data bound

(6.3.16)) that (6.3.15) holds for K = 0.
Moving onto the induction step, assume that ((6.3.15) holds for 0 < K < K < N; we wish to

prove it also holds for K = K. Applying Grénwall’s inequality to (6.3.14) for K = K, we have that

r2Ae g () < exp(F(K) (ro,r)) -T%A*g(k) (r0)

where F(R)(sa,sb) = / aka)flfy
Sb

Since F) (s, s3) is uniformly bounded for s,, sy € [ry, o], it follows from the initial data bound
(6.3.16) and the inductive hypothesis for #24+£®) () that

ro K-1 _ r &
rA*S(K) (r) < C+/ ’ Z F2v(K=k) f*QVkif < pm2vK

,r ~Y
T k=0

as required. This completes the proof of the proposition. O

6.3.4 Derivation of bounce ODEs

We now apply Proposition together with the Sobolev interpolation of Lemma to provide
L*> bounds for low order derivatives of ¢, u and A, so that we may treat certain equations in
the Einstein-Maxwell-scalar field system (2.5.9)—(2.5.12) as ODEs without worrying about losing

derivatives.

Lemma 6.3.5. Let (u, A\, ¢, Q) be as in Proposition|6.3.4 Then for N chosen sufficiently large there
exists a family of constants & = 8(Cy,C,ry) > 0 with & | 0 as r | 0, such that for any 0 < k < 3,
fe{o,u, A}, and r € [ry,ro] one has

105 (r, oo + [lr0: 05 f (7, )| oe < 87712, (6.3.17)

Proof. The energy estimate (6.3.13) for K = N, together with the definition of &%) (r) (see Defini-
tion [5.2.1)), implies the following L?-estimates for f € {¢, u, A}:

10 F1I72 + lIrd, 0y fII72 < 200N p=24-20, (6.3.18)

Note that while ") depends on N, the number A, does not, and we later choose N depending on
A

We now interpolate between and the low-order L®° bootstrap assumptions f.
Applying Lemma [5.2.] for f € {¢, u, A} and 0 < k < 3 one finds:

k
N —

r0r 05 £ (r, Moo Sn e f e L1700 05 F(r, )52, where a =

N[ =
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Inserting the bound (6.3.18)) and the bootstrap assumption (B2)), one finds
170,08 £(r, V1w S, (r2A2)E =y (2a)E

Since we chose v < ﬁ, we have r=%Y < =18 Furthermore, for N chosen sufficiently large
(depending on A, and k) one can guarantee (r—24+~Y)2 < r~1/8_ Thus for this choice of N there

exists a constant C'y ¢, such that
70,85 f(r, |z < Onvcr™ ™. (6.3.19)

To get a similar estimate for ||0%f(r,-)||r=~ we first apply the Lemma to the initial data
assumption (6.1.9), yielding |70,0% f(ro, )|z < ¢~ < &r~'/4. Then simply integrating (6.3.19)

from 7 = rq, there exists a constant Cy ¢, ¢ so that

105 f(r, )| < C,cnor ™ (6.3.20)

Combining (6.3.19) and (6.3.20), and redefining the constant Cy ¢, ¢ appropriately, one has

9 F(r, ) + 10,0 £ (r, Ve < (Civcr™) - v 712,

1/4

Recalling that r < rg < ry, letting 8 = Cn,c, ¢ - 7' completes the proof of the lemma. O

Corollary 6.3.6. Let (u, A, ¢, Q) be as in Proposition m Then for N chosen sufficiently large
there exists a family of constants & = 8(Cy, (1) > 0, with & | 0 as r« | 0, such that for all
(r,x) € [rp,70] x St and all a € [~1,1], one has:

2

(1O + are"0,)(rd,) + (T@T(]ﬁ)%eQ” (r,2) < 50112, (6.3.21)

(10, + are’=10,) <i2562”> - ?2262“ ((Tarqb) -1- Q—Qe >‘ (r,x) < ?2262“ ort/2 0 (6.3.22)

Furthermore, for the same & = 8(Cy, (,r+) > 0 one has:

2
(10, + are"=9,) (dpp) + Q—GZ“BIM — (r@rqS)(r@r@xgi))‘ (r,x) < &r'/?, (6.3.23)

2 2
(1o, + are?10,)(rd,0.0) + ie H(ror¢)Ozp + Q—e%aram (r,z) < &r'/2. (6.3.24)

Proof. This follows immediately from Lemma and the equations and (2.5.12).
derive the equations ((6.3.22) and ([6.3.24]), leavmg the remaining equatlons to the reader. For

, using we derive:
2 2 2
o (G ) = Lo (oo + v Viaor + (- % +x) e —2)

2 9 )
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Noting there is also an are*~*0,-derivative on the left hand side of (6.3.22), it thus suffices to
show that
122N (9,0)% + |ke| + 2|are” uu| < 5r71/2. (6.3.25)

Inserting the bootstrap assumptions (BI)) to bound e#~* and e¢*, and Lemma to bound 0,¢
and Oy ,

122N (9,0)? + |ke| + 2]are A 0,u| < C23(5r™Y2)2 + Cor + 20,732 (517 1/2).

1/2

Since the powers of r appearing on the right hand side all exceed /=, it is clear that upon redefining

0 that one has the estimate (6.3.25)).
We move onto (6.3.24)). For this, we commute the wave equation (2.5.12f) once with 0., then add

an additional term of are#=*rd,02¢, to yield

2 2
(r@T)Q&ng + are“_’\r&ﬂgd) + 2%62“(8xu)(r5r¢) + %62"7"@01@5

= 2’ ((92@%) + 300 (1 — N)2gp + 02 (1 — )‘)ax¢) + ke (10,00 + 2(Oupt) (ror )
+ are“_/\r(?T(?g(b.
Using the bootstrap assumptions f and Lemma the right hand side may be bounded
by
Cor?(5r= 12 + (5r~Y2)2) 4+ Cor (8712 + 20,87 1/2) + C 2801/,

1/2

Since we are allowed to redefine 6 = C\0, this quantity is bounded by dr'/“, as required. O

6.4 Low order ODE analysis

Here, we now study ODE systems of the type found in Corollary [6.3.6] with the eventual aim
of improving the bootstrap assumptions (B1)—(B4). As explained in Section the first step is
studying a nonlinear ODE system derived from ([6.3.21))—(6.3.22)), and then studying the linearization

of this ODE system, derived from (6.3.23)—(6.3.24]).

6.4.1 The BKL bounce ODE

Lemma 6.4.1. Forrg <1, let P,Q : [ry,r0] C Rsg — Rx>q satisfy the following ODEs, where the

error terms &; obey |&;| < 6r'/2 fori=1,2:
ro,P = —-PQ+ &4, (6.4.1)

r0,Q = QP> — 1 — Q + &y). (6.4.2)
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Suppose furthermore that for some n > 2, one has =t < P(rg) <1 and Qrg) < 1. Then for &

chosen sufficiently small (depending onm) the solution obeys the following bounds for r € [ry, To].
(4n) ' <P(r)<4n,  Q(r) < 16n°. (6.4.3)

Proof. We proceed by using a continuity / bootstrap argument, with the bootstrap assumption
being . So we assume holds on an interval [7, ro] C [rp, 9], then show we may actually
improve upon ((6.4.3]).

For the improvement step, we use an approximately conserved quantity of the ODE (which would
be exactly conserved if €; = 0); let K be defined by

K=P+P 4oL (6.4.4)

From (6.4.1)) and (6.4.2)), one checks that r9,K = €1(1 — P72 — P72Q) + P~1Q€,y. Thus assuming
the bootstrap assumption (6.4.3)), 79,X may be bounded by

[rd K| < (1+ 160 + 640> 4 256n*)8r/2.

Thus for & = §(n) chosen sufficiently small, one may guarantee that [’ |9,K(7)|dF < in. Using
also the initial data assumptions 1! < P(rg) <n and Q(rg) < 1, we have

1 1 7
K(r) <K(ro) + on= P(ro) + P (ro) + QP (rg) + -m < ol

2
Hence for all r, one has

P(r)+ P Hr) + QP (r) < o,

NCRREN

from which one can read off P(r) + P(r) < In and Q(r) < (%n)Q, improving upon the bootstrap
assumption (6.4.3)). By a standard continuity argument, (6.4.3)) therefore holds in the entire interval
[Tb, 7“0] . O
6.4.2 The equations of variation

Lemma 6.4.2. For rg < 1, let P,Q : [rp,170] — R satisfy the assumptions of Lemma [6.4.1]
Further, let M, N : [ry, 9] = R obey the following ODFEs, where |&;] < 5rl/2 fori=1,23,4:

ro,M = —OM + PN + Es, (6.4.5)
ro,N = —2PQM — QN + €. (6.4.6)

For 0 <y < 15 fized and some { > 0, impose the following conditions at initial data: |M(ro)| +
IN(r)| < Cry Y. Then for§ chosen sufficiently small depending onm, y and {, there exists a constant

D > 0 depending on the same constants n, Y and C, such that for all r € [ry,10], one has

IM(r)| + IN(r)| < Dr7Y. (6.4.7)
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Proof. Let b = ﬁ be a small parameter used for notational convenience. We rewrite the system
(6.4.5)—(6.4.6)) in the following matrix form, upon conjugation by a linear transformation M — bM:

rd, [bM] = [ -2 b?] [bM] + [bg?’] . (6.4.8)
N —op-1PQ —Q| | N &,

=L

Our goal is to bound the operator norm of the matrix L = L(r), as a function of r € [rp, 79]. As
b is chosen small, such a bound on the operator norm will depend on the size of Q = Q(r). Note our
definition of the operator norm will be with respect to the /*°-norm on R?, i.e. for a 2 x 2 matrix
M we write

[ x| oo
[M||gp = sup ————.
xer2\{0} [1X[[e=

Case 1: Q(r) < bn~h:

When this holds it can be immediately checked from this bound and (6.4.3]) that each of the matrix

elements of L(r) are bounded in absolute value by ¥. Since for a 2 x 2 matrix M we have:
IMlop < 2“%%}( [ ML,

this implies that
1
IL(7)||op <Y whenever Q(r) < Ebn_l. (6.4.9)

Case 2: Q(r) > £=bn~":

With no additional smallness for Q(r) the only bounds we have for L(r) will come from the bound
from Lemma By bounding each of the matrix elements of L(r) using (6.4.3)), one may
deduce |L(r)|op < 2566~ 113.

What is needed in this case is that we can control the size of the set B = {r & [ry, ro] : Q(r) >
%bnfl}, at least for & sufficiently small. To justify this, suppose 6 < %Sbn*? Then using (6.4.3))
and the equation for r0,.P, one has that for r € B

L1, 1
ro,P < —(4n) "t gpbn 48 < —oobn

But from (6.4.3), P(r) is bounded between (4n)~! and 4n. Furthermore, for all » € [ry,rg], not
necessarily in B, one has rd,P(r) < 6r1/2 < ﬁlsgbnﬁrl/z. So

T0 ~ ~ -
4n — (4n) "t > / —r0,P(T) d—zﬂ = / —r0, P(T) dTT +/ —r0, P(T) d—jﬂ
r r 7EB r rgB r
L. o 1. 51
> — i ,
= V(B) - gt = 5t o

Here v(B) is the measure of the set B with respect to the measure %. Using the smallness of b,

this leads to the estimate v(B) < 512b~n3.
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Collecting all this information, we have that

1
IL(7) |lop < 25613 whenever Q > I—Gbn_l, (6.4.10)

1
where B = {7’ € [rp,mo] : Q(r) > 16()111} has v(B) < 5120~ 'n?.

We now use (6.4.9) and (6.4.10)) to complete the proof. Integrating (6.4.8)) and applying || - ||¢e
norms on vectors, one finds the integral inequality:
M M “leesl| a0 M
(ro) + (F)— + IE()llop
N N oo A &y oo r A N

By using the initial data assumption [M(ro)| + |N(ro)| < Cry" along with the error bound

GES

¢

(r) <

yAS

|&;] < 871/2, there exists some constant D; depending on 1, y and ¢ such that

5] B

Thus Gronwall’s inequality in integral form implies that

| [a;f] (r) < Diry ' - exp </rro ”F(f)Ho,,Cff).

Zoo
We now apply (6.4.9) and (6.4.10) to estimate the integral inside the exp. Using the character-
isation of the set R in the case of (|6.4.10)), the result is that there exists some Do depending on n

and vy such that
T0 d~ d~ d~
[Tl < [ T [0
r r reB T 7B r

o JdF
< 126b~'n3u(B) +/ y% - ylog(%) + Ds.
T

He.

A

To
(r) < Dyrg” +/ IF () lop

YASS)

Inserting this into the above inequality and using that b = ﬁ has explicit dependence on y and n

we get (6.4.7)), as required. O

6.5 Global existence towards r =0

6.5.1 Proof of Theorem [6.1.1]

The proof of Theorem will follow from a bootstrap argument. By local existence (Proposi-
tion [2.5.2)), there exists some 7, € (0,79) such that a solution to the Einstein-Maxwell-scalar field
system (12.5.9)—(2.5.12)) exists in the interval r € [rp, o], which moreover satisfies the bootstrap

assumptions (B1))—(B4)).
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We show that assuming this, we are able to improve upon the bootstrap assumptions, for instance
by showing that f hold with C, replaced by C,/2. By a standard continuity argument,
one can allow 7, to be any real number in the interval (0,7(), giving global existence towards r = 0.

For this purpose, let (¢, u, A, Q) be a solution of the Einstein-Maxwell-scalar field system in our
bootstrap region r € [ry, 79] with the initial data assumptions , and . Then the
results of Section [6.3] all apply, in particular Proposition Lemma and Corollary
For convenience, let us record the result of Lemma again here: for f € {¢, u, A\} and 0 < k < 3,
there exists a family of constants 6 = 8(Cy, ¢, 7,) with & | 0 as 7, | 0 so that

105 (r, oo + [lr0: 05 f (1, )| oe < 87712, (6.5.1)

The improvement of the bootstrap assumptions will be proceed in the following steps:

Step 1: ODE analysis on timelike curves

The first step will be to use Corollary and the results of Section [6.4) to provide L> bounds for
the following 4 key quantities:

Q2 21
o ﬁe ) 8x,ua 170,02 .

For this purpose, let 7 : [ry,70] — Q with y(r) = (r,2(r)) be a C! past-directed timelike curve,
one example being a curve of constant x. In view of the metric (2.5.1]), v being timelike implies

that |fl—jf| < e, For such a curve v(r), let us define

Q2
P(r) = r0rp(7(r)), QAr) = 5 e (3(r)), (6.5.2)
M(r) = dep(y(r)),  N(r) = 18,85 6(~(r))- (6.5.3)

Note the initial data assumption (6.1.7) implies that 17! < P(ro) < 1 and Q(r¢) < 1. Fur-
thermore, the assumption (6.1.9), together with Sobolev embedding on S!, implies there is a con-
stant Cg1 independent of all parameters such that |M(rg)|, [N(rg)| < CgiCry Y. Furthermore, from

(6.3-21)—(6.3:22) of Corollary [5.4.3| with a = a(r) = % - (e#~*)~1, one has
dr

P9 Br) + P | (r,2) < 072, (6.5.4)
T%Qm S (Pr)? — 1 - Q)| (ra) < Q(r) - 5112,

This is exactly what we need to apply the nonlinear ODE results of Lemma Therefore we
have (4n)~! < P(r) < 4n and Q(r) < 16n2. This is true for all timelike curves in our bootstrap
spacetime, including all constant x curves, therefore for all (r,z) € [ry, 9] x S, one has

2
(4n)~t < r0rp(r,z) < 4m, %62"(1”, z) < 16n°. (6.5.5)
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We move onto M(r) and N(r). Using now (/6.3.23))—(6.3.24)) from Corollary we also have

d

r% (r,z) < 6r1/2,

M(r) + Q(r)M(r) — P(r)N(r)

r LN + 220 )M() + QNG| () < 51172,

dr

Together with the initial data assumption |[M(rg)|, |[N(ro)| < CgiCry Y, this is what we need to apply
Lemma [6.4.2] — note the change from ( to CgiC is harmless. Therefore for some D > 0 depending
on 1, Y, ¢ but not on Cy, we have [M(r)| + |N(r)| < Dr~Y. This is true for all timelike curves (r),

so for all (r,z) € [ry, 0] x S,
|Oppi(r, )| < Dr7Y, |10y 0p (1, )| < DrY. (6.5.6)

Step 2: Improving the bootstrap assumption (B1]

By choosing C, > 32n? and using (6.5.5), we have already improved the first half of (BI]). However,

in order to improve the remaining parts of , it will be necessary to upgrade the pointwise bound
on %262“ to an integrated bound on timelike curves.

More precisely, let « : [r,79] — R be a timelike curve as in Step 1. We rewrite the ODE-type
estimate (6.5.4)) in the following fashion, using crucially the lower bound for rd,¢ in :

ri log P(r) + Q(r)| (r,z) < Andr'/?,

dr

We now integrate this with respect to the differential %. One finds:

/r h Q(f)g

where the second inequality follows from the upper and lower bounds in (6.5.5). We apply this

estimate to the case where v(r) = (r,z) is a timelike curve of constant x; we have for D; =

< |[log P(r)]™°| + 4nd < log(16n?) + 43,

10g(16n2) + 4nd (which is crucially independent of C) the estimate

QL. dF
i r—262“(r,x)7 < D;. (6.5.7)

To apply this to improve bounds for e2* and e2(#~Y we use the equations (2.5.8) and ([2.5.9) to
derive that
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2
ro,(r~te? V) = (1 + 2k — 72% eQ#) = 1e2(u=2)
T

2
> 2 <—e2“ - ?262“> re2=N 1 (6.5.9)

Using the bootstrap assumption (B1f) and that r, > rg may be chosen small, let us choose 7, so

that alongside (|6 , we have that f "0 e (7 ,T) 5 4" < 1. Then 1ntegrat1ng and (6.5.9) along
constant z-curves, as well as applying the initial data assumption (6 ,

P x) < P (g, @) < P
T_IGQ(N_A)(T, l‘) < 62(D1+1)T‘61€2(“_)\)(T0,LL‘) < 62(D1+1)C.

D1+1

Thus for C, chosen larger than 2e%( )¢, we may improve the latter part of (BI] .

Step 3: Improving the bootstrap assumption (B2))

The bootstrap assumption for |rd,¢| in is already improved due to , so long as we
choose C, > 8n. To improve |rd,A| and |r0,u|, we use and (2.5.9). Using Lemma to
estimate the term involving 0, ¢, and using both and e2# < P11y and 20— < 2(D1+1) ¢y
from Step 2,

2
ropA| < % <(r8r¢)2 + 122N (9,0)% + 14 € + fie?ﬂ)

< % (16112 2D 52,32y 4 1 4 Ditlp 4 16112) .
By r < rg < 1, the right hand side is bounded independently of C,, and thus by choosing C, >
2-RHS, we have improved the bootstrap assumption for |9, A|. The improvement for |rd, | follows

from an identical calculation.

Step 4: Improving the bootstrap assumptions (B3)) and ( .

We complete the proof by improving the remaining bootstrap assumptions (B3] and ( . We
start with (| ., noting that the bootstrap assumption for [ro,0,¢| is already improved due to
(6.5.6), so long as C, > 2D. To improve the bootstrap assumptions for |rd,d,A| and |r0,0,u|, we

differentiate (2.5.8)) and (2.5.9) with respect to z, then combine several earlier estimates. Differen-

tiating (2.5.8) yields

100X = (r0p0)(r0r0,0) + 122N, (1 — N)(8:0)? + 22N o,p 026

Q2
— ke O+ T—zeQ“ax,u.

Therefore using all of (6.5.5)), (6.5.6), Lemma and the estimates for e2* and ¢2(*~» in Step 2,

one yields

r8.0pA| < (40D + 2P D3p372y 4 2D 1 D23y o D1t Dy 4 1602 D)r Y
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One can carry out an identical calculation for |rd,d,u|. Therefore for some Dy independent of Ci,
one has
|70r0r |, |70rOx |, [rOrOppi] < Dor™Y. (6.5.10)

Finally, to improve (B3], we integrate (6.5.10)) from r = ry, and use the initial data assumption
(6.1.9) — together with Sobolev embedding — to get |9,¢(ro)| + [Oxu(ro)| + [0xA(r0)] < Cs1lry Y.
Thereby integrating (6.5.10) yields:

1028|, |r0r0p A, 70,0 | < (Day™ + C1Q)r™Y. (6.5.11)

Thus upon choosing Cy > 2(Day~ ! + Cg1 (), (6.5.10) and (6.5.11]) improve the remaining boot-
strap assumptions (B4) and (B3). By the standard bootstrap argument, this concludes the proof of

Theorem (The two estimates (6.1.10) and (6.1.11)) follow from (6.5.5) and Proposition
respectively.) O

6.6 BKL bounces

6.6.1 Proof of Theorem [6.1.2]

The assumptions of Theorem mean that our global existence result Theorem [6.1.1] applies, as
well as all the results of Section[6.3] In particular Corollary applies, and one derives the ODEs
(6.1.12]) as in the proof of Theorem see e.g. ; note here we allow & = 1.

It remains to prove the convergence results (fi) and . The case (i) is easy, since = 0 implies
Q, = 0, and the first equation in yields [r0,P,| < /2. Since r~1/2 is integrable towards
7 = 0, this immediately yields that P () — P oo as 7 — 00 with |P.(r) — P, | < 2r1/2.

We move onto the more interesting . We first show that Q,(r) — 0 as r — 0. For this
purpose, we rearrange the first equation in to yield

d
Q, =-7* Py (r) + Pty

Using from Theorem that (4n)~! < P, < 4n, one thus yields that

70 ~
/ 9y (7) ar o log<w> +dnry® < log(16n%) + dnry/>. (6.6.1)
r T P (7o)

In particular, this integral is finite, and it follows that Q,(r) must tend to 0 as 7 — 0 in an
averaged sense. In particular there is a sequence {ry} with r; — 0 such that Q. (r;) — 0 as k — oco.
To upgrade this sequential convergence to convergence of Q,(r), we use the second equation in
. Since (P%, —1—Q — &g is bounded, there is some constant C' such that upon integrating
the second equation in , for 0 < r < 7y,
dr
7

9,00 -0yl <€ [ 0,(0)
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Since we have already established that the integral in is finite, the right hand side of this
inequality tends to 0 as k — oco. It thus follows that Q. (r) — 0 as r — 0.

To show that P, (r) converges as r — 0, we again use the boundedness of the integral .
Using this alongside the boundedness of P (r), one finds that the right hand side of the first equation
in is integrable towards r = 0 with respect to %. Thus there exists some P, o so that
Py(r) = Py 00 as 7 — 0. To show that P, o > 1, the second equation in can be rearranged
to

d
-1
ST

In particular, for Q(r) to remain bounded as r — 0 it must be that the right hand side of this is

Qur)=P2—-1-Q, -8 =P —1 asr—0.

nonnegative i.e. ‘P%/ > 1.
Finally, to show (6.1.13)), we use the almost conserved quantity K encountered in the proof of
Lemma Recall from this proof that defining X, = P, + P! + 9, P!, one can show

d
el < p1/2
Td’r' T .

~

Ky

Using the convergence of P, and Q,, it therefore holds that there exists X, o = P, 00 + ?;})o SO

that X, (r) = Ky, as 7 — 0 and moreover,
1Ky(r) = Kyool S /2,
Substituting r = rg, one therefore finds that
[(Pre +P550) = (P (r0) + B3 (r0) + 05 ()5 (ro))| S g™

Using this and P, o > 1, the estimate (6.1.13)) follows by solving a quadratic inequality. Note, of
course, that (6.1.13) is most interesting in the case that Q,(r¢) is small. This completes the proof
of Theorem [6.1.21 O
6.6.2 Proof of Corollary |5.1.3

Finally, we apply Theorems and to prove this stability / instability result. Let (¢, u, A, Q)
be as stated, so that by Theorem there exist smooth functions ¥(z), Z(x), M (x) and A(z) on
S! so that:

o(r,x) = ¥(x)logr + Z(x) + Errg(r, x),
p(r,z) = 3(¥(2)* + 1) logr + M(z) + Err,(r, 2),

A(r,z) = L(U(2)? — 1) logr + A(x) + Erry(r, 2),

where the error terms and their r0,-derivatives tend to 0 as r — 0 in the C*° topology.
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Since we also assume that W(z) > 0 for all z € S' and S' is compact, there exists some 1 > 2
such that for some 0 < 7; < 71, one has (n/2)™! < rd,¢(r,z) <M/2 for all 0 < r < 7. Let N be
chosen (depending on 1) as in Theorem Y < ﬁ be fixed, and consider the energy: at fixed
r >0

=Y Z < / (ro, 0K )2 4 r22=N) (9E+1 )2 4 2y (9K f)%) .
f€{¢>,>\ n} K=0

By the asymptotics of Theorem [6.1.0] one has that
Z / ((0KW)? + (O (A (T2 + 1)) + (0K (3(¥? —1)))?) dz  asr — 0.
S1

So letting ¢ be four times this limit, and making 7 smaller if necessary, it follows that £(r) < (/2
for 0 < r < 71. Similarly using Theorem and increasing ( if necessary, one can guarantee
rle2(=2) < (/2 and r~1e?* < (/2 for 0 < r < 7.

By these considerations, there will exist some 0 < rg < 71 so that if we abuse notation and

redefine the objects (ép, up, Ap, ép, fip, Ap) as
(¢D7/-LD7 )\Da(ZBDvﬂl%).‘D) = (¢7:uv)‘araTd)arahuvraT)‘”T:TOa

then (ép, up, Ap, ép, fiD, }\D) will obey the three assumptions (6.1.7)), (6.1.8) and (6.1.9)) required
for the applications of our results Theorem [6.1.1] and Theorem [6.1.2] and in fact satisfy these

assumptions with n and ¢ replaced by /2 and (/2 respectively. We also assume that r( is chosen
small enough to satisfy ro < (1, Q).

We now prove Corollary with the initial data set given by this (¢p, up, Ap, ép, i, }\D)
at v = rg rather than the r = ry initial data stated. This is not an issue, as a standard Cauchy
stability argument yields that perturbations of size € at r = r1 correspond to perturbations of size
€atr=rg, withé - 0ase— 0.

The remainder of the argument is then a direct application of Theorem 1land Theorem [6.1.2
Indeed, as stated in the corollary let |Q| < e, and ||(fD,]gD) (fD,fD)||HN+1><HN < e for f €
{¢, 1, A\}. Then for e sufﬁc1ently small, it follows that the perturbed data (¢p, fip, Ap, d)D, D AD)
still obeys the assumptions (6.1.7] , and - ) for our choice of n and . (Note the unper-
turbed background used /2 and (/2 so that the perturbed spacetime satisfies the required bounds
with ) and C.)

Thus one can apply Theorem to the perturbed data, showing that (a) the resulting space-
time still features global existence towards » = 0. For (b), we use Theorem applied to
timelike curves v : 7 — (r,z) with constant z-coordinate. Then W(z) is then just P, . for the
original spacetime while \if(x) is the same thing for the perturbed spacetime (which still exists due

to Theorem , denoted by j’%oo.
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To conclude, note that when @ = 0, by Theorem [6.1.2(}i) one has
Proe = 60+ O(y"?) = dp + O(e) + O(1g'*) = Py o + O(e) + O(ry?).

By the aforementioned Cauchy stability argument, we are allowed to take rg as small as required,
in particular we may choose the O(ré/z) term to be less than 1&. Then choose ¢ so that the O(e)
term is also smaller than %5, while maintaining that the size of the perturbation at r = r; is still
less than e. This yields (i).

When @ # 0, the argument is almost identical, except that by Theorem , one instead

has
~ ST 1/2 Q* , -1 1/2
:P'y,oo = max{¢D7 ¢D } + O(TO ) + O 7'726 M(TO) - max{?%ooa [P%oo} + O(E) + O(TO )7

where we used that |Q| < e. (ii) therefore follows from Cauchy stability considerations as before. [



Chapter 7

The (linearized) Einstein equations near

Kasner

From Chapter [7] onwards, we switch our attention to considering the scattering problem towards
spacelike singularities, as introduced in Section As mentioned there, we will consider not
scattering for the Einstein equations but instead for two model linear hyperbolic problems on
an exact (generalized) Kasner background . The results presented in Chapter (7| to Chapter @]
are based on our arXiv preprint [102].

In Chapter [7] we shall first explain how these model problems, in particular the second, and
much more involved, model problem, which represents the linearized Einstein—scalar field system
7, fits into the general discourse of the nonlinear Einstein equations , spacelike
singularities, and the BKL proposal. Towards the end of this Section, we will write down the full
linearized system, with variables (nij , Kl-j , ).

From Chapter [7| onwards, note that we no longer restrict our attention purely to (1 + 3)-

dimensional General Relativity, and consider the generalized Kasner family in (1 4+ D)-dimensions.

7.1 The ADM decomposition

To study the linearized Einstein—scalar field system in the generality we require, as well a to simply
fix notation, we introduce the (nonlinear) ADM-type gauge. A standard reference to the ADM-type
gauge we employ is [I19, Chapter 2|, though our notation differs slightly, and we also generalize to
higher dimension.

For a spacetime M = (0,T) x TP endowed with a timelike function ¢, the standard (1 + D)-

decomposition of the spacetime metric is as follows, where 2* are standard coordinates on TP.
g = —n?dt® + g;j(dz' + X'dt)(d2? + X7 dt). (7.1.1)

We call this an ADM-type gauge, with n : M — R, the lapse function and X = X'0,: a vector
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field tangent to the surfaces ¥; of constant ¢ called the shift vector field. The Riemannian metric
Gij = §ij(t) on X is often called the first fundamental form.

While the lapse n = (—g(Vt, Vt))1/2 is determined purely by the choice of time function ¢, the
shift vector field X? is determined by the choice of coordinates x! on each spatial slice ;. The

(future-directed) unit normal to the foliation of (M, g) by the hypersurfaces ¥, is given by:

9 9
N=n'(=—-X"—]). 1.2
" <8t a:cz) (7.12)

The following definitions are standard for the ADM-type gauge, see e,g, [119, Chapter 2|.

Definition 7.1.1. The second fundamental form k;; of the foliation of M by ¥; is a symmetric
(0,2)-tensor tangent to 3, given by the following, where the symbol D represents the spacetime

Levi-Civita connection.
k(&,n) = —g(§,D,N), V&, 7 tangent to ;.

The mean curvature trk = trg k of the foliation is then given by trk = (g‘l)ijkij.

Definition 7.1.2. One says that the ADM-type gauge (7.1.1)) is Constant Mean Curvature (CMC)

if the mean curvature of the foliation is constant on each slice 3;, with mean curvature trk = —t—1.

Definition 7.1.3. We say that the gauge is Constant Mean Curvature Transported Coor-
dinates (CMCTQ) if it is CMC and also satisfies X* = 0. In this case, the coordinates z are
transported by the normal vector field N, i.e. Nzt =0 fori =1,...,D.

On the other hand, we say that the gauge is Constant Mean Curvature Spatially Harmonic
(CMCSH) if it is CMC and is such that the coordinate map (T?, g;;(t)) — (T?, gruc) is a harmonic

map for all ¢ € (0,T), where gpy. represents the standard Euclidean metric on T”. In other words,

(g71* (Tela ()] = Tielgpuc) = 0, (7.1.3)

where Fé.k[g] are the Christoffel symbols of the Levi-Civita connection associated to g, and similarly
for gpue. (With respect to standard coordinates, F;'.k[gEuc] = 0, but we choose to write ((7.1.3)) in

this form to clarify that it is actually a geometric equation.)

In Proposition we present the (nonlinear) Einstein—scalar field system (Ein|), (Scal) with
respect to the ADM-type gauge. The variables (gi;, kij, n, X %) are used to describe the metric, while

the variables (¢, N¢) are used to describe the scalar field ¢. In Proposition the symbol V;
will always represent the Levi-Civita connection with respect to the Riemannian metric g;; = g;;(t).

We also raise and lower indices with respect to this metric. In particular, k‘ij will always mean
(77 * k.

Proposition 7.1.1 (Einstein—scalar field in ADM-type gauge). In a spacetime described by a CMC
ADM-type gauge with k = —t~1, the Einstein—scalar field system (Ein]), (Scal) are as follows:
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1. The metric variables (gij, kij) obey the system

8t§ij = —2nk¢j + giijXk + gjkViXk, (7.1.4)

1
Okij = —V;Vin+n (Ricij [G] — 2Vi6V ¢ — 2k, kyj — tkij)
+ XFVkij + ki Vi XF + kg VX5 (7.1.5)

Here Ric;;[g] denotes the Ricci tensor of the spatial metric g, and may be expressed as

: = 1——a = 17—a - 17—(1 - 17—a -
Ricgj[g] = —5(9 190,071 — 5(9 19°0,0;Gap + 5(9 12040, g1; + 5(9 1920, G
+N(Gt,09), (7.1.6)

where the expression N'(g1,09) is a nonlinear term quadratic in the term 0g.

If the gauge is moreover spatially harmonic (i.e. satisfies ), then
Ricylg] = —5(@ ) 0uthais + N (5,99, (7.1.7
where /\A/(g—l, 09) is a modified nonlinear term, still quadratic in 0g.
2. The matter variables (¢, N¢@) evolve as follows:
Ohp =n (No+ X'V,¢), (7.1.8)
0 (N¢) =n ((g‘l)ijvingb - %Nqﬁ - XiVi(Ngb)) + (g )7 VinV;o. (7.1.9)
3. The lapse n obeys the following elliptic equation:
—(g7H"V,Vn + tiz(n —1)=-n(R[g] — 2(g7 1) V:¢V;0). (7.1.10)

Here R[g] = tr Ric;;[g] is the scalar curvature of g. If the gauge is moreover chosen to be spatially

harmonic, then the shift vector X* also obeys an elliptic equation as follows.
(@ )*VaVe X' + (57 1) " Ricj[g]X* = (571)7 <2kﬁvan + %vjn — 4nN¢ ngb)
=257 (nk, + VaX°) (Thelg] — Tiolgpuc]) - (7.1.11)
4. Finally, the following Hamiltonian and momentum constraint equations are satisfied:
Rlg) — b,k + 35 = 2NGY +2(57)IViV 10, (11.12)

Vyk,? = —2No V6. (7.1.13)



274

Proof. The ADM evolution equations ([7.1.4)—(7.1.5) and the constraints ((7.1.12)—(7.1.13)) are stan-

dard and follow from a higher dimensional analogue of [I19, Section 2.3], upon substitution of the
energy momentum tensor (I.1.5) and the gauge condition trk = —¢~!. One obtains the elliptic
equation ([7.1.10|) by taking the trace of (7.1.5) and again using the CMC condition. The equation

(7.1.8) is a consequence of the expression (7.1.2)) for the normal vector field N, while (7.1.9) follows
from the wave equation (Scal)) written in the gauge (7.1.1).

In the case of CMCSH gauge, the relevant equations can be found in [§], at least in the vacuum

case. See also [7,[57] for the addition of matter described by the scalar field ¢ with energy momentum

tensor (|1.1.5)). O

Remark. From the PDE viewpoint, it is important to have a local well-posedness theory for the
equations of Proposition There are several ways to do this, each of which involves picking a
specific spatial gauge. One of these is the CMCSH gauge, where local well-posedness is shown in

[8]. For a more general overview we refer the reader to [66].

We conclude Section by revisiting the Kasner spacetimes with respect to the ADM decom-
position. The (generalized) Kasner spacetimes (M ks, 8Kas: PKas) With (Kas), ¢xas = pe logt and
the Kasner relations (|1.1.6)), are naturally written in the ADM-type gauge, with:

n=1, X'=0, Gij=1t%4;, ¢=pylogt, (7.1.14)
7 Di o . . o o o
kij = =9y, Ricy[g] =0, N¢=0¢= %. (7.1.15)

The Kasner spacetimes are spatially homogeneous, in the sense that the coordinate vector fields
0, are Killing fields of g5, and solve to the Einstein—scalar field equations as stated in Proposi-
tion With # and X¢ as above, the gauge is moreover both CMCTC and CMCSH. Thus in

studying perturbations of the Kasner spacetimes, it is permissible to use either of these gauges.

7.2 The linearized Einstein equations

In this section, we derive the linearized Einstein—scalar field system around Kasner, to which our
Theorem [7.3.1] scattering for the model of linearized gravity in Kasner, applies. After presenting
the equations, we then comment upon several features of this system, including gauge invariance
(see Lemma and well posedness (see Proposition , and remark upon how to interpret
the system near ¢ = 0 in Section [7.2.2]

After finishing this discussion, we project this system in frequency space using Fourier series
(see Appendix @[), in preparation for the energy estimates of Chapter @ Finally, we explain how
different gauges and energy estimates will be applied in our proof.

Our aim is to present the linearized Finstein—scalar field system — around a fixed

Kasner background (M gas, 8kas, Pras). To make this concrete, we first define several variables
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which we deem linearly small in Definition We then derive the linearized system by Taylor
expanding (to first order) the system (7.1.4))—(7.1.13) around a fixed Kasner background with

(glja kl]? ¢, Nd)a n, XZ) = (.51]7 ]%Zjvp¢> lOg tap(ﬁ? 17 0)7

and removing all terms which are quadratic or higher order in the linearly small quantities.

Since the Kasner solution is itself a solution to the nonlinear system —, the outcome
of the procedure described above is a homogeneous linear system of PDEs where the unknowns are
the linearly small quantities and the coefficients are related to the background Kasner variables.
This system of PDEs is what is presented in Proposition [7.2.2]

For a further justification of the linearization procedure, we refer the reader to Section 3 of [129].

We now define our linearly small variables, which differ slightly from those of [129].

Definition 7.2.1. We define the following linearly small quantities:
1

n/ = _5@71)]'1@(% —Gik), &7 =G ke — G R kg = (G R+ 6. (7.2.1)
b =¢—0, P:=1t(Np—N¢)=1tN¢—p,, (7.2.2)
vi=n—n=n—1, x =tX" (7.2.3)

We also let trm = nii and trk = Kii be the usual traces.

Lemma 7.2.1. A consequence of the CMC gauge condition trgk = —t—' is that:
trk = 0. (7.2.4)

On the other hand, the linearized version of the spatially harmonic condition (7.1.3), which we often
denote the linearized CMCSH gaugeﬂ 1s the following:

20,71 = 9; tr. (7.2.5)

Proof. The equation ([7.2.4]) follows immediately by taking the trace of (7.2.1) and using that trg k =
try = —t~1. In the case of spatially harmonic gauge, note that in the usual Euclidean coordinates,
the condition (7.1.3) may be written as (g~1)®T¢,[g] = 0, or as

Lo ab/=—1\1j = = =
5(9 D (G (9ugjp + ObGja — 0jGap) = 0.

As the background g;; is spatially homogeneous, 0igjk = 0i(GjK — éjk) is linearly small. Writing
ﬁjk = gjk — §jk, one may then Taylor expand the inverse metric (1) to write the above equation
as

1 0_1

5(9 (G717 (Oahjp + Ophja — Ojhay) = Q(h, Oh),

We always demarcate when we are using a CMCSH gauge by writing the (1,1) tensors ﬁij and kij with a hat.
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where Q(h,0h) is quadratic and higher order in the linearly small quantity h. Ignoring this term,

and using nij = —%(é‘l)jkﬁik, this above equation becomes
=2(57 ) 0an;" + (971 9m," = 0.
Up to multiplication by g;; and relabelling indices, this is exactly ((7.1.3)). O

Proposition 7.2.2 (Linearized Einstein—scalar field system). The linear system of PDEs for the
variables (nij, Kij,d),ll),‘v?xj) obtained by linearizing the ADM system (7.1.4)—(7.1.13)) around a

background Kasner solution, is as follows.

1. The metric variables (nij, Kij) obey the evolution equations

‘ A . . . . 1 1 .
tom;’ = k7 + 2tk — 2tk ), + (tk)v — iaixj - iéipgmaqxp, (7.2.6)
trk = t* Ric; [n] — 27* 00k v — (th?)v + (th,7)OX® — (th;*)Dax’ . (7.2.7)

Here, the expression F\{E[n] 1s the linearized Ricci tensor, and is defined as
Ric; [n] = g“b(?a@bni] + 70,0, (trm) — g“b@-@bna] — gjaﬁaﬁbnib. (7.2.8)

In particular, z'fﬁl-j moreover satisfies the spatially harmonic condition (7.2.5)), then

Ric; [f] = 28,00, . (7.2.9)

2. The matter variables ($,P) obey
tord =P + pyv, (7.2.10)
o = 2§70, 05 b — pyv. (7.2.11)

3. The linearized lapse v obeys the elliptic equation
(1 _ t2§’}“b8a8b> v = —21257%9,9, (trn) + 262§%9,0,m,.- (7.2.12)
If ﬁij moreover satisfies the spatially harmonic condition , this equation simplifies to
(1 - t2§abaaab) v = —£2§99,0(tr ). (7.2.13)
Furthermore, if holds we have an additional elliptic equation for the shift:

124 0,00x7 = —t2G7 9 — 2627 (thF) O — 4£2gP9(th, )0, + 26257 8;[thy, 0, + 2pg ).
(7.2.14)
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4. As well as the linearized CMC condition (7.2.4), the following constraints are satisfied:

—2t25%0,0y(trn) + 2025%0;0,m," + 2tk k.’ + 4psb = 0. (7.2.15)
Bk + B[tk .t + 2psd] — th 9;(trn) = 0. (7.2.16)
G20,k + §°04[thy M, + 2pgd] — 26 thy? Bam S = 0. (7.2.17)

As mentioned the solution is in CMCSH gauge if (7.2.5)) is also satisfied. In this case, ((7.2.15)

simplifies to

—12409,0(tr ) + 2k, &, + 4pyb = 0. (7.2.18)

5. Finally, there are linearized symmetry conditions for nij and Kij :
§%n,¢ = 3%, (7.2.19)

P <K,f — 2th, ndC) = § <Kba — oth, nda) . (7.2.20)

Remark. We outline some of the main differences from the linearized system derived in [129, Propo-
sition 3.2]. The first difference is that we use the linearly small quantity nij , while [129] directly
uses the metric perturbation Bij = §ij — §ij- Secondly, we do not insist on transported coordinates,
and therefore allow a linearized shift vector x/. Thirdly, we use p = N¢ — py as our linearly small

quantity, in place of 9y¢ — pT"’. ([129] do mention our ¢ as an ‘alternative approach’.)

Proof. We shall provide detailed proofs of four of the equations in Proposition [7.2.2] namely the
evolution equations and , the elliptic equation for x/ in CMCSH gauge, and
the symmetry condition . The remaining equations may be derived by similar methods and
are left to the reader.

As in [129] Proposition 3.2|, the overall strategy will be to consider the equations in Proposi-
tion and Taylor expand them around the background Kasner solution, eventually discarding
terms which are quadratic or higher in the linearly small quantities of Definition We also
make use of h;; = gi; — §ij, and as in [129], at least within this proof we shall write (g~1)7* and
(g7 1)7* to denote the inverse metrics.

We start with the derivation of . For this, the first step is to multiply by t(g—1)7*.
Using the fact that t0;(§~1)7* = 2t/%/ (G~ 1)*, and relabelling indices, we deduce that

1 o . o i 3 o .
= S5 gin) = —th (57 g + (g™ thi
1

1Nk 1, ik
5(9 Nk GV (XY — 5(9 DR ge Vi (X ).
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We now begin to Taylor expand. Writing ga, = Gap + hap in the first, third and fourth terms of the
right hand side, while using n = 1+ v and (§71)* = (g71)7% + (§71)7%hap (g~ 1) in the second
term, we have

D it i 1ker 1% 4 (VY (5
18, (_2(9 l)jkgik) = —th? —th? (57 b + (14 V) (t(g DE 4+ () hap t(g l)bk) Ki

1, ik, . - 1, ik, -
- 5(9 Y& (Gio + hie) Vix" — 5(9 DI (e + hae) Vix.

1/0—

We now simply use that nl-j = —3(9 13k Ry, as well as the fact that modulo quadratic error

terms, V, can be replaced by 9, since the Christoffel symbols and the renormalized shift x¢ are both
linearly small. Therefore for 9, = Qn(ﬁ, Oh,v,X, 0X) a quadratic and higher order nonlinearity,

tom; = t(g 1) ki, — th + 2tk n — 2t(G7 ) * kg, + t(G ) kay
1., 1. 1 -
- 5(9 "YF Gie0hx" — iaiXJ + Qn.
Thereby upon inserting the definition of the linearly small quantity Kl-j = t(g 1) *ky, — tlz:ij , and
removing all quadratic or higher order terms in the linearly small quantities, the equation ([7.2.6))

follows.

The next equation we derive is ([7.2.7]). For this equation, we firstly combine the two equations

and to deduce
t0y (t@_l)jkk’ik) = —t*(g )" ViVin + nt* (g~ ') *Rici 7]
—2nt*(g ") VipVig — (n — 1)t(g ") * ki
+ (@YX )V ikip + (G R ke Vi (6 X0 — t(g7 )M ki Vo (£ X7).

We now simply insert the definitions of all the linearly small quantities, and replace all V, derivatives
with 0, derivatives modulo quadratic error terms, to deduce that for some term Q. quadratic in

the linearly small quantities 1, dn, 9°n, v, dv, v, k, Ok, x, 0 and O,
topk; = 12(57 1) *Rica[g] — 2§71 R0V — th v + th Opx’ — th Lo + O

Upon using (7.1.6]) to express Ric;x[g] and removing all quadratic or higher order error terms, the
equation ((7.2.7)) follows. (If instead we used ([7.1.7)) we get the desired result in the case of CMCSH

gauge.)

The next order of business is the elliptic equation (|7.2.14)), assuming the CMCSH gauge condition
(7.1.3). We shall derive this equation by using (7.1.11)), which we multiply by ¢3 and rearrange to
get

(57" VYot X7) = (577 (2th,"Van + Vm — dnps V56 ) — 20t (57 (th,* T} [g

— 263571V, (t X} (9] — t2(5 ) Ric[g)t X" — dnt? (g7 1) (1N — pg) V0.
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Now, we observe that the second line of this expression is already quadratic or higher order in
our linearly small variables (nij , Kij ,®, 0, v,x?) and their derivatives, and we therefore discard it.
Similarly, we may Taylor expand all but the final term on the first line, and we deduce that for

some Qy which is quadratic or higher order in the linearly small quantities, one has:
(571 0a0x" = 12(§1)Y (2tk;“ 00V + ;v — Apyd;b) — 27(5 )™ (th,)Th[9] + Q-

It remains to expand the expression #2(g~1)®(tk,)T% _[g]. Using the local coordinate form of

Christoffel symbols, and the fact that 9;g;; = 8¢fzjk, we have

—2t%(g7 ") (tk,)Th[g] = —t2(37") ™ (g7 1) (tk,°) (Obhje + Ochjp — Ojhe) -

Since the final parenthesized expression is linearly small, we may replace (§~!)¥ and (tkij ) by their
background Kasner analogues up to a quadratic error. Using also that tk:ij is self-adjoint with

respect to g;;, we find that up to a quadratic or higher order error we call Qr, one has
—262(g~ ") (th, )T [3]
= =20%(5 1) (k)5 ) i) + Dalgp + £2(571)7 (¢, 05((571) hve) + O
= 4t%(5 1 (th, )i, — 262(57 )Y (tk, %)M + QOr.
Combining this with the expression for t2(§71)*9,0,X* above, and discarding the nonlinearities
Qy and QOr, we get the elliptic equation ([7.2.14)), as required.
The final equation we derive in detail is the symmetry constraint (7.2.20]) for Kij and nij . This

arises from the symmetry of the second fundamental form k;;, which we write in the following way

(as in the elliptic equation for shift, the (1,1)-tensor kij means (5~ k)

(g7 (thy") = (g7 (thy").

Expanding the various terms, we therefore have
(5™ = (37 hac(@ ) (thy + 1) = (G = (37 hae(@™ ) (th + 7).

The equation ([7.2.20) then follows by inserting the definition of T]Z»j , rearranging, cancelling
(g—l)ab(tli;;) = (§_1)Cb(tl;‘b“) from both sides, and finally removing quadratic and higher order

terms. 0

7.2.1 Spatial gauge and well-posedness

Though we have fixed our foliation via the CMC condition try k = —t~!, there is still gauge freedom
in the choice of linearized quantities (nij , Kij ,X?) in Definition and in Proposition due to
freedom in the choice of spatial coordinates, which we may view as diffeomorphisms of the spatial

manifold TP that we allow to be time-dependent.
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While one way of removing this freedom by imposing some gauge on initial data as well as in
evolution, for instance by specifying a shift vector x? or alternatively by imposing the linearized
CMCSH condition , it will be useful in our context of this article to allow all such gauge
choices, as well as how to change between them. At the infinitesimal or linearized level, this is

achieved via a time-dependent spatial vector field &/ on TP, as in the following lemma.

Lemma 7.2.3. Let (T]Z»j, Kij7 ¢, U, v,Xx?) be a solution to the linearized Einstein-scalar field system
in Proposition (not necessarily obeying the linearized CMCSH condition (7.2.5)). Let & be a
possibly time-dependent vector field on TP. Then the system (7.2.6)-(7.2.20) is invariant under the

gauge transformation:

. ) 1 ) 1 )
=+ 508 + S0 10,8, (7.2.21)
K K]+ (thD)0pE — (th,)0;EP, (7.2.22)
X =X —toE, (7.2.23)

while the scalar variables &, b, v are left unchanged. In particular,

(i) For a solution (nij, Kij, ¢, W, v,X?) as above, then applying the above transformation using the

choice of vector field & given by inverting the elliptic equation
125°00,8,80 = 1247% (ak frn — zam,f>
yields a solution in linearized CMCSH gauge, via the transformation ([7.2.21)—(7.2.23).

(ii) Let x2 be a fived (possibly time-dependent) vector field. For any solution (nij, Kij, ¢, 0, v, %)
as above, then for any choice of T > 0 choose the vector field & to satisfy

, Lo , ds

& :/T (X (s) = x4 (5)) —-

S

Then after applying the transformation (7.2.21)—(7.2.23)) to our solution, the transformed so-

lution has X! = XZ;. In particular, by choosing XZ; = 0, we can always transform to a solution

with zero shift. We say that such solutions are in linearized CMCTC gauge.

(Sketch) Proof. We leave the proof of invariance of the system f under the transfor-
mation — to the reader, and only mention at a heuristic level how the transforma-
tion f is derived. Essentially, we consider coordinate transformations of the form
#/ = a9 + &. Then the ADM-type metric (7.1.1)) may be rewritten as

g = —n?dt* + gij(da’ + X'dt)(dx? + X7 dt)

axkdx ot

- . O& ’ &I -
1 j - - (2
dt + X dt> <da: 9l dzx T dt + X dt>

= —n2dt? + Gij <dfi —

= —n? 4 §ij(di’ + X'dt)(di’ + X7) + Q¢ (&, 0E).
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In this final line, Qy (&, &) is a quadratic nonlinearity, while the modified first fundamental form

gij and shift vector X7 are given by
k k j
9ij :gij_gik%_gjk%a X/ ZXj—%«

One now inserts g;; and X7 in place of gij and X 7 in the expressions of the linearly small quantities
of Definition (One can also suitably modify the second fundamental form). Discarding terms
which are quadratic or higher in the original linearly small quantities and &/, we are left with
Fz2)- (22

Leaving the remaining details to the reader, we move on to (i) and (ii). For (i), suppose that the
change of gauge vector field & satisfies the elliptic equation t2G*0,0,&7 = t2G7% (0 trn — 20m kl),
and consider the transformed version of nij , which from we know to be

A = 4 L0+ L 0,E
To check this is now in CMCSH gauge, we want to check that 28jﬁij = 0; tr1. For this we compute:
27 (20kR;" — 0 tr ) = 57 20km,* — 0y tem) + 2GR0 EF + 0,018 — 7§7 0,0,.E"
= 2§ (20" + g* 00k & = 0.
The final equality followed exactly due to the choice of &/. This completes the proof of (i).

The proof of (ii) is more straightforward; one simply uses the transformation formula for the shift
(17.2.23)). O

Remark. In Lemma one may in particular choose a vector field & which is time-independent.
This has the effect of transforming ﬁij and kij but leaving x/ unchanged. In particular, even in the

class of solutions with x/ = 0 such gauge changes are still permitted

Upon fixing the spatial gauge, by either fixing the shift vector x? or by insisting upon the
linearized CMCSH condition ([7.2.5)), we can appeal to the following well-posedness result.

Proposition 7.2.4 (Well-posedness for the linearized FEinstein—scalar field system). Let
((ﬂc)ij, (Kc)ij, bo, Vo) be Cauchy data (for instance at t = 1) that verifies the constraint equations

(7.2.4) and (7.2.15)—(7.2.20)), with regularity ((T]C)ij7('<c)ij,¢c,ll’c) € Hst1 x HS x H"1 x H*.

Then both of the following well-posedness statements hold.

(i) Suppose furthermore that (ﬁc)ij verifies the linearized CMCSH condition (7.2.5). Then there
exists a unique CMCSH solution (ﬁij(t) &I(1), d(1), W(t),v(t),x (1)) to the system (7.2.6)—

N
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fort € (0,400), where x? has zero avemgeﬂ and with regularity:
(n,67) € C°((0, +o0), ' x H*) N C((0, +00), H* x H*™),
(b, ) € C((0, +00), H*TL x HS) N CL((0, +00), H x H*™Y),
v e C(0,400), H*?), X/ € C°((0,400), H).

(i1) Alternatively, let L be any (possibly time-dependent) vector field on TP, with =
CY((0,+00), H**2). Then there exists a unique solution (nij(t) k7 (t), d(t), W(t), V(1)) to the

» N

system ([7.2.6) ~(7.2.20)) fort € (0, +o0), such thatx’ = X{; at all times, with the same regularity
as above.

Proof. Let us start with (i). We first use the equations (7.2.6), (7.2.7), (7.2.9), (7.2.10), (7.2.11)),
(7.2.12)), (7.2.14), which is a linear elliptic-hyperbolic system in the background (M gas, 9ras)-
(Note it is crucial that we used in place of since only then does F\{E[ﬁ} appearing in
become a top order term of hyperbolic character.) Therefore we may apply standard elliptic-
hyperbolic theory, e.g. that of 8], to deduce that there is a solution to these equations ,
(7.2.7), (7.2.9), (7.2.10), (7.2.11)), (7.2.12)), (7.2.14) for ¢ € (0, +o0). Moreover, this solution has the
regularity claimed in (i).

It remains to check that the constraint equations f and the gauge conditions
and also remain true for ¢t € (0,400). The propagation of constraints is left to
Proposition Finally, uniqueness follows from the elliptic-hyperbolic theory, so long as we fix

%7 to have zero average in order to have uniqueness for solutions of the elliptic equation (7.2.14]).

We now move on to (ii). In order to show existence, the first step will be to apply a gauge
transformation to the Cauchy data ((nc)ij, (Kc)ij, bo, Vo) using a vector field &Jé which solves the
elliptic equation

§(1)0adEl = 3% (1) (O trne — 20,(ne),).

As in Lemma [7.2.3] this has the effect of putting the transformed (ﬁc)ij = (ﬂc)ij + 10:8 +
30ip(1)§77(1)04€P in CMCSH gauge, at least at ¢t = 1. This allows us to use the existence result in
(i), and we generate a CMCSH solution (ﬁij(t), kij (t), d(t), W(t),v(t),x*(t)) for t > 0 which achieves
the Cauchy data ((ﬁc)ij, (kc)ij, bo, o).

We now perform another change of gauge to recover the solution we desire. Note that the
shift vector x(t) was generated in evolution in CMCSH gauge, and thus cannot be expected to
equal x{,, and also that our CMCSH solution does not match our initial choice of Cauchy data

((T]C)ij , (Kc)ij ,dc,Peo). We resolve both these issues by using yet another gauge transformation

2In this paper, the vector fields x? and &’ will always have zero average, meaning their A\ = 0 Fourier coefficients xé

and &) always vanish. Note the zero modes have no affect on how 1,/ and «;? transform.
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vector field coming from Lemma [7.2.3((ii), namely

& = —th+ [ () xd0s)
1

After applying this gauge transformation to our CMCSH solution

(ﬁij(t),ﬁij(t),(I)(t),lj)(t),v(t),xj(t)), it is immediate to see that we obtain a solution satisfy-

ds

s .

ing the requirements of (ii).

The regularity is also immediate, and we finally turn to uniqueness. By taking the difference of
two such solutions, uniqueness is equivalent to the statement that the only solution to the linearized
Einstein—scalar field system with trivial data ((nc)ij, (Kc)ij,d)c,lbc) = (0,0,0,0) and vanishing
shift x/(t) = 0 being the zero solution. Suppose, on the contrary, that there exists a non-trivial
such solution ((no),” (£), (ko) (£), do(t), W (t))-

By uniqueness of CMCSH solutions, we know that this solution must not be CMCSH, hence
there exists some time 7" > 0 such that 20, (no)ij(T) # 0;trno(T). Now we apply Lemma M(l) to
this solution — this generates, a new CMCSH solution () (), (Ro); (£), do(t), Wo(t), Vo(t), X2 (t)),

via a transformation associated to the (zero average) vector field a%; which solves the elliptic equation
t2§abaaab£g = t2§jk(8j trme — 28@((n0)k£>'

Since (no)ij =0 at ¢t =1, we must have &4(1) = 0. On the other hand, by definition of T > 0,
we must have & (T) # 0. As a result, there must exist some 7' > 0 such that 9,&2(T") # 0, and
therefore by the transformation rule and the fact that we initially had vanishing shift, we
must have x4 (7') # 0.

However, by &1(1) = 0 the solution ((o) (£), (ko) (), do(t), Wo(t), Vo(t), XA(t)) is a CMCSH
solution with trivial data, and hence by uniqueness in the CMCSH gauge we must have xg(t) =0
for all t > 0. This contradicts the existence of a nontrivial solution with x/ = 0, and completes the

proof of (ii). O

7.2.2 Scattering data at ¢t =0

The linearly small quantities nij and ¢ generically blow up towards t = 0, and are thus unsuitable
choices for scattering data at ¢ = 0 itself. Therefore, we introduce renormalized quantities Yij and
©, given by:

ds.

P 7.2.24
2k (7.2:24)

v =i + / Gin(8)599(5) % 2,
t

@ =¢ —Plogt. (7.2.25)

In fact, we often entertain a more general form of Yij and @, where the time ¢ = 1 is replaced

by t =T > 0. That is, we introduce the quantities ﬁ-j and ¢ as

v J J T 574 ds p D ¢
Yi=ng 4+ | Gip(s)g(s) ok @= b —plog{ ). (7.2.26)
t
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These more generally defined quantities will play a role in the following two lemmas.
Part of Theorem is that Yij and ¢ remain bounded near t = 0, and in fact tend to limits

('Yoo)ij and @ as ¢ — 0. This will also be true for k/ and ¥, which will tend to limits (Koo)ij and
VP as t — 0. In this section, we prove two important properties of these renormalized quantities,

7
Firstly, in Lemma we show that these limiting quantities ((Koo);”, (?oo)i],tboo, Poo) also
obey constraint equations, analogous to those of ([7.2.15)—(7.2.20]), which we often denote the asymp-
totic constraint equations. Then in Lemma we determine how '?ij transforms under the

(linearized) change of gauge discussed in Section

or more generally the corresponding quantities ((Koo) J (Yoo)i],tl)oo, Poo) for any T' > 0.

Lemma 7.2.5. Let s be sufficiently large, and let (nij, Kl-j, G, 0, v, %)) be a solution to the linearized
Einstein-scalar field system in Proposition [7.2.2, with regularity as in Proposition where
the Kasner exponents satisfy the subcriticality condition . For arbitrary T > 0, suppose
furthermore that the quantities Kl-j, ?ij, ¥ and @ remain bounded towards t = 0, and moreover tend

to a limat:

(k7T 0. 0) = (Koo)', (Yoo), ooy Boc) i CP as t = 0.

Then the following asymptotic constraint equations hold:

thy® (Koo)y” + 2pgboo = 0, (7.2.27)
0;(Koo){ + Bilthy® (Too), + 2ps@oc] — th70;(tr Vo) = 0, (7.2.28)

°oq c | oc 7. a (~f b ~ oa 3 Y ¢
G™(T)u(Koo), + G°UT)Dathy (Yoo)y + 26 Poo) — 20°°(T) thy  00(Yoo)y = 0, (7.2.29)

as well as the following symmetry conditions:
§(T)(Yoo)y = () (Too)y (7.2.30)
G (T) (ko) = 2tk (Voo)y) = 97(T) (k)" = 2ty (Vo)) (7.2.31)

Finally, we have the linearized CMC' condition tr Koo = 0.

Proof. For (7.2.27)) and (7.2.28)), the idea is to simply take the usual constraints ([7.2.15)) and ([7.2.16|),

rewrite them in terms of the renormalized variables Yij , ©, and then finally take the limit ¢ — 0.

For instance, we rewrite the Hamiltonian constraint ((7.2.15)) using (7.2.24)) as

T
- - . d .
—2t2G%0,0p tr Y + 2t2G7°8,0,Y," — 2t5%° / gbp(s)gl%s)f 00k + 2(thy")k,” + dpgid = 0.
t

We now take the limit of this equation as ¢ — 0. The last two terms will give us the desired ([7.2.27)),

so it suffices to show that the remaining terms tend to 0.



285

As aaamj and 8a8b|<ij are bounded towards ¢ — 0 by assumption, it suffices to show that as

t— 0,

ds

1
2§ -0 and £7§* / Gop()g"(5)— = 0.
t

In fact both of these will follow by the non-degeneracy of the Kasner exponents; using a modification
of Lemma (with )« replaced by 1 in the lemma) to estimate the integral above, one shows
these terms are bounded by max; 2~2Pi(1 + |logt|) and thus tend to 0 as ¢ — 0.

Moving to the momentum constraint, we rewrite as follows:

OV + 0;](thy™)Y,° + 2pp®] — (th,))0; tr ¥ = —8;[(thy")k,” + 2pp] log t.

Note that we used the fact that tlocb“ is non-zero only when a = b, hence the integral appearing in
(7.2.24) ends up being logt. The right hand side of this rewritten momentum constraint appears
exactly in the rewritten Hamiltonian constraint above, and (given that third derivatives of fij and

k; are also bounded) is therefore bounded by max; t2=2Pi(1 4 |log ¢t|?). Thus taking the limit t — 0
yields (7.2.28)).
We next move to the symmetry conditions ([7.2.30)) and ([7.2.31)). We shall actually prove that

for all times ¢ > 0, we have the symmetry conditions

G = §P(T)T (1), (7.2.32)

GT) () = 28,1 TE(1)) = gT) (7 (0) — 261 V(1)) (7.2.33)
and simply take the limit of these as t — 0. Note that (7.2.32) is equivalent to §%°(T)gpq(T)Y .4 =
Yb“, or

T T
°acC ° °oacC o o o dS a o oq dS

§*(T)ga(T)n + § (T)gbd(T)/ gcp(S)gdq(S)? kL =1y +/ Gep(8)G q(s)? kgl (7.2.34)
t t

We now make the following observation. Using the explicit form of g;; in (7.1.14]), one has the

identity:

cac o T o o dq ds o o dgq T cac o ds
g (T)gbd(T) gcp(s)g (3)7 = gcp<t)g (t) g (S)gbd(s)?~
t t

S

One obtains this identity using a substitution of the form s +— § = % in the integral.

Using this identity, one computes the second term on the left hand side of (|7.2.34)) to be

2 dq ds ds

T T
fJ“C(T)ébd(T)/t 9ep(8)g71(s)— - kg :/t éac(s)ébd(s)?'f]cp(t)gdq(t) Kg" (%)

T
o . ds . .
= / gac(s)gbd(s)? ’ (ch + (Ztkpd)ncp - (2tkcp)npd) )
t
where we used the symmetry condition (|7.2.20)) in the second step. We next observe that we can
identify the latter two terms on the right hand side in the following way:

T T T
cac - o (v ds N cacs | dS
FT®) [ 56136 % k7 = [ 5l T = [ o) T
t t t
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Therefore we obtain ([7.2.34]) by using the fundamental theorem of calculus, and simply relabelling
indices. This completes the proof of ([7.2.32]). For (7.2.33)), we firstly observe that

T
RPN o . Jeqds
6 = UYL = w7 = g+ [ 50y ()i -k

Therefore integrating by parts and using ([7.2.20)) in a similar way to before, one eventually finds
that
K¢ — (2t D)V = Gop(T)§%(T) kP — (2thy") Tyl

From this identity, ((7.2.33]) follows from ([7.2.32)). We also deduce (7.2.30)) and (7.2.31)) by taking

t — 0.

Finally, the second momentum constraint ([7.2.29) follows from combining (|7.2.28)) with ([7.2.30))
and ([7.2.31)). 0

Lemma 7.2.6. Consider the renormalized quantity Yij defined in ([7.2.20)), for some T > 0. Then
the change of gauge associated the vector field &, which transforms nij and Kz-j as in (7.2.21)) and
(7.2.22)), then transforms the expression Yij as follows:

YT+ %aiaﬂ' + %éip(T)éjq(T)(?qu. (7.2.35)
In particular, choosing & to be a solution of the elliptic equation
GO(T)0.050 = §7*(T) (ak trY — 28ﬁ,f) : (7.2.36)
one can transform ?ij i such a way that the transformed version satisfies the differential relation
d;tr Y —29;Y7 = 0.

Proof. From the definition (7.2.26)), the transformation associated to & transforms fij into the

following expression
iy lge 1. 2Ja p T ja( ) 38 p [ S p L. P s
n; + 5@& + igip(t)g (t)aqa + \ gip(s)g (8)? : (Kq + (tkq )8s£ - (tks )8115 )

-1 1 . T . d
V7 508+ i) + SO0+ [ 50519 D4
¢
The transformation formula ([7.2.35)) then follows by applying the fundamental theorem of calculus.

The second part of the lemma, concerning the change of gauge associated to the vector field &7

solving the elliptic equation ([7.2.36]), follows from the same argument as Lemma [7.2.3(i). O
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7.3 Statement of Theorem [7.3.1]

With the notation setup, we now state a slightly imprecise, but still rather detailed, version of
the scattering theorem for the linearized Einstein—scalar field system around a Kasner spacetime

obeying the subcriticality relation . We prove Theorem in Chapter |§| The proof will
actually be via a scattering theorem in another gauge, Theorem Recall also the symbol T,
from Definition [[.6.1]

It turns out it will be most convenient to choose a slightly odd choice of gauge condition for the

quantity 'Y‘Z-j at t =0, as follows.

o s
20, ((Yoo)f n /T éip(8)§]q<s)% . (Koo)q”> — 20, (tr Voo) - (7.3.1)

We later show that we can always transform suitable asymptotic data into this gauge, which we

often call the canonical asymptotic gauge condition.

Theorem 7.3.1 (Scattering for the linearized Einstein-scalar field system in subcritical Kasner

spacetimes). Let (Mgas, Gkas, Pkas) be a (generalized) Kasner spacetime whose exponents satisfy
the subcriticality condition (1.2.11)). Consider solutions (nij, Kij,(l),ll)) to the linearized Finstein—

scalar field equations around (Mgas, GKkas, PKas), Written as the first-order elliptic-hyperbolic system
(7.2.6) (7.2.20) and satisfying suitable constraints. The scattering theory is as follows:

(i) (Existence of the scattering operator) Let s be sufficiently large. Then given Cauchy data
((T]C)ij, (Kc)ij, b, Vo) € HSH x H® x H x H® at t = 1 satisfying suitable constraints as
well as the spatially harmonic gauge condition , there exists a unique (classical) solution
(nij, Kz»j, &, ) to the system f in Mgas attaining the Cauchy data

NS (1) =me) (), /(1) = (xe)! (), b(1,) =de(), W, =bel).

Let Yij and @ be as in (7.2.24)—(7.2.25). Then there exist unique (1,1) tensors (Koo)ij(a:) and
('Yoo)ij (z) and unique functions Yoo(x) and @ (x) such that

Kij(t, N — (Koo)ij(') in C3, Yij(t, ) = ('Yoo)ij(~) in C®  strongly ast — 0,  (7.3.2)
W(t,-) = Wuol-) in H, @(t,") = ©xo(+) in H®  strongly as t — 0. (7.3.3)

Furthermore, there exists a change of gauge vector field e H 5 such that after applying

the transformations (7.2.21)—(7.2.35)), the transformed versions of ((Koo)ij7 (Yoo)ij,lj)oo, Poo)

satisfy suitable asymptotic constraints as well as the canonical asymptotic gauge condition

(7.3.1), and have the following regularity:

—Dpi+p; j —pi+p; j 1 : d
T ) el T ((m)i + [ et T <Koo>qp) € Ht,

S
7.3.4
. N (7.3.4)
Yoo € HT2, Qoo + log(Ti) oo € H? "2, (7.3.5)
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(ii) (Asymptotic completeness) Let s be sufficiently large, and let (Kso); (Too)l-j be (1,1) tensors

17
in TP, and Voo, Qoo be functions in TP with Sobolev reqularity as in (7.3.4)—(7.3.5), and
satisfying suitable constraints as well as the canonical asymptotic gauge condition ((7.3.1).

Then there exists a unique (classical) solution (nij, Kij, b, U) to the system ([7.2.6)—(7.2.20) in
Mas, with reqularity

(n,x7) € COL(0,+0), H**' x H*) N1 C1((0, +00), H* x H*),
() € C°((0,400), H*t x H*) N C((0, +00), H® x H*™1),
as well as a change of gauge vector field & € H*™1, such that:

1. The quantity nij satisfies the spatially harmonic condition (7.1.3) att = 1.

2. If Tij and @ are defined as in (7.2.24)—(7.2.25), then after applying the transformation
(7.2.21) (7.2.35)) associated to the vector field &7, the resulting transformed quantities obey
the asymptotics (7.3.2) and (7.3.3)), strongly ast — 0.

(111) (Scattering isomorphism) For s € R, define the following Hilbert spaces together with their

norms:
He = {(n. k7 0.0) in/ € B k] € B9 e B g e HYY (7.3.6)
. . 2 D . .
|(nded o) = 30 (Il + 1) + 100G + 01 (73)
¢ ij=1

Ho = {(Kf,Yf,tl),(p) :

1
. . 1 — D, ) ; . od ds 1
T, PP e Hets TP (Yi] — / Gip(8)§7(s)— - qu> € H*"z,
Te §

Ve H 3, @+ log(Tow € H8+%} . (7.3.8)

. 2
H(sz"vij’lb’(p)HHs
D 1
= (| (i - (5)57(5) % - k7
: 2 * i HSJF% * i T 9ip\$)g S q HS+%

01 oy + e +log(TIVIP .y (7:3.9)

Further let H¢, . be the subspace of HE, obeying suitable constraints as well as the spatially
harmonic gauge condition (7.1.3)), and similarly let Ho,c be the subspace of HZ, obeying the
appropriate asymptotic constraints as well as the canonical asymptotic gauge condition ((7.3.1)).
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From (@, let the operator S| map the Cauchy data ((Tlc)ij, (Kc)ij, bo, Vo) to the asymptotic

quantities ((Koo); s (Yoo)ij,tl)oo, @), where the asymptotic quantities are taken after modifi-
cation by the gauge transformation associated to the vector field & in (@) Then this map can

be extended to a bounded, injective homomorphism from H, . to HZ ..

Conversely, from , let the operator Sy map the asymptotic data ((Koo)ij7 (Yoo)z‘j;lbooa Po)
satisfying (7.3.1) to (nij(l, s Kij(l, ), &(1,),W(1,-)), noting that nij(l, -) is chosen to satisfy
(71.3) after modification by the change of gauge vector field &. Then this map Sy may be

extended to a bounded, injective homomorphism from HZ, . to H¢, .

Finally, H?

S.c U8 the image of S| acting on Mo and we may view Sy Ce = Hioe as a

Hilbert space isomorphism with inverse Sy.

Remark. The subcriticality condition (|1.2.11]) is necessary in order to conclude asymptotics of the
type given in Theorem i), due to heuristics of [95]. However, even if one violates ((1.2.11)), it
may be possible to prove a version of Theorem [7.3.1]if we suppress the linearly unstable directions.

For instance, if one makes the additional assumption that for any i, j, k such that —p;+p;+pr > 1,
i .
8kK1 (t) B 8]‘ Kﬁ(t)
Pi—Pj  DPi— Pk
for all times ¢ > 0, then our proof shows that a version of Theorem m still holds. ([7.3.10) is

true in certain symmetry classes, for instance T? symmetry or polarized U(1) symmetry in 1 + 3

=0 (7.3.10)

dimensions. This complements known nonlinear stability results in these classes [2) [63]. In fact
one would expect a version of Theorem to still hold if is only valid asymptotically as
t— 0.
To make this more precise, one would like to consider the case that for any p;, p;, pr violating
, the following limit holds for the linearized Weingarten map Kij :
ey (1) 9k, (1)

lim = 0. (7.3.11)
=0\ pi—p;  Pi— Pk

This suggests that some version of our scattering result Theorem [7.3.1| should hold in cases where
the above limit holds. We could interpret this hope as a codimensiona]lﬂ stability and scattering
statement for linearized gravity around Kasner spacetimes violating .

In fact, one could hope to prove a version of Proposition where one only assumes ,
which would involve a detailed analyis of the rate at which the expression in tends to 0.

We formulate this resolution of codimensional stability and scattering in the following conjecture.

Congecture 7.3.2. Let (Mgas, GKas, Pias) be a (generalized) mon-degenerate Kasner spacetime
not necessarily satisfying the subcriticality relation (1.6.11). Consider solutions (nij, Kij, b, ) to

3Since (7.3.11)) must hold at every spatial point z € TZ, this is an infinite codimension statement.
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the linearized FEinstein—scalar field equations around (Mgas, 9ias, PKas), written as the first-order
elliptic-hyperbolic system (7.2.6)—(7.2.12) and satisfying suitable constraints. Then we have the fol-

lowing:

(1)

(i)

(iii)

7.4

(Existence of the scattering operator) Let s be sufficiently large. Suppose that the Cauchy
data ((ﬂc)ij, (Kc)ij, bo, Vo), satisfying suitable constraints and the spatially harmonic gauge
condition (7.1.3)), launches a solution to (7.2.6)—(7.2.12)) such that for any Kasner exponents
Di, Pj, Pk violating (1.6.11)), the limit (7.3.11f) holds.
Then the conclusions of Theorem (ﬂ) still hold, and the limiting quantity (Koo)ij s such
that for any Kasner exponents p;, pj, px violating (1.6.11)),
l‘ .
Or(Koo); (1) 0j(Koo)y (1)

— = =0. (7.3.12)
Pi —Pj Dbi — Pk

(Asymptotic completeness) Let s be sufficiently large, and let and let (Koo)ij; (Yoo)ij be (1,1)
tensors in TP, and Voo, @oo be functions in TP with Sobolev reqularity as in (7.3.4)(7.3.5)),
and satisfying suitable constraints as well as the canonical asymptotic gauge condition ((7.3.1)).

Suppose furthermore that (Koo)z'j is such that for any Kasner exponents p;,pj,pr violating

(1.6.11), the identity (7.3.12) holds. Then the conclusions of Theorem still hold.

(Scattering isomorphism) For s € R, recall the Hilbert spaces M. and HE, . from Theo-
rem n(.) Further define Heavrp C Mo be the subspace such that the correspondmg
solution (n;/, k7, &, ) to the linearized Einstein—scalar field system satisfies (7.3.1]] I for Kas-
ner exponents p;,pj, pi violating ((1.6.11] m Also define the subspace Hoo,AVTD C Hi, o to be
the subspace such that for Kasner exponents p;, p;, pj violating , the identity
holds.

In light of (i) and (i), define S| and Sy as in Theorem . Then S : He ayrp —
Hio avrp S @ Hilbert space isomorphism with inverse Sy.

Applications to the nonlinear Einstein—scalar field system

We conclude this Chapter with comments on how our ideas could potentially be applied to the
study of Kasner-like singularities for the fully nonlinear Einstein—scalar field system (Einl), (Scall)

and (1.1.5). For instance, it would be desirable to formulate a scattering theory relating Cauchy

data and asymptotic data in the context of Kasner-like spacetimes. In light of the nonlinear stability

result [63], one could conjecture that there exists a scattering map between Cauchy data that is

4For s small, the convergence in (7.3.11)) may hold in a distributional sense.
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a small perturbation Kasner data at ¢ = 1, and suitable asymptotic data close to the associated
Kasner data at t = 0.

Many additional difficulties arise in addressing the nonlinear problem. In fact, some of these
difficulties arise already in linear hyperbolic problems where the background Kasner-like spacetime
is not exactly (Mgas, Gias), but a non-homogeneous perturbation thereof, since our proof is reliant
on a Fourier decomposition on TP, and outside of the homogeneous setting one must what consider
carefully what operators such as log 7, and T. P P hean. Tt is possible we must consider microlocal
operators with both physical space and Fourier space dependence.

We now comment upon several features of our proof to discuss how they could be adapted to the
nonlinear problem. (Or in some cases, linear hyperbolic problems on inhomogeneous background

spacetimes.)

Renormalized quantities in the nonlinear problem

In Theorem , the Cauchy data at ¢ = 1 uses the variables (nij , Kij , ®,1) while our asymptotic
data at ¢ = 0 uses instead the renormalized variables (Kij , Tij ., @), since it is these renormalized
variables that remain bounded (and convergent) as ¢ — 0.

In the nonlinear problem, one must determine the correct renormalized variables at ¢ = 0, or in

other words the variables we prescribe as “scattering data”. One proposal is the following:

K/ () = (671 0)* (th (1), Mij(t) = gin(t) - exp(2K (1) Int) F,

P(t) =tNg(t), ¢(t) = o(t) —¥(t) logt.

Here exp denotes matrix exponentiation. A consequence of [63, Theorem 6.1] that that the quan-
tities Kij , ¥ and ¢ are bounded and convergent as ¢t — 0 for perturbations of Kasner space-
times obeying the subcriticality condition . Assuming the same is true for M;; (which
does not quite follow from [63]), a candidate nonlinear scattering map could be a map between
Cauchy data (g;;(1), ki;(1), #(1),% (1)) and the asymptotic quantities ((Koo)ij, (Mso)ij, Yoos Poo) =
limy o (K7 (), My (£), $(t), o (t))-

Another subtlety regarding how we use renormalized quantities in our energy estimates is that
our low-frequency energy estimates really apply to (Kij , Yij ., @), with the tildes signifying that we
use T' = T, in the definitions ((7.2.26). Thus in a background which is not exactly Kasner, one must

also understand how to adapt the renormalized variables in a manner akin to choosing T' = 7.

Gauge in the nonlinear problem

In contrast to [63] where the authors use Fermi-propagated frames, our scattering result Theo-

rem [7.3.1] employs a transported coordinate ADM-type gauge. In reality, the proof does not really
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use a transported coordinate gauge but instead a frequency adapted gauge, see already Section [9.5
and Theorem

A quick way of describing this gauge is that it is CMCSH at high-frequency and essentially
CMCTC at low-frequency, see Section for why this is the case. Both the CMCSH gauge and the
CMCTC gauge exist at the nonlinear level, and our method suggests it is reasonable to use a mixture
of the two gauges in the nonlinear setting, so long as one makes sense of the frequency-dependent
transition between the gauges.

In particular, this has the effect that the spatial Ricci tensor Ric;j[g] can be viewed as an
elliptic operator acting on g;; at high-frequency (see ), but that there is no shift vector X* at
low-frequency and thus the equation for atKij = 8t((§_1)jk(tkij )) will remain suitably integrable

towards t = 0.

Norms and energies in the nonlinear problem

In Theorem the Hilbert space HZ  associated to the scattering data ((Koo)ij’ (Yoo)ij, VYoo, Poo)
also features the symbol 7, extensively; this arises due to the way that one compares the high-
frequency energy and the low-frequency energy and the relevant metrics used to control the tensorial
norms. The idea is that high-frequencies use the metric g;;(t), while low-frequencies use g;;(tx).

As a result, the symbol 7, © P appears, especially when acting on off-diagonal components of
tensors. The dependence of T, ¥ i on the Kasner exponents means that if one were instead to
consider perturbations of Kasner have spatially dependent exponents, one must be careful about
the norms and energies used to control the asymptotic data at t = 0.

This issue is perhaps easier to resolve in the direction where one solves “forwards” from asymptotic
data at ¢ = 0, since in this context the perturbed Kasner exponents, and thus potentially the

i+Dj

nonlinear analogues of 7, "% are given. In the other direction, one has to understand how we

can generate the correct such operators in evolution.

The nonlinear terms in the evolution equations

If one can resolve the previous issues (which already play a role in studying linearized gravity around
perturbations of Kasner), it remains to control the ‘semilinear’ nonlinear terms in the evolution
equations f. For instance, there are the A/ (g_l,ﬁg) terms appearing in , and
terms involving the shift vector X?.

Given our time-dependent frequency decomposition, this would involve an extremely careful
analysis of the different types of interaction (i.e. high-high, high-low, and low-low) both in terms of
regularity and in terms of behaviour in ¢. Similarly, one would have to understand the interaction

of commutator terms that arise, including commutation with the suggested microlocal operator 7.



Chapter 8

Scattering towards the singularity in

Kasner: The wave equation

In Chapter [§] we prove Theorem [1.6.2] stated in Section

8.1 Overview of the proof

We illustrate several ideas involved in the proofs of Theorem many of which will also apply in
our later proof of Theorem [7.3.1] For now, we restrict attention to the isotropic Kasner spacetime
with p; = % for I = 1,...,D, and mention only briefly the differences in the anisotropic case.

We also rescale time in such a way that (1.6.1)—(1.6.2) can be rewritten as the following first order
hyperbolic system, where A = (ggi C)U 0;0; is the standard Laplacian on TP.

tOrp = 1, toph = t2A¢. (8.1.1)

Our linear scattering results will always follow upon decomposing our PDEs in frequency space

using Fourier series, and performing ODE analysis for each Fourier mode. Taking the Fourier

decomposition of (B.1.1), we have for [A|? = -2 A2 the system
L0\ = 1Py, oy = —| A\ ¢a. (8.1.2)

Remarkably, (8.1.2)) can be solved explicitly. This is because (8.1.2)) is Bessel’s equation (of order
0) written in first order form. Using [54] as a reference regarding Bessel’s equation and the Bessel
functions J, and Y, solutions to (8.1.2) can be written as the following linear combinations of

Bessel functions:

or = s TN + ey Yo(AIE),  tbx = —es VAIDTL(AI) — ey )(ADYI(AD).  (8.1.3)

293
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In particular, the asymptotics of Bessel functions in [54, Chapter 10.7] imply the following behaviour
for ¢ and 1) in the regimes |A|t — 0 and |\|t — 4o0.

oy = R Qo) + s+ as At = 0,
\(t) =
\ am (erN) cos (At = F) +ey(N)sin(IA[t = F)) +--- as [Alt = +oo,
Ua(t) = oy () 4o as [\t — 0,
' V @ (—es(N)sin(JAt = ) +ey(A) cos(|A[t = F)) +---  as [Nt = +oo.

One may read off from these asymptotics that as t — 0, we expect an expansion ¢ = s logt +
Voo + -+ as in Theorem [1.6.1] and moreover that the Fourier coefficients of ¢, and ¢ can be
read off from the coefficients c¢;(A) and cy (A). Using the characterization of Sobolev spaces H® in

Fourier space, we may then translate these asymptotics into statements about Sobolev regularity:

1. Having ¢(1,-) € H** and 9(1,-) € H® is equivalent to the sum Y, [A*TL(Jc;(A) > + [ey (V)[?)

being finite. This is due to the powers of |A|¢ arising in the |A[t — oo regime.

2. At t = 0, we observe that (Yoc)x = Zcy(A) and (poo)r = cs(A) — Zey(N)log |A| = ¢y(N) —
(o) log |A]. Therefore, the sum Y, [A[%*1(Jes(A) 2+ |ey (V) [?) being finite is equivalent to 1o
and the modified ¢ + (log |V])1)eo being in H5s,

Combining these two observations yields the scattering result of Theorem[I.6.2] at least after detailed
analysis of the error terms in the Bessel asymptotics.

However, since we wish to generalize to anisotropic Kasner spacetimes, and also to the study
of the linearized Einstein—scalar field system, it is desirable to find a method more robust than
using the explicit Bessel functions. That is, we wish to capture Bessel-like asymptotics in both
the |A|t — 400 and the ||t — 0 regimes, which we denote the high-frequency and low-frequency
regimes respectively.

It turns out we can achieve this via energy estimates for each Fourier mode (¢y, ). In our two

regimes, we shall require two different energy estimates, which we explain as follows:

1. In the high-frequency regime |A|t > 1, we use a high-frequency energy which is given by

%Z),Q\ (N ¢§ 2
Exnioh(t) = — + —=2— 4+ |Altos.
A’hgh“ ]/\|t \)\]t 2]/\|t ’ ’ A

Using (8.1.2), a computation involving crucial top order cancellations yields that for some C' > 0,
[t0eExnign ()] < CO)2Ex pign ().

Therefore, Grénwall’s inequality implies that for a fixed Fourier mode A € ZP \ {0}, the high-

frequency energy remains well controlled in the region |A|t > 1.
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2. In the low-frequency regime |A|t < 1, we first define @) = ¢ — 1 log(|A|t) so that ¢\ = @(|A|t)

exactly when |A|t = 1. We then use a low-frequency energy quantity which is simply

5>\,low (t) = wg\ + 85%\

This is uniformly equivalent to the high-frequency energy & nign(t) at the transitional time
t = |A|7!, and one may show from the system (8.1.2)) that

t0:Ex 10w (t)] < C(A)?(1 4 |1og(AL)[*)Ex 0w ()

Therefore, Gronwall’s inequality implies that for a fixed Fourier mode A € Z” \ {0}, the low-

frequency energy remains well controlled in the region 0 < |Alt < 1.

Combining these two energy estimates and translating into a Sobolev regularity statement yields
a proof of Theorem [[.6.2] Furthermore, this energy method is robust and may be applied more
widely. In particular, it can be generalized to apply to the linearized Einstein equations in Chapter [9}

More imminently, it will also apply to anisotropic Kasner spacetimes. We highlight some of the
additional difficulties in that case. For the scalar wave, the most prominent new issue is that one
must tailor the high-frequency energy in a way that sees the anisotropy. This is done by introducing
frequency-dependent coeflicients ( = (\(¢) into the definition of &) pign, see already Lemma m
and Definition R.3.11

8.2 Fourier decomposition and preliminary lemmas

We now begin the full proof of Theorem [1.6.2] concerning scattering between Cauchy data and
asymptotic data for solutions of the scalar wave equation in a non-degenerate Kasner spacetime
(MKas, 9kas)- As outlined in Section the proof relies on a detailed ODE analysis for each
Fourier mode (¢y, 9y ), A € Z%.

Projecting the first order system f onto each Fourier mode A € ZP, we find the
following first order system of ODEs for the Fourier coefficients ¢y and .

tOrdx = Y, (8.2.1)
tOhy = =120y, . (8.2.2)

Here the expression 72 = 72(t) is the following functionﬂ of A € ZP and t > 0.

D
=) (8.2.3)
=1

"When clear from context, we often denote 7 without its subscript 7y, primarily to shorten the exposition, and also

to make it clear that 7, is not a Fourier coefficient. Similarly for ¢ and (.
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Our aim is to find energy estimates for ¢y, ¥\ and @) = ¢\ — ¥)logt which are uniform
in frequency A\ € ZP. The energies appearing in such energy estimates will often feature 7 and
derivatives thereof, and thus much of our analysis boils down to understanding properties of 7. We

often appeal to the following two lemmas:

Lemma 8.2.1. For A € ZP \ {0}, let ¢ = (\(t) be the following logarithmic Oy-derivative of T:

d s dr
(=Q() = <tdt10g7> = <dt> : (8.2.4)
Then the following upper and lower bounds for ¢ = (x(t) hold, uniformly in A € ZP\ {0} and t > 0:
i _1pi <G() < max 7 _1pi. (8.2.5)
Furthermore, (\(t) is nonincreasing in t, and one has the integral estimate
' ! 1 . 1
/0 [G(s)]ds < max - el g (8.2.6)

Proof. We differentiate the expression (8.2.3)) for 7 with respect to ¢. This yields

D
dr 2-2p;i 12
27— = ;(2 — 2p) 2P N2,

We then use the definition (8.2.4) and rearrange to find

R L > Yo
S @2 S22 2N

For A\ € ZP \ {0}, at least one summand appearing in both the numerator and denominator is
positive, and from this the bounds are immediate.
We now show that ((t) is nonincreasing. Using the above, we compute the following logarithmic
derivative
tilog(((t)) _ Z£1(2D_ 2pi) 1> 2PN _ Zz’z1(2 — 2pi) 2PN
Y PPN 312 = 222N

dt

(SR - mey) - (T2 ) (S22 - 2 ?)
_ (Zzpzl t272p¢)\22) (Z?:l@ - 21%)752*2?2')\12) '

The result now follows from the Cauchy-Schwarz inequality in RP, i.e. that

(Zi’;ﬂ??) (Zfiwz‘)Q 2 (21213%’%)27

with o; = t'7Pi)\; and y; = (1 — p;)t'~Pi)\;. This shows that the numerator above is nonpositive,
and thus that ((¢) is nonincreasing. This monotonicity and the upper and lower bounds (8.2.5) for
¢(t) immediately yields (8.2.6)). O
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We use Lemma particularly (8.2.5)), to estimate integrals involving powers of 7.

Lemma 8.2.2. As in Definition|1.6.1} for each A € ZP\{0}, let tr. € (0,1] be such that 73(txr.) = 1.

Then for a > 0, we have the following integral estimate corresponding to T > 1:

1
d
/ T %(s) 4 < a L. (8.2.7)
tax S

One also has the following integral estimate corresponding to T < 1. For 0 <t < ty,,

/Ot 7(s) (1 - log<t2*>2> % S (1 - log(t’t\*)2> <1 (8.2.8)

Proof. The key to these integral estimates is that we may perform a change of variables ¢ — 7, and

that
dt dr
A
For instance, for (8.2.7)), upon applying this change of variables the upper bound in (8.2.5) yields

t)\*
t

oe(B) = [ [
t t t T(t) T '

Using again the upper and lower bounds (8.2.5) on ((t), we thus have that for 0 < ¢ < ty,,

For (8.2.8]) we start by expressing log( ) in terms of 7. Using the same change of variables, we

find

2% _
log (;) = log7 1. (8.2.9)

Therefore, the integral in (8.2.8)) is estimated as follows.

t Frs 2 d T(t) d
/ 7’2(8) (1 + 10g<)‘> il < / 72 (1 + (logT_l)Q) ar
0 S S 0 T
S (1+ (logm1)?).
The estimate (8.2.8) then follows from using (8.2.9) again and that 7% (1+ (log7!)?) < 1 for
T<1. O
8.3 The high-frequency energy estimate

We commence the study of the first order ODE system (8.2.1)-(8.2.2) for A € Z” \ {0}. In the

high-frequency regime 7 = 7,(t) > 1, we make use of the following energy quantity.
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Definition 8.3.1. The high-frequency energy quantity Ex pign(t), used for A € ZP\{0} and 7,(t) > 1,
is given by

wm %

Enpign(t) = *2 Ry b4 i} (8.3.1)

The bounds for ¢ = ()\(t) obtained in Lemma immediately yield the following coercivity of

the energy, which will be especially useful to compare £ pigh(-) to Sobolev norms at .
Corollary 8.3.1. One has that uniformly in frequency X € ZP \ {0} and t > ty,,

Exhigh(t) = 0]

(r(®))

In particular, at t =1 one has Ex pign(1) < (A)~ 11/’)\( )+ (N Qﬁ(l)

+(r(1)) 93 (%)

The main result of the current section is the following high-frequency energy estimate.

Proposition 8.3.2. Let (¢x(t),¥a(t)) be a solution to (8.2.1)—~(8.2.2)). Then the 0;-derivative of the
high-frequency energy quantity obeys the following bound, uniformly in X € ZP \ {0} and t > ty,:

‘tjt&,high(t)‘ < (t|C/(t)| + 712) Exnigh(t). (8.3.2)

There exists some Chign, > 0, depending only on the background Kasner spacetime, such that for

A€ ZP\ {0} and ty, <t <1, one has
Ch_z‘glyhg)\»high(t) < Exhigh(1) < Chigh Exhigh(t). (8.3.3)

Proof We take the t ; derivative of each expression appearing in (8.3.1]), using the equations (8.2.1))-
as well as tET = (~!7. Isolating the terms where the derivative hits ((¢), one has

L s = W _ wa (8.3.40)
N CW N wa _ WT@ (8.3.4b)
N @ L4 (8.3.4¢)
+ 20T grtn + (76 (8.3.4d)
ric'e) (208 4 22 4 acrg ) (8340

We shall exploit crucial cancellations in the above expression. We see that

e The first term in (8.3.4al) cancels the first term in (8.3.4d)).

e The second term in ({8.3.4a) cancels the second term in (8.3.4b)).
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e The first term in (8.3.4b|) cancels the second term in ([8.3.4d)).

e The third term in (8.3.4b|) cancels the first term in ({8.3.4c]).

Upon applying these cancellations, we are left with the following:

d 3
t—Ennign = —C' 52 + (B.3.49).

The proof of the derivative bound then follows straightforwardly, after applying Corol-
lary and the upper and lower bounds on ((¢) from (8.2.7).

We shall deduce by applying Gronwall argument to . For any t), <t <ty <1
and C the implied constant in , Gronwall’s inequality yields that

1)

t2 dt
g)\,high(t2> < exp (C/ ’C/(t)| dt +C T_Z(t) t> g)\,high(tl)'

t1 t1
In fact, by applying Gronwall in the opposite direction, the reverse inequality also holds:

to

b2 dt
Enan(t) < exp (€ [T i@lae+ 0 [Tr20 T ) Evnita)

t1 t1

Now, from Lemmas and the exponent

£ t2 dt 1 1 dt
C I (t)| dt + C 7—2(t)7gc I’ ()| dt + C 7—2(75)7

3] t1 [\ tax

is bounded, uniformly in A € ZP \ {0}. The energy estimate (8.3.3) then follows upon taking
to = 1. O

8.4 The low-frequency energy estimates

In the low-frequency regime where 7 = 7,(t) < 1, we need to use a different energy estimate. Since
o (t) generally blows up as t — 0, we first introduce a renormalized scalar field:

@mzmm—wmmﬁij. (8.4.1)

Note that @) (t) is chosen to coincide with ¢y (t) exactly at ¢ = ¢4, and differs from the (Fourier
coefficients) of the quantity ¢(t) defined in ([1.6.6) by a frequency dependent object. Nevertheless,
it will be the correct renormalized quantity for our energy estimates. We use the following low-

frequency energy quantity.

Definition 8.4.1. The low-frequency energy quantity Exow(t), used for A € ZP \ {0} and 0 <
Ta(t) <1, is given by
Extow(t) = Y5 + G5 (8.4.2)
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Using Corollary the low-frequency energy quantity is such that € jou (txs) =< Ex high(Eax)-

The main result of this section is the following low-frequency energy estimate.

Proposition 8.4.1. Let (¢x(t),¥a(t)) be a solution to (8.2.1)—(8.2.2). Then the 0;-derivative of the
low-frequency energy quantity obeys the following bound, uniformly in X € ZP\ {0} and 0 < t < ty,:

2
‘tig)\,low(t)‘ S T2 <1 + log<t;‘*> > g)\,low(t>- (8.4.3)

There exists some Cloy, > 0, depending only on the background Kasner spacetime, such that for
A€ ZP\ {0} and 0 < t < ty,, one has

Crowéniow(t) < Exow(tre) < Crow Extow(t). (8.4.4)

Proof. In the low-frequency regime, our fundamental quantities are now ¥ (t) and ¢y (t). We start

by deriving appropriate evolution equations for these quantities. From (8.2.1)—(8.2.2)) and (8.4.2)

above we have

s
t@t@bA = —7'2%5)\ + T2 log <;>1/})\, (845)

2
t t
t@tgé)\ = —7‘2 10g</;*> 95)\ —|—T2 10g<)t\*> w)\. (846)
From these equations, we easily compute

d t o 2 t
t%é}\,low(t) =272 log<)t‘*>¢§\ + 9272 (log(i* > — 1> APy — 272 log<)t‘*> gbi.

Therefore the derivative bound (8.4.3)) is immediate.
The energy estimate (8.4.4]) follows as in the proof of Proposition Letting C be the implied
constant in (8.4.3), Gronwall’s inequality tells us that for any 0 < t; <t < t)4, we have

t2 tae \ 7 di

g)\,low(t2) S exp C T (t) 1 +10g T 7 g)\,low(tl)a
t1
to 2

g)\,low(tl) < exp (C/ Tz(t) (1 + 10g<t/t\*> ) (ff) g)vlow(tQ)'
t1

By Lemma the integral in the exponent is bounded, uniformly in A € Z” \ {0} and 0 < t; <
to < ty«. This completes the proof of the energy estimate. O

In order to justify the existence of the scattering states (¢oo0,Poo), One must also show that
the functions ¥ (t) and ¢, (¢) attain a limit as ¢ — 0. Furthermore, for the purpose of asymptotic
completeness we need to show that we can prescribe the limits (1)) and (P ) to launch a solution

to the ODEs. This is achieved in the following proposition.
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Proposition 8.4.2. For some fived A € ZP\{0}, and Cjoy, > 0 as in Proposition|8.4.1, the following
hold.

(i) Let (ox(t),a(t)) be a solution to the system (8.2.1)—(8.2.2)) for 0 <t < ty.. Then there exist
real numbers (o) and (Poo)a such that ¥ (t) and px(t) attain these as limits ast — 0, at

the following rate

2
YD) — (Wl +162(8) — (Boolal S 72 (1 +105( ) ) Eutnn) S TENR (). (84

Furthermore, one has that (¢oo)§\ + (géoo)i < Clow Exlow (trs)-

(i) Conversely, let (oo)r and (Poo)x be any real numbers. Then there exists a unique solution to
(oa(t), (1)) to the system (8.2.1)—(8.2.2)) for 0 <t < tx. such that x(t) and @x(t) obey the
asymptotics (8.4.7)).

For this solution, one has that Ex jow(trs) < Clow ((woo)i + (géoo)i)

Proof. We first prove (i). By Proposition we have that the low-frequency energy &£ jow(t) is

uniformly bounded for 0 < t < ty, by its value at ¢t = t),. Therefore, one sees from the equations

(8.4.5)—(8.4.6) that the following derivative bounds hold:
d d _ tae)”
‘tdtw(t)‘ + ‘tdtm(t)‘ <7 <1 - log<t> > 32 (tas)-

This derivative estimate, along with Lemma shows that 0y1)(t) and 0;p,(t) are integrable
towards ¢ = 0. Therefore the limits (1)) and (Poo ) exist, and moreover satisfy the bounds (8.4.7)).
The final estimate (woo)i + (gboo)i < Clow Exlow(tr) follows from the upper bound in and
taking the limit ¢ — 0.

For the converse statement (ii), we require a local existence statement for the ODE system
f given initial data at ¢ = 0. Since these ODEs are singular at ¢ = 0, we cannot apply
the usual Picard—Lindel6f theorem. Nonetheless, local existence follows, using the Fuchsian theory
of first-order ODEs in Lemma [E.0.1]

We apply Lemma [E.0.1](ii) with V = (¢, $5) and A = 0. The derivative bounds above imply
that we can apply this lemma, with initial data v = ((1)o0)x, (Poo)r), and thereby generate a local
solution (1 (t), Pa(t)) to these ODEs such that (¢x(t), A(t)) = ((¥so)r, (Poo)r) as t — 0, and that
this solution is the unique solution attaining the desired limit.

Since f are regular for ¢ > 0 are linear in (¢, ), we may extend the solution to
0 <t < tys, indeed one may extend to the whole spacetime ¢ > 0. The asymptotics follow
as in (i), and the final estimate €3 jou (trs) < Clow ((Yos)3 + (Poo)3) follows from the lower bound

in 849) 0
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8.5 Construction of the scattering isomorphism

We now complete the proof of Theorem [I.6.2] using our energy estimates in Sections [8.3] and [8.4]
We shall first assume smoothness for the solution (1(t), ¢(¢)) and derive a priori estimates relating
Sobolev spaces defined at 31 and Sobolev spaces defined at the ¢ = 0 singularity. From these a
priori estimates, the density of smooth functions in H*(T?) may be used recover the full scattering
theory.

There are two directions for our scattering theory. First we show that in Section [8:5.]] that
smooth Cauchy data (¢c,9c) at 31 gives rise to a smooth solution to f for t > 0,
achieving suitable (smooth) asymptotics at t = 0 with Sobolev bounds, and conversely that one
may prescribe smooth asymptotic data (oo, poo) at t = 0 which launches a smooth solution to
f in the same region, and whose restriction to > is smooth and satisfies good Sobolev
bounds.

Before proceeding, note that our results in Sections 8.3 and do not apply to the zero frequency

A = 0, since 7(t) defined in (8.2.3) vanishes. However, the projection of (1.6.1)—(1.6.2) on zero

frequency is trivial, as evident from the following lemma.

Lemma 8.5.1. Let (¢(t),%(t)) be a solution of the equations (1.6.1)—(1.6.2). Then defining p(t)
as in (1.6.6)), the O-frequency Fourier coefficients 1o(t) and o(t) are constant, in particular for all

t>0:
Yo(t) = vo(1), ©o(t) = wo(1) = ¢o(1). (8.5.1)

Proof. This is immediate from (1.6.1)) and (1.6.2]) in the case that A = 0, since in this case 79(t) = 0

also.

8.5.1 From Cauchy data to asymptotic data

Proposition 8.5.2. Let ¢c and ¢ be smooth functions on TP . Then there exists a unique smooth

solution (p(t),1(t)) to the system (1.6.1)—(1.6.2) achieving the initial data in the sense
¢(17) = ¢C()a w(la) :¢C()

Moreover, there exist smooth functions Vs, poo € C(TP) such that for any s € R and ¢(t) as
in (1.6.6), the following (strong) convergence holds:

V() = oo in HY(TP),  o(t) = poo in H¥(TP) ast — 0. (8.5.2)
Finally, for the symbol log(T.) defined in Deﬁm’tz’on one has

ool oy + o0 + (log T)vbos|? .y S lldclzpens + e - (8.5.3)
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Proof. The existence and uniqueness of a smooth solution (¢(t),(t)) for ¢ > 0, which attains
the initial data ¢(1,-) = ¢c(+),¥(1,-) = Pe(-), follows from standard theory for first-order linear
hyperbolic systems. We then take the Fourier decomposition.

Since ¢ and ¥¢ are smooth, it follows from the definition of the high-frequency energy quantity
and Corollary that the energy quantities and Sobolev norms can be related in the

following way:

S+ D (NFTE hign(1)
AeZDP\{0}

S D (NP ) + NPUR(0) = llgclFan + IecllEs. (8.5.4)

\ezZP

The next step is to produce the functions 1), and @. For this, we consider the Fourier coeffi-

cients ¢ (t) and 1) (t), which evolve according to (8.2.1)—(8.2.2) when A # 0. By Proposition
and Corollary we know that for £y, <t < 1, one has

Ui(t)

()

Combining this with Proposition and the fact that € pign(tas)) < Exjow(trs), we find that
for 0 < t < ty4, one has

+ T)\(t)(bg\(t) S SA,high(l)‘ (8.5.5)

DR() + BX(1) S Exign(1)- (8.5.6)

Here ¢y (t) is defined in (8.4.2)), and is related to Fourier coefficients of ¢(t) via @x(t) = pa(t) +
U (t) log tys.

Recall now that Proposition [8.4.2(i) asserts the existence of limiting coefficients (1)) and

(Poo) such that ¥ (t) = (Yoo)r and () + ¥a(t)logtre = @a(t) = (Poo)r as t — 0. Recalling
also Lemma [8.5.1], we thus define the functions 1o and ¢ as follows:

boo(@) = o)+ 3 (oo)r e,
A€ZP\{0}

Poo(@) =0o(1) + D> ((Poo)r — (Pso)alogta,) €.
A€ZP\{0}

(8.5.7)

Note that by definition, the function Puo(z) = Yoo () + (log Tx)1eo(x) has Fourier decomposition

Boo() =0o(1) + D> (Poo)re™". (8.5.8)
AezZP\{0}

We next prove the regularity of 1o and p,. For any s € R, letting ¢ — 0 in (8.5.6]), multiplying
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by (A\)25*1 and summing over \ € Z” yields

T DR SO Vs (NS} I 2 1 DI N OV i N 5

AEZD\{0} AEZD\{0}

SO+ + D NF T E (D).
AeZP\{0}
By 7 this tells us that ¥ and @oo = Yoo + (log Tx)1hao are both in HH%, and in fact
holds. Since this is true for all s € R, and log 7 : H**3 — H* is bounded for every s € R (see
Lemma , we have that 1 and ¢ are smooth, as required.
The final step is to show the convergence (8.5.2). We write the H*-norm of 1(t) — ¥ in the

following manner:

[o(t) = voollis = D N 0A) = @Weal*+ D (N [a(t) — (Woo)al”

AeZP\{0} AeZP\{0}
T)\(t)>1 T)\(t)gl

We estimate the first sum on the right hand side by expanding crudely and using (8.5.5]), while for
the second sum we use Proposition m particularly the estimate (8.4.7). We find the following;:

() = voollfe S Y- (MEONZExpign(1) + N> Weo)3) + D TRON P Entow(tas).

AezZP\{0} AezZP\{0}
T)\(t)>1 T)\(t)Sl

Using again Propositions [8.3.2] and [8.4.1| to deduce & jow(trs) S Exnign(l) S (N 1(Ye)i +
(A)(¢c)3, as well as the fact that 7\(t) < (A\)t!7P for p = max{p;}, we therefore have that

[4(t) = oollFrs S P (ldcllzpers + lelie) + D (N (@a)3. (8.5.9)

AezZP\{0}
T (t)>1

Since we have ¢ € H® and min{|A| : 7\(t) < 1} — o0 as t — 0, we conclude that ¢ (t) = oo in
H?ast— 0.
The convergence of ¢(t) is more complicated due to the additional log factors. Nevertheless, a

similar but slightly more involved computation will yield that

lo(t) = eoolts S D (M@ + (Qogt™)2) N> Exnigh(1) + (N (0s)3)

AezZP\{0}

T (t)>1 _ <

' + 3 B+ Qog )N Entow ().
AeZP\{0}
TA(t)Sl

Using the additional fact (8.2.9), one may show that when 7)(¢) < 1, one has 75(1 + (log t;})z) <
(1 + (logt—1)2). Therefore the analogue of (8.5.9) is that

lo(t) = @oollFrs S 77 (14 (logt™)?) (loclzen + [Yeli) + D (N (px)i.  (8:5.10)

AezZP\{0}
5 (t)>1
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Since @ also lies in H?, the right hand side converges to 0 as ¢ — 0. This concludes the proof of

the proposition. O

8.5.2 From asymptotic data to Cauchy data

Proposition 8.5.3. Let 1o, and puo be smooth functions on TP . Then there exists a unique smooth

solution (¢(t),v(t)) to the system (1.6.1)~(1.6.2)) for t > 0, which achieves the asymptotic data in

the sense that for any s € R, one has the (strong) convergence:
V() = Yoo in HY(TP),  o(t) = poo in HS(TP) ast — 0. (8.5.11)
Moreover, for any s € R one has the following bound between Sobolev spaces:

oL, I Freen + (L) 7 < HwooHiIH% + [lpoo + (logﬂ)woo!\25+%~ (8.5.12)

Proof. For existence, we first decompose (9o, Poo) into their Fourier modes, and define also for
A#£0,
(Poc)r = (Poo)r + (oo ) r log trs.

By definition of the Sobolev norm and the operator log 7., one has

(Woo)f + (Poa)d + D (VT ((Woo)} + (B0)3) = H%OIIZH% + [[poo + (logﬂ)wm!\zs+%-
A€ZP\{0}

(8.5.13)
We now appeal to Proposition|8.4.2((ii), which states that for all A € Z”\ {0}, we can find a unique
solution to the ODE system (8.4.5)—(8.4.6) which achieves the limits (¢o)x and (@oo)x as t — 0,

at the rate (8.4.7)). Transforming back to (¢x(t),¥a(t)), we can find a solution to (8.2.1)—(8.2.2)) in
the whole domain ¢ > 0. Furthermore, Propositions and imply that for A € ZP\ {0} and

0 < t < ty)y, one has
Extow(t) S (1heo)} + ($o0)3- (8.5.14)

Combining this with Proposition Corollary and that £y pigh(trs) < Extow(trs), one
has for ¢y, <t <1 the estimate

P3(t)
(1)

We now define our solution (¢(t),(t)) to the equations (1.6.1)—(1.6.2]) as the sum.

+ TR (1) £ (Yso)3 + (9o0)3. (8.5.15)

¢(tx) = (Poc)o+ D BN, p(tw) = (hodo+ Y, Ua(t)eN. (8.5.16)

AEZP\{0} AEZDP\{0}
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Let us verify the smoothness of (¢(t),%(t)) at ¢ = 1. Using (8.5.15)),(8.5.13)) and 75 (1) =< (A), we

get

(poc)o+ D NFPRO+ Wi+ D NI

AEZD\ {0} AEZD\{0}
< ||7/100”§{5+% + ll¢oo + (log T«)wooHZH%-
Therefore ¢(1,-) € HT! 9(1,-) € H*, and the estimate (8.5.12) holds. Since this is true for all

s € R, these functions are smooth. Furthermore, since the Fourier modes (¢ (t), 9 (t)) satisfy the

ODEs f for X\ # 0, and we may appeal to Lemma for the zero mode, (4(t), ¥ (t))
is a smooth solution to the first order system 7, as required.

By the construction of (¢(t),%(t)) and the proof of Proposition [8.5.3 #(t) and ¢(t) also obey
the asymptotics (8.5.11]). Finally, the fact that (¢(t),(t)) is the unigue smooth solution to (L.6.1])—
(1.6.2) obeying these asymptotics follows by studying each Fourier mode for ¢,(t), ¥ (t) and ap-
pealing to the uniqueness statement in Proposition for A\ € ZP \ {0}, and Lemma for
A=0. O

8.5.3 Completion of the proof of Theorem [1.6.2

All that remains is to extend Proposition [8.5.2] and Proposition to the setting where the
functions ¢(t) and v (¢) have finite regularity. For the sake of completeness, we provide the standard

density argument here:

(i) (Existence of the scattering operator) By Proposition we are already done in the case
that (¢¢, %) are smooth. Now, for s > g + 1 suppose instead that (¢, ) € HST x H*.
By the density of smooth functions in Sobolev spaces, there exist smooth functions ((b(cn) ) z/JgL ))
such that

(¢((?)a¢gl)) — (¢0,vc) in HM x H® as n — oo.

Applying Proposition to each of (¢gf ),w(g )), we construct a sequence of solutions

(¢ (t), o (1)) to the system (1.6.1)—(1.6.2) and a sequence of functions (wéﬁ),gpéﬁ)) such
that

D2 1+ 1108 = Qog Tv@ 12 .t S 108 201 + 1057 |2,

H5+§ Hs+%

and we have the (strong convergence)

Y@ = ™ in B, oM (1) = o in H®  ast — 0.
Furthermore, since (|1.6.1)—({1.6.2)) is linear we also have the difference estimates of the type
n m)||2 n n m m)\ (|2
198 = w812 Ly + 110 = Qog T)wld)) — (£ — (log TIWEI2 ..y

S — U2 + [0 — )12,
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Therefore, by construction of the sequence (qﬁ(cn) , w(é} )), it is clear we can obtain (¢, Poo) such
that (1/}&2) cpoo)) — (oo, Poo) 1n the space H3, defined in (1.6.10)), and by similar difference

estimates applied to the proof of Proposition [8.5.2] we obtain a limiting solution
(6(t), 9(t)) € CO((0, +00), H**' x H*) N C'((0,+00), H® x H*™),

which attain the asymptotics (1.6.7). Since s > % + 1, Sobolev embedding implies that

H5~1 ¢ C° and therefore this solution is classical.

(Asymptotic completeness) By Proposition we are done in the case that (¢, poo) are

smooth. If instead we only have (1/100, Voo ) With regularity as in ( , 1.e. we have (1o, Poo) €

HZ,, then first pick a sequence (¢oo ,go(()o)) of smooth functions such that

(woo 78000 ) (woo;SOoo) in Hgo as n — oQ.

Now apply Proposition to each of (¢§Z), goc(g)). We obtain a sequence (¢ (t), 9™ (t)) of
solutions of (|1.6.1)—(1.6.2)) which moreover obey the difference estimate

16t (1,-) = ¢ (1, )3 + [0 (1,) = U (1, )17 S M@ — 08, 08 = L) |3, -
Therefore, by construction of the sequence ( (()2) ,wé’;)), we construct firstly a limit

(¢™(1,-), 9™ (1,-)) = (o(1,-),9(1,-)) in the space HE, = HT! x H*, and then by applying
(i) again, we get a limiting solution (¢(t),(t)) to the system (1.6.1)—(1.6.2)) as desired.

(Scattering isomorphism) By Proposition and Proposition we know that the two
maps
Sy (90, ¥0) = (Yoos Poo) from (i),
ST : (¢om§%o) = ((b(lu )7w(17 )) from (11)7

upon restriction to the space of smooth functions, are well-defined and are such that both
S} 0 S and 84 o §) are the identity map. Furthermore, the bounds and (| m,
together with the density of C°°(T?)? in both the Hilbert spaces HE and HS,, imply that

these maps may indeed be extended to be Hilbert space isomorphisms, as required. O



Chapter 9

Scattering towards the singularity in

Kasner: Linearised gravity

In Chapter[9] we prove Theorem|[7.3.1], which we stated in Section[7.3|after setting up the appropriate
notation in Chapter [/l We encourage readers to familiarize themselves with the notation set up in

this chapter before moving to the proof.

9.1 Overview

We highlight some new aspects of the proof, building upon the proof outlined for the case of
scattering for the wave equation in Section 8.1 The key new ideas will be evident if we focus only
on the linearized metric perturbations; for this purpose, we write the linearized Einstein equations
(in the isotropic Kasner — as in Section — and with a rescaled time variable) in the following

schematic form, where 1 and k are our main dynamical variables:
tom =k + v + 0, tok = t2An + 20«1 + v + 0. (9.1.1)

There are three major differences from the case of the scalar wave equation. Firstly, 1 and « are
(1,1)-tensors rather than scalars. In particular, we see terms of the kind 29?1, which schematically
represent linear combinations of contractions of the derivatives and the tensor indices.

Secondly, the equations (9.1.1]) are coupled to an elliptic equation for v, which is schematically
(1 —t*A)v = t20% * 1. (9.1.2)

Finally, we see another variable x, which corresponds to a gauge choice (see Section. We single
out two such gauge choices: one choice is we set x = 0, or alternatively we may choose a gauge,
called the CMCSH gauge (see Definition , such that x will also solve an elliptic equation of
the schematic form

2AOx = t20% «n. (9.1.3)
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The benefit is that in CMCSH gauge, the term t20% xm in (9.1.1)) vanishes. Thus in CMCSH gauge
(9.1.1)), coupled to (9.1.2)—(9.1.3)), can be viewed as a first-order elliptic-hyperbolic system.

Let us now see how the high- and low-frequency energy estimates apply to this system.
1. At high-frequencies |\t > 1, we wish to use a similar looking energy of the form

RSN RSV TV P 1 Y

Exnigh(t) =
Ahigh(t) I\t I\t 2\t

A a2

Here the norm | - |§ and the inner product (-,-), indicate one needs a metric to define norms
on tensors. As in the wave equation case, we require crucial top order cancellations in order to
obtain a good high-frequency energy estimate. In order to achieve the same cancellations in this
case, it is essential that we use the CMCSH gauge, in order to remove the top order term t292 1
in (9.1.1).

In this gauge, we get the desired top order cancellations from the n and k terms. However, we
still need to control the contributions from v and dx. The elliptic equation suggests that
in the |At| > 1 regime, v, is of the same size as 1y, and thus the v appearing in the first equation
in seems to produce a top order contribution not conducive to using Gronwall towards
t=0.

Fortunately, the Hamiltonian constraint means that we may rewrite the elliptic equation in a
different schematic form, namely (1 —¢2A)v = k. For |A|t > 1, this tells us that v is of the same
size as (|A|t) "%k, which in our definition of &) ign(t) behaves better than 1, and allows us to

Gronwall terms involving v.

Similar considerations apply for 0x. Though the elliptic equation (9.1.3) suggests 9x is of the
same size as 11, upon taking the derivative t0;E€ nign(t), we can apply the CMCSH gauge condition

and the momentum constraint to close the energy estimate.

2. At low-frequencies |A|t < 1, we first define a quantity akin to @ from the wave equation case
which remains bounded as ¢ — 0. In the isotropic case, it will suffice to take Y = n — klog(At)
(in the anisotropic setting renormalized quantities are as in ) We employ an energy of
the type

Extow(t) = [kala, + Va2,

Note that we use a different norm | - |2 to emphasize that different metrics are used to quantify

o.
tensorial objects in the high-frequency and the low-frequency estimates.

Ignoring this subtlety for now, we consider how the different terms in affect our low-
frequency energy estimates. It seems that 0y will be extremely problematic. This is since if one
uses CMCSH gauge and the elliptic equation , we expect 0x to have the same size as 1.
However, since it is not 1 but instead Y that is bounded, a term of order 1 really has a term of

order klog(|A|t), even in the isotropic case. Therefore this term is not even bounded as |A|t — 0.
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We resolve this by using a different gauge, namely the gauge where x = 0, called CMCTC in
Definition Of course, this means that the term t20% x1 in (9.1.1)) will return. Fortunately,
the low-frequency energy estimate did not require top order cancellations for the main terms

involving k and 1, and thus the term #29? x ), which goes to 0 as |\|t — 0, is of no issue.

For terms involving v, from (9.1.2)), we see v is also of order t29% *x1 and presents no further issue
in the energy estimates. Thus at least in the isotropic case, we can derive the same estimate

t0:Ex 1ow (t) < C(|A|t)?(1 + |log(At)|?), and thereby close the argument.

Translating into statements about Sobolev spaces, we can recover a scattering result for the
linearized Einstein equations. Note that different gauges are used in the high-frequency and low-
frequency regimes; this is exactly the reason that we must allow a change of gauge (associated to a
vector field £7) in Theorem

In the case that the background metric is anisotropic, another difficulty is associated to the

tensorial norms | - |4 and | - |4, introduced in the high-frequency and low-frequency energies above.

*

In order to close the estimates, |- |, must be associated to the time-dependent metric g;;(¢), where

gij represents the background Kasner metric. On the other hand |-

g. 1s associated to the metric
Gij(tax) where ty, is as in Definition This is the source of the symbols 7, 7?7 appearing in
Theorem [7.3.11

Yet another difficulty arises from the fact that our renormalized quantity Y is not just
n — klog(|A|t), but a more complicated expression involving powers of t. Therefore, the low-
frequency energy estimate involves carefully tracking the powers of ¢ that arise, in order to en-
sure that 0;€) 1o (t) is integrable towards ¢ = 0; this is exactly where we require the subcriticality
condition . This concludes our expository discussion of the proof.

9.2 Fourier decomposition of linearized Einstein—scalar field

The proof of the scattering results will involve a Fourier decomposition and detailed ODE analysis
for each Fourier mode. For this purpose, we will project the whole linearized Einstein—scalar field

system of Proposition onto the Fourier mode corresponding to A € ZP, as below.

Proposition 9.2.1 (Linearized Einstein-scalar field in Fourier space). For X\ € ZP, suppose that

((T])\)ij’ (K)\)ij,d)A,le,V)\,Ei) is the projection of a solution to the linearized Einstein—scalar field

system ((7.2.6)—(7.2.20) onto the A-Fourier mode.

Our solutions will always be CMC in the sense that tr k = 0, and we say that the A-Fourier mode

is (linearly) spatially harmonic if the following holds (again the hat denotes CMCSH):
2)\j(ﬁ)\)ij = )\i trﬁ)\. (9.2.1)

As before, we demarcate the occasions when we assume the CMCSH gauge (9.2.1)) using a hat. Then
the projected variables ((n)\)ij, (KA)Z-j, O, Py, Va, E,f\) obey the following equations.
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1. The metric variables ((m\)ij, (K)\)Z-j) obey the evolution equations:

i

5 Gipd xR, (9.2.2)

t@mnﬁ=wnﬁ+m%ﬁmmf—@%ﬁmng+a&Wm+§Mﬁ+
10h(3); = 12 (Ricx)] ] + 1257 Aohiva — (#7 )va — i(tk,7) Ak +i(tE DA (9.23)
Here, the expression (P\{EA)[n)\] is defined by
£2Ric] [(n)] = —72 )y — PF NGt + 25PN M)+ 2P NN (), (9.24)
In particular, if (ﬁ)\)ij satisfies the spatially harmonic condition , then
£2(Ricx) i) = —72(n),. (9.2:5)
2. The matter variables (dx,Py) obey
tOrdx = P + pyVa, (9.2.6)
toby = —T2 b — PyVa- (9.2.7)
8. The linearized lapse vy obeys the elliptic equation
(14 7%) vy = 27%(trmy) — 2625 XA (), (9.2.8)
If (ﬁ,\)ij moreover satisfies the spatially harmonic condition , this equation simplifies to
(1+72) va = 72(triy). (9.2.9)
Furthermore, if holds we have an additional elliptic equation for the shift:
T2 = RGNV + 206247 (thF) Npva + i3 (L, ) A ()

= 2it?GY Nifthy" (R2),” + 2podal. (9.2.10)

4. As well as the linearized CMC' condition tr k) = 0, the following constraints are satisfied:

272(trny) — 2025 N Aa (M), + 2tk (1), + 4pgba = 0. (9.2.11)
Aj(ka)i7 4 Nilthy" (12),” + 2pobal — th? A (trny) = 0. 9.2.12)
G (k) + Gtk (2),” + 2peda] — 26 thy® Aa(my) £ = 0. (9.2.13)

As mentioned the solution is in CMCSH gauge if (9.2.1)) is also satisfied. In this case, (9.2.11))
simplifies to

T2(tr ) + 2tk (R)),” + 4pgby = 0. (9.2.14)
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J

;. which are also propagated:

5. Finally, there are linearized symmetry conditions for nij and K

g M)y = 9y, (9.2.15)

g (k) = 2t (1)) = 57 ((00)," = 26k, (1)) (9.2.16)
Proof. The proof follows immediately simply by replacing any spatial derivative 0; appearing in the
systen ([7.2.6)—(7.2.20)) by the symbol —i)\;, and simplifying accordingly. O]

It is also possible to translate Lemmal[7.2.3] Lemma and Lemma [7.2.6] into frequency space.

To keep things brief, of these we only write the Fourier projections of the asymptotic constraints

F2z) F230).

Lemma 9.2.2. Let ((Kso)/ (Yoo)ij,ll)oo,(f)oo) be as in Lemma for some T > 0.

70

Then for A > 0, the following asymptotic constraints hold between the A\-Fourier projections

(((Km)k)ijv ((?w)k)i]a (Woo)rs (Poo)r):
thy® ((Koo)n)y + 2Pp(Woo)r = 0, (9.2.17)
X ((Rao)A)i 4 Ailthy® (Toe)n)” + 206(@oo)a] =t gt Voo)r = 0, (9.2.18)

G () Aa(Koo)2 )" + T Nalthy® (Foo)a)a + 206(@o0)a] — 20 (T) thy? Aa((Foo)r)y” = 0,

(9.2.19)

F(T)(Voo)a)y = 4T (Too)n), (9.2.20)

G () (ko))" = 2t (To))s") = 5(T) (ko))" = 2tk (Poc)n)") - (9.2.21)
Proof. Again just replace d; by —i\; in Lemma [7.2.5] O

9.3 The high-frequency energy estimate

In this section, we derive a high-frequency energy estimate similar to that of Proposition for
the Fourier modes of the linearized Einstein—scalar field system given in Proposition [9.2.1] The
high-frequency energy estimates of this section will always use the CMCSH gauge, in particular the
condition , and we make this clear by denoting ﬁij and f<ij with a hat.

9.3.1 The high-frequency energy quantity

Definition 9.3.1. The geometric high-frequency energy quantity Exy nigh(t), used for A € ZP\ {0}
and 7)(t) > 1 large, is given by the following:

CQ

T

Exmain(®) = S0/ (), + S0, + (5 +O7) @200 03)
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We also define the matter high-frequency energy quantity Ex ¢ high(t) as follows:

SRS 1o\ e
Exp,high(t) = ll))\"i' “hadn + {5+ 7 ) o3 (9.3.2)

Finally, define the total high-frequency energy quantity as the sum Ex pign(t) = Exmnigh(t) +
Exp high(t)-
Remark. Since K/ ' is not self-adjoint with respect to 9i;(t), it is not clear a priori that &y 4 pign (%) is

positive definite. The following lemma shows that £y pign () is still uniformly coercive, as required for

the energy estimates, at least for 7,(t) > 7, where 7+ > 1 is a constant independent of A € ZP \ {0}.

Lemma 9.3.1. For Exynign(t) as defined in (9.3.1), and suppose that (n)\) NSV ' satisfy the
symmetry properties (9.2.15)—(9.2.16]). Then there exists some 7 > 1, depending only on the Kasner
exponents p;, such that for 7(t) = T\(t) > 7, one has the following energy coercivity, uniformly in
A e ZP\ {0}:
1, . . ; . . . .
Exmpnigh(t) = 3" (O)Goa(t) (Rx),"(Rx)T + (T)g(£)gba(t) (Ax) g (Ar),"- (9.3.3)
(1)
Similarly, for Ex¢.nign(t), one has the following energy coercivity, uniformly in A € ZP \ {0} and
™(t) > 7
1
Exign(t) = Ty WX+ (T)O3. (9.3.4)
Proof. Using the (Fourier projections) of the symmetry constraints ([7.2.19)—(7.2.20]), one may in-

stead write the geometric high-frequency energy quantity £ nign as:

C?abe . 1 vabe .
Exmhigh(t) = 79ab9cd('<,\)ac('<,\)bd ot 1) 6™ Gea(in) ()"
g oab o oab o 2]%6 _ rcaeg 2]::b ~ c/a d
+ 2|9 9ea + 9" gee (2tk7) — €9 Gea(2the7) | (K3),"(M)y"

Using that t/cfij is simply the diagonal matrix —piéij , we thus have

Exmhigh(t) = i 3" g [C: ((?A)ijf + (217 + QQT> ((ﬁ/\)ij)2

3,j=1

Using Young’s inequality, and the upper bound for ¢ in (8.2.5)), we find that there exists some

7 > 1 such that for 7 > 7y, we have the inequality:

= (%07) "+ 50 (1) \C (1+ (2ps = 20)¢) ((&2)/7) (<m>ﬁ)].

Combining all these inequalities as well as ) then gives the lower bound in (9.3.3]). (We use
also that 7 < (7) for A # 0.) The upper bound in (8.2.5)) is more straightforward, as is the coercivity

(9-3.4) for Ex ¢ hign(t)- O
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The aim of this section will be to prove the following high-frequency energy estimate. As we see
shortly, the energy estimate in Proposition [0.3.2] will follow by summing two derivative estimates
for Exnnigh(t) and Ex ¢ nigh(t) which will be obtained in Proposition and Proposition W

respectively.

Proposition 9.3.2. Let ((ﬁ,\)ij, (fq)ij, b, U, VA,Xg\) be a solution to the linearized Einstein—scalar
field system (9.2.2)—(9.2.16) in CMCSH gauge. Then the O:-derivative of the total high-frequency
energy quantity obeys the following bound, uniformly in X € ZP \ {0} and 75(t) > #:

‘t;ig)\,high(t)‘ 5 <t|C/(t)| + 71_> 5>\7high(t)~ (9.3.5)

There exists some Co'high, depending only on the background Kasner spacetime, such that for A €

7P\ {0} obeyinﬂ (1) > 7, it is true for any t with Tx(t) > 7 that

Coi:i};hgk,high(t) < Exnigh(1) < Chigh Exnigh(t). (9.3.6)

Proof (assuming Propositions|9.3.6( and [9.3.7). The derivative estimate (9.3.5) will follow from
summing (9.3.9) and (9.3.11)) from Propositions [9.3.6] and 9.3.7| respectively. We deduce (9.3.6])

using a Gronwall argument similar to that of the proof of Proposition [8.3.3] By Lemmas [8.2.1] and
8.2.2| (in particular (8.2.7) with o = 1), we have

[ (o) 221

Therefore, applying Gronwall’s inequality to (9.3.5)), in both the forwards and backwards direc-
tions, yields that there exists some éhigh > 0 such that for any ¢1,ts with 7 < 7(t1) < 7(t2) < 7(1),

one has
é’;;;h5A7high(t1) < Exnigh(t2) < Chigh Exnigh(t1)-
To deduce (9.3.6]), simply set to = 1. O

The remainder of Section is dedicated to the Propositions and [9.3.7]

9.3.2 The g-norm and elliptic estimates

For our energy estimates, due to the coercivity in Lemma [9.3.1] it will simplify the exposition
somewhat to define an inner product on (constant-valued) tensors adapted to the Cauchy slices

(3¢, 9i5(1)).

173(1) = (\)? is greater than 72 for sufficiently large |A|. For smaller A see the mid-frequency energy estimate of

Section @
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Definition 9.3.2. Let o = «;; . LU be a (constant complex valued) tensor on Xy, We define the

g-norm, | - |5, of & as follows:

2 _ pgT2 . eidite | ckike ¢ 8 P1q1--T1= DP2G2--T2
ol = ‘(Xij--'k =9 g Ipipz " Yrira Xy jyky injo-ko )

where §;; = §;;(t) and its inverse g have t-dependence as in (Kasg). If « is a scalar, then |«f; = |o].
The following lemma is standard from the theory of tensors in inner product spaces.

Lemma 9.3.3. Let 0 = ocij__kpq"'r and B = By,,..,°" " be (constant) tensors on ¥ We define the

tensor product o« ® 3 and the contraction tr & as the tensors:
(XD B)ijptmem = o WP B (tr o) T = T
Then the following inequalities hold reqarding the g-norms:
o By < [axlglBlg, | trady < vDlads.

On the other hand, this next lemma follows from the definition (8.2.3|) of 7:

Lemma 9.3.4. Consider \; as a covector in X;. Then the g-norms of A; and tl::ij are as follows:

D 1/2
T o
Milg =T, Ith); = (Zﬁ) <L
i=1
The g-norm notation will prove useful in following elliptic estimates for tr1jy, v, and X{\-
Proposition 9.3.5. For A € ZP \ {0} and 7(t) > 7, the following bounds hold for trfiy and V.
. L 172
[triia] + [Val § 5 & gn(D)- (9.3.7)
T2
For the shift X&, we have the following:
j l o172
s S —5Exign (D)- (9.3.8)
T2

Proof. We start with the trm) estimate, for which we use the linearized Hamiltonian constraint
(19.2.11)). To illustrate how we use the g-norm estimates above, one applies the linearized CMCSH

gauge (9.2.1]) and rewrites this equation tensorially as

7'2(trﬁ,\) = —2’61“(75]06‘ ® IA<)\> —4pyp .
Therefore, upon application of Lemmas and one has

2trAn] = 72 trfialg S [Ralg + [Walg-
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By the definition of the g-norm and the energy coercivity in Lemma one has [z + [Pl <
T%S;figh(t) for 7 > 7, thus the bound |tr1| < T_%S)l\(figh(t) follows.

The same estimate for |v)| follows from the elliptic equation for the lapse ; inthe > 7
regime this equation tells us that [vy| < |trfy|. This completes the proof of (9.3.7).

For , we write in the tensorial form.
i, = 29 [i/\i + 2i(th ® A)Z} Vi + 42PN  (tk @ 1 A)pj
— 21251 (), [tr (ti%: ®m) n 2p¢d)>\} .
Using Lemmas [0.3.3] and [9.3.4] we therefore find that

72 |s S Tt ([val + [alg + b)) -

Using (9.3.7) to estimate |vy| and Lemma [9.3.1| to get [fx|s + [Wa]| S Tﬁéfi/iigh, the bound (9.3.8)
follows. This completes the high-frequency elliptic estimates. O

9.3.3 Estimates for the matter terms

Here, we prove the high-frequency energy estimate for the matter, which is analogous to the proof
of Proposition [8.3.2] except for an argument to deal with the lapse v).
Proposition 9.3.6. For ((ﬁA)ij, (fq)ij, dx, P, Va, X)) as in Proposz'tion the following deriva-
tive estimate holds for Ex ¢ nigh(t), uniformly in X € 7P and 7(t) > 7:
‘ d

23 N0 unigh(t )‘ S <tIC’(t)| + i) Exhigh (t)- (9.3.9)

Proof. Following the proof of Proposition , we compute t%&\@’high using (9.2.2)—(9.2.16]) as
follows:

t%&@’hmh _ ng B C%ZII)%VA N C“f (9.3.10a)
b RO | (W (a0 i (9.3.10b)
N <I>AT¢A . ‘bAV/\ —4 d)A (9.3.10¢)
+ 22y + 2<2p¢r¢m +(rd} (9.3.10d)
+t<,(t)< C% ll)Ad)A +ocr ¢A> (9.3.10¢)

We now exploit the same cancellations as in the proof of Proposition [8.3.2 The difference is
that we now have some additional terms related to the linearized lapse vy. After the cancellations,

one has

_ d> Py
=D @I e el s g,
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As before, it is straightforward to bound (9.3.10€)) by ¢|¢'(t)|Ex high, While Proposition and
Lemma [9.3.T] allow us to estimate the final term &, by
1 [P3 1
|€v| S - <Il))\ + Td)%\) + T2V§\ S *g)\,high‘
T\ T T

Combining all of these, we deduce the derivative estimate ((9.3.9)). O

9.3.4 Estimates for the metric terms

Next, we prove the high frequency energy estimate for the metric quantities (ﬁij , kij ), which is similar

to Proposition [9.3.2] but crucially uses the CMCSH gauge and cancellations due to symmetry via

(0.2.15)(9.2.16).

Proposition 9.3.7. For ((ﬁA)i‘j, (fq)l-j, b, W, Vi, X)) as in Pmpositz’on the following deriva-
tive estimate holds for Exy high(t), uniformly in X € 7P and T(t) > +:

d

1
‘tdtg/\’n’high(t)’ 5 <t‘€l(t)‘ + T) g)\,high(t)~ (9.3.11)

Proof. Using the system ((9.2.2)—(9.2.16)), we calculate the derivative t%é}\m’high as follows, where
we group separately the main terms involving ((f ,\)ij , (R ,\)ij ), the terms involving the lapse v, and

the shift xg\, and finally the terms where the derivative falls on (.
d 2¢2

tExnnigh = —=(R3) (=77 (A)])) = 2 (R2);"(R2) (9.3.12a)
2C% T o 202 T e . .

+ é(m ; [t2gjk)\i)\k - tkﬂ] v+ é(m) ; [—1(tkza3))\ix‘}\ + 1(tk:l-“))\axj>\] (9.3.12b)

N i R . 1 R i .

+ g(m)j (—72(An)y) — —(Ry); (Mx);” (9.3.12¢)
Cra il 2eiky . 40d Seay i [ifsh )@ o (450) X +d

+ T(m)j G Ny — th | v+ r<m)j i(tk, ) Nix§ + 1(tE;") AaxX (9.3.12d)

Croyige Croy il o e TNPRY,

2 (k) () + (k) [ (2th,) ) = (26k7) (), (9.3.12¢)

_‘_Q(A ( ti{j g K i i)\ J i". °jQ)\ p 9.3.12f

pn Kx); (k" )va + T(KA)J’ B X\ T 5 9ind™" AgXx (9.3.12f)

+ <i 4 2&) (in), (k)i + (i + 2&) ()" [k, () — D) @),] (93.120)

(g o) (9.3.12h)

i i

1 NP 1 N ; o o .
+ (7_ + 2{27’> (fin)," (tk )va + <7_ + 2C27> (fin); [2)\1‘)(3\ + QQZ’pg]q/\qxﬁ} (9.3.12i)

1|25 00) ) + ), )7+ 2670, ()7 (9:3.12))
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The terms (9.3.12a)), (9.3.12¢), (9.3.12¢), (9.3.12g) and (9.3.12h)) are what we deem the main

terms. They feature the following crucial cancellations:

e The first term in cancels the part of the first term in featuring 2¢27.
e The second term in cancels the first term in .

The first term in cancels the part of featuring 2¢27.

The second term in cancels the part of the first term in featuring %

We leave the remaining term in (9.3.12¢) alone, while we notice upon relabelling indices, the
remaining term in ((9.3.12g)) cancels itself. In other words,

(), [(2t/}pﬂ')(m)g’ - (Qﬁ%f)(m)pf] - tr(m - oth -ﬁA) —tr (2t/§: iy -ﬁ,\> =0

Upon realizing these cancellations, we rewrite the sum of the main terms as follows:

(0.3.124) + (9.3.12d) + (0.3.126) + (0.3.12g) + (0.3.12h)

- —L(ﬁ»ﬁ(ﬁ»/ + S k), [tk )P — 2tk ),

T

and hence using Lemmas [9.3.3] and [9.3.4] as well as the energy coercivity in Lemma [9.3.1], one has

1
|(©:3122) + @312 + (3129 + @:3.128) + E3T2B)| < —Exn pigh- (9.3.13)

We now move onto the terms (9.3.12b)), (9.3.12d)), (9.3.12f) and (9.3.12i]), which are the terms
wnvolving the lapse and the shift. In order to estimate these terms, we will have to use the linearized
momentum constraint (9.2.12)) as well as the linearized CMCSH gauge condition (9.2.1)).

e We start with the first term of (9.3.12b)). Using the linearized momentum constraint (9.2.12]),
1 . S ° . 1, o R
;(KA)thQQJk)\MkVA = —7[thy"(An),” + 2pePalva + ;tzgjk(tkij))\jAk(tTm)V,\-
We can now estimate this using Lemmas and the elliptic estimates in Proposi-
tion [0.3.5] The result is the following:
2¢2
-

R . s R . 1
(), 207 Nidkva| ST (10N |5 + 1)) - [val S —Exhigh-

The remaining terms of (9.3.12b)) can be estimated immediately using the g-norm and the
elliptic estimates of Proposition [9.3.5] As an illustrative example, we have
2¢*

L 1 . 1
= (Rx); 1tk )Nix& | S - [(Rx) g - 1Nl - g S —ENhigh-

At the end, we find the estimate |(9.3.12b)| < %8)\,high-
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e The expressions (9.3.12d)) and ((9.3.12f)) can be estimated immediately using the g-norm lemmas
and Proposition [0.3.5] Omitting the details, one finds that

1
[(9.3.12d])| + [(9.3.12f)] < ;SA,high.
e The first term in (9.3.12i) can be estimated immediately using
N 1
ST ’(T],\)i]b il ;EA,high-

' (5 +26 ) (o), Iy

For the second term in (9.3.12i)), we use the symmetry property (9.2.15) and the linearized
CMCSH condition (9.2.1]) to rewrite this term as

1 g T G 1 i ;
(T + 2<2T> (Ax),’ [2&)& + 29ipg”/\qx§] = ( +2¢%7 ) S ()X
The insight is that from (9.3.7)), the trace trfy, behaves better than |(f )\)ij |g, indeed
< T ‘)‘ ‘g |X)\’g |trn)\‘ S g)\ ,high-

‘(1 +2¢°1 ) ; J(tr XA

The conclusion is that [(9.3.121)] < %g)\,higfr

Combining all of the above, we estimate the lapse and shift terms using

1
(312 + @312d) + @3120) + E3120) < —Exnign- (9.3.14)

Finally, the final term (9.3.12j]) is estimated trivially using the bounds (8.2.5) and Lemma

1(9.3.121)| < t[¢"(£)|Exm high- (9.3.15)
To complete the proof, simply combine the 3 estimates (9.3.13]), (9.3.14)) and (9.3.15)). O

9.4 The low-frequency energy estimate

In this section, we prove a low-frequency energy estimate analogous to that derived in Proposi-
tion for the Fourier modes of the linearized Einstein—scalar field system derived in Proposi-
tion Since nij and ¢ generically blow up as t — 0, at low frequency we instead consider
(Fourier modes of) renormalized quantities Y;j and @, as defined in (7.2.26)).

To be more precise, we pick T = ¢y, in , and thus define the renormalized quantities
(?A)ij and @) in the following way:

. ) ) . 2\ s
(Y27 () = () + Gl () - (), Gl (st = /t Gip(s )gjq(s)ci (9.4.1)

Or =+ 10g< > Y. (9.4.2)
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Moreover, in contrast to the CMCSH gauge used in the high-frequency energy estimates of
Section [0.3] for the low-frequency estimates we shall use a CMCTC gauge, i.e. a gauge where the
linearized shift x/ vanishes. We firstly rewrite the evolution equations (9.2.2)-(9.2.7) with respect

to our renormalized Yij , @ and assuming the gauge.

Lemma 9.4.1. In a CMCTC gauge, the tO;-derivatives of the quantities ((K/\)ij, ('Y,\)ij,ll)/\, @) can

be rewritten as follows:
10h(k0)7 = ~123" Ak (F2)] = G (60,7 ) = P ANt T2 + 27 A — (v

°a Y A j °oja N
257200 ((T2),” = G ()7 + 2570 hs (T2),” = G (0,7

(9.4.3)
10T = G 77 - 10 (xa) P + (th7 v, (9.4.4)
» ) fa
by = 24" AN <(P>\ - 10g<;>1|),\) — PV, (9.4.5)
- Tas
tO @ = 10g<;) 1O + pyVa- (9.4.6)

Proof. This follows from direct computation using the equations ((9.2.2)—(9.2.7), as well as the
symmetry conditions ((9.2.15)—(9.2.16|). O

9.4.1 The low-frequency energy quantity

Definition 9.4.1. The geometric low-frequency energy quantity Exy 10w (t), used for A € ZP \ {0}
and 7)(t) < 1, is given by the following:

Exnton() = 3 (D)dnaltne) (k0), (3 + 57 () dalta) (T2), (TS (0.47)

We also define the matter low-frequency energy quantity & )\,d),low(t)a as follows:
Expiow(t) = V3 + @3- (9.4.8)
Finally, define the total low-frequency energy quantity as the sum € jow (t) == Exniow(t) +Exb,low(t)-
Remark. Unlike the geometric high-frequency energy quantity defined in , the metric g;; used

7 s Gij(trs), rather than ¢;;(¢). The fact

1

as the inner product on the tensors (ky), and (V)
that this inner product is no longer ¢t-dependent is crucial in order to show that the tensors (k )\)ij

Pi arise in

and (YA); are indeed bounded towards t = 0. This also indicates the operators 7y © "
Theorem [Z.3.71

Another remark is that though the high-frequency energy is defined for 7,(¢) > 1, the relevant
energy estimates are only valid for 7)(t) > 7 > 1, see Lemma and Proposition In order
to eventually compare the high-frequency energy to the low-frequency energy of Definition[9.4.1], we

will require mid-frequency energy estimates, valid for 1 < 7,(t) < 7, see Section [9.4.4]



321

The aim of this section will be to prove the following low-frequency energy estimate, see the anal-
ogous Proposition [8:4.1]in the case of the wave equation. Unlike the high-frequency energy estimate
Proposition the following will depend crucially on the subcriticality condition (1.2.11]).

Proposition 9.4.2. Let ((nA)ij, (K)\)ij,d))\,ll))\,\/)\) be a solution to the linearized Einstein—scalar
field system (9.2.2)—(9.2.16)) in CMCTC gauge. Suppose the background Kasner exponents p; obey
the subcriticality condition (1.2.11)) for some & > 0. Then the J;-derivative of the total low-frequency
energy quantity obeys the following bound, uniformly in X € ZP \ {0} and 0 < 7\ (t) < 1:

d
‘tdtg)\,low(t)‘ S <

t

t)\*

5
> g)\,low (t) (949)

There exists some Co’low, depending only on the background Kasner spacetime, such that for \ €
ZP\ {0} and 0 < 7\(t) < 1, one has

Crot Extow(t) < Exow(tr) < Crow Extow(t). (9.4.10)

Proof (assuming Proposition M) The derivative estimate (9.4.9) follows immediately from
Proposition and the definition of &) j5,(t) upon insertion of the expressions g;;(tx«) = t?\lfdg
and §7 (ty,) = 5 7260,

To deduce (9.4.10)), we make the simple observation that

5
[(2) 4=
0 s s

thus applying Gronwall’s inequality to (9.4.9) in both the forwards and backwards directions yields
that for an 0 < t; <t <ty we have (where C is the implied constant in (9.4.9))):

exp(—C8 1) Extow(t1) < Exjow(tz) < exp(CE™1)E jow(t1).
The energy estimate ((9.4.10)) then follows upon choosing t5 = ¢y, and Co'low =C5 L O

In Section [9.4.2] we prove Proposition We shall also use Proposition to produce
limiting quantities ((Koo)x);/, (Vae)x); s (Woo)r, (@oe)a) in Proposition

9.4.2 Derivative estimates using the subcriticality condition

In order to prove the energy estimate in Proposition we will have to estimate the powers of
t arising in the evolution equations of Lemma The first step will be to estimate the integral
quantity Gipj 1,

Lemma 9.4.3. Consider the tensor Giqu defined in (9.4.1)). It satisfies the bound

Gt )

t

2pi—2p;
t O\ 2Pim2pi —2p. e 4
= max { (t) , 1} . tifj i log<;‘> - Oip 029, (9.4.11)
A

< max {gip()51(t), Gip(tre) 3 () } - log <tA* )
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Proof. One simply notes that for any i,p, j,q, the quantity §;,(s)§7%(s) is either monotonically
increasing or monotonically decreasing in s € [t,%),], depending on whether p; < p; or p; > p;.
Therefore

ja e N . o . o b ds
Gy = [ (o)) < max {30370, Gt 0} - [T
t t
from which the first line in (9.4.11)) follows immediately. The second line follows upon inserting
(Kas). O

We now use this lemma, along with the evolution equations in Lemma to show that the
time derivatives of our matter and metric quantities are integrable towards ¢t = 0. The subcriticality
condition (|1.2.11]) will be crucial in order to produce a power of ¢ that is integrable.

Proposition 9.4.4. For ((T])\)Z-j, (K)\)Z»j,d))\,ll))\7\/)\) as in Propositz'on define (?A)Z-j and Q)
as in (9.4.1), (9.4.2). Then given the subcriticality condition (1.2.11)) on the background Kasner

exponents, we have the following derivative estimates uniformly in A € ZP\ {0} and 0 < 7,(t) < 1.
5
it ; —pitDa SN - t
BP0+ 62 0T+ oo + 0l 5 () e, 0412
Proof. Let us start with [t0;(k )\)ij |. We will bound this by grouping the terms in (9.4.3)) as follows:
1104 (), | = 124N Mo (V) + 25NN (Tr),” + 257 A0 Mo (V) (9.4.13a)

+ GG AN (k) P = G 1RGNN (K)) P — G MR NNy (k)P (9.4.13b)

— 2PN (tr T) + 25N va — (th )V (9.4.13c)

We shall estimate the terms occuring in (9.4.13a})—(9.4.13¢|) in terms of the low-frequency energy

Exlow(t). By the definition of the low-frequency energy, we have that

J
i

(<)

On the other hand, we estimate \; using (8.2.3) and 0 < 72 = Y, #>72Pi\? < 1 as follows

ST |(T)

A low?

<hirigll? ‘uﬂ < gl? (9.4.14)

A low? Nlow®

A < R (9.4.15)

Using these estimates and , it is straightforward to then estimate (9.4.13al) in the following

manner.

£P P | (0:4.134) |

D8\ Pitp Patp
—PiTPj ~Pa 3
S(n)
a=1 Ak

(T2 |+ 62 (V) ()"

—Pi+Pa
7 + t)\*

|

2% 1/2
’Saznllﬁf}.fp <t,\*> &\ low- (9:4.16)
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For the second line (9.4.13b)), we first exploit a crucial cancellation in the first and third terms of
(19.4.13b)) when b = j. In particular, from the cancellation and (9.4.11]) one has

. + 0\ 21H2Pi—2p;—2ps +
‘G ]qt2§ab el bqt2 ]a’ < max v log YAx t2 Pa—DPb Pq-HDp
P P 0,70 | \ Erx A

To get this estimate, there are really two cases depending on whether p; > p; or p; < pj;

mnote that the case where p; > p; in (9.4.11)) is covered by allowing 7 = j in the above maximum.

Estimating the second term in (9.4.13b)) using (9.4.11)) is more straightforward — in that the power
of t ends up being t>~%Pa or ¢t>~2Pi rather than featuring more complicated linear combinations of

Kasner exponents — and one eventually yields

5 ) < e () os(B2) ekt )

To deal with (9.4.13¢), the tr Y term is straightforward, while for the v, term we may use the
elliptic equation (9.2.8)) to get the following preliminary estimate, recalling that now 72 < 1:

(%2),”|

< t O\ 2% 1/2
S Dax . 1 +log " “E\ow (9.4.18)

As the final term of (9.4.13c) contributes only when ¢ = j, and tl;l-j is bounded by max p;, we

val < 2% AN

trm 1257 | (

Jo |+ Gy "5 Aia

therefore have

¢\ 22 tas
s EmIs e (1) f (e () e

Iax

Combining all of (9.4.16)), (9.4.17) and (9.4.19), we therefore have

pitD; a < t 2+4-2pa—2pp—2pc 1 t)\* 1/2
N ACSYE 1< zj ~ 1+log - &3 low- (9.4.20)

We next move onto ]t@t(YA) \ Using (9.4.4) and the above, we write this as follows:

t0(V2)) = =G, 25 A My(Vr), + G T 250N A (T2),) + G, P 257 NN (V). (9.4.21a)
+ GierGsprqt2§ab)\a>\b(K)\)qp _ GirjaGsqutQLésb)\aAb(K)\)qp _ GierGspbqt2§Ta/\a)\b(K)\)qp

(9.4.21D)

— GG NNt T) + G G N Neva — G (P v + () v (9.4.21c)

To estimate ((9.4.21a)), note that there is a cancellation between the first two terms when ¢ = s, in a
similar fashion to the cancellation in the estimate of (9.4.13c)) above. Tracking the powers of ¢ and
ty carefully, and using (9.4.14) and (9.4.15)) as before, one yields

t 24+2pa—2pp—2pc t>\* 1/2
o{ () (o)) et oam

—pi+Dp;
t)\* :

(0-4.214)
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For , there are two cases depending on whether p; < p; or p; > p;. If p; < p;, there is a
cancellation between the first and the second expression when a = s while the contribution of the
third expression is fine. Alternatively if p; > p;, there is a cancellation between the first and the
third when b = r while the contribution of the second is fine. Omitting the details, we end up at

the following estimate

Ak

. + O\ 2T2Pa—2pp—2pc £ 2 1/2
PP | (0.4.200)| < g})&;&x{@) } (1 +log<t*>> & (9.4.23)

The term involving log(té*) appears with a square since (9.4.21b)) is quadratic in the G ade tensor.

Finally, for (9.4.21c), we use again ((9.4.18)) and the fact that the third and fourth terms are

nonzero if and only if ¢ = j. Therefore

t

272pu 2
pidp tax
t/\fﬁp] 1(9.4.21¢))| < max { <t> } (1 + 10g<;>> ‘gi/liw' (9.4.24)
a=l1,..., Ax ’

The square appears here because we must use ((9.4.11)) on to of (9.4.18) to estimate the third term
Giqu(tl::qp)v)\. Combining the three estimates (9.4.21a), (9.4.21b)), (9.4.21c) then yields

. o t O\ 2t2Pa—2py—2pe " 2
L 0 (Yy), | S max { () } (1 + log(’t\*>> V2 (9.4.25)

a,b#c tas

272pc
(We reiterate that powers of ¢ such as (t%*) are included in (9.4.25)) upon taking a = b in the

max.)
For the matter quantities Wy and @y, we use (9.4.5) and (9.4.6). Here, it is straightforward to

use (9.4.18)) as well as the trivial bounds from the definition of the low-frequency energy:

~ 1/2

Inserting all these bounds into (9.4.5)) and (9.4.6), one deduces

. t O\ ta )\ 12
[tonha] + [t Pa| S max " 1+ log - & Tow (9.4.26)

Combining all of (9.4.20), (9.4.25) and ((9.4.26)), one deduces the inequality.

N (|tat(K)\)ij| + !tat(fx)ﬂ) + [t0na| + [t0: @ |

2+2pq —2pp—2pc 2
t Ias 1/2
Sam,;ii{(m) } <1“0g<t>> Extow

At this point that we apply the subcriticality condition (1.2.11f). Since, for b # ¢, this condition tells

us 2 4 2pg — 2py — 2pe > 26, we may apply the simple inequality 2°(1 + logz~1)? <1 for x = -+

Ixs?

to yield the desired derivative bound (9.4.12). O
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Remark. A more careful study of the proof shows that the only terms which give a contribution of
2+4-2pq —2pp—2pc
()

_ch
o rather than just (%) are terms that involve the expression

(Gup 1257 = G 825) Aelin),” (9.4.27)

Upon relabelling indices, this arises in , and in the case that p; > p;, we also see it in
(9-421D). (One may use the symmetry constraint g (¢ )\*)?bc = §Cb(t,\*)Yb“ to reduce to this case.)

Therefore, even if the subcriticality condition fails, it is possible to close the argument
if the expression can be shown to converge to 0 sufficiently fast as ¢ — 0. Upon expanding

out Giqu in (9.4.27)), one may show that (9.4.27) converging to 0 requires (|7.3.11)); note however to
close the argument one must find the rate of convergence in (|7.3.11)).

9.4.3 Convergence to a limit

To find the scattering states ((Koo)ij (?oo)i] oo, Poo ), one must show that (Kij (1), ?ij (), (), @(t))
converges as t — 0. Conversely, for asymptotic completeness we also need to show that one can
prescribe these limits and launch a solution to the system (9.2.2)-(9.2.16). We achieve this in the

following proposition.

Proposition 9.4.5. For fivzed A € ZP \ {0}, and Clow > 0 as in Proposition the following
hold.

(i) Let ((n,\)ij,(K,\)ij,d)A,lb,\,vA) be a solution to the system (9.2.2)—(9.2.16) for 0 < 7(t) <
1 in CMCTC gauge. Then there exist constant (1,1) tensors ((Koo)/\)ij; ((Too)n);, and real

numbers (Woo)x, (Qoo)r such that (ky);” (t), ('?,\)ij(t), V() and @x(t) attain these as limits
ast — 0, at the following rate

: , L N , . 5
(k)7 (8) = ((koo) )|+ 1(F2)," (8) = (Yoo | S 527 - <ti) e, (9.4.28)
~ - t\° 1/2
[Wa(t) = (Woo)a| + [@A(t) — (Poo)r] S <t> Eiow (tas)- (9.4.29)
A

Furthermore, one has the following estimate on the limiting quantities:

§(tan)dnatne) [((Ke0)0), ((Koe)2) " + (Fa)a)a ((Tc)n),]

+ (V)3 + (P00)3 < ClowEntow(trs).  (9.4.30)

(ii) Conversely, let ((Ko)y), ((Yoo))\)ij be constant (1,1) tensors and (Woo)r and (Poo)r be real

1’
numbers, satisfying the \-Fourier projections of the asymptotic constraints (7.2.27)—(7.2.31)),
for T = ty,. Then there exists a unique solution ((T])\)ij,(K)\)ij,d)/\,lb)\,V)\) to the system
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(19.2.2) (9.2.16)) for 0 < 7(t) < 1in CMCTC gauge such that the solution obeys the asymptotics
(19.4.28)—(9.4.29)).

For this solution, one has that

Exnton(tre) < Cuow (3 (02)a(0re) [((Ke0)2)o (Koo)2) L+ ((Foc)n), (Foe)n). ]

+ (o)} + (cboo)i). (9.4.31)

Proof. We first prove (i). This follows straightforwardly upon combining Proposition with

Proposition More specifically, combining (9.4.10) with (9.4.12) yields that for a solution
((m)ij, (K)\)Z-j, b, W, Va) to the system ((9.2.2)—(9.2.16) in the range 0 < 7(¢) < 1,

*

5
; | PP g T - t 1/2
B0 N0, 0) |+ 630 00, (Y2), |+ [t0bal + 10,a| S (t)\ > - Exon (3e)-
*

For & > 0, t>7! is integrable towards t = 0, thus there is a limit ((K)\)ij, (fA)ij,ll))\, ¢y —
(((Koo),\)zj,((? A )Z ,(11)00),\,(@00) ) as t — 0, and moreover that the estimates and
(19.4.29) are satisfied. The final estimate in (i) then follows straightforwardly from Proposition

Moving onto (ii), we apply the Fuchsian theory of first-order ODEs. In order to do so, we

firstly reinterpret Proposition as follows. This proposition tells us that solutions V =

(tAerpJ( ) tAflerJ (TA) 5, P, @) to the first-order hyperbolic system (9.4.3)—(9.4.6) coupled to
the elliptic equation ((9.2.8)) satisfy the following Fuchsian ODE:

A t\°
=) Flav)
dt e fn

where F' is bounded and continuous in both its variables and linear in V.

Therefore, we may apply Lemma [E.0.1{(b) to the above ODE, with A = 0 and initial data

v = (0 P (ko)) B P (Too)a) s (Woo)as (Poc)).

The lemma generates a solution ((1)) ij , (k )\)ij , O, Wy, vy) to the first-order elliptic hyperbolic sys-
tem above, which moreover attains the asymptotics (9.4.28)) and . Moreover, the solution
is unique in the whole domain 0 < ¢ < t,. (Note Lemma [E.0.I(b) only gives local existence and
uniqueness, but since the system f and are linear one may extend to the whole
domain 0 < t < ty,.)

So far, the argument (including Proposition has not used the constraint equations f
(19.2.16)). It remains to recover these constraints for the solution we generated; we leave this to
Proposition It is only here that we require that (((Koo))\)ija ((?M)A)ij, (Woo) s (Poo)r) satisty
the asymptotic constraints f. This completes the proof of the proposition. O
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9.4.4 Connecting the high and low frequency energies

We shall eventually show that in a well-chosen gauge, the high-frequency energy quantity £y pign (%)
of Deﬁnition and the low-frequency energy quantity £y jou (t) of Deﬁnition are comparable.
One subtlety is that £y pign(t) only has good coercivity properties for 7,(t) > 7 > 1, while £y jou (t)
is defined only for 7, (¢) < 1. To fill in the gap 1 < 7,(t) < 7, we rely on the following mid-frequency
energy estimate. Like the high-frequency energy estimate, this will always use the CMCSH gauge
©21).

Definition 9.4.2. The geometric mid-frequency energy quantity Exymia(t), used for A € ZP\ {0}
and 1 < 7)\(t) <7 and solutions in the CMCSH gauge, is given by

Exmmid(t) = G%(®)a(t) (kx), (kx) L+ %) doal(t) (x),(Ax) L (9.4.32)
Similarly, the matter mid-frequency energy quantity is defined in the same regime, and is given by
Exomid(t) = W3 + 3. (9.4.33)

Finally, define the total mid-frequency energy quantity as the sum &y 1o, (t) = Exn 10w (t) +EN ¢ 10w ().

Proposition 9.4.6. Let ((ﬁ/\)ij, (f<)\)ij, dx, U, V)\,X{\) be a solution to the linearized Einstein—scalar

field system (9.2.2)—(9.2.16|) in CMCSH gauge. Then there exists some Comids depending only on the
background Kasner spacetime, such that for X € ZP \ {0} and 1 < 7\(t) < 7, one has

Col Exmid(t) < Exmia(Ty (7)) < Conia Exmia (L) (9.4.34)

Enlarging the constant é’mid if mecessary, one has the following equivalence between the high-

-1

frequency energy Ex nign(t) att = 7, (7) and the low-frequency energy Ex 0w (t) att =ty = T/\_l(l).

Cot Extow(tr) < Exnigh(Ty (7)) < Crmia Extow (tas)- (9.4.35)

Proof. The mid-frequency energy estimate ((9.4.34)) will be much more straightforward to show than
either of the high- or low-frequency energy estimates, since we are working in a bounded domain
log 7 € [0,log 7], and therefore, by (8.2.9)), a bounded domain of log(£> C [0,ClogT]. As a result,

it suffices to show a derivative estimate of the form:

t;lig,\,mid(t)‘ < Exmialt): (9.4.36)

To prove (9.4.36)), we use the same g-norm that was introduced in Section then by definition
of Ex mids

Exmid(t) = [Aal} + [Ral5 + O3 + 3.
Further, using the same proof as Proposition it is straightforward to show that [vy|?> < &y mia(t)

and ’X)\E; < t2E mia(t). From this point, ([9.4.36) follows immediately upon differentiating Ex ymia(t)

term-by-term using (9.2.2)—(9.2.7), and applying Cauchy-Schwarz.
Using the fact that & mia(tas) = Extow(trs), while Exmia(T7HF)) =< Expigh(771(7)) by

Lemma the final estimate ((9.4.35)) follows immediately from (9.4.34]). O]
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9.5 Scattering for the linearized Einstein—scalar field equations

In Section [9.5] we prove our scattering result for the linearized Einstein—scalar field system around
Kasner spacetimes satisfying the subcriticality condition, Theorem[7.3.1} Recall that the gauge used
in Theorem is a CMCTC gauge with vanishing shift, x/ = 0, though we do permit changes of
gauge associated to a time-independent vector field & using f.

On the other hand, our energy estimates use various different gauges; though the low-frequency

energy estimate of Section [9.4 used a CMCTC gauge, our high-frequency energy estimate of Sec-
tion crucially used a CMCSH gauge (as did the mid-frequency estimate of Section though
this was not as crucial).

As a result, we instead first prove a version of Theorem not in the CMCTC gauge, but in a
gauge called the Constant Mean Curvature Frequency Adapted (CMCFA) gauge which we introduce
in Section [9.5.1} This reinterpreted scattering result, Theorem [9.5.1] is stated in Section [0.5.2] and
its proof will be in Section [9.5.3

In Section [9.5.4] we understand how to translate back to CMCTC gauge, and thereby complete
the proofs of the remaining theorems regarding the linearized Einstein—scalar field system, that is
the scattering result Theorem [7.3.1]

9.5.1 Frequency adapted norms and gauges

As well as the gauge issue mentioned above, we make the following comments about Theorem [7.3.1}

the idea being that these comments will inform how our second version, Theorem [9.5.1] will differ:

(I) The variables (nij , Kij ,®,) used to describe Cauchy data at ¢ = 1 differ from the variables
(Kij, Yij,ll), @) used to describe the asymptotic data at ¢t = 0.

(IT) In retrieving the optimal regularity of (7.3.4]), we require a gauge transformation associated

to a vector field &/. (Furthermore, the regularity of &/ cannot be controlled particularly well.)

(III) The regularity statements (7.3.4)—(7.3.5), and the spaces HZ,, feature a correction by a term

ey : " j
PITPI often acts on tensorial quantities such as k7.

involving the symbol T;; in particular T, ;

These issues are inevitable, in light of the energy estimates presented in Section [9.3]and Section [9.4]
This is since both the relevant gauge and the metrics g;;(t) and g;;(tx«) used to define the energies
differ between the high-frequency and the low-frequency regimes.

Thus, in Theorem [9.5.1] we first present a version of Theorem [7.3.1] that will follow more cleanly
from our energy estimates. In preparation, we make a series of definitions corresponding to (I)—(III)
above. Each of theses definitions will involve the symbol 7, see Definition [I.6.1] We start by

defining new renormalized quantities in order to deal with (I).
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Definition 9.5.1. We define the following frequency adapted renormalized quantity & )Tij :
. . T« . o ds . 1 . o ds
(F)Yiﬂ - niﬂ +/ Gip(8)§79(s) = - qu — yiJ _ / Gip(8)§79(s) — - qu’ (9.5.1)
min{¢, 7+ } S max{¢,7+} S

as well as the following frequency adapted scalar field quantity &) -
(F) fy — 7 _
@ = b + max < 0,log " P = @ + max{log(7s),logt} - . (9.5.2)

7 in the high-

7

Remark. The point is that the Fourier coefficients ()Y ,\)ij coincide with (1))
frequency regime t > t,, while ((F)'Y,\)Z-] coincides with ('?A)Z-J in the low-frequency regime t < ty,;
here (?)\)i] is defined in (9.5.1)). Similarly, )@y coincides with ¢y at high frequency and with @y

at low frequency.

Next, we define a new (linearized) gauge condition used to deal with (II).

Definition 9.5.2. We say that a solution (nij , Kl-j , d, U, v,x?) solving the linearized Einstein-scalar

field system ([7.2.6)—(7.2.20)) is in a linearized Constant Mean Curvature Frequency Adapted (CM-

(F)

CFA) gauge if frequency adapted renormalized quantity Yij satisfies the differential relation

8; tr Iy — 29,10y 7 = 0. (9.5.3)

Finally, we define a norm for (1,1) tensor fields to deal with (IIT). We shall often apply this to
the (1,1) tensor fields (F )Yij , Kij and also the derivative of the shift, 9;x’, viewed as a (1, 1) tensor
field.

Definition 9.5.3. Let A = Aij be a (1,1) tensor field on TP. Define the frequency adapted L?
norm of A, thought to live on the boundary {t = 0} of Mgs, via the following:

D
147 G 2r 5y = D IT P AT 72 = (T mal(Te) - AL AL

ij=1
Equivalently, one has the frequency space definition:
i o o b d
1A 7 2m (mg) = D 6% (Exe)Goa(tre) (An),"(An),".
\ezZP
One further defines the frequency adapted H® norm of A using:

A rer sy = D (NP0 (an)dba(tae) (An), (A7 (9.5.4)
AezZP
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9.5.2 Statement of scattering for the linearized Einstein—scalar field system, v2

Theorem 9.5.1 (Scattering for the linearized Einstein—scalar field system in subcritical Kasner
spacetimes, v2). Let (Mkas, §Kas, PKas) be a (generalized) Kasner spacetime whose exponents sat-
1sfy the subcriticality condition with & > 0. Consider solutions (nij, Kij, ¢, W, v,x7) to the
linearized Einstein-scalar field system of Proposition|7.2.9 around (Mgas, K as, PKas), with the so-
lution such that the CMCFA gauge condition holds. Then the scattering theory is as follows:

(i) (Ezistence of the scattering operator) Let s be sufficiently large. Then given Cauchy data
((e), (Kc)ij, b, Vo) € HS T x HS x H3H x H® at t = 1 satisfying the constraint equations
(7.2.15)—(7.2.20) and gauge conditions (9.5.3)) and tr ke = 0, there exists a unique (classical)

solution (nij,Kij,d),lb) to the system ([7.2.6)—(7.2.20) satisfying trx = 0 and the CMCFA
condition (9.5.3)), which attains the Cauchy data:

ErJ(1,) =0 (1) = M) (), (L) = (xe)/ ().

(F)(P(L ) = d)(lv ) = (bC(')v 11)(1, ) = 1I)C'()

Furthermore, for some > 0 depending only on the background (Mpqas, 9Kas), there exist

unique (1,1) tensors (Koo)ij and ((F)Yoo)ij, and functions oo and oo on TP, such that
Kij(t, ) = (Koo)ij(')’ (F)'Y'ij(t, )= ((F)Yoo)ij(') in H*=P strongly ast — 0,  (9.5.5)
Ut ) = Poo(s), Fot,) = Fos(’) in H® strongly ast — 0. (9.5.6)

These limiting objects (Koo)ij; ('?‘oo)ij, Voo and boo obey the asymptotic constraints (7.2.27))—
(7.2.31) (with Yij and @ replaced by (F)Yi] and B ¢ respectively, and T replaced by the symbol

T.) as well as the limiting frequency adapted gauge condition:

9;tr Yo — 20;()7 o) = 0. (9.5.7)

Finally, for the frequency adapted Sobolev spaces H*F'(%q) in Deﬁnitionm one has

(ko) (FYo0)) € HFBF(S0), oo, Fpos € HHE (9.5.8)

70

(i) (Asymptotic completeness) Let s be sufficiently large, and let (Kso);” ((F)Yoo)ij be (1,1) tensor
fields and Poo, F) o be functions on TP verifying the constraints f (modified
as in (1)), with regularity as in , and obeying the gauge condition . Then there
exists a unique (classical) solution (nij, Kij, ¢, 0, v,x7) to the system f satisfying

trk = 0 and the CMCFA condition (9.5.3)), such that ast — 0, the asymptotics (9.5.5)—(9.5.6))
hold.
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The regularity of the solution will be as follows:
(nij, Kij) e C((0,400), H*L x H) N CY((0, +00), H® x H*™ 1),
(,) € CO((0, +00), H*F1 x H*) N CH((0, +00), H* x H*™),

(v,x?) € CO((0, +00), H¥2 x H*t?).

(111) (Scattering isomorphism) For s € R, we define the following Hilbert spaces together with their

norms:
He={(n/. 7 0, 0) ind e B k) € Y g € Y g e 1Y) (9.5.9)
(07 ) || = I B+ 1 e + 100+ 013 (9.5.10)
7 ) "y 9 s 7 Hst+1 7 Hs Hs+1 Hs» J.
s, = {(Kij’vij’ll)u(p> :
9.5.11
J s+1.F J s+1.F s+1 s+3 ( )
K/ € H 27 (%), Y, e H*" 27 (%), € H* "2, € H 2},
JyJ J J 2
[ (s v 0)| e T v AT I T (TG
(9.5.12)

Further, let H¢, . be the subspace of Ho obeying the constraint equations (7.2.15)—(7.2.20) as
well as the gauge conditions tr k = 0 and (9.5.3), and <F)’Hgo,c be the subspace of F)HS_ obeying
the asymptotic constraints (9.2.17)—(9.2.21), modified as in (i), and the gauge conditions tr k =

0 and [057).
Then the map (F)Si, which is defined to map ((T]c)ij, (Kc)ij, bo, Vo) from (ﬁ) to the limiting
quantities ((Koo)ij,( )l ,lboo, )@os), may be extended to a Hilbert space isomorphism

(F)S¢ tHE e — (F)ngc, whose inverse (F)ST (F)Sfl 18 emctly given by (a suitable extension

Of) the map taking ((KOO)ij?( )z 711)00, F)(poo mn (I) tO Th 7 )7 7,j(17')ad)(17')a1b(1"))‘

9.5.3 Proof of scattering for the linearized Einstein—scalar field system, v2

As in Section for the case of the wave equation, we first assume smoothness for all our variables
and derive a priori estimates between Sobolev spaces, then use the density of smooth functions to
recover the full scattering theorem. As in Section [85] we have two propositions, providing the a
priori estimates in both directions of the scattering theory. Before proceeding, we determine what

happens at zero frequency.

Lemma 9.5.2. Let (nij, Kl-j, G, 0, v, %) be a solution of the linearized Einstein—scalar field system
of Proposz'tz’on in any gauge. Then with Yij and @ as in (7.2.24)—(7.2.25)), the O-frequency
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Fourier coefficients

((Ko)ij, (Yo)ij,ll)o, @) are constant, in particular for all t > 0:

(ko) (1) = (x0);/(0),  (Y0)/(t) = (Y0)/(0), Wo(t) =wo(1),  @o(t)=@o(1).  (9.5.13)

Proof. This follows immediately from Proposition [9.2.1]in the case that A = 0. O

From Cauchy data to asymptotic data

Proposition 9.5.3. Let (nc)ij and (Kc)ij be smooth (1,1) tensors on TP, and dc and be be

smooth functions on TP, obeying the constraint equations (7.2.15)(7.2.20) with t = 1, as well as
(19.5.3) and tr ke = 0. Then there exists a umqu smooth solution (nij, Kij, ¢, W, v,x7) to the system

(7.2.6) —(7.2.20) fort > 0, satisfying tr «k = 0 and the CMCFA gauge condition (9.5.3), that achieves
the initial data.

Moreover, for some 3 > 0, there exist smooth (1,1)-tensors (Koo)ij and ()Y ) J

;> and smooth
functions Yoo and o, such that for s € R and the solution as above, the following strong
convergence holds as t — 0, where the frequency adapted quantities (F)'YZ-J and P are given in

Definition |9.5. 1|:

kI (1) = (keo)?, DT > (DY), in HB, p(t) = Poo, P(t) » Do in H®. (9.5.14)

)

For the H>Y' (Xq) norms of Deﬁm’tz’onm one has

7|2 F Iy 2 2 F 2
(koe); HH“’%’F(EO) +IEYo0); HH”%’F(EO) T lPocllyry + I )‘p“||Hs+%

S IMe) e + 1(ke) s + Idellfen + Ibellzs. (9.5.15)

Finally, the quantities (Koo)ij; ((F)Too)ij, Voo and F@ satisfy the constraints (7.2.27)(7.2.31)),
with T = T,.

Proof. We start with existence and uniqueness of a smooth solution for ¢ > 0. For this pur-
pose, we firstly apply Proposition (ii) with Xg = 0, which gives us a unique smooth solution
(ﬁij, Rij, ¢,\,v) in the CMCTC gauge (i.e. with vanishing x7).

However, we would like existence and uniqueness in the CMCFA gauge instead. In light of
Lemma [7.2.3] and Lemma [7.2.6] this may be achieved via the change of gauge associated to the
vector field &7, with

T2 6% (Tar)0a0p&? = TG (Tar) (O tr Y — 20,Y,5),  where Ty = max{t, T, }. (9.5.16)

The symbol Ty = max{¢, 7.} arises due to the definition of (F )Yij . Using this change of gauge, one
has existence in the CMCFA gauge. Uniqueness also follows by a similar argument to uniqueness

in Proposition [7.2.4b) — essentially reverse this change of gauge and use uniqueness in CMCTC.

2For uniqueness, one requires as always that x’ has zero average.



333

Given our solution, we now take the Fourier decomposition. From this point, for A € ZP \ {0},
we shall always work in the variables ((K)\)ij, ((F)T,\)ij,le, By, V)\,Xg\), and that by definition of
the CMCFA gauge, we have the following description in the high-frequency regime ¢y, > 1 and the
low-frequency regime 0 < ty, < 1: for the high-frequency (and mid-frequency) regime ty, > 1,

((K)\)ija ((F)’Y./\)i]7 11))\7 (F) (p)\v V)\u X&) - ((IA()\)z]7 (ﬁ)\)z]7 ll)/\a d))w VA;X&)

and the A-Fourier projections in this range are in the CMCSH gauge, i.e. they satisfy (9.2.1). This
means that we can apply our high-frequency energy estimates of Section [9.3]

On the other hand, in the low-frequency regime 0 < ty, < 1, we have
. ] . . - . ~ .
((K)\)ijv <(F)TA)Z 711))\7 (F)(PA,VMXJ)\) = ((K)\)ijv (TA)ijvlpAa DX, V/\:Xg\)a

with (YN‘,\)ij and @) as in and . Here, we do not quite have Xi =0 as in the CMCTC
gauge used in Section and instead satisfy the CMCFA gauge condition 2)\j(F)Yij =\ tr ),
Nevertheless, as we see shortly it is not a major difficulty to go back and forth from CMCFA gauge
to CMCTC gauge in the low-frequency regime, and one may still apply the low-frequency energy
estimates of Section [0.4

We first relate our energies to the initial data ((nc)ij, (Kc)ij,lbc,(l)c). Splitting into high-
frequencies and mid-frequences depending on 7)(1), and using Lemma in the high-frequency

case, we relate the energies to Sobolev norms of initial data:

(<o) P+ 1Y) P+ w3+ Pod+ Y NP ma()+ Y (NP E hign(1)

AeZP\{0} AezZP\{o0}
T>\(1)<7°' TA(I)Z‘IO'

= |me){ s + l(ke) s + el + bellZs. (9.5.17)

Applying the high-frequency energy estimate Proposition [9.3.2] as well as the mid-frequency energy
estimate Proposition m (which both use the CMCSH as in our case for t > t).), we deduce that

|(K0)ij|2+|((F)Y0)i]|2 +1b(2]+(F)(p(2)+ Z <)\>2s+15)\710w(t>\*)
AezZP\{0}

S IMe){ e + I(ke)? s + ldellzn + bellZs. (9.5.18)

We next apply the low-frequency energy estimate Proposition However, since this propo-
sition assumes the CMCTC gauge, we need to find a way to translate the energy estimate. Our
method is as follows: we first generate another solution (((7) KA)Z-j, ((T)?A)Z-j,tl) x> @2, Vy) which is
in the CMCTC gauge and which agrees with our solution at t = t),, and thus to which Proposi-
tion [9.4.2] and Proposition [0.4.4] apply, then transform into CMCFA gauge using some change of
gauge vector field &f\.
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This change of gauge vector field agrees exactly with (9.5.16) above. Furthermore, projecting
(9.5.16) onto low frequencies with 0 < ¢ < ¢, where by definition, 72(ty.) = ti*ﬁab(t,\*))\a/\b =1,
E,i is exactly given by

. L - ~ ¢
I =13, () e tr DTy = 22,(D7y), . (9.5.19)

Upon checking the ¢y, weights carefully, Propositions [0.4.2] and [9.4.4] tell us that

t

5
_ - l
B8 S e (t), \t(t”f &)| < () EXliou(tre) (9:5.20)

dt (W

Next, the change of gauge vector field Ef\ relates the two gauges by (see (7.2.22)), (7.2.35)) and
[72.23)):

() = (D)) = itk)NE +i(th,T)NER,

. - . 1 . l . L
()" = (D) = ML = St () M

J —t— .]‘
XA dta)\

By (9.5.20), )\ii,; satisfies the same estimates as either of ((7) K}\)ij or ((T)?)\)ij. So all the low-
frequency energy estimates of Section apply equally well to ((K)\)ij, (((F)'YA)Z-j) in our CMCFA
gauge.

In particular, from the second estimate in we deduce an analogue of Proposition (i),

7 and (((F)'Y'oo))\)-j and real numbers (Po)y and

in other words we have unique tensors ((Keo)x); P

(2

(F) @ )s with the CMCFA analogue of the estimates 0.4.28)—(9.4.29). We now simply define

(ko) (2) = (k) + D ((Koo)r){ €7,

AezZP\{0}

((F)Yoo)ij(m) :((F)Yo)ijJr Z (((F)YW)A)ij it

A€ZP\{0}

lJ)oo(x) =g + Z (luboo))\ ez‘)vr’

AeZP\{0}

)\EZD\{O}
The final estimate in Proposition [9.4.5(i), combined with (9.5.18) and the definition of H* (%)
then yields (9.5.15)). Since this is true for all s € R, and H*F(Xg) ¢ H* ¥ for some 8 > 0
independent of s, this tells us that our limiting tensors and functions are smooth.

It remains to show the convergence (9.5.14)). Let us first take some r € R, and estimate

Ik = (koo)i? e = D N I(k) = ((keo)n)/ I

\eZd
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We estimate this by splitting into low and high frequencies, and then applying the energy estimates.
At low frequencies, we shall use the convergence (9.4.28)), while at high and mid frequencies we only
use boundedness. For convenience, let us define:

Exnion(1)if (1) > 7,
5)\7hm(1) _ \h gh( ) )\( ) (9.5.21)

5)\,mid(1) if 1 < 7’)\(1) < T.

Using the energy estimates, one then finds:

Ik () = (koo) IFir

< 3 IR0 — ()P Y T+ (k)7 )
AezZP, AEZP,
() <1 A (t)>1

26
pi—2p; [ T op.  L2pi—2p;
S X P (L) B+ X 0 e ()
)\EZD, * AezZD
(<1 TA(t)>1

To finally show convergence, we select an N > 0 such that the following quantities are bounded,
uniformly in A € ZP \ {0}:

VR 4 ()N max (P} 1
ZUx

This is always possible, since 7 < (\), while tz*l grows polynomially in (). Substituting this into
the above, we therefore find that

k7 = (o) 7 = D XN N mmD) + D> (N NE pm (1)

\ezZP, AeZP,
’T)\(t)gl T)\(t)>1

Selecting 2r — N = 2s + 1, we therefore deduce the Kij convergence in for g = # The
F )Yij convergence follows similarly (the additional difficulty being that we need to incorporate the
bound for G’iqu in Lemma and thus may have to increase (8 further), while the 1 and ()
convergence follow from similar considerations to Proposition [8.5.2

Since H*# < C3 for s sufficiently large, the fact that our limiting quantities satisfy the relevant
constraints follows from a version of Lemma with T = T,. This completes the proof of the

proposition. O

From asymptotic data to Cauchy data

Proposition 9.5.4. Let (Ky) J ((F)Too)ij be smooth (1,1) tensors and Voo, ) Qoo be smooth func-

i
tions on TP satisfying the asymptotic constraints (7.2.27) ~(7.2.31) with T = T.. Then there exists
a unique smooth solution (‘r]ij, Kij, ¢, 0, v,x?) to the system (7.2.6)(7.2.20) for t > 0 in CMCFA
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gauge, which achieves the asymptotic data in the sense that for any s € R and B as in Propos-
tz’onm one has the (strong) convergence:

kI (1) = (kso), V(1) > (DY), in BB P(t) = oo, Pep(t) » Doy in H. (9.5.22)

7

Moreover, for any s € R one has the following bound between Sobolev spaces:

g (1) e+ [l (L) s + I@ I + (L) s

i J
S gy, IO I g g+ 10y + 1P 0el . (0523

Proof. For existence, we decompose the scattering data ((Koo)ij, ((F)Yoo)ij,ﬂ)oo, (F)d)oo) into their
Fourier modes. For any A # 0, we now appeal to Proposition m(ii), which tells us that there
exists a solution to the ODE system f in the range ¢ € (0,ty.), which achieves the
relevant limits as ¢ — 0, at the rate 7.

However, the ODE system f is in the CMCTC gauge, as opposed to the CMCFA
gauge as required. Nevertheless, as in the proof of Proposition [0.5.3] we may use a change of
gauge associated to the vector field Eg\ in to generate another solution in the CMCFA
gauge. As in that proof, we still have the estimates , and as a result the energy estimates
of Section [9.4] will all remain valid in this gauge. We denote this solution in CMCFA gauge to be
((<2){, ((F)T)\)ij,ll))\, (F)(pA,vA,Xi) as before.

We extend this solution to the range ¢ > ), by using instead the CMCSH gauge evolution; this
is valid since the CMCSH gauge and the CMCFA gauge coincide for ¢ > ty,. Then combining all of
the low-frequency estimates in Proposition the mid-frequency estimate in Proposition [9.4.6
and the high-frequency estimate of Proposition we find that for A € ZP and €y pn(1) as in
(19.5.21)), our solution obeys:

(),

+ (We)d + (Fos)i. (9.5.24)

Entm(1) S 4 (re)baltre) [ ((Koe)r)o (o)) + (DYoo),

Using Lemma to deal with A = 0, and using the coercivity of the high-frequency energy in
Lemma we therefore have the estimate

V21007 (D + 22130 (1) + 02 oa (1)) + (022 F gy (1)
< ()t [éac(t)\*)ébd(tm) [((Koo)k)ab((Koo)A)cd + (((F)Yoo)A)ab(((F)Too)A)cd}
+(Woo)i + (Mo -

By smoothness of the scattering data, the right-hand side is summable in A € ZP for all s, and
doing this sum yields the estimate (9.5.23]).
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Now, upon applying Fourier inversion we recover a smooth solution (nij , Kij O, P, v, %) to the
system f for t > 0 in CMCFA gauge, which moreover achieves the asymptotics
using the same proof as in Proposition We leave the details to the reader.

All that remains is to show uniqueness. Since the system is linear it suffices to show uniqueness in
the case of trivial scattering data (Koo)z‘j =0, ((F)Yoo)ij =0, Voo = 0 and (M., = 0. Suppose that
we have a smooth solution (nij, Kij, $, ¥, v, &) to (7.2.6)-(7.2.20) in the CMCFA gauge, achieving
these trivial asymptotics in the sense of . To show that this solution vanishes, it will suffice
to show each Fourier mode vanishes.

The 0-Fourier mode must vanish by Lemma so now take any A € ZP \ {0}, and focus on
the low-frequency regime with 0 < ¢ < ¢,,. Recall that Proposition (ii) gives us uniqueness
in CMCTC gauge, and for uniqueness in CMCFA gauge we look for a gauge transformation that
retains the trivial asymptotic data but so that the transformed solution is in CMCTC gauge.

The idea is that any A-mode projected solution ((KA)Z-j, ((F)'Y,\)ij,ll),\, (F)(p)\,\/)\,xg\) in CMCFA
gauge must obey [x} (t)] < Dt® for some constant D that may depend on data but does not depend
on t. This follows from and the description of Xi in the proof of Proposition m (In other
words, that any CMCFA solution may be constructed from another CMCTC solution, though this
latter CMCTC solution will not necessarily have trivial asymptotic data.)

We find a CMCTC solution with trivial asymptotic data via the gauge transformation associated
to the vector field (1) E,g\(t) = g xi%. Since |x§\(t)\ < Dtd, M) E{\(t) is well-defined and vanishes at
t = 0. Further, by Lemma [7.2.3)ii) with 7' = 0, it transforms our CMCFA solution to a CMCTC
solution which still has trivial asymptotic data. Thus by uniqueness of CMCTC solutions from
asymptotic data, the transformed solution must vanish. By with T' = t),, this tells us that

i

j Y .
(707" = GH DB+ gl () D E

We now simply insert this into our frequency adapted gauge condition (9.5.3). Eventually we
obtain L(}ab(t/\*))\a)\b(T) Eg\ = 0. In other words, the gauge transformation vector field has (*) E{\ =
0, and our solution must have been trivial in the first place. This concludes the proof of the

proposition. [l

Completion of the proof of Theorem [9.5.1

All the remains is to extend Proposition and Proposition to the setting where
(Kij ,F )Yij,tl),(F )@) have finite regularity, by using the density of smooth functions in H* and
in H5F(Xg). This is a slightly more complicated version of what was done for the wave equation

in Section [8.5.3 and therefore we leave the details to the reader, with only 2 comments:

— In both directions, the data ((nc)ij, (Kc)ij, bo, o) or ((Keo) J ((F)Too)l-j,lboo, (F) o) is not

7

completely free, and must be arranged to satisfy various constraint equations and gauge con-
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ditions. Thus in approximating finite regularity data by smooth data, the approximating data

must also satisfy these equations.

However, since in our case the constraint equations and gauge conditions are linear, it is easy to
smoothly approximate data while still satisfying these equations, for instance by convolution

with standard mollifiers.

— In order to insist both that our solutions are classical and to make sure that the convergence
(9.5.5)) is also in C? in order to satisfy the assumptions of Lemma we must choose
5 > % + 3+ B. This is what we mean by requiring s to be sufficiently large in (i) and (ii).

For (iii), the Hilbert space isomorphism remains true for all s € R.

This concludes our proof of Theorem [9.5.1] O

9.5.4 Proof of scattering in transported coordinates

In this section, we prove the original version of the scattering result, Theorem in a CMCTC
gauge. To go from CMCFA gauge to CMCTC gauge, we use Lemma [7.2.3(ii); thus it remains to
understand x? in CMCFA gauge, or more precisely the related change of gauge vector field

S

E() = — /tlxj(s) ds (9.5.25)

Lemma 9.5.5. Let (T]Z»j, Kij7 ¢, 0, v,x?) be a solution to the linearized Einstein-scalar field system

(7.2.6) (7.2.20) in CMCFA gauge, with reqularity as in either of (i) or (ii) of Theorem m Then
the change of gauge vector field & defined in (9.5.25)) satisfies

& € CO(0, +00) : H*3).
Moreover there exists a unique vector field Ego S H*2 such that E,j(t) — E,go m HS+% ast — 0.

Proof. Let us first work at the level of each Fourier mode ((n)\)ij, (K,\)ij,(l))\,ll),\,\/)\,xg\), where
A € ZP\ {0} (recall that x7 and thus & have zero average). Using (9.3.8)) from Lemma and
unpacking the g-norm, we find that for 7 (t) > 7,

j tPi 1o
AW S 5 Exom (D). (9.5.26)
T

Here we have used the high-frequency energy estimate Proposition [0.3.2] to allow the right-hand
side to be &\ pm(1), as defined in (9.5.21)), in place of &y pign(t). Using also the mid-frequency
energy estimate Proposition and the associated elliptic estimates, (9.5.26)) also holds in the

mid-frequency range, and thus for the whole range 7, (t) > 1.



339

In the low-frequency regime, we estimate |xf\| by referring to the proof of Proposition m
in particular (9.5.20) and the description of Xi immediately below it. Combining all the energy
estimates, one deduces that in the low-frequency range 0 < 7,(¢) < 1, one has

)
MO (t’i) eV2 (1), (9.5.27)

Upon using that ¢ < 1 and ¢y, < 1 in our setting, we combine (9.5.26]) and (9.5.27) to get that for
all t > 0,

J . _3 t ® 1/2
X\ ()] < min {7' 2, () } & (L) (9.5.28)

13\

(9.5.28)) implies that |x§\(t)| is integrable (with respect to the differential %) both towards 7 — oo
and towards ¢ — 0. Indeed, using also Lemma it is straightforward to see that E&(t), defined

in (9.5.25)), has a limit (§)} as t — 0, and we have

. . . t 5
(E S Eran D) 1810 = ()] Smax{<t> ,1} Exign(1)- (9.5.29)

Ax

To complete the proof, we recall that from Theorem [9.5.1(i) and (ii), it follows that
Z,\GZD\{O}O\)QSHS}\’hm(l) < +00. The lemma then follows straightforwardly from (9.5.29). O

With Lemma [9.5.5] we now deduce Theorem [7.3.1] from Theorem [0.5.1]

Proof of Theorem|[7.3.1. We prove , and as follows:

(i) Let ((nc)ij, (Kc)ij, bc, Vo) be Cauchy data with regularity as given and satisfying the con-

straints ([7.2.15)—(7.2.20). We now apply Theorem [9.5.1, which gives us a classical solution

(nij, Kij, ¢, 0, v,x?) of (7.2.6)-(7.2.20) in the CMCFA gauge. There are two steps to get to
the setup of Theorem

Firstly, even before changing gauge, we upgrade the convergence of the frequency adapted
quantities (¥ )Yij and g to convergence of Yij and @. From Definition we have

. y 1 .
Y/ =/ +/ { T}éip(s)gjq(s) % k7, @ = —max{log(Ts),logt} - b. (9.5.30)
max{t, 7«

Here, the object involving integral in ((9.5.30) is a time-dependent symbol which, in some
symbol class S7 for 8 > 0, converges (strongly) as follows:

1 3 o ds L s ds
[ o) o [ e
max{t,T«} s T« S

Therefore, for s sufficiently large, the convergence (9.5.5) together with Sobolev embedding
implies the existence of (V) Z-j such that the convergence ([7.3.2)) also holds, at least in CMCFA
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gauge. A similar result holds for @, and here we can get convergence in H® by the same proof
as Proposition [8.5.2]

To transform back to CMCTC gauge, we use the change of gauge associated to the vector field
&7 defined in (9.5.25). By (7.2.22) and (7.2.35), Kij and 'Yij transform as:

, S L . 11 .
K k7 (LhP)0pE — (thy)0iE?, Y7 = Y+ F0i8 + iﬁip(l)gjq(l)aqap-

Since, by Lemma the vector field & also converges to & in H*"5 ast — 0, Sobolev

embedding implies that we also have the desired convergence in CMCTC gauge.

Finally, the regularity statement ([7.3.4)) follows from (9.5.8]), upon using (9.5.30) and un-
raveling the H* () norm from Definition The remainder of Theorem [7.3.1{(i) is

straightforward.

The proof of Theorem [7.3.1{(ii) follows from an identical manner to the above; we first apply
Theorem M(u) to find the solution in CMCFA gauge and then transform back using &’ from

(9.5.25).

For the scattering isomorphism in Theorem (iii), one simply notes that the spaces Hé . in
Theoremand Theorem are identical, while the difference between H7, . and (F )7-[;";07C
exactly encodes going from the frequency adapted quantities (' )Yij and (M) back to Yij to
@. Thus Theorem [7.3.1(iii) follows immediately from Theorem [9.5.1(ii). O



Appendix A

Bessel functions

In this appendix, we record several basic facts about Bessel functions, which are used widely in
Chapter [l particularly Section Bessel functions are also slightly relevant to the discussion in
Chapter |8, For further details, refer to Chapter 10 of [54]. We start by recalling Bessel’s equation
of order v € C:

2d2f LU

z sz S + (22 =) f =0. (A.0.1)

Solutions to this equation are known as Bessel functions of order v. Within the appendix, we
shall always assume v to be a nonnegative integer, and our applications will always be in the cases
v=20,1.

As is a second order linear homogeneous ODE, there are two linearly independent solu-
tions, denoted J,(z) and Y, (z). These have the following properties.

Fact A.0.1. The function J,(z), known as the Bessel function of the first kind, is an entire function

given by the following Taylor expansion:

(-19)"
Ju(z) = —_= A.0.2
(2) Zk'Fv+k+1) (8.0.2)
In particular, as z — 0, Jo(z) — 1 and 271 J1(2) — 1/2. Furthermore, for 0 < z < 1, one has
z|Jo(2)] < 1.

Fact A.0.2. The function Y, (z), known as the Bessel function of the second kind, can be defined
via the following Fuchsian asymptotic expansion for v =n € NU {0} and z € RT:

e
Y () = — 2" Z DYyt g 2 (L) g, 2)

:1

n (_%ZZ)k

El(n+ k)

l
(37

Z (k+1)+2(n+k+1))
k=0

(A.0.3)
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where ¥(z) = T'(x)/T(z) and v = 0.577 is the Euler-Mascheroni constant. In particular, one has
the following asymptotics for Yo(z) and Yi(z):

2
Yo(e) - 2 (og (32) +9)| 5 2

2
2l
Yi(z) + z' S |zlog 2. (A.0.4)

Furthermore, for 0 < z <1, one has the quantitative estimate z|Yy(z)| < 1.

Fact A.0.3. By studying the expansions (A.0.9) and (A.0.3),

Ji(2) = =Ji(z)  and Yi(2) = —Yi(2). (A.0.5)

Fact A.0.4. As z — oo, we have the following asymptotics for J,(z) and Y,(z):

T (2) = % (cos (== 27 = T) +0G™), (A.0.6)
Y, (z) = % (sin (z - % — %) + O(zfl)> : (A.0.7)

We finish this appendix with two lemmas concerning Bessel’s equation (A.0.1)). These will be

useful when studying Bessel-type equations with inhomogeneous error terms, as in Section [£.4]

Lemma A.0.5. Consider Bessel’s equation , where v is a nonnegative integer. We define

the usual Wronskian, normalized by the Bessel functions of the first and second kind, by

Ju(z) Y,(2) / /
W, (z) = det =L (2)Y,(2) = Y,(2)J],(2). A.0.8
(2) 7)Y (2)Y,(2) (2)J,(2) (A.0.8)
Then
W (2) = ;22. (A.0.9)

Proof. A standard manipulation of the second order ODE ({A.0.1) gives

d 1
%Wy(z) = —;W,,(z).

Integrating for z € RT therefore yields W, (z) = Cz~! for some constant of integration C.

To determine C, simply use the asymptotics of Facts |A.O.1| and |A.O.2L This yields C' = %, as

required. (This computation is more straightforward in our case v = 0.) O

For the next lemma, we consider Bessel’s equation of order 0 as a first-order system in (fi, f2) =

(f, L).
d | fi fo 0 1 f
dz - - : A.0.
dz [fj [_fl - ifg] [—1 _i] [fj (A.0.10)
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So for any zp, z1 > 0, we may define the solution operatOIH S(z1;20) as a linear operator S(z1;2¢) :
R? — R? in the following manner: if (f1(20), f2(20)) is considered as data for the linear ODE
(A.0.10), then S(z1;z0) maps this data (fi(z0), f2(z0)) to the value of the solution at z = 2,
namely (f1(z1), f2(z1)). As an equation:

fi(z1) f1(z0)
= S(z1;% . A.0.
o] —stasa [ 16 v

The following lemma then asserts how to use this linear operator in solving Bessel’s equation

with inhomogeneous terms, as well as an explicit formula and estimates for the operator S(z1; zp).

Lemma A.0.6. Consider Bessel’s equation with v = 0, but with an inhomogeneous term
F(z), i.e.
f 1df
— + —— =F. A.0.12
dz? * zdz +f ( )

Then, for 29,21 € RY and the solution operator S(z;w) defined as before, we have the following

f(z f(z B o 0 >
[df( 1)] = S(z1; 20) [df( ) +[0 S(z1;2) [F(%)] dz. (A.0.13)

1z (21) iz (20)
Furthermore, we have the following results regarding the linear operator S(z1; zo):

ETPTeSSIONn.:

(1) In terms of the Bessel functions J,(z), Y, (z), one may write

-1
, (A.0.14)

S(z1;2) = [JO(ZI) Yo(a1) ] . [JO(ZO) Yo(z0)

—Ji(z1) —Yi(z1)] [—J1(20) —Yi(20)

~Yi(20) —Yo(20) (A.0.15)
J1(z0) Jo(20)

_mo[Jo(zl) Yo(z1)
2 —Jl(Zl) —Yl(zl)

(2) Using the usual 12 norm on R2, defined as ||(z,y)|l2 = V22 +y?2, and defining ||Alj2_p2 =
SUDeR? |1z],0 =1 |Az||;2 to be the I* operator norm of a linear map A, we have that, for all

20,21 > 0,
IS(21; 20)||;2—;2 < max {ZO, 1} . (A.0.16)
<1

Proof. Once again letting (f1, f2) = (f, g—’;), we have now the first-order system:

d [ﬁ(z)] B [ 0 1 ] [ﬁ(z)
B 1
Az | fo(z)]  [-1 —1] |f2(2)
IThis can be viewed as a “non-autonomous’ semigroup, also commonly known as a propagator. In particular, it
follows that S(z2;21) 0 S(21;20) = S(22; 20)-

0
F(z)
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Then the expression (|A.0.13)) follows from the standard theory of first-order systems and Duhamel’s
principle.
To get , we recall that in light of Fact the most general solution to the first-order system

with no inhomogeneous term is:

fi(z)| | esdo(z) + ey Yo(z)
fa(z) —cyJ1(2) — eyYi(2)
where ¢y, ¢y are coefficients in R. Plugging this into (A.0.11) and allowing c, cy to vary will yield

(A.0.14). The expression (A.0.15|) then follows by using Lemma to compute the inverse.

Finally, for , suppose f(z) is a solution to the homogeneous Bessel’s equation of order 0. Then

Jo(z)  Yo(2)
—J1 (Z) —Yl(z)

[C"] , (A.0.17)

Cy

we directly compute p )
2 Y N T
TUEP+ D) = 27,

Therefore, if 21 > zp, then it is clear that f(z1)2 + f'(21)% < f(20)? + f'(20)?, while if 21 < zp, then

Gronwall’s inequality gives
2 20\
sap e s on( [ -2as) 16 + 1) = (2) G + 1)
20
This yields exactly the required estimate on [|S(z1; 20)||;2—2- O

In this paper, we will often encounter rescaled versions of Bessel’s equation: let x > 0 be a

constant, then consider the equation:

bl — +x2f = F(x). (A.0.18)
Using Lemma [A70.6] it is then straightforward to deduce the following corollary.
Corollary A.0.7. Let f = f(x) be a solution to . Then, if we denote by Q, the scaling

matrix
Q. — 1 0
T N )
and define Sy (x1;x0) = Qy 0 S(xx1; XZ0) © Q;l, then for any xg,x1 > 0 we have
f(m)] (o) " o
=S, (z1;20) + Sy (z1; %) | dz. (A.0.19)
[fiﬁ(xl) @] F(3)

Furthermore, we have the following results regarding Sy (x1;zo):

(1) An explicit formula is given by:

sx(xl;xo)zl Jolr) Yol ! Jolxro) - Yobxro) ]_1, (A.0.20)
—xJ1(xz1) —xYi(z1)| |—xJi(xwo) —xY1(xzo)
_ mro[ Jo(xz)  Yo(xz1) ] [ xYi(xo) —Yo(xmo)l (A.0.21)
2 |[—xJo(xz1) —xYi(xx1) xJ1(xxo)  Jo(xzo)
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(2) The following estimate holds on the operator norm of Sy(z1;o):
ISy (@15 20)llse < max{x, X'} - max {1, 0} | (A.0.22)
T

Proof. Simply use the substitution z = xz in (A.0.18]), and apply Lemma Details are left to
the reader. m



Appendix B

Einstein—-Maxwell-scalar field
asymptotics in Rein gauge
In Appendix [B| we prove Theorem , regarding asymptotics of (¢, u, A, Q) solving the surface

symmetric Einstein-Maxwell-scalar system ([2.5.9)—(2.5.12)) near {r = 0}. Recall that we either
take the case @ = 0 and k € {0, +1}, or take [Assumption 1|and [Assumption 2|as given. We proceed

in a series of lemmas.

Lemma B.0.1. In either of the cases considered, there exist constants C' > 0 and o > 0 such that
W satisfies
?2262“ + %t < COr, (B.0.1)
In particular, by the contnuation criterion Lemma one has global existence towards {r = 0}.
Furthermore, we also have the following estimates for et :
Q2

—26“+>‘ + et < oot (B.0.2)
r

Proof. If @ =0, by (2.5.9) we have r0,u > %(1 + ke?*). Thus, by integrating in the direction r | 0,
if kK € {0,+1}, e* < r is immediate. If instead x = —1 we use [Assumption 1| which tells us that
% tends to 0 uniformly in r. Therefore we can still show e?* < /2. So (B.0.1) holds with o = 3.

If, on the other hand @ # 0, then we use |Assumption 2| which says that r0.u > %(2 + «).

Directly integrating this towards r | 0, the estimate (B.0.1]) follows for o as in Assumption 2.
The second estimate, (B.0.2), comes from combining the negative of (2.5.13), i.e.

2

1O (N — p) = —1 — ke + %62“,
r

with (B.0.1)) to get e’ * < 7~!. We then multiply this with (B.0.1)) to get (B.0.2). O

346
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Lemma B.0.2 (Wave estimates). Let f obey the following equation, for F' some inhomogeneity

2
(rd,)*f —r*W VoL f = (—fi + m> 70, f + 2P N0, (1 — N f + F. (B.0.3)

Then for any y > 0 satisfying y < min{ 3, % where o > 0 is as in Lemma one has:

|(r0y + 1t 20,) f1(r, @) + | (10 — ret=20,) f(r,x) + Y| | (r, )

) "o dF
< ro sup |0, f(ro, z)| + ro sup |e* A&,;f(ro,a:)\ + 7§ sup |f(ro, )| + / sup |F(s,x)| —.
zeS! zeS! zeS! r FSSS{“O r
reS

(B.0.4)

Proof. We introduce the notation supy_ | f| to denote sup,cs1 |f(7, )|, and define
A(7) = max {Sup |8y + e 20,) f|, sup (9, — e#~8;) f1, sup 7“_Hy|f|}
H; H; H;

We aim to derive an integral inequality for A(r) to which we may apply Gronwall’s inequality.

Using the wave equation (B.0.3|) for f, as well as the transport equation ([2.5.13)), one may derive
the following:

(rOy — 1" 20,)(0y + 10, f
A Q2 2 A 1
=—(0r —e" 0 f + <_r2 + :‘i) eM(0r + e "0, f + ;F.
Therefore using Lemma one has

|(r0, — re"=28,) (0, + e 20,) f(F, )| > —A(F) — CF*A(F) — %sup |F|.
Hi

The idea is now simply to integrate this towards r = 0, via the characteristic (null) vector field
L =10, — ret=29,. Indeed, let vz : (0,79] — Q be a curve whose tangent vector is L and which
is parameterized by r. That is, y.(r) = (r, X(r)) with % = —eM~A. Then integrating the above
yields

(9 + " 728:) f) (v ()]
_ dar

<10+ e D)+ [ 1+ AR T+ [ s |l

Since this is true for all curves v, which are integral curves of L, we therefore have that for all
r €St

(0, + 0, ) ()| <sup (0, + 0 f + [+ CrAD T + [ sup |l
r r Hy

70
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On the other hand, a similar computation involving integral curves of L = r0, + re#~*d,, yields:

T0 - To 1
(0, — e*20,) f)(r, )| < sup |(D, — e 0,) f| + / (14 CT)A(7) % +/ =3 SUp |F| dr.
Hro T T HF

Finally, since 0, (r ="V f) = —(1 —y)r 2"V f + Lr= 1Y (9, + e#20,) f + $r~11Y(8, — el 0,) f,

Y F|(r, ) < sup(r Y| ]) + / Ty rmam X
Hyg r r

Combining all of these, we deduce that

dr "1
T—F/ — sup |F| dF
r r T Hj

A(r) < A(ro) + /To(l + CFY + ) A(F)

"o di 1
< A(ro) +/ (14 Cr +MAFZ + = sup |[F(s,z)|.
r T T #<s<ro
zeSt

One now applies Gronwall’s inequality together with f:o(l + Cre + fy)g < log(%o) + log D where
D > 0 is some constant, to find that
TO 1
rA(r) < roA(ro) +/ — sup |F(s,x)|dr,
r

r 7<s<rg
z€eS!

which is equivalent to ([B.0.4)). O

Lemma B.0.3 (Upper bounds at all orders). For (¢, A, ) as in Theorem forall0 < j <k
there exists a constant C; such that

max [r0,0)f|+ max |reriTlf| < C;. B.0.5
ety POl 1 p | e =6 (B.0.5)

Moreover C; depends only on up to j O,-derivatives of 10,¢, r0rit and rO.\ and up to j + 1 Oy-

derivatives of ¢, u and \ at data i.e. at r = rg.

Proof. For the sake of brevity, we will focus on proving the part of corresponding to f = ¢,
and mention at the end how one gets the corresponding estimates for g and A.

Due to , ¢ satisfies the wave equation (B.0.3) with F© = 0. Therefore Lemma m
immediately yields that for some Cy > 0 depending only on the C° norm of 70,¢ and 9,¢ at data,

one has
10, ¢| + |re' 1 0:¢| < Co. (B.0.6)

The most challenging step is to get the estimate (B.0.5) for j = 1. For convenience, we further

introduce the notation supp, |f| = SuPrcs<ryzest |F(s,7)|, and define the quantity

7,70 70 7,70

B(7) = max { sup |ro,0,¢|, sup |re“_>‘8§¢\, sup ’I“Y|8I¢|} )
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It will be necessary to first find some preliminary estimates for 9,(1 — A) and 92(u — A). To do so,
we use the transport equation (2.5.13)) for 4 — A and differentiate in x, to get:

FO.00 ()t — \) = <_§22 + K> (20, 1) = (—ff + ,{> 21910, 8)(Dah). (B.07)

Note that the second equality followed from the constraint equation (2.5.10)).
We then estimate the right hand side of (B.0.7) by:

’(—6322 + /1) 62“2(7“3r¢)(3x¢)’ < |rt <7‘22 + 1) eMtA . 2ro,¢ - re’k)‘@cd)

Q?
<r 1203 - <2 + 1) et
T

for Cp as in (B.0.6)). Then using (B.0.2) in Lemma we have that [r9.0,(u — \)| < r=2+e.

Integrating, we get
10, (e — N)| < rm2te. (B.0.8)

Differentiating (B.0.7)) once again in x, we get

Q2
Taray% (/~L - )‘) = <_TQ + K 62“ [4(T8r¢)2(aa:¢)2 + 2(T8T8x¢)(ax¢) + 2(T8T¢)(a§¢)] .
Using the definition of B(r) and similar methods to that of the estimate for (B.0.8)), we can estimate
[70,02(pn — N)| S 772 [r=YB(r) + B(r)]. Since B(r) increases as r — 0, we integrate this towards
r =0, and get

|02(1n = N S 7Y B(F) + sup |97 (i — ). (B.0.9)
70

We now commute the wave equation (2.5.12)) with 0, to get that

2
(T@T)Zaxgb + Tzez(“_k)8§d> = <—?2 + H) 62'“(7"87~8x(;5) + r262(“_)‘)8x(u - A)8§¢

+ 27229, (1 — N) D2 + 122N G2 (1 — N + 2022 HN (9, (1 — N))%0,0

. (_Cf ; > 2 (20,11) (r, ).

)

Denote the latter two lines of this commuted equation by F(1). To estimate F("), we will use (B.0.8)),
(B.0.9)), and finally also e#~* < 7 (which follows easily from (2.5.13) and (B.0.1))). We have therefore
P2V, (= N)B3e| < riHer Aozl < rB(r),
220N (@, (1 = N)20g] vt 22 0,0] < P2V B(r),
22N (= N)Dod| = [ret A0 (1 = N)| - [re A 0p0| S vV B(r),

while by Lemma the constraint equation (2.5.9) and (B.0.6)) we have:

Q? Q2
(=% +x) oo s (% +1) e ool < roB0)



350

The upshot is that |[FM(r)] < r®~YB(r). Therefore using the commuted equation and
Lemma one shows that B(r) < B(rg) + fri) FY"1B(F)dF. Since 0 < y < «, one may

~

apply Gronwall’s inequality to show that B(r) is uniformly bounded by some constant C4, thereby
holds for j =1 and f = ¢.

There are two things left to do: get estimates for p and A, and then get estimates for higher
derivatives i.e. j > 1. For pu, one uses the wave equation for u, equation . Even for the
uncommuted equation , there is already an inhomogeneity in the application of Lemma
Fortunately, this is easily dealt with, either using Lemma or using d,¢ < Cyr~Y. Commuting
the equation once with 0, and applying similar methods to before, we obtain the desired
estimates at orders j = 0,1 for u.

Next, for A, we actually already have estimates for yu — A, see for instance , and
(B.0.9). These can easily be used to get the desired estimates for A at orders j = 0, 1. Finally, for
the higher derivatives one simply has to commute the equations (2.5.12)), (2.5.11) and with

further 0,-derivatives, and carry out the same approach. We remark that the commuted equations

already appear in Section [6.3] and that in the context of Theorem [5.1.0] all inhomogeneous terms
that appear can be easily controlled given we already have the estimates at orders j = 0, 1. Details

are left to the reader. O

Lemma B.0.4 (Completion of Theorem |5.1.0)). For (¢, \, ) as in Theorem there exists a
function W : S! — R such that the following convergence holds strongly as r — 0,

rorp(r,) = W(),  ropu(r,:) — %(‘I'(-)2 +1), 10A(r,) — %(\1}(')2 —1) inCF L (B.0.10)

Moreover, there exist further functions =, M, A : S' — R such that

o(ry-) —ropo(r,-)logr — E(-), (B.0.11)
w(ry-) —ropu(r,-)logr — M(-), (B.0.12)
A, ) = rd\(r, ) logr — A(-)  in C*7L (B.0.13)

Finally, the asymptotic constraint equation dM = VdZ holds.
Proof. Let us first study the convergence of rd.¢. To do so, use the wave equation (2.5.12)), which
says

2
(rd,) (rdp¢) = r2e®HN2¢ 4 122N, (1 — N + <—?2 + m) 21, . (B.0.14)

By Lemma for j = 1, noting that integrating the bound for |r9,0,f| in (B.0.5) yields that
|02 f| < 1+]logr|, and also using Lemma as well as the bound e#~* < r (found by integrating
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and Lemma7
2
|(r0,) (r0r@)| < 1?0 N[D2¢] + 12 # |0, (1 — N)|| 09| + (?2 + 1) e rd, ¢|
Sr? 4+t (1 + |logr|)? + 1.

Crucially, the right hand side is integrable with respect to the differential % asr — 0, thus 79, ¢(r, )
converges to some function ¥(-) as r — 0, at least in the C° norm.

To upgrade C° convergence to C*~1 convergence, one differentiates (B.0.14) k& — 1 times with
0. Using Lemma for all orders, and noting that extra powers of (1 4 |logr|) will arise when

9, hits either e2(*=) or 2", one obtains:
(o) (ro,050)| S (r* + (1 + |logr|)® + ) (1 + |logr|)* .

The right hand side remains integrable with respect to Cfﬂl, hence the convergence of rd,¢(r,-) to
T(r,-) is actually in C*, as required.
Next, we move to the convergence of rd,u and rd,\. From (2.5.9))

1

2
rOpp = 5 ((ror¢)® +1) + %7’2@2(“’)‘) (0:0) + E <_r2 + H) e,

2
By Lemma [B:0.3| for j = 1 and Lemma [B.0.1] respectively, the latter two terms on the right hand

side decay to 0 as r*(1 + |logr|)? and r® as r — 0. This remains true even after one takes j 0,-
derivatives, for 0 < j < k — 1 (though as before we introduce an additional factor of (1 + |logr|)’.
Since we already have convergence of 79,¢ to W, the convergence for 9, i follows immediately. The
convergence of rd, A is analogous, using .

To get (B.0.11))—(B.0.13]), we use that

(ro) (¢ — (roy¢)logr) = (rd.)(ro,¢) - logr.

But we can compute the right hand side from (B.0.14), and therefore we can bound |(r0,)[0%(¢ —
(r0,¢))]| by (r2+r*(1+4|logr|)2+r*)(1+]|logr|)? logr for all 0 < j < k—1. This remains integrable
with respect to % towards r = 0, hence there is some Z(-) so that ¢(r, ) —r0,¢(r,-)logr — Z(+) in
ck-1,

The analogous convergence for p — r0.ulogr and A — rd.Alogr is similar, though perhaps a
little more involved, since it involves taking an rd,.-derivative of f in order to bound
(roy)(ropu) -logr and (rd,)(ro.\) - logr. We leave the details to the reader.

Finally, we explain how to get the asymptotic momentum constraint dM = WdZ=. Using the
constraint equation (2.5.10) for d,u, we have:

Oz (1 — (rOrp)logr) = (10, ¢)(02¢) — (10:)[(10,¢)(0:9)] - logr
= (T8r¢) - Oy <¢ - (rar¢) log T) - (rar)(raré) ’ (ax¢) log .
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By the C' convergence in (B.0.10)), the left hand side and the first term on the right hand side
converge to 0, M and W0,= respectively as r — 0. Finally, by (B.0.14) and its bounds the final
term is bounded by (r247*(1+|logr|)2+7r%)(logr)?, which converges to 0 as r — 0. This completes

the proof of the asymptotic momentum constraint. O



Appendix C
A weighted Sobolev product estimate

In Appendix [C| we provide a proof of the weighted L? product estimate Lemma By a simple
density argument, it suffices to assume that f and g are smooth, and for convenience we work in

LP—spaces with respect to the measure w?dx i.e. with

s = [ @) ae)’

For 0 < k < K, we shall moreover define py = % (where py = o0) and the quantities Fj and

Gy, as:

k-1

Fo = || fll Lo (w2da) Fy = Z Ha]af_zf”ka’(dez)Ha’rW”ZLN(deac) for 1 <k <K,
=0
k-1

Go = llglimurans G = 3 1057 Fllme uean 10 W (o) for 1 <k < K.
=0

With this notation, Lemma is reduced to proving that
102" f O gl 12 (w2de) SN FoGr + GoFy. (C.0.1)
In order to prove such an estimate, our first goal will be to show that for 0 < k < K, one has

K—k k
F,SFy K FX. (C.0.2)

We do this in several steps. Firstly, for 0 < k < K one may use the identity

O (W[OS fIPR 2 OF f - OF 1 f) = w?| O} P
+w?(py — 1)| 05 fIPe3OF T f - OF - 05T F + 20?0, W - |OF fIPe20k F - 9h L f

Integrating this identity over x € S!, one thereby deduces that

/ 8 fPru? da < / 108 F1Pe=2 R £ 105 flu? da + / 8 F1P 1 9K 1] |0, W |w? d,
St St St
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and an application of Holders inequality to the two integrals on the right hand side yields (all L?

spaces are with respect to the measure w?dz):
_9 _
VO A1 S 108 P15 N05 " Fll s (1057 e + NOEFl o 10 W 120 )
Thus by the definition of F}j one concludes that
O f2oe S FraF)
102 f 2ok S Fre1Fp1-

On the other hand, a standard LP interpolation estimate (where the implied constants are im-

portantly independent of the measure associated to the LP space), one has that for 1 < j <k —1,
k—j 2j k—j i—1 k—j j+1
1057 FI 2o 10:W 1 oo S 10577 Fll s |0:W [ o - 1057 fll Lorsa 0 W |15 < Fimy Fpa.

Combining the above two equations, one therefore has that F,f S Fp1Fpy.
It is straightforward to go from this to (C.0.2)). For instance, assuming that all the F}; are nonzero
the inequality Fj2 S Fj_1Fj41 implies there is some constant C' € R such that

K-k
K

k
log Fyy — Ve log Fx + F},

K-1 . . .
1 1 K—Fk),(K-jk
= E <—10g2F?j—1 _QIOgFJ+1+IOgE7> . <mln{]( )7( ]) }) S 07
=1

K

which immediately yields (C.0.2)).
Finally, in order to deduce (C.0.1)) from (C.0.2) (and the analogous inequality for the Ggs) we

simply apply Holder’s inequality followed by (C.0.2)), as follows:

M
K .

10 £ 0N gll 12 < 110M fllzoas 0N gllpon < FuGr < (FoGre) ® (FxGo)

The conclusion thus follows from Young’s inequality. O



Appendix D

Fourier decomposition and YDOs

In Appendix @, we review the Fourier decomposition and Sobolev spaces H* on TP = [~ 7]P. We
also review pseudodifferential operators on T and their symbol calculus, and then mention some
properties of the symbol 7, defined in Definition in Lemma

Definition D.0.1. Let f : TP — R be a sufficiently regulaIE] function. The standard Fourier

decomposition, or Fourier series, (f\)\ezd, is defined as follows. For A = (A1,...,Ap) € ZP, we
have
h= o / f(x)e ™ dg = L / f(x)e_i)‘kmk dz' - dz? (D.0.1)
2m)P Jro 2m)P Jeel-nmp ' -

A similar decomposition holds for tensors in TP, e.g. a (1,1) tensor A = Aij on TP has Fourier

decomposition:

, 1 , 4
J _ J —iAx
(Ay), = 20D Jow Al (x)e dzx.

Remark. For sufficiently regular functions f, the Fourier inversion formula holds:
fl@)y= > fre??, (D.0.2)
AeZP
hence one is able to recover a function f on TP from its Fourier series, and similarly for tensors on

TP.

Definition D.0.2. For s € R, a function f : T” — R lies in the Sobolev space H® = H*(TP) if the

following squared norm is finite, where (-) is the usual Japanese bracket; (z)? =1 + |z|2.

1F1Z = Y NZIAP (D.0.3)

AezZb

'From the standard Fourier theory, f € Ll('}I‘D ) will be sufficient, however are eventually more interested in the
Sobolev spaces H®. As we also entertain s < 0 in some cases, one may even consider the case where f is simply a

distribution.
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Similarly, a (1,1) tensor A = Aij lies in the Sobolev space H® if

A7 s = Z >\

1,j=1 \ezZP

e
(Ay),/

< +00. (D.0.4)

Definition D.0.3. Let L : Z” — R be a function that grows no faster than polynomially. We
define the symbol L associated to L, as follows: For f € C>(T¥) smooth, let Lf be the (smooth)

function whose Fourier coefficients are given by the following expression

LA fx EA#0,

0 otherwise.

(ﬁf),\:{

Next, following the symbol calculus of [80], for F : R — R such that F o T : ZP” — R grows no
faster than polynomially, define the operator F(L) : C>°(T?) — C>(TP) to be such that

F(L)(FoL\)fx 1ifA#0,

0 otherwise.

(F(L) )y = {

For m € R, we say that £ is in the symbol class S™ if L()\) is bounded by a constant multiple of
(A\)™. If £ is in the symbol class S™, then for any s € R, £ may be extended as a bounded operator
from H® to H™™.

As promised, we end this section with a brief discussion of the properties of the symbol 7, which
is defined in Definition [[.6.11

Lemma D.0.1. Let T, be as in Definition[1.6.1 Then:

(1) The symbol log(Tx) lies in the symbol class S if and only if € > 0.

(2) For p = maxp;, the symbol T, ' lies in the symbol class SN if and only if N > ﬁ.
(3) For P = minp;, the symbol T, lies in the symbol class SV if and only if N > —ﬁ.

Proof. Using Definition the lemma will follow from an understanding of the growth rates of
the function t, : Z” — (0, +00) such that t,()\) = t,, satisfies t,(0) = 1 and

Z)\2t2 Pi =1, for A # 0.

For each A # 0, it is immediate from this definition that for all ¢, one has ty, < /\i_ '"Pi and that
this is inequality is sharp if \; is the only nonvanishing component of A. This proves (3) immediately.

To show (2), note that for A # 0, there must be some i € {1,. D} such that )\2t2 i > 3.
1
Therefore for this i, we have that t)_\*l SN TPL <)\) - Thus if N > =, the symbol 7, lies in the
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symbol class SV. Conversely, if without loss of generality p = p;, then considering A = (A1,0,...,0)
proves that we cannot have ¢, < (\)V for any smaller N.

Finally, since we have shown both that ¢y, < <)\>_ﬁ and that ¢, < <)\>ﬁ, it is clear that
logt,! =< log(\). From this, the claim (1) is also straightforward. O



Appendix E
Fuchsian ODE systems

A Puchsian PDE is an equation of the following form, where V : (0,7) x RF — RN, A is a suitable
matrix-valued operator, and f vanishes suitably as ¢t — 0.

(tgt +A> V = f[t, V].

Such equations originally arose in the “Fuchs-Frobenius” study of special functions and their singu-
larities in the complex plane. We refer the reader to the introduction to [96] for details.
The above definition of Fuchsian PDEs is somewhat imprecise, and in this article we only make

concrete definitions in the case of ODEs. In this case, the definition will be as follows.

Definition E.0.1 (Fuchsian ODEs). Let V : [0,7) € R — RY be a continuous vector-valued
function, and let £ > 0. We say that V satisfies a Fuchsian ODE with t* weight if for t € (0,t), the
following equation holds:

(t;t + A) V = t°Ft, V] (E.0.1)

where A is a constant N x N matrix, and F : [0,T) x RY — R¥ is continuous in both arguments

and locally Lipschitz in its second argument.

Remark. One can make more general definitions where the RHS of (E.0.1) tends to 0 at a slower
rate than t€, or where the regularity assumptions are somewhat relaxed. However we do not need

to do this here, and we refer the interested reader to [96, Chapter 5].

We would like a local existence and uniqueness theory for V satisfying Fuchsian ODEs of the
form (E.0.1)), with initial data given at the ‘singularity’ at ¢ = 0. The result, which parallels the

usual Picard-Lindel6f theorem for regular ODEs, is as follows:

Lemma E.0.1. Consider a Fuchsian ODE of the form (E.O0.1), and suppose moreover that the

A

matriz A is such that (the operator norm of) the matriz o = exp(Alogo) is uniformly bounded

for o € (0,1). Then

358
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(a) Consider the initial data V(0) = 0. Then for some Ty > 0, there exists a unique continuous
V :[0,T,) — RN which has V(0) = 0 and satisfies (E.0.1)) for t € (0,T%). Further, the solution
satisfies the bound |V (t)| < t°.

(b) Now let v € RN be in the kernel of A, and consider initial data V(0) = v. Then for some
T, > 0, there exists a unique continuous V : [0,T) — RN which has V(0) = V and satisfies
(E.0.1) fort € (0,Ty). Further, the solution satisfies the bound |V (t) — v| < t€.

Proof. For part (a), we employ a contraction mapping argument in the following subset of
C(0.7.), RV);
X ={W e C(0,T.),R") : W(0) = 0, [W(t)| < M},

where T, > 0 and M > 0 will be fixed later. The idea is to use the following map S : X — X.

S(W)(0) =0, S(W)(t) =t /O 1GA_1+EF[at,W(Jt)] do  Vte (0,T)). (E.0.2)

Firstly, we note that V satisfies the Fuchsian ODE (E.0.1)) with V(0) = 0 if and only if S(V) = V.
This is because the integral in (E.0.2)) can be rewritten as:

1 1
tg/ oA Flot, W (ot)] do = t_A/ (ot) AT Flot, W(ot)] do
0 0 g
t ~
=14 / 5445, W(5)] 2.
0 g

Therefore S(V) = V if and only if we have that

AV (1) = / A e VN vie 0.1)
0

g

which is obviously equivalent to V satisfying for t € (0,T%).

We next show that for correctly chosen M and T}, the map S sends the domain X to itself.
The fact that S(W) is continuous on [0, T}) is easily checked, while for the boundedness let us first
suppose that K is the Lipschitz constant of F' with respect to its second argument (since this lemma
is local in nature, we assume without loss of generality that K is a global Lipschitz constant). Then

we have

1
[S(W)(1)] < ts/ o™ |op o™ €| Flot, W(at)]| do
0
c€(0,1) s€(0,t)

1
<t sup [|o?op - ( sup F[s,0]+KM> / o1t do
0

=1t sup [|o?op- | sup F[s,0] 4+ KM | .
o€(0,1) s€(0,t)
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Therefore for any M > 0, for T, chosen sufficiently small we have |S(W)(t)| < M, hence S: X — X
as required. A similar computation shows that S is a contraction mapping with respect to the C°

norm. Indeed,

1
[S(W1)(t) = S(Wa)(t)] < te/o lotllop o™+ Flot, Wi(ot)] — Flot, Wa(ot)]| do

1
< t¢ sup HUAHop . / ote. K|Wi(ot) — Wa(ot)|do
o€(0,1) 0

< K sup [0 ope sup [Wi(s) — Was)].
oe(0,1) s€(0,T%)
Therefore S is a contraction mapping so long as T} is chosen such that Ke'T¢ SUPge(0,1) oA |op < 1.

Hence by the contraction mapping theorem, there is a unique fixed point V of S in the set X.
This completes the existence part of the proof. For uniqueness, first observe that the contraction
argument shows that two solutions V; and V3 to agree on an interval [0, 7_] C [0, T%) so long
as they remain bounded by M. Moreover, by the above bounds they must have |[V1(t)|, |[Va(t)| < t€
for t € [0,T_].

Therefore, by a straightforward continuity argument, they must agree in the whole interval
[0,T%), and satisfy the bound |Vi(t)| = [Va(t)| < t€ everywhere in this interval of existence. This
concludes the proof of (a).

Finally, part (b) follows immediately from part (a) simply by taking V =V —v and, upon using
the fact that Av = 0, rewriting the Fuchsian ODE as

d - . -
<tdtV+A> = (°F[t, V],  F[t,W]=F[t, W +v].

Applying part (a) to the above equation, this concludes the proof of (b). O



Appendix F

Propagation of constraints for the

linearized Einstein equations

In Appendix [F| we state and prove two propositions explaining how the constraint equations (and
gauge conditions) are propagated in evolution. The first, Proposition shows that in the
CMCSH evolution of Proposition[7.2.4{1), the constraints (7.2.15)—(7.2.20)) and the gauge conditions
(7.2.4) and , remain true on all Cauchy slices ;. The second, Proposition starts
with the asymptotic constraint equations of Lemma [7.2.5 and shows that the solution produced

by Proposition solves the actual constraint equations (7.2.15)—(7.2.20) as well as the CMC

condition tr k = 0.

Proposition F.0.1. Let (ﬁij(t), f<ij (1), &), W(t),v(t), X/ (t) be a solution to the elliptic-hyperbolic
system (7.2.6), (7.2.7), (7.2.9), (7.2.10), (7.2.11)), (7.2.12), (7.2.14) for t > 0. Suppose furthermore
that for some time T' > 0, the constraint equations (7.2.15)), (7.2.16)), (7.2.19) and (7.2.20) hold at

t =T, and also that the CMCSH gauge constraints trk = 0 and (7.1.3) hold at t = T. Then the
whole system (7.2.6) —(7.2.20)) holds for t > 0.

Proof. Let us start with the symmetry constraints ((7.2.19)) and (7.2.20). For this purpose, we define

A= g = gAY B = GRS — (2t G) — (R — (2tk, )R,

Using only (7.2.6)) and (7.2.7), one may derive evolution equations for A* and B%“:

10, A = B + (2tky®) A% + (2th ) A, 10,89 = 1251 9;0; A% — 12§70y 05 A% — 12§70y 03 A

Assuming the spatially harmonic gauge condition holds, the expression t2§d,04.A% +
t2G°°0,04.A%? will vanish. Unfortunately we have not yet shown that is true for all times,
but our strategy will be first apply a gauge transformation, as in Proposition (ii), to create
a new solution to the elliptic-hyperbolic system (7.2.6)), (7.2.7), (7.2.9), (7.2.10), (7.2.11)), (7.2.12]),

(7.2.14)) that is spatially harmonic.
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Then since A and B% are gauge invariant under the transformations (|7.2.21)) and (7.2.22)), it
still suffices to deal with the case where we assume (|7.1.3]), in which case our equations reduce to

10, A% = B + (2tky™) A% + (2th,©) A, 19,8 = 121 9,0, A%

Hence A% and B obey a linear and homogeneous first order hyperbolic system, and therefore their
vanishing at ¢ = T implies their vanishing everywhere. To be explicit, one can use the following

energy estimate:
if E45(t) = / Gabfed(t2G70;A70; A 4+ BB+ A% AP dx, then t9,Eap(t) < Eanlt).
TD

Groénwall’s inequality therefore shows that A% = B = 0 for all ¢t > 0, proving ([7.2.19)) and ((7.2.20)).
We next move onto the Hamiltonian and momentum constraints ((7.2.15)) and ((7.2.16]). Instead

of dealing with these equations directly, we instead define:

H = —125%0,0p trij + 1250 0.M," + (thy )R, + 200,

Pi = 0k + 0i((thy" )R, + 2ped) — (tk,)D; tr.

Then using (7.2.6), (7.2.7), (7.2.9) and the elliptic equation (7.2.12)), one derives the evolution

equations:

toH = 26 0;P;, t0P; = O;/H.
Note that the constraints being satisfied at ¢t =T imply that H =0 and P; =0 at t =T. Now
i Ep(l) = / (247PP; +H2) dz, then t0,Eup(t) < Exp(t).
™D

Therefore, H = 0 and P; = 0 for all times ¢ > 0. Furthermore, using also the elliptic equations
(7.2.12) and (|7.2.14]) one derives that

1O trik =0, t9,(20;0] — 8;trm) = 2P;.

Since we already have P; = 0, this implies the gauge conditions (7.2.4) and (7.1.3) remain true in
evolution. Combining this with H = 0 and P; = 0, we also deduce (|7.2.15]) and (|7.2.16]). Finally,

(7.2.17)) may be derived as a consequence of ([7.2.16)), (7.2.19) and (7.2.20)). O

Proposition F.0.2. As in Proposition let ((K)\)ij,(YA)ij,d)A,(b,\,vA) be a solution to
the ODE system (9.4.3)—(9.4.6) together with (9.2.8), is such that ((K,\)Z-j7(?>\)ij7ﬂ)>\a(f3,\) —
(((ks0)2)i” ((Yoo)a)i"s (Wso)a, (@ec)a) as = 0.

Suppose moreover that these limiting quantities satisfy the asymptotic constraints f
, with T = T.. Then the solution ((K,\)ij7 (?,\)ij,ﬂ»\, @, V) obeys the constraint equations

(9.2.11)-(9.2.16). (Here (Yx)ij and @y are related to (), and by by (©9.4.1) and (9.4.2).)
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Proof. The strategy is to combine the constraint propagation method of Proposition with

some Fuchsian analysis. We start with the symmetry constraints ((9.2.15) and (9.2.16)). Instead of

dealing with nij directly, we first define

- (& gt a

(€)= g () (Ta)y = 47 () (Va)y
(D)™ = g™ () (k)" — (2tk")(T2)) = 37 (Ene) (0)," = (2R, D) (Y2)g)-

We use that by the proof of Lemma [7.2.5] ((Cy)%, (Dy)*) = (0,0) if and only ((.Ax)?¢, (By)*) =
(0,0), where A% and B were defined in the proof of Proposition [F.0.1]

By the assumptions of Proposition [F.0.2] ((C3)%, (Dx)*) are bounded and tend to (0,0) as
t — 0. Thus by the Fuchsian analysis of Lemma [E.0.I] particularly the uniqueness statement,
one may deduce that ((Cx)?®, (Dy)*), and therefore also ((Ax)%, (Bx)%), vanish identically if we
can prove that for the vector C = ((C)?, (Dx)* : a,c = 1,..., D), there is some bounded (time-

dependent) matrix Acp such that
d

t—C= t*Aep - C. (F.0.1)

One may verify directly by using the system (9.4.3)), (9.4.4), (9.2.8) and going through a
lengthy calculation. We propose an alternative approach using linear algebra. Firstly, by Proposi-
tion (ignoring all the appearances of ¢y, ), for a solution of the system f and

there does exist a bounded (time-dependent) matrix Bep such that for V = ((K)\)Z-j, (Y\)\)i],ll))\, D),
such that we verify the Fuchsian ODE:

d
t—C =t*Bep - V.
dt CD

On the other hand there is the natural linear map L : ((KA)Z-j, (?,\)ij,ll)A, @) = ((Cr), (Dy)*),
which is surjective onto the D(D — 1)-dimensional space (Skewpxp)?, meaning two copies of the
space of skew-symmetric matrices.

Thus holds if Bep factorizes as Bep = Aep o L for some bounded A¢p. The key
observation is that ker L C ker Bep; this follows since by Proposition for t > 0 we know that
tL((AN)%, (Br)*) = 0 if ((Ax)%, (Bx)™) = 0 and thus the same holds true for ((Cx)¢,Dy)%).
Therefore, one may apply the linear algebra fact that since ker L C ker Bep and L is surjective
onto (Skewpyp)?, there must exist some map Acp : (Skewpxp)? — (Skewpxp)? such that Bep
factorizes as Bep = Aep o L.

In fact, one may apply the linear algebra fact in such a way that A¢p remains uniformly bounded
in time. Therefore the Fuchsian ODE ([F.0.1)), and thus the propagation of the symmetry constraints
follows. We summarize the strategy as suitably renormalized constraints (i.e. ((Cy)®, (Dx)*)) +
good derivative bounds (i.e. Proposition + constraint propagation at t > 0 (i.e. Proposi-
tion implies constraint propagation from asymptotic data.
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One can play the same game for the Hamiltonian and momentum constraints. Define

o Y o YRR . Exe i ds
Hy = 2Ny tr Vo — 25N Ma (V) + thab)\i)\a/ gbp(s)g’q(s)? (kx)”
t

+ (t]::ba)('()\)ab +2pyda,

Ny e aye b . oy -
(Q)\)l = —lAjKi] — lAi((tkb )(YA)a + 2p¢(p)\) + l(tkij))\j trY

t S RN
+iN; log<t> (t2gabAaAb tr ¥y — 25N a (V)
Ak

oa Exx o of ds
250 [ i1 % (0,
t

It is straightforward to check that given the assumptions of the proposition, (Hy,(Q,)i) are
bounded and tend to (0,0) as ¢ — 0. Since (Qx); = (Pa)i + 1N\ 10g(%)’HA, for P; as in the proof

of Proposition [F.0.1} we also have constraint propagation at ¢ > 0. Finally, from Proposition

one may prove good derivative bounds in the sense that for some bounded (time-dependent) matrix

d H)\ )
() b

Therefore following the same program as before we deduce that H and (Q,); vanish for all ¢ > 0,

and therefore the constraints ((9.2.11)) and ((9.2.12) are satisfied.
As always, (9.2.13)) follows from (9.2.12)) and (9.2.15)—(9.2.16)). This concludes the proof of the

proposition. O

By o and 'V as before,
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