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Abstract

In this dissertation, we present several results related to spacelike singularities arising in Einstein’s

theory of General Relativity, and their connection to the heuristics of Belinski, Khalatnikov and

Lifshitz (BKL) in the physics literature. BKL proposed that spacelike singularities arising from the

Einstein equations resemble an anisotropic Kasner metric, but where the rates and directions of

compression and stretching depend on space and time. Further, they describe the time dependence

as a cascade of Kasner-like regimes connected by BKL bounces where the rates and directions

transition rapidly from one regime to another – often termed BKL’s chaotic and oscillatory approach

to singularity.

Our thesis has three main parts, each of which provides support of BKL’s proposal within

various contexts. In the first part, we show that a large class of spherically symmetric solutions

to the Einstein–(Maxwell)–scalar field system possess a Kasner–like singularity in the above sense.

Though the scalar field and symmetry assumptions suppress the above oscillations, remnants of

their effects remain upon introducing the Maxwell field. This is explored further in joint work with

M. Van de Moortel, where we study homogeneous black hole interiors with charged scalar hair.

In the second part, we characterize a wide class of symmetric, but spatially inhomogeneous

spacetimes, both in vacuum and within the Einstein–Maxwell–scalar field model, which feature BKL

bounces near their singularity. These are the first inhomogeneous examples of such bounces, and

although our current work allows for only one bounce rather than a chaotic cascade, our method –

combining nonlinear ODE analysis with energy estimates – is robust and we outline several potential

further applications.

The final part analyzes the linearized Einstein–scalar field system near exact Kasner spacetimes

and exhibits a scattering isomorphism between suitable Cauchy initial data and the asymptotic

quantities (e.g. Kasner-like rates and directions) at the singularity. The scattering map reveals

interesting gains and losses of derivatives, which depend sensitively on the anisotropy of the Kasner

background.
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Chapter 1

Introduction

A significant milestone in the understanding of Einstein’s theory of General Relativity is the pre-

diction of singularities, which arise, for instance, in the study of the interior of black holes or at the

Big Bang. The Einstein equations of General Relativity [56] detail how the curvature of a spacetime

(M4,g) is coupled to matter fields:

Ricµν [g]−
1

2
R[g]gµν = 2Tµν . (Ein)

Here, g is a Lorentzian metric on a (1 + 3)-dimensional manifold M4, while Ric[g] and R[g]

represent the Ricci curvature and scalar curvature associated to g, and T is a symmetric (0, 2)-

tensor on M representing the energy-momenta of matter; examples of T for various matter fields

will be given in Chapter 2. In the case that T ≡ 0, we call (Ein) the Einstein vacuum equations.

In mathematics, one studies solutions of the geometric equation (Ein) by making a suitable

choice of coordinates on M, thereby transforming (Ein) into a system of nonlinear PDEs. Many

such choices, including the wave coordinates considered in the foundational result of Choquet-Bruhat

[59], reveal the hyperbolic character of the Einstein equations. Therefore, (Ein) may be treated as

a locally well-posed system of evolution equations, with initial data given on a spacelike Cauchy

hypersurface. One is then interested in the global properties of dynamical spacetimes arising from

such initial data.

Celebrated singularity theorems of Penrose [113] and Hawking [77] show that under several

physically reasonable conditions, “singularities” are a robust dynamical prediction of the Einstein

equations (Ein). Two examples of spacetimes exhibiting singularities are the (interior regions of

the) spherically symmetric Schwarzschild black holes [134], and the Kasner solutions [89] often

encountered in mathematical cosmology. One application of the Penrose–Hawking theorems is that

the “singularity” of these spacetimes persists upon applying small perturbations.

However, one shortcoming of the Penrose–Hawking theorems is that the proof, while remarkable

in its elegant use of Lorentzian geometry, reveals little about the nature of the predicted singularity.

12
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In fact, one should remark that what the theorems predict is not singularity formation in a mathe-

matical sense – suggesting blow-up of some quantity – but instead (causal) geodesic incompleteness.

Indeed, there are spacetimes, including the Kerr black holes and the Taub–NUT spacetimes, which

satisfy the conditions of the Penrose–Hawking theorems yet exhibit no coordinate-invariant blow-

up; the geodesic incompleteness is instead due to Cauchy horizons across which these spacetimes

may be smoothly extended.

Even restricting to a class of spacetimes whose singularity exhibits, say, curvature blow-up and

such that the singularity may be realised as a spacelike boundary of M – thereby ignoring phenomena

such as weak null singularities [107] – the question of how the spacetime metric g generically behaves

near the singularity remains puzzling to mathematicians and physicists alike.

One proposal towards the resolution of this problem comes from a series of articles written by

physicists Belinski, Khalatnikov and Lifshitz [95, 16, 17], often shortened to BKL. To describe their

proposal, it will be convenient to write the explicit form of the (anisotropic) Kasner metric,

gKas = −dt2 + t2p1(dx1)2 + t2p2(dx2)2 + t2p3(dx3)2, (Kas)

where p1, p2, p3 ∈ R that determine the rates at which lengths contract or expand in the x1, x2

and x3 directions. For gKas solving the Einstein vacuum equations, exactly one of the pi is negative

and the remaining two are positive, meaning that as one approaches the singularity at t = 0, one

direction is infinitely streched while the other two are infinitely compressed. This phenomenon is

colloquially known as spaghettification.

One notes, however, that gKas is highly symmetric and does not necessarily, at first glance, say

anything about “generic” singularities. The remarkable proposal of BKL is that in a neighbourhood

of a generic spacelike singularity, the metric g highly resembles that of (Kas) but where both the

rates pi and the directions dxi of contraction and expansion are allowed to depend on space and

time. We call this BKL’s Kasner-like ansatz, see already (1.2.2).

Furthermore, they postulate that, sufficiently close to the singularity, the spatial x-dependence is

dominated by the temporal t-dependence, and therefore that at any spatial point on the singularity,

the dynamical properties of the metric g, as well as any matter fields, are well-approximated by

the near-singularity dynamics of a system of finite-dimensional, autonomous, ODEs. Under this

assumption, often called the asymptotically velocity term dominated assumption, or AVTD for short,

the dynamics of generic singularities thus reduce to understanding the dynamics of generic orbits

of this ODE system.

We now distinguish two separate cases. The first case, often denoted the subcritical regime,

corresponds to the ODE system having stable1 fixed points. Such regimes arise when studying

problems in symmetry, or when particular choices of “stiff” matter fields are present [14], or in

studying the Einstein equations in high dimension [50]. In this case, one expects generic ODE
1Stability is understood as stable in the direction t → 0, i.e. towards the singularity.
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orbits to converge to one of these fixed points; as a result, the singularity consists of spatial points

x each of which are associated to one of these stable fixed points.

On the other hand, in the second case, which we call the oscillatory regime, every fixed point

of the ODE system is unstable. Here, BKL [16, 17] suggest that generic ODE orbits resemble an

infinite cascade of heteroclinic orbits, each of which connects one unstable fixed point to another.

As a result, near any point on the singularity, the spacetime resembles an infinite sequence of

Kasner epochs – corresponding to the unstable fixed points – which are connected by so-called BKL

bounces – corresponding to the heteroclinic orbit. Furthermore, the ODE system exhibits features

reminiscent of chaos, and the proposal here is often called BKL’s chaotic and oscillatory approach

to singularity. Interest in this regime stems from the fact that the (1 + 3)-dimensional Einstein

vacuum equations correspond to this regime. Further, this does not change upon coupling the

Einstein equations to many physically reasonable matter fields e.g. perfect fluids, electromagnetism,

particle-like matter, etc.

While there exists a plethora of work regarding the BKL proposal in the physics literature, see

for instance the book of Belinski and Henneaux [13], mathematical results in this direction are

relatively few. While there are examples, particularly in various symmetry classes, of rigorously

constructed solutions to (Ein) with (curvature) singularities, their connection to BKL’s work is

rather underexplored.

Question 1. Are there large classes of solutions to the Einstein equations (Ein) possessing a (cur-

vature) singularity Kasner-like in the sense of BKL? In particular, near the singularity can one

quantitatively identify the rates and directions, and their dependence on t and x?

This question is (intentionally) vaguely phrased so as to leave phrases such as “large classes”,

“Kasner-like” and “quantitatively identify” somewhat open to interpretation. Question 1 can be

asked in both the subcritical regime (where, close enough to the singularity, the t-dependence may

be ignored), and the oscillatory regime (where one expects both t and x-dependence).

We answer Question 1 for the spherically symmetric Einstein–(Maxwell)–scalar field system in

Theorem 1.3.1, where both the symmetry class and the scalar matter will help to enforce subcritical-

ity. This model has longstanding use in the study of (spherically symmetric) gravitational collapse,

see for instance [34, 99]. In [34] and references within, Christodoulou proves the Weak and Strong

Cosmic Censorship Conjectures2 in the simpler case of the Einstein–scalar field system, in particular

Christodoulou proves that generic spacetimes with a black hole terminate in a spacelike singularity

with curvature blow-up. One application of Theorem 1.3.1 is to show that this singularity in indeed

Kasner-like.

Another showcase of Kasner-like behavior in black hole interiors appears in Theorem 1.4.1, which
2See [114] for an introduction to these conjectures; the Strong Cosmic Censorship conjecture will also be expanded

upon in Section 1.1.
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arose from joint work with M. Van de Moortel and concerns the interior of certain so-called “hairy

black holes”, which are spatially homogeneous solutions of the Einstein–(Maxwell)–charged scalar

field system. These hairy black hole interiors exhibit a plethora of interesting nonlinear behavior,

including growing and oscillatory behavior for the scalar field as one approaches the singularity, and

settling to a Kasner-like regime even closer to the singularity. While, as before, the scalar matter

enforces subcriticality, remnants of the oscillatory behavior – namely the BKL bounces – are present

in the findings of Theorem 1.4.1.

Question 1 appears to be much more challenging in the oscillatory regime. In this setting, at

present definitive answers are only available in spatially homogeneous spacetimes, where homogeneity

means there is no x-dependence, and one can immediately reduce the dynamics to ODEs, as we do

in the case of the Einstein–(Maxwell)–charged scalar field system with R × S2 spatial topology in

Theorem 1.4.1. See also [82] for an example of another such ODE system for the Einstein vacuum

equations with more general spatial topologies. Outside this spatially homogeneous case where the

ODEs exactly govern the dynamics, progress towards Question 1 necessitates a proof of the AVTD

assumption, so that terms involving x-derivatives may be considered error terms in the Kasner-like

description. This encourages us to pose the following question.

Question 2. Can one prove that generic spacelike singularities arising in solutions to the Einstein

equations (Ein) exhibit AVTD behaviour? Can one identify quantities that satisfy a system of

autonomous, nonlinear ODEs, up to error terms whose contribution is negligible?

As we elaborate upon in Section 1.2, Question 2 is easier to answer in the subcritical regime,

where subcriticality ensures no complicated nonlinear behaviour in a neighborhood of the singularity,

see for instance [63]. To make progress in the oscillatory regime, one must consider Question 2 even

in the presence of nonlinear, and possibly chaotic, effects. That is, Question 2 is asked in conjunction

with the following.

Question 3. Can one describe the dynamical behaviour of the associated system of ODEs? For

instance, can one identify stable fixed points, unstable fixed points, and heteroclinic orbits? What

is the behaviour of generic orbits?

At first glance, Question 3 is a pure ODE problem whose analysis involves the theory of finite

dimensional dynamical systems and is decoupled from the rest of the problem. Indeed, much of the

literature focuses solely on analysis of the ODEs of [82], see [151, 120] and the recent [11]. We also

refer the reader again to Theorem 1.4.1, where an explicit mechanism for BKL bounces, i.e. suitable

heteroclinic orbits, is obtained for the spherically symmetric Einstein–Maxwell–scalar field model.

However, as ultimatately the ODE is only an approximation and one must introduce error terms,

we see it is the case that Question 3 and Question 2 must be understood in parallel.

It is clear that to resolve Question 1 for generic solutions of (Ein), resolutions of Question 2 and

Question 3 will be key. As mentioned, this has been largely understood in the subcritical regime, at
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least close enough to the singularity, while Question 2 remains challenging in the oscillatory regime.

One model problem which morally interpolates between these regimes is to understand spacetimes

which ultimately settle to the subcritical regime, but further from the singularity exhibit nonlinear

behaviour that is well-described by ODEs, which must in turn be analysed to resolve Question 3.

This is the approach taken in our results regarding “BKL bounces outside homogeneity”, see

Section 1.5 and Theorems 1.5.2, 1.5.3, 1.5.5 and 1.5.6. In these results, we address various models

solving (Ein) in symmetry classes, namely the Gowdy symmetric Einstein vacuum equations and

surface symmetric Einstein–Maxwell–scalar field equations (where the ODE behavior was derived

from that of the aforementioned Theorem 1.4.1). In these results, we construct a large, open, set of

initial data such that the solutions possess a spacelike singularity which is “subcritical” but that in an

intermediate regime away from the singularity the solutions exhibit nonlinear ODE-type behaviour

reminiscent of BKL bounces.

Another problem, which we address in the final part of the dissertation, is a scattering problem,

which is a step towards justifying BKL’s claim of their Kasner-like ansatz being “generic”. In [95, 16],

BKL claim genericity via a “degrees of freedom” counting argument. In other words, they apply a

combinatorial argument that the number of functional degrees of freedom in their ansatz matches

the number of functional degrees of freedom in prescribing initial data for the Einstein equations

(Ein). An interesting mathematical problem is to translate this function counting argument into

an isomorphism, or scattering map, between suitable topological spaces. In other words, we ask the

following.

Question 4. What is the precise mathematical nature of the (nonlinear) map between Cauchy

initial data for the Einstein equations (Ein) and asymptotic information at the singularity?

One interprets the phrase “precise mathematical nature”, for instance, as a diffeomorphism be-

tween suitably defined Banach spaces or Fréchet spaces – such as Sobolev spaces W k,p or the space

C∞ – or, to allow for greater flexibility, Banach manifolds or Fréchet manifolds. Ideally, if one can

use Banach rather than Fréchet, Question 4 is answered such that there is no loss of information in

going from initial data to asymptotic information, and vice versa. For instance, for Banach spaces

based on Sobolev spaces one can hope to capture information about sharp and precise differences

in regularity between initial data and asymptotic information.

The resolution of Question 4 is more straightforward in the subcritical regime, where “asymptotic

information” is expected to be encoded by the (stable) fixed point of the ODE to which the spacetime

converges in a neighbourhood of each spatial point x = (x1, x2, x3). In such cases, there is much

recent progress in understanding formation of Kasner-like singularities from smooth initial data

[63, 21, 69] as well as reconstructing a true solution of (Ein) given smooth asymptotic information

[61, 127, 64]. Together, these works describe a C∞ → C∞ scattering map between an open set of

initial data and an open set of asymptotic information at the singularity.
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In the final part of this dissertation, we address the problem of upgrading the scattering map

from C∞ to C∞ to a scattering map between Sobolev spaces / manifolds of finite regularity. In

Theorem 7.3.1, we address the scattering problem for the linearised Einstein equations around a

fixed Kasner spacetime in the subcritical regime. This builds upon a model problem of under-

standing (finite regularity) scattering for the linear wave equation in a fixed Kasner spacetime, see

Theorem 1.6.2. These linear problems simplify the problem in that the scattering map becomes a

linear isomorphism between Banach spaces, though we hope that the methods introduced may be

applied in the nonlinear problem, which we hope to return to in future work.

In the remainder of the introduction, we provide further background on spacelike singularities

in General Relativity and, in particular, the heuristics of BKL, and then briefly discuss the main

results of this dissertation and their relationship to the BKL proposal and Questions 1 to 4 above.

1.1 Singularities in General Relativity

We recall several well-known results about the evolution problem in General Relativity and, in

particular, the formation of singularities. Here, and in the rest of Chapter 1, we consider spacetimes

(M4,g) solving the Einstein equations (Ein) with matter fields Φ and energy-momentum tensor

T = T[Φ] depending on Φ and g.

From [78, Chapter 7], initial data for the Einstein equations is given by a quadruple (Σ, g, k,Φ),

where Σ3 is a smooth 3-manifold, g is a Riemannian metric on Σ, k is a symmetric (0, 2)-tensor on Σ,

and Φ represents initial data for the matter fields Φ, which evolve according to their own equations of

motion depending on the choice of Φ. The quadruple is also required to satisfy constraint equations:

(3)R[g] + |k|2g − (trg k)
2 = 4ρ[Φ], (1.1.1)

d(trg k)− divg k = 2j[Φ], (1.1.2)

where (3)R[g] represents the scalar curvature of g, and the scalar ρ[Φ] and 1-form j[Φ] can be derived

from the form of T[Φ].

Starting from the seminal work of [59, 30] for the Einstein vacuum equations, and later generalised

to many choices of matter field Φ, it is known that any such quadruple (Σ, g, k,Φ) satisfying (1.1.1)–

(1.1.2) gives rise to a Maximal Globally Hyperbolic Development (or MGHD, see [78] for a definition)

given by a triple (M,g,Φ) solving (Ein), such that Σ is a spacelike Cauchy hypersurface of (M,g),

g and k represent the induced metric and second fundamental form of the embedding Σ ↪→ M, and

Φ is a suitable restriction of Φ onto Σ.

Armed with this initial value formulation, we now recall the Penrose–Hawking singularity theo-

rems. We choose to state the Hawking theorem, abridged from [78, Chapter 8].

Theorem 1.1.1 (Singularity theorem). Suppose (Σ, g, k,Φ) is an initial data set for the Einstein

equations (Ein), such that
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(i) The weak energy condition is satisfied i.e. T(X,X) ≥ 0 for all timelike vectors X.
(ii) There exists δ > 0 such that trg k ≤ −δ uniformly on Σ.

Then the MGHD (M,g,Φ) is (future) causally geodesically incomplete.

We reiterate that the singularity theorems never show “singularity” in the sense of coordinate

invariant blow-up, but instead (causal) geodesic incompleteness. We recall to the reader the example

of the Taub-NUT spacetime [78, Chapter 5], to which Theorem 1.1.1 applies but which features no

coordinate invariant blow-up. Alternatively, one can consider the interior of the Kerr family and

Reissner-Nordström family of black holes. In all such cases, the prediced geodesic incompleteness

is instead due to the presence of Cauchy horizons, across which (M,g) has non-unique and non-

globally hyperbolic smooth extensions.

There are, of course, known solutions to the Einstein equations where genuine singularities are

present. The celebrated Schwarzschild family of spacetimes are vacuum solutions to (Ein) depending

on a single parameterM > 0. They each contain a black hole interior region, described by the metric

gSchw on MSchw,int = (0, 2M)× R× S2:

gSchw = −
(
2M

r
− 1

)−1

dr2 +

(
2M

r
− 1

)
dt2 + r2

(
dθ2 + sin2 θ dφ2

)
. (1.1.3)

Treating r as a past-directed timelike coordinate, the interior region is bounded to the future by

a spacelike singularity at r = 0. The singular nature of this boundary is reflected in the fact that

the Kretschmann scalar can be computed to be

K := |Riem[gSchw]|2g =
48M2

r6

and thus blows up towards the singularity at r = 0. We call this a curvature singularity. In fact,

there does not even exist a C0 extension of (1.1.3) across the r = 0 boundary [133].

As alluded to previously, the main protagonist of this discussion will be the Kasner spacetimes

(Kas), defined on the manifold MKas = (0,+∞) × T3. For gKas to be a solution to the Einstein

vacuum equations, the real numbers pi must satisfy the following Kasner relations.

3∑
i=1

pi = 1,

3∑
i=1

p2i = 1. (1.1.4)

That is, the pi are constrained to lie on a circle in parameter space, often called the Kasner circle.

Like Schwarzschild, the Kasner spacetimes possess a singular boundary at t = 0, and the singular

nature of the boundary is manifested by the following blow-up of the Kretschmann scalar as t→ 0+:

K =
4

t4
·

 3∑
i=1

p2i (pi − 1)2 +
∑
i<j

p2i p
2
j

 .
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We note that the choice (p1, p2, p3) = (1, 0, 0), and permutations thereof, gives rise to exceptional

Kasner solutions that are flat and thus locally isometric to Minkowski space. The t = 0 boundary of

such flat Kasner spacetimes are Cauchy horizons, and for the most part we exclude these solutions

from the subsequent discussion.

We also consider Kasner spacetimes which solve not the vacuum equations, but instead the

Einstein–scalar field system, where the matter Φ consists of a scalar function ϕ : M → R solving

the wave equation on (M,g):

□gϕ = gµν∇µ∇νϕ = 0, (Scal)

and whose associated energy-momentum tensor is given by:

Tµν [ϕ] = ∇µϕ∇νϕ− 1

2
gµν∇ρϕ∇ρϕ. (1.1.5)

Then a generalized Kasner spacetime (MKas,gKas, ϕKas = pϕ log t) solves the Einstein–scalar field

system (Ein) and (Scal) if the generalized Kasner relations hold:

3∑
i=1

pi = 1,
3∑
i=1

p2i + 2p2ϕ = 1. (1.1.6)

Aside from the exceptional flat case above, these generalized Kasner spacetimes also exhibit curva-

ture blow-up as t→ 0.

Before moving onto to the heuristic work of BKL in Section 1.2, we take this opportunity

to introduce the Strong Cosmic Censorship conjecture of General Relativity. Vaguely speaking,

this conjecture states that in physically reasonable contexts, “generic” solutions to the Einstein

equations (Ein) for which the Penrose–Hawking singularity theorems apply indeed exhibit singularity

formation in the stronger sense of blow-up. That is, although there are spacetimes such as Taub-

NUT and the Kerr family possessing smooth Cauchy horizons, these will be non-generic. We

present two versions of this conjecture, one of which applies in the astrophysical setting (e.g. whose

singularities are expected to reside in black holes) and the other of which applies in the cosmological

setting, which, in our paper, means spacetimes (M,g) with a closed spatial topology.

Conjecture 1.1.2 (Strong Cosmic Censorship – astrophysical version). Let (M,g,Φ) be a generic

solution to the Einstein equations (Ein) with reasonable matter Φ which arises as the MGHD of

smooth, one-ended and asymptotically flat, initial data (Σ, g, k,Ψ). Then (M,g) is inextendible as

a Lorentzian manifold in a suitable regularity class.

Conjecture 1.1.3 (Strong Cosmic Censorship – cosmological version). Let (M,g,Φ) be a generic

solution to the Einstein equations (Ein) with reasonable matter Φ which arises as the MGHD of

initial data (Σ, g, k,Φ) with Σ closed. Then (M,g) is inextendible as a Lorentzian manifold in a

suitable regularity class.
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The precise mathematical formulation of these conjectures depends on the choice of definition for

the underlined terms. These are all subtle issues, and we mention for one thing that Conjecture 1.1.2

is false if one chooses the regularity class to be C0, see [43], but conjecturally true in the C2 class.

The spacetimes of [43] conjecturally contain a weak null singularity [107], meaning a C0 Cauchy

horizon at which the Christoffel symbols of g blow up. For most of this dissertation, we will consider

scenarios where the singularity is spacelike, and largely ignore other singular behaviour such as weak

null singularities and naked singularities.

1.2 The BKL proposal

We now elaborate upon the Kasner-like ansatz for the near-singularity solutions of Einstein’s equa-

tions, proposed by Khalatnikov and Lifshitz in [95] and developed in the celebrated work of BKL

[16, 17]. Starting with the Einstein vacuum equations, [95] considers the following well-known ADM

decomposition of spacetime:

M = (0, T )× Σ, g = −dt2 + g(t). (1.2.1)

Here g(t) is a time-dependent smooth Riemannian metric on the 3-manifold Σ.

Influenced by the Kasner metric (Kas), [95] proposes the following ansatz for g in the neighbor-

hood of a singularity at {t = 0}. For (t, x) ∈ M, they write

g(t, x) = −dt2 +
3∑
I=1

t2pI(x)ωI(x)⊗ ωI(x) + · · · . (1.2.2)

In (1.2.2), ωI(x) are smooth 1-forms on Σ spanning the cotangent space T ∗Σ, while the exponents

pI : Σ → R are smooth functions on satisfying the two Kasner relations, now functional identities:
3∑
I=1

pI(x) = 1,
3∑
I=1

p2I(x) = 1. (1.2.3)

Note the time coordinate t is chosen such that the singularity is synchronized at t = 0.

Assume for ease of exposition that p1(x) < p2(x) < p3(x). We define eI(x) to be the vector fields

dual to ωI(x), and use the following notational convention: for any (p, q)-tensor field T defined on

Σ we use lower case indices T j1···jq
i1···ip to denote the tensor field evaluated using the coordinate

vector fields ∂
∂xi

and their respective coordinate 1-forms dxi, while upper case indices T J1···Jq
I1···Ip

denote the tensor field evaluated using the frame fields eI(x), ωI(x). Indices are raised and lowered

with respect to the Riemannian metric g(t).

In the gauge (1.2.1), the evolutionary components of the Einstein equations are
∂

∂t
gij = −2kij , (1.2.4)

1√
det(g)

∂

∂t

(√
det(g)k j

i

)
= (3)Ric[g] ji −T j

i + δ ji

(
T 0

0 +T k
k

)
. (1.2.5)
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The metric on the right hand side of (1.2.2), without the error term denoted by · · · , solves (1.2.4)

and (1.2.5), so long as the right hand side of (1.2.5) is absent. It thus seems that a necessary

condition for (1.2.2) to be self-consistent in vacuum (with T = 0) is that the expression (3)Ric[g] is

suitably small. In [95], the authors argue that the required smallness is that, for some ϵ > 0,

|(3)Ric[g]IJ | = O(tpI+pJ−2+ϵ). (1.2.6)

On the other hand, assuming AVTD behaviour (more on this later), a computation of spatial

Ricci curvature with respect to the approximate orthonormal frame t−pI(x)eI(x) allows one to obtain

the following asymptotics for (3)Ric[g]IJ , where λKIJ are the structure coefficients of the frame,

dωK = λKIJ ω
I ∧ ωJ , λKIJ = −λKJI .∣∣∣t−pI−pJ+2 · (3)Ric[g]IJ

∣∣∣ = (λ123)
2 · t2(1+p1−p2−p3) · δIJ +O(tϵ) (1.2.7)

Assuming (1.2.3) and p1 < p2 < p3, it follows that 2(1 + p1 − p2 − p3) = 4p1 < 0, and thus (1.2.6)

can only hold if the structure coefficient λ123(x) vanishes identically on Σ. Together with a function

counting argument, this provides an obstruction to (1.2.2) being a sufficiently general ansatz3. That

is, outside of symmetry classes where λ123 may vanish by design, one expects pI and ωI to depend

on t as well as x.

In [16], BKL then give heuristics suggesting what happens if (1.2.6) fails. Again assuming

AVTD behaviour, which we recall means that ∂x-derivatives are subdominant in comparison to

∂t-derivatives. This has the effect that dynamics in the future light cones emanating from distinct

points (0, p) ∈ {0} ×Σ on the singularity are decoupled. With this assumption they then compute

that in such a light cone, the ansatz (1.2.2) is valid for t ≫ tB for τB some critical time, and for

t ≪ tB the metric transitions to a form that again resembles (1.2.2) but with Kasner exponents

pI(x) replaced by new exponents ṕI(x).

Miraculously, in their computation they provide an explicit relationship between the exponents

pre- and post-transition, often known as the Kasner map.

ṕ1 = − p1
1 + 2p1

, ṕ2 =
p2 + 2p1
1 + 2p1

, ṕ3 =
p3 + 2p1
1 + 2p1

. (1.2.8)

Between these regimes, the spacetime undergoes a nonlinear transition from one regime to another,

often denoted in the literature as a BKL or Kasner bounce. Typically these nonlinear transitions,

or bounces, then cascade indefinitely, giving rise to BKL’s chaotic and oscillatory approach to

singularity.

The story changes slightly if, instead of considering the Einstein vacuum equations, one considers

the Einstein–scalar field (Ein) together with (Scal). In [14], Belinski–Khalatnikov study near-

singularity behaviour for this system, where together with the same Kasner-like ansatz (1.2.2) for
3In the original paper of Khalatnikov and Lifshitz [95], this observation together with a naïve function counting argu-

ment led them to believe that singularities are in fact non-generic! However in the later paper [16] this observation

was instead understood as an instability; this is the modern viewpoint.
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g they suggest the following ansatz for the scalar field ϕ:

ϕ(t, x) = pϕ(x) log t+ q(x) + · · · . (1.2.9)

In order for (1.2.2) and (1.2.9) to solve the Einstein-scalar field equations asymptotically, the Kasner

relations (1.2.3) are modified to

3∑
I=1

pI(x) = 1,
3∑
I=1

pI(x)
2 + 2pϕ(x)

2 = 1. (1.2.10)

The key observation made in [14] is that the modified Kasner relations (1.2.10) admit pi(x) with

0 < p1(x) < p2(x) < p3(x). In such subcritical regimes, 2(1+p1−p2−p3) = 4p1 is now positive, and

the previously problematic term (1.2.7) can be treated as an error. Since one may also show that the

matter terms T j
i and T 0

0 on the right hand side of (1.2.5) combine to produce a similarly negligible

error. As a result, in such subcritical regimes, (1.2.2) and (1.2.9) actually combine to produce a

self-consistent leading order ansatz with the correct number of functional degrees of freedom.

From this argument, we learn that a scalar field, often called a “stiff” matter field, allows one to

access a subcritical regime near singularity where each spatial point x on the singularity corresponds

exactly to a generalized Kasner solution with Kasner relations (1.1.6). In connection with the

discussion preceding Section 1.1, we comment that these generalized Kasner solutions correspond

exactly to stable fixed points of an ODE system. See for instance [120], with the caveat that in place

of a scalar field [120] considers another “stiff” matter field, namely a perfect fluid with equation of

state p = ρ.

Function counting and higher-dimensional gravity

Let us flesh out the function counting argument of [95, 16, 14] in the case of the Einstein–scalar

field system above, and moreover, generalize the argument to 1+D-dimensions, where the Einstein

equation (Ein) and the wave equation (Scal), as well as the BKL ansatz (1.2.2) and (1.2.9), together

with the Kasner relations (1.2.10), have natural generalizations.

Initial data sets for the Einstein–scalar field system are (Σ, g, k, ϕ0, ψ0), where ϕ0 and ψ0 will

correspond to ϕ and its normal derivative restricted to Σ. Taking the constraint equations (1.2.4)–

(1.2.5) as well as the choice of Σ into account, the number of functional degrees of freedom for such

initial data quintuples is:

D(D + 1)

2︸ ︷︷ ︸
from g

+
D(D + 1)

2︸ ︷︷ ︸
from k

+ 2︸︷︷︸
from ϕ0,ψ0

− (D + 1)︸ ︷︷ ︸
due to constraints

− 1︸︷︷︸
freedom for Σ

= D2.

On the other hand, the degrees of freedom for BKL’s Kasner-like ansatz (1.2.2) and (1.2.9) is

computed as follows, taking into account that ωI(x), pI(x), pϕ(x), q(x) also satisfy D momentum
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constraints that we have previously ignored:

D + 2︸ ︷︷ ︸
from pI ,pϕ,q

+ D2︸︷︷︸
from components of ωI

− 2︸︷︷︸
due to Kasner relations

− D︸︷︷︸
due to constraints

= D2.

Therefore, so long as there are no additional obstructions, the number of functional degrees of

freedom for initial data and for the Kasner-like ansatz matches. This was BKL’s original justification

that, in the subcritical regime, where (1.2.6) provides no additional obstruction, their ansatz covers

a “generic” class of spacetimes.

We further comment a little on the meaning of subcriticality in higher dimension. Following the

work of Demaret–Henneaux–Spindel [50] the obstruction that comes from the analogue of (1.2.6) is

dealt with if we impose the subcriticality condition

min
1≤i,j,k≤D

j ̸=k

(1 + pi − pj − pk) > 0. (1.2.11)

As mentioned previously, this is impossible in vacuum for D = 3, and this extends to 3 ≤ D ≤ 9.

Thus here, one needs the scalar field matter – or some other “stiff” matter – to access the subcritical

regime. However, in high dimension D ≥ 10, [50] observes there are also vacuum Kasner spacetimes

satisfying (1.2.11). This is also exploited in the mathematical work of [63, 69].

A comment on electromagnetism

In Chapter 3 and Chapter 6, we will also introduce another matter field, namely Maxwell’s elec-

tromagnetic field. This is described by a 2-form F ∈ Ω2(M), evolves according to the (source-free)

Maxwell equations,

∇νFµν = 0, ∇[λFµν] = 0, (Max)

and contributes to the right hand side of Einstein’s equation (Ein) via

Tµν [F] = FµρF
ρ
ν − 1

4
gµν F

ρσ Fρσ. (1.2.12)

Belinski and Khalatnikov [15] also considered the effect of the electromagnetic field F – and in

fact more general Yang–Mills fields – near the singularity. Unlike the scalar field, F is tensorial

and anisotropic, and [15] show that it actually mimics, in some sense, the effects of gravitational

perturbations. We base this discussion off [13, Chapter 4], where the authors suggest the following

asymptotics for F alongside the Kasner-like ansatz (1.2.2):

EI(x, t) =
1

t
ΦIE(x) + · · · , BI(x, t) =

1

t
ΦIB(x) + · · · , (1.2.13)

where EI := F (∂t, eI) and BI := ∗F (∂t, eI) is the usual 1 + 3 electric-magnetic decomposition of

F, evaluated with respect to the spatial frame {eI}.
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However, even (1.2.13) turns out to be inconsistent outside the subcritical regime where min{pI(x)} >
0. Assuming p1(x) < p2(x) < p3(x), the e1(x) projections of Maxwell’s equations (Max) in the BKL

ansatz yield:

∂

∂t
(tE1(x)) ≈ −(λ123)

2t2p1−1 · tB1(x),
∂

∂t
(tB1(x)) ≈ +(λ123)

2t2p1−1 · tE1(x). (1.2.14)

Hence if p1 < 0 the right-hand side would appear to be non-integrable.

Nonetheless, the system (1.2.14) does suggest that the expression

ω2(t, x) := t2[E1(x)2 +B1(x)2] (1.2.15)

is (approximately) constant in time, and, abusing notation slightly, we set ω2(x) = ω2(t, x) in the

following discussion. As well as (3)Ric[g], we must also estimate the matter term on the right hand

side of (1.2.5). Writing Tµν [F] in terms of Ei and Bi, one finds the following expression:

−2Tij + gij(T
0

0 +T k
k ) = 2(EiEj +BiBj)− gij(EkE

k +BkB
k),

which in light of (1.2.15), and upon treating the contributions of E2, B2, E3, B3 as errors, yields∣∣∣t−pI−pJ+2 · [−2TIJ + gIJ(T
0

0 +T k
k )]
∣∣∣ = ω2 · t2p1δIJ +O(tϵ). (1.2.16)

The term (1.2.16) with ω ̸= 0 sources a similar instability to that of (1.2.7) with λ123 ̸= 0. Even

more remarkably, the analysis of [15] suggests that as long as either ω or λ123 fails to vanish, we

obtain a Kasner bounce with the transition map (1.2.8). This concludes our brief explanation of

why the electromagnetic field acts as a proxy for spatial curvature in the BKL setting.

1.3 Spacelike singularities in spherical symmetry

Here, we introduce the concepts of Chapter 3 which study the Kasner-like description of spherically

symmetric solutions of the Einstein equations (Ein), coupled to the scalar field ϕ via (Scal) and

(1.1.5), and sometimes also an electromagnetic field F via (Max) and (1.2.12). Note that, by

Birkhoff’s theorem [22], spherically symmetric solutions to the Einstein vacuum equations are non-

dynamical and are (locally) isometric to some region of the Schwarzschild solution with massM ∈ R,

where M = 0 corresponds to Minkowski space, thus matter is introduced in order to study nontrivial

dynamical features.

In studying the coupled Einstein–scalar field system in spherical symmetry, the obstruction to

Kasner-like asymptotics, introduced in [95] and Section 1.2, will be suppressed in two different

ways. Firstly, we observe that spherical symmetry causes the spatial curvature term sourcing the

instability (1.2.6) to vanish by assumption. Secondly, the presence of scalar field matter allows for

subcritical regimes where the spatial curvature no longer provides an instability.
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For these reasons, the formation and asymptotics of general spacelike singularities is much better

understood in this setting. In Chapter 3, we prove that spacelike singularities in the spherically

symmetric Einstein-scalar field system can be described precisely, in the sense that in the neighbor-

hood of a point p on the singular boundary, we can describe the leading order blow-up rates of all

geometric quantities (including the Kretschmann scalar and the Hawking mass defined in (2.2.2))

and matter quantities such as ϕ and its derivatives, in terms of the area-radius r, defined in (2.1.1).

In doing so, we provide a precise correspondence between such spacelike singularities in the

spherically symmetric Einstein–field model and the heuristics of [14] – in particular we associate

to each point p on the singular boundary a triplet of Kasner exponents. This can be viewed as

a rigorous version of the correspondence previously found in the physics literature [26] regarding

these spherically symmetric singularities.

Our work builds upon that of An–Zhang [4], where the authors provide upper bound estimates

for various geometric and matter quantities. Our improvement is that such upper bounds are

upgraded to precise leading-order asymptotics, thus allowing us to make the correspondence to

Kasner-like singularities. Another novel aspect of our work is that, in order to explore phenomeno-

logical distinctions between subcritical and oscillatory regimes, we introduce an electromagnetic

field. As discussed in the end of Section 1.2, this causes a similar effect to that of gravitational

perturbations outside symmetry, and it is thus of great interest to extend ideas of [4, 26] to the

Einstein–Maxwell–scalar field.

Another reason for this is the prevalence of the spherically symmetric Einstein–Maxwell–scalar

field in the study of gravitational collapse4. In a series of remarkable works [31, 32, 35], Christodoulou

studied this system (without F) as a toy model for understanding the Weak and Strong Cosmic

Censorship conjectures (recall Conjecture 1.1.2). In these works, it is established that the maximal

globally hyperbolic future development of generic one-ended initial data possesses a future-complete

null infinity I+, and that the spacetime either disperses as in Figure 1.1, or possesses a black hole

region bounded to the future by a spacelike boundary, at which the area-radius r tends to 0 and

the Kretschmann scalar blows up, see Figure 1.2.

In the latter case, [31, 32] applies monotonicity arguments to establish the spacelike character

of the singular {r = 0} boundary, as well as the blow-up of the Hawking mass and Kretschmann

scalar. In order to make a comparison to the BKL’s Kasner-like ansatz, however, we shall require

a more precise description of how such geometric quantities and the scalar field ϕ blow up.

Progress to this effect is achieved in [4, 3], where the authors derive upper bounds for ϕ and

r2∂ϕ. Subsequently, these upper bounds are used to show inverse polynomial upper bounds for
4We mention already the caveat that for such spherically symmetric spacetimes with nontrivial Maxwell field, there

cannot be a regular center of symmetry Γ, and one is restricted to studying two-ended black holes. In order to study

astrophysical one-ended collapse, one should instead study the spherically symmetric Einstein–Maxwell–charged

scalar field model, see the start of Chapter 2.
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p0 i0

i+

Σ

I+

Γ

Figure 1.1: Penrose diagram representation of a dispersive solution to the Einstein-scalar field
equations. This is a future causal geodesically complete spacetime with a complete future null

infinity I+.

p0 i0

i+b0

Σ

I+

Γ
H+

A

S

Figure 1.2: Penrose diagram representation of a gravitational collapse solution to the
Einstein-scalar field equations. The solution possesses a complete future null infinity I+ as well as
a black hole region bounded to the past by the event horizon H+. The black hole interior contains

an apparent horizon A, whose future is a trapped region T culminating at a spacelike boundary
S = {r = 0} connecting i+ with the first singularity at the center, denoted b0.

other metric quantities and the Hawking mass m. Note that [4] produces such estimates in a local

neighborhood of a small portion of the spacelike singularity, while [3] uses decay rates along the

event horizon H+, originating from the heuristics of Price [116] and rigorously proved in [47], to

prove improved bounds near future spacelike infinity i+, showing that the singularity “approaches

Schwarzschild” near i+. See also [5] for related results for the Einstein–scalar field system with a

positive cosmological constant Λ > 0.

In Chapter 3, we build upon the upper bounds [4], showing that in a regular double null gauge

with null coordinates (u, v) (see Section 2.2), the quantities r2∂uϕ and r2∂vϕ can be extended as

Hölder continuous functions all the way to the singular boundary {r = 0}. These asymptotics will

in turn allow us to deduce exact rates for the polynomial blow-up of quantities such as the null

lapse Ω2(u, v), Hawking mass, and the Kretschmann scalar. For example, we identify a quantity

Ψ(u, v), bounded and Hölder continuous up to the {r = 0}, such that

Ω2(u, v) · r1−Ψ2(u,v)(u, v) = C(u) +O(r). (1.3.1)
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Here, C(u) should be thought of as a function ‘at the r = 0 singularity’. We prove a similar, but

conditional, result, for the Einstein–Maxwell–scalar field model in spherical symmetry.

This latter model has also received much attention in the mathematical community, see [41, 109,

110, 99]. These results, however, are largely concerned with the existence and properties of the

Cauchy horizon in the interior of black holes. Indeed, the groundbreaking result of [109, 110] proves

the C2 formulation of the strong cosmic censorship conjecture in the context of the spherically

symmetric Einstein-Maxwell-scalar field model. On the other hand, the objective of this present

article is to study the behaviour of the scalar field and geometry when the singularity is no longer

null, as in the case of the Cauchy horizon, but instead spacelike.

In what remains of this section, we present a rough version of our main theorems. Our theorems

will apply on regions we call strongly singular spacetimes, which will be the maximal development

of characteristic initial data in the trapped region, which terminate at an {r = 0} singularity. See

Figure 1.3, and Section 2.2 for details.

In the presence of a non-trivial electromagnetic field F, we must make the following two additional

assumptions on the strongly singular spacetime, where R0 > 0 and α ∈ (0, 1) are fixed constants:

inf
(u,v)∈D

min{−r∂vr(u, v),−r∂ur(u, v)} ≥ R0, (QTS)

inf
(u,v)∈D

min

{∣∣∣∣r ∂vϕ−∂vr

∣∣∣∣ (u, v), ∣∣∣∣r ∂uϕ−∂ur

∣∣∣∣ (u, v)} ≥
√
1 + α. (SKE)

(QTS) and (SKE) are acronyms for quantitatively trapped spheres and subcritical Kasner exponents

respectively. Note that (QTS), which holds by assumption when F = 0, provides a mechanism to

reach an r = 0 singularity in the first place, while the necessity of (SKE) comes from the discussion

of Section 1.2.

D

C0C0

S = {r = 0}

Figure 1.3: A strongly singular spacetime to which Theorem 1.3.1 applies. The region D is foliated
by trapped 2-spheres, and possesses a future boundary S at which r extends continuously to 0.
Examples of such strongly singular spacetimes exist both in the case F = 0, and in the case that

F ̸= 0, where one must additionally assume (QTS) and (SKE).

Theorem 1.3.1 below is a rough version of our main Theorems 3.1.1 and 3.1.2 in Chapter 3
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Theorem 1.3.1 (Asymptotics – rough version). Consider solutions to the spherically symmetric

Einstein-Maxwell-scalar field system (Ein), (Scal), (Max) on strongly singular spacetimes as in

Figure 1.3. If either of the following holds:

(A) The electromagnetic field vanishes i.e. Fµν = 0, or
(B) The electromagnetic field is non-trivial, but we assume a priori that (QTS) and (SKE) hold,

then the dynamical variables r(u, v), Ω2(u, v) and ϕ(u, v) obey the following asymptotics:

(I) Asymptotics for r: r2(u, v) is a C1,β function up to and including the singular boundary S.

Its first derivatives −r∂ur(u, v),−r∂vr(u, v) are strictly positive C0,β functions up to S =

{(u, v) : r(u, v) = 0}, which is a C1,β curve in the (u, v)–plane.

(II) Asymptotics for ϕ: There exist functions Ψ(u, v) and Ξ(u, v), bounded and Hölder continuous

up to and including the singular boundary S, such that5

ϕ(u, v) = Ψ(u, v) · log
(

r0
r(u, v)

)
+ Ξ(u, v).

Moreover, in case (B) one always has |Ψ| ≥ 1.

(III) Asymptotics for Ω2: There exists a function M(u, v), with logM bounded and Hölder contin-

uous up to and including the singular boundary S, such that

4Ω−2∂ur∂vr(u, v) = M ·
(
r

r0

)−(Ψ2+1)

.

(IV) Estimates localized at a TIP6: Let p ∈ S. By (I)–(III), −r∂ur, −r∂vr, Ψ, Ξ and M may all

be defined at p, and we denote their values at p as Cu, Cv, Ψ∞, Ξ∞ and M∞ respectively.

For such p, consider its causal past J−(p) = {(u, v) ∈ D : u ≤ up, v ≤ vp}. Then for

(u, v) ∈ J−(p), one has, for some α > 0:

−r∂ur(u, v) = Cu +O(rα), −r∂vr(u, v) = Cv +O(rα),

r2∂uϕ(u, v) = Cu ·Ψ∞ +O(rα), r2∂vϕ(u, v) = Cv ·Ψ∞ +O(rα),

ϕ(u, v) = Ψ∞ · log
(r0
r

)
+ Ξ∞ +O(rα log r−1),

Ω2(u, v) =
4CuCv
r20

·M−1
∞ ·

(
r

r0

)Ψ2
∞−1

+O(rΨ
2
∞−1+α log r−1).

5r0 here can be chosen to be any fixed constant
6TIP stands for terminal indecomposable past, see Chapter 6 of [78]. Strictly speaking, our use of the term TIP

is an abuse of terminology as every p ∈ S actually represents a 2-sphere of TIPs.
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(V) Precise blow-up estimates: For p ∈ S and J−(p) as in (IV), the Hawking mass m, the

Kretschmann scalar K = Riem[g]αβγδRiem[g]αβγδ and the scalar field blow up at the fol-

lowing rates:

2m(u, v) = M∞r0 ·
(r0
r

)Ψ2
∞
+O(r−Ψ2+α log r−1),

K = M2
∞ ·
(r0
r

)2(Ψ2
∞+3)

· 4(3− 2Ψ2
∞ + 2Ψ4

∞)

r40
+O(r−2Ψ2

∞−6+α log r−1),

∇αϕ∇αϕ = −M∞Ψ2
∞

r20
·
(r0
r

)Ψ2
∞+3

+O(r−Ψ2
∞−3+α log r−1).

We refer to Theorem 3.1.1 and Theorem 3.1.2 for the precise versions of Theorem 1.3.1 when

F ≡ 0 and F ̸= 0 respectively. We conclude with several brief comments about Theorem 1.3.1.

1. In light of (III), one may introduce the following (past-directed) time function:

τ = M−1/2 · 2r0
3 + Ψ2

·
(
r

r0

) 3+Ψ2

3

. (1.3.2)

In particular, τ is chosen such that g(∇τ,∇τ) = −1 + O(rα log r−1), and will become our

candidate time function for an asymptotically Gaussian or asymptotically CMC description

of our spacetime. See Corollary 3.1.3 for further details.

2. We further associate the following three p-dependent Kasner exponents to each p ∈ S:

p1(p) =
Ψ2

∞(p)− 1

Ψ2
∞(p) + 3

, p2(p) = p3(p) =
2

Ψ2
∞(p) + 3

. (1.3.3)

Note that in case (B), the condition |Ψ| ≥ 1 translates to min pi(p) ≥ 0. This is expected,

in the presence of a nontrivial electromagnetic field, due to the discussion at the end of

Section 1.2.

3. Theorem 1.3.1 gives the leading order term of an asymptotic expansion for ϕ, Ω2, and other

related quantities in terms of r. It would be interesting to compute the next order terms in

such expansions, as in the heuristic work [26], though we do not pursue that here.

1.4 A case study: Black holes with charged scalar hair

We now introduce the object of study in Chapter 4, namely a class of spherically symmetric and

in fact spatially homogeneous solutions to the Einstein–Maxwell–charged scalar field system (to be

introduced at the start of Chapter 2), which are based on the evolution of initial data posed on
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two bifurcate null hypersurfaces HL and HR emulating the event horizons of a charged Reissner-

Nordström black hole, the difference being that these two horizons carry non-decaying (in fact,

constant) charged scalar hair of size ϵ. An intriguing consequence is that with “stiff” matter model,

the resulting black hole interior will not have a Cauchy horizon but instead terminates at a spacelike

singularity, which will have a precise Kasner-like structure.

While our result in Theorem 1.4.1 will hold7 for any value of the cosmological constant Λ ∈ R
introduced into the Einstein equation (see (Ein*) at the start of Chapter 2), it is perhaps most

physically relevant in the Λ < 0 case, where a large class of asymptotically Anti-de-Sitter (AdS) hairy

black hole exteriors has recently been constructed [155, 156] and their interior region corresponds

to the spacetime we construct in our Theorem 1.4.1 (see Section 4.2.5). Note that though we only

expect to be able to construct such an exterior region in the asymptotically AdS case, we nonetheless

name our spacetimes hairy black holes for all choices of Λ ∈ R.

Furthermore, for Λ = 0, our construction from Theorem 1.4.1 has bearings on the interior of

(non-hairy) asymptotically flat black holes as well, as we explain in Section 4.2.1. To summarize: the

domain of dependence property allows to consider the black hole interior region independently from

the black hole exterior (see Figure 4.4); thus the repercussions of Theorem 1.4.1 extend significantly

beyond asymptotically AdS hairy black holes.

To give a rough (but detailed) version of our findings regarding these hairy black holes, we first

recall the interior region of the Reissner–Nordström-(dS/AdS) black hole, with metric gRN :

gRN = −
(
1− 2M

r
+

e2

r2
− Λr2

3

)
dt2 +

(
1− 2M

r
+

e2

r2
− Λr2

3

)−1

dr2 + r2dσS2

with parameters (M, e,Λ). The hairy black hole constructed in the following Theorem 1.4.1 has

initial data (1.4.1), (1.4.2) that are O(ϵ2)-perturbations of gRN , with scalar hair of initial size ϵ.

Theorem 1.4.1. Fix the following characteristic initial data on bifurcate event horizons HL ∪HR:

ϕ ≡ ϵ, (1.4.1)

g = gRN +O(ϵ2), (1.4.2)

where gRN is a sub-extremal Reissner–Nordström-(dS/AdS) metric with e ̸= 0.

Define (M,g, ϕ,F, Aµ) to be the maximal globally hyperbolic future development of this data

with respect to the Einstein–Maxwell–charged scalar field system. Then M = {(t, s, ω) : t ∈ R, s ∈
(−∞, s∞, ω ∈ S2} and g is a spatially homogeneous, spherically symmetric metric, with g, F, and

ϕ written as

g = Ω2(s)(−ds2 + dt2) + r2(s)dσS2 , F =
Q(s)

r2(s)
Ω2(s)ds ∧ dt, ϕ = ϕ(s), (1.4.3)

7We also note the existence of exponentially growing modes for charged scalar fields on Reissner–Nordström-de Sitter

and Kerr–Newman–de Sitter obtained in [20], which might suggest compatibility with the existence of hairy black

hole solutions in the Λ > 0 setting.
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where r(s) is a decreasing function of s ∈ (−∞, s∞) with lims→s∞ r(s) = 0 with s∞ < +∞.

Let η > 0 be sufficiently small. Then there exists ϵ0(M, e,Λ,m2, q0, η) > 0 and a set Eη ⊂
(−ϵ0, ϵ0)\{0}, satisfying |(−δ,δ)\Eη |

2δ = O(η) for all 0 < δ ≤ ϵ0, such that for all ϵ ∈ Eη, the spacetime

(M, g) terminates at a spacelike singularity S = {r = 0}, asymptotically described by a Kasner

metric of positive exponents (p1, p2, p3) ∈ (0, 1)3. The spacetime (M,g) may be partitioned into

several regions, as illustrated by the Penrose diagram of Figure 1.4, and has the following features:

1. Almost formation of a Cauchy horizon. In the early regions, (g,F, ϕ) are uniformly close to

those of the Reissner–Nordström-(dS/AdS) background, and the scalar field is approximated

by a linearly-oscillating profile:

ϕ(s) = ϵ · Re
(
2B(M, e,Λ,m2, q0)e

iωRN (q0,M,e,Λ)s
)
+O(ϵ2), (1.4.4)

where B(M, e,Λ,m2, q0) ∈ C \ {0} is a fixed scattering parameter, and the frequency is given

by ωRN (M, e,Λ, q0) = |q0e| · ( 1
r−

− 1
r+

) > 0. Here r±(M, e,Λ) > 0 are respectively the radii of

the event and Cauchy horizons of the background Reissner–Nordström-(dS/AdS) metric.

2. Collapsed oscillations. The scalar field ϕ experiences growing Bessel-like oscillations while r

shrinks from r− to 0. For some sO = O(ϵ−2) representing the future boundary of this collapsed

oscillations region, there exists C(M, e,Λ,m2, q0) ̸= 0 and another frequency ω0(M, e,Λ,m2, q0) >

0, such that if one defines

α(ϵ) = C · sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
+O(ϵ2 log

(
ϵ−1
)
) as |ϵ| → 0, (1.4.5)

so that, at s = sO, one has

−rϕ̇
ṙ
(s) = α(ϵ) and r(s) ≈ ϵ. (1.4.6)

Note that this quantity is of order 1 despite the initial data for ϕ being O(ϵ).

3. Formation of the first Kasner regime. A Kasner regime starts developing with Kasner expo-

nents

p1 = P (α) =
α2 − 1

3 + α2
, p2 = p3 =

2

3 + α2
, (1.4.7)

where p1 is the Kasner exponent in the t-direction and p2 = p3 are the exponents in the S2

directions in (1.4.3).

4. The final Kasner regime. For any fixed σ ∈ (0, 1) , we introduce the following disjoint subsets

of Eη.

• (Non-bounce case) ϵ ∈ E
′ Nbo
η,σ ⊂ Eη if |α(ϵ)| ≥ 1 + σ (i.e. p1 > 0). When ϵ ∈ E

′ Nbo
η,σ ,

the first Kasner regime is also the final Kasner regime and continues all the way to

S = {r = 0} in a monotonic fashion.
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• (Kasner bounce case) ϵ ∈ E
′ bo
η,σ ⊂ Eη if η ≤ |α(ϵ)| ≤ 1 − σ. We have |E′ bo

η,σ | > 0 (in

particular E′ bo
η,σ ̸= ∅). When ϵ ∈ E

′ bo
η,σ , the above Kasner regime eventually transitions

towards a (different) final Kasner regime with positive Kasner exponents

p1 = P

(
1

α

)
=

1− α2

1 + 3α2
, p2 = p3 =

2α2

1 + 3α2
. (1.4.8)

The final Kasner regime then continues all the way to S = {r = 0} in a monotonic

fashion.

5. Charge retention of the Kasner singularity. The charge Q(s) admits a limit Q∞ ̸= 0 as r → 0.

More precisely

Q∞ = (1− ν(M, e,Λ)) · e+O(ϵ) with ν(M, e,Λ) ∈
(
0,

1

2

)
, (1.4.9)

and ν(M, e,Λ)


= 1

4 if Λ = 0,

∈ (0, 14) if Λ > 0,

∈ (14 ,
1
2) if Λ < 0.

(1.4.10)

Remark. While Theorem 1.4.1 is in the setting of spherically symmetric spatially homogeneous

spacetimes (also known as Kantowski–Sachs cosmologies), it also applies to spatially homogeneous

spacetimes with other surface symmetry (see Section 2.1), for instance plane symmetry. While the

Einstein–Maxwell–charged scalar field system takes a slightly different form in the plane symmet-

ric setting, our analysis still carries through, and the conclusions of Theorem 1.4.1 hold mutatis

mutandis.

Remark. The constants η, σ > 0, presumed small throughout this article, are present to ensure that

α(ϵ) is bounded away from {0, 1}. Note that we do not obtain a statement for every sufficiently

small ϵ, but only for a set Eη, which features an O(η) loss in the sense given above. However, the

methods used to prove Theorem 1.4.1 allow for |1− α|ϵ−0.01 > 1 or |α|ϵ−0.01 > 1, with only minor

adjustments. Understanding what happens when say |1 − α| ≪ ϵ2 or |α| ≪ ϵ2, is an interesting

open problem (see Section 4.2.4 and 4.2.5).

We will now discuss the relations between Theorem 1.4.1 and the study of both the BKL proposal

and astrophysical gravitational collapse. One of the main features is the existence of a Kasner

bounce: this in fact was the first example of a spacetime, dynamically formed from physically

interesting initial data, in which an unstable Kasner regime forms dynamically, and then

disappears under the Kasner bounce.

Differences and connections with non-hairy black holes The hairy black holes of Theo-

rem 1.4.1 and the analogous ones from the case of uncharged scalar hair from [148] have a spacelike

singularity S = {r = 0} and no Cauchy horizon and, in that, differ globally from the non-hairy black
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HRHL

spacelike singularity

S = {r = 0}

Early regions, g ≈ gRN

Region of collapsed oscillations

First Kasner regime

Final Kasner regime

Figure 1.4: Penrose diagram of the hairy black hole interior from Theorem 1.4.1. If |α| ≥ 1+σ > 1,
then the first Kasner regime matches the final Kasner regime and continues to {r = 0}. If 0 < η ≤
|α| ≤ 1− σ < 1, then there is a Kasner bounce between the first and final Kasner regimes. A more
detailed breakdown is given in Figure 4.1.

holes arising in astrophysical gravitational collapse. However, the domain of dependence property

(in two-ended black holes) shows that the spacelike singularity S in non-hairy black holes can arise

from initial data that is locally similar to the data of Theorem 1.4.1, see Figure 4.4. Therefore,

our new theorem on hairy black holes may also dictate the qualitative behavior of the spacelike

singularity S inside the such non-hairy black holes. Lastly, our proof opens the door to studying

spacelike singularity beyond the spatially homogeneous case in subsequent works.

Comparison with hairy black hole interiors for other matter models The Kasner expo-

nents’ dependency on sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)

found in Theorem 1.4.1 gives rise to fluctuations

near ϵ = 0: we term this phenomenon the fluctuating collapse. The fluctuating collapse and Kasner

bounces from Theorem 1.4.1 contrast with the violent nonlinear collapse of the uncharged hairy

black holes found in [148]. Recall from [148] that in the uncharged case, there is no Kasner bounce,

and the final Kasner exponents and curvature are of the form

(p1, p2, p3) = (1−O(ϵ2), O(ϵ2), O(ϵ2)), K(r) ≈ r−O(ϵ−2).

The name “violent collapse” in the uncharged case comes from the O(ϵ−2) power in the blow-up

rate of the curvature K(r), which becomes more singular as ϵ→ 0. This is an example of a singular

limit, since ϵ = 0 corresponds to Reissner–Nordström, while we can make sense of the ϵ→ 0 (weak)
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limit in the appropriate region using

lim
ϵ→0

(p1, p2, p3)(ϵ) = (1, 0, 0), which corresponds to a subset of Minkowski.

In contrast, in the charged case studied in our Theorem 1.4.1, there is not even a weak limit as

ϵ→ 0, since (p1, p2, p3)(ϵ) depends on sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)

as discussed above.

Lastly, we mention that previous numerics in the physics literature also predicted the presence

of Kasner bounces in the interior of Einstein–Yang-Mills hairy black holes [55, 25, 150]. It is a very

interesting open problem to compare these Kasner bounces with the one obtained in the setting of

Theorem 1.4.1.

Collapsed oscillations and charge retention One new phenomenon driving the dynamics

of Theorem 1.4.1 are what we term collapsed oscillations. Even at the linear level, a (spatially

homogeneous) charged scalar field has (infinite) linear oscillations of the form (1.4.4) near the Cauchy

horizon of the Reissner–Nordström interior spacetime [92]. In the nonlinear setting, such linear

oscillations appear in some “early regions” in the dynamics. Subsequently, these oscillations start

interacting nonlinearly with the collapse process (as r gets closer to 0), leading to a Bessel-function

type behavior in terms of z = r
ϵ . Because r

ϵ is a decreasing function of time, this Bessel behavior

leads to growth of the scalar field which transitions from amplitude ϵ to amplitude α(ϵ) = O(1).

We will elaborate on collapsed oscillations and their mechanism in Section 4.2.3.

Another interesting question is whether spacelike singularities can retain charge/angular momen-

tum. This issue is puzzling, as the only explicit black hole solution with a spacelike singularity is the

Schwarzschild interior, which is uncharged and non-rotating. In point 5 of Theorem 1.4.1, we exhibit

a mechanism of discharge of the black hole, passing from e at the event horizon H = HL ∪ HR to

(1 − δ)e at the spacelike singularity S, where δ ∈ (0, 12). Note that the discharge is not complete

and the spacelike singularity retains a non-zero final charge (1 − δ)e. It is remarkable that, for

Λ = 0, the discharge ratio δ = 1
4 is independent of the black hole parameters. To the best of our

knowledge, the spacetime of Theorem 1.4.1 is the first example of a spacelike singularity retaining8

charge. The main mechanism of discharge and charge retention occurs at the same time as the

collapsed oscillations.

Kasner bounces In Theorem 1.4.1, we show that if

|α(ϵ)| = C · | sin
(
ω0ϵ

−2 +O(log
(
ϵ−1
)
)
)
|+O(ϵ2 log

(
ϵ−1
)
)

has α(ϵ) < 1, then there will be a Kasner bounce. For (M, e,Λ,m2, q0) such that

C(M, e,Λ,m2, q0) > 1, the bounce condition C · | sin
(
ω0ϵ

−2 +O(log
(
ϵ−1
)
)
)
| < 1 holds for all

ϵ ∈ Eboη ∩ (0, ϵ0), where Eboη has non-zero measure: in fact |Eboη ∩ (0, ϵ0)| ≈ ϵ0
C if C ≫ 1. On

8The hairy black holes with uncharged matter from [148] also had non-zero charge, but there F is not dynamical.
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the other hand, if C(M, e,Λ,m2, q0) < 1, then the bounce condition always holds. These Kasner

bounces have the following features:

1. For some range of proper time {e−b2(α)·ϵ−2 ≪ τ < ϵq
2(α)} with q(α) > 0, b(α) > 0, the metric

is uniformly close to a (p1,
1−p1
2 , 1−p12 ) Kasner-(like) metric, where p1(ϵ) ≈ α2−1

3+α2 < 0.

2. In the smallest values of proper time from the singularity {0 < τ ≪ e−b
2(α)·ϵ−2}, the metric

is uniformly close to, and indeed converges as τ → 0 towards, a (ṕ1,
1−ṕ1
2 , 1−ṕ12 ) Kasner-(like)

metric, where ṕ1(ϵ) ≈ 1−α2

1+3α2 > 0.

Remark. When writing (imprecisely) e−b2(α)·ϵ−2 ≪ τ , we mean ϵ−N1 ·e−b2(α)·ϵ−2
< τ for someN1 > 0,

and similarly τ ≪ e−b
2(α)·ϵ−2 means τ < ϵN2 · e−b2(α)·ϵ−2 for N2 > 0, so that the transition region in

between the two Kasner regimes has size O(log
(
ϵ−1
)
) in terms of log

(
τ−1

)
, while log

(
τ−1

)
≈ ϵ−2

at the times where the bounce is occurring. We interpret this to mean that the bounce occurs very

quickly in terms of proper time τ .

Remark. The dichotomy of whether |α(ϵ)| < 1 or |α(ϵ) > 1 and these Kasner bounces is exactly

consistent with Theorem 1.3.1 in Section 1.3. Indeed, the quantity |α(ϵ)| appearing in point 3 of

Theorem 1.4.1 is exactly the quantities appearing in the max{· · · } in the “subcriticality condition”

(SKE). That is, if |α(ϵ)| > 1 then one can apply Theorem 1.3.1 – which should generalize to the

charged scalar field model considered – and yields a spacelike singularity with Kasner exponents of

the type (1.4.7), exactly as in (1.3.3).

On the other hand, if |α(ϵ)| < 1 then the aforementioned charged retention means Theorem 1.3.1

does not apply; instead there is an instability due to Kasner bounces. This is the same BKL bounce

that will be explored outside of the inhomogeneous case in Theorem 1.5.5 and Theorem 1.5.6 of

Section 1.5. (In fact the homogeneous Kasner bounces studied in Theorem 1.4.1 was a key ingredient

and motivation for these latter results.)

Holographic superconductors in the AdS-CFT correspondence The numerical study [75]

already predicted the scenario of Theorem 1.4.1 and the presence of Kasner bounces in this context.

Beyond the setting of Theorem 1.4.1 (which features zero, or one Kasner bounce depending on ϵ),

[75] also discusses the possibility of having two (or more) Kasner bounces. The original motivation

of [75] is related to a body of work on the physical significance of the hairy black hole (including

its asymptotically AdS exterior region) of Theorem 1.4.1, claimed to be the model for a holographic

superconductor in the context of the AdS-CFT theory.

The proof of Theorem 1.4.1 will be given in Chapter 4. More precisely, after some setup in

Chapter 2, particularly Section 2.4, we state and prove the precise version of our results for these

hairy black hole interiors, namely Theorem 4.1.1 and Theorem 4.1.2. Before moving to the proof in

Chapter 2, we also briefly elaborate on the discussion points above.
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1.5 BKL bounces outside homogeneity

Here, we give further background to Chapters 5 and 6 of this dissertation, concerning BKL bounces

outside homogeneity. While the Kasner-like asymptotics of Chapter 3 only concern the subcritical

regime and subcritical phenomena, in these chapters we explore a model problem which begins to

provide an insight into the more nonlinear phenomena predicted by BKL, particularly the BKL

bounces. That is, we begin to explore to Question 2 and Question 3 in problems where nonlinear

BKL bounces are present.

As signalled by Question 2 and Question 3, the key ingredients to understanding BKL’s proposal

of [16] mathematically is (i) to show that, close to the singularity, ∂x-derivatives are negligible in

comparison to ∂t-derivatives and the Einstein equations may be treated as ODEs and (ii) to show

that these ODEs exhibit behaviour represented by a cascade of BKL bounces.

Our results of Chapter 5 and Chapter 6, which concern the Gowdy symmetric Einstein vacuum

equations and the surface symmetric Einstein–Maxwell–scalar field equations respectively, will not

quite exhibit an infinite cascade of bounces, since the symmetry reductions mean that our spacetimes

ultimately settle to a subcritical regime. However, at an intermediate time scale preceding the

singularity, one can observe one, or potentially some other finite number of, bounces.

To elaborate on this, we begin to introduce the symmetry classes we consider. A T3 Gowdy

symmetric spacetime has topology R× T3 and has two spacelike Killing vector fields, whose orbits

together span copies of T2 and whose associated twist constants vanich. See the original paper

of Gowdy [67], or [36, 124]. The Einstein vacuum equations in Gowdy symmetry will be given in

Section 2.6, but we highlight that the two main dynamical equations are:

(t∂t)
2P − (t∂θ)

2P = e2P (t∂tQ)2 − e2P (t∂θQ)2, (1.5.1)

(t∂t)
2Q− (t∂θ)

2Q = −2(t∂tP )(t∂tQ) + 2(t∂θP )(t∂θQ), (1.5.2)

where P,Q : (0,+∞)× S1 → R depend on a time variable t and spatial variable θ.

Solutions of the system (1.5.1)–(1.5.2) arising from regular initial data always persist remain

regular in the entire interval t ∈ (0,+∞). As a result, T3 Gowdy symmetric spacetimes are a

popular model for studying the Strong Cosmic Censorship Conjecture 1.1.3, with the strategy often

to show geodesic completeness in the t → +∞ direction9 and singularity formation in the t → 0

direction. For the latter part – which is more relevant to our thesis – the essential step is to

understand asymptotics for P as t→ 0. We state a remarkable result of Ringström, which is a key

ingredient in his proof of Strong Cosmic Censorship in [123].

Theorem 1.5.1. For solutions to the system (1.5.1)–(1.5.2) arising from initial data which is open

and dense in a suitable topology, there exists a finite set S ⊂ S1 and a function V∞(θ) which is
9Note that geodesic completeness is not necessary to show future inextendibility, see [44].
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regular and obeys 0 < V (θ) < 1 for all θ ∈ S1 \ S such that

−t∂tP (t, θ) → V∞(θ) as t→ 0.

Elements of the finite set S are referred to as spikes and we defer further discussion to Chapter 5.

One highly nontrivial aspect is that for such generic solutions, one has the restriction 0 < V (θ) < 1,

which notably differs from the results in polarized Gowdy – where Q ≡ 0 – due to Chrusciel–

Isenberg–Moncrief [37].

However, understanding Strong Cosmic Censorship in full generality and the issue of spikes is

not our main focus. Our starting point is instead the following two interrelated questions.

Can one characterize a wide class of initial Cauchy data at t = t0 > 0, including data
which is not at first glance compatible with Ringström’s asymptotics (e.g. data such that
0 < −t∂tP (t0, θ) < 1 does not hold everywhere), such that the corresponding spacetime
reaches a t = 0 singularity for which one has the asymptotics −t∂tP (t, θ) → V∞(θ) with
quantitative estimates depending on initial data10?

Moreover, for all such data can one fully understand the intermediate dynamics of the
spacetime between the initial data at t = t0 and the asymptotics at t = 0?

In the results of Chapter 5, we prove the existence of such a class of initial data (Theorem 1.5.2)

together with a full quantitative understanding of the intermediate dynamics (Theorem 1.5.3), thus

answering the above questions in the affirmative. Moreover this class is open in the C∞ topology

on initial data, thus our main results will represent a qualitative stability result in the sense that in

the regime considered, certain aspects such as curvature blow-up, are stable to perturbation. We

also uncover the interesting Corollary 5.1.3, interpreted as an instability result for non-polarized

perturbations of polarized Gowdy spacetimes. See Section 5.1 for details.

We roughly state our two main theorems. The first, Theorem 1.5.2 is a stability theorem, and

characterizes a subset in the moduli space of initial data at t = t0 such that the corresponding

solution is well controlled in both L2 and L∞ for 0 < t ≤ t0. The second, Theorem 1.5.3, referred

to as the bounce theorem, characterizes the (nonlinear) dynamics arising from initial data as above.

To precisely define this subset of initial data, we introduce two real-valued parameters 0 < γ < 1

and ζ > 0. Then the initial data is chosen to satisfy three conditions: (1) Weak subcriticality :

The data at t = t0 satisfies certain L∞ bounds depending on γ, (2) Energy boundedness: For

some N = N(γ) ∈ N, an Nth order L2 norm of initial data is bounded by ζ, and (3) Closeness

to singularity : The time t0 at which initial data is prescribed satisfies 0 < t0 ≤ t∗ for some t∗
depending on γ and ζ. We state our results roughly as follows.
10This differs from the approach in [121, 123], where the strategy is more akin to showing that the solutions not achiev-

ing the appropriate asymptotics are non-generic in some sense; in particular there is little use of the relationship
between the asymptotic information and initial data at some t0 > 0.
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Theorem 1.5.2 (Stability, rough version). For 0 < γ < 1 and ζ > 0, consider initial data obeying

the three conditions above. Then the corresponding solution (P,Q) to the Gowdy symmetric system

(1.5.1)–(1.5.2) is such that for all t ∈ (0, t0),

−t∂tP (t, θ) ≥ γ, (1 + t∂tP (t, θ))
2 + (eP t∂θQ(t, θ))2 ≥ (1− γ)2.

Furthermore, there exist functions V, q : S1 → R, with V bounded and q continuous, such that

−t∂tP (t, θ) → V (θ) pointwise and Q(t, θ) → q(θ) uniformly as t → 0. If one further assumes

γ > 1
3 , then we have that q is C1 and the convergence Q(t, θ) → q(θ) holds in the C1 topology.

Our second main theorem concerns the dynamical behaviour of certain quantities along causal

curves. To fix notation, let γ : I → (0,+∞) × S1 be any causal curve parameterised by its t-

coordinate. Then define:

Pγ(t) := −t∂tP (γ(t)), Qγ(t) := eP t∂θQ(γ(t)).

It is key that our theorem holds uniformly in the choice of causal curve γ, meaning the ODEs for Pγ
and Qγ being independent for different choices of γ with distinct endpoints, at least up to error terms

which reflect AVTD behaviour. This reflects explicitly that our result is spatially inhomogeneous.

Theorem 1.5.3 (Bounces, rough version). Let (P,Q) be a solution to the Gowdy symmetric system

(1.5.1)–(1.5.2) arising from initial data as in Theorem 1.5.2. Then for γ(t) a timelike curve as

above, the quantities Pγ(t) and Qγ(t) obey the ODEs:

t
d

dt
Pγ = Q2

γ + EP, t
d

dt
Qγ = (1− P)Qγ + EQ,

where the error terms vanish quickly as t→ 0.

Furthermore, Qγ(t) converges to 0 as t → 0, while there exists some Pγ,∞ such that Pγ(t) →
Pγ,∞ as t → 0. In fact, for V as in Theorem 1.5.2, Pγ,∞ = V (θ0) where θ0 = limt→0 θ(t) is

the θ-coordinate of the past endpoint of γ. Finally, we estimate Pγ,∞ depending on the value of

∂θq(θ0) = limt→0 ∂θQ(γ(t)):

(i) If either the limit ∂θq(θ0) does not exist or ∂θq(θ0) exists and is nonzero, then necessarily

V (θ0) = Pγ,∞ ≤ 1 and moreover in the case that Qγ(t0) is small,

Pγ,∞ ≈ min{Pγ(t0), 2− Pγ(t0)}+O(Qγ(t0)).

(ii) Let γ > 1
2 . By Theorem 1.5.2, ∂θq(θ0) exists. If θ0 is such that ∂θq(θ0) = 0, then

Pγ,∞ ≈ Pγ(t0) +O(Qγ(t0)).
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We briefly the three conditions required in our results. Our first condition, weak subcriticality,

is chosen such that we include spacetimes where the nonlinear bounces above can occur, but such

that these bounces are not too wild enough to make quantities such as Pγ and Qγ uncontrollable.

The second condition of energy boundedness is natural as our proof relies on L2 energy estimates

at top order. We will, however, allow the initial energy bound, ζ > 0, to be large, meaning we

allow large spatial variation. In this case, our final condition, closeness to singularity, is required to

prevent this spatial variation from playing a major role in the dynamics. Note that t∗ and ζ play a

similar role to that of ζ1 and ζ0 in [69, Theorem 12]; as in [69], one may take t∗ = 1 so long as ζ

is taken sufficiently small, but the result is equally, if not more, interesting in the case where ζ is

large.

We further make a connection between the bounce result Theorem 1.5.3 and the bounces studied

by BKL. To make this precise, one must change coordinates from the t variable used in (1.5.1)–

(1.5.2) and the “proper time” foliation used in (1.2.2). It turns out that after performing this

change of coordinates, one can make a formal correspondence between the asymptotic quantity

V (θ) and the Kasner exponents, namely (5.1.6). Furthermore, the transition from V (θ) = Pγ(t0)

to V́ (θ) = 2−Pγ(t0), as suggested in Theorem 1.5.3(i) when Pγ(t0) > 1, then formally corresponds

exactly to the Kasner map (1.2.8). This concludes our initial discussion of our results in Gowdy

symmetry.

We also briefly discuss our related result for the surface symmetric Einstein–Maxwell–scalar

field system, to be proved in Chapter 6. This model is, in some sense, a mild generalization of

the spherically symmetric model in Section 1.3, with the surfaces of symmetry now being general

2-surfaces of constant curvature. We once again have to introduce matter to break the rigidity from

Birkhoff’s theorem, and we choose a scalar field and electromagnetic field for reasons explained in

Section 1.2.

For the results of Chapter 6 we do not, however, use the double null gauge as in Chapter 3, and

instead use another gauge for surface symmetric gauge initially due to Rein [117]. See Section 2.5

for details. We focus on two of the equations coming from the Einstein–Maxwell–scalar field system

in this gauge, namely

r∂rµ =
1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + 1− Q2

r2
e2µ
)
, (1.5.3)

(r∂r)
2ϕ = r2e2(µ−λ)∂2xϕ+ r2e2(µ−λ)∂x(µ− λ)∂xϕ− Q2

r2
e2µ r∂rϕ, (1.5.4)

where ϕ, µ, λ depend on a time variable r and spatial variable x, while Q ∈ R is a constant, which

vanishes if and only if F = 0. For a starting point of our discussion, in analogy to Ringström’s

result in Gowdy, we shall roughly translate / generalize aspects of our Kasner-like description in

Theorem 1.3.1 to surface symmetric spacetimes in this alternative gauge, as follows.

Theorem 1.5.4. For solutions to the Einstein–Maxwell scalar field system in surface symmetry in
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a region (r, x) ∈ (0, R)×S1 which moreover either has Q = 0 or satisfies a version of the conditions

(QTS) and (SKE) in this alternative gauge, then there exists Ψ∞ : S1 → R such that

r∂rϕ(r, x) → Ψ∞(x) as r → 0.

Moreover, when Q ̸= 0 one always has |Ψ| ≥ 1.

Unlike for Ringström’s result in Gowdy symmetric spacetimes, this is conditional both on having

a solution which reaches r = 0 and the two conditions (QTS) and (SKE). This is necessary, due

to there being examples e.g. the Reissner-Nordström family, where r = 0 is not reached. Another

difference from the Gowdy case is that there are no spike points where Ψ∞ is discontinuous; we

note, however, that such spikes reappear if we instead consider the Einstein–Maxwell–charged scalar

field system. (See [99] for a description of this model.)

But in any case, the above theorem suggests we can ask similar questions in the Gowdy case.

That is, one asks the following.

Can one characterise a wide class of initial Cauchy data at r = r0, including data
which are not at first glance compatible with the above theorem (e.g. data violating
the (QTS) condition in the sense that Q ̸= 0 but 0 < r∂rϕ(r0, x) < 1), so that the
corresponding solutions of the Einstein–Maxwell–scalar field system feature exist all the
way to {r = 0}, and for which one still has the asymptotics r∂rϕ(r, x) → Ψ∞(x) with
quantitative estimates?

Further, for all data in this class can one fully understand the intermediate dynamics of
the spacetime between the data at r = r0 and the singularity at r = 0?

In Chapter 6, we answer these questions in a similar manner to the results in Gowdy symmetry.

That, is, we prove a stability / global existence theorem in Theorem 1.5.5 and a bounce theorem in

Theorem 1.5.6. As in the Gowdy case, we introduce two parameters, now η > 1 and ζ > 0, from

which we similarly introduce three conditions: (1) Weak subcriticality : Data satisfies L∞ boundes

depending on η, (2) Energy boundedness: For N = N(η) ∈ N, an Nth order L2 norm of data is

bounded by ζ, and (3) Closeness to singularity : The time r0 at which initial data is prescribed

obeys 0 < r0 ≤ r∗ = r∗(η, ζ). Then we have the following.

Theorem 1.5.5 (Global existence, rough version). For some η > 2 and ζ > 0, consider initial

data for the surface symmetric Einstein–Maxwell–scalar field system at r0 > 0 satisfying the three

conditions (1)-(3). Then the corresponding solution is such that the maximal interval of existence

extends all the way to r = 0, with quantitative L∞ estimates.

Our second main theorem concerns the dynamical behaviour of particular quantities along causal

curves. To fix notation, let γ : I → Q = I×S1 be any causal curve parameterised by its r-coordinate,

and define:

Pγ(r) := r∂rϕ(γ(r)), Qγ(r) :=
Q2

r2
e2µ(γ(r)).
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Then the corresponding bounce theorem is as follows. (See Section 6.1 for the interpretation re-

garding why this corresponds to the bounces predicted by BKL.)

Theorem 1.5.6 (Bounces, rough version). Consider a solution to the surface symmetric Einstein–

Maxwell–scalar field system arising from initial data as in Theorem 1.5.5. Then for γ(r) any causal

curve as above, the quantities Pγ(r) and Qγ(r) obey the ODEs:

r
d

dr
Pγ = −PγQγ + EP, r

d

dr
Qγ = Qγ(P

2
γ − 1− Qγ − EQ),

where the error terms vanish quickly as r → 0. Furthermore:

(i) If Q = 0, then Pγ(r) converges to some Pγ,∞ as r → 0, satisfying Pγ,∞ ≈ Pγ(r0).

(ii) If Q ̸= 0, then Qγ(r) converges to 0 as r → 0, while Pγ(r) converges to some Pγ,∞ as r → 0,

necessarily satisfying Pγ,∞ ≥ 1 and in the particular case where Qγ(r0) is small,

Pγ,∞ ≈ max{Pγ(r0),Pγ(r0)−1}+O(Qγ(r0)).

See Section 6.1 for a more precise version of these theorems. This completes our general overview

of the BKL bounce results.

1.6 Scattering towards spacelike singularities

In the latter part of the dissertation, meaning from Chapter 7 onwards, we somewhat segue into a

different topic, namely a scattering problem for spacelike singularities, which addresses Question 4

posed at the start of the introduction. While Chapter 7 provides further geometric setup and

background, the main objectives to be achieved in Chapter 8 and Chapter 9 are to determine

a scattering theory for two model linear hyperbolic problems in exact Kasner spacetimes (Kas),

relating Cauchy initial data at t = 1 and suitable asymptotic data living at the t = 0 singularity.

In these linear problems, this relation will take the form of a Hilbert space isomorphism.

The first of these model problems will be the linear scalar wave equation on a (1+D)-dimensional

Kasner background, which we write in the form of a first-order hyperbolic system as follows:

t∂tϕ = ψ, (1.6.1)

t∂tψ =

D∑
i=1

t2−2pi∂2xiϕ. (1.6.2)

Smooth initial data, say at t = 1, gives rise to a unique smooth solution in the entire spacetime

(t, x) ∈ (0,+∞)× TD. However, in light of the singularity, one expects blow up as t → 0, even for

smooth Cauchy data. In fact, one obtains [1, 115, 125] the following asymptotics for ϕ as t→ 0:
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Theorem 1.6.1 (Asymptotics for the wave equation in non-degenerate Kasner spacetimes). Let

ϕ : MKas → R be a smooth solution to (1.6.1)–(1.6.2) on a non-degenerate11 Kasner spacetime.

Then there exist smooth functions ψ∞ and φ∞ on TD such that as t→ 0,

ϕ(t, x) = ψ∞(x) log t+ φ∞(x) + o(1), ψ(t, x) = ψ∞ + o(1). (1.6.3)

We comment already that Theorem 1.6.1 suggests AVTD behaviour in the sense that (1.6.3)

is exactly what one expects if the x-derivative term on the right hand side of (1.6.2) is ignored.

Further, the asymptotics (1.6.3) suggest a notion of asymptotic data at the t = 0 singularity for the

problem under consideration, namely the functions ψ∞, φ∞ : TD → R. The full scattering problem

for the wave equation may thus be formulated as follows:

(i) (Existence of the scattering operator): For what class of Cauchy data (ϕC , ψC) does there exist

corresponding scattering data (ψ∞, φ∞) such that the solution ϕ to the wave equation attains

the asymptotics (1.6.3) in a suitable sense? What can be said about the map S↓ : (ϕC , ψC) 7→
(ψ∞, φ∞)?

(ii) (Asymptotic completeness): If instead we are given (ψ∞, ϕ∞), when is it possible to find

Cauchy data (ϕC , ψC) such that the solution ϕ to the wave equation attaining the Cauchy

data obeys the asymptotics (1.6.3) with the given ψ∞ and ϕ∞? What about the map S↑ =

(S↓)
−1 : (ψ∞, ϕ∞) 7→ (ϕC , ψC).

(iii) (Scattering isomorphism): Can we find Hilbert spaces HC and H∞ such that the scattering

operator S↓ can be extended to a Hilbert space isomorphism S↓ : HC → H∞ with inverse S↑?

The second model system addressed in this article is the linearized Einstein–scalar field system.

This is given by the Fréchet derivative of the Einstein–scalar field system (Ein)–(Scal) with respect

to the metric g = gKas + εh and scalar field ϕ = ϕKas + εϕ. This formal linearization yields the

following two equations.(
g−1
Kas

)αβ
DαDβhµν +DµDν (trh)− 2D(µ (div h)ν) + 2Riemα β

µ ν hαβ = 4D(µϕDν)ϕKas, (1.6.4)

□gKasϕ = hαβDαDβϕKas + (div h)αDαϕKas −
1

2
Dα(trh)DαϕKas. (1.6.5)

Here, any raising and lowering of indices is via the background metric gKas, and the symbol D is

the Levi-Civita connection of gKas.

To have a well-posed initial value problem, the system (1.6.4)–(1.6.5) must be imbued with a

choice of (linearized) gauge, most often inherited from a suitable gauge for the nonlinear Einstein–

scalar field system. In this article we to adopt a linearised (1 + D)-dimensional ADM-type gauge

with Constant Mean Curvature (CMC), where the spacetime is foliated using a time function t

11Non-degenerate means that the Kasner exponents are (1, 0, . . . , 0) or a permutation thereof.
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whose level sets Σt = {t} × TD have constant mean curvature equal to tr k = −t−1, see Section 7.1

for details. In this gauge, the key evolutionary variables of the linearized problem will be η j
i , κ ji , ϕ,

ψ, which represent linearized versions of the first fundamental form, the second fundamental form,

the scalar field, and the normal derivative of the scalar field.

The point is that – under additional constraints that we defer to Chapter 7 – these evolutionary

variables also satisfy a first-order (elliptic-)hyperbolic system, and given that the background Kasner

spacetime is subcritical as in (1.2.11), can be shown to obey asymptotics of a similar sort to (1.6.3),

with asymptotic quantities (η∞) ji , (κ∞) ji , ϕ∞ and ψ∞. In analogy with the wave equation, we

can ask similar questions about the scattering theory; note that there are additional subtleties due

to the constraint equations and choice of spatial gauge, see Chapter 7.

In light of these additional complexities, within this section we only state our scattering theorem

for our first model problem, concerning the linear scalar wave equation. Our theorem will involve a

symbol (or pseudodifferential operator) T∗, which we define as follows. See Appendix D for a review

of Fourier decompositions and symbol calculus on TD.

Definition 1.6.1. Firstly, for λ ∈ Zd \ {0}, let tλ∗ > 0 be the unique solution of τ2λ(tλ∗) :=∑D
i=1 t

2−2pi
λ∗ λ2i = 1, and let t0∗ = 1. Then set T∗ be the symbol associated (in the sense of Defi-

nition D.0.3) to the function T∗ : ZD → R which has T∗(λ) = tλ∗ for λ ∈ ZD. For any exponent

α ∈ R, we also define T α
∗ and log(T∗) following the standard symbol calculus.

Remark. In the language of [80, Chapter XVIII], we show in Lemma D.0.1 that T α
∗ lies in the symbol

classes Smax{0,α(1−p)−1}, where p = maxi pi, while log(T∗) lies in Sε for any ε > 0. In particular, for

suitably chosen s1, s2 ∈ R the operators T α
∗ and log(T∗) are bounded operators from Hs1 to Hs2 .

Having set up our first-order system (1.6.1)–(1.6.2), we now state Theorem 1.6.2, our scattering

result for the scalar wave equation in non-degenerate Kasner spacetimes. The proof of Theorem 1.6.2

will be in Chapter 8.

Theorem 1.6.2 (Scattering for the wave equation in non-degenerate Kasner spacetimes). Let

(MKas,gKas) be a non-degenerate Kasner spacetime. We consider solutions ϕ : MKas → R to

the wave equation (1.6.1)–(1.6.2) on (MKas,gKas). Then we have the following scattering results:

(i) (Existence of the scattering operator) Let s > D
2 + 1. Given Cauchy data (ϕC , ψC) ∈ Hs+1 ×

Hs, there exists a unique (classical) solution (ϕ(t), ψ(t)) to the system (1.6.1)–(1.6.2) in M
attaining the Cauchy data ϕ(1, ·) = ϕC(·) and ∂tϕ(1, ·) = ψC(·). Let φ(t) be defined by:

φ(t) = ϕ(t)− ψ(t) · log t. (1.6.6)

Then there exist unique functions ψ∞(x) and φ∞(x) in Hs such that

ψ(t, x) → ψ∞(x) in Hs, φ(t, x) → φ∞(x) in Hs strongly as t→ 0. (1.6.7)
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Furthermore, one has that

ψ∞ ∈ Hs+ 1
2 , φ∞ + log(T∗)ψ∞ ∈ Hs+ 1

2 . (1.6.8)

(ii) (Asymptotic completeness) Let s > D
2 +1, and let ψ∞ and φ∞ be functions in TD with Sobolev

regularity as in (1.6.8). Then there exists a unique (classical) solution (ϕ(t), ψ(t)) to the system

(1.6.1)–(1.6.2) in MKas, with regularity

(ϕ, ψ) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

such that if φ(t) is defined as in (1.6.6), then the asymptotics (1.6.7) hold, strongly as t→ 0.

(iii) (Scattering isomorphism) For s ∈ R, define the following Hilbert spaces together with their

norms:

Hs
C = {(ϕ, ψ) : ϕ ∈ Hs+1, ψ ∈ Hs}, ∥ (ϕ, ψ) ∥2Hs

C
:= ∥ϕ∥2Hs+1 + ∥ψ∥2Hs , (1.6.9)

Hs
∞ = {(ψ,φ) : ψ ∈ Hs+ 1

2 , φ+ log(T∗)ψ ∈ Hs+ 1
2 },

∥ (ψ,φ) ∥2Hs
∞

:= ∥ψ∥2
Hs+1

2
+ ∥φ+ log(T∗)ψ∥2

Hs+1
2
. (1.6.10)

Then the map S↓, which is defined to map (ϕC , ψC) from (i) to (ψ∞, φ∞) in (1.6.7), may be

extended to a Hilbert space isomorphism S↓ : Hs
C → Hs

∞, whose inverse S↑ = S−1
↓ is exactly

given by (a suitable extension of) the map taking (ψ∞, φ∞) in (ii) to (ϕ(1, ·), ψ(1, ·)).

A remarkable feature of Theorem 1.6.2 is the gain or loss of half a derivative from Cauchy data

to scattering data. In particular, the renormalized time derivative ψ = t∂tϕ lies in Hs at any fixed

time t > 0, but its limit ψ∞ at t = 0 has its regularity increased to Hs+ 1
2 . This as a sign that spatial

derivatives not only become negligible compared to temporal derivatives near t = 0, but actually

become better behaved as one approaches the singular boundary at t = 0.

Note than an almost-sharp correspondence between Cauchy data and asymptotic data was al-

ready found by Ringström in [125, Propositions 8.1 and 8.9], however in this work the derivative

gain is from Hs to Hs+ 1
2
−ε rather than the sharp Hs+ 1

2 . In order to achieve this sharp result, it

is essential that we modify our Hilbert spaces using the symbol log(T∗), a feature not present in

[125]. This final modification was partly inspired by a scattering result for the wave equation in

higher-dimensional de Sitter spacetimes [38].

One could also entertain scattering between Cauchy data at t = 1 and a suitable notion of

asymptotic data at t = +∞. The issue is that although one may obtain upper bounds for ϕ(t) and

ψ(t) as t→ +∞, it is difficult to upgrade these to asymptotics since both ϕ(t) and ψ(t) oscillate at

late times. There are partial results in this direction, see [115] and [125, Chapter 6].
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Another reason we do not study t→ +∞ scattering is that the Kasner spacetimes are expected

to be unstable in the t → +∞ direction as solutions to the Einstein–scalar field system, see [98].

One could conjecture that generic perturbations lead to either isotropic expansion or recollapse into

a singularity, see for instance [6, 58]. This is also related to the “cosmic no-hair conjecture” in the

presence of a positive cosmological constant, see [10, 24].

The analogous scattering theorem for the system of linearized gravity and the variables

(η j
i , κ

j
i ,ϕ,ψ) is stated in Chapter 7 as Theorem 7.3.1. We mention two things: firstly, here we

must impose the subcriticality condition (1.2.11), which we refer to in the stronger form:

min
1≤i,j,k≤D

j ̸=k

(1 + pi − pj − pk) ≥ δ > 0. (1.6.11)

We shall mention already that a new phenomenon arises upon introduction of the (1, 1)-tensors

η
j
i and κ ji . In that case, Theorem 7.3.1 involves also the symbol T −pi+pj

∗ , thus the anisotropy of

the Kasner spacetime also affects the derivative gain and loss incurred in the scattering process,

particularly in off-diagonal components of the tensors κ ji and Υ j
i .

In fact, as one varies across the whole range of Kasner exponents satisfying the subcriticality

condition (1.2.11), the symbol T −pi+pj
∗ can be of arbitrarily high order. Thus the degeneration of

top order energy estimates – without modification by such a symbol – as observed in the nonlinear

setting of say [63] or [61], is a true phenomenon, and one expects that in any nonlinear scattering

result one must allow for a large loss of derivatives in either direction.

1.7 Outline of the dissertation

Chapter 2: In this chapter, we set up various formulations of the Einstein vacuum equations,

Einstein–Maxwell–(real) scalar field system and Einstein–Maxwell–charged scalar field system in

symmetry classes that reduce the systems to (1 + 1)-dimensional PDEs, in preparation for Chap-

ters 3 to 6. After a brief introduction to these different matter models and their physical relevance,

in Section 2.1, we define the surface symmetric equations and discuss various properties including

rigidity of the electromagnetic field in surface symmetry. In Section 2.2, we discuss the particular

case of the Eisntein–Maxwell–(charged) scalar field system in spherical symmetry, using double null

coordinates (u, v) to describe the metric. In Section 2.3, we specialize further to the Einstein–

Maxwell–real scalar field system in spherical symmetry, and set up initial data in trapped regions

in preparation for the results of Chapter 3. In Section 2.4, we discuss equations describing the

spherically symmetric Einstein–Maxwell–charged scalar field equations for the homogeneous hairy

black hole interiors studied in Chapter 4, where the evolution equations reduce to ODEs. In Sec-

tion 2.5, we then reformulate the surface symmetric Einstein–Maxwell–real scalar field equations in

another gauge we call Rein gauge, where the area-radius r is treated as a time coordinate. We also
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briefly discuss well-posedness and continuation criteria for this gauge, in preparation for Chapter 6.

In Section 2.6, we introduce the final symmetry class discussed in the dissertation, namely the T 2

Gowdy symmetry class for which we study inhomogeneous BKL bounces in Chapter 5.

Chapter 3: In this chapter, we study the Kasner-like description of singularities arising in the

spherically symmetric Einstein–Maxwell–(real) scalar field model introduced in Section 1.3 and

Theorem 1.3.1. In Section 3.1, we firstly state the detailed version of our results in Theorem 3.1.1

and Theorem 3.1.2 and provide a sketch of the proof, before giving further context and insight into

applications in Chapter 3.2. The next three sections are devoted to the proofs of Theorem 3.1.1 and

Theorem 3.1.2; in Section 3.3 we provide upper bounds for ϕ and Ω2, in Section 3.4 we upgrade these

to precise asymptotics, which are then used to conclude the proof in Section 3.5. In Section 3.6 we

then provide several examples of spacetimes to which one may apply the results of Theorems 3.1.1

and 3.1.2.

Chapter 4: In this chapter, we present the results regarding the interior of homogeneous hairy

black hole solutions, introduced in Section 1.4 and Theorem 1.4.1. In Section 4.1, we first intro-

duce the various regions in our black hole interior, and state the precise version of our results in

Theorem 4.1.1 and Theorem 4.1.2. This is followed by a more elaborate explanation of the physical

and mathematical context regarding these constructed spacetimes in Section 4.2. The remainder

of Chapter 4 is dedicated to the proof of Theorem 4.1.1 and Theorem 4.1.2: In Section 4.3 we

analyse the “early regions” of the black hole interior, where the spacetimes remains close to the orig-

inal Reissner-Nordström spacetime. In Section 4.4, we then study the collapsed oscillation region

O, where the scalar field ϕ exhibits oscillatory, Bessel-like behavior. In Section 4.5, we study the

proto-Kasner region, where g starts to exhibit Kasner-like behavior. In Section 4.6, we do some

preliminary analysis to study the sets of values of ϵ for which we can provide more detailed analysis

of the Kasner-like regions. In Section 4.7 and Section 4.8, we then complete the proof by studying

the precise Kasner-like behavior near the singularity, depending on the value of ϵ.

Chapter 5: In this chapter, we study BKL bounces outside homogeneity for Gowdy symmetric

vacuum spacetimes (see Section 2.6 for a definition of Gowdy symmetry), introduced in Section 1.5

and Theorems 1.5.2 and 1.5.3. In Section 5.1, we state the precise version of our results in Theo-

rem 5.1.1 and Theorem 5.1.2, and give a brief overview before proceeding to the proof. In Section 5.2

we introduce the bootstrap assumptions and energy quantities used in the proof, and also provide

several lemmas regarding Sobolev spaces to be used in the proof. In Section 5.3, we carry out the

energy estimates needed in the proof, and use these to derive ODEs with errors in Section 5.4.

In Section 5.5, we now use these ODEs to prove certain L∞ estimates for the variables in Gowdy

symmetry. Finally, in Section 5.6 we conclude the proof of Theorem 5.1.1 and in Section 5.7 we
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conclude the proof of Theorem 5.1.2.

Chapter 6: In this chapter, we study similar BKL bounces outside homogeneity for surface sym-

metric solutions to the Einstein–Maxwell–(real) scalar fields equations also introduced in Section 1.5,

see Theorems 1.5.5 and 1.5.6. This chapter largely follows the structure of Chapter 5; in Section 6.1

we state the precise versions of our results in Theorem 6.1.1 and Theorem 6.1.2. In Section 6.2, we

introduce the bootstrap assumptions and energy quantities used in the proof, and in Section 6.3 and

Section 6.4 we carry out the energy estimates and the L∞ / ODE estimates respectively. Finally,

in Section 6.5 we conclude the proof of Theorem 6.1.1 and in Section 6.6 we complete the proof of

Theorem 6.1.2.

Chapter 7: In this chapter, we begin to consider the full Einstein–scalar field equations in (1+3)-

dimensions, without symmetry assumptions, with the aim of understanding the scattering problem

towards spacelike singularities introduced in Section 1.6. In Section 7.1, we consider the Einstein–

scalar field equations in the (1+ 3)-, or more generally (1+D)-dimensionaon, ADM decomposition

of spacetime, and also discuss how to consider the Kasner spacetimes (Kas) within this context.

In Section 7.2, we detail the linearization of the Einstein–scalar field equations around the Kasner

solutions in the context of the ADM-decomposition, and introduce various notation to be used

in Chapter 9. In Section 7.3, we then state the precise version of our scattering theorem for

the linearized Einstein–scalar field system around Kasner, namely 7.3.1, which will be proven in

Chapter 9. In Section 7.4, we then further contextualize our results, and consider how one could

apply or generalize our results to scattering theory for the nonlinear Einstein–scalar field system.

Chapter 8: In this chapter, we study the scattering theory for the linear wave equation in a fixed

Kasner background introduced in Section 1.6. That is, we prove Theorem 1.6.2. We start with an

overview of the proof in Section 8.1, and provide some notation and preliminary lemmas regarding

the frequency space (Fourier) decomposition in Section 8.2. The bulk of the proof of Theorem 1.6.2

is a combination of a “high-frequency” energy estimate given in Section 8.3 and a “low-frequency”

energy estimate given in Section 8.4. These are then used to complete the proof in Section 8.5.

Chapter 9: In this chapter, we complete the dissertation by studying the scattering theory for

the linearized Einstein–scalar field system around Kasner, which was introduced in Chapter 7. That

is, we prove Theorem 7.3.1. In Section 9.1, we start with an overview of the new ideas introduced in

the proof (in comparison with the wave case). In Section 9.2, we repurpose the linearized Einstein–

scalar field system of Chapter 7 into a system of ODEs at each frequency λ ∈ ZD. These are

then used to carry out a high-frequency energy estimate in Section 9.3 and a low-frequency energy

estimate in Section 9.4. We complete this chapter by using these energy estimates (together ith
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suitable gauge transformations) to complete the proof of Theorem 7.3.1.



Chapter 2

The Einstein equations in symmetry

Within this chapter we will introduce basic definitions and properties regarding the Einstein vacuum

equations and various Einstein matter systems in symmetry, notably the Einstein–Maxwell–scalar

field system and subsystems thereof, where we allow the scalar field to be massive and charged. We

in particular consider the Einstein vacuum equations and Einstein–matter systems in the surface

symmetry, T 2 symmetry and Gowdy symmetry classes, the purpose being to reduce the (1 + 3)-

dimensional Einstein equations to a (1 + 1)-dimensional system.

Recall that the Einstein equations of General Relativity describe the dynamical coupling of a

spacetime (M,g) to matter fields Φ via the following geometric equation, where the Einstein tensor

Gµν represents curvature while Tµν represents the energy-momentum content of matter. Note that

we also introduce a cosmological constant Λ ∈ R.

Gµν [g] + Λgµν = 2Tµν [Φ], (Ein*)

where Gµν [g] := Ricµν [g]−
1

2
R[g]gµν .

While (Ein) is already non-trivial in the vacuum (meaning T = 0), it is often informative to

introduce additional matter fields, including perfect fluids, scalar and vector fields, electromagnetic

waves, particle-type fields (obeying equations from kinetic theory), and so on, both for the purpose

of studying the dynamics of such matter fields in curved spacetimes, as well as understanding their

backreaction on (M,g) themselves via the right hand side of (Ein*).

We start with an electromagnetic field, represented by a 2-form F ∈ Ω2(M). This has energy-

momentum content

Tµν [F] = FµρF
ρ
ν − 1

4
gµνF

ρσFρσ, (2.0.1)

while the electromagnetic field F, often referred to as the Maxwell field, evolves according to

Maxwell’s equations; we now also include a source term Jν on the right hand side:

∇νFµν = Jν , ∇[λFµν] = 0. (2.0.2)

49
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The other type of matter we consider is a scalar field ϕ, which is a scalar-valued function on M.

We distinguish two cases. Firstly, there is the simple case of a real scalar field ϕ : M → R, with

energy-momentum content

Tµν [ϕ] = ∇µϕ∇νϕ− 1

2
gµν∇ρϕ∇ρϕ. (2.0.3)

The function ϕ then evolves according to the scalar wave equation on (M,g), namely

□gϕ := gµν∇µ∇νϕ = 0. (2.0.4)

Definition 2.0.1. We say that a triple (M,g, ϕ) solves the Einstein–scalar field system if they

solve the equations (Ein*) and (2.0.4), with T[Φ] given by T[ϕ] as in (2.0.3).

We say that a quadruple (M,g,F, ϕ) solves the Einstein–Maxwell–scalar field system if they

solve the equations (Ein*), (2.0.2) and (2.0.4), where T[Φ] is given by T[F]+T[ϕ] as in (2.0.1) and

(2.0.3), and the source term Jν in (2.0.2) vanishes.

Remark. The characteristics of both the Maxwell equations (2.0.2) and the scalar wave equation

(2.0.4) are exactly null vectors of (M,g), meaning that both electromagnetic waves and (massless)

scalar waves propagate at the same speed as gravitational waves, i.e. at the speed of light. As a

result, these matter fields are often used as a proxy for gravitational waves in vacuum.

We now introduce the second, and more complicated, type of scalar wave equation. This charged

and possibly massive scalar wave will be complex valued ϕ : M → C and nonlinearly coupled to the

electromagnetic field F in the following sense: from the second equation of (2.0.2) it follows that F

can (locally) be written as F = dA for some 1-form Aµ. This allows one to define a gauge derivative

Dµ = ∇µ + iq0Aµ, where q0 ∈ R and D acts on complex-valued tensor fields. Then the complex

scalar ϕ has energy-momenta

Tµν [ϕ] = Re
(
DµϕDνϕ

)
− 1

2
gµν

(
DρϕDρϕ+m2|ϕ|2

)
, (2.0.5)

for some m2 ∈ R – representing the mass of the scalar field – and ϕ obeys the gauge covariant wave

equation with respect to (M,g, A):

gµνDµDνϕ = m2ϕ. (2.0.6)

We comment that the tuple (A, ϕ) described above is subject to the following gauge invariance; for

any real-valued f : M → R one can transform Aµ 7→ Aµ + ∂µf , ϕ 7→ ϕe−iq0fϕ. This is related to

the fact ϕ may be viewed as a section of a complex line bundle whose connection has curvature F,

see [99] for details.

Definition 2.0.2. We say that a quintuple (M,g,F, A, ϕ) with F = dA solves the Einstein–

Maxwell–charged (and massive) scalar field system if they solve (Ein*), (2.0.2), (2.0.6), with q0 ∈ R
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and m2 ∈ R (m2 = 0 corresponds to massless), and T[Φ] = T[F] + T[ϕ] as in (2.0.1) and (2.0.5),

and on the right hand side of (2.0.2),

Jµ = −iq0 Im
(
ϕDµϕ

)
, (2.0.7)

where we view two quintuples as equivalent if (A, ϕ) may be related by the gauge invariance above.

Remark. The Einstein–Maxwell–charged and massive scalar field system may be derived as the

Euler–Lagrange equations of the following Einstein–Hilbert action, with matter:

S =

∫
M

(
R[g]− 2

(
gabgcdFacFbd + gabDaϕDbϕ+m2|ϕ|2

)
+ Λ

)√
−detg d4x.

In what follows, we will generally take Λ = 0 in the Einstein equation (Ein*), with the excep-

tion of Section 2.4, where we describe the equations used to study spatially homogeneous, spher-

ically symmetric hairy black hole interiors in Chapter 4. For the remainder of Chapter 2, we will

specialize the Einstein vacuum equations, the Einstein–(Maxwell)–scalar field equations and the

Einstein–Maxwell–charged scalar field equations to various symmetry classes, and introduce various

coordinate gauges such that these systems may be written as PDEs which are amenable to analysis.

2.1 Surface symmetric spacetimes

A spacetime (M4,g) is said to be surface symmetric if it possesses two linearly independent spacelike

Killing vector fields, which together generate a group of isometries whose orbits are each rescaled

copies of a surface Σ2 of constant sectional curvature, so that M4 ∼= Q2 × Σ2 with Q being the

quotient manifold, and the metric g has the following warped product form.

g = gQ + r2dσΣ2 . (2.1.1)

Here gQ is a (1 + 1)-dimensional Lorentzian metric on the quotient manifold Q, the function

r : Q → R is positive on the interior of Q and is referred to as the area-radius function1. Finally, the

quantity dσΣ2 denotes the standard metric on the surface Σ2, rescaled to have constant sectional

curvature κ ∈ {1, 0,−1}. That is, in some local coordinate chart,

dσΣ2 = dθ2 + sin2κ θdφ
2 =


dθ2 + sin2 θ dφ2 if Σ has universal cover S2,

dθ2 + dφ2 if Σ has universal cover R2,

dθ2 + sinh2 θ dφ2 if Σ has universal cover H2.

In the spherically symmetric case, where Σ2 = S2, we also allow for the isometry group to have

single-point orbits, which lie on the centre Γ of spherical symmetry. The centre Γ is often considered
1Indeed, when Σ2 is a closed manifold, this is a characteristic length scale associated to each copy of Σ2 in (M,g).
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as a regular boundary of Q, and the area-radius r is continuously extendible onto Γ ⊂ ∂Q with

r|Γ = 0.

Let us now consider a surface symmetric spacetime solving the Einstein equations (Ein). Since

the left hand side of (Ein) must respect the warped product structure of (2.1.1), it follows that

the energy-momentum tensor T = T[Φ] must also obey a symmetry assumption. That is, we are

always able to decompose T as

T = TQ +
S

2
dσΣ2 , (2.1.2)

where TQ, often denoted as simply T or Tαβ in the sequel, is a symmetric (0, 2)-tensor on Q and

S : Q → R is a scalar representing a trace of T in the Σ2 directions.

The simplest possibility is the case that T vanishes i.e. the Einstein vacuum equations. Un-

fortunately, at least in the spherically symmetric case, it is known due to Birkhoff [22] that any

spherically symmetric solution to the Einstein vacuum equations is locally isometric to a member

of the Schwarzschild family of black holes with mass parameter M ∈ R, with M = 0 thought of as

Minkowski space. A similar result is true for more general constant curvature surfaces Σ2, and any

value of the cosmological constant Λ ∈ R. As a result, in surface symmetry one typically introduces

additional matter fields to study nontrivial dynamics.

Electromagnetism in surface symmetry

Let us first consider coupling an electromagnetic field F ∈ Ω2(M) to the Einstein equations in sur-

face symmetry. In light of the form of the energy momentum tensor (1.2.12) and the decomposition

(2.1.2), it follows that such an electromagnetic field F must take the form:

F =
Q

r2
ωQ +B ωΣ2 , (2.1.3)

where ωΣ2 = sinκ θ dθ∧dφ is the natural volume form on Σ2 and ωQ is the volume form associated

to gQ, and Q,B : Q → R are functions we call the electric charge and magnetic charge respectively.

Another remarkable simplification of surface symmetry is that for F of the form (2.1.3) solving

the source free Maxwell equations (Max), it follows that Q and B are constant.

Lemma 2.1.1. Let F be a surface symmetric solution to the Maxwell equations (2.0.2) wiht Jµ = 0,

and g and F given by (2.1.1) and (2.1.3). Then Q,B : Q → R are constant.

Proof. Consider the first of Maxwell’s equations, dF = 0. Since dr, dQ, dB ∈ Ω1(Q) ⊂ Ω1(M), and

the 2-forms ωQ and ωΣ2 are closed,

dF = dB ∧ ωΣ2 = 0 implies dB = 0.

The second of Maxwell’s equations is equivalent to d ∗ F = 0, where ∗ is the Hodge star associated

to g. Note that – modulo choice of signs – one may compute that

∗F = −B

r2
ωQ +QωΣ2
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Therefore, the same argument shows dQ = 0, as required.

Lemma 2.1.1 shows that in surface symmetry, even the coupled Einstein–Maxwell equations dis-

play no nontrivial dynamics (indeed, there is an extension of Birkhoff’s theorem in electrovacuum).

In fact, Lemma 2.1.1 remains true so long as the Maxwell equations are source-free, and also applies

for the Einstein–Maxwell–(real) scalar field system.

This is no longer true for the Einstein–Maxwell–charged scalar field system, since here, the scalar

field ϕ : M → C is complex valued and is itself coupled back to the electromagnetic field via the

source term Jν in (2.0.7). This allows one, for instance, to study one-ended gravitational collapse

with an electromagnetic field, though for the most part we only analyse the Einstein–Maxwell–

(neutral) scalar field system within the present dissertation, with the exception of Section 2.4 and

Chapter 4.

In the sequel, following the physical heuristic that there are no “magnetic monopoles”, we shall

always assume B = 0, and F thereby takes the following form, with Q ∈ R constant for te Einstein–

Maxwell–(real) scalar field model.

F =
Q

r2
ωQ. (2.1.4)

In the Einstein–Maxwell–(charged) scalar field model, Q : Q → R is allowed to vary.

2.2 The Einstein–Maxwell–scalar field system in double null gauge

To study the Einstein–Maxwell–(possibly charged and massive) scalar field system in the surface

symmetric setting, it remains to pick a gauge for the quotient metric g. One convenient choice is

the double null gauge, where coordinates (u, v) are transversal null coordinates chosen so that the

warped product (2.1.1) takes the form

g = −Ω2(u, v) du dv + r2(u, v) dσΣ2 . (2.2.1)

That is, the geometry is entirely described by two functions of (u, v), the area-radius r(u, v) > 0

and the null lapse Ω2(u, v). For the rest of Section 2.2 and the whole of Chapter 3 and Chapter 4,

we only consider the case Σ2 = S2.
There is gauge freedom regarding the choice of the null coordinates u and v; given smooth and

monotonically increasing U = U(u) and V = V (v) we may alternatively write

g = −Ω̃2(U, V ) dUdV + r2(U, V ) dσS2 ,

so long as Ω̃2(U(u), V (v)) · dUdu
dV
dv = Ω2(u, v). It will often be useful to consider quantities that are

gauge-invariant, such as the area-radius r(u, v) or the Hawking mass m(u, v), given by

1− 2m

r
:= g(∇r,∇r) = −4Ω−2∂ur ∂vr. (2.2.2)
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Now considering the full Einstein–Maxwell–scalar field system, the scalar field ϕ = ϕ(u, v) now

depends only on (u, v), while, in light of (2.1.4), the Maxwell field F can now be written as

F =
Q

2r2
· Ω2 du ∧ dv, (2.2.3)

where for our purposes Q = Q(u, v) is the electric charge of our spacetime, and is a constant in the

case of the uncharged scalar field.

In this choice of gauge, we use the Einstein–Maxwell–(possibly charged and massive) scalar field

to write the following equations for the dynamical quantities r(u, v), Ω2(u, v), and ϕ(u, v). The uu−
and vv−components of (Ein) give the following Raychaudhuri equations, which can be interpreted

as constraint equations for Ω2 along null hypersurfaces of constant u or v.

∂u(Ω
−2∂ur) = −Ω−2r|Duϕ|2 (2.2.4)

∂v(Ω
−2∂vr) = −Ω−2r|Dvϕ|2, (2.2.5)

The remaining components of (Ein) imply the following propagation equations for r2 and Ω2:

∂u∂vr = −Ω2

4r
− ∂ur∂vr

r
+

Ω2Q2

4r3
+

Ω2r(m2|ϕ|2 + Λ)

4
, (2.2.6)

∂u∂v log
(
Ω2
)
=

Ω2

2r2
+

2∂ur∂vr

r2
− Ω2Q2

r4
− 2Re(DuϕDvϕ), (2.2.7)

In the charged scalar field case, the Maxwell equations (2.0.2) with (2.0.7) become:

∂uQ = −q0r2 Im(ϕDuϕ), (2.2.8)

∂vQ = +q0r
2 Im(ϕDvϕ), (2.2.9)

Finally, the wave equation (2.0.6) becomes

DuDvϕ = −∂ur ·Dvϕ

r
− ∂vr ·Duϕ

r
+
iq0QΩ2

4r2
ϕ− m2Ω2

4
ϕ, (2.2.10)

where the gauge field Aµ = Aµ(u, v) will satisfy

∂uAv − ∂vAu =
QΩ2

2r2
. (2.2.11)

Following this, it is also convenient to make the following definitions of the Hawking mass2 m

and the renormalized mass ϖ by

m :=
r

2
(1− gQ(∇r,∇r)) =

r

2
(1− 4Ω−2∂ur∂vr). (2.2.12)

ϖ = ρ+
Q2

2r
− Λr3

6
. (2.2.13)

2We admit there is a conflict in notation in that m simultaneously represents Hawking mass and the mass parameter

in the scalar field equation (2.0.6). In the sequel, it should be clear from context which of these is meant.
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From (2.2.4)–(2.2.10) one can derive the following transport equations for the renormalized mass:

∂uϖ = −2r2(Ω−2∂vr)
−1|Duϕ|2 +

m2

2
r2|ϕ|2∂ur − q0Qr Im(ϕDuϕ), (2.2.14)

∂vϖ = −2r2(Ω−2∂ur)
−1|Dvϕ|2 +

m2

2
r2|ϕ|2∂vr + q0Qr Im(ϕDvϕ). (2.2.15)

The equations (2.2.4)–(2.2.11) may be viewed as a system of wave and transport equations for

(r2,Ω2, ϕ,A,Q). It is straightforward to derive the following local existence result for characteristic

initial data away from any center of symmetry Γ.

Proposition 2.2.1. Let k ≥ 2. Let Ω2 > 0, r2 > 0, ϕ,Q,Au, Av be Ck functions defined on

(u, v) ∈ [u0, u1] × {v0} ∪ {u0} × [v0, v1] such that the equations (2.2.4), (2.2.5), (2.2.8) and (2.2.9)

hold on [u0, u1]×{v0}∪{u0}×[v0, v1], with appropriate Ck compatibility conditions at (u0, v0). Then

there exists some δ > 0, and Ck functions Ω2 > 0, r2 > 0, ϕ,Q,Au, Av on (u, v) ∈ [u0, u1]× [v0, v0+

δ] ∪ [u0, u0 + δ] × [v0, v1], unique up to gauge transformations Aµ 7→ Aµ + ∂µf and ϕ 7→ ϕe−iq0f ,

satisfying the system (2.2.4)–(2.2.11).

Proof (sketch). For local existence, it is convenient to fix a gauge for Aµ by choosing f to make

Av ≡ 0 in the whole spacetime. Then upon differentiating (2.2.11) in u, one can write (2.2.6),

(2.2.7), (2.2.10), (2.2.11) as a system of wave equations of the form

∂u∂vΦ = N (Φ, ∂uΦ, ∂vΦ),

where Φ represents the tuple Φ = (r2, log Ω2, ϕ,Au, r
−1) and N is a smooth function of its argu-

ments.

For such a system, local existence in a region (u, v) ∈ [u0, u0+ δ]× [v0, v0+ δ] is straightforward,

see for instance [45, Proposition 2], and one can extend to the region (u, v) ∈ [u0, u1]× [v0, v0+ δ]∪
[u0, u0+ δ]× [v0, v1] using appropriate null structure for N , similarly to [106]. The remaining equa-

tions (2.2.4), (2.2.5), (2.2.8) and (2.2.9) are viewed as constraint equations, which are propagated

by the system of wave equations above, so long as they are satisfied on initial data. Uniqueness (up

to gauge) is also a straightforward consequence of the local theory.

Remark. In fact, by [99], the Einstein–Maxwell–charged scalar field system satisfies a generalized

extension principle that gives one further control over the maximal domain of existence; in particular

one expects first singularities p ∈ Q away from the center Γ to have r → 0 near p.
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2.3 Einstein–Maxwell–scalar field initial data in trapped regions

Specializing the Einstein–Maxwell–scalar field system (2.2.4)–(2.2.11) to the particular case where

ϕ is real and q0,m2,Λ = 0 – so that in particular Au, Av are no longer necessary – we yield

∂u(−Ω−2∂ur) = Ω−2r(∂uϕ)
2, (2.3.1)

∂v(−Ω−2∂vr) = Ω−2r(∂vϕ)
2. (2.3.2)

∂u∂vr = −Ω2

4r
− ∂ur∂vr

r
+

Ω2

4r3
Q2, (2.3.3)

∂u∂v log
(
Ω2
)
=

Ω2

2r2
+

2∂ur∂vr

r2
− Ω2

r4
Q2 − 2∂uϕ∂vϕ. (2.3.4)

∂u∂vϕ = −∂ur · ∂vϕ
r

− ∂vr · ∂uϕ
r

, (2.3.5)

We shall later find it advantageous to rewrite (2.3.3) and (2.3.5) in the following forms:

∂u(−r∂vr) =
Ω2

4

(
1− Q2

r2

)
, (2.3.6)

∂v(−r∂ur) =
Ω2

4

(
1− Q2

r2

)
, (2.3.7)

∂u(r∂vϕ) = −∂ur · ∂vϕ, (2.3.8)

∂v(r∂uϕ) = −∂vr · ∂uϕ. (2.3.9)

Throughout Chapter 3 in particular, we call the system (2.3.1)–(2.3.9) the Einstein-Maxwell

scalar field system in spherical symmetry (or EMSFSS for short). In the special case that Q ≡ 0,

we instead denote the system simply as the Einstein-scalar field in spherical symmetry (or ESFSS

for short).

There, we pose characteristic initial data for (r,Ω2, ϕ) for the EMSFSS system in a trapped

region. That is, as in Proposition 2.2.1, initial data is prescribed on two null hypersurfaces C0 =

{u0}×[v0, v1] and C0 = [u0, u1]×{v1}, and this data yields a maximal future hyperbolic development

in a domain as follows (see Figure 2.1):

D := {(u, v) ∈ [u0, u1]× [v0, v1] ⊂ R2 : r(u, v),Ω2(u, v), ϕ(u, v) bounded and regular}.

Our analysis will be confined to the trapped region. As in [32], we take this to mean the region

T ⊂ Q with T := {(u, v) : ∂ur(u, v) < 0, ∂vr(u, v) < 0}. Due to the monotonicity of Ω−2∂ur and

Ω−2∂vr from the Raychaudhuri equations (2.3.1) and (2.3.2), it suffices to have initial data in the

trapped region, since

C0 ∪ C0 ⊂ T =⇒ D ⊂ T .
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(u0, v0)

(u0, v1)(u1, v0)

(v−1
∗ (v1), v1)

(u1, v∗(u1))

D

C0C0

S

Figure 2.1: The characteristic initial value problem considered in Chapter 3. Regular initial data
is prescribed at C0 ∪ C0 such that C0 ∪ C0 is trapped, yielding a maximal future hyperbolic

development D with a singular boundary S at which r = 0.

Assuming C0 ∪ C0 ⊂ T , we may fix the remaining gauge-freedom in (u, v) by prescribing

∂vr = −1 on C0, ∂ur = −1 on C0. (uv−gauge)

Imposing (uv−gauge), the free data on C0 ∪ C0 will then be Ω2(u0, v0) ∈ R+, r(u0, v0) ∈ R+, and

the characteristic data for the scalar field, namely ∂vϕ on C0 and ∂uϕ on C0 as well as ϕ(u0, v0).

For our purposes, it will mostly suffice to take ∂vϕ|C0 and ∂uϕ|C0
to be C1.

It is often advantageous to consider quantities which are gauge-independent with regard to the

choice of u and v. We may, for instance, consider the Hawking mass m, defined in (2.2.2), in place

of Ω2. We also make frequent use of the following gauge-independent vector fields:

L =
1

−r∂vr
∂v, L =

1

−r∂ur
∂u, (2.3.10)

which are normalized such that g(L,L) = −2(2mr − r2)−1. Observe that in (uv−gauge),

rLϕ = ∂vϕ on C0, rLϕ = ∂uϕ on C0.

2.3.1 Strongly singular maximal future developments

We are interested in solutions of the characteristic initial value problem containing singularities,

or more specifically spacelike singularities. By [31, 32, 99], in particular the generalized extension

principle of [99], such singularities in the ESFSS or EMSFSS system, at least those away from the

center of symmetry Γ, are characterized by the area-radius r(u, v) tending to 0.

For this purpose, we focus on maximal globally hyperbolic future developments D possessing a

non-empty singular boundary S at which r(u, v) = 0, which may be parameterized as (u, v∗(u)).
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In the ESFSS system (whereQ ≡ 0), there is additional monotonicity in the system that simplifies

the issue of finding S. Note that (2.3.6) and (2.3.7) give:

∂u(−r∂vr) = ∂v(−r∂ur) =
Ω2

4
> 0.

Hence −r∂ur and −r∂vr are bounded below by their minimum value on C0 ∪ C0. Thus r2(u, v) is

monotonically decreasing at a rate which is bounded below, in both the u and v directions, must

therefore reach 0 so long as the intervals [u0, u1] and [v0, v1] are large enough. We formalize this

observation in the following lemma.

Lemma 2.3.1. Consider the ESFSS system with characteristic initial data prescribed on C0 ∪ C0

as in Section 2.3. Then there exist constants R0, R1 > 0, depending only on data, such that for

(u, v) ∈ D,

R0 ≤ −r∂ur(u, v) ≤ R1, R0 ≤ −r∂vr(u, v) ≤ R1. (2.3.11)

For the EMSFSS system with Q ̸= 0, the upper bound of (2.3.11) remains true.

If (2.3.11) holds and one supposes, moreover, that there exists v∗(u1) < v1 such that (u1, v) ∈ D
for v0 ≤ v < v∗(u1), but r(u0, v) → 0 as v → v∗(u1)

−. Then the region D has a singular boundary

S, parameterised by a continuous curve v = v∗(u) for v−1
∗ (v1) ≤ u ≤ u1, such that r(u, v) extends

continuously to 0 on S. The boundary S is spacelike in the sense that v∗(u) is strictly decreasing.

Proof. When Q ≡ 0, the monotonicity of (2.3.6) and (2.3.7) mentioned above immediately implies

the lower bound in (2.3.11) for R0 = min{min(u0,v)∈C0
−r∂vr(u0, v),min(u,v0)∈C0

−r∂ur(u, v0)} > 0.

Regardless of the value of Q, the upper bound is found by integrating (2.3.6), (2.3.7) and then

applying (2.3.1), (2.3.2). For instance,

−r∂vr(u, v) ≤ −r∂vr(u0, v) +
∫ u

u0

Ω2

4
(ũ, v) dũ,

= −r∂vr(u0, v) +
∫ r(u0,v)

r(u,v)

Ω2

−4∂ur
(ũ, v) dr(ũ, v),

≤ −r∂vr(u0, v) +
∫ r(u0,v)

r(u,v)

Ω2

−4∂ur
(u0, v) dr(ũ, v),

≤ max
(u0,ṽ)∈C0

(−r∂vr(u0, ṽ)) + r(u0, v0) · max
(u0,ṽ)∈C0

Ω2

−4∂ur
(u0, ṽ).

The inequality on the third line follows from the Raychaudhuri equation (2.3.1), which implies that
Ω2

−∂ur is decreasing in u. A similar computation for −r∂ur(u, v) then implies the upper bound in

(2.3.11).

Assuming the existence of v∗(u1) as in the lemma, the parameterization of the singular boundary

S as (u, v∗(u)) follows straightforwardly from (2.3.11).
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Remark. By the monotonicity ∂u∂vr
2 < 0 in the case Q ≡ 0, a sufficient condition on data to

guarantee the existence of such a v∗(u1) < v1 is the following inequality:

r(u0, v0)
2 ≥ r(u1, v0)

2 + r(u0, v1)
2. (2.3.12)

However this is not necessary, and need not restrict ourselves to scenarios where (2.3.12) holds.

We now consider the EMSFSS system with Q ̸= 0. In this case, there is no monotonicity akin

to ∂u∂vr2 < 0, and in order to proceed we instead make the a priori assumption

inf
(u,v)∈D

min{−r∂vr(u, v),−r∂ur(u, v)} ≥ R0. (QTS)

By Lemma 2.3.1, the full inequality (2.3.11) holds so long as (QTS) holds.In the case Q ̸= 0, we

also need to make a second a priori assumption: for some α ∈ (0, 1), we assume

inf
(u,v)∈D

min
{
|r2Lϕ(u, v)|2, |r2Lϕ(u, v)|2

}
≥ 1 + α. (SKE)

Here the null vector fields L and L are defined in (2.3.10). In Chapter 3, we often refer to the

following definition.

Definition 2.3.1. A strongly singular future development D of (trapped) characteristic initial data

on C0∪C0 is a maximal future development D, as described in Section 2.3, with the two additional

properties:

(i) There exists some continuous, strictly decreasing function v∗(u), defined on v−1
∗ (v1) ≤ u ≤ u1

for some v−1
∗ (v1) ∈ (u0, u1), such that S = {(u, v∗(u)) : v−1

∗ (v1) ≤ u ≤ u1} is a future boundary

of D such that the area-radius r(u, v) extends continuously to 0 at S.

(ii) Either the Maxwell charge Q is identically zero, or the strongly singular development must

also satisfy the two conditions (QTS) and (SKE).

See Theorem 1.3.1 to recall the (rough version of the) results proven for such strongly singular

spacetimes.

2.4 Equations for homogeneous hairy black hole interiors

In Chapter 4, we will be interested in charged hairy perturbations of sub-extremal Reissner-

Nordström interiors. To define this, given some parameters M > 0, e,Λ ∈ R, consider the polyno-

mial

PM,e,Λ(X) = X2 − 2MX + e2 − 1
3ΛX

4. (2.4.1)

Then the set of subextremal-parameters (M, e,Λ) is Pse = PΛ<0
se ∪ PΛ=0

se ∪ PΛ>0
se , where PΛ<0

se is

such that Λ < 0 and the polynomial PM,e,Λ(X) has two distinct positive real roots r− < r+, PΛ=0
se
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is such that Λ = 0 and the polynomial PM,e,Λ(X) has two distinct positive real roots r− < r+, while

PΛ>0
se is such that Λ > 0 and PM,e,Λ(X) has three distinct positive real roots r− < r+ < rc.

The Reissner-Nordström(-dS/AdS) spacetime is a spherically symmetric solution to the Einstein–

Maxwell system, and can be written in standard (t, r) coordinates as

gRN = −
(
1− 2M

r
+

e2

r2
− Λr2

3

)
dt2 +

(
1− 2M

r
+

e2

r2
− Λr2

3

)−1

dr2 + r2dσS2 . (2.4.2)

In particular, the Reissner-Nordström(-dS/AdS) interior metric is given by (2.4.2), restricted to the

coordinate range r− < r < r+, t ∈ R. Note that, in the interior, t is a spacelike coordinate while r

is a timelike coordinate.

The Maxwell field is given by setting Q ≡ e in (2.2.3), and Ω2 = Ω2
RN will be defined shortly. A

choice gauge field A which will be consistent with the remainder of Section 2.4 and Chapter 4 is

A = −
(

e

r+
− e

r

)
dt. (2.4.3)

To recast the metric (2.4.2) into the double null form (2.2.1), we define

dr

dr∗
:=

Ω2
RN

4
, Ω2

RN := −4

(
1− 2M

r
+

e2

r2
− Λr2

3

)
, (2.4.4)

u :=
r∗ − t

2
, v :=

r∗ + t

2
. (2.4.5)

In this (u, v) coordinate system, the metric can now be written as

gRN = −Ω2
RNdudv + r2dσS2 . (2.4.6)

In the sequel, we denote the Reissner-Nordström area-radius function by rRN .

We define the surface gravity of the event horizon 2K+, and the surface gravity of the Cauchy

horizon 2K− by the following functions of black hole parameters:

2K± = 2K(r = r±) =
2

r2±

(
M − e2

r±
−

Λr3±
3

)
. (2.4.7)

It is then a well-known fact that the null lapse Ω2
RN obeys the following asymptotics, where

α± > 0 are fixed constants depending on the black hole parameters:

log

(
Ω2
RN

α+e2K+(M,e,Λ)·r∗

)
= O(e2K+(M,e,Λ)·r∗) as r∗ = u+ v → −∞, (2.4.8)

log

(
Ω2
RN

α−e2K−(M,e,Λ)·r∗

)
= O(e2K−(M,e,Λ)·r∗) as r∗ = u+ v → +∞. (2.4.9)

We note that, for subextremal black hole parameters, one has 2K+ > 0 while 2K− < 0.

Introducing the following “regular coordinates”,

U = e2K+u, V = e2K+v, (2.4.10)
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it is well-known that in the coordinate system (U, v), the metric gRN can be smoothly extended

beyond U = 0, and the right event horizon HR = {(U, v) : U = 0, v ∈ [−∞,+∞)} is realised as

a smooth null hypersurface. A similar construction can be made for the coordinates (u, V ), with

HL = {(u, V ) : u ∈ [−∞,+∞), V = 0}. Using the coordinate system (U, V ), the metric gRN is

defined for 0 ≤ U, V < +∞, and can be smoothly beyond both HR and HL, including the bifurcation

sphere HR ∩HL = {U = 0, V = 0}.

2.4.1 Black hole interiors with charged scalar hair

HR
H
L

T T

s = const

R

Figure 2.2: The local solution to the characteristic initial value problem for a spatially homogeneous
black hole interior with charged scalar hair

Consider the characteristic initial value problem with initial data given on the two affine complete

null hypersurfaces HL = {(U, V ) : U ≥ 0, V = 0} = {(u, v) : u ∈ [−∞,+∞), v = −∞} and

HR = {(U, V ) : U = 0, V ≥ 0} = {(u, v) : u = −∞, v ∈ [−∞,+∞)}, intersecting at the bifurcation

sphere (U, V ) = (0, 0).

We normalize the regular coordinates (U, V ), which are related to the usual interior coordinates

(u, v) via (2.4.10), using the following gauge choice:

Ω2
R(U, v)|HR

=
1

2K+
e−2K+(M,e,Λ)·uΩ2(u, v)|HR

=
α+

2K+
e2K+(M,e,Λ)·v, (2.4.11)

Ω2
L(u, V )|HL

=
1

2K+
e−2K+(M,e,Λ)·v Ω2(u, v)|HL

=
α+

2K+
e2K+(M,e,Λ)·u, (2.4.12)

These choices are made such that, with respect to the generalized Kruskal-Szekeres coordinate

system (U, V ), Ω2 is normalized as follows on H = HR ∪HL:

Ω2
reg(U, V )|H =

α+

(2K+)2
. (Ω-data)

In the context of this article, we pose the following characteristic initial data (recall (2.2.13) for

the definition of ϖ):

r|H = r+(M, e,Λ), (r-data)
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ϖ|H =M > 0, (ϖ-data)

Q|H = e ∈ R \ {0}, (Q-data)

ϕ|H = ϵ ∈ R \ {0}, (ϕ-data)

as well as a gauge for the Maxwell field such that the components AV , AU vanish on HR,HL

respectively. In particular DV ϕ and DUϕ will vanish on their respective horizon pieces. As a result,

this data is compatible with the null constraints (2.2.4), (2.2.5).

In the following proposition, we show that the data (Ω-data), (r-data), (Q-data), (ϕ-data)

uniquely specifies a solution to the Einstein-Maxwell-charged scalar field system, which is more-

over spatially homogeneous. Of course, in order to have uniqueness we must impose a gauge for the

Maxwell field A. In our setting, for the purpose of reducing the Einstein-Maxwell-charged scalar

field system to a system of ODEs (see already Section 2.4.2 and (2.4.20)), it will be convenient to

choose

UAU + V AV = 0. (A-gauge)

We now identify the spacetime describing the hairy black hole interior spacetimes studied in this

article, which we firstly describe in the regular coordinate system (U, V ).

Proposition 2.4.1. Consider characteristic initial data (Ω-data), (r-data), (Q-data), (ϕ-data) to

the Einstein-Maxwell-charged scalar field system (2.2.4)–(2.2.11), with u, v replaced by U, V respec-

tively. Then imposing also (A-gauge), there exists a unique maximal future development3 of the

system (Ω2, r, ϕ,Q,AU , AV ) that is smooth up to and including the horizon H = HL ∪HR.

Furthermore, the domain of definition of this maximal development is given by {(U, V ) : 0 ≤
UV < Dmax} for some Dmax(M, e,Λ,m2, q0, ϵ) ∈ (0,+∞], and letting T be the vector field (see

Figure 2.2)

T := 2K+

(
−U ∂

∂U
+ V

∂

∂V

)
, (2.4.13)

one finds that T is a Killing vector field, satisfying Tr = TΩ2 = TQ = Tϕ = T (UAU ) = 0. In

particular, the spacetime is foliated by Cauchy hypersurfaces UV = const, which are each spatially

homogeneous with isometry group R× SO(3).

Proof. We appeal to a local existence result, for instance Proposition 2.2.1, with the caveat that

our gauge choice (A-gauge) is not well-suited to such local well-posedness statements. Following

Proposition 2.2.1 we firstly instead find a solution with some other choice of gauge field A
(0)
µ , in a

3Maximality is meant in the sense that there is no larger causal region of the (U, V )-plane where one may smoothly

extend the solution.
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region (U, V ) ∈ [0, δ] × [0, δ] with δ sufficiently small (see the darker shaded region of Figure 2.2),

attaining the prescribed data, with A replaced by A(0) in the equations. In particular, Maxwell

gauge-independent quantities such as Ω2
reg, r,Q are already uniquely determined.

We seek a gauge transformation that relates any such A(0) to an A satisfying (A-gauge). The

correct gauge transformation is A = A(0) − dh, with h given by

h(U, V ) :=

∫ 1

0
UA(0)(Ux, V x) dx. (2.4.14)

The reason is that this choice of h implies that

U
∂h

∂U
+ V

∂h

∂V
=

∫ 1

0

(
UA(0)(Ux, V x) + U2x

∂A(0)

∂U
(Ux, V x) + UV x

∂A(0)

∂V
(Ux, V x)

)
dx,

=

∫ 1

0

d

dx
(UxA(0)(Ux, V x)) dx = UA(0)(U, V ),

so that

UAU + V AV = UA(0) − U
∂h

∂U
− V

∂h

∂V
= 0,

as required. Furthermore, the h chosen in (2.4.14) is the unique such gauge transformation that is

regular at (0, 0): If h̃ was another such function, then the difference g = h− h̃ would satisfy

U
∂g

∂U
+ V

∂g

∂V
= 0,

whose general solution is of the form g(U, V ) = G(U/V ). So regularity at (0, 0) implies that G, and

thus g, is constant, and dh = dh̃ after all.

Hence we have constructed a unique regular solution in the characteristic rectangle [0, δ]× [0, δ].

We next show that the vector field T defined in (2.4.13) annihilates all the relevant quantities. For

this purpose, we argue geometrically as follows: let a > 0 be any positive real number, and consider

the double null coordinate transformation U 7→ U ′ = aU, V 7→ V ′ = a−1V . Then in the (U ′, V ′)

coordinate system, we note that it still holds that on H = {(U ′, V ′) : U ′ = 0 or V ′ = 0}, we have

Ω′2
reg(U

′, V ′) =
α+

(2K+)2
,

r = r+,

Q = e,

ϕ = ϵ,

U ′AU ′ + V ′AV ′ = 0.

Hence by the aforementioned existence and uniqueness result, we have a unique solution in the

characteristic rectangle (U ′, V ′) ∈ [0, δ] × [0, δ]. Furthermore, this agrees with the solution in the

original (U, V ) coordinates, so that, for f ∈ {Ω2, r,Q, ϕ, UAU}, we have

f(U ′, V ′) = f(aU, a−1V ) = f(U, V ). (2.4.15)
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Allowing a to vary across all positive reals, it is clear that we have a solution in the whole of

{(U, V ) ∈ R2
≥0 : 0 ≤ UV ≤ δ2}, i.e. the lighter shaded region in Figure 2.2 that arises from sweeping

out the darker shaded region for different choices of a > 0. Furthermore, it is immediate from

(2.4.15) that T annihilates all such quantities f .

The extension to the region {0 ≤ UV < Dmax} is then straightforward using standard extension

principle arguments for nonlinear waves and again appealing to this geometric trick.

Remark. By the generalized extension principle of [99], if the quantity Dmax of Proposition 2.4.1

is finite, then one must have r → 0 as UV → Dmax. However, Proposition 2.4.1 is qualitative

in nature and says little about quantitative properties of the interior, or if and how any spacelike

singularity is formed.

Following Proposition 2.4.1, we would also like to understand the transversal derivatives of r and

ϕ along H, for which we shall need the full system of equations (2.2.4)–(2.2.11). For r, we see that

using (2.2.6) on HR,

∂V ∂Ur =
α+

4(2K+)2

(
− 1

r+
+

e2

r3+
+ r+Λ + r+m

2ϵ2
)
. (2.4.16)

Since r+ = r+(M, e,Λ) satisfies the equation

PM,e,Λ(r+) = r2+ − 2Mr+ + e2 − 1
3Λr

4
+ = 0,

it is readily checked that the expression in the parentheses in (2.4.16) is equal to −2K+ + r+m
2ϵ2.

We then integrate (2.4.16), noting that ∂Ur = 0 at the bifurcation sphere (U, V ) = (0, 0), to find

∂Ur|HR
=
α+V

8K+

(
−1 +

r+m
2ϵ2

2K+

)
.

Returning to (u, v) coordinates, and performing a similar procedure on HL, we deduce

lim
u→−∞

−4∂ur

Ω2
(u, v) = lim

v→−∞

−4∂vr

Ω2
(u, v) = 1− r+m

2ϵ2

2K+
. (2.4.17)

We remark here that due to the presence of the charged scalar field mass, there is already an O(ϵ2)

deviation from the corresponding Reissner-Nordström quantity. A similar procedure applied to

(2.2.10) will yield

2K+

α+V
·DUϕ(0, V ) = lim

u→−∞

Duϕ

Ω2
(u, v) = β+ϵ, (2.4.18)

2K+

α+U
·DV ϕ(U, 0) = lim

v→−∞

Dvϕ

Ω2
(u, v) = β+ϵ, (2.4.19)

where β+ = β+(M, e,Λ,m) is some fixed constant we do not explicitly determine.
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2.4.2 System of ODEs for spatially homogeneous solutions

Define s = u+v, t = v−u, where the null coordinates (u, v) are fixed by the gauge choices (2.4.11),

(2.4.12), (2.4.10). Since ∂t = 1
2(∂v − ∂u) =

1
2T , Proposition 2.4.1 proves that the maximal future

development arising from the characteristic data of Section 2.4.1 obeys ∂tr = 0, ∂tΩ
2 = 0, ∂tQ =

0, ∂tϕ = 0. So we may consider these just as functions of s.

Of course, this is only true after imposing (A-gauge). In the (u, v) coordinate system,

A = AUdU +AV dV = 2K+(UAUdu+ V AV dv) =: Ã(du− dv) = −Ãdt, (2.4.20)

where, due to Proposition 2.4.1, Ã = UAU (s) is a real-valued function of s, with lims→−∞ Ã(s) = 0.

We next show that this choice of gauge will in fact constrain the scalar field ϕ to be real.

Lemma 2.4.2. With (2.4.20) and the initial data of Section 2.4.1, ϕ = ϕ(s) is everywhere real.

Proof. Consider the transport equations (2.2.8), (2.2.9) for the quantity Q. Since ∂tQ = 1
2(∂v −

∂u)Q = 0,

q0r
2 Im(ϕDsϕ) =

1
2q0r

2 Im(ϕ(Duϕ+Dvϕ)) = 0.

Hence by (2.4.20) we must have Im(ϕDsϕ) = Im(ϕ∂sϕ) = 0.

Next, we decompose ϕ into its modulus and argument; ϕ = Φeiθ. Then

Im(ϕ∂sϕ) = −Φ2∂sθ = 0,

so that the phase θ is constant whenever ϕ is nonzero. But as ϕ is smooth in the variable s, it does

not change phase when it reaches 0, hence ϕ is real everywhere.

Using the identities ∂u = ∂s − ∂t, ∂v = ∂s + ∂t, we have that, for f ∈ {r(s),Ω(s), ϕ(s), Q(s), Ã(s)},
one has

∂uf = ∂vf =
df

ds
=: ḟ .

We now proceed to rewrite the Einstein-Maxwell-Klein-Gordon system (2.2.4)–(2.2.11) as a system

of ODEs.

Firstly, the Raychaudhuri equation becomes

d

ds
(−Ω−2ṙ) = Ω−2r(|ϕ̇|2 + |Ã|2q20|ϕ|2). (2.4.21)

Defining the quantity κ = −1
4Ω

2ṙ−1, which is exactly 1 in Reissner-Nordström(-dS/AdS), we may

rewrite this as
d

ds
κ−1 = 4Ω−2r(|ϕ̇|2 + |Ã|2q20|ϕ|2). (2.4.22)

We also at times appeal to (2.4.21) in the form:

d

ds
(−ṙ)− d

ds
log
(
Ω2
)
· (−ṙ) = r(|ϕ̇|2 + |Ã|2q20|ϕ|2). (2.4.23)
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The wave equation for r is now written as

r̈ = −Ω2

4r
− ṙ2

r
+

Ω2

4r3
Q2 +

Ω2r

4
(m2|ϕ|2 + Λ), (2.4.24)

which may be conveniently rewritten as

d

ds
(−rṙ) = Ω2

4
− Ω2Q2

4r2
− Ω2r2

4
(m2|ϕ|2 + Λ). (2.4.25)

The wave equation (2.2.7) for the null lapse Ω2 becomes

d2

ds2
log
(
Ω2
)
=

Ω2

2r2
+ 2

ṙ2

r2
− Ω2

r4
Q2 − 2ϕ̇2 + 2|Ã|2q20|ϕ|2, (2.4.26)

or alternatively

d2

ds2
log
(
rΩ2

)
=

Ω2

4r2
− 3

4

Ω2Q2

r4
− 2|ϕ̇|2 + 2|Ã|2q20|ϕ|2 +

Ω2m2

4
|ϕ|2. (2.4.27)

For the Maxwell field Q and the gauge field Ã, the equations (2.2.8), (2.2.9), (2.2.11) become

Q̇ = Ãq20r
2|ϕ|2, (2.4.28)

˙̃A = −QΩ2

4r2
. (2.4.29)

Finally, the wave equation (2.2.10) for the scalar field may be written as the second order ODE

ϕ̈ = −2ṙϕ̇

r
− q20|Ã|2ϕ− m2Ω2

4
ϕ, (2.4.30)

which we often use in the form

d

ds
(r2ϕ̇) = −r2q20|Ã|2ϕ− m2Ω2r2

4
ϕ. (2.4.31)

We also reformulate the initial data of Section 2.4.1 so as to satisfy the ODE system (2.4.21)–

(2.4.31). Data is posed at the limit s→ −∞, and is given by

lim
s→−∞

r(s) = r+, lim
s→−∞

Q(s) = e, lim
s→−∞

ϕ(s) = ϵ, (2.4.32)

lim
s→−∞

Ω2(s) · e−2K+s = α+, (2.4.33)

lim
s→−∞

−4Ω−2(s)ṙ(s) = 1− r+m
2ϵ2

2K+
, (2.4.34)

lim
s→−∞

d

ds
log
(
Ω2
)
(s) = 2K+, (2.4.35)

lim
s→−∞

Ω−2(s)Ã(s) = − e

8K+r2+
, (2.4.36)

lim
s→−∞

Ω−2(s)ϕ̇(s) = β+ϵ. (2.4.37)

This concludes the set-up for the analytical problem considered in this section and Chapter 4.
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2.5 Equations in Rein gauge

In contrast to the results of Chapter 3 for spherically symmetric spacetimes, in later parts of the

dissertation, namely Chapter 6 we shall turn our attention to more general surface symmetric

spacetimes of Section 2.1, now written in a different choice of gauge, originally due to Rein [117] in

the study of the Einstein–Vlasov system.

This gauge choice will make sense only in regions of the spacetime (M,g) such that the surfaces

Σ2 of symmetry are trapped, meaning the area-radius r may be treated as a timelike coordinate. In

such trapped regions, we write the spacetime metric f of (2.1.1) in the following diagonal form:

g = −e2µdr2 + e2λdx2 + r2dσΣ2 . (2.5.1)

Here, level sets of the coordinate x are orthogonal to leaves of a constant r-foliation, while µ, λ are

real-valued functions of r and x.

While the gauge (2.5.1) has previously been considered for the surface symmetric Einstein–

Vlasov–scalar field system in [139, 140, 141], to the author’s knowledge it has not previously been

used for other matter systems, including Maxwell; thus we choose to include a more thorough

description of the gauge in the cyrrent section. We later record a local well-posedness result Propo-

sition 2.5.2 and a continuation criterion in Lemma 2.5.3, differing slightly from that given in [141].

Given the decomposition (2.1.2) for the energy momentum tensor T = T[Φ], one expresses the Ein-

stein equations (Ein) with respect to the gauge (2.5.1) as follows, where trQ T = e−2µTrr+e
−2λTxx.

r∂rλ = r2Trr −
1

2

(
1 + κe2µ

)
, (2.5.2)

r∂rµ = r2e2(µ−λ)Txx +
1

2

(
1 + κe2µ

)
, (2.5.3)

∂xµ = rTxr, (2.5.4)

(r∂r)
2µ− r2e2(µ−λ)∂2xµ =(r∂rλ)(r

2 trQ T + κ)e2µ + r∂r
[(
r2 trQ T + κ

)
e2µ
]

+ r2e2(µ−λ)∂xµ∂x(µ− λ) + r2e2(µ−λ)
[
Txx −

1

2
trQ Te

2λ − S

2
e2λ
]
.

(2.5.5)

We refer the reader to [117, Equations (1.3)–(1.6)] for the specific case where the matter field Φ is

Vlasov matter (though that our r and x are instead t and r in [117]). Compared to [117], we have

manipulated the equations somewhat so that (a) our canonical choice of time derivative is r∂r and

(b) equation (2.5.5) has wave-like structure.

The claimed wave-like structure is made clear by the observation that with respect to the coor-

dinates of (2.5.1), the wave equation (Scal) for ϕ is given by:

(r∂r)
2ϕ− r2e2(µ−λ)∂2xϕ = e2µ(r∂rϕ)

(
r2 trQ T + κ

)
+ r2e2(µ−λ)∂xϕ∂x(µ− λ). (2.5.6)
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Thus (2.5.5) has similar structural features to (2.5.6), albeit with a more complicated right hand

side.

In the remainder of this section, and subsequently Chapter 6, we assume that the quotient

manifold Q is diffeomorphic to I × S1, where I ⊂ (0,+∞) is an interval and we periodise the x-

variable to lie in S1, exactly as in [140]. This is purely for convenience; upon localising to suitable

causal subdomains one could also consider settings where x lies in an interval rather than S1.

2.5.1 The Einstein–Maxwell–scalar field system in Rein gauge

We specialize the above to the Einstein–Maxwell–scalar field system (M,g, ϕ,F). In light of (2.1.4)

and the metric gauge choice (2.5.1), the electromagnetic tensor F is represented by the following

2-form, where Q ∈ R is the constant electric charge.

F =
2Q

r2
eµ+λdr ∧ dx. (2.5.7)

Proposition 2.5.1 (Surface symmetric Einstein–Maxwell–scalar field system). Let (M,g, ϕ,F) be

a surface symmetric solution to the Einstein–Maxwell–scalar field system (Ein), (Scal) and (Max),

with metric g given by (2.5.1) and Maxwell tensor F given by (2.5.7). Then the dynamical quantities

(λ, µ, ϕ) satisfy the following equations for (r, x) ∈ Q.

r∂rλ =
1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 − 1− κe2µ +

Q2

r2
e2µ
)
, (2.5.8)

r∂rµ =
1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + 1 + κe2µ − Q2

r2
e2µ
)
, (2.5.9)

∂xµ = r∂rϕ∂xϕ, (2.5.10)

(r∂r)
2µ− r2e2(µ−λ)∂2xµ =(r∂rλ)

(
−Q

2

r2
+ κ

)
e2µ + r∂r

[(
−Q

2

r2
+ κ

)
e2µ
]

+ r2e2(µ−λ)∂xµ∂x(µ− λ) + 2r2e2(µ−λ)(∂xϕ)
2 − Q2

r2
e2µ,

(2.5.11)

(r∂r)
2ϕ− r2e2(µ−λ)∂2xϕ = (r∂rϕ)

(
−Q

2

r2
+ κ

)
e2µ + r2e2(µ−λ)∂xϕ∂x(µ− λ). (2.5.12)

Furthermore µ− λ obeys the transport equation

r∂r(µ− λ) = 1 +

(
−Q

2

r2
+ κ

)
e2µ. (2.5.13)

Proof. The equations (2.5.8)–(2.5.12) are derived directly from (2.5.2)–(2.5.6), upon insertion of the

following expressions for the decomposition of the energy momentum tensor Tµν = Tµν [ϕ]+Tµν [F]
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with respect to the coordinates of (2.5.1):

Trr[ϕ] = e2(µ−λ)Txx[ϕ] =
1

2

(
(∂rϕ)

2 + e2(µ−λ)(∂xϕ)
2
)
, S[ϕ] = e−2µ(r∂rϕ)

2 − r2e−2λ(∂xϕ)
2,

Trr[F] = −e2(µ−λ)Txx[F] =
1

2

Q2

r2
e2µ, S[F] =

4Q2

r2
.

We leave the details to the reader.

2.5.2 The initial value problem

We briefly outline local existence for the surface symmetric Einstein–Maxwell–scalar field system as

given in Section 2.5.1. See also statements similar to the following Proposition 2.5.2 in [117] for the

surface symmetric Einstein–Vlasov system and in [141] for the surface symmetric Einstein–Vlasov–

scalar field system.

We treat the equations in a slightly different manner from [117], as to emphasize the wave-like

nature of (2.5.9). As a result, though our system is reduced to a 2-dimensional problem and one can

apply the method of characteristics as in [117], we clarify that local existence also holds in energy

spaces Hs+1 ×Hs, for s > 1
2 .

Proposition 2.5.2 (Local well-posedness). Let Q ∈ R be a constant and κ ∈ {−1, 0,+1}. Consider

solutions (ϕ, µ, λ) to the surface symmetric Einstein–Maxwell–scalar field system (2.5.8)–(2.5.12) for

(r, x) ∈ I × S1, where I ⊂ (0,+∞) is an interval.

Consider data as follows: let r0 > 0 and let ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D : S1 → R be functions with

regularity to be specified shortly, satisfying the following three constraint equations:

µ̇D =
1

2

(
ϕ̇2D + r20e

2(µD−λD)(∂xϕD)
2 + 1 + κe2µD − Q2

r20
e2µD

)
,

λ̇D =
1

2

(
ϕ̇2D + r20e

2(µD−λD)(∂xϕD)
2 − 1− κe2µD +

Q2

r20
e2µD

)
,

∂xµD = ϕ̇D ∂xϕD.

Let the Banach space X be either Ck+1 × Ck for integers k ≥ 0, or Hs+1 × Hs for real numbers

s > 1
2 . Then given (fD, ḟD) ∈ X for f ∈ {ϕ, µ, λ}, there exists a maximal interval I containing

r0 and a unique solution (ϕ, µ, λ) of the surface symmetric Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) with

(f, r∂rf) ∈ C(I,X) and (f, r∂rf)|r=r0 = (fD, ḟD) for f ∈ {ϕ, µ, λ}. (2.5.14)

Proof. (Sketch) We prove local-wellposedness for this system by identifying several of the equations

in (2.5.8)–(2.5.12) as evolution equations for which one may apply standard local well-posedness, and

the remaining equations as constraint equations which are true at r = r0 and are then propagated.
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The equations we identify as evolution equations are (2.5.11), (2.5.12) and (2.5.13). Note that

(2.5.11) and (2.5.12) are quasilinear wave equations with respect to the metric g in (2.5.1), while

(2.5.13) is a transport equation whose transport vector field r∂r is timelike with respect to g. Thus:

• If X = Ck+1 × Ck, then one finds (ϕ, µ, λ) solving (2.5.11)–(2.5.13) and achieving (2.5.14)

by applying the method of characteristics, with respect to the characteristic vector fields L =

∂r+ eµ−λ∂x, L = ∂r− eµ−λ∂x for (2.5.11)–(2.5.12) and the timelike vector field ∂r = 1
2(L+L)

for (2.5.13).

• If X = Hs+1 ×Hs for s > 1
2 , then the existence and uniqueness of (ϕ, µ, λ) solving (2.5.11)–

(2.5.13) and achieving (2.5.14) follows from the local well-posedness for systems of quasilinear

wave equations, see for instance Hughes–Kato–Marsden [83]. This is easily extended to the

wave–transport system (2.5.11)–(2.5.13), particularly since the right hand side of the transport

equation (2.5.13) depends only on µ and not on any of its derivatives.

It remains to show that the remaining equations (2.5.8)–(2.5.10) are satisfied. In fact, since we

already have (2.5.13) it suffices to show that (2.5.9)–(2.5.10) are satisfied. We do this via constraint

propagation. The key computation is that from (2.5.8)–(2.5.10), if one defines:

C1 = r∂rµ− 1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + 1 + κe2µ − Q2

r2
e2µ
)
, C2 = ∂xµ− r∂rϕ∂xϕ,

then one may derive the equations

r∂rC1 = reµ−λ∂xC2 + 2

(
−Q

2

r2
+ κ

)
e2µ C1,

r∂rC2 = reµ−λ∂xC1 + 2

(
1 +

(
−Q

2

r2
+ κ

)
e2µ
)
C2.

So (C1,C2) obey a homogeneous first order linear hyperbolic system with coefficients determined

by the previously found solution to (2.5.8)–(2.5.10). Therefore, by considering an energy of the form

EC(r) = 1
2

∫
S1(C

2
1(r, x) + C2

2(r, x)) dx, integration by parts yields that∣∣∣∣r ddrEC(r)
∣∣∣∣ ≤ C · EC(r)

for some C depending on the solution (ϕ, µ, λ). Since the initial data constraints imply EC(r0) = 0,

we have that EC(r) = 0 for all r ∈ I. Therefore C1,C2 ≡ 0 and the remaining equations (2.5.8)–

(2.5.10) hold as required.

Along with the local well-posedness result of Proposition 2.5.2, we also include the following

continuation criteria, showing that if the past endpoint of I is not 0, then the quantity µ must blow

up.
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Lemma 2.5.3 (Continuation criterion). Let (ϕ, µ, λ) be a solution of the surface symmetric

Einstein–Maxwell–scalar field system (2.5.8)–(2.5.12), arising from initial data as in Proposi-

tion 2.5.2. Then if rp = inf I ∈ [0, r0) is the past endpoint of I, then either rp = 0, or one

has

sup
(r,x)∈(rp,r0)×S1

µ(r, x) = +∞. (2.5.15)

Proof. Suppose for contradiction that rp > 0 and µ(r, x) ≤ A < +∞ for all (r, x) ∈ (rp, r0] × S1.
By standard continuation criteria for the quasilinear wave–transport system (2.5.11)-(2.5.13) it will

suffice to show that ∂xf and ∂rf remain uniformly bounded for (r, x) ∈ (rp, r0] for each of f = ϕ, µ, λ.

The first observation is that if µ(r, x) ≤ A, then e2µ ≤ e2A and Q2

r2
e2µ ≤ Q2r−2

p e2A. So the

coefficients appearing in the wave equations (2.5.12) and (2.5.11) are uniformly bounded. We apply

this first to the wave equation (2.5.12) for ϕ. This equation can be shown to be equivalent to:

(∂r ± eµ−λ∂x)(∂rϕ∓ eµ−λ∂xϕ) =
1

r

(
−Q

2

r2
+ κ

)
e2µ(∂rϕ± eµ−λ∂xϕ).

Therefore, if one defines

A(r̃) = max

{
sup
x∈S1

|∂rϕ(r̃, x) + eµ−λ∂xϕ(r̃, x)|, sup
x∈S1

|∂rϕ(r̃, x)− eµ−λ∂xϕ(r̃, x)|
}
,

integrating the above integral curves of ∂r ± eµ−λ∂x yields the integral estimate

A(r) ≤ A(r0) + r−1
p (Q2r−2

p + 1)e2A
∫ r0

r
A(r̃) dr̃.

Thus applying Grönwall’s inequality, there is a uniform bound A(r) ≤ Aϕ for all r ∈ (rp, r0]. By

the definition of A(r), we therefore have |∂rϕ(r, x)| ≤ Aϕ and |eµ−λ∂xϕ(r, x)| ≤ Aϕ.

We now play the same game with (2.5.11). There are more terms arising in this equation,

and for instance that the e2(µ−λ)(∂xϕ)2 in (2.5.11) needs to be controlled by the previous estimate

|eµ−λ∂xϕ| ≤ Aϕ. Omitting the details, one finds Aµ so that |∂rµ(r, x)| ≤ Aµ and |eµ−λ∂xµ(r, x)| ≤
Aµ for r ∈ (rp, r0].

It remains to estimate derivatives of λ, or equivalently derivatives of µ − λ. The expression

∂r(µ−λ) may be estimated immediately using (2.5.13). We also commute (2.5.13) with ∂x, yielding:

r∂r∂x(µ− λ) =

(
−Q

2

r2
+ κ

)
e2µ(2∂xµ) = 2

(
−Q

2

r2
+ κ

)
eµ+λ · eµ−λ∂xµ.

Having estimated |eµ−λ∂xµ| ≤ Aµ, it suffices to find an upper bound for eµ+λ. One does this

by using (2.5.8)–(2.5.9) to show that r∂r(µ + λ) ≥ 0, and therefore eµ+λ decreases as r decreases

towards rp. So r∂r∂x(µ−λ) is uniformly bounded, and thus one finds Aλ such that |∂x(µ−λ)| ≤ Aλ.

The final step is that the previous µ and ϕ estimates yielded |eµ−λ∂xϕ| ≤ Aϕ and |eµ−λ∂xµ| ≤ Aµ.

To conclude, one must remove the eµ−λ prefactors, which is easy since we have an estimate for

|∂r(µ − λ)| and therefore for |µ − λ| itself. So have uniform bounds for |∂xf | and |∂rf | for each of

f = ϕ, µ, λ. By standard continuation criteria for wave–transport systems, this allows us to extend

the solution beyond r = rp, yielding the required contradiction.
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2.6 Gowdy symmetry

We complete Chapter 2 with a discussion of the other symmetry class for which we present results,

namely T2-Gowdy symmetry. This will be used in the results of Chapter 5 where we study BKL

bounces for the Einstein vacuum4 equations in Gowdy symmetry.

A spacetime (M,g) is said to be Gowdy symmetric if it contains two spacelike Killing vector

fields X and Y , which together generate an isometry group GGowdy whose orbits are topologically

diffeomorphic to a two surface Σ2, where the twist constant CK = εαβγδX
αY β∇γY δ is set to vanish

identically, where ε is the volume form associated to g. See [67, 36] for further references. We note

that unlike the case of the surface symmetric spacetimes, it not required that each copy of Σ2 is

isometric to a rescaled version of Σ2 with a standard metric.

We shall consider the particular case of the T3 Gowdy symmetric spacetimes, where X and Y

can be chosen to be coordinate vector fields on Σ2 ∼= T2. Here, a Gowdy symmetric spacetime

metric g can be written in the relatively simple form (see [124]):

g = −t−
1
2 e

λ
2 (−dt2 + dθ2) + t[eP (dσ +Qdδ)2 + e−Pdδ2], (2.6.1)

where (t, θ) are coordinates on the quotient manifold Q = M/GGowdy and (σ, δ) are coordinates

on each copy of T2. In this form, X = ∂σ and Y = ∂δ, meaning that the functions λ, P,Q are

functions of (t, θ) only. Note that, since P and Q are allowed to be non-constant, each copy of T2

is a stretched / sheared version of the standard metric on T2.

Since the area of each copy of T2 has area proportional to t > 0, the gauge (2.6.1) is often

referred to as an areal gauge for a T3 Gowdy symmetric spacetime. In any case, in this gauge we

consider t ∈ (0,+∞) to be a time coordinate, while θ ∈ S1, is our natural spatial coordinate. With

respect to (2.6.1), the Einstein vacuum equations are written as:

(t∂t)
2P − (t∂θ)

2P = e2P (t∂tQ)2 − e2P (t∂θQ)2, (2.6.2)

(t∂t)
2Q− (t∂θ)

2Q = −2(t∂tP )(t∂tQ) + 2(t∂θP )(t∂θQ) (2.6.3)

together with two equations for λ.

t∂tλ = (t∂tP )
2 + (t∂θP )

2 + e2P (t∂tQ)2 + e2P (t∂θQ)2, (2.6.4)

∂θλ = 2(t∂tP ∂θP + e2P t∂tQ∂θQ). (2.6.5)

Note that the former equations (2.6.2) and (2.6.3) decouple from the latter two equations for λ,

and in studying the evolutionary problem one usually solves for P and Q using (2.6.2) and (2.6.3),

then afterwards one integrates (2.6.4) to solve for λ. The final equation (2.6.5) is a constraint that
4To the author’s knowledge, the literature is scarce for Einstein equations with matter in Gowdy symmetric settings.

We would like to return to the Einstein–(Maxwell)–scalar field equations in Gowdy in future work.
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is propagated by the remaining equations, as long as it is satisfied at some initial time. Due to this,

we typically study only the equations (2.6.2) and (2.6.3).

A remarkable feature of T3 Gowdy symmetric spacetimes is that the equations (2.6.2) and (2.6.3)

have a hidden geometric structure. It turns out these two equations are exactly a system of wave

maps (see [137, Chapter 6] for a general definition of wave maps) between a domain manifold

R>0 × T2 with metric

g0 = −dt2 + dθ2 + t2dχ2,

and a target manifold R2 with metric

gR = dP 2 + e2PdQ2.

More precisely, the equations (2.6.2)–(2.6.3) describe wave maps from (R>0×T2, g0) to (R2, gR)

which are independent of χ. We comment that (R2, gR) is isometric to hyperbolic space. Indeed,

the change of variables x = Q, y = e−P puts gR into the familiar upper half plane model gR =

y−2(dx2 + dy2). See [121, 123] and references therein for further details regarding the wave map

structure. What is important for us is that, for such wave maps, it is straightforward to show that

the energy functional:

E(t) := 1

2

∫
S1

[
(∂tP )

2(t, θ) + (∂θP )
2(t, θ) + e2P (∂tQ)2(t, θ) + e2P (∂θQ)2(t, θ)

]
dθ (2.6.6)

obeys the derivative identity:

d

dt
E(t) = −1

t
· 1
2

∫
S1
[(∂tP )

2(t, θ) + e2P (∂tQ)2(t, θ)] dθ,

so that −1
t E(t) ≤ d

dtE(t) ≤ 0 and E(t) thereby remains bounded within any compact interval in

time, t ∈ [T0, T1] ⊂ (0,+∞).

Since the key evolutionary equations (2.6.2)–(2.6.3) is simply a (semilinear) system of wave

maps, the initial value problem here is standard (see [124]), for initial data given by functions

PD, ṖD, QD, Q̇D which will be presribed at t = t0 > 0:

(PD, ṖD, QD, Q̇D) = (P, t∂tP,Q, t∂tQ)|t=t0 .

A consequence of the energy boundedness above is that in fact, for suitably regular initial data, the

corresponding solution of the wave map system (2.6.2)–(2.6.3) always exists and remains regular in

the entire interval t ∈ (0,+∞). That is, we have the following.

Proposition 2.6.1. Let k ≥ 0 be an integer, and suppose (P,Q) be is a (maximally extended)

solution of the Gowdy wave maps system (2.6.2)–(2.6.3), arising from initial data PD, ṖD, QD, Q̇D
at t = t0 > 1, with PD, QD ∈ Ck+1(S1) and ṖD, Q̇D ∈ Ck(S1). Then (P,Q) exist and have regularity

Ck+1 inside the entire domain (t, θ) ∈ (0,+∞)× S1.
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In light of Proposition 2.6.1, the more interesting problem is instead to study the asymptotic

behaviour of (P,Q) in the limits t → 0 and t → ∞. In particular, for the study of the Strong

Cosmic Censorship Conjecture 1.1.3, a common strategy is to use such asymptotics to show geodesic

completeness in the t→ ∞ direction and singularity formation, or more precisely curvature blowup,

in the t→ 0 direction. We elaborate more in Section 5.1.

We conclude this section, and Chapter 2, with a definition of a subclass of the T3 Gowdy

spacetimes, called the polarized Gowdy spacetimes.

Definition 2.6.1. A polarized Gowdy spacetime is a T3 Gowdy symmetric solution to the Einstein

vacuum equation with Q ≡ 0 everywhere.

For polarized Gowdy spacetimes, the wave map system (2.6.2)–(2.6.3) then reduces to a single linear

hyperbolic PDE:

(t∂t)
2P − (t∂θ)

2P = 0. (2.6.7)

This will be the starting point of our discussion in Chapter 5.



Chapter 3

Singularities in spherically symmetric

spacetimes with scalar matter

In Chapter 3, we state and prove our main results regarding the Kasner-like description of spacelike

singularities in spacetimes with scalar matter, based on my article [103]. Throughout Chapter 3,

we shall refer to the spherically symmetric Einstein–(Maxwell)–scalar field equations in double null

gauge (2.3.1)–(2.3.9), which we commonly shorten to the E(M)SFSS system.

3.1 Statement of main results and overview

3.1.1 The Hölder regularity norms

Before diving into the theorem statements, we first recall what it means for a function to be Ck,β ,

and define our notion of logarithmically modified Hölder regularity, Ck,β,log.

Definition 3.1.1. For D bounded in R2 and β ∈ (0, 1), we define the C0,β norm of a function

f : D → R to be1:

∥f∥C0,β := sup
(u,v)∈D

|f(u, v)|+ sup
{u}×[ṽ0,ṽ1]

⊂D

|f(u, ṽ1)− f(u, ṽ0)|
|ṽ1 − ṽ0|β

+ sup
[ũ0,ũ1]×{v}

⊂D

|f(ũ1, v)− f(ũ0, v)|
|ũ1 − ũ0|β

. (3.1.1)

If ∥f∥C0,β < +∞ we say that f is Hölder continuous in D, and can be defined up to and including

the boundary ∂D (in a unique Hölder continuous fashion).

Similarly, define the logarithmically modified C0,β,log norm of f : D → R to be

∥f∥C0,β,log := sup
(u,v)∈D

|f(u, v)|

+ sup
{u}×[ṽ0,ṽ1]

⊂D

|f(u, ṽ1)− f(u, ṽ0)|
|ṽ1 − ṽ0|β(1 + | log(ṽ1 − ṽ0)|)

+ sup
[ũ0,ũ1]×{v}

⊂D

|f(ũ1, v)− f(ũ0, v)|
|ũ1 − ũ0|β(1 + | log(ũ1 − ũ0)|)

. (3.1.2)

1As D is bounded in R2, it is straightforward to see that this is equivalent to the usual C0,β norm.

75
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If ∥f∥C0,β,log < +∞ we say that f is log-Hölder continuous.

Finally, we define f to be Ck,β (respectively Ck,β,log) for some k ∈ N if f is Ck and its kth

derivatives ∂k1u ∂k2v f with k1 + k2 = k are each C0,β (respectively C0,β,log).

Remark. Since 1+log x−1 ≲ x−γ for x small, it holds that for 0 < β′ < β < 1, there exists C(β, β′,D)

such that ∥f∥C0,β′ ≤ C∥f∥C0,β,log . Hence log-Hölder continuity implies Hölder continuity for any

smaller exponent.

3.1.2 Theorems 3.1.1 and 3.1.2: Asymptotics at singularity in double null co-
ordinates

(u0, v0)

(u0, v1)(u1, v0)

(v−1
∗ (v1), v1)

(u1, v∗(u0))

D

p

J−(p)

C0C0

S

Figure 3.1: Theorems 3.1.1 and 3.1.2 give precise asymptotics for the dynamical quantities r(u, v),
Ω2(u, v) and ϕ(u, v) inside the strongly singular maximal future development D. Localizing to the
TIP J−(p), one may use the values of Ψ, Ξ and M (defined in Theorems 3.1.1 and 3.1.2) at the

singular point p ∈ S to describe the asymptotics in J−(p).

We now state Theorems 3.1.1 and 3.1.2, which are the precise versions of Theorem 1.3.1 for the

ESFSS and the EMSFSS system respectively. We encourage the reader to recall the notion of a

strongly singular spacetime, and the gauge condition (uv−gauge), from Section 2.2, and often refer

to Figure 3.1 for the Penrose diagram representing both results.

Theorem 3.1.1. Consider characteristic initial data for the ESFSS system on the bifurcate null hy-

persurface C0∪C0, obeying the gauge condition (uv−gauge). Suppose that the maximal development

D is strongly singular, as described in Section 2.3.1. Then:

(I) Asymptotics for r: The squared area-radius r2(u, v) is a C1,1/2 function in D. There exist

constants R0, R1 > 0, such that for (u, v) ∈ D,

R0 ≤ −r∂ur(u, v) ≤ R1, R0 ≤ −r∂vr(u, v) ≤ R1. (3.1.3)
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Consequently, we identify the r = 0 singularity as a C1,1/2 curve, denoted S, which we

parameterize as S = {(u, v∗(u)) : u0 ≤ u ≤ v−1
∗ (v1)}. We define D̄ = D ∪ S, and by

Cu(p), Cv(p) the continuous limits of −r∂ur,−r∂vr respectively at p ∈ S.

(II) Asymptotics for ϕ: There exists a C0,1/2 function Ψ(u, v) and a C0,1/2,log function Ξ(u, v)

such that for (u, v) ∈ D,

ϕ(u, v) = Ψ(u, v) · log
(r0
r

)
+ Ξ(u, v). (3.1.4)

We may extend Ψ and Ξ continuously to the singular boundary S, and denote by Ψ∞(p) and

Ξ∞(p) their values at p ∈ S.

(III) Asymptotics for Ω2: There exists a C0,1/2,log function M(u, v), continuously extendible as a

positive function on D̄, such that we have the following asymptotics for the gauge-invariant

quantity 4Ω−2∂ur∂vr:

4Ω−2∂ur∂vr(u, v) = M(u, v) ·
(
r

r0

)−(Ψ2+1)

. (3.1.5)

We denote by M∞(p) the value of M at p ∈ S.

(IV) Estimates localized at a TIP: Let p = (up, v∗(up)) ∈ S, and consider its causal past J−(p) =

{(u, v) ∈ D : u ≤ up, v ≤ v∗(up)}. Then there exists a constant D > 0 such that for

(u, v) ∈ J−(p):

| − r∂ur(u, v)− Cu(p)| ≤ D · r, (3.1.6)

| − r∂vr(u, v)− Cv(p)| ≤ D · r, (3.1.7)

|r2∂uϕ(u, v)− Cu(p) ·Ψ∞(p)| ≤ D · r, (3.1.8)

|r2∂vϕ(u, v)− Cv(p) ·Ψ∞(p)| ≤ D · r, (3.1.9)∣∣∣ϕ(u, v)−Ψ∞(p) · log
(r0
r

)
− Ξ∞(p)

∣∣∣ ≤ D · r log r−1, (3.1.10)∣∣∣∣∣Ω2 − 4Cu(p)Cv(p)

r20
·M−1

∞ (p) ·
(
r

r0

)Ψ∞(p)2−1
∣∣∣∣∣ ≤ D · rΨ∞(p)2 log r−1. (3.1.11)

(V) Precise blow-up estimates: For p ∈ S and J−(p) as in (IV), we have the following blow-up

rates for the Hawking mass and the Kretschmann scalar:∣∣∣∣ 2m(u, v)−M∞(p)r0 ·
(r0
r

)Ψ2
∞
∣∣∣∣ ≤ D · r−Ψ∞(p)2+1 log r−1, (3.1.12)
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∣∣∣∣RiemαβγδRiem
αβγδ −M∞(p)2 ·

(r0
r

)2(Ψ∞(p)2+3)
· 4(3− 2Ψ∞(p)2 + 2Ψ∞(p)4)

r40

∣∣∣∣
≤ D · r−2Ψ∞(p)2−5 log r−1. (3.1.13)

For the scalar field, we have the following gauge-invariant blow-up rate:∣∣∣∣∇αϕ∇αϕ+
M∞(p)Ψ∞(p)2

r20
·
(r0
r

)Ψ∞(p)2+3
∣∣∣∣ ≤ D · r−Ψ∞(p)2−2 log r−1. (3.1.14)

Theorem 3.1.2. Consider characteristic initial data for the ESFSS system on the bifurcate null

hypersurface C0 ∪ C0, obeying the gauge condition (uv−gauge). Suppose a priori that the maximal

development D produced by this data terminates at an r = 0 spacelike singularity, and moreover that

(QTS) and (SKE) hold in D. Then for β = α/2,

(I) Asymptotics for r: The squared area-radius r2(u, v) is a C1,β function in D. Building upon

(QTS), we find an additional upper bound: for (u, v) ∈ D, there exists some R1 > R0 such

that:

R0 ≤ −r∂ur(u, v) ≤ R1, R0 ≤ −r∂vr(u, v) ≤ R1. (3.1.15)

Consequently, we can identify the r = 0 singularity as a C1,β curve, denoted S, which we

parameterize by S = {(u, v∗(u)) : u0 ≤ u ≤ v−1
∗ (v1)}. We then define D̄, Cu and Cv as in (I)

of Theorem 3.1.1.

(II) Asymptotics for ϕ: There exists a C0,β function Ψ(u, v) and a C0,β,log function Ξ(u, v) such

that for (u, v) ∈ D,

ϕ(u, v) = Ψ(u, v) · log
(r0
r

)
+ Ξ(u, v). (3.1.16)

We may extend Ψ and Ξ continuously to the singular boundary S, and denote by Ψ∞(p) and

Ξ∞(p) their values at p ∈ S.

(III) Asymptotics for Ω2: There exists a C0,β,log function M(u, v), continuously extendible as a

positive function on D̄, such that we have the following asymptotics for the gauge-invariant

quantity 4Ω−2∂ur∂vr:

4Ω−2∂ur∂vr(u, v) = M(u, v) ·
(
r

r0

)−(Ψ2+1)

. (3.1.17)

We denote by M∞(p) the value of M at p ∈ S.

(IV) Estimates localized at a TIP: Let p = (up, v∗(up)) ∈ S, and consider its causal past J−(p) =

{(u, v) ∈ D : u ≤ up, v ≤ v∗(up)}. Then there exists a constant D > 0 such that for
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(u, v) ∈ J−(p):

| − r∂ur(u, v)− Cu(p)| ≤ D · rα, (3.1.18)

| − r∂vr(u, v)− Cv(p)| ≤ D · rα, (3.1.19)

|r2∂uϕ(u, v)− Cu(p) ·Ψ∞(p)| ≤ D · rα, (3.1.20)

|r2∂vϕ(u, v)− Cv(p) ·Ψ∞(p)| ≤ D · rα, (3.1.21)∣∣∣ϕ(u, v)−Ψ∞(p) · log
(r0
r

)
− Ξ∞(p)

∣∣∣ ≤ D · rα log r−1, (3.1.22)∣∣∣∣∣Ω2 − 4Cu(p)Cv(p)

r20
·M−1

∞ (p) ·
(
r

r0

)Ψ∞(p)2−1
∣∣∣∣∣ ≤ D · rΨ∞(p)2−1+α log r−1. (3.1.23)

(V) Precise blow-up estimates: For p ∈ S and J−(p) as in (IV), we have the following blow-up

rates for the Hawking mass and the Kretschmann scalar:∣∣∣∣ 2m(u, v)− M∞(p)r0
2

·
(r0
r

)Ψ2
∞
∣∣∣∣ ≤ D · r−Ψ∞(p)2+α log r−1, (3.1.24)

∣∣∣∣RiemαβγδRiem
αβγδ −M∞(p)2 ·

(r0
r

)2(Ψ∞(p)2+3)
· 4(3− 2Ψ∞(p)2 + 2Ψ∞(p)4)

r40

∣∣∣∣
≤ D · r−2Ψ∞(p)2−6+α log r−1. (3.1.25)

We treat also the matter fields. For the scalar field ϕ, we have the following gauge-invariant

blow-up rate:∣∣∣∣∇αϕ∇αϕ+
M∞(p)Ψ∞(p)2

r20
·
(r0
r

)Ψ∞(p)2+3
∣∣∣∣ ≤ D · r−Ψ∞(p)2−3+α log r−1, (3.1.26)

while the electromagnetic 2-form F satisfies:

FµνF
µν = −2Q2

r4
. (3.1.27)

3.1.3 Corollary 3.1.3: A BKL-like expansion

We now state Corollary 3.1.3, which interprets the strongly singular spacetimes of Theorem 3.1.1

and Theorem 3.1.2 in the context of the BKL ansatz. In particular, we define a foliation using the

level sets of a time function τ , given by (3.1.28), and show that this foliation obeys several BKL-like

properties. We refer the reader to [126] to justify how Parts 1 to 5 indeed detail a correspondence

between our foliation and the BKL picture.

Note that throughout Corollary 3.1.3, we refer to error terms of the form O(rα log r−1). To

see that these are genuine lower order terms, note that via (3.1.28), one has O(rα log r−1) =

O(τ
2α

Ψ2+3 log τ−1), and thereby converge to 0 as τ → 0.
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Corollary 3.1.3. Let (M, g) be a smooth, spherically symmetric, strongly singular spacetime solving

the EMSFSS system, and described by either Theorem 3.1.1 or Theorem 3.1.2. Let Ψ, Ξ and M be

described by (II) and (III) in these theorems. Now define the function τ : D → R by

τ :=
2r0

Ψ2 + 3
·M−1/2 ·

(
r

r0

)Ψ2+3
2

. (3.1.28)

We foliate the spacetime (M, g) by hypersurfaces of constant τ , denoted Sτ . Then there exists some

τ0 such that:

1. The spacetime M∩{τ ≤ τ0} is globally hyperbolic and foliated by the spacelike hypersurfaces Sτ .

Furthermore, the time-function τ is asymptotically normalized in the sense that

|g(∇τ,∇τ) + 1| ≤ D rα log r−1. (3.1.29)

2. The foliation is also asymptotically CMC (constant mean curvature) in the sense that the mean

curvature k with respect to the foliation obeys

|τk − 1| ≤ D rα log r−1. (3.1.30)

3. Define an orthonormal frame as follows: let e0 = n−1∇τ with n = (−g(∇τ,∇τ))1/2 the ADM

lapse function, let e2 = 1
r∂θ and e3 = 1

r sin θ∂ϕ be tangent to the 2-spheres of symmetry, and

finally choose e1 to complete the orthonormal basis with direction chosen such that g(e1, ∂v) < 0.

Then the frame is approximately parallel transported in the following sense:

∇e0ei = cie0, where ci obeys |τci| ≤ D rα log r−1. (3.1.31)

4. Defining kij to be the second fundamental form of the embedding Sτ ↪→ (M, g), let K j
i denote the

respective expansion normalized Weingarten map, defined by K j
i = k−1 · k j

i = (tr k)−1k j
i . Then

the eigenvectors of K j
i are exactly the frame vectors e1, e2, e3, and their respective eigenvalues

p1, p2 and p3 satisfy

p1 =
Ψ2 − 1

Ψ2 + 3
+O(rα log r−1), p2 = p3 =

2

Ψ2 + 3
+O(rα log r−1). (3.1.32)

5. Finally, the scalar field has the following logarithmic behavior:

ϕ =
2Ψ

Ψ2 + 3
· log τ−1 +O(1), −τe0ϕ =

2Ψ

Ψ2 + 3
+O(rα log r−1). (3.1.33)

3.1.4 Sketch of the proof

We briefly describe several of the key steps in the proof of Theorem 3.1.1 and Theorem 3.1.1. For

simplicity, we focus on part (IV), i.e. estimates localized at single TIP p ∈ S and its causal past

J−(p). The essential claims will be that for any (u, v) ∈ J−(p), there exists some α > 0 such that:
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(I) There exist positive constants Cu, Cv > 0 such that in J−(p), one has

−r∂ur = Cu +O(rα), −r∂vr = Cv +O(rα).

(II) There exist constants Ψ∞,Ξ∞ ∈ R such that in J−(p), one has

r2∂uϕ = Cu ·Ψ∞ +O(rα), r2∂vϕ = Cv ·Ψ∞ +O(rα),

ϕ = Ψ∞ log r−1 + Ξ∞ +O(rα).

(III) There exists some CΩ > 0 such that in J−(p), one has

Ω2 = CΩ · rΨ2
∞−1 +O(rΨ

2
∞−1+α).

In the full proof, each of these must be shown simultaneously. For the purpose of illustrating

the ideas, we sketch a proof of each of (I)–(III) assuming the others. We start with (III), which

is proven in Section 3.5.1, particularly Proposition 3.5.1. The idea is to rewrite the Raychaudhuri

equation (see already (2.3.2)) as:

∂v log

(
Ω2

−∂vr

)
=
∂vr

r
·
(
r2∂vϕ

−r∂vr

)2

.

Assuming (I) and (II), the rightmost expression can be written as Ψ2
∞ + O(rα). Therefore, sub-

tracting Ψ2
∞ · ∂v(log r) = Ψ2

∞ · ∂vrr from both sides, one finds

∂v log

(
Ω2

−∂vr
· r−Ψ2

∞

)
= ∂vr ·O(rα−1).

The right hand side is now integrable towards r = 0, hence Ω2

−∂vr · r−Ψ2
∞ tends to some positive

constant as r → 0. Combining again with (I), and performing similar integrations in the u-direction,

we indeed find (III).

Next, we move onto (I), see already (3.5.13) in Section 3.5.2 (note though that in the course

of our actual proof we largely circumvent the need for (I) by using instead the gauge-invariant

derivatives (2.3.10), introduced in Section 2.2). For this, we use the following wave-like evolution

equation for r2(u, v):

∂u(−r∂vr) = ∂v(−r∂ur) =
Ω2

4

(
1− Q2

r2

)
.

But by (III), we may bound Ω2 by a power of r, giving

∂u(−r∂vr) =

O(rΨ
2
∞−1) if Q ≡ 0,

O(rΨ
2
∞−3) if Q ̸≡ 0.

To integrate this, we change variables from u to r. This is where we use (QTS), which tells us that

du = O(r)dr. Furthermore, when Q ̸= 0, we require Ψ2
∞ > 1 in order for the integral of O(rΨ

2−3)
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in u not to diverge as r → 0 – justifying why we need the assumption (SKE). If either Q ≡ 0,

or Q ̸= 0 but (QTS) and (SKE) hold, then we get (I) as claimed. Note the O(rα) error term in

(I) is not optimal, and that the true first-order correction will be O(rγ) with γ depending on Ψ2
∞.

However, for our goal of deriving the leading order asymptotics, our O(rα) errors are sufficient.

Finally, we derive (II), giving asymptotics for the main dynamical quantity ϕ(u, v). This is the

main objective of Section 3.4, particularly Proposition 3.4.4. There, we use the wave equation in

the following form:

∂u(r
2∂vϕ) = −r∂vr · ∂uϕ+ r∂ur · ∂vϕ = X̃ϕ,

where X̃ is defined as X̃ = −r∂vr∂u + r∂ur∂v. The procedure will be to first estimate |X̃ϕ| and

then integrate this equation towards r = 0.

The fact X̃ϕ appears is crucial. If the vector field2 X̃ were to be replaced by, say, the null vector

field ∂v, then anticipating (I) the modified right-hand side would obey |∂vϕ| = O(r−2). However,

r−2 is not integrable in u towards r = 0, recalling that du = O(r)dr but one still sees the logarithmic

divergence
∫
r−2du =

∫
O(r−1)dr = O(log r−1). Fortunately, X̃ will be a “better” derivative than

∂v; since X̃r = 0, X̃ is a “spatial” derivative tangent to the spacelike hypersurfaces of constant r,

and is expected to behave better than “temporal derivatives” in line with the AVTD expectation of

BKL.

Indeed, we shall obtain |X̃ϕ| ≲ r−2+α, the proof of which is the main focus of Section 3.4.2,

particularly Proposition 3.4.3. Using this, we now integrate the above equation and find that

r2∂vϕ = Cv ·Ψ∞ +O(rα), for some Ψ∞ ∈ R. The remaining claims of (II) are then straightforward

– noting that we use |X̃ϕ| ≲ r−2+α again to show that the Ψ∞ arising in the leading order terms

of r2∂vϕ and r2∂uϕ coincide. This concludes our sketch of the proof of our main theorems.

3.2 Applications and future directions

Before moving onto the proof of Theorem 3.1.1, Theorem 3.1.2 and Corollary 3.1.3 in Sections 3.3

to 3.5, we first elaborate on a few further questions and applications stemming from our results.

3.2.1 Stability and instability of spacelike singularities

Our main results provides leading order asymptotics for all geometric and matter field quantities

near a spacelike singularity S = {r = 0} provided we already know it exists. Returning to our

initial discussion regarding the generality of such singularities, it is prudent to ask to what extent

our results model singularities arising from a general class of initial data.
2The vector field X̃ is also a rescaled version of the Kodama vector field [97], most often used to find energy estimates

in the exterior region, where r is instead a spacelike variable and X̃ is timelike.
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For instance, one may consider stability properties of the strongly singular spacetimes described

in Theorems 3.1.1 and 3.1.2. Even for perturbations in spherical symmetry, this is a subtle problem,

since the whereabouts of the eventual singular boundary is only determined a posteriori, and one

must track the location of the new singularity Ŝ arising from perturbed data, in any choice of

coordinate gauge.

In particular, to make quantitative comparisons between the perturbed spacetime and the back-

ground spacetime, we require a further gauge transformation (u, v) 7→ (û(u), v̂(v)) such that the

position of Ŝ in the (û, v̂)-plane coincides with that of S in the (u, v)-plane. We state the following

theorem, which we do not prove in the current dissertation but we instead comment that it should

follow from the methods used in the proof of Theorem 6.1.0 in Appendix B3.

Theorem I (Stability – rough version). Let (r,Ω2, ϕ,Q) be a spherically symmetric and strongly

singular solution to the Einstein-Maxwell-scalar field system (Ein), (Scal), (Max), as described in

Theorems 3.1.1 and 3.1.2, with characteristic initial data (ri,Ω
2
i , ϕi, Qi) given on C0 ∪ C0. The

domain of existence D and spacelike singularity S are given by the following subsets in the (u, v)-

plane:

D = {(u, v) ∈ [u0, u1]× [v0, v1] ⊂ R2 : v < v∗(u) when v−1
∗ (v1) ≤ u ≤ u1},

S = {(u, v∗(u)) : v−1
∗ (v1) ≤ u ≤ u1}.

By Theorems 3.1.1 and 3.1.2, v∗(u) is a C1,β curve in the (u, v)-plane.

Consider perturbed characteristic initial data on C0 ∪ C0 given by (r̂i, Ω̂
2
i , ϕ̂i, Q̂i), with the per-

turbation being of size ϵ in a suitable norm, and suppose further that either

(A) Qi ≡ Q̂i ≡ 0, or

(B) the subcriticality assumption (SKE) holds4 for the background solution (r,Ω2, ϕ,Q).

Then for ϵ sufficiently small, the maximal future development (r̂, Ω̂2, ϕ̂, Q̂) of the perturbed data,

defined in a new domain of development D̂, is also strongly singular with spacelike singularity Ŝ and

satisfies the assumptions of Theorems 3.1.1 and 3.1.2.

Furthermore, after a gauge transformation u 7→ û(u), v 7→ v̂(v), with ∥û(u) − u∥C1,β , ∥v̂(v) −
v∥C1,β ≲ ϵ, the locations of D̂ and Ŝ in the (û, v̂)-plane coincide with that of D and S in the

(u, v)-plane. Abusing notation somewhat, for (u, v) ∈ D as above we define (f − f̂) (u, v) to be

f(u, v)− f̂(û−1(u), v̂−1(v)). If Ψ̂, Ξ̂ and M̂ are the quantities arising in (I)–(III) of Theorems 3.1.1

and 3.1.2 corresponding to the perturbed spacetime, one finally has the quantitative stability estimate

∥r2 − r̂2∥C1,β + ∥Ψ− Ψ̂∥C0 + ∥Ξ− Ξ̂∥C0 + ∥M− M̂∥C0 ≲ ϵ.
3The gauge transformation u → û(u), v → v̂(u) could be described, for instance, by concatenating two gauge trans-

formations between double null gauge and the Rein gauge used in Theorem 6.1.0
4By a Cauchy stability argument, it is only necessary for (SKE) to hold near S, which translates to infp∈S Ψ2

∞(p) >

1 + α.
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This stability theorem is consistent with the expectations of BKL, since either of (A) or (B)

suggests that the right hand side of equation (1.2.5) in Section 1.2 is suitably small. It is more

interesting to consider perturbations that violate both (A) and (B). Concretely, this means taking

a strongly singular solution with Q ≡ 0 and having Ψ2 < 1 somewhere near S, but then perturbing

with Q̂ ̸≡ 0.

The subtle nature of this problem is illustrated by the following scenario (see Figure 3.2): take

the unperturbed spacetime to be a strongly singular portion D of the Schwarzschild interior, then

choose the perturbation to be such that Q ≡ ϵ ̸= 0 but ϕ still vanishes. This perturbed spacetime

is therefore a portion of the Reissner-Nordström interior (see Chapter 5.5 of [78] for the explicit

Reissner-Nordström metric). However, the Reissner-Nordström interior contains no singularities; it

instead possesses a bifurcate null Cauchy horizon. Hence the perturbed maximal development D̂
arising from compact data contains no singularities, and is smoothly extendible in all directions, no

matter the smallness of ϵ.

(u0, v0)

(u1, v0) (u0, v1)

D

H+ H+C0 C0

I+ I+
S = {r = 0}

(u0, v0)

(u1, v0) (u0, v1)

(u1, v1)

D̂

H+ H+

CH+ CH+

C0 C0

I+ I+

Figure 3.2: Penrose diagrams representing the Schwarzschild interior (left) and the
Reissner-Nordström interior (right). The darker shaded region of the Schwarzschild interior

represents a strongly singular spacetime in the sense of Theorems 3.1.1 and 3.1.2, whose singular
boundary S is destroyed upon perturbations adding a non-trivial charge Q ̸= 0. This effect is due

to the presence of a (global) Cauchy horizon CH+ in the Reissner-Nordström interior.

This example illustrates that perturbations violating (A) and (B) can in fact destroy the very

presence of the spacelike singularity, both locally and globally. In fact, using the methods of this

paper, it is possible to qualitatively characterize the instability in our context. We argue that a

charged perturbation of a strongly singular spacetime violating (SKE) will either fail to be singular,

or contain a Kasner bounce such that the new singularity instead obeys the subcriticality assumption

(SKE), so long as the double-null gauge remains reasonable in the sense that (QTS) still holds.

The proof of the following corollary is omitted, but follows straightforwardly from the methods of

Chapter 3.

Corollary II (Instability). Let (r,Ω2, ϕ,Q) be a spherically symmetric and strongly singular solution

to the spherically symmetric Einstein-Maxwell scalar field equations (Ein), (Scal), (Max), such that
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Q ≡ 0. Suppose furthermore that (SKE) is violated near the singular boundary S – in fact impose

the stronger assumption that supp∈S Ψ2
∞(p) < 1.

Given that the above spacetime arises from characteristic initial data (ri,Ω
2
i , ϕi, Qi = 0) on

C0∪C0, consider now perturbed initial data (r̂i, Ω̂
2
i , ϕ̂i, Q̂i) with Q̂i ̸= 0. Upon solving (Ein), (Scal),

(Max), the maximal future development of the perturbed data, given by functions (r̂, Ω̂2, ϕ̂, Q̂) defined

on a new domain of existence D̂, is such that one of the following holds:

1. (Disappearance of singularity.) The domain of existence is the entire causal rectangle D̂ =

[u0, u1]× [v0, v1], so that infD̂ r(u, v) > 0 and each of (r̂, Ω̂2, ϕ̂, Q̂) are bounded and regular in D̂.

The singular boundary S disappears.

2. (Gauge degeneration.) The perturbed spacetime remains singular in the sense that infD̂ r(u, v) =

0, but the quantitative trapped sphere condition (QTS) now fails to hold, i.e.

inf
(u,v)∈D̂

min{−r∂ur(u, v),−r∂vr(u, v)} = 0.

3. (Bounce to subcritical regime.) The perturbed spacetime remains strongly singular and contains

a new r̂ = 0 singular boundary Ŝ. The quantitative trapped sphere condition (QTS) still holds,

however the new function Ψ̂ quantitatively departs from that of the unperturbed spacetime, in the

sense that

lim inf
r∗→0

sup
r(p)≤r∗

Ψ̂2(p) ≥ 1.

Furthermore, if Ψ̂ can be shown to be continuously extendible to the boundary, and Ψ̂∞ is its

restriction to S, then infp∈S Ψ̂∞(p) > 1. In particular, (SKE) holds in the a sufficiently small

neighborhood of Ŝ in the perturbed spacetime.

In each case of these three cases, some quantity will differ in a large sense from its value in the

unperturbed spacetime, no matter how small ϵ ̸= 0 may be.

We now discuss circumstances in which each of the possibilities 1–3 may hold. An example of

possibility 1 is the Schwarzschild to Reissner-Nordström perturbation described earlier. However,

one could argue that this scenario is fine-tuned in the sense that ϕ is chosen to vanish identically in

both the background spacetime and the perturbed spacetime, so the scalar field provides no access

to subcriticality. It may be reasonable to expect that ϕ plays a significant role in the instability

mechanism, and hence possibility 1 is conjecturally non-generic.

We turn next to possibility 2 in Corollary II. This is somewhat undesirable, as we cannot use

our methods to describe the Kasner exponents at any point p ∈ Ŝ at which (QTS) fails. Note for

instance that the failure of (QTS) allows for portions of the r̂ = 0 singular boundary which are null

rather than spacelike. Unfortunately, it is difficult to rule out the failure of (QTS), and one expects
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to be able to find constructions where possibility 2 occurs. Nevertheless, one could hope that such

instances are again non-generic, particularly in the context of Corollary II where the size ϵ of the

perturbation is sufficiently small.

This leaves possibility 3, which suggests (at least in the case where Ψ̂ remains bounded and

continuously extendible to S) the presence of Kasner bounces as described in Section 1.2. In the

context of the Einstein-Maxwell scalar field system, this is perhaps the most interesting of the

possibilities in Corollary II (and is expected to be the generic outcome when ϵ is small).

We do mention, for instance, that the results outlined in Section 1.4, namely Theorem 1.4.1, pro-

vides examples exhibiting a Kasner bounce which are spherically symmetric, spatially homogeneous

solutions to the Einstein-Maxwell-charged scalar field system, referred to as the interior of hairy

black holes. These spacetimes contain an r = 0 singular boundary S, and the near-singularity region

of the spacetimes features, in some cases, a “Kasner inversion” where a quantity morally equivalent

to Ψ “inverts” from Ψ ≈ α ∈ (0, 1) (in a non-subcritical Kasner-like regime K1), to Ψ ≈ α−1 > 1 in

the final subcritical Kasner-like regime K2 containing the singularity S. See already Figure 4.2.

The spatial homogeneity assumed in this construction (which is investigated in detail in Chap-

ter 4 reduces the dynamics to a finite-dimensional ODE system. The inversion mechanism is then

described via deriving a one-dimensional dynamical system for Ψ:

dΨ

dR
≈ −Ψ(Ψ− α)(Ψ− α−1).

Here R := log r−1 is such that R → +∞ as r → 0, and the inversion from Ψ ≈ α to Ψ ≈ α−1 is

exactly the progression of Ψ away from the unstable fixed point α and towards the stable fixed point

α−1. We note, finally, that via the correspondence (1.3.3) between Ψ and the Kasner exponents

p1, p2, p3, the inversion α 7→ α−1 corresponds exactly to the Kasner map (1.2.8).

More precise and quantitative control of the instability possibility 3, particularly in the case

that neither the background nor the perturbation are spatially homogeneous – even if one stays

in spherical symmetry – remains interesting and open. One major difficulty here is the presence

of spatial derivatives, forbidding one from staying in the realm of ODEs. We also refer the reader

to Chapter 9 of this dissertation (see also Section 1.5, where we find a large class of spacetimes

solving the Einstein–Maxwell–scalar field system – albeit written in the Rein gauge of Section 2.5

– exhibiting such bounces outside spatial homogeneity; furthermore, a subclass of these can be

checked to dynamically verify the conditions (QTS) and (SKE) upon transforming back to double

null gauge.

3.2.2 Applications to spherically symmetric collapse

As discussed, a familiar setting under which the system (Ein), (Scal), (Max) has been studied is

that of one- or two-ended spherically gravitational collapse. We discuss first the F ≡ 0 case, where
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Christodoulou [31, 32, 35] shows that the generic Penrose diagram representing collapse of one-ended

asymptotically flat data to a black hole is that of Figure 1.2.

Theorems 3.1.1 and 3.1.2 shows that for such spacetimes, we can associate to any trapped 2-

sphere (u, v) ∈ T : {(u, v) : ∂ur(u, v) < 0, ∂vr(u, v) < 0}, the functions Ψ, Ξ and M, which each

extend in a continuous manner to functions Ψ∞, Ξ∞ and M∞ defined along S. We focus on Ψ∞,

which determines the Kasner exponents associated to any p ∈ S, via (1.3.3). There are two regions

of the Penrose diagram which are of particular interest – the region near spacelike infinity i+, and

the region near the first singularity at the center b0; each of these is depicted in Figure 3.3.

T

i+

|ϕ|
≲
v
−p

|Ψ∞| ≲ v−p

H+

I+

S

A

b0

T

r∂ur → 0,
r∂vr → 0,
Ψ∞ → ?

∂vr > 0

here

S

A

C∗

Γ

Figure 3.3: Zooming in on the portions of the singular boundary S near i+ (left) and b0 (right),
indicating the relevance of Theorems 3.1.1 and 3.1.2 in these regions

For the purpose of studying the near-i+ region, [3] uses Price’s law decay of the scalar field ϕ

along the event horizon H+, namely that for an outgoing Eddington-Finkelstein type coordinate v

and some p > 1,

|ϕ|H+(v)| ≲ v−p. (3.2.1)

Decay of the form (3.2.1) was first proven in the spherically symmetric setting in [47] – in fact [47]

also allows for Fµν ̸= 0 so long as the black hole is sub-extremal in the limit.

Returning to Fµν = 0, [3] propagates the decay (3.2.1) towards S, showing that for the same

coordinate v, one has |Ψ∞(v)| ≲ v−p for large v. Via Theorems 3.1.1 and 3.1.2 it is thus reasonable

to say that the singularity is “almost-Schwarzschildian” near i+. Note, in particular, that (SKE) is

necessarily violated in this region, and we expect instability should we turn on either electromagnetic

or non-symmetric perturbations.

We turn now to the region near b0. Though Theorems 3.1.1 and 3.1.2 attributes a value for Ψ∞,

and hence the Kasner exponents, for all p ∈ S \{b0}, it is highly unclear what happens at the point

b0 itself. For b0, one cannot apply the analysis presented in this article, since b0 is not preceded

by a trapped region – in fact J−(b0) ∩ T = ∅. Hence new techniques are needed to understand,

for instance, if Ψ∞(p) has a limit as p → b0. This may be related to the subtle issue of naked

singularities, see also [33, 34, 35].
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Moving on, we introduce a non-trivial Maxwell field Fµν ̸= 0. The Einstein-Maxwell-scalar field

model considered in this article forces us to consider only two-ended asymptotically flat black hole

spacetimes. For this model, [40, 41] and later [109, 110] show that the possible Penrose diagrams

are as in Figure 3.4, and the black hole contains a non-empty Cauchy horizon CH+ across which

the metric is C0-extendible.

i+i+

i0i0

H+
H+

CH+ CH+

I+ I+

Σ

i+i+

i0i0

H+
H+

CH+ CH+

I+ I+

S

Σ

Figure 3.4: Penrose diagrams representing two-ended spherically symmetric gravitational collapse
spacetime. The shaded regions correspond to the black hole interiors (A and T are no longer
drawn), which always possess a non-empty Cauchy-horizon CH+ and in some cases an r = 0
spacelike singularity S. If S ≠ ∅ as in the rightmost picture, it is unknown whether S could

contain null pieces.

Since the Cauchy horizon is null and r|CH+ ̸= 0, Theorems 3.1.1 and 3.1.2 does not apply there5.

In fact, there are spacetimes e.g. perturbations of Reissner-Nordström [40] for which the Penrose

diagram is as in the left of Figure 3.4. Nevertheless, for large data an r = 0 singularity S could

arise, as in the right of Figure 3.4.

In such cases, Theorems 3.1.1 and 3.1.2 could apply, though we must be careful as (QTS) may

not necessarily hold. In particular it is not clear a priori whether S could contain null segments.

It is worth mentioning, however, that one could refer to the charged examples of Section 3.6.1 and

apply a straightforward gluing argument6 to guarantee that at least part of S obeys the assumptions

of Theorems 3.1.1 and 3.1.2.

Finally, we mention the spherically symmetric Einstein-Maxwell-charged scalar field model. This

matter model allows for one-ended gravitational collapse, while retaining the possibility of a non-

empty Cauchy horizon. Therefore all of the issues mentioned here could arise. We refer the reader

to [99, 143, 145, 92, 147] for further discussions of the black hole interior in this model.

3.2.3 The scattering problem for spacelike singularities

As in [9, 60, 61], one could take the approach of starting with asymptotic data on the singularity,

and ask whether one can construct a singular solution to Einstein’s equation (Ein) realizing such
5Even so, CH+ is generically singular in a C2 sense, see [41, 109]. This is historically significant in showing that

singularities in General Relativity are not always spacelike, in contrast to the original predictions of BKL.
6See [91] for a more detailed discussion of gluing for Einstein’s equation in spherical symmetry.
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asymptotics. In light of Theorems 3.1.1 and 3.1.2, the appropriate asymptotic data should be the

functions Ψ∞(p), Ξ∞(p) and M∞(p).

Unfortunately, there is one major shortcoming of Theorems 3.1.1 and 3.1.2 – namely that to

have any hope of solving (Ein) backwards, one needs to obey the following asymptotic momentum

constraint at S:

∇̃ logM∞(p) = 2Ψ∞(p) · ∇̃Ξ∞(p), (3.2.2)

where ∇̃ is a suitable spatial derivative on S. See Section 5 of [26] for heuristics deriving (3.2.2) from

the usual momentum constraint. However, Theorems 3.1.1 and 3.1.2 gives only Hölder regularity for

logM∞ and Ξ∞, hence (3.2.2) cannot even be interpreted meaningfully. Finding a suitable gauge,

and notion of spatial derivative, such that (3.2.2) can be verified remains an open problem in the

present setting.

Nonetheless, one could begin with smooth quantities Ψ∞(p), Ξ∞(p) and logM∞(p), satisfying

(3.2.2). Then one expects, using methods from [9, 61], that one could reconstruct the strongly

singular spacetime solving (Ein) and realizing Theorems 3.1.1 and 3.1.2 with Ψ∞, Ξ∞ and M∞ as

given. We hope to return to this problem in the future. However, due to the above regularity issues,

we are still far from a satisfactory scattering theory linking asymptotic data at the singularity to

data on any spacelike or bifurcate null hypersurface.

3.3 Upper bounds

We now begin the proof of our main Theorems 3.1.1 and 3.1.2. In this section, we recover the

upper bounds of [4], and generalize their results to the EMSFSS model with Q ̸= 0. Throughout

Section 3.3, D will represent a constant depending on the initial data at C0 ∪ C0, as well as the

constants R0, α > 0 in (QTS), (SKE) in the case Q ̸= 0.

3.3.1 Initial bounds on Ω2 using Raychaudhuri

We begin with an upper bound for Ω2 that will be crucial for integrability purposes. Note that

at this point, we must already assume (QTS) and (SKE) when Q ̸= 0. One may compare this to

Section 3 of [4].

Lemma 3.3.1. For (u, v) ∈ D, one has the following upper bounds for Ω2 and related quantities:

(A) For the ESFSS system, one has

max

{
Ω2

−∂ur
(u, v),

Ω2

−∂vr
(u, v)

}
≤ D (3.3.1)

as well as

Ω2(u, v) ≤ D

r(u, v)
. (3.3.2)
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(B) Now consider the EMSFSS system with Q ̸= 0. Assuming (SKE), one has the stronger bound

max

{
Ω2

−∂ur
(u, v),

Ω2

−∂vr
(u, v)

}
≤ D r(u, v)1+α. (3.3.3)

Assuming also (QTS), one further finds, with r0 = r(u0, v0):

Ω2(u, v) ≤ D r(u, v)α ≤ D rα0 . (3.3.4)

Proof. (3.3.1) follows trivially from the Raychaudhuri equations (2.3.1), (2.3.2). Indeed, these imply

that −Ω−2∂ur and −Ω−2∂vr are nondecreasing in u and v respectively, so the quantities on the left

hand side of (3.3.1) are bounded by their respective maxima on C0 ∪ C0. To get (3.3.2), simply

combine (3.3.1) with the lower bounds on −r∂ur,−r∂vr from Lemma 2.3.1.

Moving on to the case (B) with Q ̸= 0, we recast the Raychaudhuri equations as transport

equations for the following logarithmic quantities:

∂u log

(
Ω2

−∂ur

)
=
∂ur

r
·
(
r∂uϕ

∂ur

)2

=
∂ur

r
· (r2Lϕ)2. (3.3.5)

∂v log

(
Ω2

−∂vr

)
=
∂vr

r
·
(
r∂vϕ

∂vr

)2

=
∂vr

r
· (r2Lϕ)2. (3.3.6)

Now assume the lower bound (SKE). Since ∂ur, ∂vr < 0, (SKE) applied to (3.3.5) and (3.3.6)

yields

∂u log

(
Ω2

−∂ur

)
≤ ∂u log r · (1 + α),

∂v log

(
Ω2

−∂vr

)
≤ ∂v log r · (1 + α).

From this, the expression Ω2

−∂ur · r
−(1+α) is also monotonically decreasing in u. This observation,

alongside the analogous observation with v in place of u, asserts that

max

{
Ω2

−∂ur
(u, v) · r(u, v)−(1+α),

Ω2

−∂vr
(u, v) · r(u, v)−(1+α)

}
≤ D.

This is exactly (3.3.3), and the final estimate (3.3.4) follows from combining (3.3.3) and the lower

bound (QTS) on −r∂ur and −r∂vr.

3.3.2 Upper bounds for r2Lϕ and r2Lϕ

We now apply the upper bounds on Ω2 found in Section 3.3.1 to bound appropriately weighted

derivatives of the scalar field ϕ. We use a similar Grönwall argument to that appearing in Section

6 of [4], though we instead opt to estimate the gauge-independent quantities Lϕ and Lϕ.

As in [4], we foliate our spacetime D using spacelike constant-r hypersurfaces. Define, for r̃ ≤
r0 = r(u0, v0), the hypersurface

Σr̃ := {(u, v) ∈ D : r(u, v) = r̃}.
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(u0, v0)

(u0, v1)(u1, v0)

C0C0

r = 0

Σr̃

Figure 3.5: Foliation of D by constant-r hypersurfaces Σr, used in a Grönwall argument

We next use the EMSFSS system to determine null transport equations for the weighted quan-

tities rLϕ and rLϕ. From the equations (2.3.8) and (2.3.6), one finds the following propagation

equations:

∂u(rLϕ) =
∂uϕ

r
− Ω2

−4r∂vr

(
1− Q2

r2

)
· rLϕ, (3.3.7)

∂v(rLϕ) =
∂vϕ

r
− Ω2

−4r∂ur

(
1− Q2

r2

)
· rLϕ. (3.3.8)

The following proposition uses these to produce the required upper bounds for r2Lϕ and r2Lϕ.

Proposition 3.3.2. Let (u, v) ∈ D for either (A) the ESFSS system with general initial data, or

(B) the EMSFSS system supplemented with (QTS) and(SKE), one has

|r2Lϕ(u, v)| ≤ D, |r2Lϕ(u, v)| ≤ D. (3.3.9)

Proof. Define the function A(r) to be

A(r̃) = sup
r̃≤r̂≤r0

max

{
max

(u,v)∈Σr̂

|rLϕ(u, v)|, max
(u,v)∈Σr̂

|rLϕ(u, v)|
}
.

The objective is to show that A(r) ≤ D/r for some constant D depending only on data, R0 and α.

We integrate (3.3.7) in the interval [u0, u]; one finds after a change of variables ũ 7→ r(ũ, v) that

rLϕ(u, v) =

∫ u

u0

[
∂uϕ

r
(ũ, v)− Ω2

−4r∂vr

(
1− Q2

r2

)
· rLϕ(ũ, v)

]
dũ+ rLϕ(u0, v),

=

∫ r(u,v)

r(u0,v)

[
−1

r
· rLϕ− Ω2

−4r∂ur∂vr

(
1− Q2

r2

)
· rLϕ

]
dr(ũ, v) + rLϕ(u0, v).
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One deduces from this the integral inequality

|rLϕ(u, v)| ≤∫ r0

r(u,v)

[
1

r̂
+ sup

(ũ,ṽ)∈Σr̂

Ω2

−4r∂ur∂vr
·
∣∣∣∣ 1− Q2

r2

∣∣∣∣ (ũ, ṽ)
]
·A(r̂) dr̂ + sup

ṽ∈[v0,v1]
|rLϕ(u0, ṽ)|.

A similar integral inequality can be found for |rLϕ(u, v)|. Taking the maximum over (u, v) ∈ Σr̃,

we find

A(r̃) ≤
∫ r0

r̃

[
1

r̂
+ sup

(ũ,ṽ)∈Σr̂

Ω2

−4r∂ur∂vr
·
∣∣∣∣ 1− Q2

r2

∣∣∣∣ (ũ, ṽ)
]
·A(r̂) dr̂ + sup

C0∪C0

max{|rLϕ|, |rLϕ|}.

(3.3.10)

The last term is controlled by data, and we now apply Grönwall’s inequality. The 1/r̂ appearing

in this inequality is responsible for the 1/r̃ growth of A(r̃), while the term involving Ω2 will be

controlled by Lemma 3.3.1:

Ω2

−4r∂ur∂vr
·
∣∣∣∣ 1− Q2

r2

∣∣∣∣ ≲
1 if Q = 0,

rα−1 if Q ̸= 0 but (QTS) holds.
(3.3.11)

Since α > 0, this expression is integrable in r as r → 0, and there exists some D̃, such that∫ r0

r̃

[
1

r̂
+ sup

(ũ,ṽ)∈Σr̂

Ω2

−4r∂ur∂vr
·
∣∣∣∣ 1− Q2

r2

∣∣∣∣ (ũ, ṽ)
]
dr̂ ≤ log

(r0
r̃

)
+ D̃. (3.3.12)

Hence applying Grönwall to (3.3.10) and using this estimate (3.3.12), we find that

A(r̃) ≤ eD̃ · sup
C0∪C0

max{|rLϕ|, |rLϕ|} · r0
r̃
. (3.3.13)

Multiplying both sides by r̃, we have a uniform bound on |r2Lϕ(u, v)| and |r2Lϕ(u, v)| as required.

Remark. Proposition 3.3.2 provides upper bounds for the scalar field ϕ appearing in the ESFSS or

EMSFSS systems. However, since only the wave equation (2.3.5) is used in the Grönwall argument,

it follows from the proof that a similar estimate would holds if ϕ were any spherically symmetric

scalar function evolving via to the scalar wave equation in the fixed background (M, g).

Note that the r−2 growth of Lϕ,Lϕ, and the associated logarithmic growth of ϕ itself, is ubiq-

uitous in the study of scalar waves in backgrounds involving a Kasner-like spacelike singularity, see

for instance [62, 1].

It will be useful in the sequel to control not only solutions of the scalar wave equation but also

solutions of inhomogeneous wave equations in the background (M, g), where the inhomogeneity has

a prescribed blow-up rate. This will be the aim of the following Section 3.3.3.
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3.3.3 Upper bound estimates for general inhomogeneous wave equations

We prove a result, analogous to Proposition 3.3.2, producing sharp upper bounds for scalar quantities

ψ satisfying a (possibly inhomogeneous) wave equation in the region D. This will be useful when

commuting the wave equation with various vector fields, as will be necessary in Section 3.3.4 and

Section 3.4.

Proposition 3.3.3. Let ψ be a function on D ⊂ R2 obeying the following inhomogeneous wave

equation:

∂u∂vψ = −∂ur · ∂vψ
r

− ∂vr · ∂uψ
r

+ F. (3.3.14)

Here F is a function of (u, v) ∈ D, such that for some γ ∈ R and F0 > 0 fixed, F satisfies:∣∣∣∣F (u, v)∂ur ∂vr

∣∣∣∣ ≤ F0 r
γ(u, v). (3.3.15)

Then there exists a constant C, depending only upon the initial data for (Ω2, r, ϕ,Q) at C0 ∪C0,

the exponent γ, and the quantities R0 and α in (QTS) and (SKE) when Q ̸= 0, such that we have

the following estimates for the first derivatives Lψ and Lψ:

|r2Lψ(u, v)|+ |r2Lψ(u, v)| ≤ C sup
C0∪C0

max{|rLψ|, |rLψ|}+ CF0 ·


1 if γ > −2,

log
(

r0
r(u,v)

)
if γ = −2,

r(u, v)γ+2 if γ < −2.

(3.3.16)

Furthermore, the quantity ψ itself obeys the following estimate:

|ψ(u, v)| ≤ |ψ(u0, v0)|+ C sup
C0∪C0

max{|rLψ|, |rLψ|} log
(

r0
r(u, v)

)
+

CF0 ·


log
(

r0
r(u,v)

)
if γ > −2,

log2
(

r0
r(u,v)

)
if γ = −2,

r(u, v)γ+2 if γ < −2.

(3.3.17)

Proof. The proof follows that of Proposition 3.3.2. We first rewrite (3.3.14) as propagation equations

for the quantities rLψ and rLψ. One finds

∂u(rLψ) = +
∂uψ

r
− Ω2

−4∂vr

(
1− Q2

r2

)
· rLψ +

F

−∂vr
, (3.3.18)

∂v(rLψ) = +
∂vψ

r
− Ω2

−4∂ur

(
1− Q2

r2

)
· rLψ +

F

−∂ur
. (3.3.19)
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One now integrates (3.3.18) and (3.3.19) from C0 and C0 respectively. Integrating (3.3.18) and

changing variables to r(ũ, v) as before yields:

rLψ(u, v) =

∫ r(u,v)

r(u0,v)

[
−1

r
· rLψ − Ω2

−4r∂ur∂vr

(
1− Q2

r2

)
· rLψ

]
dr(ũ, v)

+ rLψ(u0, v) +

∫ r(u,v)

r(u0,v)

F

−∂ur∂vr
dr(ũ, v). (3.3.20)

We wish to find an integral inequality similar to (3.3.10). To simplify notation, we define

β(r̃) =
1

r̃
+ sup

(ũ,ṽ)∈Σr̃

Ω2

−4r∂ur∂vr
·
∣∣∣∣1− Q2

r2

∣∣∣∣ (ũ, ṽ). (3.3.21)

Due to (3.3.11), there exist constants D0 < D1 depending only on the data (r,Ω2, ϕ,Q) at C0 ∪C0

as before, such that we have the following bounds:

D0

r̃
≤ β(r) ≤ D1

r̃
, (3.3.22)

D0r0
r̃

≤ γ(r̃) := exp

(∫ r0

r̃
β(r̂) dr̂

)
≤ D1r0

r̃
. (3.3.23)

We also use (3.3.15) to bound the rightmost term appearing in (3.3.20). To avoid having to

distinguish cases further based on whether γ ≥ −1, we write∫ r(u,v)

r(u0,v)

F

−∂ur∂vr
dr(ũ, v) ≤ CF0 r(u, v)

min{γ+1,−1/2}. (3.3.24)

We can now write down the inequality analogous to (3.3.10) in Proposition 3.3.2. Define

Aψ(r̃) = sup
r̃≤r̂≤r0

max

{
max

(u,v)∈Σr̂

|rLψ(u, v)|, max
(u,v)∈Σr̂

|rLψ(u, v)|
}
.

Then using (3.3.20) and the corresponding equation for rLψ, as well as (3.3.24), one finds

Aψ(r̃) ≤
∫ r0

r̃
β(r̂)Aψ(r̂) dr̂ + P0 + CF0 r̃

min{γ+1,−1/2}. (3.3.25)

Here P0 = supC0∪C0
max{|rLψ|, |rLψ|} is the term arising from the initial data for ψ.

Since the usual integral Grönwall inequality applied to (3.3.25) would produce a weaker estimate

than the required (3.3.16), we instead use (3.3.25) to produce a differential inequality for the quantity

Bψ(r̃) =

∫ r0

r̃
β(r̂)Aψ(r̂) dr̂.

From (3.3.25), we find the following inequality for Bψ(r̃):

d

dr̃
Bψ(r̃) = −β(r̃)Aψ(r̃) ≥ −β(r̃)Bψ(r̃)− P0 − CF0 β(r̃) r̃

min{γ+1,−1/2}.
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Defining γ(r̃) as in (3.3.23), one thus finds

d

dr̃
(γ−1(r̃)Bψ(r̃)) ≥ −P0γ

−1(r̃)− CF0γ
−1(r̃)β(r̃) r̃min{γ+1,−1/2}. (3.3.26)

Integrating backwards in r̃, and noting from (3.3.22) and (3.3.23) that γ−1(r̃) ∼ r̃ and γ−1(r̃)β(r̃) ∼
1, one therefore finds that (where cases are distinguished based on the integrability of the right hand

side of (3.3.26)):

r̃Bψ(r̃) ≤ CP0r̃ + CF0 ·


1 if γ > −2,

log
(
r0
r̃

)
if γ = −2,

r̃γ+2 if γ < −2.

(3.3.27)

Inserting (3.3.27) in the equation (3.3.25), we find that r̃Bψ(r̃) in the left hand side of (3.3.27)

can be replaced by r̃Aψ(r̃), at the cost of increasing the constant C. This estimate is then exactly

the desired (3.3.16).

To find the final estimate (3.3.17) for ψ itself, note that the vector fields rL and rL are morally

r-derivatives, taken in null directions. To make this concrete, given G(r) any real function of r and

ζ : D ⊂ R2 a C1 function satisfying |rLζ(u, v)|, |rLζ(u, v)| ≤ G(r(u, v)), then

|ζ(u, v)| ≤ |ζ(u0, v0)|+ |ζ(u0, v)− ζ(u0, v0)|+ |ζ(u, v)− ζ(u0, v)|,

≤ |ζ(u0, v0)|+
∫ v

v0

|∂vζ(u0, ṽ)| dṽ +
∫ u

u0

|∂uζ(ũ, v)| dũ,

= |ζ(u0, v0)|+
∫ r(u0,v)

r0

|rLζ(u0, ṽ)| dr(u0, ṽ) +
∫ r(u,v)

r(u0,v)
|rLζ(ũ, v)| dr(ũ, v),

≤ |ζ(u0, v0)|+
∫ r0

r(u,v)
G(r̃) dr̃. (3.3.28)

Using (3.3.16) and applying (3.3.28) with ζ = ψ, we deduce (3.3.17) as claimed.

3.3.4 Higher order estimates

As in Section 7 of [4], it will be important in later sections to control higher derivatives of the

quantities (r,Ω2, ϕ). We start with the geometric quantities r and Ω2:

Proposition 3.3.4. We have the following estimates for derivatives of Ω2(u, v):

(A) For the ESFSS system, there exists a constant D such that

|∂uΩ2| ≤ D

r3(u, v)
, |∂vΩ2| ≤ D

r3(u, v)
. (3.3.29)

(B) For the EMSFSS system supplemented with QTS) and (SKE), we have instead that:

|∂uΩ2| ≤ D

r4−α(u, v)
, |∂vΩ2| ≤ D

r4−α(u, v)
. (3.3.30)
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Moving onto estimates for derivatives of r2(u, v), we have

(A) For the ESFSS system, with D as above, we have

|∂u(−r∂vr)| = |∂v(−r∂ur)| ≤
D

r(u, v)
, (3.3.31)

|∂u(−r∂ur)| ≤
D

r(u, v)
, |∂v(−r∂vr)| ≤

D

r(u, v)
. (3.3.32)

(B) For the EMSFSS system, with D as above, we have

|∂u(−r∂vr)| = |∂v(−r∂ur)| ≤
D

r2−α(u, v)
, (3.3.33)

|∂u(−r∂ur)| ≤
D

r2−α(u, v)
, |∂v(−r∂vr)| ≤

D

r2−α(u, v)
. (3.3.34)

(C) In both cases, one also has

|∂u∂ur| ≤
D

r3(u, v)
, |∂u∂vr| ≤

D

r3(u, v)
, |∂v∂vr| ≤

D

r3(u, v)
. (3.3.35)

Remark. Regarding (3.3.29)–(3.3.35), due to (2.3.11) it is straightforward to derive similar estimates

except with the derivatives ∂u, ∂v replaced by the gauge-invariant derivatives L,L respectively.

Proof. Consider the evolution equation (2.3.4) for log Ω2. Using Lemma 3.3.1 and Proposition 3.3.2,

we find from this equation the following estimate:

|∂u∂v log Ω2| ≲ 1

r4
. (3.3.36)

We now integrate (3.3.36) in the u direction; since −r∂ur ≥ R0 ≳ 1 we have

|∂v log Ω2|(u, v) ≲ |∂v log Ω2|(u0, v) +
∫ u

u0

1

r4
(ũ, v) dũ,

≲ |∂v log Ω2|(u0, v) +
∫ r(u0,v)

r(u,v)

1

r3
(ũ, v) dr(ũ, v) ≲

1

r2(u, v)
,

noting that the first term on the right hand side arises from data and can be ignored.

Writing |∂vΩ2| = Ω2 · |∂v log Ω2| and using Lemma 3.3.1 to bound Ω2, one deduces the ∂vΩ2

estimates in (3.3.29) and (3.3.30). The ∂uΩ2 estimates follow analogously.

We turn to the second derivative estimates for r2(u, v). (3.3.31) and (3.3.33) follow easily from

the evolution equations (2.3.6) and (2.3.7), where Lemma 3.3.1 is used to bound the Ω2 arising in

these equations. On the other hand, to deal with ∂u(−r∂ur) for instance, we differentiate (2.3.7) in

u to find:

∂v∂u(−r∂ur) =
∂uΩ

2

4

(
1− Q2

r2

)
+

Ω2

4

Q2∂ur

r3
. (3.3.37)
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Using (3.3.29) or (3.3.30) alongside Lemma 3.3.1, one therefore finds:

|∂v∂u(−r∂ur)| ≤

D r(u, v)−3 for ESFSS,

D r(u, v)−4+α for EMSFSS, given (QTS), (SKE).
(3.3.38)

Integrating (3.3.38) and changing the integration variable from v to r in a familiar fashion, one

gets

|∂u(−r∂ur)| ≤

D r(u, v)−1 for ESFSS,

D r(u, v)−2+α for EMSFSS, given (QTS), (SKE).
(3.3.39)

An analogous estimate holds for ∂v(−r∂vr), yielding exactly (3.3.32) and (3.3.34). The final estimate

(3.3.35) is straightforward from combining all previous estimates, e.g.

|∂u∂ur| =
1

r

∣∣(∂ur)2 + ∂u(−r∂ur)
∣∣ ≲ 1

r3
.

This completes the proof of Proposition 3.3.4.

We now use Propositions 3.3.4 and 3.3.3 to derive estimates for second order derivatives of

ϕ(u, v).

Proposition 3.3.5. For either the ESFSS system or EMSFSS supplemented with (QTS), (SKE),

there exists a constant D such that the second order derivatives of ϕ satisfy

|∂u∂uϕ| ≤
D

r4(u, v)
, |∂u∂vϕ| ≤

D

r4(u, v)
, |∂v∂vϕ| ≤

D

r4(u, v)
. (3.3.40)

As in Proposition 3.3.4, we may find a similar estimate to (3.3.35) with ∂u, ∂v replaced by L,L

respectively.

Proof. Commute the wave equation (2.3.5) for ϕ with the coordinate derivative ∂u. One finds:

∂u∂v(∂uϕ) = −∂ur · ∂v(∂uϕ)
r

− ∂vr · ∂u(∂uϕ)
r

+ Fu. (3.3.41)

Here the inhomogeneity F is given by:

Fu =

(
(∂ur)

2

r2
− ∂u∂ur

r

)
∂vϕ+

(
∂ur∂vr

r2
− ∂u∂vr

r

)
∂uϕ. (3.3.42)

Using Proposition 3.3.4, particularly (3.3.35), and Proposition 3.3.2, one estimates∣∣∣∣ Fu
∂ur∂vr

∣∣∣∣ ≲ 1

r4
.

In light of (3.3.41), one now applies Proposition 3.3.3 with ψ = ∂uϕ and γ = −4 to find that

|r2L∂uϕ|+ |r2L∂uϕ| ≲
1

r2
.

Since L and L are uniformly equivalent to ∂v and ∂u respectively, one therefore deduces the

∂u∂uϕ and ∂u∂vϕ estimate in (3.3.40). The ∂v∂vϕ estimate follows by commuting with ∂v instead

of ∂u.



98

3.4 Precise asymptotics for the scalar field

The aim of the present section will be to prove the parts of Theorems 3.1.1 and 3.1.2 concerning

the scalar field ϕ. The key step will be to show that the weighted derivatives r2Lϕ, r2Lϕ can be

extended in a C0,β fashion to the r = 0 boundary.

As discussed in Section 3.1, the key ingredient will be the following: treating instead r2∂vϕ =

−r∂vr · r2Lϕ in this preliminary discussion, one has from (2.3.8) the equation

∂u(r
2∂vϕ) = −r∂vr · ∂uϕ+ r∂ur · ∂vϕ.

The results of Section 3.3, particularly Proposition 3.3.2, imply that the right-hand side is O(r−2),

which is borderline non-integrable in the variable u as r → 0.

Thankfully, the operator X̃ = −r∂vr · ∂v + r∂ur · ∂u turns out to be a better derivative than the

standard coordinate derivatives ∂u, ∂v. Since X̃r = 0, the vector field X̃ is adapted to the constant-

r spacelike hypersurfaces Σr̃, see Figure 3.5. Hence one expects that such a “spatial” derivative

behaves better.

Indeed, we shall see from Proposition 3.4.3 that X̃ϕ is integrable up to the r = 0 singularity,

allowing us to extend r2∂uϕ and r2∂vϕ to the singularity in a continuous manner. As in Section 3.3,

the argument is streamlined upon replacing ∂u and ∂v by their gauge-independent counterparts L

and L. In particular, instead of treating X̃ as above we will study the spatial vector field X = L−L.

3.4.1 The vector field X = L− L

Define the vector field X by

X = L− L =
1

−r∂vr
∂v −

1

−r∂ur
∂u. (3.4.1)

From (3.4.1), it immediately follows thatXr = 0, henceX is tangent to the constant-r hypersurfaces

Σr̃. In particular, X is spacelike, and we can further compute

g(X,X) = −2g(L,L) =
Ω2

r2∂ur ∂vr
> 0. (3.4.2)

We wish to show that Xϕ obeys better estimates than those of Lϕ, Lϕ found in Proposition

3.3.2. For this purpose, we commute the wave equation (2.3.5) with X, and apply Proposition 3.3.3.

We therefore first produce some preliminary estimates regarding the various commutator terms that

arise.

Lemma 3.4.1. For X as defined in (3.4.1), decompose the commutator vector field [∂u, X] with

respect to the coordinate basis ∂u, ∂v in the usual way:

[∂u, X] = [∂u, X]u∂u + [∂u, X]v∂v,
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and similarly for [∂v, X] and [L,X] = −[L,L] = [L,X]. Then there exists a constant D > 0,

depending on the data at C0 ∪ C0, such that

|[∂v, X]u|+ |[∂u, X]v|+ |[∂v, X]u|+ |[∂v, X]v|+ |[L,X]u|+ |[L,X]v|

≤

D r(u, v)−1 for ESFSS,

D r(u, v)−2+α for EMSFSS, given (QTS), (SKE).
(3.4.3)

Alternatively, one may decompose the commutator vector fields with respect to the basis L,L:

[∂u, X] = [∂u, X]LL+ [∂v, X]LL,

and similarly for [∂v, X] and [L,X]. Then (3.4.3) holds with the u, v indices replaced by L,L indices.

Proof. This will follow from the higher derivative estimates of Section 3.3.4. Using (3.4.1), we have

[∂u, X] = ∂u

(
1

−r∂vr

)
∂v − ∂u

(
1

−r∂ur

)
∂u,

= −∂u(−r∂vr)
(−r∂vr)2

∂v +
∂u(−r∂ur)
(−r∂ur)2

∂u.

Hence we may read off [∂u, X]v and [∂v, X]u, and bound these using Proposition 3.3.4 and the

lower bounds for −r∂ur and −r∂vr. The commutators [∂v, X] and [L,X] are dealt with similarly.

For the final statement of the lemma, note that changing basis from ∂u, ∂v to L, L simply

involves multiplying and dividing by −r∂ur and −r∂vr. Since these are upper and lower bounded

(see Section 2.3.1 and (QTS)), the estimate (3.4.3) still holds when computing components of the

various commutator vector fields with respect to the L, L basis.

We also need to consider commutation with the second order wave operator ∂u∂v:

Lemma 3.4.2. We write the second order operator [∂u∂v, X] in the form

[∂u∂v, X] = Xuu∂u∂u + Xuv∂u∂v + Xvv∂v∂v + Xu∂u + Xv∂v, (3.4.4)

where Xuu,Xuv,Xvv,Xu,Xv are each scalar functions of (u, v) ∈ D. Then we have the following

bounds:

|Xuu|+ |Xuv|+ |Xvv| ≤

D r(u, v)−1 for ESFSS,

D r(u, v)−2+α for EMSFSS, given (QTS), (SKE),
(3.4.5)

|Xu|+ |Xv| ≤

D r(u, v)−3 for ESFSS,

D r(u, v)−4+α for EMSFSS, given (QTS), (SKE).
(3.4.6)
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Proof. Once again, we may write explicit formulae for each of Xuu,Xuv,Xvv,Xu,Xv, then appeal to

(3.3.4). Using [∂u∂v, X] = ∂u ◦ [∂v, X] + [∂u, X] ◦ ∂v, we find that:

Xuu = [∂v, X]u = ∂v

(
−1

−r∂ur

)
,

Xuv = [∂v, X]v + [∂u, X]u = ∂v

(
1

−r∂vr

)
+ ∂u

(
−1

−r∂ur

)
,

Xvv = [∂u, X]v = ∂u

(
1

−r∂vr

)
,

Xu = ∂u([∂v, X]u) = ∂u∂v

(
−1

−r∂ur

)
,

Xv = ∂u([∂v, X]v) = ∂u∂v

(
1

−r∂vr

)
.

In particular, (3.4.5) follows immediately from (3.4.3), while for (3.4.6), we first use the equations

(2.3.6) and (2.3.7). For instance, we rewrite Xu using (2.3.7) as

Xu = ∂u

(
1

(−r∂ur)2
· Ω

2

4

(
1− Q2

r2

))
.

The ∂u derivative could hit any of (−r∂ur)−1, Ω2 or r−1. However, we see from Lemma 3.3.1 and

Proposition 3.3.4 that in any of these cases, the result remains bounded by the right hand side of

(3.4.6). The estimate for Xv is analogous, concluding the proof of Lemma 3.4.2.

3.4.2 Estimates on Xϕ

In this section we prove Proposition 3.4.3, producing upper bounds on Xϕ and its derivatives. One

achieves this by commuting (2.3.5) with the vector field X, then appealing to Proposition 3.3.3. For

convenience, we record (2.3.5) again here:

∂u∂vϕ = −∂ur · ∂vϕ
r

− ∂vr · ∂uϕ
r

. (3.4.7)

Proposition 3.4.3. For the ESFSS system or the EMSFSS system supplemented with the additional

assumptions (QTS), (SKE), we have the following upper bounds for Xϕ and its weighted derivatives:

|Xϕ(u, v)|+ |r2LXϕ(u, v)|+ |r2LXϕ(u, v)|

≤

D r−1(u, v) for ESFSS,

D r−2+α(u, v) for EMSFSS, given (QTS), (SKE).
(3.4.8)
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Proof. In light of Proposition 3.3.3, we seek an equation of the form (3.3.14), with ψ = Xϕ. We

apply X to equation (3.4.7); since Xr = 0 we find

∂u∂vXϕ = −∂ur · ∂vXϕ
r

− ∂vr · ∂uXϕ
r

+ FX , (3.4.9)

where the inhomogeneous term FX is given exactly by:

FX = [∂u∂v, X]ϕ+
∂ur

r
· [∂v, X]ϕ+

∂vr

r
· [∂u, X]ϕ− [∂u, X]r

r
· ∂vϕ− [∂v, X]r

r
· ∂uϕ. (3.4.10)

It simply remains to estimate this inhomogeneous term FX using the results of Section

3.4.1. We introduce some schematic notation; we write X∗∗ to represent some element of

{[∂u, X]u, [∂u, X]v, [∂v, X]u, [∂v, X]v} or any linear combination thereof. Note that Xuu,Xuv,Xvv
are included in X∗∗, see the proof of Lemma 3.4.2. Likewise, denote X∗ to represent one of Xu or

Xv as in Lemma 3.4.2. Finally, denote ∂∗ to be one of the two null coordinate derivatives ∂u, ∂v.

Using this notation and Lemma 3.4.2, FX can be written in the schematic form:

FX = X∗ · ∂∗ϕ+ X∗∗ · ∂∗∂∗ϕ+ X∗∗ ·
∂∗r

r
· ∂∗ϕ. (3.4.11)

Now, from Lemmas 3.4.1 and 3.4.2, we may deduce that

|r2X∗|+ |X∗∗| ≲

r−1(u, v) for ESFSS,

r−2+α(u, v) for EMSFSS, given (QTS), (SKE).

We also need to control ∂∗r, ∂∗ϕ and ∂∗∂∗ϕ. The upper bounds for −r∂∗r give that −∂∗r ≲ r−1,

while derivatives of ϕ are controlled using Proposition 3.3.2 for ∂∗ϕ and Proposition 3.3.5 for ∂∗∂∗ϕ.

These yield

|∂∗ϕ| ≲ r−2, |∂∗∂∗ϕ| ≲ r−4.

Applying all of these bounds to (3.4.11), we find that

|FX | ≲

r−5(u, v) for ESFSS,

r−6+α(u, v) for EMSFSS, given (QTS), (SKE).

Using again lower bounds for −r∂∗r, we therefore have that∣∣∣∣ FX
∂ur ∂vr

∣∣∣∣ ≤ FX,0 · rγ(u, v). (3.4.12)

Here FX,0 is some constant depending only on data, while γ = −3 and γ = −4 + α in the context

of the ESFSS and the EMSFSS system respectively. We are now in a position to apply Proposition

3.3.3 to (3.4.9).

Since we have γ < −2 in both cases, the final term on the right hand sides of (3.3.16) and (3.3.17)

arising from the inhomogeneity dominate any terms arising from the data for ψ = Xϕ at C0 ∪ C0.

Therefore the estimates (3.3.16) and (3.3.17) applied to ψ = Xϕ yield (3.4.8), as required.



102

3.4.3 Asymptotics for the scalar field at the singularity

Armed with Proposition 3.4.3, we now prove the asymptotics for ϕ given in Theorems 3.1.1 and

3.1.2, including the appropriate Hölder continuity for the quantities Ψ and Ξ.

Proposition 3.4.4. Let (r,Ω2, ϕ,Q) be a strongly singular solution to the EMSFSS system with an

r = 0 spacelike singularity as in Section 2.3.1, where we assume (QTS), (SKE) to hold if Q ̸= 0.

Define the functions Ψ : D → R and Ξ : D → R to be:

Ψ(u, v) := r2 · (L+ L)ϕ(u, v)

2
, (3.4.13)

Ξ(u, v) := ϕ(u, v)−Ψ(u, v) · log
(

r0
r(u, v)

)
. (3.4.14)

Then Ψ is C0,β in D, with Hölder exponent β = 1/2 for the ESFSS system and β = α/2 for the

EMSFSS system with (QTS), (SKE). Ξ, on the other hand, is C0,β,log (see (3.1.2) for a definition

of log-Hölder continuity).

In fact, ∥Ψ∥C0,β and ∥Ξ∥C0,β,log are bounded by a constant D depending on the data:

∥Ψ∥C0,β + ∥Ξ∥C0,β,log ≤ D. (3.4.15)

Proof. We study the derivatives of the quantities Ψ and Ξ. Using the wave equation (3.4.7), we

produce some null transport equations for r2Lϕ and r2Lϕ. Using (2.3.8) as well as (2.3.6), one finds

L(r2Lϕ) = −Xϕ+
Ω2

4r2∂ur∂vr

(
Q2

r2
− 1

)
· r2Lϕ. (3.4.16)

One finds an analogous equation for r2Lϕ:

L(r2Lϕ) = Xϕ+
Ω2

4r2∂ur∂vr

(
Q2

r2
− 1

)
· r2Lϕ. (3.4.17)

As Ψ contains both L and L derivatives, it is useful to also include the following null transport

equations for r2Xϕ. Using that Lr2 = Lr2 = −2, we have:

L(r2Xϕ) = r2LXϕ− 2Xϕ, (3.4.18)

L(r2Xϕ) = r2LXϕ− 2Xϕ. (3.4.19)

By Proposition 3.4.3 and Lemma 3.3.1, all the terms on the right hand sides of (3.4.16), (3.4.17),

(3.4.18), (3.4.19) are O(r−1) when Q = 0 and O(r−2+α) when Q ̸= 0. This implies that these

equations can be integrated up to r = 0. These equations, along with the definition (3.4.13) for Ψ,

yield

LΨ = −1

2
r2LXϕ+

Ω2

4r2∂ur ∂vr

(
Q2

r2
− 1

)
· r2Lϕ. (3.4.20)

LΨ =
1

2
r2LXϕ+

Ω2

4r2∂ur ∂vr

(
Q2

r2
− 1

)
· r2Lϕ. (3.4.21)
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Applying Proposition 3.4.3, there exists a constant D, depending on the data, R0 and α, such

that

|LΨ|+ |LΨ| ≤ D r(u, v)−2+2β. (3.4.22)

Here β is as defined in the statement of Proposition 3.4.4. We now use this to prove the desired

C0,β regularity: we first control the Hölder seminorm in the u-direction:

|Ψ(ũ1, v)−Ψ(ũ0, v)| =
∣∣∣∣∫ ũ1

ũ0

∂uΨ(ũ, v) dũ

∣∣∣∣ ,
≤
∫ ũ1

ũ0

|r∂ur · LΨ(ũ, v)| dũ,

≤ D

∫ r(ũ0,v)

r(ũ1,v)
r̃−1+2β dr̃ =

D

2β
· (r(ũ0, v)2β − r(ũ1, v)

2β).

We next use the inequality xβ − yβ ≤ (x− y)β for x > y > 0 to get

|Ψ(ũ1, v)−Ψ(ũ0, v)| ≤
D

2β
· |r2(ũ0, v)− r2(ũ1, v)|β. (3.4.23)

Since the Hölder seminorm is defined with respect to u and not r, we need to again use the upper

bounded for −r∂ur; we have |r2(ũ0, v) − r2(ũ1, v)| ≤ |ũ1 − ũ0| · supũ0≤ũ≤ũ1(−2r∂ur(ũ, v)). Since

−r∂ur ≤ R1 is uniformly bounded by Lemma 2.3.1, we deduce from (3.4.23) that

sup
[ũ0,ũ1]×{v}

⊂D

|Ψ(ũ1, v)−Ψ(ũ0, v)|
|ũ1 − ũ0|β

≤ D. (3.4.24)

The β-Hölder seminorm in the v-direction is similar, while the boundedness of |Ψ| follows imme-

diately from the seminorm bounds and the fact that D is a bounded domain. This completes the

estimates for Ψ.

We now move onto the quantity Ξ defined in (3.4.14), describing the O(1) term in the asymptotic

expansion of ϕ. From (3.4.14), (3.4.13), and L log r = L log r = − 1
r2

, one finds

LΞ = Lϕ− Ψ

r2
− LΨ · log

(r0
r

)
= −1

2
Xϕ− LΨ · log

(r0
r

)
, (3.4.25)

LΞ = Lϕ− Ψ

r2
− LΨ · log

(r0
r

)
= +

1

2
Xϕ− LΨ · log

(r0
r

)
. (3.4.26)

From Proposition 3.4.3 that |Xϕ| ≲ r−2+2β , while the terms involving LΨ and LΨ on the right

hand side are bounded using (3.4.22). Unfortunately, the presence of the log(r0/r) term on the

right hand side produces some loss on the exponent, and we therefore only have

|LΞ|+ |LΞ| ≤ D̃ r−2+2β log r−1. (3.4.27)

Given (3.4.27), the remainder of the proof follows the same strategy as for Ψ, with appropriate

modifications due to the log r−1 term. This concludes the proof of the proposition.
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Remark. The important steps of this proof are (3.4.22) and (3.4.27). Once these estimates are

found, there are other ways to characterise the regularity of Ψ and Ξ. For instance, one can instead

find uniform Sobolev regularity on null hypersurfaces of the form:

Ψ ∈ L∞
u W

1,p−β
v ∩ L∞

v W
1,p−β
u , Ξ ∈ L∞

u W
1,p−β
v ∩ L∞

v W
1,p−β
u , pβ =

1

1− β
.

3.5 Proofs of the main theorems

In this section, we conclude the proofs of Theorems 3.1.1 and 3.1.2, as well as the proof of Corol-

lary 3.1.3.

3.5.1 Asymptotics for Ω2

We firstly provide asymptotics for the null lapse Ω2(u, v), and related geometric quantities.

Proposition 3.5.1. Consider a strongly singular solution to the EMSFSS system as in Section

2.3.1. Recalling the function Ψ : D → R from (3.4.13) in Proposition 3.4.4, there exists D > 0

depending on data, R0 and α, such that∣∣∣∣log(Ω2 ·
(r0
r

)−Ψ2+1
)∣∣∣∣ ≤ D. (3.5.1)

In fact we find the following precise asymptotics for the gauge-invariant quantity g(∇r,∇r) =

4Ω−2∂ur ∂vr. There exists a positive function M : D → R, C0,β,log up to the {r = 0} boundary, with

4Ω−2∂ur ∂vr =: M ·
(
r

r0

)−(Ψ2+1)

, (3.5.2)

Here the Hölder exponent β is as in Proposition 3.4.4, and one finds the following bounds on M:

∥ logM∥C0,β,log + ∥M∥C0,β,log ≤ D. (3.5.3)

Proof. We use the Raychaudhuri equation (2.3.1), which we record again for convenience:

∂u(−Ω−2∂ur) = Ω−2r|∂uϕ|2,

We rewrite this equation as a null transport equation for the following logarithmic quantity involving

Ω2;

∂u log

(
Ω2

−4∂ur

)
=

r

∂ur
· |∂uϕ|2.

Converting to the gauge-invariant derivative L, one finds:

L log

(
Ω2

−4∂ur

)
= − 1

r2
· |r2Lϕ|2. (3.5.4)
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Of course, there is also the analogous equation:

L log

(
Ω2

−4∂vr

)
= − 1

r2
· |r2Lϕ|2. (3.5.5)

By Proposition 3.3.2, the right hand sides of (3.5.4) and (3.5.5) are O(r−2), and thus borderline

non-integrable as r → 0. We solve this issue by subtracting from (3.5.4) and (3.5.5) the leading

order term, which is exactly Ψ2 · r−2. Since L log r = L log r = − 1
r2

, we therefore find:

L log

(
Ω2

−4∂ur

)
− L

(
Ψ2 log

(
r

r0

))
= − 1

r2
· (|r2Lϕ|2 −Ψ2)− 2Ψ(LΨ) log

(
r

r0

)
Taking the difference of two squares on the right hand side, and combining the terms on the left,

we get:

L log

(
Ω2

−4∂ur
·
(
r

r0

)−Ψ2
)

=
1

2
(Xϕ)(r2Lϕ+Ψ)− 2Ψ(LΨ) log

(
r

r0

)
. (3.5.6)

We now follow a similar method to the proof of Proposition 3.4.4. By (3.4.8) and (3.4.22), the right

hand side of (3.5.6) is bounded by r−2+2β log r−1:∣∣∣∣∣L log

(
Ω2

−4∂ur
·
(
r

r0

)−Ψ2
)∣∣∣∣∣ ≤ D · r−2+2β log

(r0
r

)
, (3.5.7)

Hence integrating in the L direction, where as usual this involves multiplying by r then integrat-

ing in r, we observe that the right-hand side is integrable towards r = 0, and∣∣∣∣∣log
(

Ω2

−4∂ur
·
(
r

r0

)−Ψ2
)∣∣∣∣∣ ≲ 1.

We finally exponentiate this expression, and use that −r∂ur ≲ 1 to get the sharp upper bound

(3.5.1) for Ω2 as a polynomial power of r.

To find the sharp asymptotics for M as defined in (3.5.2), the additional ingredient is to use

(2.3.6) to get:

L log(−r∂vr) =
Ω2

4∂ur∂vr
·
(
1− Q2

r2

)
. (3.5.8)

Combining (3.5.8) with (3.5.6), we therefore find that

L logM =
Ω2

4∂ur∂vr
·
(
1− Q2

r2

)
− 1

2
(Xϕ)(r2Lϕ+Ψ) + 2Ψ(LΨ) log

(
r

r0

)
. (3.5.9)

Similarly, in the v-direction we have

L logM =
Ω2

4∂ur∂vr
·
(
1− Q2

r2

)
+

1

2
(Xϕ)(r2Lϕ+Ψ) + 2Ψ(LΨ) log

(
r

r0

)
. (3.5.10)

Now we may proceed in the same manner we used to derived Hölder continuity for Ψ and Ξ in

Proposition 3.4.4. Using Proposition 3.4.3, Proposition 3.4.4, and Lemma 3.3.1, one has

|L logM|+ |L logM| ≤ D · r−2+2β log
(r0
r

)
. (3.5.11)

The remainder of the proof then follows exactly as in the proof of Proposition 3.4.4.



106

Remark. Taking the difference of (3.5.10) and (3.5.9) yields the equation:

X logM = 2(Xϕ)Ψ + 2Ψ(XΨ) log

(
r

r0

)
= 2Ψ ·XΞ. (3.5.12)

This can be viewed as a momentum constraint relating the quantities logM, Ψ and Ξ on any

constant-r hypersurfaces Σr̃.

Since M, Ψ and Ξ extend continuously to the {r = 0} singularity, one would also like to view

(3.5.12) as an asymptotic momentum constraint at the singularity, see (3.2.2). However, in order

for this to be true, we need logM and Ξ to be regular enough to make sense of the spatial derivative

∇̃ along the singularity, which is unfortunately not achieved by Theorems 3.1.1 and 3.1.2.To prove

an identity of the form (3.2.2), it seems we need to at least be able to upgrade the Hölder regularity

of Ψ∞, Ξ∞ and M∞ to Lipschitz regularity.

3.5.2 Proof of Theorems 3.1.1 and 3.1.2

We finally combine the results of Section 3.3, Section 3.4 and Proposition 3.5.1 above to complete

the proofs of Theorems 3.1.1 and 3.1.2. We shall prove both theorems simultaneously using the now

familiar notation

β =

1/2 if Q = 0,

α/2 if Q ̸= 0 and (QTS), (SKE) hold.

With brevity in mind, when we refer to equations in Theorems 3.1.1 and 3.1.2 we generally only

mention those of the latter, e.g. equation (3.1.18) will refer to (3.1.6) also.

Proof of (I). The estimate (3.1.3) holds in the ESFSS case by Lemma 2.3.1, while the analogous

(3.1.15) in the EMSFSS model follows, assuming (QTS), by the same lemma. To prove that r2(u, v)

is C1,β , we use Proposition 3.3.4, specifically estimates (3.3.31), (3.3.32), (3.3.33) and (3.3.34).

These estimates, combined with (3.1.3), give that

|L(−r∂ur)|+ |L(−r∂ur)|+ |L(−r∂vr)|+ |L(−r∂vr)| ≲
1

r−2+2β
. (3.5.13)

From here, a familiar argument (e.g. from the proof of Proposition 3.4.4) yields that the expressions

−r∂ur(u, v) and −r∂vr(u, v) are C0,β in D̄ = D ∪ S. These expressions are exact multiples of the

first derivatives of r2(u, v), hence r2 is C1,β in D with respect to the double-null coordinates (u, v).

Furthermore, by (3.1.3) the gradient of r2(u, v) is non-vanishing in D̄, so the level sets of r2,

including the limiting level set S = {r(u, v) = 0}, are C1,β curves. It is then clear that one may

parameterize using the C1,β function v∗(u) as described in the theorem.

Proof of (II). This follows immediately from Proposition 3.4.4.

Proof of (III). This is exactly equation (3.5.2) of Proposition 3.5.1, and the following estimate

(3.5.3).
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Proof of (IV). We pick now a point p ∈ S, and consider its causal past J−(p). We shall prove the

various estimates of (IV) by integrating “backwards” from p ∈ S, given that we already know that

the limiting values Cu(p) > 0, Cv(p) > 0, Ψ∞(p), Ξ∞(p) and M∞(p) > 0 exist.

We illustrate this by giving a complete proof of (3.1.18) in Theorem 3.1.2. Let p = (up, v∗(up)),

and suppose (u, v) ∈ J−(p). Then one has:

| − r∂ur(u, v)− Cu(p)| ≤ | − r∂ur(u, v) + r∂ur(up, v)|+ | − r∂ur(up, v) + r∂ur(up, v∗(up))|,

≤
∫ up

u
|∂u(−r∂ur)(ũ, v)| dũ+

∫ v∗(up)

v
|∂v(−r∂ur)(up, ṽ)| dṽ,

=

∫ r(u,v)

r(up,v)
|rL(−r∂ur)| dr +

∫ r(up,v)

0
|rL(−r∂ur)| dr ≲ r2β(u, v).

Note that the final inequality followed by using (3.5.13) above, and evaluating the integral∫ r
0 r

−1+2β dr = 1
2β r

2β . This proves (3.1.18), and (3.1.19) is similar.

For the scalar field estimates, note that a similar procedure with Ψ or Ξ in place of −r∂ur, gives

|Ψ(u, v)−Ψ∞(p)| ≲ r2β, (3.5.14)

|Ξ(u, v)− Ξ∞(p)| ≲ r2β log r−1. (3.5.15)

Here we used (3.4.22) and (3.4.27) to estimate the appropriate null derivatives. The definition of Ξ

in (3.4.14) then yields (3.1.22).

To translate the estimates on gauge-invariant quantities such as Ψ to estimates on the coordinate

derivatives ∂uϕ and ∂vϕ, we use the definition of Ψ in (3.4.13), as well as the definition of the vector

fields L, L and X. For instance, we write

r2∂uϕ = (−r∂ur) ·
(
Ψ− 1

2r
2Xϕ

)
.

Using (3.1.18) and (3.5.14) above, as well as (3.4.8) to estimate the remaining term r2Xϕ, one

straightforwardly deduces (3.1.20). (3.1.21) follows analogously.

Finally, (3.1.23) follows by integrating (3.5.11) backwards from p, exactly as before, to find that

| logM(u, v)− logM∞(p)| ≲ r2β log r−1.

Hence by the definition (3.5.2) of M, we find∣∣∣∣∣ Ω2

4∂ur∂vr
(u, v)−M−1

∞ ·
(
r

r0

)Ψ∞(p)2+1
∣∣∣∣∣ ≲ rΨ∞(p)2+1+2β log r−1.

(3.1.23) then follows upon multiplying by 4∂ur∂vr, and using (3.1.18), (3.1.19).
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Proof of (V). The estimate (3.1.24) for the Hawking mass m(u, v) is immediate from (3.1.23),

(3.1.18), (3.1.19), in light of the following expression for m(u, v):

m(u, v) =
r

2
· (1 + 4Ω−2∂ur∂vr) =

r

2
+

2

rΩ2
(−r∂ur)(−r∂vr).

To estimate the Kretschmann scalar, we list all the non-vanishing components of the Riemann

tensor, whose components are evaluated with respect to the following null frame:

L =
1

−r∂vr
∂v, L =

1

−r∂ur
∂u, e1 = r−1∂θ, e2 = (r sin θ)−1∂φ.

For the EMSFSS system, one computes that, modulo the symmetries of the Riemann tensor:

Riem(V1, V2, V3, V4) = Riem(V3, V4, V1, V2) = −Riem(V2, V1, V3, V4), the only non-vanishing com-

ponents are (where A,B ∈ {1, 2}):

Riem(L, eA, L, eB) =
1

r4
|r2Lϕ|2 δAB,

Riem(L, eA, L, eB) =
1

r4
|r2Lϕ|2 δAB,

Riem(L, eA, L, eB) =
1

r4

[
1 +

Ω2

4∂ur∂vr

(
1− Q2

r2

)]
δAB,

Riem(e1, e2, e1, e2) =
1

r2
(
1 + 4Ω−2∂ur∂vr

)
,

Riem(L,L, L, L) = − Ω2

4∂ur∂vr
· 1

r6

[
1− (r2Lϕ)(r2Lϕ) +

Ω2

4∂ur∂vr

(
1− 2Q2

r2

)]
.

Using these, alongside the estimates of (IV), one can deduce the estimate (3.1.25), describing

the leading order polynomial blow-up of the Kretschmann scalar.

Finally, (3.1.26) can be deduced using (3.1.20), (3.1.21) and (3.1.23), while (3.1.27), which is

an exact equality, can be computed using the form (2.2.3) of the electromagnetic 2-form F. This

completes the proof of Theorem 3.1.1 and Theorem 3.1.2.

3.5.3 Several higher order estimates

We move now to Corollary 3.1.3. In order to make precise statements about the foliation using the

time function τ , defined in (3.1.28), such as statements regarding the second fundamental form of

the embedding Sτ ↪→ M, we must first understand the second-order derivatives of τ .

As the quantity Ψ appears in (3.1.28), this means that we must now understand third-order

derivatives of ϕ. Hence we now assume the initial data to be smooth (in fact C3 is sufficient), and

use the following:

Proposition 3.5.2. Consider a strongly singular solution to the EMSFSS system as described in

Theorems 3.1.1 and 3.1.2. Assume moreover that (r2,Ω2, ϕ) are smooth in D. Then there exists D,
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depending only on data, such that

|LLXϕ|+ |LLXϕ|+ |LLXϕ|+ |LLXϕ| ≤ D r−6+α. (3.5.16)

Furthermore, the quantities Ψ and M from Theorems 3.1.1 and 3.1.2 obey:

|LLΨ|+ |LLΨ|+ |LLΨ|+ |LLΨ| ≤ D r−4+α, (3.5.17)

|LL logM|+ |LL logM|+ |LL logM|+ |LL logM| ≤ D r−4+α log r−1. (3.5.18)

Proof. We start with (3.5.16). We first rewrite (3.4.9) in terms of L and L; one gets

LLXϕ =
1

r2
LXϕ+

1

r2
LXϕ− Ω2

4r2∂ur∂vr
·
(
1− Q2

r2

)
LXϕ+

FX
(−r∂ur)(−r∂vr)

. (3.5.19)

We use this directly to get the |LLϕ| estimate in (3.5.16). We estimate the first three terms on the

right hand side of (3.5.19) using (3.4.22), as well as (3.5.2) to deal with the Ω2 term. The FX term

is then estimated using (3.4.12). Combining all these allows us to conclude that |LLXϕ| ≲ r−6+α,

and |LLXϕ| ≲ r−6+α follows similarly.

To get the LLXϕ estimate, we commute the equation (3.5.19) with the vector field L. We find:

LLLXϕ = K1(u, v) · LLXϕ+K2(u, v), (3.5.20)

where K1,K2 : D → R are given by the following expressions:

K1 =
1

r2
+ [L,L]L − Ω2

4r2∂ur∂vr
·
(
1− Q2

r2

)
. (3.5.21)

K2 = [L,L]L · LLXϕ+
2

r4
LXϕ+

2

r4
LXϕ+

1

r2
LLXϕ

− L

[
Ω2

4r2∂ur∂vr
·
(
1− Q2

r2

)]
· LXϕ+ L

[
FX

(−r∂ur)(−r∂vr)

]
. (3.5.22)

By Lemma 3.4.1 and Proposition 3.5.1, we have that K1 = 1
r2

+ O(r−2+α). Furthermore,

combining all the results of Sections 3.4 and 3.5, we can also deduce that |K2| ≲ r−8+α. We

mention here that to estimate the final term appearing in (3.5.22), we go back to the expression

(3.4.11) for FX . Taking an L-derivative of FX therefore entails taking a further derivative of the

commutator terms appearing in (3.4.11). But we have explicit expressions for the commutator terms

in Lemmas 3.4.1 and 3.4.2, and one crucial ingredient will be to estimate the third-order derivatives

∂3∗(r
2), where ∂∗ is either of ∂u or ∂v.

This would require pushing the results of Section 3.3.4 to one derivative further, which is straight-

forward, and we refer the reader to Proposition 7.4 and Proposition 7.5 of [4]. The strategy in that

article applies also to the Q ̸= 0 case supplemented with (QTS), (SKE), and the eventual estimate
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is that ∂3∗(r2) ≲ r−4+α. The remainder of the argument deducing the estimate |K2| ≲ r−8+α is left

to the reader. The upshot is that (3.5.20) can now be written as:

LLLXϕ =

(
1

r2
+O(r−2+α)

)
· LLXϕ+O(r−8+α).

We then integrate this expression using a familiar Grönwall argument to deduce |LLXϕ| ≲ r−6+α.

The estimate for |LLXϕ| is similar, completing our proof of (3.5.16).

To go from (3.5.16) to (3.5.17), we recall for instance (3.4.21), and apply L, to get

LLΨ =
1

2
r2LLXϕ− LXϕ+ L

[
Ω2

4r2∂ur∂vr
·
(
Q2

r2
− 1

)
· r2Lϕ

]
.

This, combined with (3.5.16) and the estimates of Theorems 3.1.1 and 3.1.2, yields |LLΨ| ≲ r−4+α.

The remaining estimates of (3.5.17) follow similarly. The final estimate (3.5.18) then follows upon

applying the vector fields L and L to (3.5.9) and (3.5.10). We leave the details to the reader.

Remark. It is apparent from the proof of Proposition 3.5.2 that similar estimates hold for higher

derivatives, so long as the data has the required regularity to begin with. A general rule of thumb is

that taking an L or an L derivative (or equivalently ∂u or ∂v) costs a factor of r−2. Note, however,

that we do not claim anything about improving such derivative estimates when differentiating in

spatial directions.

We now apply Proposition 3.4.4, Proposition 3.5.1, and the above Proposition 3.5.2 to analyze

the first and second derivatives of the function τ , defined in (3.1.28). Recall for convenience that

τ :=
2r0

Ψ2 + 3
·M−1/2 ·

(
r

r0

)Ψ2+3
2

.

Corollary 3.5.3. The first and second derivatives of τ obey the following estimates: for L̃1, L̃2 ∈
{L,L} one has ∣∣∣∣∣∣L̃1τ +M−1/2r−1

0 ·
(
r

r0

)Ψ2−1
2

∣∣∣∣∣∣ ≤ D r
Ψ2−1

2 · rα log r−1, (3.5.23)

∣∣∣∣L̃2(| log L̃1τ |) +
Ψ2 − 1

2
· 1

r2

∣∣∣∣ ≤ D r−2+α log r−1. (3.5.24)

Proof. We compute L̃1τ explicitly. One finds

L̃1τ = −M−1/2r−1
0 ·

(
r

r0

)Ψ2−1
2

[
1 +

1

Ψ2 + 3
·
(
r

r0

)2

· EL̃1

]
, (3.5.25)

where the error term EL̃1
is given by:

EL̃1
=

4Ψ

Ψ2 + 3
· L̃1Ψ+ 2Ψ · L̃1Ψ · log

(r0
r

)
+ L̃1 logM. (3.5.26)
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By (3.4.20), (3.4.21), (3.5.9) and (3.5.10), we find that |EL̃1
| ≲ r−2+α log r−1. Inserting this into

(3.5.25), it is straightforward to deduce (3.5.23). Furthermore, from Proposition 3.5.2 and (3.5.26),

we find also |L̃2EL̃1
| ≲ r−4+α. Then (3.5.24) follows by taking a logarithm of (3.5.25), and then

applying L̃2.

3.5.4 Proof of Corollary 3.1.3

We conclude this section with the proof of Corollary 3.1.3, indicating how our strongly singular

spacetimes fit into the BKL picture. To show Part 1, we first write

∇τ =
1

g(L,L)
[Lτ · L+ Lτ · L] . (3.5.27)

Therefore, using (2.3.10) to determine g(L,L), we expand g(∇τ,∇τ) to deduce

g(∇τ,∇τ) = 2(Lτ)(Lτ)

g(L,L)
= −4Ω−2r2∂ur∂vr(Lτ)(Lτ) = r2 ·M

(r0
r

)Ψ2+1
· (Lτ)(Lτ).

Then (3.1.29) follows immediately from Corollary 3.5.3, particularly (3.5.23). So τ is asymptotically

normalized.

We now write down the frame e0, e1, e2, e3 from Part 3 in terms of L, L and τ :

e0 = −γ
(
L

Lτ
+

L

Lτ

)
, e1 = γ

(
L

Lτ
− L

Lτ

)
, e2 = r−1∂θ, e3 = r−1 sin−1 θ ∂ϕ,

where γ is chosen such that e0 and e1 are unit vectors. That is, 2γ2g(L,L) = −(Lτ)(Lτ). In order

to evaluate the second fundamental form, we must evaluate connection coefficients with respect to

this frame. Standard observations allow us to write

∇ L
Lτ

(
L

Lτ

)
= λLL

L

Lτ
, ∇ L

Lτ

(
L

Lτ

)
= λLL

L

Lτ
,

∇ L
Lτ

(
L

Lτ

)
= λLL

L

Lτ
, ∇ L

Lτ

(
L

Lτ

)
= λLL

L

Lτ
.

We wish to understand the leading order behavior of these coefficients λLL, λLL, λLL, λLL. In fact

an explicit computation using the EMSFSS system (2.3.1)–(2.3.5) will yield, for L̃1, L̃2 ∈ {L,L}:

λL̃1L̃2
=

1

L̃1τ
·


[
−L̃1 log

(
|L̃2τ |

)
+

1

r2
(1− |r2L̃1ϕ|2)

]
if L̃1 = L̃2,[

−L̃1 log
(
|L̃2τ |

)]
if L̃1 ̸= L̃2.

Applying Corollary 3.5.3, particularly the estimate (3.5.24), and Theorems 3.1.1 and 3.1.2, one

finds

λL̃1L̃2
=

1

L̃1τ
·


[
− 1

r2
Ψ2 − 1

2
+O(r−2+α log r−1)

]
if L̃1 = L̃2,[

+
1

r2
Ψ2 − 1

2
+O(r−2+α log r−1)

]
if L̃1 ̸= L̃2.

(3.5.28)
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We now use (3.5.28) to find the connection coefficients of (M, g) with respect to the frame

e0, e1, e2, e3. We begin with the components of the second fundamental form, kij = g(∇eie0, ej).

It follows from spherical symmetry that kij is diagonal with respect to our choice of frame. To

evaluate k11, use

g(∇e1e0, e1) = −γ3g
(
∇ L

Lτ
− L

Lτ

(
L

Lτ
+

L

Lτ

)
,
L

Lτ
− L

Lτ

)

= −γ3 · (−λLL + λLL + λLL − λLL) · g
(
L

Lτ
,
L

Lτ

)
=
γ

2
· (−λLL + λLL + λLL − λLL).

Combining this with (3.5.28), the estimate (3.5.24), and Theorems 3.1.1 and 3.1.1, we find

g(∇e1e0, e1) = −(−2g(L,L))−1/2 ·
(
Ψ2 − 1

r2
+O(r−2+α log r−1)

)

= −M1/2 ·
(
r

r0

)−Ψ2+3
2

r−1
0 ·

(
Ψ2 − 1

2
+O(rα log r−1)

)
. (3.5.29)

For the e2 and e3 components of the second fundamental form, one also explicitly computes

g(∇e2e0, e2) =
γ

r2

(
1

Lτ
+

1

Lτ

)
= −M1/2 ·

(
r

r0

)−Ψ2+3
2

r−1
0 ·

(
1 +O(rαlog r−1)

)
, (3.5.30)

g(∇e3e0, e3) = g(∇e2e0, e2) = −M1/2 ·
(
r

r0

)−Ψ2+3
2

r−1
0 ·

(
1 +O(rαlog r−1)

)
. (3.5.31)

From the expressions (3.5.29), (3.5.30) and (3.5.31), Parts 2 and 4 of Corollary 3.1.3 are imme-

diate. For Part 3, note that a similar computation to (3.5.29) yields

g(∇e0e1, e0) =
γ

2
· (λLL + λLL − λLL + λLL). (3.5.32)

However, now substituting (3.5.28) will lead to a cancellation at the leading order O(r−(Ψ2+3)/2),

and we therefore find that g(∇e0e1, e0) = τ−1 · O(rα log r−1). Furthermore, we easily compute

g(∇e0e2, e0) = g(∇e0e3, e0) = 0. Hence Part 3 also follows.

Finally, we study the scalar field. Rewriting the expression (3.1.16) in terms of τ , one gets

ϕ =
2Ψ

Ψ2 + 3

(
log τ−1 − 1

2
logM+ log

2r0
Ψ2 + 3

)
+ Ξ. (3.5.33)

Therefore the first expression in (3.1.33) is immediate, while the second is straightforward after

combining (3.5.33) with Proposition 3.4.4, Proposition 3.5.1 and Proposition 3.5.2 as per usual. We

leave the details to the reader. This concludes our proof of Corollary 3.1.3.
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3.6 Several important examples

In this final section, we mention several explicit examples of spherically symmetric spacetimes

possessing an r = 0 spacelike singularity, mostly taken from [26]. Each of these are solutions to

the EMSFSS system (i.e. (Ein) coupled to (Scal) and (Max), in fact these examples are such that

Fµν ≡ 0 aside from those of Section 3.6.1). We then consider each of these spacetimes in the context

of Theorem 3.1.1 and Theorem 3.1.2.

To the best of our knowledge, every such explicit solution is such that the quantity Ψ∞(p) arising

in Theorem 3.1.1 will be constant along S. However, as illustrated in Section 3.6.1, we show every

value of Ψ∞ ∈ R can be achieved. Further, in Sections 3.6.2 and 3.6.3, we show that the remaining

asymptotic quantities Ξ∞(p) and M∞(p) need not be constant, though in all cases the asymptotic

momentum constraint (3.2.2) is satisfied.

3.6.1 Spatially homogeneous cosmologies

A spherically symmetric spacetime that is also spatially homogeneous7, known in the literature as

a Kantowski-Sachs cosmology [88], has a metric that we write in the following form:

g = −h(s)ds2 + h(s)−1dx2 + r2(s)dσS2 . (3.6.1)

The associated massless scalar field ϕ and the electromagnetic field F are given by:

ϕ = ϕ(s), F =
Q

r2(s)
ds ∧ dx. (3.6.2)

There are explicit families of solutions to the system (Ein), (Scal), (Max) of the above form,

known in the F ≡ 0 case as the Just spacetimes [87, 105, 154]. When Q = 0, the functions r2(s),

h(s) and ϕ(s) are given by:

r2(s) = s(1− s)h(s), h(s) =

(
s

1− s

)b
, ϕ(s) = ±

√
1− b2

2
log

(
1− s

s

)
. (3.6.3)

Here b ∈ [−1, 1] is a freely chosen parameter, while s lies in the open interval s ∈ (0, 1). Note that

the particular choice b = 1 is exactly the Schwarzschild interior metric (1.1.3), with 2M = 1.

If, on the other hand, there is a non-trivial Maxwell field, then Q(s) ≡ Q ̸= 0 is constant, and

the remaining functions r2(s), h(s) and ϕ(s) are given by

r2(s) = s(1− s)h(s), h(s) =
Q2

b2

[(
s

1− s

)b/2
+

(
s

1− s

)−b/2
]2
,

ϕ(s) = ±
√
1− b2

2
log

(
1− s

s

)
.

(3.6.4)

7The metric (3.6.1) has the additional Killing field K = ∂
∂x

– note that in this setting any such K is also hypersurface

orthogonal.
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As h(s) is undefined at b = 0, we now constrain b to lie in (0, 1]. It turns out that b = 1 now

corresponds to a Reissner-Nordström interior spacetime.

We now write these spacetimes in a double null coordinate gauge (2.2.1). Choosing u and v such

that 2du = −h(s)ds+ dx, 2dv = −h(s)ds− dx, one writes

r2(u, v) = r2(s), Ω2(u, v) =
4

h(s)
, where s = s(u, v) is defined by

∫ s

0
h(s̃) ds̃ = −u− v.

Note that s is a past-directed timelike coordinate, and the boundary at s = 0 is now located at

the line u + v = 0 in the (u, v)-plane. Since r(u, v) = 0 here, we interpret this as the spacelike

singularity S in Theorems 3.1.1 and 3.1.2. These theorems will be applicable only in the trapped

region where dr
ds > 0, which includes an s-neighborhood of 0.

By spatial homogeneity, the functions Ψ(u, v), Ξ(u, v) and M(u, v) arising in these Theorems

are now solely functions of s. We compute Ψ(s) to be:

Ψ(s) =



√
1− b2

1− 2s− b
, in the Q = 0 case (3.6.3),

√
1− b2

1− 2s+ b tanh
(
b
2 log

(
s

1−s

)) , in the Q ̸= 0 case (3.6.4).
(3.6.5)

In both cases, Ψ∞ is given by lims→0Ψ(s) =
√

1+b
1−b . Therefore, as b varies across [−1, 1], Ψ∞ is

allowed to take all real values in the Q = 0 case. However, in the Q ̸= 0 case we must obey Ψ∞ > 1,

as only b ∈ (0, 1] is admissible. This is not surprising, as Ψ∞ > 1 is equivalent to the subcriticality

condition (SKE) holding in a neighborhood of S = {r = 0}.
Alternatively, we can view the metrics corresponding to (3.6.3) and (3.6.4) as being singular

at s = 1 instead, with the caveat that the “singularity” will disappear when b = ±1. The s = 1

singularity is a past boundary rather than a future boundary. We compute Ψ(s) to be (3.6.5) as

before, but evaluating (3.6.5) as s → 1 we have a different value for Ψ∞ depending on whether

Q = 0 or Q ̸= 0. Penrose diagrams for these spacetimes are given in Figure 3.6.

As mentioned in the introduction, the existence of the Q ̸= 0 example (3.6.4) is significant not

only in showing that the non-emptiness of the set of spacetimes to which Theorem 3.1.2 applies,

but also, via a straightforward gluing of some compact part of the right diagram in Figure 3.6 to

a two-ended asymptotically flat exterior, shows that there exist spacetimes with the right Penrose

diagram in Figure 3.4, and where Theorem 3.1.2 applies to at least part of the singular boundary

S.

3.6.2 The FLRW spacetimes

The most famous cosmological solutions to Einstein’s equation (Ein) are the spatially homogeneous

and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) spacetimes. These metrics are of the
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Future-trapped region

Past-trapped region

Ss=0, Ψ∞ =
√

1+b
1−b

Ss=1, Ψ∞ = −
√

1−b
1+b

∂ur = ∂vr = 0

Future-trapped region

Past-trapped region

Ss=0, Ψ∞ =
√

1+b
1−b

Ss=1, Ψ∞ = −
√

1+b
1−b

∂ur = ∂vr = 0

Figure 3.6: Penrose diagrams representing the Kantowski-Sachs cosmologies (3.6.1). Ignoring the
borderline cases b = ±1, the spacetimes are bounded both in the future and in the past by a

spacelike singularity. When Q = 0 (left), the value of Ψ∞ at either singularity takes all real values
as b varies in [−1, 1]. When Q ̸= 0 (right), we must have b ∈ (0, 1], and hence the value of Ψ∞ at

both boundaries obeys |Ψ∞|2 > 1.

form:

gFLRW = −dt2 + a2(t) dσΣ0 , (3.6.6)

where Σ0 is a Riemannian manifold of constant curvature (here we take Σ0 = R3 or Σ0 = H3), and

dσΣ0 is the standard metric on Σ0. The proper time variable t takes values in (0,+∞), and a(t) > 0

is such that limt↓0 a(t) = 0.

We study FLRW metrics solving the Einstein-scalar field system (with F = 0). Focusing on

Σ0 = R3 or H3, we write down the following explicit forms of the metric and scalar field in conformal

coordinates:

• If Σ0 = R3, then we have the following for T > 0:

gFLRWE
= T (−dT 2 + dX2 + dY 2 + dZ2), ϕ = ±

√
3

2
log T. (3.6.7)

• If Σ0 = H3, then we denote R2 = X2+Y 2+Z2, and the metric and scalar field can be written

in the following form, valid for T 2 −R2 > 1:

gFLRWH
=

(
1− 1

(T 2 −R2)2

)
(−dT 2 + dX2 + dY 2 + dZ2),

ϕ = ±
√
3

2
log

(
T 2 −R2 − 1

T 2 −R2 + 1

)
.

(3.6.8)

In both cases, we express the metric in double-null coordinates using u = −T−R
2 , v = −T+R

2 .

Then the lapse Ω2, the area-radius r and the scalar field ϕ can be written as follows.

• In the Euclidean case Σ0 = R3, we have for (u, v) ∈ Q = {(u, v) : v ≥ u, u+ v < 0}:

Ω2(u, v) = 4(−u− v), r2(u, v) = (−u− v)(v − u)2, ϕ(u, v) = ±
√
3

2
log(−u− v). (3.6.9)
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• In the hyperbolic case Σ0 = H3, we have for (u, v) ∈ Q = {(u, v) : v ≥ u, 4uv > 1, u < 0}:

Ω2(u, v) = 4

(
1− 1

16u2v2

)
, r2(u, v) =

(
1− 1

16u2v2

)
(v − u)2,

ϕ(u, v) = ±
√
3

2
log

(
4uv − 1

4uv + 1

)
. (3.6.10)

It is straightforward to check that (3.6.9) and (3.6.2) solve the system (2.3.1), (2.3.2), (2.3.3),

(2.3.4), (2.3.5) with Q ≡ 0. In both cases there are two parts of the boundary ∂Q where r = 0: the

regular center Γ corresponding to the fixed points of the SO(3) isometry group, and the singular

boundary S located at u+ v = 0 and at uv = 4 in (3.6.9) and (3.6.2) respectively.

b0

T

Γ

S = {r = 0}

C∗

A

b0

T

Γ

S
= {r =

0}A
C∗

Figure 3.7: (Non-compactified) Penrose diagrams representing the FLRW spacetimes (3.6.7) (left)
and (3.6.8) (right). Both spacetimes feature a spacelike singularity S at which Ψ∞ = ∓

√
3. The

singular boundary S is preceded by a trapped region T and an apparent horizon A. In both cases,
we can consider initial data given on a regular null cone emanating from Γ which coincides exactly

with the induced FLRW data on the thick red line above. Extending this initial cone to be
asymptotically flat, the maximal development of this data will have a singular boundary, a portion

of which exactly coincides with that of FLRW.

In both cases, ∂ur < 0 everywhere, and the singular boundary S is preceded by a trapped

region T = {(u, v) : ∂vr < 0}, depicted in Figure 3.7. Therefore, we may apply Theorem 3.1.1 to

subregions which are strongly singular, and associate quantities Ψ, Ξ and M to all (u, v) ∈ T ∪ S.

In particular, we compute the quantities r2Lϕ and r2Lϕ appearing in (3.4.13) to be

r2Lϕ = ∓
√
3

[
1 +

2(u+ v)

−3u− v

]
, r2Lϕ = ∓

√
3

[
1− 2(u+ v)

u+ 3v

]
for (3.6.9),

r2Lϕ = ∓
√
3

[
1 +

(4uv − 1)(4v2 + 1)

1− 16uv3

]
, r2Lϕ = ∓

√
3

[
1− (4uv − 1)(4u2 + 1)

16u3v − 1

]
for (3.6.2).

In both cases, it is apparent that we have Ψ∞ = ∓
√
3. Using the correspondence (1.3.3), the Kas-

ner exponents at S are therefore always p1 = p2 = p3 = 1
3 . This is in accordance with the isotropy
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assumption i.e. the assumption that all spatial directions should be equivalent. Furthermore, these

exponents agree with the fact that a(t) ∼ t1/3 in (3.6.6) for both of these spacetimes.

We compute also the values of Ξ∞ and M∞ for these spacetimes. Setting r0 = 1 in the expressions

(3.1.4) and (3.1.5), one finds:

Ξ∞ = ∓
√
3 log(v − u) = ∓

√
3 logR, M∞ =

1

4
(v − u)6 =

R6

4
, for (3.6.9),

Ξ∞ = ∓
√
3 log

(
v − 2

2

)
= ∓

√
3 log

R

2
, M∞ = 4(v − u)6 = 4R6, for (3.6.2).

Note, in particular, that these obey the asymptotic momentum constraint (3.2.2), with ∇̃ = d
dR .

Our analysis is valid for the whole spacelike singularity S, excluding the first singularity at the

center, b0 = Γ ∩ S. As noted in Section 3.1, the point b0 is excluded from our analysis as it is

not preceded by trapped 2-spheres. We note, however, that in the specific context of the FLRW

spacetimes, upon reverting to the metric (3.6.6) the point b0 need not be distinguished from other

points on the spacelike singularity, and still has Kasner exponents p1 = p2 = p3 = 1/3.

Finally, one notes that the FLRW metrics (3.6.7) and (3.6.8) may be considered within the

context of gravitational collapse. To see this, observe that if we consider a null cone emanating

from b ∈ Γ, continuing it beyond J−(b0) but not into the trapped region T , and instead extending

the cone to be asymptotically flat (see the red lines in Figure 3.7), the Penrose diagram resulting

from the maximal future development of such data would be that of Figure 1.2.

Moreover, the metric in a neighborhood of b0 would be exactly FLRW, and have subcritical

Kasner exponents of p1 = p2 = p3 = 1/3. This contruction is particularly interesting in light

of the fact that FLRW singularities are known to be stable outside of symmetry in some settings

[130, 131, 136, 57].

3.6.3 Scale-invariant collapsing spacetimes

Our final explicit example of a spherically symmetric spacetime possessing a spacelike singularity

are the scale-invariant solutions [153, 32]. These are spherically symmetric solutions to (Ein),

(Scal) possessing a conformal Killing vector field S, known as the scaling vector field, which obeys

LSg = 2g.

In a suitable double-null gauge, where S can be written as S = u ∂
∂u + v ∂

∂v , the metric has the

following form, with Ω2 ≡ 1:

g = −dudv + r2(u, v)dσS2 ,

where the area-radius r(u, v) and scalar field ϕ(u, v) are as follows: for v < 0,

r = 1
2(v − u), ϕ ≡ 0,
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while, for v ≥ 0, one has for some p ∈ R:

r2 = 1
4 [(1− p)v − u][(1 + p)v − u], ϕ = −1

2
log

[
(1− p)v − u

(1 + p)v − u

]
. (3.6.11)

These solutions feature a loss of regularity across the ingoing null hypersurface {v = 0}; along

any outgoing null cone C0 = {(u, v) : v ≥ u} with u < 0, the quantity ∂vϕ will have a jump

discontinuity at v = 0. Nonetheless, these solutions remain relevant in light of the fact that the

Einstein-scalar field equations in spherical symmetry remain well-posed for ∂vϕ merely of bounded

variation [32]. In any case, for this article we are only concerned with the interior region v > 0,

where all quantities are smooth.

This interior spacetime, whose area-radius r and scalar field ϕ are given by (3.6.11), is singular

if the parameter p is such that |p| > 1. Assuming without loss of generality that p > 1, the singular

boundary lies at S = {(u, v) : u+ (p− 1)v = 0, v > 0}. This boundary S is preceded by a trapped

region T , bounded to the past by an apparent horizon at A = {(u, v) : u+ (p2 − 1)v = 0, v > 0}.
Applying Theorem 3.1.1, we compute the quantity Ψ(u, v) for (u, v) ∈ T to be:

Ψ(u, v) =
1

2

(
pu

(1− p2)v − u
+

pv

v − u

)
. (3.6.12)

By considering (3.6.12) in the limit u+ (p− 1)v ↑ 0, one finds that Ψ∞(u, v) = 1 for all (u, v) ∈ S.

Setting r0 = 1 in (3.1.4) and (3.1.5), we also compute Ξ∞ and M∞ to be:

Ξ∞ = log

[
(1 + p)v − u

2

]
= log pv, M∞ = 1

4(v − u)[(p2 − 1)v + u] = 1
4p

2(p− 1)v2.

Here we used that (p − 1)v + u = 0 on S. In particular, it is straightforward to check that the

asymptotic momentum constraint (3.2.2) holds with spatial derivative given by ∇̃ = ∂
∂v .

One should mention that the Penrose diagram corresponding to these spacetimes coincides with

the left picture in Figure 3.7, though there are key differences in that the region to the past of C∗

is now exactly Minkowski and that the value of Ψ∞ on S is now identically 1 rather than
√
3.

This concludes our discussion of the scale-invariant spacetimes. Note that one could also ap-

ply this analysis to the k-self-similar spacetimes8 constructed by Christodoulou in [33]. However,

since these spacetimes are not fully explicit, and instead constructed via orbits of a 2-dimensional

dynamical system, we choose not to discuss them any further here. We instead refer the reader to

[39] for a detailed discussion in the specific case k2 = 1
3 , and we note that it is expected that the

methods of [39] will generalize to all relevant values of k.

8Note that the purpose of [33] was to obtain self-similar spacetimes containing a naked singularity. Nonetheless, there

are also k-self-similar spacetimes in [33] which contain a trapped region and spacelike singularity S in the interior,

and we can apply Theorem 3.1.1 to these spacetimes.



Chapter 4

A case study: Black holes with charged

scalar hair

In Chapter 4, we state and prove our main results regarding a class of spatially homogeneous black

hole interiors with charged scalar hair, based on the article [104] written in collaboration with

Maxime Van de Moortel. See Section 1.4 for a brief introduction to the setup. The analysis

of this Chapter will use the formulation of the spherically metric Einstein–Maxwell–charged and

massive scalar field system introduced in Section 2.1, or in particular the ODEs corresponding

to our spatially homogeneous spacetimes given in Section 2.3, namely (2.4.21)–(2.4.31), with data

given in the s→ −∞ limit and given by (2.4.32)–(2.4.37).

4.1 Statement of main results and overview

4.1.1 Definition of the spacetime sub-regions

We now give a precise definition of the various regions appearing inside our homogeneous black hole

interiors, represented in Figure 4.1. Using the gauge choice (Ω-data), the following regions are part

of the spacetime described in Proposition 2.4.1. The following regions, which each correspond to

solutions of the ODE system (2.4.21)–(2.4.31) with s being inside a non-empty interval I ⊂ R, are

such that, for ϵ chosen sufficiently small, their union covers the entire spacetime of Theorem 4.1.1.

• The red-shift region is R := {−∞ < s ≤ −∆R} for some ∆R≫ 1: Here, we make strong

use of the positive surface gravity of the event horizon (red-shift effect, e.g. see [40, 48] and

subsequent works).

• The no-shift region is N := {−∆R ≤ s ≤ S} for some S ≫ 1: Here, we use a Cauchy

stability argument and Grönwall’s inequality to show that quantities are still ϵ2-close to their

Reissner-Nordström values.

119
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HRHL

r = 0

R

N

EB

LB

O

PK
PK′

K

Figure 4.1: A more detailed version of Figure 1.4, partitioning the hairy black hole interior into
the different regions R,N , EB,LB,O,PK,K..

• The early blue-shift region is EB := {S ≤ s ≤ slin(ϵ) := |2K−|−1 log
(
νϵ−1

)
} for ν > 0: Here,

we begin to exploit the blue-shift effect of the Cauchy horizon of Reissner-Nordström, which

is due to negative surface gravity 2K− < 0.

• The late blue-shift region is LB := {slin(ϵ) ≤ s ≤ ∆Bϵ
−1} for some some ∆B > 0: Here, the

spacetime geometry begins to depart from that of Reissner-Nordström, and we provide the

key ingredients to help us with the analysis of subsequent regions. In particular, this region

starts to see a growth of the Hawking mass (a relic of mass inflation, see [112, 145] and the

introduction of [148]).

• The oscillation region is O := {sO(ϵ) := 50slin(ϵ) ≤ s ≤ sPK(ϵ)} where r(sPK) = 2|B|Wr−ϵ

for W = W(M, e,Λ, q0) > 0 defined in (4.3.51): Here, the Bessel-type behavior kicks in,

leading to the collapsed oscillations discussed in Section 4.2.3.

• The proto-Kasner region is PK := {sPK(ϵ) ≤ s ≤ si(ϵ)} where r(si) = e−δ0ϵ
−2 for δ0 =

δ0(M, e,Λ, q0) > 0 defined in (4.5.1): Here, the Bessel-type behavior continues but exhibits

logarithmic growth rather than oscillations.

We also define the sub-region PK′ := {sK1(ϵ) ≤ s ≤ si(ϵ)} ⊂ PK where r(sK1) = 2|B|Wr−ϵ
2.

In this sub-region, we will establish that Kasner-type behavior starts to take place.

• The Kasner region is K := {si(ϵ) ≤ s < s∞(ϵ)}, where lims→s∞ r(s) = 0. In this region,

we prove that the metric is described by either one Kasner regime, or two Kasner regimes



121

HRHL

r ∼ ϵ

r = ri

r ∼ ϵ2

r = rin

r = rout

r = 0

PK

PK′

K1

Kbo

K2

K1 is an unstable Kasner
regime with Ψ ≈ α

K2 is a stable Kasner
regime with Ψ ≈ α−1

HRHL

r ∼ ϵ

r = ri

r ∼ ϵ2

r = 0

PK

PK′

K1

K1 is a stable Kasner
regime with Ψ ≈ α

Figure 4.2: A zoom on PK ∪ K in Figure 4.1, with the top picture representing the bounce case
(K2,Kbo ̸= ∅) and the bottom picture the no bounce case (K2,Kbo = ∅). Note the inclusion

PK′ ⊂ PK.



122

connected by a bounce. In K, the scalar field is governed by a first-order ODE.

We also introduce the additional sub-regions of PK ∪ K depicted in Figure 4.2, where Ψ is defined

by Ψ = − rϕ̇
ṙ and α is defined in (1.4.5).

• The first Kasner region K1 ⊂ PK′ ∪ K overlaps with PK and K. In this region, we will show

the metric is in a Kasner regime. Anticipating Theorem 4.1.2, we will find that K1 = PK′∪K
in the no Kasner bounce case (4.1.22) (i.e. the first Kasner regime is the final Kasner regime,

with all Kasner exponents being positive) and K1 = {sK1 ≤ s ≤ sin} ̸= PK′ ∪ K in the

Kasner bounce case (4.1.21) (with one negative Kasner exponent, which is thus expected to

be unstable). Here sin := min{s ∈ K : |Ψ(s)| = |α|+ ϵ2}.

• The Kasner bounce region Kbo ⊂ K. We have Kbo = ∅ in the no Kasner bounce case (4.1.22),

and Kbo = {sin ≤ s ≤ sout} in the Kasner bounce case (4.1.21), where sout := min{s ∈ K :

|Ψ(s)| = |α|−1− ϵ2}. We have weaker control of the metric in Kbo, but we show that it is very

short in terms of proper time.

• The second Kasner region K2 ⊂ K. We will have K2 = ∅ in the no Kasner bounce case

(4.1.22), and K2 = {sout ≤ s < s∞} in the Kasner bounce case (4.1.21), where we exhibit a

second Kasner regime with positive Kasner exponents.

4.1.2 First statement: formation of a spacelike singularity

We first start with our main result, which covers part of Theorem 1.4.1 (namely the formation of the

spacelike singularity). We reiterate that Theorem 4.1.1 contains the statements 1, 2, 5 of our rough

Theorem 1.4.1; more precisely statement 1 of Theorem 1.4.1 corresponds to statement i of Theo-

rem 4.1.1, while statements 2 and 5 of Theorem 1.4.1 are covered by statement ii of Theorem 4.1.1

as well as the estimate (4.1.15).

The statements iii and iv of Theorem 4.1.1 will also lay the groundwork towards proving the

more specific Kasner asymptotics claimed in statements 3 and 4 of Theorem 1.4.1; the precise nature

of these asymptotics will be covered in Theorem 4.1.2, upon further restricting ϵ.

In the following theorem and the rest of the paper, for A,B ≥ 0 we will use the notation A ≲ B

to denote that there exists C(M, e,Λ, q0,m
2, η) > 0 such that A ≤ CB.

Theorem 4.1.1. Let (M, e,Λ) ∈ Pse with e ̸= 0, q0 ̸= 0, m2 ∈ R be subextremal Reissner-

Nordström(-dS/AdS) parameters (see Section 2.4). Then, for η > 0 chosen sufficiently small, there

exists ϵ0(M, e,Λ, q0,m
2, η) > 0 and a subset Eη ⊂ (−ϵ0, ϵ0) \ {0} satisfying |(−δ,δ)\Eη |

2δ = O(η) for

any 0 < δ ≤ ϵ0, such that the following holds: For all ϵ ∈ Eη, the maximal future development

M for the Einstein–Maxwell–charged (and possibly massive) scalar field system of the characteristic
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data from Section 2.4 (i.e. (Ω-data), (r-data), (Q-data), and (ϕ-data)) terminates at a spacelike

singularity S on which r extends continuously to 0, and the Penrose diagram is given by Figure 4.1.

More precisely, there exists a foliation of M by spacelike hypersurfaces Σs, with s ∈ (−∞, s∞(ϵ)),

where s is defined in (Ω-data), and s∞ = |K−|
4|B|2ω2

RN
ϵ−2+O(log

(
ϵ−1
)
), where B(M, e,Λ,m2, q0) ̸= 0 is

defined in Proposition 4.1.3, and 2K−(M, e,Λ) < 0, ωRN (M, e,Λ, q0) > 0 are defined in Section 2.4.

The subsequent spacetime dynamics are described as follows:

i. (Almost formation of a Cauchy horizon). In the late blue-shift region LB := {slin(ϵ) ≤ s ≤
∆Bϵ

−1}, we have the following stability estimates with respect to the Reissner–Nordström(-

dS/AdS) metric:

ϵ−1|ϕ(s)− 2ϵRe(BeiωRNs)|+ ϵ−1

∣∣∣∣ dds [ϕ(s)− 2ϵRe(BeiωRNs)]

∣∣∣∣+ |r(s)− r−|

+ |Q(s)− e|+
∣∣∣∣ dds log(Ω2

)
(s)− 2K−

∣∣∣∣ ≲ ϵ2s ≲ ϵ. (4.1.1)

For s ∈ LB, we find also the following estimate for −rṙ(s):∣∣∣∣−rṙ(s)− 4|B|2ω2
RN ϵ

2r2−
2|K−|

∣∣∣∣ ≲ e2K−s + ϵ4s. (4.1.2)

ii. (Collapsed oscillations and loss of charge). In the oscillation region O := {sO(ϵ) ≤ s ≤ sPK(ϵ)},
we have the following Bessel-type oscillations for the scalar field: for some ξ0 = |K−|

4|B|2ωRN
+

O(ϵ2 log
(
ϵ−1
)
),∣∣∣∣ϕ(s)− (CJ(ϵ)J0(ξ0r2(s)r2−ϵ

2

)
+ CY (ϵ)Y0

(
ξ0r

2(s)

r2−ϵ
2

))∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
, (4.1.3)

∣∣∣∣ dds
(
ϕ(s)−

(
CJ(ϵ)J0

(
ξ0r

2(s)

r2−ϵ
2

)
+ CY (ϵ)Y0

(
ξ0r

2(s)

r2−ϵ
2

)))∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
, (4.1.4)

where the constants CJ(ϵ), CY (ϵ) are highly oscillatory in ϵ; namely for W(M, e, q0,Λ) > 0

given by

W(M, e,Λ, q0) =

√
ωRN
2|K−|

=

√√√√ |q0e|
| e2
r2−

− Λ
3 r+(r+ + 2r−)|

> 0, (4.1.5)

one finds that∣∣∣∣CJ(ϵ)− √
π

2
W−1 cos(Θ(ϵ))

∣∣∣∣+ ∣∣∣∣CY (ϵ)− √
π

2
W−1 sin(Θ(ϵ))

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
, (4.1.6)

∣∣∣∣Θ(ϵ)− ϵ−2

8|B|2W

∣∣∣∣ ≲ log
(
ϵ−1
)
. (4.1.7)

For s ∈ O, one has (note this improves upon (4.1.2) in LB ∩ O):∣∣∣∣−rṙ(s)− 4|B|2ω2
RN ϵ

2r2−
2|K−|

∣∣∣∣ ≲ ϵ4 log
(
ϵ−1
)
. (4.1.8)
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Moreover, the charge Q transitions from e to Q∞(M, e,Λ) := 3
4e+Λ

r2−r+(2r−+r+)

12e (up to O(ϵ2−)

errors), and ∣∣∣∣Q(s)− e+ (e−Q∞)

(
1− r2(s)

r2−

)∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)

for all s ∈ O, (4.1.9)

Q∞(M, e, 0)

e
=

3

4
, (4.1.10){

Q∞(M, e,Λ)

e
: (M, e,Λ) ∈ Pse, Λ < 0

}
=

(
1

2
,
3

4

)
, (4.1.11){

Q∞(M, e,Λ)

e
: (M, e,Λ) ∈ Pse, Λ > 0

}
=

(
3

4
, 1

)
. (4.1.12)

iii. (Logarithmic Bessel-type divergence). In the proto-Kasner region PK := {sPK(ϵ) ≤ s ≤ si(ϵ)},
the Bessel-type behavior persists with modified coefficients, namely there exist

CY K(ϵ) = CY (ϵ) +O(ϵ2 log
(
ϵ−1
)
),

CJK(ϵ) = CJ(ϵ) +O(ϵ2 log
(
ϵ−1
)
), ξK = ξ0 +O(ϵ2 log

(
ϵ−1
)
),

such that (4.1.3), (4.1.4) remain true for all s ∈ PK, after replacing (CY (ϵ), CJ(ϵ), ξ0) by

(CY K(ϵ), CJK(ϵ), ξK). Consequently, we have the following logaritheoremic growth: for all s ∈
PK,∣∣∣∣ϕ(s) + 2

π
CY K(ϵ) log

(
r2−ϵ

2

ξKr2(s)

)
− CY K(ϵ)− 2π−1(γ − log 2)CJK(ϵ)

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
, (4.1.13)

∣∣∣∣ dds
(
ϕ(s) +

2

π
CY K log

(
r2−ϵ

2

ξKr2(s)

))∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
. (4.1.14)

Moreover, (4.1.8) still holds for s ∈ PK, while the charge Q remains close to its value at sPK ;

for all s ∈ PK:

|Q(s)−Q∞| ≲ ϵ2 log
(
ϵ−1
)
. (4.1.15)

Finally, in the sub-region PK′ = {sK1(ϵ) ≤ s ≤ si(ϵ)} ⊂ PK, the quantity Ψ(s) defined by

Ψ(s) := −r(s)dϕ
dr

(s) =
r(s)

−dr
ds(s)

dϕ

ds
(s)

obeys the estimates: ∣∣∣∣Ψ(s) +
2√
π
W−1 sin(Θ(ϵ))

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
. (4.1.16)

|Ψ(s)−Ψ(si)| ≲ r2(s) log
(
ϵ−1
)
≲ ϵ4 log

(
ϵ−1
)
. (4.1.17)
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iv. In the Kasner region K := {si ≤ s < s∞(ϵ)}, −rṙ(s) obeys the lower bound

−rṙ(s) ≥
4|B|2ω2

RN ϵ
2r2−

2|K−|
· 1
2
η2. (4.1.18)

The quantity Ψ obeys the following ODE: introducing R := log
( r−
r

)
,

dΨ

dR
= −Ψ(Ψ− α)(Ψ− α−1) + F , (4.1.19)

|α−Ψ(si)| ≲ e−δ0ϵ
−2
, F(R) ≲ e−δ0ϵ

−2
r(R). (4.1.20)

Finally, the charge retention remains in the sense that (4.1.15) is also valid for all s ∈ K.

4.1.3 Second statement: Kasner asymptotics in the PK and K regions

We now enter into the details of the regions PK′ ∪K, in which the Kasner-like behavior manifests.

The following theorem requires a (slightly) stronger assumption on ϵ than Theorem 4.1.1.

Theorem 4.1.2. Let (M, e,Λ) ∈ Pse with e ̸= 0, q0 ̸= 0, m2 ∈ R. Then, for any sufficiently

small η, σ > 0, there exists ϵ0(M, e, Λ, q0,m
2, η, σ) > 0 such that there exists a subset E′

η,σ ⊂ Eη

satisfying |(−δ,δ)\E′
η,σ |

2δ = O(η + σ) for any 0 < δ ≤ ϵ0, and such that E′
η,σ may be expressed as a

disjoint union E′
η,σ = E

′ bo
η,σ ∪ E′ Nbo

η,σ , where

ϵ ∈ E
′ bo
η,σ if η < |Ψ(si)| =

2√
π
W−1| sin(Θ(ϵ))|+O(ϵ2 log

(
ϵ−1
)
) ≤ 1− σ < 1. (4.1.21)

ϵ ∈ E
′ Nbo
η,σ if |Ψ(si)| =

2√
π
W−1| sin(Θ(ϵ))|+O(ϵ2 log

(
ϵ−1
)
) ≥ 1 + σ > 1. (4.1.22)

We call these respectively the Kasner bounce case and the no bounce inversion case.

Moreover, we have the following two possibilities.

• If W(M, e,Λ, q0) ≥ 2√
π
, then E′ Nbo

η,σ = ∅, and therefore |(−ϵ,ϵ)\E′ bo
η,σ |

2ϵ = O(η+σ), for η, σ small.

• If W(M, e,Λ, q0) <
2√
π
, then |E′ Nbo

η,σ |, |E′ bo
η,σ | > 0, and for η, σ small:

|E′ Nbo
η,σ ∩ (−ϵ, ϵ)|

2ϵ
=

2

π
arcsin

(
1−

√
π

2
W

)
+O(σ),

|E′ bo
η,σ ∩ (−ϵ, ϵ)|

2ϵ
= 1− 2

π
arcsin

(
1−

√
π

2
W

)
+O(η + σ).

Then, for all ϵ ∈ E
′
η,σ, we have the following Kasner-like behavior, where, in what follows, b− =

|B|ωRN

|K−| .

1. In the first Kasner region K1, we have the following, recalling α from (4.1.20).
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(a) In the no Kasner bounce case (4.1.22), we have |α| > 1, K1 = PK′ ∪ K, and for all

s ∈ K1,

|Ψ(s)− α| ≲ ϵ2 ·
(

r(s)

r(sPK)

)β
, (4.1.23)

where we define β := min{1
2 , α

2 − 1} > 0. Moreover, the metric takes the following

Kasner-like form

g = −dτ2 + X1(1 + EX,1(τ)) τ
2(α2−1)

α2+3 dt2 +R1(1 + ER,1(τ)) r
2
−τ

4
α2+3 dσS2 , (4.1.24)∣∣∣∣logX1 +

α2 + 1

α2 + 3

4|K−|2

|B|2
ϵ−2

∣∣∣∣+ ∣∣∣∣logR1 −
1

α2 + 3

4|K−|2

|B|2
ϵ−2

∣∣∣∣ ≲ log
(
ϵ−1
)
, (4.1.25)

|EX,1(τ)|+ |ER,1(τ)| ≲ ϵ2 ·
(

τ

τ(sK1)

) 2β

α2+3

, (4.1.26)

where τ is the proper time1, and we call (p1, p2, p3) = (α
2−1
α2+3

, 2
α2+3

, 2
α2+3

) ∈ (0, 1)3 the

Kasner exponents.

(b) In the Kasner bounce case (4.1.21), we have |α| < 1, K1 = {sK1 ≤ s ≤ sin} ⊂ PK′ ∪ K,

and for all s ∈ K1,

|Ψ(s)− α| ≲ ϵ2, (4.1.27)

where sin =
b−2
−

4|K−| +O(log
(
ϵ−1
)
) is such that

r(sin) = r− · exp
(
− ϵ−2

2b2− · (1− α2)
+O(log

(
ϵ−1
)
)

)
. (4.1.28)

Moreover, the metric takes the following Kasner-like form, where τ0 > 0 is a constant.

g = −dτ2 +X1 · (1+EX,1(τ)) (τ − τ0)
2(α2−1)

α2+3 dt2 +R1 · (1+ER,1(τ)) r
2
−(τ − τ0)

4
α2+3 dσS2 .

(4.1.29)

We call (p1, p2, p3) = (α
2−1
α2+3

, 2
α2+3

, 2
α2+3

) ∈ (−1
3 , 0)× (12 ,

2
3)

2 the first Kasner exponents.

Moreover, X1 and R1 obey (4.1.25), and for all τ(sK1) ≤ τ ≤ τ(sin):

|EX,1(τ)|+ |ER,1(τ)| ≲ ϵ2. (4.1.30)

2. In the Kasner bounce region Kbo (only in the Kasner bounce case (4.1.21)), we have for all

s ∈ Kbo,

r(s) = r− · exp
(
− ϵ−2

2b2− · (1− α2)
+O(log

(
ϵ−1
)
)

)
. (4.1.31)

Moreover, in terms of proper time, we have

0 < τ(sin)− τ(sout) ≲ exp

(
− ϵ−2

b2− · (1− α2)
+O(log

(
ϵ−1
)
)

)
. (4.1.32)

1More precisely, τ a is past-directed timelike variable, orthogonal to the hypersurfaces Σs, and normalized such that

g(dτ, dτ) = −1 and τ = 0 at the spacelike singularity {r = 0}.
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3. In the second Kasner region K2 (only in the Kasner bounce case (4.1.21)), we define β :=

min{1
2 , α

−2 − 1} > 0 (since |α| < 1). We have for all s ∈ K1:

|Ψ(s)− α−1| ≲ ϵ2 ·
(

r(s)

r(sout)

)β
. (4.1.33)

Moreover, the metric takes the following Kasner-like form, for all 0 < τ ≤ τ(sout)

g = −dτ2 + X2 · (1 + EX,2(τ)) τ
2(1−α2)

1+3α2 dt2 +R2 · (1 + ER,2(τ)) r
2
−τ

4α2

1+3α2 dσS2 . (4.1.34)∣∣∣∣logX2 +
1 + α−2

1 + 3α2

4|K−|2

|B|2
ϵ−2

∣∣∣∣+ ∣∣∣∣logR2 −
1

1 + 3α2

4|K−|2

|B|2
ϵ−2

∣∣∣∣ ≲ log
(
ϵ−1
)
, (4.1.35)

|EX,2(τ)|+ |ER,2(τ)| ≲ ϵ2 ·
(

τ

τ(sout)

) 2β

α−2+3

. (4.1.36)

We call (p1, p2, p3) = ( 1−α2

1+3α2 ,
2α2

1+3α2 ,
2α2

1+3α2 ) ∈ (0, 1)3 the second Kasner exponents.

Finally, in terms of proper time, we have (recalling that τ is normalized so that lim
s→s∞

τ(s) = 0):

exp

(
− 1 + α−2

2b2− · (1− α2)
ϵ−2 +O(log

(
ϵ−1
)
)

)
≲ τ(sout) ≲ exp

(
− 1 + α−2

2b2− · (1− α2)
ϵ−2 +O(log

(
ϵ−1
)
)

)
. (4.1.37)

Without loss of generality, we will choose ϵ > 0 in all the subsequent sections.

4.1.4 Linear scattering in the Reissner-Nordström interior

In the proof of Theorem 4.1.1, we often need to make comparisons to various quantities in exact

Reissner-Nordström(-dS/AdS). While this is straightforward for (r,Ω2, Q), the scalar field ϕ vanishes

in Reissner-Nordström, and we instead compare ϕ to solutions to the linear (charged) covariant

Klein-Gordon equation in the Reissner-Nordström interior:

gµνRNDµDνϕ = m2ϕ. (4.1.38)

Here gRN and D are the metric and covariant derivative in Reissner-Nordström(-dS/AdS), with A

as specified in Section 2.4 and m2 ∈ R and q0 ̸= 0 are fixed.

Since we are interested in the spatially homogeneous problem, we consider only solutions ϕ = ϕL

to (4.1.38) that satisfy TϕL = 0, SϕL = 0, where T = ∂t is the Killing vector field of Reissner-

Nordström(-dS/AdS) associated to stationarity and S is any vector field on the sphere.

Then denoting ψ(s) = ϕL(t = 0, r∗ = s), where r∗, t are as defined in Section 2.4, it can

be checked that ψ satisfies the following second order ODE in s (see, for instance, the equation

(2.4.30)):

ψ̈ =
Ω2
RN (s)

4

ψ̇

2rRN (s)
−

Ω2
RN (s)

4
m2ψ − q20

(
e

r+
− e

rRN (s)

)2

ψ. (4.1.39)



128

We define the quantities

ÃRN,∞ =
e

r+
− e

r−
̸= 0, ωRN := |q0ÃRN,∞| > 0. (4.1.40)

Then, following [94], we define four functions solving (4.1.39): ψH,1, ψH,2, ψCH,1 and ψCH,2. These

satisfy the following asymptotics towards the event horizon H = {s = −∞} and the Cauchy horizon

CH = {s = +∞}

ψH,1(s) = 1 + o(1) as s→ −∞, (4.1.41)

ψH,2(s) = s+ o(1) as s→ −∞, (4.1.42)

ψCH,1(s) = eiωRNs + o(1) as s→ +∞, (4.1.43)

ψCH,2(s) = ψCH,1(s) = e−iωRNs + o(1) as s→ +∞. (4.1.44)

The results of [94] then imply the following, where the coefficient B = B(M, q0, e,Λ,m
2) ap-

pearing below is exactly that of Theorem 4.1.1).

Proposition 4.1.3. Recalling the definition of 2K−(M, e,Λ) < 0 from Section 2.4 and

α−(M, e,Λ) > 0 from (2.4.9), there exists some constant C > 0 such that

|ψCH,1(s)− eiωRNs|+
∣∣∣∣dψCH,1

ds
(s)− iωRNe

iωRNs

∣∣∣∣ ≤ CΩ2
RN (s) ≤ 2Cα−e

2K−s, (4.1.45)

|ψCH,2(s)− e−iωRNs|+
∣∣∣∣dψCH,2

ds
(s) + iωRNe

−iωRNs

∣∣∣∣ ≤ CΩ2
RN (s) ≤ 2Cα−e

2K−s. (4.1.46)

Furthermore, there exists a scattering coefficient B = B(M, q0, e,Λ) ∈ C \ {0} such that

ψH,1(s) = BψCH,1(s) +BψCH,2(s) = 2Re(BψCH,1(s)). (4.1.47)

Corollary 4.1.4. Let ϕL be the solution to (4.1.38) with constant data ϕ = ϵ on the event horizon

H = {s = −∞}. Then there exists C(M, e,Λ,m2, q0) > 0 and S̃(M, e,Λ,m2, q0) > 0 such that, for

s ≥ S̃, one has ∣∣ϕL(s)−BϵeiωRNs −Bϵe−iωRNs
∣∣ ≤ Cϵe2K−s. (4.1.48)∣∣∣ϕ̇L(s)− iωRNBϵe

iωRNs + iωRNBϵe
−iωRNs

∣∣∣ ≤ Cϵe2K−s. (4.1.49)

4.2 Further context on the constructed hairy black holes

Before proceeding to the proof of Theorem 4.1.1 and Theorem 4.1.2, we elaborate slightly on the

physical context of the hairy black holes constructed in our result, and their relevance to astro-

physical gravitational collapse (in the Λ = 0 case), to other hairy black holes, to cosmology, and

to so-called holographic superconductors (in the Λ < 0 case via the famous AdS-CFT correspo-

dence). We also outline the key new phenomena together with ideas in their proof, particularly in

the collapsed oscillations region O and the Kasner-like region K.
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4.2.1 Differences and connections with non-hairy black holes

The spacetimes constructed in Theorem 1.4.1 are spatially homogeneous and we interpret them

as the interior region of so-called “hairy black holes”. The main distinctive feature of “hairy black

holes” is the presence of so-called scalar hair, meaning that the scalar field ϕ does not decay on the

event horizon H+ and tends to a non-zero constant instead. (In the case of the hairy black holes of

Theorem 1.4.1, ϕ is identically equal to this constant on H = HL ∪HR, see (1.4.1)).

We have already explained that it is not possible to obtain an asymptotically flat spherically

symmetric hairy black hole exterior solution of the Einstein–Maxwell–charged scalar field system

with Λ = 0; however, as we will discuss in Section 4.2.5, the construction of a such hairy black hole

exterior is possible for asymptotically-AdS data, with Λ < 0 in (Ein*). Such a construction will

necessarily involve a static exterior region, while the corresponding interior is spatially homogeneous.

This is due to the fact that for a t-independent black hole, t is a timelike coordinate in the exterior

which, by definition, becomes a spacelike coordinate in the black hole interior.

Nonetheless, one may also wish to consider asymptotically flat (where Λ = 0) spacetimes which

are relevant to the study of astrophysical black holes. In this context, one anticipates that solutions

of the Einstein–Maxwell–charged scalar field system with regular Cauchy data decay towards a

Reissner–Nordström exterior solution, in particular ϕ tends to 0 on H+ (in spherical symmetry,

see [46, 110] for the Einstein–Maxwell–real scalar field system with m2 = q0 = 0, and also [146]

for small |q0e| on a fixed Reissner–Nordström exterior). The resulting black holes thus feature ϕ

decaying on H+ at the following rate: for all v > 1,

|ϕ||H+(v) + |Dvϕ||H+(v) ≲ v−s, (4.2.1)

where v is a standard Eddington–Finkenstein type advanced-time coordinate and s > 1
2 . We will

call such black holes “non-hairy” in the sequel, to mark the contrast with the black holes from

Theorem 1.4.1.

The interior of the non-hairy black hole solving the Einstein–Maxwell–charged scalar field system

in spherical symmetry was studied in [94, 142, 144, 147, 145] and their Penrose diagram was com-

pletely characterized (modulo issues related to locally naked singularities, see the second paragraph

below). In this section, we will briefly explain these results and provide contrast with our hairy

black hole interiors from Theorem 1.4.1. We also comment that one can use our hairy black hole

interiors as a tool to retrieve information on non-hairy black holes.

Local structure of the non-hairy black hole interior near infinity i+ We discuss the

terminal boundary of the black hole interior. In the case of the hairy black holes of Theorem 1.4.1,

it is entirely spacelike S = {r = 0}. In contrast, for (spherically symmetric) non-hairy black holes

solutions of, the terminal boundary is not entirely spacelike and admits a null component near i+
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Figure 4.3: Penrose diagram of the spacetime corresponding to Theorem 4.2.1

– called the Cauchy horizon CH+ ̸= ∅. This fact constitutes the most important difference between

hairy and non-hairy black holes.

Theorem 4.2.1 ([142]). Consider regular spherically symmetric characteristic data on H+ ∪ Cin,
where H+ := [1,+∞)v × S2, converging to a sub-extremal Reissner–Nordström exterior as (4.2.1)

. Then, restricting Cin to be sufficiently short, the future domain of dependence of H+ ∪ Cin is

bounded by a Cauchy horizon CH+, namely a null boundary emanating from i+ and foliated by

spheres of strictly positive area-radius r, as depicted in Figure 4.3.

Remark. We note that the presence of a Cauchy horizon CH+ ̸= ∅ in the interior of dynamical black

holes is not specific to spherical symmetry: for instance, it has been obtained for perturbations of

Kerr for the Einstein vacuum equations (without symmetry) in [43]. Whether Theorem 4.2.1 can

be generalized to the Einstein–Maxwell–charged scalar field equations without spherical symmetry

is an interesting open problem, in view of the particularly slow decay of the form (4.2.1) one has to

assume in the presence of matter (see [93, 108, 144] for an extended discussion of slow decay).

Global structure of non-hairy black hole interiors Theorem 4.2.1 only gives information

on a local region located near i+ (see Figure 4.3). The global nature of the terminal boundary, as

it turns out (see Theorem 4.2.2), depends on the topology of the initial data; we distinguish two

important cases:

a. The two-ended case (topology of time-slices: R × S2). The maximally-extended Schwarzschild,

Reissner-Nordström, and Kerr spacetimes, and our hairy black holes from Theorem 1.4.1 possess

the two-ended topology.

b. The one-ended case (topology of time-slices: R3) is the topology suitable to studying the gravita-

tional collapse of a star into a black hole [31, 99, 108, 147] (referred to as “gravitational collapse”

for short).

In the one-ended case b, the following is known about the terminal boundary.
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Theorem 4.2.2 (Black hole interior in gravitational collapse, [147, 146, 145]). We consider a one-

ended black hole interior, under the assumptions of Theorem 4.2.1 and additional inverse-polynomial

lower bounds on ϕ consistent with (4.2.1). Then, assuming the absence of locally naked singularities

emanating from the center Γ, there is a (non-empty) spacelike singularity S = {r = 0} and the

Penrose diagram is given by the left-most of Figure 1.2.

Remark. A locally naked singularity is an (outgoing) null boundary CHΓ emanating from the center

Γ. Assuming their absence in Theorem 4.2.2 is unavoidable, since examples of locally naked singu-

larities have been constructed [33] for the Einstein–Maxwell–charged scalar field system. However,

at least within solutions where F ≡ 0, such locally naked singularities are non-generic within spher-

ical symmetry [32, 35] and one may conjecture the same statement in the more general situation

where F ̸= 0. See [99, 147] for an extended discussion of this delicate issue.

For two-ended black holes (irrelevant, however, to gravitational collapse), Theorem 4.2.2 is false

because small perturbations of Reissner–Nordstrom obeying (4.2.1) feature no spacelike singularity

[42]. However, it is conjectured [42, 49, 99] that, even in the two-ended case, large perturbations

would yield a spacelike singularity S = {r = 0} ≠ ∅.

Remark. Note that for a two-ended black hole, the causal past of any compact subset of S intersects

the event horizon H+ on a set with compact closure. This observation will be important in the

discussion of the next paragraph, see Figure 4.4.

Connections between hairy and non-hairy black holes and related open problems We

come back to our original motivation: understanding spacelike singularities inside black holes. Our

goal is to construct a large class of (asymptotically flat) black holes with both a spacelike singularity

S = {r = 0} and a null Cauchy horizon CH+, with precise quantitative information on (at least

part of) S = {r = 0}.
It is an open problem to provide a quantitative description of the spacelike singularity inside any

charged2 or rotating black hole (note indeed that Theorem 4.2.2 does not describe S quantitatively).

In the two-ended case, however, we propose a construction of a black hole featuring both a null

Cauchy horizon CH+ ̸= ∅, and a spacelike singularity S which is partially described by the terminal

boundary in Theorem 1.4.1.

Parameterize the two event horizons by HR = {(−∞, v), v ∈ R}, HL = {(u,−∞), u ∈ R}.

i. Fix ϕ|H+
R
(v) ≡ ϵ for v ≤ A, and ϕ|H+

L
(v) ≡ ϵ for u ≤ A, for some large A depending on ϵ. We

evolve (non-uniquely) this characteristic data on (HR ∩ {v ≤ A}) ∪ (HL ∩ {u ≤ A}) towards

the past in the following fashion:
2Note, however, that it is possible to describe asymptotically Schwarzschild one-ended uncharged spherically sym-

metric black holes [3].
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• Attach a small past-directed ingoing (respectively outgoing) cone C+
R (respectively C+

L ) to

the future-endpoint of HR ∩ {v ≤ A}) (respectively (HL ∩ {u ≤ A})).

• By local well-posedness, the past domain of influence of HR∩{v ≤ A})∪C+
R (respectively

HL ∩ {y ≤ A} ∪C+
L ) is the causal rectangle with past ingoing boundary C−

R (respectively

C−
L ).

• Evolving the initial data on C−
R∪C

−
L towards the past and appealing to local well-posedness

again provides another smaller causal rectangle. This rectangle combines with the two

previously-constructed rectangles into the (future) domain of influence of some Cout∪Cin.

We obtain a (non-unique) solution to the Einstein–Maxwell–charged scalar field system up to

the bifurcate null cones Cout ∪ Cin (see Figure 4.4).

ii. Extend Cout (respectively Cin) into an outgoing (respectively ingoing) cone which is asymp-

totically flat using a standard truncation argument (see [33, 128]). The bifurcate null

cones C̃out ∪ C̃in thus obtained intersect (what should be thought of as) future null infinity

I+ = I+
L ∪ I+

R , and ϕ|C̃out∪C̃in
decays towards I+.

iii. Solve forward for the above characteristic data on C̃out ∪ C̃in. By the domain of dependence

property, the following spacetime region (consisting of the dark grey, orange, brown and yellow

regions in Figure 4.4)

{(u, v) : u ≤ A, v ≤ A} ∩ D+((HR ∩ {v ≤ A}) ∪ (HL ∩ {u ≤ A})),

where D+ denotes the domain of dependence,

is isometric to a subset of the hairy black hole gϵ of Theorem 1.4.1 that contains a large portion

of the spacelike singularity S (in green in Figure 4.4).

iv. Using that ϕ|C̃out∪C̃in
decays towards I+, prove that the decay condition (4.2.1) is satisfied

on the new event horizons H∗
R and H∗

L (note that the event horizons H∗
R, H∗

L for the newly

constructed black hole do not coincide with the original event horizons HR, HL of the hairy

black hole). As a consequence of Theorem 4.2.1, obtain the existence of Cauchy horizons

CHL, CHR ̸= ∅.

We want to point out that the only unknown step is the proof of (4.2.1) (step iv) which relies

on establishing polynomial decay on the event horizon. We note, furthermore, that for small charge

|q0e| ≪ 1 and m2 = 0, step iv should follow from (a slight generalization) of [146].

Remark. Note that A must be chosen to be large enough (depending on ϵ) for the construction to

feature any part of the spacelike singularity constructed in Theorem 1.4.1. As a consequence, the

weighted norm ∥(1 + |v|s)ϕ∥L∞ (where s > 1
2) is large, thus we are not in the small-data regime
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spacelike singularity

HR ∩ {v ≤ A}HL ∩ {u ≤ A}

i+Ri+L

C−
RC−

L

Cout extends to C̃outCin extends to C̃in

H∗
RH∗

L

I+
RI+

L

CHRCHL

C+
RC+

L

Region isometric
to the hairy

black hole metric
gϵ from Theorem 1.4.1

Figure 4.4: The proposed construction of a two-ended black hole with a spacelike singularity S via
gluing argument. The union of the dark grey, orange, brown and yellow regions (including the green
part of the spacelike singularity) is isometric to a subset of the hairy black hole of Figure 1.4. I+

L

and I+
R are the components of null infinity I+.

considered in [42] (this is consistent with the non-empty spacelike singularity our construction,

recalling the earlier discussion on the global structure of two-ended black holes).

Running steps i-iv successfully provides a (two-ended) black hole with a Cauchy horizon CH+ ̸= ∅
and a spacelike singularity S ̸= ∅ partly given by S in the hairy black hole of Theorem 1.4.1. We

formalize the above strategy into the following open problem.

Open problem a. Construct a (one or two)-ended black hole with a Cauchy horizon CH+ ̸= ∅
and a spacelike singularity S ≠ ∅, which coincides with the hairy black hole singularity S from

Theorem 1.4.1 away from CH+ ∩ S.

Our road-map towards a resolution of Open Problem a shows that the fluctuations and Kasner

bounces of Theorem 1.4.1 can play a role in the interior of asymptotically flat, non-hairy

black holes. We find it striking that, even when restricted to spherical symmetry, the spacelike

singularity inside a black hole can obey such intricate dynamics. It is an interesting open problem

to study the stability of these dynamics outside of any symmetry assumption and thus gauge their

relevance to generic black hole solutions.

To understand a larger class of black holes with both a Cauchy horizon CH+ ̸= ∅ and a spacelike

singularity S ≠ ∅, it is of interest to perturb the hairy black hole of Theorem 1.4.1 within spherical

symmetry but relaxing spatial homogeneity. Subsequently following steps i-iv, where gϵ is replaced

by a perturbed spacetime, will yield even more general insights than Open Problem a into spherically
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symmetric spacelike inside black holes, which we formalize in the following open problem (note Open

Problem b is the charged (q0 ̸= 0) version of Open Problem v in [148]).

Open problem b. Consider (two-ended) initial data on H+ such that, instead of (1.4.1):

|ϕ|H+(v)− ϵ| ≤ |ϵ|N · e−C0v (4.2.2)

for ϵ ∈ Eη, as defined in Theorem 1.4.1, with N > 0 and C0 > 0 sufficiently large constants. Prove

(or disprove) that the terminal boundary is spacelike, and provide (reasonably) precise quantitative

estimates.

Then, construct a (one or two)-ended black hole with a Cauchy horizon CH+ ̸= ∅ and a spacelike

singularity S ̸= ∅, which coincides with the above perturbed hairy black hole singularity S away

from CH+ ∩ S.

We finally want to emphasize that our quantitative methods give hope to transpose some results

of Theorem 1.4.1 to towards Open Problem b. We hope to return to this these very interesting

questions in future work.

4.2.2 Comparison with hairy black hole interiors for other matter models

The charged hairy black holes with uncharged matter from [148] An alternative to study-

ing the Einstein–Maxwell–charged scalar field system with q0 ̸= 0 is to study the uncharged scalar

field case q0 = 0 where the Maxwell field F ̸= 0 does not interact with ϕ. This was first done nu-

merically in [74] and then rigorously by the second author [148] and qualified as “violent nonlinear

collapse”. It is remarkable that the behavior in the q0 = 0 case differs drastically from what we

found in the q0 ̸= 0 case in Theorem 1.4.1, as the following result shows.

Theorem 4.2.3 ([148]). We make the same assumptions as Theorem 1.4.1, except that now q0 = 0,

hence F = e
r2(s)

Ω2ds∧dt, where e ̸= 0. Then, for almost all sub-extremal parameters (M, e,Λ,m2),

there exists ϵ0(M, e,Λ,m2) > 0 such that, for all 0 < |ϵ| < ϵ0, the spacetime (M,g) ends at

a spacelike singularity S = {r = 0} asymptotically described by a Kasner metric with exponents

(p1, p2, p3) = (1, 0, 0) +O(ϵ2) ∈ (0, 1)3 and given by Figure 4.5. Moreover, the Kretschmann scalar

K = RαβγδRαβγδ blows up at a rate r−C·ϵ−2+O(ϵ−1) on S = {r = 0} for C(M, e,Λ,m2) > 0.

We point out the following similarities and differences between Theorem 4.2.3 and Theorem 1.4.1.

1. In both cases, the terminal boundary is a spacelike singularity S = {r = 0} approximately

described by a Kasner-like metric with positive Kasner exponents (compare Figure 1.4 and

Figure 4.5).

2. In both cases, the early regions are similar and governed by the almost formation of a Cauchy

horizon.
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3. In both cases, the Maxwell charge Q is uniformly bounded away from 0: in Theorem 4.2.3,

this is trivial (Q = e ̸= 0 is constant), in Theorem 1.4.1, this is item 5, a surprising property

that we call “charge retention”.

4. Even at the linear level (i.e. (2.0.6) on a fixed Reissner–Nordström interior), (1.4.4) is not true if

q0 = 0: the scalar field does not oscillate, it grows instead like ϕ ≈ ϵ ·s, where CH+ = {s = ∞}
(except possibly for an exceptional set of (M, e,Λ,m2) of 0-Lebesgue measure that leads to

the absence of growth, see [90, 148], which is why one restricts to almost every parameter in

Theorem 4.2.3).

5. The oscillating profile (1.4.4) turns it a Bessel-type growing oscillation as r → 0, after which

|ϕ| becomes O(1) around r ≈ ϵ (collapsed oscillations). There is no such mechanism in

Theorem 4.2.3.

6. The final Kasner exponent p1 ∈ (0, 1) in Theorem 1.4.1 is related to

| sin
(
ω0ϵ

−2 +O(log
(
ϵ−1
)
)
)
|, but we restrict ϵ so that p1 is bounded away from 0 and

1, so there is no overlap (by our assumptions) with any of the Kasner exponents obtained in

Theorem 4.2.3 where |p1 − 1| ≲ ϵ2.

7. As a consequence, the collapse in Theorem 1.4.1 is not violent but instead rapidly fluc-

tuating in ϵ: one can easily see that K blows up at a rate r−q, where q depends on

sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
.

8. There is no Kasner bounce in the q0 = 0 setting: in fact, in Theorem 4.2.3 one proves that

the final exponent p1 lies in (0, 1), so there is no mechanism triggering a Kasner bounce. In

contrast, in Theorem 1.4.1, in the regimes where | sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
| is too small, a

Kasner regime with ṕ1 < 0 forms, which is unstable, and ultimately disappears under Kasner

bounce, giving rise to a second Kasner regime with p1 ∈ (0, 1).

We also remark that Theorem 1.4.1 restricts ϵ to a subset of (−ϵ0, ϵ0)\{0}, which is the comple-

ment of a set of small measure, while Theorem 4.2.3 does not have this restriction. The restriction

is to ensure that the final p1 is bounded away from {0, 1} in Theorem 1.4.1, as we explained above.

Finally, we note that Theorem 4.2.3 should lead to a resolution of Open Problem a in the case of

an uncharged, massive scalar field (i.e. with q0 = 0, m2 ̸= 0), upon the proof of (4.2.1) for m2 ̸= 0

(i.e. step iv in the last paragraph of Section 4.2.1).

Other hairy black holes The study of spatially homogeneous hairy black holes has been abun-

dant both in the mathematics and physics literature: we first mention the important examples of

Einstein–Yang–Mills hairy black holes [23, 25, 28, 55, 132, 135]. For the Einstein–Yang–Mills black

holes, the above work suggest the presence of a spacelike singularity preceded by (potentially many)
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Figure 4.5: The Penrose diagram of the hairy black hole interiors constructed in Theorem 4.2.3.

Kasner bounces, although the qualitative behavior is different than what we obtained for charged

scalar fields in Theorem 1.4.1. Finally, we mention the existence of rotating hairy black holes with

massive Klein–Gordon fields [29, 51, 79]; The study of the interior of these rotating hairy black holes

remains an open problem. We refer the reader to the introductions of [29, 148] for an extended

discussion of various hairy black holes.

4.2.3 The collapsed oscillations resulting from the charge of the scalar field

The collapsed oscillations occur in a region O = {ϵ ⪅ r ⪅ r−} (see Figure 1.4). The key point is

that, schematically, ϕ will be shown to obey the following Bessel equation of order 0 in O, with

respect to a new variable which is the renormalized square of the area-radius z := r2

ϵ2
:

d

dz

(
z
dϕ

dz

)
+ ξ20zϕ = error. (4.2.3)

Here ξ0 ̸= 0 is a constant proportional3 to q0. To simplify the discussion here, we normalize ξ0 = 1.

Since 1 ⪅ z ⪅ ϵ−2, we need to understand the behavior for large z: it is given by damped oscillations

of the form

Y0(z) ∼
√

2

πz
cos
(
z − π

4

)
or J0(z) ∼

√
2

πz
sin
(
z − π

4

)
as z → +∞. (4.2.4)

Note, however, that z is a past-directed timelike variable, so the damping is “backwards-in-time”.

Thus |Y0|(z), |J0|(z) ≲ ϵ on the past boundary z ∼ ϵ−2 of O, but |Y0|(z), |J0|(z) ≲ 1 on the
3One sees, as predicted by Theorem 4.2.3 (see [148]), that in the q0 = 0 case, we have d

dr

(
r dϕ

dr

)
≈ 0, hence r dϕ

dr
≈

constant = ϵ−1, which is why in the q0 = 0 case, the behavior is violent, and not fluctuating as in the q0 ̸= 0 case,

see also the discussion in Section 4.2.2.
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future boundary z ≈ 1 of O; modulo the oscillations, this means that the scalar field amplitude has

experienced growth of size ϵ−1 in O.

Remark. Note that, as long as r is bounded away from 0, (4.2.3) is consistent with (linear) oscillations

giving rise to (1.4.4): it is only as r gets close to 0 that these oscillations provide growth, hence the

name “collapsed oscillations”. We will show, however, that as soon as r ≪ ϵ, ϕ no longer oscillates,

see Section 4.2.4.

The algebraic relations connecting (4.2.4) to the ODE initial conditions ϕ(r ≈ r−) will ultimately

show that ϕ has the following schematic form at the exit of the collapsed oscillations region O:

ϕ(r) ≈ CJ cos
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
J0

(
ξ0
r2

ϵ2

)
+ CY sin

(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
Y0

(
ξ0
r2

ϵ2

)
. (4.2.5)

Contrary to appearances, (4.2.5) is not symmetric in J0 and Y0: when r ≪ ϵ, the function Y0
(
ξ0
r2

ϵ2

)
dominates J0

(
ξ0
r2

ϵ2

)
, since the Bessel functions J0(z) and Y0(z) obey the asymptotics

J0(z) = O(1) and Y0(z) ∼ log
(
z−1
)

as z → 0. (4.2.6)

Hence, for e−δ0ϵ−2 ≪ r ≪ ϵ (the lower bound will be explained in Section 4.2.4), we schematically

show

ϕ(r) ≈ CY sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
log

(
ξ−1
0

ϵ2

r2

)
≈ CY sin

(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
log
( ϵ
r

)
. (4.2.7)

Remark. Most other quantities, such as the charge Q, already determine their final values at r = 0

inside O (up to O(ϵ)-errors). Therefore, the charge retention mechanism from Theorem 1.4.1 results

from an explicit computation in O, see Lemma 4.4.7.

For more details on Bessel equations and functions, we refer the reader to our Appendix A.

4.2.4 The Kasner bounce mechanism within our spacetimes

We will now explain the schematic mechanism behind the Kasner bounce phenomenon as obtained

in our Theorem 1.4.1, which is the second main novelty compared to the q0 = 0 case of [148]. We

will show that the Kasner bounce, in the regimes where it occurs (namely, for ϵ ∈ E
′ bo
η,σ of positive

measure), is located in a region of the following form; for constants D > 0, N > 0:

Kbo ⊂ {e−D·ϵ−2
ϵN ≲ r ≲ e−D·ϵ−2

ϵ−N}. (4.2.8)
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We define the key quantity Ψ, which is a dimensionless derivative of ϕ: for r−(M, e,Λ) > 0 and

δ0(M, e,Λ) > 0 to be defined later, let

Ψ := −rdϕ
dr
, and define Ψi := Ψ

∣∣
r=e−δ0·ϵ−2

r−
. (4.2.9)

The condition for the presence of a bounce will end up being

η ≤ |Ψi| ≤ 1− σ, for some η, σ > 0 independent of ϵ. (bo)

The reason for assuming η ≤ |Ψi| is that, based on numerics (see Section 4.2.5), there could be

multiple Kasner bounces when|Ψi| is close to 0, and the dynamics would be even more complicated.

If |Ψi| is too close to 1, though we are still able to produce a spacelike singularity (see already The-

orem 4.1.1), we do not claim further quantitative estimates, as some Kasner exponents degenerate

towards 0 in this case

As a consequence of (4.2.7), we find that, for some C(M, e,Λ,m2, q0) ̸= 0,

|Ψi| ≈ |C| · | sin
(
ω0 · ϵ−2 +O(log

(
ϵ−1
)
)
)
|. (4.2.10)

Combining (bo) and (4.2.10) explains heuristically why the presence of a bounce depends on ϵ

and why any small neighborhood of 0 of the form (−δ, δ) still contains infinitely many spacetimes

featuring a bounce.

Our non-bounce condition in Theorem 1.4.1 is not the complement of (bo), it is instead

|Ψi| ≥ 1 + σ, for some σ > 0 independent of ϵ., (no-bo)

where, as above, we arrange that |Ψi| is not too close to 1 to avoid the Kasner exponents degener-

ating.

We now explain why it is that if (bo) is satisfied, there is a bounce, whereas if (no-bo) is satisfied

then there is no bounce. Since the wave equation is second-order, Ψ should satisfy a first-order ODE.

Though our system is highly nonlinear, this ODE surprisingly turns out to be presentable in a simple

form, written schematically4 as follows:

dΨ

dR
= −Ψ(Ψ−Ψi)(Ψ−Ψ−1

i ) + error, where R := log
(r−
r

)
, (4.2.11)

where the error terms are of size O(e−δ0ϵ
−2
) for some δ0 > 0 and, thus, have no impact on the

qualitative behavior of the ODE. The dynamics of Ψ relies on the linearized stability of (4.2.11)

near Ψ = Ψi of the schematic form

d(δΨ)

dR
= −(Ψ2

i − 1) · δΨ+ error.

4Note that the discussion of the ODE (4.2.11) and its solutions was already present in [75] at the heuristic and

numerical level.
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If |Ψi| > 1, then Ψ = Ψi is a stable fixed point as R → +∞ (corresponding to r → 0): this is

what happens if (no-bo) is true and then, there is no bounce and Ψ ≈ Ψi up to r = 0. In contrast,

if |Ψi| < 1, then Ψ = Ψi is an unstable fixed point, but Ψ = Ψ−1
i is a stable fixed point. If (bo) is

true, then we find that Ψ gets inverted from Ψi to Ψ−1
i in the region (4.2.8), over which the change

in R is ∆R = O(log
(
ϵ−1
)
).

Once the behavior of Ψ has been quantified, one can immediately retrieve the Kasner exponents

from Theorem 1.4.1 using similar techniques as in [148]. The most important (but algebraically

trivial) feature of these relations is that p1 = P (α) > 0 if and only if |α| > 1, see the formula

(1.4.7), (1.4.8) (where α ≈ Ψi): thus, the final Kasner regime always has p1 > 0 in Theorem 1.4.1.

Hence, the final Kasner regime indeed lies in the subcritical regime of exponents as explained earlier

in Section 4.2.4.

4.2.5 Holographic superconductors in the AdS-CFT correspondence

In this section, we will discuss two separate questions, which end up being connected by a vast

literature.

• In what sense is the spacetime of Theorem 1.4.1 the interior of a hairy black hole, i.e. can we

construct a corresponding “hairy black hole exterior”?

• What do numerics tell us about the hairy black hole interior of Theorem 1.4.1?

Note that Theorem 1.4.1 is valid for any value of the cosmological constant Λ ∈ R. However, in the

Λ = 0 case, there are no non-trivial static, spherically symmetric solutions of the Einstein–Maxwell–

charged scalar field system, see [12] (although [12] assumes q0 = 0).

On the other hand, in the Λ < 0 case, recent works of Zheng [155, 156] construct asymptot-

ically Anti-de-Sitter hairy black hole exteriors bifurcating off of (a large subset of) sub-extremal

Reissner–Nordström–AdS spacetimes. The interior of these black holes corresponds to the space-

times considered in Theorem 1.4.1 (in the q0 ̸= 0 case) and Theorem 4.2.3 (in the q0 = 0 case),

thereby resolving Open Problem iv in [148].

Anti-de-Sitter asymptotics impose that, for a negative cosmological constant Λ < 0 in (Ein*):

g =

(
1− 2M

r
− Λr2

3
+ o(r−1)

)
[−dt2 + ds2] + r2(s)dσS2 , (4.2.12)

which gives the following asymptotics on ϕ: for m2 < 0, there exists constants ϕ(0), ϕ(1) such that

ϕ(r) = ϕ(0) · uD(r) + ϕ(1) · uN (r),

where uD(r) ∼ r
− 3

2
+
√

9
4
−m2

and uN (r) ∼ r
− 3

2
−
√

9
4
−m2

as r → +∞.

(4.2.13)

Here ϕ(0) = 0 corresponds to Dirichlet-type boundary conditions, while ϕ(1) = 0 is Neumann-type.

Both boundary conditions are allowed in [155, 156]. We note that the Dirichlet case is the Λ < 0
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analogue of asymptotic flatness in the Λ = 0 case and thus truly corresponds to what should be

called an asymptotically-AdS “hairy black hole”.

Previous works in physics already argued for the existence of such stationary asymptotically-AdS

black holes [70, 73, 72] as part of the broader field of AdS/CMT (for Condensed Matter Theory)

aiming at improving the understanding of condensed matter on flat spacetime by embedding it in

a higher-dimensional AdS spacetime (see e.g. [76] or the related discussion in [148]). In the charged

scalar field case (q0 ̸= 0), such black holes represent holographic analogues of superconductors due to

a spontaneous breaking of the U(1)-symmetry that the charged scalar field is associated with. The

presence of black hole hair (meaning a non-trivial stationary black hole) reflects the phenomenon of

condensation, with Dirichlet boundary condition ϕ(0) ̸= 0 corresponding to a so-called stimulated

emission, and ϕ(0) = 0 to spontaneous emission, in analogy with real-life superconductors (see e.g.

[81] for more details).

In summary, the first question is answered in the affirmative: the regions considered in The-

orem 1.4.1 and Theorem 4.2.3 indeed correspond to the interior of an asymptotically-AdS black

hole (with Dirichlet or Neumann boundary conditions) recently rigorously constructed in [155, 156],

whose existence had already been speculated in physics works [70, 72] in view of their importance

as holographic models of superconductors.

We turn to the second question, regarding previous numerical works in the interior of

asymptotically-AdS hairy black holes. Prior to discussing the q0 ̸= 0 case as studied in Theo-

rem 1.4.1, let us mention that the hairy black hole interior with F ≡ 0 (uncharged black hole)

was studied in [65], and with F ̸= 0, q0 = 0 (uncharged matter) in [74], see [148] for an extended

discussion. We also mention the interesting follow-up works [27, 52, 53, 68, 71] for different matter

models.

Turning to the case with q0 ̸= 0, we start by remarking that the collapsed oscillations and Kasner

bounces from Theorem 1.4.1 were previously anticipated5 numerically in [75]. This scenario was

verified numerically and is entirely consistent with our findings from Theorem 1.4.1. The motivation

to investigate the interior of holographic superconductors in [65, 74, 75] is two-fold: at first, it

originates as a rudimentary model for quantum effects in the interior of black holes, following the

AdS/CFT paradigm. In this context, the authors of [75] promote a holographic version of Strong

Cosmic Censorship roughly asserting that generic stationary6 (asymptotically-AdS) black holes

(corresponding to thermal states) possess an internal singularity. Secondly, another motivation

originates in the paradigm of AdS/CMT to understand real-life superconductors using holographic
5While [75] is in the setting of planar symmetry which obeys slightly different equations, it happens to make no

difference to the fluctuating collapse and Kasner bounce phenomena and the conclusion of Theorem 1.4.1 also hold

in this setting, as we already noted in Remark 1.4.
6In contrast, the usual notion of Strong Cosmic Censorship is not tied to stationary solutions and formulates genericity

considerations inside a moduli space of initial data leading to a large class of dynamical spacetimes, see, for instance,

the discussion in [149].
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models (as already formulated in [70, 72, 73] and pursued in [65, 74, 75]). In this context, an

analogy was established between the oscillations found inside holographic superconductors and the

(AC) Josephson effect inside a “real-life” superconductor, see [85, 86], ultimately causing the Kasner

bounce in some regime. The physical interpretation of these Kasner bounces inside holographic

superconductors is still being debated [75].

Finally, note that, by the formula (1.4.7), when α ≈ Ψi gets close to 0, then the Kasner exponents

p2 = p3 get close to 0: when this happens, [75] numerically observes a second Kasner bounce and

have also mentioned the possibility of arbitrarily many Kasner bounces. These very interesting

aspects are not covered by Theorem 1.4.1, since its assumptions specifically require to choose ϵ so

that α(ϵ) is bounded away from 0 (at the cost, of course, of reducing the measure of the set of

eligible ϵ by an arbitrarily small amount η > 0). It would be of great interest to prove rigorous

results confirming the numerical breakthroughs of [75].

Open problem c. Generalize the conclusion of Theorem 1.4.1 for a larger set of ϵ ∈ (−ϵ0, ϵ0) \ {0}
such that |Ψi| ≲ ϵN are allowed for a suitably chosen N > 0, where Ψi defined in (4.2.9) is

schematically of the form (4.2.10). In the |Ψi| ≲ ϵN situation, control the occurrence of two (or

more) Kasner bounces.

4.2.6 Outline of the proof in Chapter 4

The remainder of Chapter 4 will be devoted to the proof of Theorem 4.1.1 and Theorem 4.1.2, and

will follow the various regions R, N , EB, LB, O, PK and K depicted on Figure 4.1. Recall that

the system of ODEs and initial data was already given in Section 2.4.2.

• In Section 4.3, we prove estimates in the red-shift region R, the no-shift region N , the early

blue-shift region EB, and the late blue-shift region LB. These estimates are similar to the

ones appearing in [148] and feature the almost formation of a Cauchy horizon.

• In Section 4.4, we prove estimates in the oscillation region O. This section corresponds to the

collapsed oscillations discussed in Section 4.2.3.

• In Section 4.5, we prove estimates in the proto-Kasner region PK. In this section, we demon-

strate the onset of a Kasner geometry transitioning from the collapsed oscillations in O to the

Kasner behavior in K.

• In Section 4.6, we linearize the system of Einstein equations to control precisely the phase

Θ(ϵ) = ω0ϵ
−2 + O(log

(
ϵ−1
)
) appearing in (4.2.10); this step is essential in constructing the

set Eη of acceptable ϵ in Theorem 1.4.1.

• In Section 4.7, we prove estimates in the Kasner region K. In particular, we prove the Kasner

bounce phenomenon discussed in Section 4.2.4.
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• In Section 4.8, we conclude the proof of (the precise version of) Theorem 1.4.1 by providing

precise geometric estimates characteristic of the Kasner behavior in a sub-region of PK ∪ K.

4.3 Almost formation of a Cauchy horizon

In this section, we provide estimates up to a region s ∼ ϵ−1. The analysis will be perturbative in

nature, and we always bear in mind the comparison to the linear charged scalar field problem in

Reissner-Nordström, see Section 4.1.4. The analysis will largely follow [148], with minor modifica-

tions due to the dynamical nature of the charge Q and the charge of the scalar field.

As in [148], the estimates up to s ∼ ϵ−1 will be divided into the four regions R, N , EB, and LB
(see Figure 4.1). Where differences from [148] are minor, we aim to be relatively brief, and focus

on the new techniques required to deal with the charge and the scalar field.

4.3.1 Estimates up to the no-shift region

We begin with some notation. As the arguments of this section are perturbative, it will help to

introduce differences between the quantities (r,Ω2, ϕ,Q, Ã) and their Reissner-Nordström(-dS/AdS)

values. Therefore define

δr(s) = r(s)− rRN (s), δΩ2(s) = Ω2(s)− Ω2
RN (s),

δϕ(s) = ϕ(s)− ϕL(s),

δQ(s) = Q(s)− e, δÃ(s) = Ã(s) +

(
e

r+
− e

rRN (s)

)
,

where we used (2.4.3) to provide the Maxwell gauge field ÃRN to which we compare, and ϕL is the

solution to the linear charged scalar field scattering problem in Reissner-Nordström, see Corollary

4.1.4.

We also use the quantity δ log Ω2(s) = logΩ2(s) − log Ω2
RN (s). We commonly use that for

δ log Ω2(s) ≲ 1,

δΩ2(s) ≲ Ω2(s) δ log Ω2(s) ≲ δΩ2(s). (4.3.1)

We now proceed to the estimates in the red-shift region R.

Proposition 4.3.1. There exist DR(M, e,Λ,m2, q0) > 0 and ∆R(M, e,Λ)≫ 1 such that, in the

red-shift region R = {−∞ < s < −∆R}, the following estimates hold:

|ϕ|+ |Ω−2ϕ̇| ≤ DRϵ, (4.3.2)

|κ−1 − 1| ≤ DRϵ
2, (4.3.3)

|ϖ −M | ≤ DRϵ
2, (4.3.4)
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∣∣∣∣∣d log
(
Ω2
)

ds
− 2K(s)

∣∣∣∣∣+ | log
(
α−1
+ Ω2

)
− 2K+s| ≤ DRΩ

2 ≪ 1, (4.3.5)

|δ log
(
Ω2
)
|+ |δr|+ |δṙ|+ |δÃ|Ω−2 + |δQ| ≤ DRϵ

2, (4.3.6)

|δϕ|+ |δϕ̇| ≤ DRϵ
3. (4.3.7)

Proof. We provide a short sketch. For more details, see Proposition 4.5 in [142] or Lemma 4.1 in

[148]. We make the following bootstrap assumptions:∣∣∣∣ dds log(Ω2
)
− 2K+

∣∣∣∣ ≤ K+, (RS1)

|ϕ| ≤ 4ϵ, (RS2)

|Q− e| ≤ e

2
, (RS3)

|r − r+| ≤
r+
2
. (RS4)

These will hold in neighborhood of s = −∞ due to the asymptotic data (2.4.32) and (2.4.35).

The bootstrap assumption (RS1) will give the important estimate∫ s

−∞
Ω2(s′) ds′ ≲

∫ s

−∞

d

ds
log
(
Ω2
)
· Ω2(s′) ds′ =

∫ s

−∞

d

ds
Ω2(s′) = Ω2(s). (4.3.8)

The evolution equation (2.4.29) for Ã will immediately yield that |Ã| ≲ Ω2. Therefore, turning

to the equation (2.4.31), we use (4.3.8) to see that

|r2ϕ̇| ≲
∫ s

−∞
Ω2(s′)ϵ ds ≲ Ω2(s)ϵ,

which, after another round of integration, gives |ϕ| ≤ ϵ+ CΩ2(s)ϵ, for some positive constant C.

Since the right hand side of the equation (2.4.22) is now bounded by CΩ2ϵ2, the estimate (4.3.3)

is straightforward, and from this point (4.3.4) and (4.3.5) are also immediate. In particular, the

remaining bootstraps are all improved, so long as ∆R is chosen large enough that Ω2(s) < C−1 and

ϵ is sufficiently small.

In order to get the difference estimates (4.3.6), (4.3.7), we make yet another bootstrap assump-

tion:

|δr|+ |δṙ|+ |δ log
(
Ω2
)
|+ |δÃ|+ ϵ−1|δϕ|+ ϵ−1|δϕ̇| ≤ ϵ2. (RS5)

The claim is that we can then use the ODEs for differences (found by subtracting from the

relevant ODE in Section 2.4.2 the analogous ODE in Reissner-Nordström) to then improve the RHS

of (RS5) by CΩ2ϵ2, hence improving the bootstrap for ∆R > 0 sufficiently large.

We demonstrate this for the δϕ estimate as an illustration. Taking the differences of (2.4.30),

we have

|δϕ̈| ≲ |δṙ||ϕ̇|+ |ṙ||δϕ̇|+ |ṙϕ̇||δr|+ |δÃ||Ã||ϕ|+ (Ã2 +Ω2)|δϕ|+ |δΩ2||ϕ|.
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Using (4.3.2)–(4.3.5) as well as (RS5) to estimate the RHS by appropriate powers of ϵ and Ω2

((4.3.1) is also useful here), we see that

|δϕ̈| ≲ Ω2ϵ3,

so that, integrating this from s = −∞ once and then twice, using (4.3.8) we indeed get

|δϕ̇|+ |δϕ| ≤ CΩ2ϵ3

as claimed. A similar procedure can be executed for the remaining equations of Section 2.4.2. This

improves (RS5) and completes the proof of this proposition.

In the sequel, we fix ∆R such that Proposition 4.3.1 applies. Next, we use a Grönwall argument

to provide estimates in the no-shift region N .

Proposition 4.3.2. Take S > 0 to be any fixed real number. Then there exists some

C(M, e,Λ,m2, q0) > 1 and DN (M, e,Λ,m2, q0) > 0 such that, in the region N = {−∆R ≤ s ≤ S},
the following estimates hold for ϵ sufficiently small:

|ϕ|+ |ϕ̇| ≤ DNC
sϵ, (4.3.9)

|κ−1 − 1| ≤ DNC
sϵ2, (4.3.10)

|Q− e| ≤ DNC
sϵ2, (4.3.11)

|ϖ −M | ≤ DNC
sϵ2, (4.3.12)

|δr|+ |δṙ|+ |δ log
(
Ω2
)
|+
∣∣∣∣ ddsδ log(Ω2

)∣∣∣∣+ |δÃ| ≤ DNC
sϵ2, (4.3.13)

|δϕ|+ |δϕ̇| ≤ DNC
sϵ3. (4.3.14)

In the sequel, we only apply these estimates at s = S, so that allowing DN to depend also on S, the

terms involving Cs can be absorbed into DN – indeed we define D′
N = CSDN for convenience.

Proof. Here, we begin with some bootstrap assumptions on the geometry and the Maxwell field

which clearly hold in a neighborhood of s = −∆R:

|Q| ≤ 2|e|, (NS1)

|Ã| ≤ 2|e|
r+

, (NS2)

|κ−1 − 1| ≤ 1
2 , (NS3)

r ≥ r−
2 , (NS4)

Ω2 ≤ 2Ω2
max(M, e,Λ) := 2 sup

s∈R
Ω2
RN (s). (NS5)
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Using these bootstraps and (2.4.30), it is straightforward to see that∣∣∣∣ dds(ϕ, ϕ̇)
∣∣∣∣ ≤ C1(M, e,Λ, q0,m

2)|(ϕ, ϕ̇)|,

which immediately yields (4.3.9). Using the evolution equation (2.4.28) for Q then gives (4.3.11),

improving (NS1) – in fact we have |Q− e| ≲ C2s
1 ϵ

2.

Next, we consider the following tuple of geometric and gauge quantities:

X = (δr, δṙ, δ log Ω2, ddsδ log Ω
2, δÃ).

Taking the differences from Reissner-Nordström for the equations (2.4.24), (2.4.26), (2.4.29), along

with the bootstrap assumptions, for some C2(M, e,Λ,m2, q0) > 0, we get∣∣∣∣dXds
∣∣∣∣ ≤ C2(|X|+ C2s

1 ϵ
2). (4.3.15)

Thus, using Grönwall, we deduce (4.3.13) for some C with appropriate dependence on C1, C2. For

ϵ small, this improves (NS2), (NS4), (NS5).

Next, for s ≥ −∆R, we know Ω−2 ≤ C3e
−2K−s for some C3(M, e,Λ,m2, q0) > 0. Hence, (2.4.22),

|κ−1(s)− κ−1(−∆R)| ≲ C3e
−2K−sC2s

1 ϵ
2. (4.3.16)

So, for C chosen sufficiently large, we get (4.3.10) and improve (NS3). The final estimate (4.3.14)

is straightforward.

Corollary 4.3.3. Let S′ > S be another arbitrarily chosen real number. Then for S ≤ s ≤ S′ and

for ϵ sufficiently small, there exists some D−(M, e,Λ,m2, q0, S, S
′) > 0 such that:

|r(s)− r−| ≤ D−(ϵ
2 + e2K−s), (4.3.17)∣∣∣∣Ã+

e

r+
− e

r−

∣∣∣∣ ≤ D−(ϵ
2 + e2K−s), (4.3.18)

D−1
− e2K−s ≤ Ω2 ≤ D−e

2K−s, (4.3.19)

|ϕ−BϵeiωRNs −Bϵe−iωRNs|+ |ϕ̇− iωRNBϵe
iωRNs + iωRNBϵe

−iωRNs| ≤ D−(ϵ
3 + ϵe2K−s), (4.3.20)∣∣∣∣∣d log

(
Ω2
)

ds
− 2K−

∣∣∣∣∣ ≤ D−(ϵ
2 + e2K−s) ≤ |K−|

100
. (4.3.21)

Proof. Note the previous proposition holds in the same way for S replaced by S′. Therefore, the

corollary follows from the difference estimates of that proposition, Corollary 4.1.4, and some further

basic computations on Reissner-Nordström such as

1. rRN (s)− r− ≲ e2K−s for s ≥ S ≫ 1.

2. Ω2
RN ∼ e2K−s for s ≥ S ≫ 1.

The final part of (4.3.21) clearly follows by taking S large and ϵ small. In the sequel, we will take

advantage of the fact that S and S′ can be taken to be as large as required.



146

4.3.2 Estimates on the early blue-shift region

The early blue-shift EB is defined by EB = {S ≤ s ≤ slin = (|2K−|)−1 log
(
νϵ−2

)
}, where

ν(M, e,Λ,m2, q0) > 0 is chosen such that (4.3.28) holds. In the blue-shift regions, we begin to

exploit the fact that Ω2 is exponentially decaying in s.

Proposition 4.3.4. Take the quantity S in Proposition 4.3.2 to be sufficiently large, and

ν(M, e,Λ,m2, q0) > 0 to be sufficiently small. Then there exists some DE(M, e,Λ,m2, q0) > 0

such that the following hold:

|δ log
(
Ω2
)
|+ s

∣∣∣∣ ddsδ log(Ω2
)∣∣∣∣ ≤ DEϵ

2s2, (4.3.22)

|ϕ|+ |ϕ̇| ≤ DE |B|ϵ, (4.3.23)

|δr|s−1 + |δṙ|+ |δÃ| ≤ DEϵ
2, (4.3.24)∣∣κ−1 − 1

∣∣ ≤ 1
100 , (4.3.25)

|ϖ −M |+ |Q− e| ≤ DEϵ
2s, (4.3.26)

|δϕ|+ |δϕ̇| ≤ DEϵ
3s. (4.3.27)

Proof. Recall the quantities D′
N from Proposition 4.3.2 and B ∈ C from Proposition 4.1.3. We

bootstrap the following estimates:

|δ log Ω2| ≤ 4D′
N ϵ

2s2, (EB1)

|ϕ|+ ω−1
RN |ϕ̇| ≤ 20|B|ϵ, (EB2)

r ≥ r−
2 , (EB3)

|Ã| ≤ 2e
r+
. (EB4)

To start with, note that, by (EB1) and the Reissner-Nordström asymptotics, we have that, for

some C > 0,

C−1e2K−s ≤ Ω2 ≤ Ce2K−s.

Note also that |δQ| ≲ ϵ2s is immediate from (4.3.11) and the bootstraps.

Next, we use (EB2) along with the Raychaudhuri equation (2.4.22) to get the estimate on κ:∣∣κ−1 − 1
∣∣ ≤ D′

N ϵ
2 + C|B|2ϵ2e2|K−|s ≤ 1

100
, (4.3.28)

where ν is chosen such that the second inequality holds. One can rewrite the left hand side of this

expression as ∣∣κ−1 − 1
∣∣ = 4Ω−2

RN |δṙ + ṙ(e−δ log Ω
2 − 1)|.

Hence, we can use (4.3.28) and (EB1) to produce a preliminary estimate on δṙ:

|δṙ| ≲ Ω2|δ log Ω2|+ e2K−sϵ2 + |B|2ϵ2 ≲ e2K−s(D′
N +D′

Ns
2)ϵ2 + |B|2ϵ2. (4.3.29)
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Integrating this up7 from s = S, we get |δr| ≲ ϵ2s, or to be more specific we have the following,

where C depends on the black hole parameters, m2 and q0 but not the choice of S (unlike the

quantity D′
N = CSDN which does have exponential dependence on S):

|δr| ≤ Cϵ2(|B|2s+D′
N +D′

NS
2e2K−S) ≤ Cϵ2(|B|2s+D′

N ). (4.3.30)

Here, we use that S2e2K−S is uniformly bounded for S > 0.

We wish to improve the bootstrap (EB1). So we use the equation (2.4.26) and take differences

from Reissner-Nordström, leading to following inequality∣∣∣∣ d2ds2 δ log Ω2

∣∣∣∣ ≲ Ω2(|δ log Ω2|+ |δr|+ |δṙ|+ |δQ|) + |ϕ|2 + |ϕ̇|2,

≲ e2K−s(D′
Ns

2 + |B|2s+D′
N )ϵ

2 + |B|2ϵ2.

Integrating this expression up from s = S twice, we get∣∣∣∣ ddsδ log Ω2

∣∣∣∣ ≲ D′
N ϵ

2 + |B|2ϵ2s,

|δ log Ω2| ≲ D′
N ϵ

2s+ |B|2ϵ2s2.

So, for S sufficiently large, we improve the bootstrap (EB1) – note that D′
N = CSDN grows

exponentially in S so that D′
N ≫ |B|2 for S large.

Then taking differences between our ODEs and the Reissner-Nordström ODEs will lead to the

estimates (4.3.24) and (4.3.26), thus improving upon the bootstraps (EB3) and (EB4).

We now turn to the estimates on the charged scalar field. We shall use the equation (2.4.31) and

consider the quantity

H = r4ϕ̇2 + r4q20|Ã|2ϕ2. (4.3.31)

As we already control r and |Ã| from below in this region, producing an upper bound for H would

give us desired estimates on |ϕ|, |ϕ̇|. Using (2.4.31) as well as (2.4.29), we compute

dH

ds
= −m

2Ω2r4

2
ϕϕ̇− r2q20ÃQΩ2

2
ϕ2 + 4r3ṙq20|Ã|2ϕ2.

The last term is negative since ṙ < 0, so we can apply Cauchy-Schwarz (again recalling the lower

bounds on r and |Ã|) to see that
dH

ds
≤ CHΩ

2H,

for some CH = CH(M, e,Λ,m2, q0) > 0. Therefore, by Grönwall, so long as we pick S large enough

such that ∫ slin

S
CHΩ

2 ds ≤ CCH

∫ ∞

S
e2K−s ds < log 2,

7We use here a straightforward calculus lemma: given α > 0 and N ∈ N, then for s0 ∈ R large,
∫∞
s0

sNe−αs ds ≲α,N

sN0 e−αs0 .
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we deduce that H(s) ≤ 2H(S) ≤ 16r4−ω
2
RN |B|2ϵ2, where the latter estimate for H(S) is computed

using (4.3.20). This improves (EB2).

Finally, for the difference estimate on the scalar field we use the modified quantity H̃, given by

H̃ = r4|δϕ̇|2 + r4q20|Ã|2|δϕ|2. (4.3.32)

To find the analogous differential inequality here, we first need to find the difference version of

(2.4.30):

δϕ̈ = −2ṙ

r
δϕ̇− q20|Ã|2δϕ− m2Ω2

4
δϕ+ EEB, (4.3.33)

where the error8 term EEB is estimated by |EEB| ≲ ϵ3(1− sṙ + s2Ω2
RN ).

Using a similar procedure as before, one can use this equation to get the differential inequality:

dH̃

ds
≲ Ω2H̃ + ϵ3(1− sṙ + s2Ω2

RN )
√
H̃. (4.3.34)

Rewriting this expression as a differential inequality in terms of
√
H̃ and using the usual Grönwall

inequality with a (nondecreasing) inhomogeneous term, we get√
H̃(s) ≲

√
H̃(S) +

∫ s

S
ϵ3(1− sṙ + s2Ω2

RN ) ds ≲ ϵ3s

as required. This concludes the proof of (4.3.27) and the proposition.

4.3.3 Estimates on the late blue-shift region

To close this section, we give the estimates on the late blue-shift region. Here, we leave the regime

where Cauchy stability holds, in particular showing that ṙ remains at size O(ϵ2) rather than con-

tinuing to decay exponentially.

Proposition 4.3.5. Choose ∆B > 0 sufficiently small, and define b− = 2|B|ωRN

2|K−| . Then, in the

region LB = {slin ≤ s ≤ ∆Bϵ
−1}, there exists some DL(M, e,Λ,m2, q0) > 0 such that the following

estimates hold, recalling the quantity α− from (2.4.9):

|r(s)− r−| ≤ DLϵ
2s, (4.3.35)∣∣∣∣−ṙ − 4|B|2ω2

RN ϵ
2r(s)

2|K−|

∣∣∣∣ ≤ DL(Ω
2 + ϵ4s), (4.3.36)∣∣∣∣ dds log(Ω2

)
− 2K−

∣∣∣∣ ≤ DLϵ
2s, (4.3.37)∣∣∣∣ dds log(r(s)−b−2

− ϵ−2 · Ω2(s)
)∣∣∣∣ ≤ DL(ϵ

−2Ω2 + ϵ2s), (4.3.38)

8In this expression for the error term, our estimates in the region EB show that both −sṙ and s2Ω2
RN are O(1).

Nonetheless, we choose to write it in this form both for clarity and because we shall use the same expression again

in the late blue-shift region, where both of these are still O(1) but for different reasons.
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∣∣∣∣log( Ω2

α−e2K−s

)∣∣∣∣ ≤ DLϵ
2s2, (4.3.39)

|ϕ|+ |ϕ̇| ≤ DLϵ, (4.3.40)

|Q− e|s−1 + |δÃ| ≤ DLϵ
2, (4.3.41)

|ϕ−BϵeiωRNs −Bϵe−iωRNs|+ |ϕ̇− iωRNBϵe
iωRNs + iωRNBϵe

−iωRNs| ≤ DLϵ
3s. (4.3.42)

Proof. We use the following bootstrap assumptions, where the constant B1(M, e,Λ,m2, q0) > 0 will

be described later in the proof: ∣∣∣∣ dds log Ω2 − 2K−

∣∣∣∣ ≤ |K−|, (LB1)

|Ã| ≤ 2|e|
r+
, (LB2)

−ṙ ≤
8|B|2ω2

RNr−
|2K−|

ϵ2, (LB3)

|Q| ≤ 2|e|, (LB4)

|δ log Ω2| ≤ B1ϵ
2s2. (LB5)

From (LB3), we have the trivial estimate |δṙ| ≲ ϵ2, and thus |δr| ≲ ϵ2s.

Due to (LB1), we have that in LB,∫ s

slin

Ω2(s′) ds′ ≤ |K−|−1Ω2(slin) ≲ ϵ2,

So given all the bootstrap assumptions, we may proceed exactly as in the proof of Proposition 4.3.4

to recover the estimates (4.3.40) and (4.3.42). Note that the error ELB in (4.3.33) is replaced by

ELB which still satisfies the same estimate

|ELB| ≲ ϵ3(1− sṙ + s2Ω2
RN ) ≲ ϵ3,

so the proof follows in an identical fashion.

We also get the estimate (4.3.41) just as in Proposition 4.3.4, improving the two bootstraps

(LB2) and (LB4).

Using the difference version of (2.4.27), we get the inequality∣∣∣∣ d2ds2 δ log(rΩ2
)∣∣∣∣ ≲ B1Ω

2ϵ2s2 + ϵ2. (4.3.43)

Integrating once, we deduce that∣∣∣∣ ddsδ log(rΩ2
)∣∣∣∣ ≲ B1ϵ

2s2lin(ϵ) · ϵ2 + ϵ2s ≲ ϵ2s. (4.3.44)

Therefore, in light of the previous estimates on δr, δṙ, for ϵ sufficiently small we have∣∣∣∣ dds log(rΩ2
)
(s)− 2K−

∣∣∣∣+ ∣∣∣∣ dds log(Ω2
)
(s)− 2K−

∣∣∣∣ ≤ Cϵ2s ≤ |K−|
10

, (4.3.45)
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where the final inequality follows for ∆B taken sufficiently small.

This improves the bootstrap (LB1), and moreover, integrating (4.3.44) once again will yield

|δ log
(
rΩ2

)
| ≤ C(ϵ2s2lin(ϵ) +B1ϵ

4s2lin(ϵ) + ϵ2s2), (4.3.46)

which improves (LB5) after once again accounting for δr, so long as B1 is chosen sufficiently large

(i.e. larger than 4C for the C appearing in (4.3.46)).

It remains to improve upon the bootstrap (LB3). For this, as in the uncharged scalar field model

of [148], we use the Raychaudhuri equation in the convenient form (2.4.23). We begin by estimating

the expression involving the scalar field; using (4.3.42) and (4.3.41), we have

|ϕ̇|2 + |Ã|2q20|ϕ|2 = |BωRN ϵeiωRNs −BωRN ϵe
−iωRNs|2 + ω2

RN |BϵeiωRNs +Bϵe−iωRNs|2 + EB.

Expanding out the trigonometric expressions on the right, we can see this can be rewritten as

|ϕ̇|2 + |Ã|2q20|ϕ|2 = 4|B|2ω2
RN ϵ

2 + EB, (4.3.47)

where the error term is bounded by |EB| ≲ ϵ4s.

Therefore, using also (4.3.35) and (4.3.44), one finds that (2.4.23) may be written in the form

d

ds
(−ṙ)− 2K−(−ṙ) = 4|B|2ω2

RNr−ϵ
2 + EB(s), (4.3.48)

with the error EB(s) once again satisfying |EB(s)| ≲ ϵ4s.

We now use a classical integrating factor of e−2K−s to integrate (4.3.48) between slin and s,

yielding

−ṙ(s) = −e2K−(s−slin)ṙ(slin) +

∫ s

slin

4|B|2ω2
RNr−ϵ

2e2K−(s−s′) + EB(s′)e2K−(s−s′) ds′. (4.3.49)

Using |EB(s′)| ≲ ϵ4s′ and computing these integrals, we find that∣∣∣∣−ṙ(s)− 4|B|2ω2
RNr−ϵ

2

|2K−|

∣∣∣∣ ≲ e2K−(s−slin)
∣∣∣∣−ṙ(slin)− 4|B|2ω2

RNr−ϵ
2

|2K−|

∣∣∣∣+ ϵ4s. (4.3.50)

From this and prior estimates, we yield (4.3.36), thus improving the remaining bootstrap (LB3).

The estimate (4.3.38) simply comes from combining (4.3.36) and (4.3.37). Finally, (4.3.39) follows

from combining (2.4.9) with (LB5), plus using that e2K−s ≤ e2K−slin ≲ ϵ2 for s ∈ LB.

We conclude this section with a straightforward corollary concerning quantities evaluated at a

specific point s = sO(ϵ) := 50slin(ϵ) that will be useful in the next region. For ease of notation, we

first define the dimensionless parameter W(M, e,Λ, q0) > 0 as:

W :=

√
ωRN (M, e,Λ, q0)

|2K−(M, e,Λ)|
. (4.3.51)
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Corollary 4.3.6. Let sO(ϵ) = 50slin(ϵ) ∈ LB. Then, upon defining the quantities

r0 = r(sO), ω0 = |q0Ã(sO)|, ξ0 = ω0

(
− d

ds

(
r2

r2−ϵ
2

))−1

(sO), Q0 = Q(sO), (4.3.52)

we have the following estimates:

|r0 − r−|+ log
(
ϵ−1
)
|ω0 − ωRN |+

∣∣∣∣ξ0 − 1

8|B|2W2

∣∣∣∣+ |Q0 − e| ≤ DLϵ
2 log

(
ϵ−1
)
. (4.3.53)

In particular, the following upper and lower bounds hold for ξ0.

ξ0 ≤
1

4|B|2W2
, ξ−1

0 ≤ 16|B|2W2. (4.3.54)

Finally, one has

|ϕ(sO)|+ |ϕ̇(sO)| ≤ DLϵ. (4.3.55)

4.4 The collapsed oscillations

From this point, the results begin to differ from that of [148]. We next study the region of ‘collapsed

oscillations’ (see Section 1.4.6), a region where r eventually becomes O(ϵ) small. The dynamics in

this section are largely driven by the charged scalar field, which remains oscillatory but also exhibits

a slowly growing behavior, in that the amplitude grows from O(ϵ) at start of the regime to O(1) at

the end of the regime. Indeed, after a change of variables, the behavior of ϕ will be well approximated

by a Bessel function of order 0. Schematically, in the region ϵ ≲ r ≪ r−, the scalar field behaves as

ϕ(r) ≈ Cϵ

r
· cos

(
r2 − r2−
ϵ2

+O(log
(
ϵ−1
)
)

)
. (4.4.1)

We will, in fact, need to track the growth-oscillatory behavior more precisely using the explicit

Bessel functions J0(x) and Y0(x), defined as the two linearly independent solutions of Bessel’s

equation of order 0:
d

dz

(
z
df

dz

)
+ zf = 0. (4.4.2)

They exhibit the following asymptotic behavior (see also Facts A.0.1, A.0.2 and A.0.4 in Appendix

A for more detailed asymptotics):

J0(z) =


√

2
πz cos

(
z − π

4

)
+O(z−3/2) as z → +∞,

1 +O(z) as z → 0,
(4.4.3)

Y0(z) =


√

2
πz sin

(
z − π

4

)
+O(z−3/2) as z → +∞,

2
π

(
ln
(
z
2

)
+ γ
)
+O(z) as z → 0,

(4.4.4)
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where γ ≈ 0.577 is the Euler-Mascheroni constant. We see, therefore, that the Bessel functions

J0(z) and Y0(z) both oscillate and decay9 at a slow inverse polynomial rate as z → ∞, but exhibit

very different behavior in the z → 0 regime. We later show the schematic estimate (4.4.1) takes the

following more precise form involving the renormalized variable z = r2

ϵ2
and the frequency ξ0 defined

in Corollary 4.3.6:

ϕ(r) ≈ CJ(ϵ) · J0
(
ξ0
r2−

· r
2

ϵ2

)
+ CY (ϵ) · Y0

(
ξ0
r2−

· r
2

ϵ2

)
,

CJ(ϵ) ≈
√

2πξ0 · |B| · cos
(
ξ0 · ϵ−2

)
, CY (ϵ) ≈

√
2πξ0 · |B| · sin

(
ξ0 · ϵ−2

)
.

In light of (4.4.3)–(4.4.4), tracking the size of the coefficients CJ(ϵ) and CY (ϵ) precisely will be

important in later sections.

The main objective of Section 4.4 is to prove these schematic estimates. In view of the logarithmic

growth of Y0(z) for z ≪ 1, the precise value of the coefficient CY (ϵ) will be crucial in the geometry

of the later regions where r ≪ ϵ (see Section 4.5).

Once the scalar field asymptotics are understood, we also account for the scalar field backreaction

onto both the Maxwell field and the geometry. In this region, the backreaction on the spacetime

geometry is minimal; however the backreaction on the Maxwell field has a rather curious effect. That

is, within the oscillatory region, the charge Q(s) will decrease in absolute value from (approximately)

e to (approximately) Q∞, where Q∞(M, e,Λ) depends on the black hole parameters and lies strictly

between e
2 and e, see (4.4.13) and Lemma 4.4.7. Q∞ being bounded away from 0 is causing the

charge retention in Theorem 1.4.1, see Section 4.2.3.

We now state the main result of this section, where O = {s ≥ sO(ϵ) : r(s) ≥ 2|B|Wϵr−} and we

recall that W was defined in (4.3.51).

Proposition 4.4.1. For s ∈ O, the lapse Ω2 obeys the following upper bound, where we recall α−

from (2.4.9).

Ω2(s) ≤ α− exp(K−s). (4.4.5)

There exists some DO(M, e,Λ,m2, q0) > 0 such that, for s ∈ O, we have the following estimates:

| − rṙ(s)− 4|B|2W2r2−ϵ
2ωRN | ≤ DOϵ

4 log ϵ−1, (4.4.6)∣∣∣∣ dds log Ω2 − 2K−

∣∣∣∣ ≤ DOϵ
2(log

(
ϵ−1
)
+ r−2(s)). (4.4.7)

|q0Ã(s)− q0ÃRN,∞| ≤ DOϵ
2, (4.4.8)∣∣∣∣∣Q(s)− e+

1

4

2K−

ÃRN,∞
(r2− − r2(s))

∣∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
. (4.4.9)

9As z is decreasing in s in our setting, and we are interested in behavior as z decreases, the decay of Bessel functions

exhibits itself as inverse polynomial growth of the amplitude of the scalar field ϕ.
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Finally, there exist coefficients CJ(ϵ) and CY (ϵ) determined via the formula (4.4.28) and satis-

fying (4.4.29) and (4.4.30) such that we have the following two estimates on the scalar field: for all

s ∈ O, ∣∣∣∣ϕ(s)− (CJ(ϵ)J0(ξ0r2(s)r2−ϵ
2

)
+ CY (ϵ)Y0

(
ξ0r

2(s)

r2−ϵ
2

))∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
, (4.4.10)

∣∣∣∣ϕ̇(s)− ω0

(
CJ(ϵ)J1

(
ξ0r

2(s)

r2−ϵ
2

)
+ CY (ϵ)Y1

(
ξ0r

2(s)

r2−ϵ
2

))∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
. (4.4.11)

Here, ξ0 and ω0 are as defined in Corollary 4.3.6.

Later, it will be convenient to refer to (4.4.9), (4.4.10) and (4.4.11) evaluated at the right endpoint

of O.

Corollary 4.4.2. Let sPK(ϵ) > 0 be such that r(sPK) = 2|B|Wϵr−. Then∣∣sPK − (8|B|2W2ωRN )
−1ϵ−2

∣∣ ≤ DO log
(
ϵ−1
)
. (4.4.12)

Further, if one defines Q∞ as

Q∞(M, e,Λ) := e−
2K−(M, e,Λ) · r2−(M, e,Λ)

4ÃRN,∞(M, e,Λ)
, (4.4.13)

one may infer the following estimates at s = sPK .

|Q(sPK)−Q∞| ≤ DOϵ
2 log

(
ϵ−1
)
, (4.4.14)∣∣ϕ(sPK)− (CJ(ϵ)J0(4ξ0|B|2W2) + CY (ϵ)Y0(4ξ0|B|2W2)
)∣∣ ≤ DOϵ

2 log
(
ϵ−1
)
, (4.4.15)∣∣∣ϕ̇(sPK)− ω0

(
CJ(ϵ)J1(4ξ0|B|2W2) + CY (ϵ)Y1(4ξ0|B|2W2)

)∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
. (4.4.16)

This section will be organized into three parts. In Section 4.4.1, we introduce the main bootstrap

assumptions for the region O, and make several preliminary observations. In Section 4.4.2, we derive

the main scalar field estimates, establishing the aforementioned Bessel type behavior. In Section

4.4.3, we use the results on the scalar field to improve the bootstrap assumptions, proving in

particular the estimates (4.4.5), (4.4.7) and (4.4.9) regarding Ω2(s) and Q(s), then complete the

proof of Proposition 4.4.1.

4.4.1 Bootstraps and preliminary estimates

Throughout the proof of Proposition 4.4.1, we make reference to the following three bootstrap

assumptions:

Ω2 ≤ ϵ40, (O1)
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|ϕ|+ |ϕ̇| ≤ ϵ−1, (O2)

|Q| ≤ ϵ−2. (O3)

By Proposition 4.3.5 and Corollary 4.3.6, these hold within a neighborhood of s = sO(ϵ). It will

be convenient to define the bootstrap region Oboot as the connected component of {s ∈ O : s ≤
ϵ−4, (O1)–(O3) apply} such that sO ∈ Oboot. We now make some preliminary estimates using these

bootstraps and Proposition 4.3.5. Morally, the following lemma will allow us to treat −rṙ and Ã as

constant inside O, at least up to an extremely small error.

Lemma 4.4.3. Any s ∈ Oboot satisfies s ≲ ϵ−2. Furthermore, there exists some constant

DO(M, e,Λ,m2, q0) > 0 such that, for s ∈ Oboot,∣∣∣∣ dds(−rṙ)
∣∣∣∣+ |rṙ(s)− rṙ(sO)| ≤ DOϵ

30, (4.4.17)

∣∣−rṙ(s)− 4|B|2W2ωRNr
2
−ϵ

2
∣∣ ≤ DOϵ

4 log
(
ϵ−1
)
, (4.4.18)

|q0Ã(s)− q0Ã(sO)| ≤ DOϵ
30, (4.4.19)

||q0Ã|(s)− ωRN | ≤ DOϵ
2. (4.4.20)

Proof. These estimates are immediate from (2.4.25) and (2.4.29). Indeed, letting f be either −rṙ
or Ã, we see that ∣∣∣∣dfds

∣∣∣∣ ≤ Ω2 · Pf (|ϕ|, |Q|, |ϕ̇|, r−2)

for some polynomial Pf of degree less than 2. Then, using that (O1) provides a large power of ϵ,

the remaining bootstraps plus the fact that r(s) ≳ ϵ give the estimates (4.4.17) and (4.4.19). The

other two estimates then follow straightforwardly from Proposition 4.3.5, (4.4.17) and (4.4.19).

As −rṙ ≳ ϵ2 and r2(sO) = r2− +O(ϵ2 log
(
ϵ−1
)
), it is immediate that s ≲ ϵ−2 for s ∈ Oboot.

We use Lemma 4.4.3 to rewrite several of the equations of Section 2.4.2 as simplified equations

with constant coefficients, plus an error term. Recalling ξ0 from (4.3.52), to simplify notation, we

denote

x = x(s) :=
r2(s)

r2−ϵ
2
, so that ξ0 =

∣∣∣∣∣
(
−dx
ds

)−1

· q0Ã

∣∣∣∣∣ (s = sO). (4.4.21)

We then proceed to rewrite (2.4.31) and (2.4.28) in terms of the new variable x. Performing this

change of variables, one gets the two equations:

d

dx

(
x
dϕ

dx

)
+ ξ20xϕ = Eϕ, (4.4.22)

dQ

dx
= sgn(e)q0r

2
−ξ0ϵ

2x|ϕ|2 + EQ. (4.4.23)

We should like to estimate the error terms Eϕ and EQ. To do so, we apply Lemma 4.4.3 extensively

to prove the following corollary.
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Corollary 4.4.4. Recall x and ξ0 from (4.4.21). Then, for s ∈ Oboot, one finds∣∣∣∣∣ξ0 −
(
−dx
ds

)−1

· |q0Ã|(s)

∣∣∣∣∣ ≤ DOϵ
25. (4.4.24)

Furthermore, in the equations (4.4.22) and (4.4.23), one has the following control on the error

terms:

|Eϕ|+ |EQ| ≤ DOϵ
20.

Proof. For (4.4.24), we first use that, from (2.4.25),∣∣∣∣d2xds2
∣∣∣∣ = 2

r2−ϵ
2

∣∣∣∣ dds(−rṙ)
∣∣∣∣ = Ω2

2r2−ϵ
2

∣∣∣∣1− Q2

r2
− r2|ϕ|2 − r2Λ

∣∣∣∣ ≲ ϵ25, (4.4.25)

where the final estimate comes from the bootstrap assumptions (O1)–(O3). Integrating this once

between sO and s ∈ Oboot, and combining with (4.4.21), (4.4.24) follows.

For the error terms, making the substitution s 7→ x in (2.4.31) and (2.4.28) yields:

|Eϕ|+ |EQ| ≲

(
Ω2 +

∣∣∣∣d2xds2
∣∣∣∣+
∣∣∣∣∣ξ0 −

(
−dx
ds

)−1

|q0Ã|

∣∣∣∣∣
)

· P (ϵ−1, r−1, |ϕ|, |ϕ̇|),

for some polynomial P of degree less than five. Upon inserting (O1), (4.4.25) and (4.4.24), the

corollary follows.

4.4.2 Scalar field oscillations

The focus of this subsection will be understanding the behavior of the charged scalar field ϕ(s) via

the equation (4.4.22). This equation is a Bessel type ODE that we would like to understand as x

decreases from ϵ−2 +O(log
(
ϵ−1
)
) to r2(sPK)(r2−ϵ2)−1 = 4|B|2W2.

Proposition 4.4.5. For s ∈ Oboot, there exists a constant DO > 0, and coefficients CJ(ϵ) and

CY (ϵ) such that10

|ϕ− CJ(ϵ)J0(ξ0x)− CY (ϵ)Y0(ξ0x)| ≤ DOϵ
10, (4.4.26)∣∣∣∣dϕdx + ξ0CJ(ϵ)J1(ξ0x) + ξ0CY (ϵ)Y1(ξ0x)

∣∣∣∣ ≤ DOϵ
10. (4.4.27)

Defining xB = x(sO), the coefficients CJ(ϵ) and CY (ϵ) are determined by[
CJ(ϵ)

CY (ϵ)

]
=
πxB
2

[
−ξ0Y1(ξ0xB) −Y0(ξ0xB)
ξ0J1(ξ0xB) J0(ξ0xB)

][
ϕ(xB)
dϕ
dx (xB)

]
. (4.4.28)

The coefficients obey the estimates∣∣∣∣CJ(ϵ)− √
π

2
W−1 cos(Θ(ϵ))

∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
, (4.4.29)

10For a definition of the Bessel functions Jν(z) and Yν(z), see Appendix A and Fact A.0.3.
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∣∣∣∣CY (ϵ)− √
π

2
W−1 sin(Θ(ϵ))

∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
, (4.4.30)

where the phase function Θ(ϵ) is given by

Θ(ϵ) = |q0Ã|(s) · r2(s) ·
(
− d

ds
r2(s)

)−1

+ ωRNs+ argB − π

4

∣∣∣∣∣
s=sO

. (4.4.31)

Finally, one has the following upper bounds for ϕ(s) and ϕ̇(s):

max{|ϕ|, ω−1
RN |ϕ̇|} ≤ 100|B|ϵr−

r
. (4.4.32)

Proof. Ignoring the error term Eϕ, the equation (4.4.22) is exactly Bessel’s equation of order 0 after

a rescaling z = ξ0x. We should like to separate the analysis of the linear behavior arising from

Bessel’s equation and analysis of the error term.

For this purpose, we recast the equation (4.4.22) as a first-order linear evolution equation in the

variables (ϕ, dϕdx ), treating the error term as an inhomogeneity. We get the following (see also the

discussion preceding Lemma A.0.6):

d

dx

[
ϕ(x)
dϕ
dx (x)

]
=

[
0 1

−ξ20 − 1
x

][
ϕ(x)
dϕ
dx (x)

]
+

[
0

1
xEϕ

]
. (4.4.33)

The analysis of this first-order system then follows from Lemma A.0.6, or more precisely Corollary

A.0.7. Following these, we aim to write the solution using Duhamel’s principle; let S(z1; z0) be the

linear solution operator for the usual Bessel’s equation defined in Lemma A.0.6, and Sξ0(x1;x0) :=

Qξ0 ◦S(ξ0x1; ξ0x0)◦Q
−1
ξ0

as in Corollary A.0.7, where Qχ : R2 → R2 is the linear stretching operator

Qχ : (A,B) 7→ (A,χB).

Then, following Corollary A.0.7, Sξ0(x1;x0) can be interpreted as the linear solution (semigroup)

operator for the first-order system (4.4.33) without the inhomogeneous term Eϕ. Defining xB as in

the statement of the proposition, we have from Corollary 4.3.6 that |xB−ϵ−2| ≲ log
(
ϵ−1
)
. Duhamel’s

principle (i.e. Corollary A.0.7) applied to first-order systems11 gives that[
ϕ
dϕ
dx

]
(x) = Sξ0(x;xB)

[
ϕ
dϕ
dx

]
(xB) +

∫ x

xB

Sξ0(x; x̃)

[
0

1
x̃Eϕ(x̃)

]
dx̃. (4.4.34)

We define:[
ϕB
dϕB
dx

]
(x) := Sξ0(x;xB)

[
ϕ
dϕ
dx

]
(xB),

[
ϕe
dϕe
dx

]
(x) :=

∫ x

xB

Sξ0(x; x̃)

[
0

1
x̃Eϕ(x̃)

]
dx̃. (4.4.35)

Thus ϕB(x) represents exactly the solution of the homogeneous linear Bessel ODE with data given

at x = xB, while ϕe(x) is to be treated as an error term due to the small inhomogeneity. To treat

ϕB(x) and ϕe(x), we shall use parts (1) and (2) of Corollary A.0.7 respectively.
11Note that in this section, we are always integrating backwards in x. Nonetheless, the standard theory of first order

systems will still apply, with the usual convention that
∫ x1

x0
= −

∫ x0

x1
.
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As ϕB(x) must be a solution to (a rescaled) Bessel’s equation, the solution must be exactly

(using Fact A.0.3 to justify the appearance of J1(ξ0x) and Y1(ξ0x) in the derivatives):

ϕB(x) = CJJ0(ξ0x) + CY Y0(ξ0x), (4.4.36)

dϕB
dx

(x) = −ξ0CJJ1(ξ0x)− ξ0CY Y1(ξ0x). (4.4.37)

In these equations, the coefficients CJ = CJ(ϵ) and CY = CY (ϵ) are chosen such that ϕ(xB) =

ϕB(xB) and dϕ
dx (xB) =

dϕB
dx (xB), i.e. so that ϕB(x) agrees with ϕ(x) to first order at x = xB. (It is

immediate from (4.4.35) that ϕe(x) vanishes to first order at x = xB.) Part (1) of Corollary A.0.7

then implies (4.4.28).

In order to deal with ϕe(x), we recall part 2 of Corollary A.0.7. Using Corollary 4.4.2, in

particular the upper and lower bounds for ξ0 in (4.3.54), the operator norm of the rescaled solution

operator satisfies

∥Sξ0(x1;x0)∥l2→l2≤ max

{
1

4|B|2W2
, 16|B|2W2

}
·max

{
1,
x0
x1

}
.

Integrating backwards in the variable x, i.e. x < x̄ in (4.4.34), we can see that upon defining the l∞

norm on R2 as ∥(x, y)∥l∞ = max{|x|, |y|},∥∥∥∥∥Sξ0(x, x̃)
[

0
1
x̃Eϕ(x̃)

]∥∥∥∥∥
l∞

≲ max

{
1

|B|2W2
, |B|2W2

}
· 1
x
sup |Eϕ| ≲ ϵ20,

where we apply Corollary 4.4.4 and x ≥ 4|B|2W2 in the last step. Furthermore, the length of the

interval of integration in (4.4.34) is bounded by xB − x ≤ xB ≲ 2ϵ−2, so we have∥∥∥∥∥
[
ϕe(x)
dϕe
dx (x)

]∥∥∥∥∥
l∞

=

∥∥∥∥∥
∫ x

xB

Sξ0(x; x̃)

[
0

1
x̃Eϕ(x̃)

]
dx′

∥∥∥∥∥
l∞

≲ ϵ10 (4.4.38)

as required. Combining (4.4.36), (4.4.37) and (4.4.38) then gives both (4.4.26) and (4.4.27).

We now recover the precise form for the coefficients CJ(ϵ), CY (ϵ). We carefully compute CJ(ϵ);

the other coefficient CY (ϵ) shall follows in an analogous manner. By (4.4.28), we have the formula

CJ(ϵ) =
πxB
2

[
−ξ0Y1(ξ0xB)ϕ(xB)− Y0(ξ0xB)

dϕ

dx
(xB)

]
. (4.4.39)

We therefore obtain a precise expression for CJ(ϵ) using the large-z asymptotics for the Bessel

function Yν(z), and the scalar field estimates at the comparison point s = sO given by (4.3.42) in

Proposition 4.3.5. By Fact A.0.4 and xB = ϵ−2 +O(log
(
ϵ−1
)
),

Y0(ξ0xB) =

√
2

πξ0xB
sin
(
ξ0xB − π

4

)
+O(ϵ3), (4.4.40)

Y1(ξ0xB) = −
√

2

πξ0xB
cos
(
ξ0xB − π

4

)
+O(ϵ3). (4.4.41)
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On the other hand, writing B as B = |B|(cos argB + i sin argB) in (4.3.42) gives for ϕ(xB) =

ϕ(s)|s=sO :

ϕ(xB) = 2|B|ϵ cos(ωRNsO + argB)|+O(ϵ3 log
(
ϵ−1
)
). (4.4.42)

For dϕ
dx , we proceed in several steps, using in particular Lemma 4.4.3, (4.4.24), (4.4.21) and (4.3.53):

dϕ

dx
(xB) =

(
dx

ds

)−1

ϕ̇

∣∣∣∣∣
s=sO

= −2|B|ϵ ωRN
(
dx

ds

)−1

sin(ωRNs+ argB)

∣∣∣∣∣
s=sO

+O(ϵ3 log
(
ϵ−1
)
)

= +2|B|ϵ ωRN (8|B|2W2ωRN )
−1 sin(ωRNsO + argB)|+O(ϵ3 log

(
ϵ−1
)
)

= 2|B|ϵ ξ0 sin(ωRNsO + argB)|+O(ϵ3 log
(
ϵ−1
)
). (4.4.43)

Substituting all of (4.4.40), (4.4.41), (4.4.42), (4.4.43) into (4.4.39), one deduces that

CJ(ϵ) =
πxB
2

√
2ξ0
πxB

· 2|B|ϵ cos
(
ξ0xB − π

4
+ ωRNsO + argB

)
+O(ϵ2 log

(
ϵ−1
)
). (4.4.44)

To conclude, one uses Corollary 4.3.6 and xB = ϵ−2 + O(log
(
ϵ−1
)
) to yield, since

√
8ξ0|B| =

W+O(ϵ log
(
ϵ−1
)
):

CJ(ϵ) =

√
π

2
W−1 cos(Θ(ϵ)) +O(ϵ2 log

(
ϵ−1
)
), (4.4.45)

where by the definition of ξ0 in Corollary 4.3.6, Θ(ϵ) is as in (4.4.31).

Finally, to obtain the upper bound (4.4.32), note first of all that ξ0x ≥ ξ04|B|2W2 ≥ 1/4 by

Corollary 4.3.6. Since one can check that, for z ≥ 1
4 ,

max{|J0(z)|, |J1(z)|, |Y0(z)|, |Y1(z)|} ≤ 10z−1/2,

one can use (4.4.26) and (4.4.27) along with (4.4.29) and (4.4.30) to deduce that

max

{
|ϕ(x)|, ξ−1

0

∣∣∣∣dϕdx
∣∣∣∣} ≤

√
πW−1 · 10(ξ0x)−1/2 +O(ϵ2 log

(
ϵ−1
)
) ≤ 60|B|ϵr−

r
. (4.4.46)

Then, one can use Lemma 4.4.3 to change the x-derivative to an s-derivative, with negligible error,

and thus find (4.4.32).

4.4.3 Precise estimates for Q and Ω2

Note that while (O2) has already been improved by (4.4.26), it remains to estimate Q and Ω2 in

the region Oboot, and close the remaining bootstraps (O3) and (O1). We shall show that Q changes

to (a value close to) the quantity Q∞, while Ω2 remains exponentially decaying in s.
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Proposition 4.4.6. For s ∈ Oboot, we have the following estimates for Q(s) and Ω2(s), where

DO > 0 may be larger than that of Lemma 4.4.3 and Proposition 4.4.5 if necessary.∣∣∣∣∣Q(s)− e+
1

4

2K−

ÃRN,∞
(r2− − r2(s))

∣∣∣∣∣ ≤ DOϵ
2 log

(
ϵ−1
)
, (4.4.47)

∣∣∣∣ dds log Ω2 − 2K−

∣∣∣∣ ≤ DOϵ
2
(
log
(
ϵ−1
)
+ r−2(s)

)
. (4.4.48)

Proof. We shall prove (4.4.47) using (4.4.23) and Proposition 4.4.5. By Corollary 4.3.6, particularly

the estimate |Q0 − e| ≲ ϵ2 log
(
ϵ−1
)

from (4.3.53), it remains to estimate the integral:

sgn(e)

∫ x

xB

q0r
2
−ξ0ϵ

2x̃|ϕ|2(x̃) dx̃, (4.4.49)

where we recall for convenience that x = ( r
r−

)2ϵ−2.

Firstly, using (4.4.26), (4.4.29), (4.4.30), and the Bessel function asymptotics in (4.4.3), (4.4.4),

one may find that∣∣∣∣ϕ−
√

1

2ξ0x
W−1 cos(ξ0x− π/4−Θ(ϵ))

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
x−1/2 + x−3/2, (4.4.50)

which we may use to deduce the estimate∣∣∣∣ξ0xϕ2 − W−2

2
cos2(ξ0x− π/4−Θ(ϵ))

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
+ x−1. (4.4.51)

Therefore, recalling that W−2 = |2K−|
ωRN

= |2K−|
q0|ÃRN,∞| by definition, we can integrate this to estimate

(4.4.49) by∣∣∣∣∣
∫ x

xB

q0r
2
−ξ0ϵ

2x̃|ϕ|2(x̃) dx̃−
2|K−|r2−
2|ÃRN,∞|

ϵ2
∫ x

xB

cos2(ξ0x̃− π/4−Θ(ϵ)) dx̃

∣∣∣∣∣
≲ ϵ2(ϵ2 log

(
ϵ−1
)
xB + log(xB/x)) ≲ ϵ2 log

(
ϵ−1
)
. (4.4.52)

Then integrating cos2(ξ0x− π/4−Θ(ϵ)) = 1
2(1 + cos(2ξ0x− π/2− 2Θ(ϵ)) in the usual manner,∣∣∣∣∣

∫ x

xB

q0r
2
−ξ0ϵ

2x̃|ϕ|2(x̃) dx̃− 1

4

2|K−|
|ÃRN,∞|

(r2(x)− r2(xB))

∣∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
. (4.4.53)

By replacing r2(xB) by r2− (which carries an error of O(ϵ2 log
(
ϵ−1
)
)), we get the estimate (4.4.47)

– to ensure we have the right sign in (4.4.47), recall that e and ÃRN,∞ have opposite signs, while

2K− is negative.
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We now move onto the estimates for Ω2. For this, we consider (2.4.27), and integrate by parts

using (2.4.30) as follows, where we use (O1) to control error terms involving Ω2:∣∣∣∣ dds log(rΩ2
)
− 2K−

∣∣∣∣ (s) ≲ ∣∣∣∣ ddsδ log(rΩ2
)∣∣∣∣ (sO) + ∣∣∣∣∫ s

sO

(−|ϕ̇|2 + q20|Ã|2|ϕ|2) ds
∣∣∣∣+ ϵ30

≲ ϵ2 log
(
ϵ−1
)
+ |ϕϕ̇(s)|+ |ϕϕ̇(sO)|+

∣∣∣∣∫ s

sO

ϕ(ϕ̈+ q20|Ã|2ϕ) ds
∣∣∣∣

≲ ϵ2 log
(
ϵ−1
)
+ |ϕϕ̇(s)|+

∣∣∣∣∣
∫ s

sO

−ṙϕϕ̇
r

ds

∣∣∣∣∣ . (4.4.54)

In the third line, we used Corollary 4.3.6 to absorb |ϕϕ̇(sO)| into the ϵ2 log
(
ϵ−1
)

error.

By (4.4.32) in Proposition 4.4.5, for s ∈ Oboot, one has

|ϕϕ̇(s)| ≤
104|B|2ωRN ϵ2r2−

r2
.

Inserting this estimate into all instances of ϕϕ̇ in (4.4.54) and then evaluating the integral, one

eventually arrives at the estimate (4.4.48), after applying (4.4.18) again. Indeed, one has∣∣∣∣ dds log Ω2 − 2K−

∣∣∣∣ ≤ ∣∣∣∣ dds log(rΩ2
)
− 2K−

∣∣∣∣+ −ṙ
r

≲ ϵ2
[
log
(
ϵ−1
)
+ r−2(s)

]
.

This completes the proof of the proposition.

Proof of Proposition 4.4.1 and Corollary 4.4.2. Suppose the bootstrap assumptions (O1), (O3),

(O2) hold in Oboot ⊂ O. Then the conclusions of Lemma 4.4.3 and Propositions 4.4.5 and 4.4.6 hold.

In particular, (4.4.32) and (4.4.47) show that (O2) and (O3) are indeed improved in the bootstrap

region. Since, by Lemma 4.4.3, we know that s ≲ ϵ−2 for all s ∈ Oboot, in order to show O = Oboot

it remains only to improve (O1).

For this purpose, we simply need to integrate (4.4.48). By (4.4.18), we know that −ṙr ≳ ϵ2,

hence due to (4.3.39) and s ≥ sO ≳ log
(
ϵ−1
)
, one has

| log Ω2(s)− 2K−s− logα−| ≲ ϵ2 log
(
ϵ−1
)2

+

∫ s

sO

(
ϵ2 log

(
ϵ−1
)
− ṙ

r

)

≲ ϵ2 log
(
ϵ−1
)
s+ log

r(sO)

r(s)
. (4.4.55)

In fact, the final term on the right hand side is also bounded by ϵ2 log
(
ϵ−1
)
s. To see this, note that

if s is such that r(s) ≥ r−
2 , then (4.4.18) implies that

log
r(sO)

r(s)
=

∫ s

sO

−ṙ(s̃)
r(s̃)

ds̃ ≲
∫ s

sO

ϵ2

r(s̃)2
ds̃ ≲ ϵ2s.

On the other hand, if r(s)≤ r−
2 then (4.4.18) implies that s ≳ ϵ−2, and thus log

(
r(sO)
r(s)

)
≲ log

(
ϵ−1
)
≲

ϵ2 log
(
ϵ−1
)
s.
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Hence, (4.4.55) implies that

Ω2 ≤ α−e
(2K−+DOϵ

2 log(ϵ−1))s, (4.4.56)

which clearly implies (4.4.5) for ϵ small. Moreover, since eK−·sO(ϵ) ≲ ϵ50, we have improved the final

bootstrap (O1). Therefore, Oboot = O and its right endpoint is s = sPK , where r(sPK) = 2|B|Wϵr−.

Integrating (4.4.18) in the region O, one gets:∣∣∣∣12r2(sO)− 1

2
r2(sPK)− 4|B|2W2ωRNr

2
−ϵ

2(sPK − sO)

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
,

which simplifies after applying the estimates of Proposition 4.3.5 to∣∣r2− − 8|B|2W2ωRNr
2
−ϵ

2sPK
∣∣ ≲ ϵ2 log

(
ϵ−1
)
.

This yields the estimate (4.4.12) for sPK . The remaining parts of both Proposition 4.4.1 and

Corollary 4.4.2 are straightforward.

Remarkably, (4.4.14) shows that the spacetime exhibits a nonzero, yet controlled discharge within

the oscillatory region O. We conclude this section with a (purely algebraic) lemma revealing that

the final charge Q∞(M, e,Λ) lies strictly between e and e/2.

Lemma 4.4.7. Define Q∞ as in (4.4.13). Then one has the following alternative form for Q∞,

where we recall Pse = PΛ<0
se ∪ PΛ=0

se ∪ PΛ>0
se from Section 2.4.

Q∞ =
3

4
e+

Λr2−r+(2r− + r+)

12e
. (4.4.57)

From this, we make the following observations regarding Q∞:

(i) If Λ = 0, then Q∞ = 3
4e.

(ii) If Λ < 0, then Q∞ lies strictly between 1
2e and 3

4e. Furthermore, as (M, e,Λ) varies across

the sub-extremal parameter space PΛ<0
se , Q∞/e achieves all values in (12 ,

3
4).

(iii) If Λ > 0, then Q∞ lies strictly between 3
4e and e. Furthermore, as (M, e,Λ) varies across the

sub-extremal parameter space PΛ>0
se , Q∞/e achieves all values in (34 , 1).

In particular, in all cases, one has |Q∞| > 1
2 |e| > 0.

Proof. To get (4.4.57), we need to find a clean expression for 2K− in terms of the black hole

parameters. For this purpose, recall the polynomial (2.4.1), and define the function f(X) as

f(X) = X−2PM,e,Λ(X) = X−2(r+ −X)(r− −X)
(

e2

r+r−
− Λ

3 (r+ + r−)X − Λ
3X

2
)
,

from which we may alternatively define the surface gravity 2K− as:

2K−(M, e,Λ) = f ′(X)|X=r− = r−2
− (r− − r+)

(
e2

r+r−
− Λ

3 r−(r+ + r−)− Λ
3 r

2
−

)
.
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Recalling once more that ÃRN,∞(M, e,Λ) = e
r+

− e
r−

= e(r−−r+)
r+r−

, we therefore get (4.4.57).

Once we have (4.4.57), the case (i) is immediate. For the first statement of (iii), one may assume

without loss of generality that e > 0. Then, for Λ > 0, (4.4.57) gives Q∞ > 3
4e, while (4.4.13) gives

Q∞ < e, since ÃRN,∞ < 0 and 2K− < 0. For the Λ < 0 case, we require one final observation,

namely

0 = r−1
+ PM,e,Λ(r+)− r−1

− PM,e,Λ(r−) = e2
(

1

r+
− 1

r−

)
+ (r+ − r−)−

Λ

3
(r3+ − r3−).

Dividing by r+ − r− and multiplying by r+r−, this gives

Λ
3 r+r−(r

2
+ + r+r− + r2−) = −e2 + r+r−.

In particular, in the case Λ < 0, we then have

0 < −Λ
3 r

2
−r+(2r− + r+) < −Λ

3 r+r−(r
2
+ + r+r− + r2−) < e2.

Substituting this into (4.4.57), we get the first statement of (ii).

To prove the second statements of (ii), (iii), we first state without proof several facts about the

sub-extremal parameter spaces. Without loss of generality, we fix e to be positive. Then letting

P+
se = Pse ∩ {e > 0} be the space of subextremal parameters with positive e,

• P+
se is an open, connected set in R3.

• Define the set PΛ<0
ex to be the set of (M, e,Λ) ∈ R+ × R× (−∞, 0) such that the polynomial

PM,e,Λ(X) has a single repeated positive root X = R, and PΛ>0
ex to be the set of (M, e,Λ) ∈

R+×R×(0,+∞) such that the polynomial PM,e,Λ(X) has two positive roots X = R and X =

RC , with X = R having multiplicity 2 and R < RC . Then, P+
ex := (PΛ<0

ex ∪ PΛ>0
ex ) ∩ {e > 0}

is a subset of the boundary ∂P+
se.

• For (M, e,Λ) ∈ P+
se, one must have −∞ < ΛM2 < 2

9 , i.e. we are constrained to have ΛM2 < 2
9

in order for there to exist a choice of e > 0 such that the polynomial PM,e,Λ(X) has the correct

number of distinct positive roots. Moreover, all these values are achieved when restricting to

the extremal case i.e. {ΛM2 : (M, e,Λ) ∈ P+
ex} = (−∞, 29).

• The functions r+(M, e,Λ) and r−(M, e,Λ) are continuous in P+
se. Furthermore, they may be

continuously extended onto P+
ex ⊂ ∂P+

se, upon defining r− = r+ = R on P+
ex.

In light of these facts, Q∞ is a continuous function of (M, e,Λ) in P+
se, and may be continuously

extended onto the space of extremal parameters P+
ex, where we have

Q∞ =
3

4
e+

ΛR4

4e
. (4.4.58)
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We would like to estimate ΛR4. For extremal parameters, we must have PM,e,Λ(R) =
d
dXPM,e,Λ(R) = 0, from which we can get the two identities12:

−2ΛR3 + 3R− 3M = 0, (4.4.59)

R2 − 3MR+ 2e2 = 0. (4.4.60)

Using (4.4.59) and then (4.4.60) in (4.4.58), we then get

Q∞ =
3

4
e

(
1 +

R(R−M)

2e2

)
=

3

4
e

(
1 +

R−M

3M −R

)
=

3

2
e · 1

3−R/M
. (4.4.61)

It remains to work out the range of values that R/M can take. We rearrange (4.4.59) to get the

equation:

1− R

M
+

2

3
ΛM2

(
R

M

)3

= 0. (4.4.62)

As ΛM2 varies between −∞ and 2
9 , we can see that the unique positive root of this cubic expression

in R/M varies between 0 and 3
2 , not including the endpoints. (Note that if ΛM2 > 2

9 , then in fact

there are no positive roots! This is why ΛM2 must be upper bounded.)

Therefore, as ΛM2 and thus R/M vary within their allowed ranges, from (4.4.61) we have that

Q∞ is allowed to take every value between e/2 and e, not including the endpoints.

Of course, this computation was done for extremal parameters in P+
ex rather than the subextremal

parameters in P+
se. But P+

se is connected, so it is straightforward to show that indeed {Q∞(M, e,Λ) :

(M, e,Λ) ∈ P+
se} = (e/2, e) also. This concludes the proof of Lemma 4.4.7.

4.5 The Proto-Kasner Region

4.5.1 Estimates beyond the oscillatory region – statement of Proposition 4.5.1

In the previous section, we considered the region O = {s ≥ sO : r(s) ≥ 2|B|Wϵr−} = {sO ≤ s ≤
sPK}, where sO(ϵ) = 50slin and we sPK = O(ϵ−2) was defined such that r(sPK) = 2|B|Wϵr−. The

reason it was necessary to end this region at r ∼ ϵr− was twofold:

1. Considering the Bessel function form of ϕ,

ϕ = CJ(ϵ)J0

(
ξ0r

2

r2−ϵ
2

)
+ CY (ϵ)Y0

(
ξ0r

2

r2−ϵ
2

)
+ error,

then the Bessel functions J0(z), Y0(z) will change behavior from oscillatory (at large z) to

convergent or logarithmically growing (at small z) once r2(s) ≤ ξ−1
0 r2−ϵ

2 ≈ 8|B|2W2ϵ2r2−.

(See (4.4.3), (4.4.4))
12These will arise from d

dX
PM,e,Λ(R) = 0 and d

dX
(X−4PM,e,Λ)(R) = 0 respectively.
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2. We tackled many error terms using the smallness of Ω2(s) to dominate polynomial powers

of r−1 and |ϕ|. At the start of the region O, i.e. s = sO(ϵ) = 50slin(ϵ), we only had that

Ω2 ≲ ϵ100, so in order for the errors to be controlled we required r−1 to be at worst an inverse

power of ϵ.

Nevertheless, we will show that we may extend many of the important estimates beyond s = sPK

to a region PK = {s ≥ sPK : r(s) ≥ e−δ0ϵ
−2
r−}, which for reasons that will later become clear we

denote by the proto-Kasner region. Here, the dimensionless constant δ0(M, e,Λ, q0) is selected to

be (recall that b− = 2|B|ωRN

|2K−| = 2|B|W2)

δ0 :=
1

2000
|B(M, e,Λ)|−2W−4(M, e,Λ, q0) =

1

500
b−2
− . (4.5.1)

In the region PK, we will overcome difficulty 1 by instead using new bootstrap assumptions that

reflect the now monotonic behavior of ϕ and ϕ̇. The more fundamental difficulty 2 is dealt with by

now using the fact that Ω2 is now such that − log Ω2 ≳ −K−s ≳ ϵ−2 in regimes such as PK where

s is of order ϵ−2.

Proposition 4.5.1. Choose δ0(M, e,Λ, q0) > 0 as in (4.5.1). Then, in the region PK =

{2|B|Wϵr− ≥ r(s) ≥ e−δ0ϵ
−2
r−}, there exists some DPK(M, e,Λ,m2, q0) > 0 such that that one has

the following exponential behavior for the lapse Ω2(s):

Ω2(s) ≤ DPK exp
(
−50δ0ϵ

−2
)
. (4.5.2)

Recalling the quantity Q∞ from (4.4.13), we have the following for all s ∈ PK:∣∣−rṙ(s)− 4|B|2W2ωRNr
2
−ϵ

2
∣∣ ≤ DPKϵ

4 log
(
ϵ−1
)
, (4.5.3)∣∣∣q0Ã(s)− q0ÃRN,∞

∣∣∣ ≤ DPKϵ
2, (4.5.4)

|Q(s)−Q∞| ≤ DPKϵ
2 log

(
ϵ−1
)
. (4.5.5)

Using these, and recalling that ωRN = |q0ÃRN,∞|, we define the quantities ωK and ξK by

ωK := |q0Ã|(sPK) = ωRN +O(ϵ2), (4.5.6)

ξK := ωK

(
− d

ds

r2

r2−ϵ
2

)−1

(sPK) =
1

8|B|2W2
+O(ϵ2 log

(
ϵ−1
)
). (4.5.7)

For the scalar field ϕ, there will exist coefficients CJK(ϵ) and CY K(ϵ) obeying, for CJ(ϵ) and

CY (ϵ) as in Proposition 4.4.5, the estimates |CJK(ϵ)−CJ(ϵ)|+ |CY K(ϵ)−CY (ϵ)| ≤ DPKϵ
2 log

(
ϵ−1
)
,

such that for all s ∈ PK:∣∣∣∣ϕ(s)− (CJK(ϵ)J0

(
ξKr

2(s)

r2−ϵ
2

)
+ CY K(ϵ)Y0

(
ξKr

2(s)

r2−ϵ
2

))∣∣∣∣ ≤ DPKϵ
2 log

(
ϵ−1
)
, (4.5.8)
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∣∣∣∣ϕ̇(s)− ωK

(
CJK(ϵ)J1

(
ξKr

2(s)

r2−ϵ
2

)
+ CY K(ϵ)Y1

(
ξKr

2(s)

r2−ϵ
2

))∣∣∣∣ ≤ DPKϵ
2 log

(
ϵ−1
)
. (4.5.9)

Moreover, the following upper bounds for ϕ and ϕ̇ are satisfied for all s ∈ PK:

|ϕ(s)| ≤ 100W−1

(
1 + log

(
8|B|2W2r2−ϵ

2

r2

))
, (4.5.10)

|ϕ̇| ≤ 100ωRN ·
8|B|2Wr2−ϵ

2

r2
. (4.5.11)

Remark. Both the statement and the proof of Proposition 4.5.1 will show large similarities to

Proposition 4.4.1 in Section 4.4. One notes, however, that, in order to obtain the necessary error

estimates, such as those of Lemma 4.5.2, the quantities ξ0 and ω0, which are defined as the values

of certain quantities evaluated at s = sO, to the quantities ξK and ωK , which are the values of the

same quantities but evaluated at s = sPK instead.

4.5.2 Proof of Proposition 4.5.1

We often make reference to the following four bootstrap assumptions in the region PK.

Ω2 ≤ α− exp
(
−50δ0ϵ

−2
)
, (PK1)

|ϕ| ≤ 100W−1

(
1 + log

(
8|B|2W2r2−ϵ

2

r2

))
, (PK2)

|ϕ̇| ≤ 100ωRN ·
8|B|2Wr2−ϵ

2

r2
, (PK3)

|Q| ≤ 2|e|. (PK4)

From Corollary 4.4.2 and Lemma 4.4.7, it follows that that the bootstraps (PK2), (PK3), (PK4)

hold in a neighborhood of s = sPK . On the other hand, (PK1) holds in a neighborhood of s = sPK

due to (4.4.5) and (4.4.12): note that, for ϵ chosen sufficiently small, using (4.5.1) and (4.4.12), we

have

K−sPK ≤ −2|K−|
ωRN

1

32|B|2W2
ϵ−2 ≤ − 1

32|B|2W4
ϵ−2 < −51δ0ϵ

−2. (4.5.12)

We now proceed in largely the same manner as in the region O. Always assuming the bootstraps,

we begin as in Section 4.4.1 with some preliminary estimates on −rṙ and Ã, then as in Section 4.4.2

we use these together with the equation (2.4.31) written in Bessel-like form to find precise asymp-

totics for the scalar field ϕ. Finally one concludes using these Bessel asymptotics to close estimates

for Q and Ω2 as in Section 4.4.3. We shall aim to be rather terse, as modifications from the analysis

of the region O are generally minor.

Before proceeding, we briefly address how to deal with the difficulty 2 mentioned in Section 4.5.1.

The idea is that the new bootstrap (PK1) now means the smallness of Ω2 dominates by powers of
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r−1, since r−1 ≲ e−δ0ϵ
−2 in the region under consideration. For instance, consider the following

expression arising in (2.4.25); in light of the bootstrap assumptions (PK1)–(PK4), one estimates

Ω2

4

(
Q2

r2
+m2r2|ϕ|2

)
≲ e−48δ0ϵ−2

.

We now proceed with the proof in a series of lemmas similar to those of Section 4.4. As in that

section, it is convenient to define PKboot as the connected component of the set {s ∈ PK : s ≤
ϵ−4, (PK1)–(PK4) apply} such that sPK ∈ PKboot. Then we have the following.

Lemma 4.5.2. For s ∈ PKboot, one finds∣∣∣∣ dds(−rṙ)(s)
∣∣∣∣+ |−rṙ(s) + rṙ(sPK)| ≤ DPKe

−40δ0ϵ−2
, (4.5.13)

|q0Ã(s)− q0Ã(sPK)| ≤ DPKe
−40δ0ϵ−2

. (4.5.14)

Further, (4.5.3) and (4.5.4) hold. Moreover, letting x(s) = r2(s)
r2−ϵ

2 , one finds that

d

dx

(
x
dϕ

dx

)
+ ξ2Kxf = Eϕ, (4.5.15)

where the error term Eϕ is bounded by

|Eϕ(s)| ≤ DPKe
−30δ0ϵ−2

.

Proof. The proof is almost identical to that of Lemma 4.4.3 and 4.4.4, in light of the comments

above.

Lemma 4.5.3. Recalling x(s) = r2(s)
r2−ϵ

2 , let xPK = x(sPK), and define the coefficients CJK(ϵ) and

CY K(ϵ) via [
CJK(ϵ)

CY K(ϵ)

]
=

[
J0(ξKxPK) Y0(ξKxPK)

−ξKJ1(ξKxPK) −ξKY1(ξKxPK)

]−1 [
ϕ(xPK)
dϕ
dx (xPK)

]
. (4.5.16)

Then one has that |CJK(ϵ)− CJ(ϵ)|+ |CY K(ϵ)− CY (ϵ)| ≤ DPKϵ
2 log

(
ϵ−1
)
, and that, for x = x(s)

corresponding to s ∈ PKboot,

|ϕ(x)− CJK(ϵ)J0(ξKx)− CJK(ϵ)Y0(ξKx)| ≤ DPKe
−20δ0ϵ−2

, (4.5.17)∣∣∣∣dϕdx (s) + ξKCJK(ϵ)J1(ξKx) + ξKCY K(ϵ)Y1(ξKx)

∣∣∣∣ ≤ DPKe
−20δ0ϵ−2

. (4.5.18)

Proof. The idea is that in light of (4.5.15), we can use the equation (4.4.34) describing the solution

for the scalar field using the solution operator to the linear Bessel equation, just as in Proposition

4.4.5. To get improved error estimates, however, we evolve the system from x = xPK as opposed

to x = xB, hence the appearance of the updated Bessel coefficients CJK(ϵ) and CY K(ϵ) in (4.5.16).
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We first show these are close to the original coefficients as claimed; from Proposition 4.4.5, we

have [
ϕ(xPK)
dϕ
dx (xPK)

]
=

[
J0(ξ0xPK) Y0(ξ0xPK)

−ξ0J1(ξ0xPK) −ξ0Y1(ξ0xPK)

][
CJ(ϵ)

CY (ϵ)

]
+O(ϵ10).

Moreover, using xPK = 4|B|2W2, from (4.3.53) and Corollary 4.4.4, we know that ξ0xPK and

ξKxPK lie within the interval (14 , 1) and that |ξ0xPK − ξKxPK | ≲ ϵ25 ≲ ϵ2 log
(
ϵ−1
)
. Thus, since

the derivatives of Jν(z) and Yν(z) are bounded for 1/4 ≤ z ≤ 1, and |CJ(ϵ)|, |CY (ϵ)| ≲ 1, we can

modify the above formula to[
ϕ(xPK)
dϕ
dx (xPK)

]
=

[
J0(ξKxPK) Y0(ξKxPK)

−ξKJ1(ξKxPK) −ξKY1(ξKxPK)

][
CJ(ϵ)

CY (ϵ)

]
+O(ϵ2 log

(
ϵ−1
)
). (4.5.19)

Finally, since by Lemma A.0.5 the inverse matrix[
J0(ξKxPK) Y0(ξKxPK)

−ξKJ1(ξKxPK) −ξKY1(ξKxPK)

]−1

=
2

πxPK

[
−ξKY1(ξKxPK) −Y0(ξKxPK)
ξKJ1(ξKxPK) J0(ξKxPK)

]

has uniformly bounded entries, combining (4.5.19) with (4.5.16) shows, as claimed, the relation[
CJK(ϵ)

CY K(ϵ)

]
=

[
CJ(ϵ)

CY (ϵ)

]
+O(ϵ2 log

(
ϵ−1
)
).

The remainder of the proof is as in Proposition 4.4.5. Adopting the same notation from the

proof of this proposition, we record the analogue of (4.4.34) again here:[
ϕ
dϕ
dx

]
(x) = SξK (x;xPK)

[
ϕ
dϕ
dx

]
(xPK) +

∫ x

xPK

SξK (x; x̃)

[
0

1
x̃Eϕ(x̃)

]
dx̃. (4.5.20)

The first term on the right hand side will correspond to a solution of the linear Bessel equation

after a rescaling z = ξKx, just as before. Using once again part (1) of Corollary A.0.7 we see this

corresponds to the objects on the left hand sides of (4.5.17) and (4.5.18).

For the second term on the right hand side of (4.5.20), we once again appeal to part (2) of

Corollary A.0.7. From this corollary, the appearance of the operator SξK (x;xPK) will contribute at

worst an additional factor of x−1 ≤ ϵ2e2δ0ϵ
−2 in our l∞ estimates. Since the length of the integration

interval |x− xPK | ≤ xPK is uniformly bounded, (4.5.17) and (4.5.18) follow straightforwardly.

Completing the proof of Proposition 4.5.1. We are now in a position to close all the bootstraps and

complete the proof. We first use Lemma 4.5.3 to improve (PK2) and (PK3). We shall only show

the latter; the former follows in a similar fashion.

By Lemma 4.5.3 and the bounds on the coefficients in Proposition 4.4.5, within the region PKboot,

one has ∣∣∣∣dϕdx
∣∣∣∣ ≤ 2

√
πW−1 ξK · (|J1(ξKx)|+ |Y1(ξKx)|).
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In light of Facts A.0.1 and A.0.2, one may check that
∣∣∣dϕdx ∣∣∣ ≤ 4

√
πW−1x−1. Hence, using −dx

ds =

8|B|2W2ωRN + O(ϵ2 log
(
ϵ−1
)
) from Lemma 4.5.2, we improve (PK3). As mentioned, improving

(PK2) is similar.

We now move onto Q and Ω2. For Q(s), it remains to understand only how Q changes in the

region PK, in particular that it changes only by O(ϵ2 log
(
ϵ−1
)
). Looking at (2.4.28), we need to

study ∣∣∣∣∫ s

sPK

Ãq20r
2|ϕ|2(s′) ds′

∣∣∣∣ .
Now, we use (4.4.20) and (4.5.10) to estimate∣∣∣∣∫ s

sPK

Ãq20r
2|ϕ|2(s′) ds′

∣∣∣∣ ≲ ∫ s

sPK

ϵ2 · r2

r2−ϵ
2

(
1 +

∣∣∣∣log( ϵ2r2
)∣∣∣∣)2

(s′) ds′. (4.5.21)

Substituting x = r2

r2−ϵ
2 as usual, and noting that −dx

ds ∼ 1, we therefore see that

∣∣∣∣∫ s

sPK

Ãq20r
2|ϕ|2(s′) ds′

∣∣∣∣ ≲ ∫ 4|B|2W2

0
ϵ2x(1 + | log(x)|)2 dx ≲ ϵ2. (4.5.22)

Combined with (4.4.14), this will yield (4.5.5), and hence improve the bootstrap (PK4).

Last of all, for the quantity Ω2, we proceed using that the Raychaudhuri equation (2.4.21) implies

−Ω−2ṙ(s) is nonincreasing. Therefore, for s ∈ PKboot,

Ω2(s) ≤ Ω2(sPK)

−ṙ(sPK)
· (−ṙ(s)) = Ω2(sPK) ·

−rṙ(s)
−rṙ(sPK)

· r(sPK)
r(s)

.

Therefore, one applies (4.5.3) and (4.4.5), alongside r(sPK) = 2|B|Wr−ϵ and r(s) ≥ e−δ0ϵ
−2 for

s ∈ PK, to find

Ω2(s) ≤ (1 + 2DOϵ
2 log

(
ϵ−1
)
) · α−e

K−sPK · 2|B|Wr−ϵ · eδ0ϵ
−2
. (4.5.23)

By (4.5.12), this means that Ω2(s) ≤ α−e
−50δ0ϵ−2 ·(1+2DOϵ

2 log
(
ϵ−1
)
)2|B|Wr−ϵ. Thus, for ϵ chosen

sufficiently small, it is straightforward to bound the right hand side such that we improve the final

bootstrap (PK1). As a result, PKboot = PK, and the remaining assertions of Proposition 4.5.1 are

straightforward.

4.5.3 The onset of the Kasner-like geometry

Following the proof of Proposition 4.5.1, we mention a corollary of Proposition 4.5.1 that will be

important in later sections, and in interpreting the subset PK′ = K1 ∩PK = {2|B|Wϵ2r− ≥ r(s) ≥
e−δ0ϵ

−2
r−} as a genuine Kasner-like region. (Note that, for this step, we restrict to r(s) ≲ ϵ2r−

rather than r(s) ≲ ϵr− in order to ignore the O(1) terms in the Bessel function asymptotics.)
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Corollary 4.5.4. Consider the region s ∈ PK′ = {2|B|Wϵ2r− ≥ r(s) ≥ e−δ0ϵ
−2
r−}. In this region,

we have the following forms for (ϕ, ϕ̇), where c1 = 1 and c2 = 2π−1(γ − log 2) and γ ≈ 0.577 is the

Euler-Mascheroni constant.∣∣∣∣ϕ(s) + 2

π
CY K(ϵ) log

(
r2−ϵ

2

r2(s)ξK

)
− c1CJK(ϵ)− c2CY K(ϵ)

∣∣∣∣ ≤ DPKϵ
2 log

(
ϵ−1
)
, (4.5.24)

∣∣∣∣ϕ̇(s) + 2

π
CY K(ϵ)

r2−ωKϵ
2

r2(s)ξK

∣∣∣∣ ≤ DPKϵ
2 log

(
ϵ−1
)
. (4.5.25)

Next, recall the function Θ(ϵ) arising in (4.4.31). Then, defining Ψ(s) := r2ϕ̇
−rṙ (s) [see already

(4.6.1) in the next section], one finds that∣∣∣∣Ψ(s) +
2√
π
W−1 sin(Θ(ϵ))

∣∣∣∣ ≤ DPKϵ
2 log

(
ϵ−1
)
. (4.5.26)

Furthermore, if we let Ψi = Ψ(si), where r(si) = e−δ0ϵ
−2 , then for s ∈ PK′,

|Ψ(s)−Ψi| ≤ DPKr
2(s) log

(
ϵ−1
)
≤ D2

PKϵ
4 log

(
ϵ−1
)
. (4.5.27)

Finally, one obtains the following estimates for the lapse Ω2:∣∣∣∣∣ dds log Ω2(s)
d
ds log r(s)

−Ψ2
i + 1

∣∣∣∣∣ ≤ DPKϵ
4 log

(
ϵ−1
)
, (4.5.28)

∣∣∣∣∣log
[
Ω2(s)

(
r(s)

r−

)1−Ψ2
i

]
+

1

2
b−2
− ϵ−2

∣∣∣∣∣ ≤ DPK log
(
ϵ−1
)
. (4.5.29)

Proof. The equations (4.5.24) and (4.5.25) follow immediately from (4.5.8), (4.5.9) and the Bessel

function asymptotics in Facts A.0.1 and A.0.2. Indeed, by restricting r(s) ≤ 2|B|Wϵ2r−, we guar-

antee that
ξKr

2(s)

r2−ϵ
2

≤ ϵ2,

hence Facts A.0.1 and A.0.2 guarantee that∣∣∣∣J0(ξKr2(s)r2−ϵ
2

)
− 1

∣∣∣∣ ≲ ϵ4,

∣∣∣∣J1(ξKr2(s)r2−ϵ
2

)∣∣∣∣ ≲ ϵ2,

∣∣∣∣Y0(ξKr2(s)r2−ϵ
2

)
+

2

π
log

r2−ϵ
2

ξKr2(s)
− 2

π
(γ − log 2)

∣∣∣∣
≲ ϵ4,

∣∣∣∣Y1(ξKr2(s)r2−ϵ
2

)
+

2

π

r2−ϵ
2

ξKr2(s)

∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
.

Substituting these into (4.5.8) and (4.5.9), we get (4.5.24) and (4.5.25) with c1 = 1 and c2 =

2π−1(γ − log 2).
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Next, combining (4.5.25) with the estimates (4.5.6) and (4.5.7) it is straightforward to get∣∣∣r2ϕ̇(s) + 16π−1CY K(ϵ)|B|2W2ωRNr
2
−ϵ

2
∣∣∣ ≲ ϵ4 log

(
ϵ−1
)
. (4.5.30)

Hence from (4.5.3) we find that

∣∣Ψ(s) + 4π−1CY K(ϵ)
∣∣ = ∣∣∣∣∣ r2ϕ̇(s)−rṙ(s)

+ 4π−1CY K(ϵ)

∣∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)
, (4.5.31)

thus (4.5.26) follows from |CY K(ϵ)− CY (ϵ)| ≲ ϵ2 log
(
ϵ−1
)

and (4.4.30).

To get (4.5.27), note that (4.5.25) will also yield |r2ϕ̇(s)− r2ϕ̇(si)| ≲ ϵ2 log
(
ϵ−1
)
r2(s), while we

also know from (4.5.13) that | − rṙ(s)+rṙ(si)| ≲ e−40δ0ϵ−2
≲ ϵ2 log

(
ϵ−1
)
r2(s) changes little in the

region PK. Since −rṙ(s) ∼ ϵ2 by (4.5.3), the computation∣∣∣∣∣ r2ϕ̇−rṙ
(s)− r2ϕ̇

−rṙ
(si)

∣∣∣∣∣ ≲ 1

−rṙ(s)
·
[
|r2ϕ̇(s)− r2ϕ̇(si)|+ | − rṙ(s) + rṙ(si)|

]
,

together with r(s) ≲ ϵ2 for s ∈ PK′, yields (4.5.27).

We now move on to the estimate (4.5.28) for the derivative of Ω2(s). We proceed here using the

Raychaudhuri equation in the form (2.4.23), which after multiplying by r(s)(ṙ(s))−2 gives

r

ṙ

d

ds
log Ω2 − rr̈

ṙ2
− r2ϕ̇2

ṙ2
=
r2|Ã|2q20|ϕ|2

ṙ2
.

Using (2.4.24) to substitute for r̈, and noticing that the rightmost term on the left hand side is

exactly Ψ2, one finds

r

ṙ

d

ds
log Ω2 + 1−Ψ2 = (−rṙ)−2

[
r4Ã2q20|ϕ|2 +

Ω2

4

(
Q2 − r2 + r4Λ + r4m2|ϕ|2

)]
.

From Proposition 4.5.1 and (4.5.24), the right hand side of this is bounded by a multiple of

ϵ−4(r2 log
(

1
r2

)
)2 ≲ ϵ4 log

(
ϵ−1
)
, so that if we also use (4.5.27), then we get (4.5.28) as required.

Finally, for (4.5.29), one would like to integrate (4.5.28). However, one needs to first estimate

Ω2(sK1), where s = sK1 is such that r(sK1) = 2|B|Wϵ2r− (corresponding to the past boundary

of PK′). For this purpose, one finds exactly as in the proof of Proposition 4.4.113 that, for s ∈
O ∪ (PK \ PK′) = {sO ≤ s ≤ sK1},∣∣∣∣ dds log Ω2(s)− 2K−

∣∣∣∣ ≲ ϵ2[log
(
ϵ−1
)
+ r−2(s)]. (4.5.32)

Integrating this for s ∈ O ∪ (PK \ PK′), using that the length of the integration interval is of

O(ϵ−2), one gets ∣∣log Ω2(sK1)− 2K−sK1

∣∣ ≲ log
(
ϵ−1
)
+ | log Ω2(sO)| ≲ log

(
ϵ−1
)
.

13We need to extend from r(s) ≳ ϵ to r(s) ≳ ϵ2, but the proof still applies as we only needed | log(r/r−)| ≲ log
(
ϵ−1
)
.
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We also need to estimate the expression 2K−sK1 . This follows from an identical computation to

that of sPK as in (4.4.12), and one finds that

2K−sK1 = − |2K−|
8|B|2W2ωRN ϵ2

+O(log
(
ϵ−1
)
) = −1

2
b2−ϵ

−2 +O(log
(
ϵ−1
)
).

Since r(sK1
)

r−
∼ ϵ2, so that additional factors of log

(
r(sK1

)

r−

)
may be added, we arrive at∣∣∣∣∣log

[
Ω2(sK1)

(
r(sK1)

r−

)1−Ψ2
i

]
+

1

2
b2−ϵ

−2

∣∣∣∣∣ ≲ log
(
ϵ−1
)
. (4.5.33)

Finally, we rewrite (4.5.28) as∣∣∣∣∣ dds log
[
Ω2(s)

(
r(s)

r−

)1−Ψ2
i

]∣∣∣∣∣ ≲ ϵ2 log
(
ϵ−1
)−ṙ(s)
r(s)

.

Integrating this for s ∈ PK′, and using (4.5.33) to estimate the boundary term at s = sK1 , we find

(4.5.29).

4.6 Construction of the sets Eη and E ′
η,σ for further quantitative

estimates

So far, we have a description of the hairy black hole interior up to the region PK, where s ≈
(8|B|2W2ωRN ϵ

2)−1 and r(s) ≥ exp
(
−δ0ϵ−2

)
r−. These estimates hold for 0 < ϵ ≤ ϵ0, where

ϵ0(M, e,Λ,m2, q0) > 0 is taken sufficiently small, and δ0 is a fixed quantity determined by (4.5.1).

In particular, up to this point, we have placed no restriction on the value of ϵ, other than its

smallness.

However, within the present article, to proceed further we will need to restrict attention to

a smaller subset of values of ϵ verifying a certain condition. We define the following important

quantity:

Ψ :=
r2ϕ̇

−rṙ
= −rdϕ

dr
. (4.6.1)

Then the precise condition on ϵ we shall use is that

|Ψi| := |Ψ(si)| ≥ η > 0, (†)

where si marks the end of the region PK, i.e. r(si) = e−δ0ϵ
−2
r−, and η > 0 is an arbitrary small

constant. Before using (†) to analyse the spacetime beyond PK in Section 4.7, we first quantitatively

characterize the set of ϵ for which a condition such as (†) holds. In light of Corollary 4.5.4, we are

required to study the quantity Θ(ϵ) defined in (4.4.31).



172

4.6.1 Improved estimates on Θ(ϵ)

From Proposition 4.3.5, Θ(ϵ) is identified to have the following dependence on ϵ:

Θ(ϵ) =
1

8|B|2W2ϵ2
+O(log

(
ϵ−1
)
). (4.6.2)

However, the O(log
(
ϵ−1
)
) error prevents us from having any quantitative control on quantities such

as sin(Θ(ϵ)), i.e. given only the above expression, for any fixed η > 0, if | · | denotes Lebesgue

measure, the limiting density

lim sup
ϵ0→0

ϵ−1
0 |{ϵ ∈ (0, ϵ0] : | sin(Θ(ϵ))| > η}|

could be arbitrarily small, or even vanish asymptotically.

To overcome this issue, we instead consider the quantity:

d

dϵ
Θ(ϵ) =

(
∂

∂ϵ
+
d sO(ϵ)

dϵ

∂

∂s

)(
|q0Ã|(s) · r2(s) ·

(
− d

ds
r2(s)

)−1

+ ωRNs

)
, (4.6.3)

where to make sense of the right hand side, we now interpret f(s) ∈
{r(s), log Ω2(s), Q(s), Ã(s), ϕ(s), ϕ̇(s)} as (smooth) functions of ϵ as well as s.

Denoting the ϵ-derivatives by using a subscript, i.e. fϵ = ∂
∂ϵf , while still using ḟ = ∂

∂sf to denote

s-derivatives, we shall take an ϵ-derivative of the system (2.4.21)–(2.4.31) to find a system of linear

evolution equations for the quantities fϵ(s). For instance, the ϵ-derivative of (2.4.29) is

˙̃Aϵ = − Ω2

4r2

(
Qϵ +Q(log Ω2)ϵ −

2Qrϵ
r

)
,

while the corresponding evolution equations for the other linearized quantities are more complicated

and will not be written explicitly. We can also perform this linearization for the difference quantities

δϕϵ =
∂

∂ϵ
(ϕ(s)− ϕL(s)) , δϕ̇ϵ =

∂

∂s
δϕϵ.

Along with the evolution equations, one must pose data for the quantities fϵ(s) in the s→ −∞
limit. For this purpose, one should return to the 1 + 1-dimensional formulation of the problem in

the regular (U, V ) coordinates as in Section 2.4.1, and take the appropriate ϵ-derivatives there. The

correct asymptotic data is

lim
s→−∞

rϵ(s) = 0, lim
s→−∞

Qϵ(s) = 0, lim
s→−∞

ϕϵ = 1, (4.6.4)

lim
s→−∞

(log Ω2)ϵ = lim
s→−∞

d

ds
(log Ω2)ϵ = 0, (4.6.5)

lim
s→−∞

Ω−2Ãϵ(s) = 0, (4.6.6)

lim
s→−∞

4Ω−2ṙϵ(s) =
2r+m

2ϵ

2K+
, (4.6.7)

lim
s→−∞

Ω−2ϕ̇ϵ = β+. (4.6.8)
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The plan is now to use a similar procedure to Section 4.3 to find sufficiently strong estimates

for the quantities fϵ ∈ {rϵ, (log Ω2)ϵ, Qϵ, Ãϵ, ϕϵ} up to the late blue shift region LB, where we have

nontrivial overlap with the oscillatory region O, and compute d
dϵΘ(ϵ). The most crucial estimate

will be to determine that ṙϵ is comparable to ϵ.

Proposition 4.6.1. For s ∈ EB ∪ LB = {S ≤ s ≤ ∆Bϵ
−1}, there exists some constant

DLE(M, e,Λ,m2, q0) such that:

|ṙϵ|+ s−1|rϵ| ≤ DLEϵ, (4.6.9)∣∣∣∣ dds(log Ω2)ϵ

∣∣∣∣+ s−1|(log Ω2)ϵ| ≤ DLEϵs, (4.6.10)

|Ãϵ|+ s−1|Qϵ| ≤ DLEϵ, (4.6.11)

|ϕ̇ϵ|+ |ϕϵ| ≤ DLE , (4.6.12)

|δϕ̇ϵ|+ |δϕϵ| ≤ DLEϵ
2s. (4.6.13)

Furthermore, we have the more precise estimate for sO = 50slin ≤ s ≤ ∆Bϵ
−1:∣∣−ṙϵ(s)− 8|B|2W2ωRNr−ϵ

∣∣ ≤ DLEϵ
3s. (4.6.14)

Corollary 4.6.2. Consider the expression (4.6.3). Then∣∣∣∣ ddϵΘ(ϵ) +
1

4|B|2W2ϵ3

∣∣∣∣ ≤ DLEϵ
−1 log

(
ϵ−1
)
. (4.6.15)

Proof of Corollary 4.6.2 given Proposition 4.6.1. First consider the ∂
∂s derivative in (4.6.3). One

checks from (2.4.25), (2.4.29) and Proposition 4.3.5, that one has∣∣∣∣∣ ∂∂s
(
|q0Ã|(s) · r2(s) ·

(
− d

ds
r2(s)

)−1

+ ωRNs

)∣∣∣∣∣ ≲ ϵ−4Ω2 · (1 + |ϕ|2) + |ωRN − |q0Ã|| ≲ ϵ2

where the final step follows from Ω2 ≲ ϵ100 at s = sO and Proposition 4.3.5. Hence even with the
dsO
dϵ ∼ ϵ−1 factor in front, this term contributes at worst O(ϵ) and can be ignored.

The main term (4|B|2W2ϵ3)−1 on the left hand side of (4.6.15) comes from taking the ϵ-derivative

of
(
− d
dsr

2(s)
)−1. Indeed, the expression that arises from this is

I = |q0Ã|(s) · r2(s) ·
(
− d

ds
r2(s)

)−2

· 2(rϵ(s)ṙ(s) + r(s)ṙϵ(s)).

Using Propositions 4.3.5 and 4.6.1, particularly (4.6.14), we can evaluate (note ṙ(s)rϵ(s) = O(ϵ3s)

is treated as part of the error):

I =
ωRNr

2
−

(8|B|2W2r2−ωRN ϵ
2)2

· 2(−8|B|2W2ωRNr
2
−ϵ) +O(ϵ−1 log

(
ϵ−1
)
)

= − 1

4|B|2W2ϵ3
+O(ϵ−1 log

(
ϵ−1
)
).
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Therefore, the ϵ-derivative on the left hand side of (4.6.15) can be evaluated using Proposi-

tion 4.6.1 as:

I + (|q0Ã|ϵ(s)r2(s) + 2|q0Ã|(s)r(s)rϵ(s)) ·
(
− d

ds
r2(s)

)−1

= − 1

4|B|2W2ϵ3
+O(ϵ−1 log

(
ϵ−1
)
),

completing the proof of the corollary.

Proof of Proposition 4.6.1. The first step will be to find the upper bounds. For this purpose, we

will have to write out the full linear system of ODEs, however, as mentioned previously, this would

be cumbersome, and we therefore only include upper bounds for |ḟϵ|, often using that r ∼ 1,−ṙ ≲
1, |ϕ| ≲ ϵ, |ϕ̇| ≲ ϵ,Q ∼ 1 and Ã ≲ 1 within this region. Differentiating (2.4.24)–(2.4.30) in ϵ, the

appropriate inequalities and equations are:

|r̈ϵ| ≲ Ω2(|rϵ|+ |(log Ω2)ϵ|+ |Qϵ|) + (−ṙ)(|rϵ|+ |ṙϵ|) + Ω2|ϕϕϵ|, (4.6.16)∣∣∣∣ d2ds2 (log Ω2)ϵ

∣∣∣∣ ≲ Ω2(|rϵ|+ |(log Ω2)ϵ|+ |Qϵ|)+(−ṙ)(|rϵ|+ |ṙϵ|)+ |Ã||ϕϕϵ|+ |ϕ̇ϕ̇ϵ|+ |Ãϵ||ϕ|2, (4.6.17)

|Q̇ϵ| ≲ (|Ãϵ|+ |Ãrϵ|)|ϕ|2 + |Ãϕϕϵ|, (4.6.18)

| ˙̃Aϵ| ≲ Ω2(|rϵ|+ |(log Ω2)ϵ|+ |Qϵ|), (4.6.19)

ϕ̈ϵ = −2ṙϕ̇ϵ
r

− q20Ã
2ϕϵ−

m2Ω2

4
ϕϵ+Jϕ, |Jϕ| ≲ |ṙϵ− ṙrϵ||ϕ̇|+ |Ãϵ||ϕ|+Ω2(log Ω2)ϵ|ϕ|. (4.6.20)

Note that, for the final equation (4.6.20), it is necessary to exactly keep the terms corresponding

to ϕ being a solution of the linear charged scalar wave equation. We now proceed through the

regions R, N , EB and LB exactly as in Section 4.3.

Step 1: The redshift region R = {−∞ < s ≤ −∆R}

In this region, we consider the following bootstrap assumptions, which hold in a neighborhood of

s = −∞ by the asymptotic data above:

|rϵ|+ |ṙϵ|+ |(log Ω2)ϵ|+ |Qϵ|+ |Ω−2Ãϵ| ≤ ϵ, (4.6.21)

|ϕϵ|+ |ϕ̇ϵ| ≤ 2. (4.6.22)

Note that by Proposition 4.3.1, we know already that −ṙ, |Ã| ≲ Ω2 and |ϕ|, |ϕ̇| ≲ ϵ, so given

these bootstrap assumptions and the inequality (4.3.8) we may simply integrate up the equations

(4.6.16)–(4.6.20) to get

|rϵ|+ |ṙϵ|+ |(log Ω2)ϵ|+
∣∣∣∣ dds(log Ω2)ϵ

∣∣∣∣+ |Qϵ|+ |Ω−2Ãϵ| ≲ ϵΩ2, (4.6.23)

|ϕϵ − 1|+ |ϕ̇ϵ| ≲ Ω2. (4.6.24)
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(Recall that the asymptotic data for rϵ, ṙϵ, log Ω2
ϵ and Qϵ is 0.) Hence with a choice of ∆R large

enough, the bootstraps are easily improved.

Step 2: The no-shift region N = {−∆R ≤ s ≤ S}

Since we are integrating only in a finite s-region, the no-shift region is easily dealt with using

Grönwall. To do this, let Xϵ and Φϵ denote the tuples:

Xϵ =

(
rϵ, ṙϵ, (log Ω

2)ϵ,
d

ds
(log Ω2)ϵ, Qϵ, Ãϵ

)
, Φϵ = (ϕϵ, ϕ̇ϵ),

then in light of Proposition 4.3.2, the system (4.6.16)–(4.6.20) can be translated into

|Ẋϵ| ≲ |Xϵ|+ ϵ|Φϵ|, |Φ̇ϵ| ≲ |Φϵ|+ ϵ|Xϵ|.

Hence a straightforward use of Grönwall in the bounded s-region s ∈ [−∆R, S] yields

sup
s∈N

|Xϵ|(s) ≲ |Xϵ|(−∆R) + ϵ sup
s∈N

|Φϵ|(s) ≲ |Xϵ|(−∆R) + ϵ|Φϵ|(−∆R) + ϵ2 sup
s∈N

|Xϵ|(s)

So, for ϵ sufficiently small, we absorb the rightmost term into the left hand side, and repeat the

argument for Φϵ(s), to derive that

sup
s∈N

|Xϵ|(s) ≲ |Xϵ|(−∆R) + ϵ|Φϵ|(−∆R),

sup
s∈N

|Φϵ|(s) ≲ |Φϵ|(−∆R) + ϵ|Xϵ|(−∆R).

Inserting our bounds from the red-shift region R, there exists DNE(M, e,Λ,m2, q0) such that,

for all s ∈ N ,

|Xϵ|(s) ≤ DNEϵ, |Φϵ|(s) ≤ DNE . (4.6.25)

Step 3: Upper bounds in the blue shift regions EB ∪ LB = {S ≤ s ≤ ∆Bϵ
−1}.

This step will be much simpler than the corresponding nonlinear estimates in Sections 4.3.2 and

4.3.3. We use the bootstrap assumptions:

|ṙϵ| ≤ 10DNEϵ, (4.6.26)

|(log Ω2)ϵ| ≤ 10DNEϵs
3, (4.6.27)

|Qϵ| ≤ 10DNEϵs
2. (4.6.28)

Note that the first of these trivially implies |rϵ| ≤ 10DNEϵs. Then integration of (4.6.19) gives that

|Ãϵ| ≲ DNEϵ.

We next use these bootstraps to estimate ϕϵ and ϕ̇ϵ. Note that the expression Jϕ in (4.6.20) now

obeys the estimate |Jϕ| ≲ DNEϵ
2. We now follow the proof of Proposition 4.3.4 and consider the

quantity

H(ϵ) = r4ϕ̇2ϵ + r4q20|Ã|2ϕ2ϵ .
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Completely analogously to before, one finds that

Ḣ(ϵ) ≲ Ω2H(ϵ) + |Jϕ||ϕ̇| ≲ Ω2H(ϵ) +DNEϵ
2
√
H(ϵ).

So, as
∫ ∆Bϵ

−1

S Ω2(s̃) ds̃ ≲ 1, one can apply Grönwall to the quantity
√
H(ϵ) to yield√

H(ϵ)(s) ≲
√
H(ϵ)(S) +DNEϵ

2s ≲ |ϕϵ|(S) + |ϕ̇ϵ|(S) +DNEϵ
2s ≲ DNE .

Since H(ϵ) ∼ ϕ2ϵ + ϕ̇2ϵ , one gets the estimate (4.6.12).

The next step is to integrate (4.6.16). Note that, by Propositions 4.3.4 and 4.3.5, we have

−ṙ ≲ max{Ω2, ϵ2}, |ϕ| ≲ ϵ and Ω2 ≲ e2K−s, so

|ṙϵ| ≤ DNEϵ+ CDNE

∫ ∆Bϵ
−1

S
(e2K−s′s′3ϵ+ ϵ3s′) ds′ ≤ 2DNEϵ,

where C is a constant independent of ϵ and DNE . For the second inequality above, note that

evaluating the integral gives a quantity bounded by a multiple of ϵ(e2K−SS3 + ∆2
B), hence the

inequality follows for S chosen sufficiently large and ∆B chosen sufficiently small. This improves

(4.6.26) and in fact yields (4.6.9) after a further integration.

The estimates (4.6.10) and (4.6.11) then follow from integration of (4.6.17), (4.6.18) and (4.6.19),

and this also improves the remaining two bootstrap assumptions.

Step 4: Precise bounds for the scalar field

We now move onto the estimate (4.6.13). Note that δϕϵ = ϕϵ − (ϕL)ϵ, but recall that since ϕL is

the exactly the solution to the linear charged wave equation in a Reissner-Nördstrom background

having initial data lims→−∞ ϕL = ϵ, it is clear that (ϕL)ϵ is exactly the solution to the linear charged

wave equation in Reissner-Nördstrom with lims→−∞(ϕL)ϵ(s) = 1. Namely, we have

(ϕ̈L)ϵ = −2ṙRN (ϕ̇L)ϵ
rRN

− q20Ã
2
RN (ϕL)ϵ −

m2Ω2
RN

4
(ϕL)ϵ.

Hence subtracting this equation from (4.6.20), and using both the estimates of Section 4.3 and

earlier within the proof of this proposition, one finds

δϕ̇ϵ = −2ṙδϕ̇ϵ
r

− q20Ã
2δϕ− m2Ω2

4
δϕϵ + Jϕ + J̃ϕ, (4.6.29)

where Jϕ is as in (4.6.20), J̃ϕ arises from taking the differences of r, ṙ, Ã,Ω2 from their Reissner-

Nordström quantities, and one gets the estimate

|Jϕ(s)|+ |J̃ϕ(s)| ≲

ϵ2Ω2 for s ∈ R,

ϵ2 for s ∈ N ∪ EB ∪ LB.

We now proceed in the usual way using the quantity

H̃(ϵ) = r4|δϕ̇ϵ|2 + r4q20|Ã|2|δϕϵ|2.
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Then by using the equation (4.6.29), one finds that for all s ∈ R ∪N ∪ EB ∪ LB, we get

d

ds
H̃(ϵ) ≲ Ω2H̃(ϵ) + (|Jϕ|+ |J̃ϕ|)

√
H̃(ϵ).

Using now the fact that lims→−∞ H̃(ϵ)(s) = 0 and
∫ ∆Bϵ

−1

−∞ Ω2 is uniformly bounded in ϵ, Grönwall

applied to this differential inequality gives:√
H̃(ϵ) ≲

∫ ∆Bϵ
−1

−∞
(|Jϕ(s̃)|+ |J̃ϕ(s̃)|) ds̃ ≲ ϵ2s. (4.6.30)

This of course will yield the estimate (4.6.13). Note that by Corollary 4.1.4, one then has for

s ∈ LB, ∣∣ϕϵ −BeiωRNs −Be−iωRNs
∣∣ ≲ ϵ2s, (4.6.31)∣∣∣ϕ̇ϵ − iωRNBe

iωRNs + iωRNBe
−iωRNs

∣∣∣ ≲ ϵ2s. (4.6.32)

Step 5: The precise estimate for ṙϵ

We finally move to the estimate (4.6.14). We now use the differentiated version of the Raychaudhuri

equation in the convenient form (2.4.23). We see that using (4.6.9), (4.6.10) and (4.6.11) we can

find
d

ds
(−ṙϵ)−

d

ds
log
(
Ω2
)
· (−ṙϵ) = 2r(ϕ̇ϕ̇ϵ + |Ã|2q20ϕϕϵ) + JΩ,

where the error JΩ satisfies |JΩ| ≲ ϵ3s.

Now we use (4.6.31), (4.6.32), alongside the estimates (4.3.35), (4.3.37), (4.3.42), to find further

that
d

ds
(−ṙϵ)− 2K−(−ṙϵ) = 8|B|2ω2

RNr−ϵ+ JΩ + J̃Ω,

where |J̃Ω| ≲ ϵ3s. We now use a standard integrating factor to integrate between slin and s ∈ LB,

yielding

−ṙϵ(s) = e2K−(s−slin)(−ṙϵ)(slin) +
∫ s

slin

e2K−(s−s′)(8|B|2ω2
RNr−ϵ+ JΩ(s

′) + J̃Ω(s
′)) ds′.

One may then simply compute the relevant integrals to find that∣∣∣∣−ṙϵ − 8|B|2ω2
RNr−ϵ

2K−

∣∣∣∣ ≲ ϵ−1Ω2 + ϵ3s.

But for s ≥ sO, we know Ω2 ≲ ϵ100, and (4.6.14) follows immediately.

4.6.2 The measure of the set Eη

We now use Proposition 4.6.1, or more precisely Corollary 4.6.2, to control the measure of the set

of values of ϵ such that condition (†) holds. Let ϵ0(M, e,Λ,m2, q0) > 0 be such that the results of

Section 4.5 hold for 0 < |ϵ| < ϵ0. Then we have the following corollary:
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Corollary 4.6.3. Let η > 0 be a sufficiently small constant. We define Eη to be the set of ϵ such

that the hairy black hole interior corresponding to ϕ = ϵ on H obeys the condition (†) at s = si:

Eη = {ϵ ∈ (0, ϵ0) : |Ψi| ≥ η}. (4.6.33)

Then the set Eη is non-empty, has 0 as a limit point, and we have the following upper bound for the

limiting density of values of ϵ violating (†): there exists some constant K such that

lim sup
ϵ̃↓0

ϵ̃−1|(0, ϵ̃) \ Eη| ≤ KWη. (4.6.34)

Proof. We will estimate the measure of the set Fη,ϵ̃ = (0, ϵ̃) \ Eη = {ϵ ∈ (0, ϵ̃) : |Ψi| < η}. We first

use Corollary 4.5.4 to change variable from ϵ to Θ̃ =Θ(ϵ). For ϵ0 and η sufficiently small,

|Fη,ϵ̃| =
∫ ϵ̃

0
1{|Ψi|<η} dϵ

≤
∫ ϵ̃

0
1{| sin(Θ(ϵ))|<

√
πWη} dϵ

=

∫ +∞

Θ(ϵ̃)
1{| sin Θ̃|<

√
πWη}

∣∣∣∣ ddϵΘ(ϵ)
∣∣∣
ϵ=Θ−1(Θ̃)

∣∣∣∣−1

dΘ̃.

We now apply Corollary 4.6.2 along with the previous estimate (4.6.2) for Θ(ϵ). This will yield:

d

dϵ
Θ(ϵ) = −4

√
2|B|WΘ(ϵ)3/2 +O(Θ1/2 logΘ). (4.6.35)

Combining with the above, we therefore see that

|Fη,ϵ̃| ≤
∫ +∞

Θ(ϵ̃)
1{| sin Θ̃|<

√
πWη}

1

4|B|W
Θ̃−3/2 dΘ̃.

To evaluate this integral, note that if η is taken sufficiently small, then the set {| sinΘ| <
√
πWη}

is simply a union of intervals of width 2
√
πWη +O(η2) and centered on the integer lattice πZ. So

the integral is akin to taking a discrete sum of the form
∑+∞

n=Θ(ϵ̃)
η

n3/2 , multiplied by appropriate

weights. Keeping only the weights |B| and W which depend on the background parameters, we

have

|Fη,ϵ̃| ≲ |B|−1Θ(ϵ̃)−1/2η ≲ Wηϵ̃, (4.6.36)

using (4.6.2) again in the last step. This yields (4.6.34), and the remainder of the corollary follows

easily.

Remark. Recalling Theorem 4.1.2, as well as studying the values of ϵ obeying (†), we also need to

investigate the measure of the set of values of ϵ obeying the ‘bounce’ condition η ≤ |Ψi| ≤ 1 − σ

or the ‘non-bounce’ condition |Ψi| ≥ 1 + σ. This can be done in the same way as the proof of

Corollary 4.6.3.
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4.7 Kasner regimes and bounces

Now, assuming the condition (†), i.e that ϵ lies in Eη as defined in Theorem 4.1.1, we will complete

the proof of Theorem 4.1.1. In particular, we claim there exists some ϵ0(η) > 0 depending on η

as well as the usual parameters M, e,Λ,m2, q0, such that if 0 < ϵ ≤ ϵ0 = ϵ0(η) and (†) holds,

then our corresponding hairy black hole interior contains a crushing spacelike singularity, with more

quantitative Kasner-like asymptotics to follow.

Firstly, we briefly describe the expected dynamics between the end of the region PK and the

eventual spacelike singularity at s = s∞. It turns out the intermediate dynamics will be highly

sensitive to the value of Ψ(si), often denoted as Ψi in the sequel, where Ψ(s) is given by (4.6.1).

Following the discussion of the introduction, particularly Section 4.2.4, if |Ψi| > 1, then the

region PK′ ⊂ PK (see Corollary 4.5.4) should already lie in a regime associated with positive

Kasner exponents. For ϵ sufficiently small, we will show that many of the estimates of Proposition

4.5.1 will persist all the way to the spacelike singularity {s = s∞}, meaning a single (stable) Kasner-

like regime.

On the other hand, if η ≤ |Ψi| < 1, then initially, the spacetime lies in a regime associated with

one negative and two positive Kasner exponents – known to be unstable in the cosmological setting.

In this case, we shall observe the aforementioned Kasner bounce phenomenon. In simplified terms,

between s = si and s = s∞, the quantity Ψ will invert from its initial value Ψi = Ψ(si) to a final

value Ψf ≈ Ψ−1
i satisfying |Ψf | > 1. The spacetime in turn evolves into a regime associated with

positive Kasner exponents, which in turn persists up to the singularity.

The cause and nature of such Kasner bounces, as well as why this allows for spacelike singularity

formation, will be the focus of this section. Denote by K the region {s ≥ si} = {s : r(s) ≤
e−δ0ϵ

−2
r−}. The section will be organized as follows:

• In Section 4.7.1, we give further background into why we distinguish between |Ψ| < 1 and

|Ψ| > 1, and hence the need to study Kasner bounces. We will also introduce new renormalized

quantities and the equations that they obey.

• In Section 4.7.2, we state the main Proposition 4.7.1 regarding the quantity Ψ in the region K.

We then state the main bootstrap assumptions used in this proof, and prove some preliminary

results used in the proof of Proposition 4.7.1.

• In Section 4.7.3, we provide the proof of Proposition 4.7.1. This will entail a detailed estimate

for all the error terms involved in deriving an ODE of the form (4.2.11). Once completed, this

proof shows that the spacetime will exist up to a spacelike singularity at some s = s∞ with

r(s∞) = 0.

• In Section 4.7.4, we apply our results regarding Ψ in Proposition 4.7.1 to find quantitative



180

estimates on geometric quantities such as Ω2. This will be crucial in showing quantitative

closeness to Kasner spacetimes in Section 4.8.

4.7.1 Background on Kasner bounces

In this section, we briefly explore the important role played by the quantity Ψ, and the differing

evolutionary dynamics that occur when |Ψi| = |Ψ(si)| is greater than or less than 1. The two key

equations are the evolution equation (2.4.25) for −rṙ and the Raychaudhuri equation (2.4.21). It

will be useful to rewrite (2.4.21) as an evolution equation for log
(
Ω2/(−ṙ)

)
, and express the first

term on the right hand side in terms of the quantity Ψ:

d

ds
log

(
Ω2

−ṙ

)
=
ṙ

r
Ψ2 +

r2

rṙ
|Ã|2q20|ϕ|2. (4.7.1)

Supposing for now that the rightmost term is integrable and small, one sees that the value of

Ψ2 determines the leading order behavior of Ω2 in r. Letting α2 = inf Ψ2 and β2 = supΨ2 in our

region of interest, integrating (4.7.1) gives:

Clowerr
β2 ≤ Ω2

−ṙ
≤ Cupperr

α2
. (4.7.2)

For this heuristic discussion, it is only important to note that Clower and Cupper are independent or

r, indeed the important feature will be the powers of r.

In light of (4.7.2), we turn to the evolution equation for −rṙ(s) written above. Inside a region

such as K where r is small, one expects that the dominant term on the right hand side is the term
Q2Ω2

4r2
, and (4.7.2) will yield upper and lower bounds of the form:

−Clowerrβ
2−2ṙ ≲ − d

ds
(−rṙ) ≲ −Cupperrα

2−2ṙ. (4.7.3)

Integrating this expression, and ignoring the degenerate case where α or β are equal to 1, we

have

|rβ2−1(s)− rβ
2−1(si)| ≲ rṙ(s)− rṙ(si) ≲ |rα2−1(s)− rα

2−1(si)|. (4.7.4)

We can therefore make two observations:

• If β < 1, then |r(s)β2−1 − r(si)
β2−1| is unbounded as r(s) → 0, which suggests that −rṙ is

unbounded. In fact, since this suggests rṙ(s) will at some point become positive, we have

somehow exited the trapped region. So something must have gone wrong, either in our a

priori assumptions or in assuming that β < 1. In our context, we shall show the latter issue

arises; there must be a ‘bounce’ which forces β ≥ 1.

• If α > 1, then |r(s)α2−1 − r(si)
α2−1| is bounded by a multiple of r(si)α

2−1, which in our case

has order of magnitude O(e−(α−1)δ0ϵ−2
) ≪ −rṙ(si). So −rṙ changes little from its value at
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s = si. The insight is that if Ψ(si) > 1 initially, then there is a hope of closing estimates in a

bootstrap argument, such that −rṙ only changes by this extremely small quantity, and thus

allows for formation of a spacelike singularity.

4.7.2 The bootstraps, preliminary estimates and statement of Proposition 4.7.1

In this section, we state and initiate the proof of Proposition 4.7.1. As well as asserting the eventual

formation of an r = 0 spacelike singularity, the key content of this proposition is that we can control

the quantity Ψ(s) via a certain nonlinear ODE – which, as we show in Section 4.7.4, in turn allows

us to control the other geometric quantities including Ω2(s).

Proposition 4.7.1. Fix some η ∈ R with 0 < η < min{1
2W, 14}. Then there exists some ϵ0(η) > 0

depending on η as well as the usual parameters M, e,Λ,m2, q0, such that if both

0 < ϵ ≤ ϵ0(η) and |Ψi| := |Ψ(si)| ≥ η, (∗)

then the solution of the system (2.4.21)–(2.4.31) exists in the interval s ∈ (−∞, s∞), with si <

s∞ < +∞ and r(s) → 0 as s → s∞. In fact, for s ∈ K = {s ≥ si : r(s) > 0}, one obtains the

following bounds on −rṙ(s).

−rṙ(s) ≥ 2|B|2W2r2−ωRNη
2ϵ2, −rṙ(s) ≤ 8|B|2W2r2−ωRN ϵ

2. (4.7.5)

Regarding the quantity Ψ defined in (4.6.1), there exists some constant

DK(η,M, e,Λ,m2, q0) > 0, a real number α = α(ϵ) and a function F(s) satisfying:

|α−Ψi| ≤ DK exp
(
−δ0ϵ−2

)
, |F(s)| ≤ DK exp

(
−δ0ϵ−2

)
r(s) = DKr−e

−δ0ϵ−2−R,

where we define R = log(r−/r(s)), so that Ψ = Ψ(R) satisfies the following ODE in the region K:

dΨ

dR
= −Ψ(Ψ− α)

(
Ψ− 1

α

)
+ F . (4.7.6)

Finally, one has the following upper and lower bounds for |Ψ(s)| for s ∈ K:

min{|Ψi|, |Ψ−1
i |} −DKe

−δ0ϵ−2 ≤ |Ψ(s)| ≤ max{|Ψi|, |Ψ−1
i |}+DKe

−δ0ϵ−2
. (4.7.7)

Remark. We use the same notationDK = DK(η,M, e,Λ,m2, q0) > 0 throughout the various lemmas

and propositions of Section 4.7. Note that it is possible to track the dependence of DK , and any

constants implied by the notation ≲, on η, and thereby strengthen the result from having a fixed η

in (∗) to allowing η = η(ϵ) to decay as ϵ → 0, for instance η = ϵ0.01. However, for the purpose of

simpler exposition, we do not pursue that here.
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The proof of Proposition 4.7.1 will be broken into several lemmas in Sections 4.7.2 and 4.7.3.

We first list the three main bootstrap assumptions of the region K:

|Ψ| ≤ 4η−1, (K1)

−rṙ(s) ≥ |B|2W2r2−ωRNη
2ϵ2, (K2)

|Q∞|
2

≤ |Q(s)| ≤ 2|Q∞|. (K3)

Here, Q∞ = Q∞(M, e,Λ) ̸= 0 is defined in (4.4.13); by Lemma 4.4.7, Q∞ lies strictly between

e/2 and e. In light of Proposition 4.5.1 and Corollary 4.5.4, these bootstrap assumptions hold in a

neighborhood of s = si.

In the remainder of Section 4.7.2, we state and prove two preliminary lemmas, the first of which

provides estimates for the Maxwell quantities Ã(s) and Q(s), as well as the scalar field ϕ(s). The

second lemma then produces a crucial lower bound for |Ψ| as well as a useful preliminary upper

bound on Ω2(s).

Lemma 4.7.2. Assuming the bootstraps (K1), (K2), (K3), we have the following preliminary esti-

mates on ϕ as well as the Maxwell quantities Q and Ã:

|ϕ(s)| ≤ 2η−1 log

(
8|B|2W2r2−ϵ

2

r2(s)

)
, (4.7.8)

|Q(s)−Q(si)| ≤ DK exp
(
−δ0ϵ−2

)
, (4.7.9)

||q0Ã|(s)− ωRN | ≤ DKϵ
2. (4.7.10)

In particular, using (4.7.9), we immediately improve the bootstrap assumption (K3).

Lemma 4.7.3. Assuming the bootstraps (K1), (K2), (K3), we have the following upper bound on

−rṙ and estimate on r2ϕ̇ which we use to get a corresponding lower bound on |Ψ|:

−rṙ(s) ≤ 4|B|2W2ωRNr
2
−ϵ

2 +DKϵ
4 log

(
ϵ−1
)
, (4.7.11)∣∣∣∣∣ r2ϕ̇(s)r2ϕ̇(si)

− 1

∣∣∣∣∣ ≤ DK exp
(
−δ0ϵ−2

)
, (4.7.12)

|Ψ| ≥ η −DK exp
(
−δ0ϵ−2

)
. (4.7.13)

In particular, Ψ will never vanish, and thus never change sign, in the region K. Moreover, we have

the following initial upper bound for Ω2(s):

Ω2

−ṙ
(s) ≤ Ω2

−ṙ
(si) ≤ exp

(
−50δ0ϵ

−2
)
. (4.7.14)
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Proof of Lemma 4.7.2. To prove the preliminary bound on ϕ, recall that we may rewrite Ψ as −r dϕdr .
So we use (K1) as follows:

|ϕ(s)− ϕ(si)| ≤
∫ r(si)

r(s)

|Ψ(r)|
r

dr ≤ 4η−1 log

(
r(si)

r(s)

)
≤ 2η−1 log

(
r2(si)

r2(s)

)
. (4.7.15)

But, from (4.5.24) in Corollary 4.5.4,

|ϕ(si)| ≤
2

π
CY K(ϵ)W−1 log

(
r2−ϵ

2

ξKr2(si)

)
+|c1CJK(ϵ)|+ |c2CY K(ϵ)|

≤ 2η−1 log

(
8|B|2W2r2−ϵ

2

r2(si)

)
. (4.7.16)

In the second step, we used |CY K(ϵ)|, |CJK(ϵ)| ≤
√
πW from Propositions 4.4.5 and 4.5.1, as well

as η < 1
2W and the definition (4.5.7). In particular, r(si) = e−δ0ϵ

−2 is small enough that the

contribution of |c1CJK(ϵ)| + |c2CY K(ϵ)| is negligible. Combining the two inequalities (4.7.15) and

(4.7.16) will clearly yield (4.7.8).

For the gauge field Ã(s), we use the following trick: For s ∈ K, we have r(s) ≤ exp
(
−δ0ϵ−2

)
r− ≤

min

{
|Q∞|
8 , 1

2
√

|Λ|

}
, and |m2r2|ϕ|2| < 1 via (4.7.8), so

Ω2

4
− Ω2Q2

4r2
− Ω2r2

4
(m2|ϕ|2 + Λ) ≤ −Ω2Q2

8r2
.

Thus, (2.4.25) tells us that −rṙ(s) is decreasing in K, and one further has a bound on the integral∫ s

si

Q2Ω2

4r2
(s̃) ds̃ ≤ −2rṙ(si). (4.7.17)

Hence, using the lower bound of (K3) once more, the equation (2.4.29) yields

|q0Ã(s)− q0Ã(si)| ≤
∫ s

si

|Q|Ω2

4r2
(s̃) ds̃ ≤ 2

|Q∞|

∫ s

si

Q2Ω2

4r2
(s̃) ds̃ ≤ −4rṙ(si)

|Q∞|
. (4.7.18)

Thus, (4.5.3) and (4.5.4) of Proposition 4.5.1 allows one to deduce (4.7.10).

To close the estimate on Q, we simply integrate (2.4.28):

|Q(s)−Q(si)| ≤
∫ s

si

q20|Ã|r2|ϕ|2(s̃) ds̃ ≲
∫ s

si

r2(s̃) log2
(
8|B|2W2r2−ϵ

2

r2(s̃)

)
ds̃. (4.7.19)

But in the region K, where r(s) ≤ e−δ0ϵ
−2
r− and the interval of integration has length |s − si| =

O(ϵ−2e−2δ0ϵ−2
) by (K2), it is straightforward to determine (4.7.9) and improve the bootstrap (K3).

Proof of Lemma 4.7.3. The first estimate (4.7.11) is immediate by monotonicity. Indeed, as argued

in the proof of Lemma 4.7.2, the quantity −rṙ(s) is decreasing in s. So the estimate (4.5.3) evaluated

at s = si yields (4.7.11).
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For the lower bound on |Ψ|, we first produce the estimate (4.7.12) regarding r2ϕ̇. Using the

monotonicity of −Ω−2ṙ(s) from the Raychaudhuri equation (2.4.21), and Proposition 4.5.1, we first

find the preliminary estimate

Ω2

−ṙ
(s) ≤ Ω2

−ṙ
(si) ≤

Ω2r(si)

−rṙ(si)
≲ exp

(
−50δ0ϵ

−2
)
· ϵ−2 exp

(
−δ0ϵ−2

)
≲ exp

(
−50δ0ϵ

−2
)
. (4.7.20)

This is (4.7.14), and we use this together with (4.7.11) and the conclusions of Lemma 4.7.2 to yield

from (2.4.31)∣∣∣∣ dds(r2ϕ̇)(s)
∣∣∣∣ ≲ exp

(
−δ0ϵ−2

)
· r(s) log

(
8|B|2W2r2−ϵ

2

r2(s)

)
≲ ϵ2 exp

(
−δ0ϵ−2

)
. (4.7.21)

Integrating this up, and using once again that the interval of integration has length bounded by

O(ϵ−2e−2δ0ϵ−2
), we therefore find that

|r2ϕ̇(s)− r2ϕ̇(si)| ≲ exp
(
−3δ0ϵ

−2
)
. (4.7.22)

Finally, since |Ψ(si)| ≥ η and −rṙ(si) is bounded below using (4.4.18), we have |r2ϕ̇(si)| = −rṙ(si) ·
|Ψ(si)| ≳ ϵ2. Combining this with (4.7.22) we obtain (4.7.12).

Therefore, for ϵ sufficiently small, we see that

|Ψ(s)| = −rṙ(si)
−rṙ(s)

· r
2ϕ̇(s)

r2ϕ̇(si)
· |Ψ(si)| ≥ η −DK exp

(
−δ0ϵ−2

)
. (4.7.23)

Here, we used (4.7.12) and that −rṙ(s) is decreasing for s ∈ K, as well as the original assumption

(∗).

4.7.3 The dynamical system for Ψ and the proof of Proposition 4.7.1

In this section, we complete the proof of Proposition 4.7.1. The main step will be to find the ODE

(4.7.6). For this purpose, we start with a lemma concerning the first and second derivatives of Ψ

with respect to the timelike variable r.

Lemma 4.7.4. Assume that the bootstraps (K1), (K2), (K3) hold. If E is defined such that

dΨ

dr
= Ψ

1

−rṙ
Ω2

−4ṙ

(
1− Q2

r2
−m2r2|ϕ|2 − r2Λ

)
+ E , (4.7.24)

then we have the following estimates in the region s ∈ K:

|E| ≤ DK exp
(
−2δ0ϵ

−2
)
· r,

∣∣∣∣dEdr
∣∣∣∣ ≤ DK exp

(
−2δ0ϵ

−2
)
· r−1. (4.7.25)

For the second derivative, if the error term F1 is defined such that

d2Ψ

dr2
− 2Ψ−1

(
dΨ

dr

)2

− Ψ2 − 2

r

dΨ

dr
= F1, (4.7.26)

then for s ∈ K, the expression F1 satisfies the following bound:

F1 ≤ DK exp
(
−2δ0ϵ

−2
)
r−1. (4.7.27)



185

Proof of Lemma 4.7.4. Assuming the bootstraps, the conclusions of Lemmas 4.7.2 and 4.7.3 will

hold. In light of (2.4.25) and (2.4.31), differentiating Ψ in the variable r one yields:

dΨ

dr
=

1

ṙ

dΨ

ds
= Ψ

1

−rṙ
Ω2

−4ṙ

(
1− Q2

r2
−m2r2|ϕ|2 − r2Λ

)
+ E , (4.7.28)

where the error E is given by

E :=
1

−rṙ
d

dr
(r2ϕ̇) =

1

−rṙ

(
q20|Ã|2r3ϕ

−rṙ
+
m2Ω2r2ϕ

−4ṙ

)
. (4.7.29)

We seek the estimates (4.7.25). Using Lemmas 4.7.2 and 4.7.3 together with (K2), it is straight-

forward to get

|E| ≲ ϵ−4r3 log

(
ϵ2

ξ∗r2

)
+ exp

(
−2δ0ϵ

−2
)
ϵ−2r2 log

(
ϵ2

ξ∗r2

)
≲ exp

(
−2δ0ϵ

−2
)
r. (4.7.30)

For the derivative estimate in (4.7.25), we simply differentiate the expression (4.7.29) term by

term. This is rather cumbersome, and we simplify the exposition by merely considering the new

multiplicative factors that arise when differentiating the various terms, noting that it is most crucial

to keep track of the additional powers of r−1 that arise:

(i) Differentiating (−rṙ)−1 in r will yield an extra multiplicative factor of

Ω2

−4ṙ

1

−rṙ

(
Q2

r2
+m2r2|ϕ|2 + r2Λ− 1

)
.

Since Q ̸= 0, this will contribute a multiplicative factor of r−2. Note that though one could

fear that additional powers of ϵ−1 will appear (e.g. in the −rṙ appearing in the denominator),

these will be negated by the smallness of Ω2

−ṙ , see (4.7.14).

(ii) Differentiating Ã in r will introduce a similar factor of

QΩ2

−4r2ṙ

which we treat in exactly the same way as (i).

(iii) Differentiating ϕ in r simply yields
dϕ

dr
= −Ψr−1,

so that in light of bootstrap (K1) providing an upper bound on |Ψ|, differentiating this term

contributes only one power of r−1.

(iv) Differentiating the Ω2

4ṙ in the second term of (4.7.29) introduces, by the Raychaudhuri equation

(4.7.1), an extra multiplicative factor of

r

ṙ2
(|ϕ̇|2 + q20|Ã|2ϕ2) =

Ψ2

r
+
r3q20|Ã|2ϕ2

(−rṙ)2
≤ Ψ2

r
+ 1,

where we used the bootstrap (K2) and Lemma 4.7.2. So differentiating this term contributes

at worst one power of r−1.
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(v) Finally, differentiating any powers of r that arise in (4.7.29) will trivially only lose one power

of r.

From (i)–(v) we get the estimate (4.7.25).

Due to (4.7.25), (4.7.8), (4.7.14) and the bootstrap assumptions, (4.7.24) yields the upper bound∣∣∣∣dΨdr
∣∣∣∣ ≤ DK exp

(
−50δ0ϵ

−2
)
r−2 +DK exp

(
−2δ0ϵ

−2
)
r ≤ DK exp

(
−5δ0ϵ

−2
)
r−2. (4.7.31)

We now treat the second derivative. We differentiate the expression (4.7.24) again in r, and find

d2Ψ

dr2
= Ψ−1

(
2
dΨ

dr
− E

)(
dΨ

dr
− E

)
+

(
dΨ

dr
− E

)(
Ψ2

r
+

r

ṙ2
q20|Ã|2ϕ2

)
(4.7.32)

+

(
dΨ

dr
− E

)
d

dr
log

∣∣∣∣1− Q2

r2
−m2r2ϕ2 − r2Λ

∣∣∣∣+ dE
dr
.

To explain the derivation of the equation (4.7.32), we take (4.7.24), subtract E from both sides, take

a logarithm, and then finally differentiate, to write

d

dr
log

∣∣∣∣dΨdr − E
∣∣∣∣ = d

dr

(
log |Ψ| − log(−rṙ) + log

(
Ω2

−4ṙ

)
+ log

∣∣∣∣1− Q2

r2
−m2r2ϕ2 − r2Λ

∣∣∣∣) ,
from which (4.7.32) follows after using the usual evolution equations (2.4.25) and (4.7.1).

We now wish to recover the ODE (4.7.26) along with (4.7.27) i.e. we just need to show that all

error terms present within (4.7.32) are bounded by exp
(
−δ0ϵ−2

)
r−1. This is mostly straightforward

by (4.7.25) and (4.7.31), with the most complicated term being the one involving the log.

Firstly, using (4.7.31) and (4.7.25) as well as the lower bound (4.7.13) for |Ψ|, we see that∣∣∣∣∣Ψ−1

(
2
dΨ

dr
− E

)(
dΨ

dr
− E

)
− 2Ψ−1

(
dΨ

dr

)2
∣∣∣∣∣ ≲ exp

(
−2δ0ϵ

−2
)
r−1. (4.7.33)

Next, note that by (4.7.11), (4.7.8) and (4.7.10), the expression involving ϕ2 can be bounded by

r

ṙ2
q20|Ã|2ϕ2 ≲ ϵ−4r3 log

(
r−1
)
≤ exp

(
−δ0ϵ−2

)
r2 ≤ exp

(
−2δ0ϵ

−2
)
r,

from which we may also deduce∣∣∣∣(dΨdr − E
)(

Ψ2

r
+

r

ṙ2
q20|Ã|2ϕ2

)
− Ψ2

r

dΨ

dr

∣∣∣∣ ≲ exp
(
−2δ0ϵ

−2
)
r−1. (4.7.34)

We now move onto the more tedious term involving d
dr log(· · ·). Computing the derivative using

the system of equations (2.4.21)–(2.4.31) one eventually finds

d

dr
log

∣∣∣∣1− Q2

r2
−m2r2ϕ2 − r2Λ

∣∣∣∣ = −2

r

1− f

1− g
,
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where the expressions f and g are given by

f =
r3

Q2

(
−QÃq

2
0ϕ

2

−ṙ
+m2rϕ2 −m2rϕΨ+ rΛ

)
,

g =
r2

Q2
· (1−m2r2ϕ2 − r2Λ).

Using the bootstraps along with Lemmas 4.7.2 and 4.7.3, it is straightforward to deduce that

|f |+ |g| ≲ r2. The conclusion of this computation is therefore that∣∣∣∣ ddr log
∣∣∣∣1− Q2

r2
−m2r2ϕ2

∣∣∣∣+ 2

r

∣∣∣∣ ≲ r, (4.7.35)

which along with (4.7.31) and (4.7.25) finally yields the required estimate∣∣∣∣(dΨdr − E
)
d

dr
log

∣∣∣∣1− Q2

r2
−m2r2ϕ2

∣∣∣∣+ 2

r

dΨ

dr

∣∣∣∣ ≲ exp
(
−2δ0ϵ

−2
)
r−1. (4.7.36)

The desired equation (4.7.26) is then found by combining the identity (4.7.32) with the estimates

(4.7.33), (4.7.34), (4.7.36) and (4.7.25) to get the required error term F1 satisfying (4.7.27).

We have now finished all the preparation for the proof of Proposition 4.7.1. Before turning to the

actual proof below, we first give a brief sketch for the benefit of the reader. After changing variables

to R = log(r−/r(s)), we may integrate up the second-order ODE (4.7.26) to derive a first-order

ODE of a similar form to (4.7.6). More precisely, one finds an equation of the form

−rdΨ
dr

=
dΨ

dR
= −Ψ(Ψ2 −KΨ+ 1) + error, (4.7.37)

where the expression K appearing here is a constant of integration. By evaluating (4.7.37) at s = si

we find that K ≈ Ψi +Ψ−1
i .

We treat (4.7.37) as a one-dimensional dynamical system for the unknown Ψ = Ψ(R), and

consider what happens as r → 0, i.e. R→ +∞. Assuming the error to be negligible, the dynamical

system (4.7.37) will prohibit Ψ from growing too large – in particular allowing us to improve the

bootstrap (K1). This, in turn, will allow us to improve the bootstrap (K2) due to the definition

of Ψ and the upper bound on r2ϕ̇ from (4.7.12). Recall also that bootstrap (K3) has already been

improved in Lemma 4.7.2.

Having improved all the bootstraps, the lower bound (K2) allows us to continue the solution all

the way to some s = s∞ with r(s∞) = 0. To obtain (4.7.6), we again integrate up the second-order

ODE (4.7.26), but by determining the constant of integration K teleologically at R = +∞ (i.e.

r → 0), we get the precise bound for the error term F as in Proposition 4.7.1.

Finally, some soft arguments using known upper and lower bounds for |Ψ| will allow us to

determine that K ≥ 2, so that, writing K = α + α−1, we get the required ODE (4.7.6). The

remaining assertions are then straightforward. We now make this argument precise.
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Proof of Proposition 4.7.1. Performing the change of variables R = log(r−/r(s)) = log r−− log r(s)

on (4.7.26), one finds the ODE

d2Ψ

dR2
− 2Ψ−1

(
dΨ

dR

)2

+ (Ψ2 − 1)
dΨ

dR
= r2F1. (4.7.38)

Multiplying by the integrating factor Ψ−2, we write the left hand side as a total derivative:

d

dR

(
Ψ−2dΨ

dR
+Ψ+

1

Ψ

)
= Ψ−2r2F1. (4.7.39)

Due to (4.7.13) and (4.7.27), the right hand side of (4.7.39) can be bounded by

4DKη
−2 exp

(
−2δ0ϵ

−2
)
r ≤ exp

(
−δ0ϵ−2

)
e−R. So this error is integrable as R → +∞, and we

proceed by integrating up (4.7.39).

For now, we can only integrate (4.7.39) in a finite bootstrap region; for R0 > Ri :=

log(r−/r(si)) = δ0ϵ
−2 lying in our bootstrap region, there exists a constant of integration KR0

and an error term FR0(R), such that, for R ∈ [Ri, R0], the following holds:

Ψ−2dΨ

dR
+Ψ−KR0 +

1

Ψ
= FR0(R). (4.7.40)

The choice of KR0 is made such that FR0(R0) = 0 and hence from the aforementioned bound on

F1, one has FR0(R) ≤ exp
(
−δ0ϵ−2

)
e−R. We also rewrite the above in the form

dΨ

dR
= −Ψ(Ψ2 −KR0Ψ+ 1) + Ψ2FR0 . (4.7.41)

In order to proceed, we must estimate the constant of integration KR0 . For this purpose, we

evaluate (4.7.40) at R = Ri, and then apply Proposition 4.5.1 ((4.5.2) specifically). This proposition,

together with (4.7.24), will give ∣∣∣∣Ψ−2dΨ

dR
(Ri)

∣∣∣∣ ≤ exp
(
−2δ0ϵ

−2
)
,

so that, when evaluating (4.7.40) at R = Ri, one finds the estimate∣∣∣∣KR0 −Ψi −
1

Ψi

∣∣∣∣ ≤ 2 exp
(
−2δ0ϵ

−2
)
. (4.7.42)

In particular, for ϵ chosen sufficiently small one can get the key upper bound |KR0 | ≤ 5
3η

−1.

Here we used the estimate (4.5.26) at s = si in Corollary 4.5.4 and that we chose η ≤ min{1
2W, 14},

as well as π−
1
2 < 2

3 . We can use this to improve the bootstraps (K1) and (K2). We first improve

the upper bound (K1) on |Ψ|; we prove |Ψ| ≤ 5
3η

−1. Without loss of generality, suppose that Ψ,

and hence KR0 , are positive for s ∈ K, and suppose for contradiction that sups∈K Ψ > 5
3η

−1.

So we may choose R1 to be R1 = inf{R > Ri : Ψ(R) = 5
3η

−1}. This trivially implies that
dΨ
dR (R1) ≥ 0. However, looking at (4.7.41) for any R0 ≥ R1 we get

dΨ

dR
(R1) = −

(
5
3η

−1
)2 (5

3η
−1 −KR0

)
− 5

3η
−1 +Ψ2FR0(R1) < 0,



189

where the final step follows from KR0 ≤ 5
3η

−1 and Ψ2|FR0(R1)| ≤ Ψ2 exp
(
−2δ0ϵ

−2
)
≤ η−1 for ϵ

small. This is a contradiction, and thus ensures that sups∈K |Ψ(s)| ≤ 5
3η

−1. This improves the

bootstrap (K1).

For the remaining bootstrap (K2), we combine the above with the estimate (4.7.12). To be

precise, we have

−rṙ(s) = −rṙ(si) ·
Ψ(si)

Ψ(s)
· r

2ϕ̇(s)

r2ϕ̇(si)
≥ 3

5
η2 · (−rṙ(si)) ·

r2ϕ̇(s)

r2ϕ̇(si)
. (4.7.43)

Thus, upon using Proposition 4.5.1 and (4.7.12), one finds (with DK made larger if necessary) the

lower bound

−rṙ(s) ≥ 3

5
η2 · [4|B|2W2ωRNr

2
−ϵ

2 −DKϵ
4 log

(
ϵ−1
)
], (4.7.44)

which clearly improves (K2) for ϵ sufficiently small. So the bootstrap argument is complete, and in

light of (4.7.44), we conclude that the spacetime extends all the way to r = 0, i.e. R = +∞.

To find the final one-dimensional dynamical system (4.7.6) we require a argument involving

taking limits. Consider the identity (4.7.40); another consequence is that for R0 > R1 ≥ Ri,

|KR0 −KR1 | = |FR0(R1)| ≤ e−δ0ϵ
−2
e−R1 .

In particular, if (Rn)n∈N is a sequence with Rn → +∞, then the sequence (KRn)n∈N is Cauchy, and

the limit is independent of the sequence taken. So there exists some K ∈ R such that KR → K as

R→ +∞, which by (4.7.42) also satisfies

|K −Ψi −Ψ−1
i | ≤ 2 exp

(
−2δ0ϵ

−2
)
. (4.7.45)

Hence we may take the limit in equation (4.7.41) where we fix R and take R0 → +∞. We

find that there will exist some function F with Ψ2FR0(R) → F(R) as R0 → +∞, also satisfying

|F| ≤ DKe
−δ0ϵ−2

e−R, such that one has

dΨ

dR
= −Ψ(Ψ2 −KΨ+ 1) + F . (4.7.46)

By construction, K has the same sign as Ψ(s) in K. We argue now that |K| ≥ 2. Suppose

otherwise that |K| < 2, which implies that Ψ2 −KΨ + 1 is bounded below by a positive constant

β. Then (4.7.46) implies that
d|Ψ|
dR

≤ −β|Ψ|+ |F|.

We then apply Grönwall’s inequality, finding that

|Ψ(R)| ≤ e−β(R−R∗)|Ψ(R∗)|+
∫ R

R∗
e−β(R−R̃)|F(R̃)| dR̃ R→+∞−−−−−→ 0.

But this is a contradiction to the lower bound (4.7.13)! Hence |K| ≥ 2, and we may write K =

α + α−1 for some α ∈ R. By |K| ≤ 5
3η

−1, it is clear that |α| ≤ 5
3η

−1 also. From (4.7.45), we can

deduce that

|(α−Ψi)(α−Ψ−1
i )| ≲ exp

(
−2δ0ϵ

−2
)
η−1 ≲ exp

(
−2δ0ϵ

−2
)
,
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so, interchanging α ↔ α−1 if necessary, we may choose α accordingly such that |α − Ψi| ≲

exp
(
−δ0ϵ−2

)
as required. Therefore, we have arrived at the ODE (4.7.6).

For the final statement in Proposition 4.7.1, note that the upper bound follows from rather

straightforward analysis of this ODE, while the lower bound arises from a straightforward modifi-

cation from the proof of (4.7.13) in Lemma 4.7.3.

4.7.4 Geometric features of the region K in the bounce case |Ψi| < 1

In this section, we make use of Proposition 4.7.1 to derive more quantitative information regarding

the quantities r(s) and Ω2(s) in the region s ∈ K, focusing for now on the interesting case where

|Ψi| < 1 and there is a Kasner bounce. In particular, we will estimate the value of r(s) where the

bounce occurs, and bound Ω2(s) in such a way that we can infer quantitative closeness to Kasner-like

spacetimes before and after the bounce.

To make precise statements about the closeness of these regions to Kasner-like geometries, we

will have to assume further that Ψi, and therefore the quantities α and α−1 of Proposition 4.7.1,

are bounded strictly away from 1 in absolute value, where several important quantities will begin

to degenerate14.

So, for this section, we strengthen the condition (∗) to the following assumption on Ψi, any

0 < σ < 1/4:

η ≤ |Ψi| ≤ 1− σ. (∗∗)

In light of Corollary 4.6.3, or more precisely the remark following it, the assumption (∗∗) is not

vacuous; for η sufficiently small and any choice of σ ∈
(
0, 14
)
, there are certainly arbitrarily small

ϵ such that (∗∗) is satisfied, and in fact the measure of this set of ϵ is controlled, as claimed in

Theorem 4.1.2.

Assuming (∗∗), we make precise the region of spacetime where the bounce occurs in the following

lemma.

Lemma 4.7.5. Given n ∈ N with n ≥ 2, there exists ϵ0(n, η, σ) > 0 such that if 0 < |ϵ| < ϵ0(n, η, σ)

and the assumption (∗∗) holds, then for any z > 0 such that z ∈ [|α|+ ϵn, |α|−1 − ϵn], there exists

a unique sz ∈ K such that |Ψ(sz)| = z. For this domain of z, the function z 7→ sz is increasing,

smooth and invertible, we may define the inversion interval Kn
bo to be {sin(ϵ) ≤ s ≤ sout(ϵ)} with

|Ψ(sin)| = (|α|+ ϵn) and |Ψ(sout)| = (|α|−1 − ϵn).

Moreover there exists a constant DI(M, e,Λ,m2, q0, η, σ, n) > 0 depending on η and σ as well as

the usual parameters M, e,Λ,m2, q0 such that we have the following for all s ∈ Kn
bo:∣∣∣∣∣ϵ2 · log r−

r(s)
−

b−2
−

2(1− α2)

∣∣∣∣∣ ≤ DIϵ
2 log

(
ϵ−1
)
. (4.7.47)

14Assuming the Kasner correspondence of Section 4.2.4, having |α| = 1 would imply a spacetime of Kasner exponents

0, 1/2 and 1/2, which already begins to display degenerate features in the BKL picture, see Section 4.2.4.
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Remark. The idea is that Lemma 4.7.5 identifies precisely the region where the quantity Ψ transitions

from having absolute value smaller than 1 to having absolute value greater than 1, and that this

transition occurs entirely within a region where log
(
r−
r(s)

)
is of size ∼ ϵ−2, but the log

(
r−
r(s)

)
-

difference within the region is only O(log
(
ϵ−1
)
).

In what follows, we will, for the most part, take n = 2 and define Kbo := Kn=2
bo .

Proof. We shall prove Lemma 4.7.5 in three steps:

• First, we show using equations (4.7.1) and (2.4.25) that when log
(
r−
r(s)

)
≤ 1

2b
−2
− ϵ−2(1−α2)−1−

O(log
(
ϵ−1
)
), we still have −rṙ(s) ≈ −rṙ(si) and Ψ(s) ≈ Ψi ≈ α.

• Next we show using the same equations, that conversely, once we proceed to log
(
r−
r(s)

)
≥

1
2b

−2
− ϵ−2(1 − α2)−1 + O(log

(
ϵ−1
)
), we must have that Ψ(s) ≥ |α| + ϵn, hence identifying an

s = sin(ϵ) which which satisfies (4.7.47).

• Now applying Proposition 4.7.1, particularly the ODE (4.7.6), we deduce that dΨ
dR is positive

and bounded strictly away from 0 for |Ψ| ∈ [|α|+ϵn, |α−1|−ϵn]. Using this, we then show that

one proceeds from |Ψ| = |α|+ ϵn to |Ψ| = |α|−1 − ϵn in an R-interval of length O(log
(
ϵ−1
)
),

thus proving (4.7.47) for s ∈ Kbo, as well as the remaining assertions of the lemma.

For ease of notation we suppose, without loss of generality, that Ψ, α > 0 in this proof.

By (4.7.7), we know that, Ψ ≥ α− ϵ2 in K. Therefore, one has from (4.7.1) that

d

ds
log

[
Ω2(s)

−ṙ

(
r(s)

r−

)−(α−ϵ2)2
]
≤ d

ds
log

(
Ω2(s)

−ṙ(s)

)
− ṙ

r
Ψ2 ≤ 0.

So Ω2

−ṙ (s)
(
r(s)
r−

)−(α−ϵ2)2
is decreasing. But by Corollary 4.5.4, specifically (4.5.29), and |α − Ψi| ≲

ϵ2 log
(
ϵ−1
)
, as well as the fact that 1

|ṙ(si)| ≲ r(si) · ϵ−2 ≲ exp
(
2 log

(
ϵ−1
))

, we have

Ω2

−ṙ
(s)

(
r(s)

r−

)−(α−ϵ2)2

≤ Ω2

−ṙ
(si)

(
r(si)

r−

)−(α−ϵ2)2

≤ exp

(
−1

2
b−2
− ϵ−2

)
· exp

(
DK log

(
ϵ−1
))
.

(4.7.48)

Furthermore we used that, because Ψ2
i−(α−ϵ2)2 = O(ϵ2), one has ( r(si)r−

)Ψ
2
i−(α−ϵ2)2 ≲ eO(ϵ−2)·O(ϵ2) ≲

1.

We now use this upper bound when integrating the equation (2.4.25). Due to Lemma 4.7.2, we



192

can use the following estimate for the integral of the right hand side of (2.4.25):

| − rṙ(s) + rṙ(si)| ≤
∫ s

si

Q2
∞Ω2(s̃)

2r2(s̃)
ds̃+

∫ s

si

Ω2(s̃)r2(s̃)

4
(|Λ|+m2|ϕ|2) ds̃+

∫ s

si

Ω2(s̃)

4
ds̃

≲
∫ r(si)

r(s)

Ω2

−ṙ
1

r2
dr

≲ exp

(
−1

2
b−2
− ϵ−2

)
· exp

(
DK log

(
ϵ−1
)) ∫ r(si)

r(s)
·
(
r

r−

)(α−ϵ2)2−2

dr

≲

(
r−
r(s)

)1−(α−ϵ2)2

· exp
(
−1

2
b−2
− ϵ−2

)
· exp

(
DK log

(
ϵ−1
))
.

Here, the last step follows as 1 − (α − ϵ2)2 ≥ σ > 0 for sufficiently small ϵ depending on σ. If
r(s)
r−

≥ exp
(
(1− α2)−1

(
−1

2b
−2
− ϵ−2 + (DK + 6n) log

(
ϵ−1
)))

, then one finds

(
r−
r(s)

)1−(α−ϵ2)2

≤ exp

(
−1− (α− ϵ2)2

1− α2

(
−1

2
b−2
− ϵ−2 + (DK + 6n) log

(
ϵ−1
)))

≲ ϵ6n · exp
(
1

2
b−2
− ϵ−2

)
· exp

(
−DK log

(
ϵ−1
))
.

Putting this in the above one sees that | − rṙ(s) + rṙ(si)| ≲ ϵ6n, or∣∣∣∣ −rṙ(s)−rṙ(si)
− 1

∣∣∣∣ ≲ ϵ6n−2.

But −rṙ(s) changing little from its initial value means that Ψ(s) also changes little from its initial

value; to see this use also (4.7.12), which combined with the above implies |Ψ(s)−Ψi| ≲ ϵ6n−2. As

|α−Ψi| ≲ e−δ0ϵ
−2 , we thus know that for log r(s) ≥ −1

2(1−α
2)−1b−2

− ϵ−2+O(log
(
ϵ−1
)
) as specified,

we have not yet entered the regime Kbo.

On the other hand, we show that for sin = sup{s ∈ K : Ψ(s) ≤ α + ϵn}, we must have

log r(sin) ≥ −1
2(1−α

2)−1b−2
− ϵ−2−O(log

(
ϵ−1
)
). For this purpose, we use the Raychaudhuri equation

(4.7.1) to see that, for si ≤ s ≤ sin, one has

d

ds
log

[
Ω2(s)

−ṙ

(
r(s)

r−

)−(α+ϵn)2
]
≥ d

ds
log

(
Ω2(s)

−ṙ(s)

)
− ṙ

r
Ψ2 ≥ − r2

−rṙ
|Ã|2q20|ϕ|2.

Since r(s) ≤ e−δ0ϵ
−2
r− for s ∈ K, one sees using Proposition 4.7.1 and Lemma 4.7.2 that the integral

of the right hand side is bounded below by − log 2, say. Therefore a similar application of Corollary

4.5.4 will yield that

Ω2

−ṙ

(
r(s)

r−

)−(α+ϵn)2

≥ 1

2
exp

(
−1

2
b−2
− ϵ−2

)
· exp

(
−DK log

(
ϵ−1
))
.
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One now again integrates the equation (2.4.25), or more precisely (4.7.17), getting now the upper

bound

| − rṙ(s) + rṙ(si)| ≥
∫ s

si

Q2Ω2(s̃)

8r2(s̃)
ds̃ ≳

∫ r(si)

r(s)

Ω2

−ṙ
1

r2
dr

≳ exp

(
−1

2
b−2
− ϵ−2

)
· exp

(
−DK log

(
ϵ−1
)) ∫ r(si)

r(s)

(
r

r−

)(α+ϵn)2−2

dr

≳

(
r−
r(s)

)1−(α+ϵn)2

· exp
(
−1

2
b−2
− ϵ−2

)
· exp

(
−DK log

(
ϵ−1
))
.

But by Proposition 4.7.1, we always have ϵ2 ≲ −rṙ ≲ ϵ2, so that(
r(s)

r−

)1−(α+ϵn)2

≳ exp

(
−1

2
b−2
− ϵ−2

)
· exp

(
(2−DK) log

(
ϵ−1
))
.

Hence we do indeed find that for si ≤ s ≤ sin, we must have log(r(s)/r−) ≥ −1
2(1−α2)−1b−2

− ϵ−2 −
O(log

(
ϵ−1
)
) as claimed. This identifies s = sin obeying (4.7.47).

The remainder of this proof then proceeds entirely using the ODE (4.7.6), which for R =

log
(
r−
r(s)

)
we record again here as

dΨ

dR
= −Ψ(Ψ− α)(Ψ− α−1) + F , |F(R)| ≤ DKe

−δ0ϵ−2−R. (4.7.49)

We have identified Rin = R(sin) =
1
2(1−α

2)−1b−2
− ϵ−2+O(log

(
ϵ−1
)
) such that Ψ(Rin) = α+ϵn. We

want to use that α is an unstable fixed point and α−1 a stable fixed point of this one-dimensional

dynamical system.

Note that for Ψ(s) ∈ [α + ϵn, α−1 − ϵn], one knows that (i) Ψ ≥ η, and (ii) α−1 − 1 ≥ 1 − α ≥
σ−O(e−δ0ϵ

−2
), so we absorb the error term F and quantify the stability and instability of the fixed

points to find

d

dR
(Ψ− α) ≥ ησ

2
(Ψ− α) if Ψ ∈ [α+ ϵn, 1], (4.7.50)

d

dR
(α−1 −Ψ) ≤ −σ

2
(α−1 −Ψ) if Ψ ∈ [1, α−1 − ϵn]. (4.7.51)

In particular, dΨ
dR > 0 as long as Ψ ∈ [α + ϵn, α−1 − ϵn]. From (4.7.50), one finds that Ψ − α

proceeds from ϵn to 1−α in O(log
(
ϵ−1
)
) time in R, and from (4.7.51) that α−1 −Ψ proceeds from

α−1− 1 to ϵn also in O(log
(
ϵ−1
)
) time in R. Therefore defining Rout to be the minimal R such that

Ψ(Rout) = α−1 − ϵn, one finds Rout = Rin +O(log
(
ϵ−1
)
) = 1

2(1− α2)−1b−2
− ϵ−2 +O(log

(
ϵ−1
)
) also.

Finally, since dΨ
dR ≥ 1

2ϵ
nησ > 0 when Ψ ∈ [α + ϵn, α−1 − ϵn], we have that, upon entering this

region of Ψ, it is impossible to return, and the remaining claims of the lemma are immediate.
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4.8 Quantitative Kasner-like asymptotics

Let us recapitulate the various regions so far:

1. In Section 4.5, we worked in the Proto-Kasner region PK = {sPK ≤ s ≤ si} = {2|B|Wϵ ≥
r
r−

≥ e−δ0ϵ
−2}.

We now also define the restricted region PK′ = {sK1 ≤ s ≤ si} = {2|B|Wϵ2 ≥ r
r−

≥ e−δ0ϵ
−2}.

2. In Section 4.7, we have worked in the Kasner region K = {si ≤ s < s∞} = {0 < r
r−

≤ e−δ0ϵ
−2}

and showed that lims→s∞ r(s) = 0.

In what follows, we prove quantitative estimates on the “Kasner-like behavior” of the metric; for

this, we will first have to restrict PK to its aforementioned subset PK′ on which r ≳ ϵ2 (recall

that r(sK1) = 2|B|Wr−ϵ
2). While in the previous sections, the analysis was so far oblivious to the

absence/presence of a Kasner bounce, we will now also be obliged to distinguish both cases and

treat them differently.

As we will soon show, the “No Kasner bounce” condition will be that, for some 0 < σ < 1,

|Ψ(si)| ≥ 1 + σ, (∗∗∗)

whereas the “Kasner bounce” condition will be that, for some 0 < σ < 1 and η > 0,

η ≤ |Ψ(si)| ≤ 1− σ. (∗∗)

We note that even combining (∗∗∗) and (∗∗) does not cover the range of Ψ(si) included in (∗). In

particular, we do not say anything further in the case where Ψ(si) = 1. In each of these two cases,

we will further sub-divide PK ∪ K as follows:

i. If the “No Kasner bounce” condition (∗∗∗) is satisfied, we define the first Kasner region by

K1 = PK′ ∪ K. (4.8.1)

Because there is no bounce in that case, we show indeed that the metric is close to a single

Kasner spacetime on the whole of K1 = PK′ ∪ K in Theorem 4.8.1.

ii. If the “Kasner bounce” condition (∗∗) is satisfied, we define the first Kasner region by

K1 = {sK1 ≤ s ≤ sin} ⊃ PK′, (4.8.2)

where sin ∈ K will be defined shortly. We also define

Kbo = {sin ≤ s ≤ sout} (4.8.3)

to be the Kasner bounce region, and

K2 = {sout ≤ s < s∞} (4.8.4)
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to be the second Kasner region, where sin, sout ∈ K given by Lemma 4.7.5 (applied to n = 2)

are defined such that (4.7.47) is satisfied on Kbo. Because of the Kasner bounce, we show that

the metric is close to a first Kasner spacetime in K1, and close to a second, different Kasner

spacetime in K2 in Theorem 4.8.2. By (4.7.47), the transition region Kbo will be shown to be

small in an appropriate sense.

We now state the two main theorems of this section, Theorem 4.8.1 and 4.8.2.

Theorem 4.8.1. Let (r,Ω2, ϕ,Q, Ã) be a solution to the system (2.4.21)–(2.4.31), which, by Propo-

sition 4.5.1, exists at least up to the value s = si =
b−2
− ϵ−2

4|K−| +O(log
(
ϵ−1
)
) at which r(s) = e−δ0ϵ

−2
r−

(see Proposition 4.3.5 for a definition of b−). Suppose that for some given 0 < σ < 1, (∗∗∗) is

satisfied.

Then there exists some ϵ0(M, e,Λ,m2, q0, σ) > 0, such that, if 0 < |ϵ| < ϵ0, then there exists some

s∞ > si such that the solution of (2.4.21)–(2.4.31) exists for s ∈ (−∞, s∞) with lims→s∞ r(s) = 0.

Furthermore, we have the following Kasner-like asymptotics: denote sK1 such that r(sK1) =

2|B|Wϵ2r−, then in the region K1 = {sK1 ≤ s < s∞}, one may write the metric in the following

form, where α is as determined in Proposition 4.7.1:

g = −dτ2 + X1 · (1 + EX,1(τ)) τ
2(α2−1)

α2+3 dt2 +R1 · (1 + ER,1(τ)) r
2
−τ

4
α2+3 dσS2 . (4.8.5)

Here, X1 and R1 are constants, and EX,1(τ) and ER,1(τ) are small functions of τ satisfying the

following bounds for β = min{1
2 , 1− α2}∣∣∣∣logX1 +

α2 + 1

α2 + 3
b−2
− ϵ−2

∣∣∣∣+ ∣∣∣∣logR1 −
1

α2 + 3
b−2
− ϵ−2

∣∣∣∣ ≤ CK log
(
ϵ−1
)
, (4.8.6)

|EX,1(τ)|+ |ER,1(τ)| ≤ CKϵ
2 ·
(

τ

τ(sK1)

) 2β

α2+3

. (4.8.7)

Hence, the spacetime corresponds to a Kasner-like spacetime, with Kasner exponents p1 = α2−1
α2+3

,

p2 = p3 =
2

α2+3
.

Theorem 4.8.2. Let (r,Ω2, ϕ,Q, Ã) be a solution to the system (2.4.21)–(2.4.31), which by Propo-

sition 4.7.1 exists at least up to the value s = si =
b−2
− ϵ−2

4|K−| +O(log
(
ϵ−1
)
) at which r(s) = e−δ0ϵ

−2
r−.

Suppose that for given η > 0 and 0 < σ < 1, (∗∗) is satisfied.

Then there exists some ϵ0(M, e,Λ,m2, q0, η, σ) > 0, such that, if 0 < |ϵ| < ϵ0, then there

exists some s∞ > si such that the solution of (2.4.21)–(2.4.31) exists for s ∈ (−∞, s∞) with

lims→s∞ r(s) = 0. We further single out two different regions with Kasner-like asymptotics, between

which there is an intermediate region where the Kasner bounce occurs. Letting sK1 be such that

r(sK1) = 2|B|Wϵ2r−, we define the following three regions:

K1 = {sK1 ≤ s ≤ sin}, Kbo = {sin ≤ s ≤ sout}, K2 = {sout ≤ s ≤ s∞}.
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We will describe Kasner-like asymptotics for the two regions K1 and K2.

In the region K1, one writes the metric in the following form, for α as in Proposition 4.7.1:

g = −dτ2 + X1 · (1 + EX,1(τ)) (τ − τ0)
2(α2−1)

α2+3 dt2 +R1 · (1 + ER,1(τ)) r
2
−(τ − τ0)

4
α2+3 dσS2 . (4.8.8)

Here τ0 > 0, X1 and R1 are constants, and EX,1(τ) and ER,1(τ) are functions of τ satisfying∣∣∣∣logX1 +
α2 + 1

α2 + 3
b−2
− ϵ−2

∣∣∣∣+ ∣∣∣∣logR1 −
1

α2 + 3
b−2
− ϵ−2

∣∣∣∣ ≤ CK log
(
ϵ−1
)
, (4.8.9)

|EX,1(τ)|+ |ER,1(τ)| ≤ CKϵ
2. (4.8.10)

On the other hand, in the region K2, one instead has the following form for the metric

g = −dτ2 + X2 · (1 + EX,2(τ)) τ
2(1−α2)

1+3α2 dt2 +R2 · (1 + ER,2(τ)) r
2
−τ

4α2

1+3α2 dσS2 . (4.8.11)

The constants X2 and R2 are constants, and the functions EX,2(τ) and ER,2(τ) now satisfying the

following bounds for β = min{1
2 , 1− α2}∣∣∣∣logX2 +

1 + α−2

1 + 3α2
b−2
− ϵ−2

∣∣∣∣+ ∣∣∣∣logR2 −
1

1 + 3α2
b−2
− ϵ−2

∣∣∣∣ ≤ CK log
(
ϵ−1
)
, (4.8.12)

|EX,2(τ)|+ |ER,2(τ)| ≤ CKϵ
2 ·
(

τ

τ(sout)

) 2β

α−2+3

. (4.8.13)

One sees that the spacetime exhibits a Kasner bounce from the Kasner-like region K1 with Kasner

exponents of p1 = α2−1
α2+3

, p2 = p3 = 2
α2+3

to another Kasner-like region K2 with exponents of p1 =
1−α2

1+3α2 , p2 = p3 =
2α2

1+3α2 . We further provide the following estimates regarding the proper time length

of the regions K2 and Kbo. For K2, the proper time τ from the singularity varies between 0 and

τ(sout), obeying ∣∣∣∣log τ(sout)− 1

2

α−2 + 1

1− α2
· b−2

− ϵ−2

∣∣∣∣ ≤ CK log
(
ϵ−1
)
. (4.8.14)

On the other hand, we have the following (non-sharp) upper bound for the size of Kbo = [sin, sout],

where the proper time variable τ = τ(s) satisfies dτ
ds = −Ω(s)

2 .

0 ≤ τ(sin)− τ(sout) ≤ exp

(
−
b−2
− ϵ−2

1− α2

)
· exp

(
CK log

(
ϵ−1
))
. (4.8.15)

4.8.1 Asymptotics for Ψ near the {r = 0} singularity

The first step in proving that the {r = 0} singularity has Kasner-like asymptotics relies on showing

that Ψ tends to the appropriate constant α or α−1 sufficiently quickly near the singularity. The aim

will be to show that Ψ = α+O(( r
r−

)β) or Ψ = α−1 +O(( r
r−

)β) for some positive exponent β > 0.

After the usual change of coordinates r = e−R r−, this translates to showing that Ψ decays

exponentially to α or α−1 in the variable R. For this purpose, we shall need to use the ODE (4.7.6)

from Proposition 4.7.1. By standard dynamical systems theory, one expects that Ψ tends towards

its stable fixed point at an exponential rate. We quantify this in the following lemma:
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Lemma 4.8.3. Fix constants 0 < σ, η < 1
2 . For all α ∈ R satisfying 1 + σ ≤ |α| ≤ η−1, consider

the following ODE for the function Ψ = Ψ(R):

dΨ

dR
= −Ψ(Ψ− α)(Ψ− α−1) + F(R), |F(R)| ≤ e−R. (4.8.16)

Define β = min{1
2 , α

2− 1} ≥ σ. Then there exists some ν0 = ν0(σ, η) > 0 such that, for all |ν| < ν0

and R∗ satisfying both

|Ψ(R∗)− α| ≤ ν2 and e−R∗ ≤ ν2, (4.8.17)

one finds that, for R ≥ R∗, Ψ(R) decays to α at the following exponential rate

|Ψ(R)− α| ≤ 8ν2e−β(R−R∗). (4.8.18)

The above lemma will be applied with ν ∼ ϵn or ν ∼ e−
δ0
2
ϵ−2

in what follows.

Proof. We use a bootstrap argument along with Grönwall’s inequality. We take the bootstrap

assumption to be the desired estimate (4.8.18). Assuming this holds in some bootstrap region, we

have

Ψ(Ψ− α−1) ≥ α2 − 1− |2α− α−1| · 8ν2e−β(R−R∗).

Therefore, for R and R̃ in the bootstrap region, one computes that, for ν small enough,

−
∫ R

R̃
Ψ(R′)(Ψ(R′)− α−1) dR′ ≤ −(α2 − 1)(R− R̃) + β−1|2α− α−1| · 8ν2e−β(R̃−R∗)

≤ −β(R− R̃) + log 2.

Hence, after finding from (4.8.16) the differential inequality

d

dR
|Ψ− α| ≤ −Ψ(Ψ− α−1)|Ψ− α|+ e−R,

one uses Grönwall to deduce that

|Ψ(R)− α| ≤ 2ν2e−β(R−R∗) +

∫ R

R∗

2e−R̃e−β(R−R̃) dR̃ ≤ 2(ν2 + (1− β)−1e−R∗)e−β(R−R∗).

So taking into account the second assumption of (4.8.17) and β ≤ 1/2, we improve the bootstrap

assumption (4.8.18). So this estimate is true for all R ≥ R∗.

4.8.2 First case: absence of Kasner bounce

In this subsection, assuming that (∗∗∗) holds, we prove the quantitative Kasner asymptotics in the

region K1 = {sK1 ≤ s < s∞}. The essential ingredient is the following lemma:
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Lemma 4.8.4. Consider a solution (r,Ω2, ϕ,Q, Ã) to the system (2.4.21)–(2.4.31) as in Proposition

4.7.1. Assuming also (∗∗∗), one finds that there exists some Y1 > 0 satisfying, for sK1 ≤ s < s∞:∣∣∣∣∣log
(
Ω2

−ṙ

(
r

r−

)−α2
)
(s)− logY1

∣∣∣∣∣ ≤ D1ϵ
2

(
r(s)

r−

)β
, (4.8.19)

with Y1 satisfying ∣∣∣∣logY1 +
1

2
b−2
− ϵ−2

∣∣∣∣ ≤ D1 · log
(
ϵ−1
)
. (4.8.20)

Furthermore, one may find a constant Z1 > 0 such that

|−rṙ(s)−Z1| ≤ D1ϵ
4

(
r(s)

r−

)β
, (4.8.21)

with Z1 satisfying ∣∣Z1 − 4|B|2W2ωRNr
2
−ϵ

2
∣∣ ≤ D1 · ϵ4 log

(
ϵ−1
)
. (4.8.22)

Proof. We will use the Raychaudhuri equation (4.7.1). In light of Lemma 4.8.3, it is preferable to

change variables once again, now to the R-coordinate:

d

dR
log

(
Ω2

−ṙ

)
= −Ψ2 − r4q20Ã

2ϕ2

(−rṙ)2
. (4.8.23)

Proposition 4.7.1 and Lemma 4.7.2 tell us that the second term on the right hand side of this

expression is O(ϵ−4e−4RR2). Adding α2 to both sides and using that Ψ is bounded, we have∣∣∣∣ ddR log

(
Ω2

−ṙ

)
+ α2

∣∣∣∣ ≲ |Ψ− α|+ ϵ−4e−4RR2. (4.8.24)

The crucial observation is that the right-hand side will be integrable (and with small integral) in the

region K1. Indeed, we claim that if RK1 = − log
(
rK1
r−

)
= − log

(
2|B|Wϵ2

)
, then for RK1 ≤ R < +∞,

we have ∫ +∞

R
|Ψ(R̃)− α| dR̃+

∫ +∞

R
ϵ−4e−4R̃R̃2 dR̃ ≲ ϵ2e−βR. (4.8.25)

The bound for the latter integral follows by straightforward calculus, using also β < 1/2 and

e−R ≤ e−RK1 ∼ ϵ2 to get the correct dependence on ϵ. For the former integral, we proceed in two

steps; first we use Lemma 4.8.3 to deal with the region K, then use Corollary 4.5.4 to handle the

remaining part PK ∩ K1.

Note that, for the region K, where we have access to the ODE (4.7.6), we have the bound

|Ψ(Ri) − α| ≲ e−δ0ϵ
−2 from Proposition 4.7.1. Hence, by Lemma 4.8.3 with ν2∼e−δ0ϵ−2 , we know

that, for R ≥ Ri, we have |Ψ− α| ≲ e−δ0ϵ
−2
e−β(R−Ri). Thus, for R ≥ Ri, one has∫ +∞

R
|Ψ(R̃)− α| dR̃ ≲ e−δ0ϵ

−2
e−β(R−Ri) ≲ e−(1−β)δ0ϵ−2

e−βR.

The last line here follows from the definitionRi = δ0ϵ
−2. The smallness of the expression e−(1−β)δ0ϵ−2

thus proves (4.8.25) for R ≥ Ri.
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For the remaining portion R ∈ [RK1 , Ri], we use Corollary 4.5.4. The point is that, in this

region, we have |Ψ− α| ≤ |Ψ−Ψi|+ |Ψi − α| ≲ e−2R log
(
ϵ−1
)
+ e−δ0ϵ

−2 . Therefore, one finds that∫ Ri

R
|Ψ(R̃)− α| dR̃ ≲ e−2R log

(
ϵ−1
)
+ e−δ0ϵ

−2
Ri ≲ ϵ2e−βR.

So we have proved the estimate (4.8.25). From (4.8.24), this shows that the expression

log

(
Ω2

−ṙ

)
+ α2R = log

(
Ω2

−ṙ

(
r

r−

)−α2
)

(4.8.26)

indeed has a finite limit logY1 as R→ ∞, and moreover satisfies the estimate (4.8.19).

We next estimate the constant logY1. To do this, we evaluate (4.8.19) at r = rK1 i.e. s = sK1

and use the estimate (4.5.29) from Corollary 4.5.4. As | log r(sK1)|, | log(−ṙ(sK1))| = O(log
(
ϵ−1
)
)

here, we find that ∣∣∣∣logY1 +
1

2
b−2
− ϵ−2

∣∣∣∣ ≲ log
(
ϵ−1
)
. (4.8.27)

Finally, we show the estimate (4.8.21) by considering the equation (2.4.25) after changing vari-

ables to r; Propositions 4.5.1 and 4.7.1 and then the now-known (4.8.19) tell us that for s ∈ K1, we

have ∣∣∣∣ ddr (−rṙ)
∣∣∣∣ ≲ Ω2

−r2ṙ
≲ Y1 ·

(
r

r−

)α2−2

.

Integrating this expression then yields (4.8.21) – of course it is essential here that α2 − 1 ≥ σ
2 > 0,

and we have the smallness (4.8.27) for the expression Y1.

4.8.3 Second case: presence of a Kasner bounce

Assuming instead that (∗∗) holds, Proposition 4.7.1 and Lemma 4.7.5 (for n = 2) show that the

spacetime must exhibit a Kasner bounce. We proceed to show that if we define K1 and K2 as in

(4.8.2), (4.8.4), there are Kasner-like asymptotics in both regimes. As in Section 4.8.2, we first find

the precise asymptotics for the lapse Ω2, as well as −ṙ.

The pre-bounce Kasner regime

We start to look at the region K1 (pre-bounce regime).

Lemma 4.8.5. Consider a solution (r,Ω2, ϕ,Q, Ã) to the system (2.4.21)–(2.4.25) as in Proposition

4.7.1. Assuming now the condition (∗∗) on the value of Ψ at s = si, there will exist some Y1

satisfying, for sK1 ≤ s ≤ sin,∣∣∣∣∣log
(
Ω2

−ṙ

(
r

r−

)−α2
)
(s)− logY1

∣∣∣∣∣ ≤ D1ϵ
2, (4.8.28)
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with Y1 satisfying ∣∣∣∣logY1 +
1

2
b−2
− ϵ−2

∣∣∣∣ ≲ log
(
ϵ−1
)
. (4.8.29)

Furthermore, one may find a constant Z1 > 0 such that

|−rṙ(s)−Z1| ≤ D1ϵ
4, (4.8.30)

with Z1 satisfying ∣∣Z1 − 4|B|2W2ωRNr
2
−ϵ

2
∣∣ ≲ ϵ4 log

(
ϵ−1
)
. (4.8.31)

Proof. We follow a similar template to the proof of Lemma 4.8.4, though unlike in that case, we

do not need ( r
r−

)β decay rates. In particular, we are able to integrate from R = RK1 rather than

backwards from R = +∞. Using the same Raychaudhuri equation (4.8.23), we need to prove the

analogue of (4.8.25), i.e. for R ≥ RK1 ,∫ R

RK1

|Ψ(R̃)− α| dR̃+

∫ R

RK1

ϵ−4e−4R̃R̃2 dR̃ ≲ ϵ2. (4.8.32)

As in Lemma 4.8.4, the latter integral is straightforward, and we focus on the former. Following

Corollary 4.5.4 and Proposition 4.7.1, we know that for s ∈ PK′ = PK ∩ K1, where R ∈ [RK1 , Ri],

we have |Ψ(R)−α| ≤ |Ψ(R)−Ψi|+ |Ψi−α| ≲ e−2R log
(
ϵ−1
)
+ e−δ0ϵ

−2 . So we know as before that∫ Ri

RK1

|Ψ(R̃)− α| dR̃ ≲ ϵ2. (4.8.33)

On the other hand, when integrating betweenRi andRin, Ψ is growing away from α exponentially

as opposed to exponentially decaying, so we need a new tactic. The key observation is that following

the definition of Rin from Lemma 4.7.5 for n = 2, we know a priori that |Ψ(R) − α| ≤ ϵ2 when

R ∈ [Ri, Rin]. The same lemma also tells us that |Ri − RK1 | ≲ ϵ−2, so these two observations

combined tell us that
∫ Rin

Ri
|Ψ(R̃)− α| dR̃ ≲ 1.

This is not quite the claimed estimate (4.8.32). To improve the O(1) bound to O(ϵ2), we apply

Lemma 4.7.5 with n = 4. Defining R′
in to instead be the unique R > Ri with |Ψ(R′

in)−α| = ϵ4, we

find that, for R ∈ [R′
in, Rin], we have |Ψ(R)−α| ≤ e

ησ
2
(R−Rin)ϵ2. This is because, within this region,

(4.7.50) holds and may be “integrated backwards” from R = Rin. Furthermore, for R ∈ [Ri, R
′
in],

we know a priori that |Ψ(R)− α| ≤ ϵ4. So∫ Rin

Ri

|Ψ(R̃)− α| dR̃ ≤
∫ R′

in

Ri

ϵ4 dR̃+

∫ Rin

R′
in

e
ησ
2
(R̃−Rin)ϵ2 dR̃ ≲ ϵ2. (4.8.34)

Combining this with (4.8.33) yields the desired (4.8.32). The estimate (4.8.28) then follows

exactly as in the proof of (4.8.19), as does the estimate (4.8.29) on Y1.

For the estimate (4.8.30), let us define Z1 as −rṙ(si). By Proposition 4.5.1, it is easy to integrate

(2.4.25) and deduce (4.8.30) in the region s ∈ [sK1 , si]. The difficulty lies in showing (4.8.30) in the

region s ∈ [si, sin], not least because −rṙ is expected to change value during the inversion process.
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What helps us here is that −rṙ is approximately inversely proportional to the quantity Ψ, given

that r2ϕ̇ = −rṙ ·Ψ is approximately constant. To be quantitatively precise, we combine the estimate

(4.7.12) with the trivial a priori observation that
∣∣∣Ψ(s)

Ψi
− 1
∣∣∣ ≲ ϵ2 for s ∈ [si, sin] to get

∣∣∣∣ −rṙ(s)−rṙ(si)
− 1

∣∣∣∣ =
∣∣∣∣∣Ψ(si)

Ψ(s)
· r

2ϕ̇(s)

r2ϕ̇(si)
− 1

∣∣∣∣∣ ≲ ϵ2. (4.8.35)

Since −rṙ(si) ∼ ϵ2, the estimate (4.8.30) follows immediately.

The post-bounce Kasner regime

Finally, we consider the post-bounce regime, i.e. the region K2 = {sout ≤ s < s∞}.

Lemma 4.8.6. Consider a solution (r,Ω2, ϕ,Q, Ã) to the system (2.4.21)–(2.4.25) as in Proposition

4.7.1. Assuming the condition (∗∗) on the value of Ψ at s = si, then for sout ≤ s ≤ s∞, there exists

some constant Y2 such that∣∣∣∣∣log
(
Ω2

−ṙ

(
r

r−

)−α−2
)
(s)− logY2

∣∣∣∣∣ ≤ D2ϵ
2 ·
(

r(s)

r(sout)

)β
, (4.8.36)

with Y2 > 0 satisfying ∣∣∣∣logY2 −
1

2
α−2b−2

− ϵ−2

∣∣∣∣ ≤ D2 · log
(
ϵ−1
)
. (4.8.37)

Here β = min{α−2 − 1, 12}. One may also find a constant Z2 > 0 with |Z2| ∼ ϵ2 such that, in the

same region,

|−rṙ(s)−Z2| ≤ D2ϵ
4 ·
(

r(s)

r(sout)

)β
. (4.8.38)

Proof. We again begin the proof of (4.8.36) by using the Raychaudhuri equation (4.8.23). In this

case, this equation alongside Proposition 4.7.1 will tell us that∣∣∣∣ ddR log

(
Ω2

−ṙ

)
− α−2

∣∣∣∣ ≲ |Ψ(R)− α−1|+ ϵ−4e−4RR2. (4.8.39)

To estimate |Ψ−α−1| in (4.8.39), we apply Lemma 4.8.3 with R∗ = Rout, ν = ϵ and α replaced by

α−1 [note that α−1 > 1+σ > 0 assuming (∗∗)]. The lemma thus tells us that, for ϵ chosen sufficiently

small, we have |Ψ − α−1| ≤ 8ϵ2e−β(R−Rout) for all R ≥ Rout. Hence, using that R ≥ Rout ≳ ϵ−2

which in turn yields ϵ−4e−4RR2 ≲ e−βRϵ2, the inequality (4.8.39) implies that∣∣∣∣∣ ddR log

(
Ω2

−ṙ

(
r

r−

)α−2
)∣∣∣∣∣ ≲ ϵ2e−β(R−Rout).

As the right hand side is integrable, Ω2

−ṙ

(
r
r−

)α−2

has a well defined limit Y2 as R → +∞, and we

obtain (4.8.36).
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For (4.8.38), we will not estimate −rṙ(s) directly but instead use Ψ and r2ϕ̇ = −rṙ · Ψ. We

already have |Ψ − α−1| ≲ ϵ2e−β(R−Rout), while we integrate (2.4.31) backwards from R = +∞ to

find that

|r2ϕ̇(s)− lim
s̃→s∞

r2ϕ̇(s̃)| ≲
∫ s∞

s
r2|ϕ|(s̃) + Ω2r2|ϕ|(s̃) ds̃ ≲

∫ r(s)

0

r3|ϕ|
−rṙ

+
Ω2

−ṙ
r2|ϕ| dr.

Using Proposition 4.7.1 and that Ω2

−ṙ is monotonically decreasing in s and thus uniformly small

(see e.g. (4.7.14)), it is straightforward to find that defining P2 = lims→s∞ r2ϕ̇(s) ∼ ϵ2, one (easily,

since the RHS is O(r4−)) has

|r2ϕ̇(s)− P2| ≲ ϵ4e−β(R−Rout). (4.8.40)

Combining this with the aforementioned |Ψ − α−1| ≲ ϵ2e−β(R−Rout), we deduce (4.8.38) for Z2 =

αP2.

Finally, we provide the estimate (4.8.37) for logY2. Note that (4.8.39) is valid in the whole

region K = {Ri ≤ R < +∞}, so that, in particular, we may integrate in the interval R ∈ [Rin,+∞)

to find ∣∣∣∣∣logY2 − log

(
Ω2

−ṙ

(
r

r−

)−α−2
)
(Rin)

∣∣∣∣∣ ≲ ϵ2 +

∫ Rout

Rin

|Ψ(R)− α−1| dR. (4.8.41)

We now compare this to the estimate (4.8.28) evaluated at R = Rin. As we are changing the

exponent from α−2 to α2, we generate an extra term on the left hand side:

∣∣logY2 − logY1 − (α−2 − α2)Rin
∣∣ ≲ ϵ2 +

∫ Rout

Rin

|Ψ(R)− α−1| dR. (4.8.42)

Now we appeal to Lemma 4.7.5. By this lemma, we know that |Rout − Rin| ≲ log
(
ϵ−1
)
, so the

integral on the RHS is O(log
(
ϵ−1
)
). Using also (4.7.47) to estimate Rin and the estimate (4.8.27)

for logY1, we find that ∣∣∣∣logY2 −
1

2
α−2b−2

− ϵ−2

∣∣∣∣ ≲ log
(
ϵ−1
)
. (4.8.43)

This completes the proof of the lemma.

4.8.4 Kasner-like asymptotics in synchronous coordinates in both cases

To complete the proofs of Theorems 4.8.1 and 4.8.2, we simply need to use the estimates of Lemmas

4.8.4, 4.8.5 and 4.8.6 to put the metric g in the Kasner-like form stated. The following lemma will

justify the change of coordinates.

Lemma 4.8.7. Let (M,g) be a spherically symmetric spacetime with metric (2.2.1). Defining the

coordinates s = u+ v, t = v − u, suppose further that T = ∂t =
1
2(∂v − ∂u) is a Killing field for the

metric, i.e. r(s) and Ω2(s) are functions of s, and that we are in a trapped region with ṙ(s) < 0.
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Suppose that for some interval J ⊂ R, there exist constants Y,Z > 0 and an exponent γ ≥ 0, as

well as sufficiently small “lower-order terms” E(s), such that we have the following asymptotics for

the expressions Ω2

−ṙ and −rṙ when s ∈ J :

Ω2

−ṙ
(s) = Y ·

(
r(s)

r−

)γ
· (1 + E(s)) , (4.8.44)

−rṙ(s) = Z · (1 + E(s)). (4.8.45)

We quantify the required smallness of E in the following way: there exists ϵ∗ > 0 small and a

non-increasing function Ē(s) such that |E(s)| ≤ Ē(s) ≤ ϵ∗.

Upon defining (up to translation) the past-directed proper time coordinate τ such that

dτ

ds
= −Ω(s)

2
, (4.8.46)

then there exist constants X and R depending on Y,Z, γ, r−, and τ0 ∈ R, such that one has the

following asymptotics for Ω2 and r2 with respect to τ :

Ω2(τ) = 4X · (τ − τ0)
2(γ−1)
γ+3 · (1 + EX(τ)), (4.8.47)

r2(τ) = R · r2− · (τ − τ0)
4

γ+3 · (1 + ER(τ)). (4.8.48)

Here, there exists some C = C(γ) > 0 such that |EX(τ)|, |ER(τ)| ≤ CĒ(s(τ)).

In particular, the metric g can be written in the form

g = −dτ2 + X · (τ − τ0)
2(γ−1)
γ+3 · (1 + EX(τ)) dt

2 +R · (τ − τ0)
4

γ+3 · (1 + ER(τ)) · r2− dσS2 . (4.8.49)

Finally, one can find the following relationships between X ,R and Y:∣∣∣∣logX − 2(γ + 1)

γ + 3
logY

∣∣∣∣ ≲ 1 + | logZ|, (4.8.50)∣∣∣∣logR+
2

γ + 3
logY

∣∣∣∣ ≲ 1 + | logZ|. (4.8.51)

Proof. In this proof we schematically write all lower-order terms as E, leaving the precise claims on

these errors to the reader. The crucial estimate is to find an expression for τ in terms of r. Using

(4.8.46), (4.8.44) and (4.8.45), we find

dτ

dr
=

Ω

−2ṙ
=

Y1/2r
1/2
−

2Z1/2
·
(
r

r−

) γ+1
2

· (1 + E). (4.8.52)

Although infs∈J r(s) is not necessarily 0, we may artificially extend the interval J to an interval

J̃ , and the functions r(s), τ(s) on J̃ so that infs∈J̃ r(s) = 0 and (4.8.52) holds for all s ∈ J̃ . After

doing so, we may normalize τ0 so that r(τ0) = 0, and find that, for s ∈ J̃ ,

τ − τ0 =
Y1/2r

3/2
−

(γ + 3)Z1/2
·
(
r

r−

) γ+3
2

· (1 + E). (4.8.53)

The remaining assertions are immediate upon combining (4.8.53) with the assumptions (4.8.44) and

(4.8.45).
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Conclusion of the proof of Theorem 4.8.1 and 4.8.2. Theorem 4.8.1 follows immediately from

combining Lemmas 4.8.4 and 4.8.7, taking τ0 = 0 (note indeed that, in the No Kasner bounce case

(∗∗∗), (4.8.52) is true up to {r = 0}, so τ0 = 0). Here γ = α2, and in order to obtain the final error

estimate (4.8.7), we also need (4.8.52) to change variables from r to τ .

For the proof of Theorem 4.8.2 in case (∗∗), we first run the proof in K1 and apply Lemma 4.8.5

to show that (4.8.44) and (4.8.45) with Y = Y1, Z = Z1, γ = α2 are true for J = K1. Unlike in

case (∗∗∗), we are not able to continue these estimates all the way up to r = 0, so we take τ0 ̸= 0

to account for the fact that the proper time variable with respect to which K1 is Kasner-like must

be modified. Thus, we can apply Lemma 4.8.7 to deduce the Kasner-like behavior of K1 claimed in

Theorem 4.8.2. On the other hand, Lemma 4.8.6 and Lemma 4.8.7, applied to Y = Y2, Z = Z2,

γ = α−2 determine the Kasner-like behavior of J = K2 (where here we take τ = 0).

Finally, we prove the proper time estimates (4.8.14) and (4.8.15). For the former, taking the

logarithm of (4.8.53) in the context of the region K2 (where τ0 = 0) yields:

log τ =
1

2
logY2 −

1

2
logZ2 +

α−2 + 3

2
log r +O(1).

In particular, evaluating this at s = sout, then using Lemma 4.7.5 to estimate r(sout) = rout yields

log τ−1(sout) =
1

4
α−2b−2

− ϵ−2 +
α−2 + 3

4(1− α2)
b−2
− ϵ−2 +O(log

(
ϵ−1
)
) = b−2

−
α−2 + 1

2(1− α2)
+O(log

(
ϵ−1
)
).

For the final estimate (4.8.15), we shall use the fact that dτ
dr = Ω

−2ṙ to find that

|τ(sin)− τ(sout)| ≤ (rin − rout) · max
s∈Kbo

Ω

−2ṙ
≤ r

3/2
in · max

s∈Kbo

(
Ω2

−4ṙ

1

−rṙ

)1/2

.

Now applying the estimate (4.7.48) and then (4.7.47) again (as −rṙ ∼ ϵ2 it is absorbed into the

exp
(
D log

(
ϵ−1
))

term in the next line), one obtains

|τ(sin)− τ(sout)| ≤ (
rin
r−

)
3+(α−ϵ2)2

2 · exp
(
−1

4
b−2
− ϵ−2

)
· exp

(
D log

(
ϵ−1
))
,

≤ exp

(
−1

4
b−2
− ϵ−2

[
3 + α2

1− α2
+ 1

])
· exp

(
D log

(
ϵ−1
))
,

yielding (4.8.15) as required. This completes the proof of Theorem 4.8.2, and also Theorem 4.1.2.



Chapter 5

BKL bounces outside homogeneity:

Gowdy symmetry

In this Chapter, we state and prove our main results concerning BKL bounces outside homogeneity

in Gowdy symmetry, based on our recent arXiv preprint [100]. We will be making frequent references

to the T3 Gowdy symmetric spacetimes introduced in Section 2.6.

5.1 Statement of our main results and overview

Let us recall the global existence result of Proposition 2.6.1, and the remarks following it. To start

relating the general Gowdy framework to the heuristics of BKL in Section 1.2, the key issue is to

understand the asymptotic behaviour of (P,Q) in the direction of the singularity, i.e. as t → 0.

For instance, one would like to understand the asymptotic behaviour of the functions P (t, θ) and

Q(t, θ) in the limit t→ 0. By considering a (Fuchsian) series expansion at t = 0, i.e. an asymptotic

expansion whose terms are powers of t with coefficients depending on θ, one could conjecture that,

e.g. from [84]:

P (t, θ) = −V (θ) log t+Φ(θ) + o(1), (5.1.1)

Q(t, θ) = q(θ) + t2V (θ)[Ψ(θ) + o(1)], (5.1.2)

where V,Φ, q,Ψ : S1 → R are regular functions of θ. Upon substituting into the equations (2.6.2)–

(2.6.3), one sees that these expansions are self-consistent, at least under the assumption that for

each θ ∈ S1, one of the following holds:

(i) The coefficient V (θ) satisfies 0 < V (θ) < 1, or

(ii) V (θ) > 0, but ∂θq(θ) = 0, or

(iii) V (θ) < 1, but Ψ(θ) = 0.
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Note: in the subclass of polarized Gowdy spacetimes from Definition 2.6.1, where the equations

reduce to the single linear wave equation (2.6.7), any value of V (θ) is permitted.

Deriving asymptotics of the form (5.1.1)–(5.1.2) was a crucial step in Ringström’s proof of the

Strong Cosmic Censorship for Gowdy symmetric spacetimes [37, 121, 123]. In particular, for our

applications we shall make use of the following, see [37, Step 1] in the polarized case and [121,

Proposition 1.5] for the unpolarized case but with with the assumption 0 < V (θ) < 1.

Theorem 5.1.0. Let (P,Q) be a solution to the Gowdy symmetric wave map system (2.6.2)–(2.6.3),

arising from regular initial data (P,Q, t∂tP, t∂tQ)|t=t0 ∈ (Ck+1)2 × (Ck)2 for some k ≥ 1. Then for

all θ0 ∈ S1, there exists some V (θ0) ∈ R such that −t∂tP (t, θ0) → V (θ0) as t → 0, in other words

−t∂tP (t, θ) → V (θ) pointwise.

Suppose moreover that either Q ≡ 0 i.e. the solution lies in the polarized Gowdy subclass, or we

assume a priori that 0 < V (θ) < 1 for all θ ∈ S1. Then V (θ) is Ck−1 and moreover there exist

Ck−1 functions Φ(θ), q(θ) and r(θ) such that the following limits hold uniformly in the Ck−1 norm

as t→ 0:

−t∂tP (t, θ) → V (θ), P (t, θ) + V (θ) log t→ Φ(θ), (5.1.3)

e2P t∂tQ(t, θ) → r(θ), e2P (Q(t, θ)− q(θ)) → r(θ)

2V (θ)
. (5.1.4)

Note that these imply (5.1.1) and (5.1.2), given Ψ(θ) = r(θ)
2V (θ)e

−2Φ(θ).

Under the same assumptions, if λ(t, θ) solves the remaining equations (2.6.4)–(2.6.5), then

λ(t, θ) = V 2(θ) log t+ L(θ) + o(1), (5.1.5)

where L(θ) obeys the asymptotic momentum constraint dL = −2V · dΦ.

In a context where (5.1.3)–(5.1.5) hold, a straightforward change of coordinates from the gauge

(2.6.1) implies that the metric behaves in a Kasner-like fashion near the t = 0 singularity and

moreover one can describe the Kasner exponents by

p1(θ) =
V 2(θ)− 1

V 2(θ) + 3
, p2(θ) =

2− 2V (θ)

V 2(θ) + 3
, p3(θ) =

2 + 2V (θ)

V 2(θ) + 3
. (5.1.6)

These exponents depend on θ, but always satisfy the (vacuum) Kasner relations (1.1.4).

We remark that in [121, 123], Ringström proves much stronger statements than Theorem 5.1.0.

For instance, he shows that for any θ0 ∈ S1 with 0 < V (θ0) < 1, then there exists a neighborhood

I of θ0 in S1 such that V (θ) is Ck−1 in I ⊂ S1 and moreover the limits (5.1.3)–(5.1.5) hold when

restricted to θ ∈ I. Furthermore, it is proven that for generic1 smooth initial data, 0 < V (θ) < 1

for all θ ∈ S1 \ S, where S is a finite set of points known as “spikes”. See the review article [124] for

details.
1Here generic means open and dense in the C∞-topology on initial data sets (P,Q, t∂tP, t∂Q)|t=t0 .
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In this chapter of our dissertation, our main concern is not understanding Strong Cosmic Censor-

ship in full generalirt, nor the issue of spikes, but instead to address the questions posed in Page 37.

In the current section, we plan to state the precise version of Theorem 1.5.2 and Theorem 1.5.3

succeeding these questions. The first point of call is to introduce a more precise version of the

three conditions (1) Weak subcriticality, (2) Energy boundedness and (3) Closeness to singularity

introduced there.

5.1.1 Setup of the initial data

Notation and key parameters

We first introduce various parameters γ,γ′,γ′′, ζ, N, δ, . . . that appear throughout.

• The real number 0 < γ < 1 captures the size of −t∂tP allowable in our results. Many of the

subsequent parameters will depend on γ, as do the constants appearing in our quantitative

estimates. We further define γ′,γ′′ to be related constants that satisfy

0 <
γ

2
< γ′ < γ < γ′′ < 1. (5.1.7)

• The natural number N represents the largest number of ∂θ-derivatives with which we commute

the Gowdy system (2.6.2)–(2.6.3) in deriving energy estimates. Our choice of N depends on

γ,γ′,γ′′, and we expect N → ∞ as γ → 0. We often use K to denote an integer with

0 ≤ K ≤ N .

• The real number ζ > 0 represents the maximal admissible size of initial data in the L2 sense.

See already the initial data bounds (5.1.11)–(5.1.12) below.

• The real number C∗ > 0 is used in the bootstrap argument. We choose C∗ depending on γ,

γ′, γ′′ and ζ, though we do not make this explicit. The number A∗ > 0 will depend on C∗

and represents the rate at which our energies may blow up.

• The real number t∗ > 0 represents how close to the t = 0 singularity our initial data is required

to be in order to obtain our results. That is, our results apply for initial data at t = t0 for

0 < t0 ≤ t∗. Our choice of t∗ will depend on γ and ζ and we expect t∗ → 0 as either γ → 0

or ζ→ ∞.

• Other constants, often denoted C, will be allowed to depend on all of aforementioned parame-

ters. The notation δ will be used to represent quantities depending on all of these parameters

(e.g. γ, ζ, t∗) such that δ ↓ 0 as t∗ ↓ 0. We often allow abuse of notation such as “δ + δ = δ”

or “C∗δ = δ” etc.
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Initial L∞ and L2 bounds

For the Gowdy symmetric system (2.6.2)–(2.6.3), initial data is given for (P,Q) and their t∂t–

derivatives at {t = t0} for some 0 < t0 ≤ t∗. That is, we let PD, QD, ṖD, Q̇D : S1 → R with

(PD, QD, ṖD, Q̇D) = (P,Q, t∂tP, t∂tQ)|t=t0 (5.1.8)

We characterize an open set Oγ,ζ (perhaps more precisely Oγ,γ′,γ′′,ζ) to which our results apply.

Initial data (PD, QD, ṖD, Q̇D) in this open set will obey the following pointwise bounds:

−ṖD ≥ γ′′, (1− ṖD)
2 + (ePD t0∂θQD)

2 ≤ (1− γ′′)2 (5.1.9)

ePDQ̇D ≤ ζtγ0 , ePD ≤ ζtγ0 , (5.1.10)

as well as the following L2 energy bounds at t = t0, where N depends on γ and ζ > 0:

1

2

N∑
K=0

(∫
S1
(∂Kθ ṖD)

2 + (t0∂
K+1
θ PD)

2 + (tγ0∂
K
θ PD)

2 dθ

)
≤ ζ, (5.1.11)

1

2

N∑
K=0

(∫
S1
e2PD

(
(∂Kθ Q̇D)

2 + (t0∂
K+1
θ QD)

2
)
dθ

)
≤ ζ. (5.1.12)

Finally, one assumes 0 < t0 ≤ t∗, with t∗ is chosen small depending on γ, ζ,γ′,γ′′.

5.1.2 Theorem 5.1.1 – Stability

Theorem 5.1.1 is the precise version of our stability result, see the rough version Theorem 1.5.2.

Theorem 5.1.1 (Stability). Consider initial data (PD, QD, ṖD, Q̇D) for the Gowdy symmetric sys-

tem (2.6.2)–(2.6.3), which obeys (5.1.9), (5.1.10), (5.1.11), (5.1.12) with 0 < t0 ≤ t∗. Then for N

sufficiently large depending on γ and for t∗ chosen sufficiently small, depending on γ, N and ζ, for

0 < t ≤ t0 we have the following L∞ bounds:

γ ≤ −t∂tP ≤ 2− γ, |eP t∂θQ| ≤ 1− γ. (5.1.13)

There exists C = C(γ,γ′,γ′′, ζ) and A∗ = A∗(γ) such that one has the L2 energy bound:

N∑
K=0

∫
S1
(t∂t∂

K
θ P )

2 + t2(∂K+1
θ P )2 + (∂Kθ P )

2 + e2P (t∂t∂
K
θ Q)2 + e2P t2(∂K+1

θ Q)2 dθ

≤ Ct−2A∗−2K(1−γ′). (5.1.14)

Furthermore, there exists V : S1 → R bounded so that −t∂tP (t, θ) → V (θ) pointwise as t → 0.

Finally for k = 1 whenever γ > 1
3 and k = 0 otherwise, there exists a Ck function q : S1 → R so

that Q(t, θ) → q(θ) as t→ 0 in the Ck topology.
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5.1.3 Theorem 5.1.2 – BKL bounces

In Theorem 5.1.2, we make precise our bounce result, see the rough version in Theorem 5.1.2. The

idea is that certain quantities will obey a system of nonlinear ODEs, plus error terms, and that one

may use properties of the ODEs to understand certain aspects of the dynamics.

Theorem 5.1.2 (Bounces). Let (P,Q) be a solution to the Gowdy symmetric system (2.6.2)–(2.6.3),

arising from initial data (PD, QD, ṖD, Q̇D) obeying (5.1.9)–(5.1.12) and 0 < t0 ≤ t∗ as in Theo-

rem 5.1.1.

Let γ : (0, t0] → (0, t0] × S1 be a timelike curve parameterized by the t-coordinate, and let

Pγ(t) = −t∂tP (γ(t)) and Qγ(t) = eP t∂θQ(γ(t)). Then there exist error terms EP(t),EQ(t) depending

on γ but with |EP(t)|, |EQ(t)| ≤ tγ
′ uniformly in the choice of γ, such that

t
d

dt
Pγ = Q2

γ + EP, t
d

dt
Qγ = (1− Pγ)Qγ + EQ. (5.1.15)

Since γ is timelike there exists θ0 ∈ S1 such that γ(t) → (0, θ0) as t→ 0. Further, Qγ(t) converges

to 0 as t → 0, while Pγ(t) converges to Pγ,∞ = V (θ0). Finally, there exists C = C(γ,γ′,γ′′, ζ) > 0

such that:

(i) If the limt→0 ∂θQ(γ(t)) does not converge to 0, then necessarily V (θ0) = Pγ,∞ ≤ 1 and more-

over

|Pγ,∞ −min{Pγ(t0), 2− Pγ(t0)}| ≤ C · (tγ
′

0 + Q2
γ(t0))

1/2. (5.1.16)

(ii) Let γ > 1
2 . By Theorem 5.1.1, ∂θq(θ0) exists, and limt→0 ∂θQ(γ(t)) → ∂θq(θ0). If ∂θq(θ0) = 0,

then one instead has:

|Pγ,∞ − Pγ(t0)| ≤ C · t2γ
′−1

0 . (5.1.17)

where 1
2 < γ

′ < γ is chosen appropriately.

A corollary of Theorem 5.1.2 is the following stability / instability statement regarding nonpo-

larized perturbations of a class of polarized Gowdy solutions.

Corollary 5.1.3 (Stability / Instability). Let P (t, θ) be a smooth solution to the polarized Gowdy

equation (2.6.7), arising from initial data given by (PD, ṖD) at t = t1 > 0. By Theorem 5.1.0, there

exists smooth V,Φ : S1 → R such that P (t, θ) = −V (θ) log t+Φ(θ) + o(1) as t→ 0.

Suppose that 0 < V (θ) < 2 for all θ ∈ S1. Then there exists N ∈ N such that for (possibly non-

polarized) perturbations of this data with ∥(P̃D, Q̃D, ˜̇PD, ˜̇QD) − (PD, 0, ṖD, 0)∥(HN+1)2×(HN )2 ≤ ε,

then for ε sufficiently small the perturbed solution still has −t∂tP̃ (t, θ) → Ṽ (θ) pointwise as t→ 0,

for Ṽ satisfying 0 < Ṽ (θ) < 2.

Next, suppose further that 1
2 < V (θ) < 3

2 for the original polarized solution. Then for per-

turbations as above, we moreover have that ∂θQ̃(t, θ) → ∂θ q̃(θ) uniformly for some C1 function

q̃ : S1 → R. Furthermore, for any ε̃ > 0, ε may be chosen small enough depending on ε̃ such that:
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(i) |Ṽ (θ)−min{V (θ), 2− V (θ)}| ≤ ε̃ if ∂θ q̃(θ) ̸= 0, while

(ii) |Ṽ (θ)− V (θ)| ≤ ε̃ if ∂θ q̃(θ) = 0.

We consider Corollary 5.1.3 a stability / instability result in the sense that while the perturbed

spacetime retains the spacelike singularity and curvature blowup, in the case where the original V (θ)

has 1 < V (θ0) < 2 for some θ0 ∈ S1 a generic unpolarized perturbation will have a corresponding

V̂ (θ0) with V̂ (θ0) ≈ 2− V (θ0), which is “far away” from V (θ0).

Our result applies in particular when the background unperturbed spacetime is an exact Kasner

spacetime with P (θ) = −V log t where 0 < V < 2 (and Kasner exponents given by (5.1.6)). When

1 < V < 2, this gives a precise instability mechanism for a certain range of Kasner exponents. See

also Figure 5.1. Note our methods do not allow us to access this mechanism outside this range,

especially regarding spatially inhomogeneous perturbations.

θ ∈ S1

t

V (θ) ≈ p(θ),
5/4 < V (θ) < 3/2

p(θ) := −t∂tP (t0, θ),
5/4 < p(θ) < 3/2

Q ≡ 0

θ ∈ S1

t

V (θ) ≈ 2− p(θ),
1/2 < V (θ) < 3/4,

except at spikes, where V (θ) ≈ p(θ)

p(θ) := −t∂tP (t0, θ),
5/4 < p(θ) < 3/2

Q = O(ε) nonzero, generic

data at t = t0

asymptotics at t = 0

perturbation

Figure 5.1: Diagram illustrating an example of a global bounce instability arising from a
non-polarized perturbation of a polarized Gowdy spacetime. In the unperturbed spacetime (left)
Q ≡ 0 and the asymptotic quantity V (θ) is close to the (inhomogeneous) data p(θ), while in the
perturbed spacetime (right) with generic Q = O(ε) the bounce of Theorem 5.1.2(i) applied to

constant θ-curves γ means that V (θ) is instead close to 2− p(θ), except at finitely many points
representing spikes.

Our instability is triggered when ∂θq(θ) ̸= 0, while if ∂θq(θ) = 0 and 1
2 < V (θ) < 3

2 our result

suggests that the instability is suppressed. Note that in light of [123] it is true that for an open and

dense subset of perturbations, the instability is indeed triggered at all but finitely many θ ∈ S1; at

the remaining points we leave open the possibility of spikes.

5.1.4 Future research directions

Before moving to a sketch of the proof, we propose two conjectures which would go beyond a single

BKL bounce, but remains in the 1+1-dimensional setting. The first conjecture still concerns Gowdy
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symmetry but with multiple bounces. Note that this would mean exiting the low-velocity regime

with 0 < V (θ) < 2.

Conjecture 5.1.4. There exists a large, open class of initial data for the Gowdy symmetric system

which exhibit any finite number of BKL bounces.

One expects that this would require a different choice of gauge from (2.6.1), since the results of

this paper suggest that ∂θ may not be the correct “spatial derivative” outside of the low-velocity

regime; see already Section 5.1.5. To go beyond a finite number of bounces to a possibly infinite

number, one needs to move beyond Gowdy symmetry, and into the realm of more general T2-

symmetric spacetimes, see [18] for definitions.

Conjecture 5.1.5. One can describe initial data for the Einstein vacuum equations in T2 symmetry

which exhibit an infinite number of BKL bounces.

The reason to study T2 symmetry is that the symmetry assumption no longer enforces that any

of the ωI(x) are integrable in the sense of Frobenius, thus giving the potential for infinite bounces.

Note both Conjectures 5.1.4 and 5.1.5 are supported by the heuristic and numerical investigations

of [19]; this article also suggests possibilities for the ODE system and corresponding nonlinear orbits

causing the bounces.

5.1.5 Sketch of the proof

The proofs of the stability result Theorem 5.1.1 and the bounce result Theorem 5.1.2 will be done in

tandem and there are three major steps, which we briefly sketch here. Recalling the main evolution

equations (2.6.2)–(2.6.3), we caricature these steps as follows:

Step 1: Analysis in the spatially homogeneous case: In this step, we ignore certain terms in

(2.6.2)–(2.6.3) involving ∂θ-derivatives which one expects to become negligible as t→ 0. We

do, however, keep terms involving the expression eP t∂θQ. The result is a nonlinear ODE

system for the quantities −t∂tP and eP t∂θQ; one then analyzes this system to determine

bounds for these quantities.

Step 2: Linearization of the ODE system: In the second step, we consider the best possible

behaviour of the terms involving further ∂θ-derivatives i.e. the non-spatially homogeneous

corrections. We do this by taking commuting ∂θ with the ODE system in Step 1, resulting

in a new linear ODE system for new quantities whose coefficients are given by the solution

(i.e. some orbit) of the ODE system in Step 1.

Step 3: Energy estimates: Finally, one must ensure that we can close our argument without loss

of derivatives (necessary due to the existence of top order terms such as ∂2θP in (2.6.2).)
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One achieves this via L2 energy estimates, which are allowed to blow up but only at a

controlled rate as t→ 0.

We now explain in a little more detail how these steps apply to the Gowdy symmetric system.

For Step 1, with P = −t∂tP and Q = eP t∂θQ, the spatially homogeneous ODE system one gets is:

t∂tP = Q2, t∂tQ = (1− P)Q. (5.1.18)

(Eventually we also include another ODE variable R = eP t∂tQ but we ignore R this for now.) The

upshot is that one can study the 2-dimensional ODE system (5.1.18) via phase plane analysis, as

we see in Figure 5.2 below. The direction of the arrows in Figure 5.2 is with respect to t ↓ 0.

Q := eP t∂θQ

P := −t∂tP

1

α

2− α

Figure 5.2: Phase portrait showing the dynamics of P and Q towards t = 0 in the spatially
homogeneous case. A bounce is a transition from α to 2− α.

The ODE system (5.1.18) contains a line of fixed points at Q = 0. Each of these fixed points

represents an exact (vacuum) Kasner solution with exponents pI as in (5.1.6) where V (θ) is constant

and equal to the value of P at the fixed point. These fixed points are (orbitally) stable as t ↓ 0 if

P ≤ 1 and unstable otherwise.

The dynamics of the ODE system in the remaining region Q ̸= 0 are then described by heteroclinic

orbits linking an unstable fixed point to a stable fixed point. In fact, one may solve the system

exactly using a conserved quantity K = (P − 1)2 + Q2. Thus the heteroclinic orbits, which we

identify as BKL bounces, link the unstable fixed point (P = α,Q = 0) to the stable fixed point

(P = 2− α,Q = 0), for any α > 1.

Now, the condition of weak subcriticality together with the conserved quantity K = (P−1)2+Q2

means that any (P,Q)-orbit associated to Oγ,ζ remains in the bounded region {K ≤ (1−γ)2}. This

will be essential in Steps 2 and 3.

In Step 2, we commute the ODEs (5.1.18) with ∂θ. This yields:

t∂t(∂θP) = 2Q∂θQ, t∂t(∂θQ) = −Q∂θP+ (1− P)∂θQ. (5.1.19)
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We see this is a linear ODE system for ∂θP and ∂θQ whose coefficients are functions of the dynamical

P and Q orbit from Step 1. The fact that the orbit remains in the bounded region {K ≤ (1− γ)2}
allows one to prove, using the linear system (5.1.19), that |∂θP|+ |∂θQ| = O(t−(1−γ)).

So these ∂θ-derivatives are permitted to blow up as t→ 0, but at a controlled rate. This blow-up

rate is sharp in the following sense: if our (P,Q)-orbit is a constant orbit at an unstable fixed point

with P = 2 − γ − ε with ε small then generic solutions of (5.1.19) have ∂θQ = O(t−(1−γ)+ε). This

choice of (P,Q)-orbit is related to spikes; it is unsurprising that near spikes certain ∂θ-derivatives

will blow up.

But in any case, the outcome of Step 2 is that heuristically, each ∂θ-derivative comes with a loss

of t−(1−γ), for instance one expects ∂2θP = O(t−2(1−γ)); this confirms the AVTD expectation that

∂θ-derivatives cost fewer powers of t than ∂t-derivatives (note this requires γ > 0 and is exactly

where we require that our spacetimes are “low-velocity” with 0 < P < 2). This is good news, since

in (2.6.2) the term t2∂2θP will be O(t2γ), and thus negligible as t→ 0. So throwing this term away

to derive the first ODE of (5.1.18) in Step 1 is justifiable, at least at the heuristic level. Similar

arguments hold for the other terms we threw away in Steps 1 and 2.

Step 3 concerns making the argument of the above paragraph rigorous. In particular, we must

overcome the issue of derivative loss due to terms such as ∂2θP . This is achieved via energy estimates;

let E(K)(t) represent an L2-based energy which resembles (2.6.6) but controlling ∂Kθ P and ∂Kθ Q in

place of P and Q. We explain the main energy estimate: commuting (2.6.2) with ∂Kθ yields the

following

(t∂t)
2∂Kθ P − (t∂θ)

2∂Kθ P =

(I)︷ ︸︸ ︷
2e2P

(
t∂tQ · t∂t∂Kθ Q− t∂θQ · t∂K+1

θ Q
)

+ 2e2P
(
(t∂tQ)2 − (t∂θQ)2

)
∂Kθ P︸ ︷︷ ︸

(II)

+ lower order quantities︸ ︷︷ ︸
(III)

.

A standard argument will then yield the differentiated energy estimate:∣∣∣∣t ddtE(K)(t)

∣∣∣∣ ≤√2E(K)(t) · (∥(I) + (II) + (III)∥L2) .

It remains to estimate each of (I), (II) and (III) in L2. Here we need to use Step 1 and Step 2,

the key observation being that eP t∂θQ, represented by Q in Step 1, is bounded by 1 − γ. It turns

out that eP t∂tQ is similarly bounded, and thus for appropriately defined E(K)(t) the terms (I) and

(II) may be bounded by:

∥(I)∥L2 + ∥(II)∥L2 ≤ A∗

√
2E(K)

ϕ (r),

where A∗ is a constant only depending on γ.

For the remaining lower order terms (III), we will also have to use Step 2. To simplify the

exposition, in this sketch we replace (III) by just the single term c·∂θ(eP t∂θQ)·eP t∂Kθ Q, where cmay
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depend on K. One can think of this as c ·∂θQ ·eP t∂Kθ Q, and thus via Step 2 is O(t−(1−γ)) ·eP t∂Kθ Q.

This seems alarming at first sight, since this O(t−(1−γ)) prefactor is not integrable with respect to
dt
t as t→ 0. But eP t∂Kθ Q is not dependent on the Kth order energy E(K)(t), but instead E(K−1)(t).

So

∥(III)∥L2 ≤ Cγ,K t
−(1−γ)

√
2E(K−1)(t).

Our eventual estimate for (III) will also involve E(k)(t) for all k < K, see already Propositions 5.3.1

and 5.3.3.

But sticking to our simplified (III), combining all of the above, as well as combining with a

similar energy estimate using the Q-wave equation (2.6.3), yields∣∣∣∣t ddtE(K)(t)

∣∣∣∣ ≤ 2A∗E(K)(t) + 2Cγ,K t
−(1−γ)

√
E(K)(t) ·

√
E(K−1)(t). (5.1.20)

When K = 0, the last term on the right hand side is absent. Because of the 2A∗, even the 0th order

energy E(0)(t) will blow up as t−2A∗ as t→ 0. Further, the appearance of t−(1−γ) means that as K

increases the rate of blow up also increases. Indeed, one can use (5.1.20) to show:

E(K)(t) ≤ Dγ,K,ζ t
−2A∗−2K(1−γ),

where Dγ,K,ζ depends on γ and the data, as well as the regularity index K.

It is crucial that A∗ is independent of K. The reason for this is that one now applies an

interpolation argument together with the above, much like what is done in [63], to show e.g. that

∂2θP = O(t2(1−γ)−δ), with δ → 0 as N → ∞, where N is the maximum regularity index for which

one applies the energy estimate. This means that one may interpret the ignored terms in Step 1

and Step 2 as negligible errors, as claimed.

To apply Steps 1 to 3 to the nonlinear problem, one uses a standard bootstrap argument. In

our proof, we shall actually perform Step 3 first. That is, one bootstraps L∞ bounds on 0th order

and 1st order quantities, see (B1)–(B4), and uses these to derive the energy estimate (5.1.20). Then

one combines this estimate, an interpolation argument, and the ODE analysis of Steps 1 and 2, to

improve the bootstrap assumptions. This will yield the stability result Theorem 5.1.1, while the

bounce result Theorem 5.1.2 follows from more detailed ODE analysis.
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5.2 Bootstrap assumptions, energies and interpolation lemmas

5.2.1 The L∞ bootstrap assumptions

As explained in Section 5.1.1, let C∗ = C∗(γ, ζ) > 0 be a large real number to be chosen later in

the argument. We often make reference to the following four low order L∞ bootstrap assumptions:

|t∂tP | ≤ C∗, |eP t∂θQ| ≤ C∗, (B1)

|eP t∂tQ|, |e−P | ≤ C∗t
γ′ , (B2)

|∂θP |, |eP t∂2θQ| ≤ C∗t
−(1−γ), (B3)

|t∂t∂θP |, |eP t∂t∂θQ| ≤ C∗t
−(1−γ). (B4)

5.2.2 Energies

Definition 5.2.1. Let 0 ≤ K ≤ N . Define the following Kth order energies at fixed t:

E(K)
P (t) :=

1

2

∫
S1

(
(t∂t∂

K
θ P )

2 + t2(∂K+1
θ P )2 + (∂Kθ P )

2
)
dθ, (5.2.1)

E(K)
Q (t) :=

1

2

∫
S1
e2P

(
(t∂t∂

K
θ Q)2 + t2(∂K+1

θ Q)2
)
dθ, (5.2.2)

E(K)(t) := E(K)
P (t) + E(K)

Q (t). (5.2.3)

To recover asymptotics for Q(t, θ) without the eP weight we also make use of the following energy:

E(K)
Q,u (t) :=

1

2

∫
S1

(
(t∂t∂

K
θ Q)2 + t2(∂K+1

θ Q)2 + (∂Kθ Q)2
)
dθ. (5.2.4)

5.2.3 Sobolev–type inequalities

Lemma 5.2.1 (Sobolev interpolation inequality). Let N,K be integers with 0 ≤ N < K, and let

f : S1 → R be such that ∂Kx f ∈ L2(S1). Then the following L∞–L2 interpolation inequality holds:

∥∂Nx f∥L∞(S1) ≲N,K ∥f∥1−α
L∞(S1)∥∂

K
x f∥αL2(S1), where α =

N

K − 1
2

. (5.2.5)

Proof. This is standard, see for instance [111, Lecture II].

Lemma 5.2.2 (Weighted Sobolev product inequality). Let M,N ≥ 0 be integers and let K =

M +N . Let w : S1 → R>0 be a weight function and let W = logw. Then for f, g sufficiently regular
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one has

∥w ∂Mx f ∂Nx g∥L2(S1) ≲ ∥f∥L∞(S1)

∥w ∂Kx g∥L2(S1) +
K−1∑
j=1

∥∂xW∥j
L∞(S1)∥w ∂

K−j
x g∥L2(S1)


+ ∥g∥L∞(S1)

∥w ∂Kx f∥L2(S1) +
K−1∑
j=1

∥∂xW∥j
L∞(S1)∥w ∂

K−j
x f∥L2(S1)

 . (5.2.6)

Proof. This is a generalization of [122, Lemma 6.16] where Rn is replaced by the unit circle S1 and we

also introduce a weight function w. A complete proof of this lemma is provided in Appendix C.

5.3 The energy estimate hierarchy

In this section, we derive energy estimates for E(K)(t), at orders 0 ≤ K ≤ N , where N = N(γ) is

chosen sufficiently large, by commuting the equations (2.6.2)–(2.6.3) with up to K ∂θ-derivatives.

To handle “error” terms in the hierarchy (where the precise coefficients arising in the commuted

equations are not crucial), it is useful to introduce the following schematic notation: expressions

such as ∑
kp+k1+...+ki=K

∂
kp
θ f ∗ ∂k1θ g ∗ · · · ∗ ∂

ki
θ g

will represent some linear combination of products of the form ∂
kp
θ f · ∂k1θ g · · · ∂

ki
θ g such that i ≥ 1,

kp ≥ 1 and kj ≥ 1 for all 1 ≤ j ≤ i and kp + k1 + . . . + ki = K. We emphasize that

unless explicitly stated otherwise, in these schematic sums i and j will be positive integers, as are

the indices kp, k1, ki etc.

In the event that any index e.g. kp is allowed to be 0, this will be explicitly stated, and similarly

if there are further constraints on any index.

5.3.1 Energy estimates for P

Proposition 5.3.1. Let (P,Q) be a solution to the Gowdy symmetric system (2.6.2)–(2.6.3) obeying

the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗ depending only on C∗, as

well as a constant C(K) depending on C∗ and the regularity index K ∈ {0, 1, . . . , N}, such that∣∣∣∣t ddtE(K)
P (t)

∣∣∣∣ ≤ 2A∗E(K)(t) +

K−1∑
k=0

C(K)t−2(1−γ)(K−k)E(k)(t), (5.3.1)

where it is understood that the final term is absent if K = 0.
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Proof. For any K ≥ 1, commuting the wave equation for P (2.6.2) with ∂Kθ yields

(t∂t)
2∂Kθ P − t2∂2θ∂

K
θ P =

2 ∂Kθ P e
2P
(
(t∂tQ)2 − (t∂θQ)2

)
+ 2e2P (t∂tQ)(t∂t∂

K
θ Q) + 2e2P (t∂θQ)(t∂K+1

θ Q) (5.3.2a)

+ t2e2P
∑

i≥0,kr<K
k1+···+ki+kr+ks=K

∂k1θ P ∗ · · · ∗ ∂kiθ P ∗ ∂t∂krθ Q ∗ ∂t∂ksθ Q (5.3.2b)

+ t2e2P
∑

i≥0,kr<K
k1+···+ki+kr+ks=K

∂k1θ P ∗ · · · ∗ ∂kiθ P ∗ ∂kr+1
θ Q ∗ ∂ks+1

θ Q (5.3.2c)

Note that in the uncommuted case K = 0, (5.3.2a) is replaced by e2P
(
(t∂tQ)2 + (t∂θQ)2

)
, while

the terms (5.3.2b)–(5.3.2c) are absent; this case will be simpler in the subsequent estimate.

The first line (5.3.2a) is the leading order contribution that gives rise to the 2A∗E(K)(t) on

the RHS of (5.3.1). It remains to estimate the remaining lines (5.3.2b) and (5.3.2c) in L2. For

this purpose, we will use the product estimate Lemma 5.2.2. It will be convenient to replace the

schematic expression (5.3.2a) by∑
i≥0,0≤kr,ks<K

k1+···+ki+kr+ks=K

∂k1θ P ∗ · · · ∗ ∂kiθ P ∗ ∂krθ (eP t∂tQ) ∗ ∂ksθ (eP t∂tQ), (5.3.2b’)

noting these two schematic expressions are equivalent since expanding (5.3.2b’) simply means that

more derivatives can fall on P . We can apply Lemma 5.2.2 with w = 1 to this expression; since we

can use (B2) to bound |eP t∂tQ| ≤ C∗ if kr, ks = 0, repeated use of this lemma yields:

∥(5.3.2b’)∥L2 ≲ (1 + C2
∗ )

K−1∑
k=0

(∥∂kθP∥L2 + ∥∂kθ (eP t∂tQ)∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP t∂tQ)∥L∞)K−k.

(5.3.3)

Note in this expression it is critical that the sum does not include K = k; these top order objects

appeared instead in (5.3.2a).

To explain a little further how one arrives at this estimate, note that summands in (5.3.2b’)

containing i + 1 terms in the product (not including undifferentiated copies of eP t∂tQ which are

estimated by (B2)), the maximum number of ∂θ derivatives landing on either P or eP t∂tQ is exactly

K − i. Then repeated use of Lemma 5.2.2 allows us to put exactly K − i ∂θ derivatives on one of

these, which we estimate in L2, while the remaining i terms are estimated by either ∥∂θP∥L∞ or

∥∂θ(eP t∂tQ)∥L∞ . Setting k = K − i ∈ {1, . . . ,K − 1}, we obtain the desired estimate (5.3.3).

The next step is to represent the right hand side of (5.3.3) in terms of our energies. One issue is

that our energy E(K)
Q (t) in Definition 5.2.1 controls ∥eP (t∂t∂Kθ Q)2∥L2 as opposed to ∥∂Kθ (eP t∂tQ)∥L2 .

However, this will not be a major issue, since by Lemma 5.3.2, which we defer to after this proof,
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will tell us that assuming (B2),

∥∂kθ (eP t∂tQ)∥L2 ≲
k∑
j=1

(∥∂jθP∥L2 + ∥eP (t∂t∂jθQ)∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP t∂tQ)∥L∞)k−j .

Thereby combining this with (5.3.3) and the expression for E(K)(t) in Definition 5.2.1 – and using

that (5.3.2b) and (5.3.2b’) are equivalent – and finally using the remaining bootstrap assumptions

(B3)–(B4) to estimate ∥∂θP∥L∞ + ∥∂θ(eP t∂tQ)∥L∞ , one therefore deduces that

∥(5.3.2b)∥L2 ≲C∗,K

K−1∑
k=0

t(1−γ)(K−k)
√

E(k)(t). (5.3.4)

The estimate for (5.3.2c) is essentially the same; we first rewrite (5.3.2c) in the schematic form∑
i≥0,0≤kr,ks<K

k1+···+ki+kr+ks=K

∂k1θ P ∗ · · · ∗ ∂kiθ P ∗ ∂krθ (eP t∂θQ) ∗ ∂ksθ (eP t∂θQ), (5.3.4c’)

then use the product estimate Lemma 5.2.2 along with the forthcoming Lemma 5.3.2 to express the

L2 norm of this in terms of familiar quantities:

∥(5.3.4c’)∥ ≲
K−1∑
k=0

(∥∂kθP∥L2 + ∥eP (t∂k+1
θ Q)∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP t∂θQ)∥L∞)K−k (5.3.5)

We then combine with the definition of the energies E(K)(t), and use the bootstrap assumption

(B3) to estimate ∥∂θP∥L∞ + ∥∂θ(eP t∂θQ)∥L∞ ; one yields

∥(5.3.2c)∥L2 ≲C∗,K

K−1∑
k=0

t(1−γ)(K−k)
√
E(k)(t). (5.3.6)

Now, to conclude, for 0 ≤ K ≤ N we write

t∂t

(
1

2

(
(t∂t∂

K
θ P )

2 + t2(∂K+1
θ P )2 + (∂Kθ P )

2
))

= (t∂t∂
K
θ P )

[
(t∂t)

2∂Kθ P − t2∂K+2
θ P + ∂Kθ P

]
+ t2(∂K+1

θ P )2 + ∂θ

(
t∂t∂

K
θ P · t2∂K+1

θ P
)
.

Integrating over θ ∈ S1 so that the last term vanishes, and inserting the commuted wave equation,

one has the following identity for the t ddt derivative of the energy:

t
d

dt
E(K)
P (t)

=

∫
S1

[
(t∂t∂

K
θ P )

(
(5.3.2a) + ∂Kθ P

)
+ t2(∂K+1

θ P )2
]
dx

+

∫
S1

[
(t∂t∂

K
θ P ) ((5.3.2b) + (5.3.2c))

]
dx.



219

From the bootstrap assumptions (B1)–(B2), it is clear that ∥(5.3.2a)∥L2 ≤ 10C2
∗
√

E(K)(t). Using

Cauchy–Schwarz, the first integral in the above expression can thus be bounded as:∣∣∣∣∫
S1

[
(t∂t∂

K
θ P )

(
(5.3.2a) + ∂Kθ P

)
+ t2(∂K+1

θ P )2
]
dx

∣∣∣∣ ≤ (10C2
∗ + 9)E(K)(t).

On the other hand, the latter integral can be estimated using (5.3.4) and (5.3.6); one yields that

for some C(K) > 0,∣∣∣∣∫
S1

[
(t∂t∂

K
θ ϕ) ((5.3.2b) + (5.3.2c))

]
dx

∣∣∣∣ ≤√C(K)

K−1∑
k=0

t−(1−γ)(K−k)
√

E(k)(t) ·
√
E(K)(t).

Combining these and applying Young’s inequality, Proposition 5.3.1 follows, with 2A∗ = 10C2
∗ +

10.

We end this subsection with the promised Lemma 5.3.2, used to relate ∥∂kθ (eP t∂tQ)∥L2 to

∥eP t∂t∂kθQ∥L2 in the estimate (5.3.3), and ∥∂kθ (eP t∂θQ)∥L2 to ∥eP t∂k+1
θ Q∥L2 in (5.3.5).

Lemma 5.3.2. Let f : S1 → R be a sufficiently regular function, with |eP f | ≤ C∗. Then for

P : S1 → R regular function, and k ∈ N, one has

∥∂kθ (eP f)∥L2 ≲ (1 + C∗)
k∑
j=0

(∥∂jθP∥L2 + ∥eP∂jθf∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP f)∥L∞)k−j . (5.3.7)

Proof. We prove (5.3.7) using induction on k ∈ N. The base case k = 1 follows from

|∂θ(eP f)| ≤ |∂θP | · |eP f |+ |eP∂θf | ≤ C∗ · |∂θP |+ |eP∂θf |.

Now, let us suppose that (5.3.7) holds for k ≤ K ∈ N. To go from k = K to k = K + 1, we use

our schematic notation to expand ∂K+1
θ (eP f), and write

∂K+1
θ (eP f) = ∂K+1

θ P · eP f + eP∂K+1
θ f +

∑
k1+···+kj+kf=K+1

∂k1θ P ∗ · · · ∗ ∂kjθ P ∗ ∂kfθ (eP f), (5.3.8)

where crucially each of the k1, . . . , kj , kf will not exceed K. Therefore, one may apply the product

estimate Lemma 5.3.2 to find∥∥∥∥∥∥
∑

k1+···+kj+kf=K+1

∂k1θ P ∗ · · · ∗ ∂kjθ P ∗ ∂kfθ (eP f)

∥∥∥∥∥∥
L2

≲
K∑
j=0

(∥∂jθP∥L2 + ∥∂jθ(e
P f)∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP f)∥L∞)K+1−j .
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We now apply the induction hypothesis to change ∥∂jθ(e
P f)∥L2 to ∥eP∂jθP∥L2 . We thus deduce∥∥∥∥∥∥

∑
k1+···+kj+kf=K+1

∂k1θ P ∗ · · · ∗ ∂kjθ P ∗ ∂kfθ (eP f)

∥∥∥∥∥∥
L2

≲ (1 + C∗)

K∑
j=0

(∥∂jθP∥L2 + ∥eP∂jθf∥L2) · (∥∂θP∥L∞ + ∥∂θ(eP f)∥L∞)K+1−j .

On the other hand, the first two terms on the right hand side of (5.3.8) have L2 norm bounded by

C∗∥∂K+1
θ P∥L2 + ∥eP∂K+1

θ f∥L2 . This proves the estimate (5.3.7) for k = K + 1 and completes the

proof of the lemma.

5.3.2 Energy estimates for Q

We now prove the analogous energy estimate for E(K)
Q (t).

Proposition 5.3.3. Let (P,Q) be a solution to the Gowdy symmetric system (2.6.2)–(2.6.3) obeying

the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗ depending only on C∗, as

well as a constant C(K) depending on C∗ and the regularity index K ∈ {0, 1, . . . , N}, such that∣∣∣∣t ddtE(K)
Q (t)

∣∣∣∣ ≤ (2A∗ + 2C∗t
γ)E(K)(t) +

K−1∑
k=0

C(K)t−2(1−γ)(K−k)E(k)(t), (5.3.9)

where it is understood that the final term is absent if K = 0.

Proof. Commuting the Q wave equation (2.6.3) with ∂Kθ , one yields for 1 ≤ K ≤ N :

(t∂t)
2∂Kθ Q− t2∂2θ∂

K
θ Q =

− 2t∂t∂
K
θ P · t∂tQ− 2t∂tP · t∂t∂K+1

θ Q+ 2t∂K+1
θ P · t∂θQ+ 2t∂tP · t∂K+1

θ Q

(5.3.10a)

+
∑

kp+kq=K

(
t∂t∂

kp
θ P ∗ t∂t∂

kq
θ Q+ t∂

kp+1
θ P ∗ t∂kq+1

θ Q
)
. (5.3.10b)

The base case K = 0 is just the equation (2.6.3) and will be easier to deal with. Note it again

crucial that neither of kp, kq is allowed to equal K.

In light of the e2P weight appearing in E(K)
Q (t) in Definition 5.2.1, we will be required to estimate

eP times the right hand side of this equation in L2. For the lower order term (5.3.10b), we use a

similar method to the estimate for (5.3.2b) in Proposition 5.3.1. For the first term in (5.3.10b), it

is convenient to write instead

eP
∑

kp+kq=K

t∂t∂
kp
θ P ∗ t∂t∂

kq
θ Q =

∑
i≥0

k1+···+ki+kp+kq=K

∂k1θ P ∗ · · · ∗ ∂kiθ P ∗ t∂t∂
kp
θ P ∗ ∂kqθ (eP t∂tQ)
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Then one may estimate this in L2 in the same way as the term (5.3.2b’), eventually getting∥∥∥∥∥∥eP
∑

kp+kq=K

t∂t∂
kp
θ P ∗ t∂t∂

kq
θ Q

∥∥∥∥∥∥
≲C∗

K−1∑
k=0

(∥∂kθP∥L2 + ∥t∂t∂kθP∥L2 + ∥eP t∂t∂kθQ∥L2)·

(∥∂θP∥L∞ + ∥t∂t∂θP∥L∞ + ∥∂θ(eP t∂tQ)∥L∞)K−k

Thereby using Definition 5.2.1 and the bootstrap assumptions (B1)–(B4), we get∥∥∥∥∥∥eP
∑

kp+kq=K

t∂t∂
kp
θ P ∗ t∂t∂

kq
θ Q

∥∥∥∥∥∥ ≲C∗,K

K−1∑
k=0

t−(1−γ)(K−k)
√

E(k)(t).

The same method allows us to estimate the second term in (5.3.10b) in the same way, thus

∥eP (5.3.10b)∥L2 ≲C∗,K

K−1∑
k=0

t−(1−γ)(K−k)
√

E(k)(t). (5.3.11)

To conclude, we first write the derivative identity; for 0 ≤ K ≤ N :

t∂t

(
1

2

(
e2P (t∂t∂

K
θ Q)2 + e2P t2(∂K+1

θ Q)2
))

= eP (t∂t∂
K
θ Q) eP

[
(t∂t)

2∂Kθ Q− t2∂K+2
θ Q

]
+ ∂θ

(
e2P t∂t∂

K
θ Q · t2∂K+1

θ Q
)

+ t∂tP · e2P (t∂t∂Kθ Q)2 + (1 + t∂tP )e
2P t2(∂K+1

θ Q)2 − 2t∂θP · e2P t∂t∂Kθ Q · t∂K+1
θ Q.

Next, integrating this over θ ∈ S1, one deduces that

t
d

dt
E(K)
Q (t)

=

∫
S1

[
eP t∂t∂

K
θ Q

(
eP (5.3.10a) + t∂tP · eP t∂t∂Kθ Q

)
+ (1 + t∂tP )e

2P t2(∂K+1
θ Q)2

]
dx

−
∫
S1
2t∂θP · eP t∂t∂Kθ Q · eP t∂K+1

θ Qdx+

∫
S1

[
(t∂t∂

K
θ Q)

(
eP (5.3.10b)

)]
dx.

Finally, using the expression for (5.3.10a), the bootstrap assumptions (B1) and (B2), and the

expression for E(K)(t) in Definition 5.2.1, one may check that the first line of the right hand side is

bounded by say (10C2
∗ + 9)E(K)(t).

On the other hand, by using the bootstrap assumption (B3) for the second integral and (5.3.11)

for the third, one yields:∣∣∣∣∫
S1
2t∂θP · eP t∂t∂Kθ Q · eP t∂K+1

θ Qdx

∣∣∣∣ ≤ 2C∗t
γE(K)(t),

∣∣∣∣∫
S1

[
(t∂t∂

K
θ Q)

(
eP (5.3.10b)

)]
dx

∣∣∣∣ ≲√E(K)(t) ·
K−1∑
k=1

t(1−γ)(K−k)
√

E(k)(t).
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Therefore applying Young’s inequality, one deduces (5.3.9) for 2A∗ = 10(C2
∗ + 1).

5.3.3 The energy hierarchy

We now use Propositions 5.3.1, 5.3.3 together with the initial data assumption (5.1.11)–(5.1.12),

to show that the total energy of order K, E(K)(t), grows at most polynomially in t as t ↓ 0, and

moreover that the rate of blow-up depends linearly in K.

Proposition 5.3.4. Let (P,Q) be a solution to the Gowdy symmetric system (2.6.2)–(2.6.3) in the

interval t ∈ [tb, t0], such that the solution obeys the bootstrap assumptions (B1)–(B4). Assuming

also the bounds (5.1.11)–(5.1.12) for the initial data, then there exist a constant A∗ depending only

on C∗, as well as constants C(K) depending on C∗, K and ζ, such that for 0 ≤ K ≤ N , the total

energy E(K)(t) satisfies the bound:

E(K)(t) ≤ C(K) t−2A∗−2K(1−γ). (5.3.12)

Proof. Combining Propositions 5.3.1 and 5.3.3, it is straightforward to show that for some A∗ > 0

depending only on C∗ and constants C(K) > 0 (we allow A∗ to differ from the previous propositions),

one has the following derivative estimate:∣∣∣∣t ddtE(K)(t)

∣∣∣∣ ≤ (2A∗ + 2C∗t
γ)E(K)(t) + C(K)

K−1∑
k=0

r−(1−γ)(K−k)E(k)(t).

As we integrate “backwards” i.e. towards r = 0, the derivative estimate we actually use is the

following:

t
d

dt
E(K)(t) ≥ −(2A∗ + 2C∗t

γ)E(K)(t)− C(K)
K−1∑
k=0

r−γ(K−k)E(k)(t).

In fact, using the integrating factor t2A∗ , which is crucially independent of K, we write:

t
d

dt

(
t2A∗E(K)(t)

)
≥ −2C∗t

γ
(
t2A∗E(K)(t)

)
− C(K)

K−1∑
k=0

t−2(1−γ)(K−k)
(
t2A∗E(k)(t)

)
. (5.3.13)

We will now use (5.3.13) and induction on K ∈ {0, . . . , N} that

t2A∗E(K)(t) ≲ t−2(1−γ)K , (5.3.14)

where the implied constant is now allowed to depend on C∗, K and ζ. This is equivalent to (5.3.12).

Note that the dependence on ζ comes from the fact that the initial data bound (5.1.11)–(5.1.12)

implies that
N∑
k=0

t2A∗
0 E(k)(t0) ≤ ζ. (5.3.15)
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For the base case K = 0, one simply applies Grönwall’s inequality to (5.3.13) for K = 0; then

for t ∈ [tb, t0]

t2A∗E(0)(t) ≤ exp(F (t0, t)) · t2A∗
0 E(0)(t0), where F (sa, sb) =

∫ sa

sb

2C∗t̃
γdt̃

t̃
.

Since F (sa, sb) is uniformly bounded for sa, sb ∈ [tb, t0], it follows from the initial data bound

(5.3.15) that (5.3.14) holds for K = 0.

Moving onto the induction step, assume that (5.3.14) holds for 0 ≤ K < K̄ ≤ N ; we wish to

prove it also holds for K = K̄. Applying Grönwall’s inequality to (5.3.13) for K = K̄, we have that

t2A∗E(K̄)(t) ≤ exp(F (t0, t)) · t2A∗
0 E(K̄)(t0)

+

∫ t0

t
exp
(
F (t̃, t)

)
C(K̄)

K̄−1∑
k=0

t̃−2(1−γ)(K̄−k)t̃2A∗E(k)(t̃)
dt̃

t̃
.

It therefore follows from the initial data bound (5.3.15) and the inductive hypothesis for t̃2A∗E(k)(t̃)

that

t2A∗E(K̄)(t) ≲ ζ+
∫ t0

t

K̄−1∑
k=0

t̃−2(1−γ)(K̄−k) · t̃−2γk dt̃

t̃
≲ t−2(1−γ)K̄

as required. This completes the proof of the proposition.

5.3.4 An auxiliary energy estimate

In order to recover precise asymptotics for Q(t, θ) as t→ 0 we also make use of the following energy

estimate for the energy E(K)
Q,u (t), see Definition 5.2.1.

Proposition 5.3.5. Let (P,Q) be a solution to the Gowdy symmetric system (2.6.2)–(2.6.3) obeying

the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗ depending only on C∗, as

well as a constant C(K) depending on C∗ and the regularity index K ∈ {0, 1, . . . , N} such that∣∣∣∣t ddtE(K)
Q,u (t)

∣∣∣∣ ≤ 2A∗E(K)
Q,u (t) + C(K)

√
2E(K)

Q,u (t) ·
(
t−(1−γ)

√
2E(K−1)

Q,u (t) + tγ
′
√

2E(K)(t)

)
. (5.3.16)

With initial data as in Proposition 5.3.4, one can moreover show that for some C(K) > 0,

E(K)
Q,u (t) ≤ C(K)t−2A∗−2K(1−γ). (5.3.17)

Here C(K) may also depend on the initial data (QD, Q̇D).

Proof. For the auxiliary estimate we again commute the wave equation (2.6.3) with ∂Kθ , though we

shall group terms in a slightly different way to (5.3.10a) and (5.3.10b). We have:

(t∂t)
2∂Kθ Q− t2∂2θ∂

K
θ Q = −2t∂tP · t∂t∂K+1

θ Q+ 2t∂θP · t∂K+1
θ Q (5.3.18a)

+
∑

kp+kq=K
0≤kq<K

(
t∂t∂

kp
θ P ∗ t∂t∂

kq
θ Q+ t∂

kp+1
θ P ∗ t∂kq+1

θ Q
)
. (5.3.18b)
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The difference between this and (5.3.10a)–(5.3.10b) is that the top order term containing P (i.e. kp =

K) is now included in (5.3.18b). We shall now estimate (5.3.18b) in L2 without the eP weight.

Using Lemma 5.2.2 and the fact that 1 ≤ kp ≤ K, one finds

∥(5.3.18b)∥L2 ≲ ∥t∂t∂Kθ P∥L2∥t∂tQ∥L∞ + ∥t∂t∂θP∥L∞∥t∂t∂K−1
θ Q∥L2

+ ∥t∂K+1
θ P∥L2∥t∂θQ∥L∞ + ∥t∂2θP∥L∞∥t∂Kθ Q∥L2 .

For the first and third terms on the right hand side, the L2 norm is controlled by E(K)
P (t), while

the L∞ norm is controlled via the bootstrap assumptions (B1) and (B2), which together give

∥t∂tQ∥L∞ , ∥t∂θQ∥L∞ ≤ C2
∗ t
γ. For the second and fourth terms, the L2 norm is controlled by

E(K−1)
Q,u (t), while the L∞ norms are controlled using (B3)–(B4).

Combining all of these will yield that

∥(5.3.18b)∥ ≲ tγ
′
√
E(K)
P (t) + t−(1−γ)

√
E(K−1)
Q,u (t). (5.3.19)

Continuing, we write down the derivative identity:

t∂t

(
1

2

(
(t∂t∂

K
θ Q)2 + t2(∂K+1

θ Q)2 + (∂Kθ Q)2
))

= (t∂t∂
K
θ Q)

[
(t∂t)

2∂Kθ Q− t2∂K+2
θ Q+ ∂Kθ Q

]
+ t2(∂K+1

θ Q)2 + ∂θ

(
t∂t∂

K
θ Q · t2∂K+1

θ Q
)
.

Integrating over θ ∈ S1, one thus yields that

t
d

dt
E(K)
Q (t)

=

∫
S1

[
(t∂t∂

K
θ Q)

(
(5.3.18a) + ∂Kθ Q

)
+ t2(∂K+1

θ Q)2
]
dx+

∫
S1

[
(t∂t∂

K
θ Q) · (5.3.18b)

]
dx.

Using the bootstrap assumptions (B1) and (B3) to deal with (5.3.18a), and using (5.3.19) to deal

with (5.3.18b), one therefore deduces the estimate (5.3.16) in a similar way to say Proposition 5.3.1.

Inserting the bound (5.3.12) into (5.3.16), we find that:

t
d

dt
E(K)
Q,u (t) ≥ −2A∗E(K)

Q,u (t)− 2C(K)
√
E(K)
Q,u (t) ·

(
t−(1−γ)

√
E(K−1)
Q,u (t) + tγ

′−A∗−K(1−γ)
)
.

Equivalently,

t
d

dt

√
t2A∗E(K)

Q,u (t) ≥ −C(K)

(
t−(1−γ)

√
t2A∗E(K−1)

Q,u (t) + t−γ
′−A∗−K(1−γ)

)
.

The integrated estimate (5.3.17) then follows easily using induction on K ∈ {0, . . . , N}.
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5.4 Derivation of ODEs

5.4.1 Low order interpolation estimates

The goal in this section is to use the energy estimates of Proposition 5.3.4 together with the Sobolev

interpolation in Lemma 5.2.1 to provide L∞ bounds for low order ∂θ derivatives of P and Q, allowing

us to treat (2.6.2)–(2.6.3) as ODEs for certain quantities without worrying about losing derivatives.

Lemma 5.4.1. Let (P,Q) be as in Proposition 5.3.4. Given any 0 < γ′ < γ, for N chosen

sufficiently large there exists a family of constants δ = δ(C∗, ζ, t∗) > 0 with δ ↓ 0 as t∗ ↓ 0, such

that for any 0 ≤ k ≤ 3 and t ∈ [tb, t0] one has

∥∂kθP (t, ·)∥L∞ + ∥t∂t∂kθP (t, ·)∥L∞ + ∥eP t∂t∂kθQ(t, ·)∥L∞ + ∥eP t∂k+1
θ Q∥L∞ ≤ δt−k(1−γ′). (5.4.1)

Proof. We use the energy estimate (5.3.12) for K = N , alongside Lemma 5.3.2 applied to f = t∂tQ

and f = t∂θQ, to derive the following top order L2 estimate:

∥∂Nθ P∥2L2 + ∥t∂t∂Nθ P∥2L2 + ∥∂Nθ (eP t∂tQ)∥2L2 + ∥∂Nθ (eP t∂θQ)∥2L2 ≤ 2C(N)t−2A∗−2N(1−γ). (5.4.2)

Note that while C(N) depends on N , the number A∗ does not, and we later choose N depending on

A∗.

We now interpolate between (5.4.2) and the low-order L∞ bootstrap assumptions (B1) and (B2).

Applying Lemma 5.2.1, with f ∈ {P, t∂tP, eP t∂tQ, eP t∂θQ} and 0 ≤ k ≤ 3 one finds:

∥∂kθ f(t, ·)∥L∞ ≲N ∥f(t, ·)∥1−αL∞ ∥∂Nθ f(t, ·)∥αL2 , where α =
k

N − 1
2

.

Inserting the bound (5.4.2) and the bootstrap assumptions (B1) and (B2), one finds

∥∂kθ f(t, ·)∥L∞ ≲N,C∗

(
t−2A∗−2N(1−γ)

)α
2
= t−k(1−γ) ·

(
t−2A∗−(1−γ)

)α
2
.

Note that as N → ∞, α→ 0. In particular, for N chosen sufficiently large (depending on A∗, γ

and γ′ < γ) one can guarantee that the second term in the product (t−2A∗−(1−γ))
α
2 can be bounded

by say t−
γ−γ′

2 . Thus for this choice of N , we deduce that for f as above,

∥∂kθ f(t, ·)∥L∞ ≤ CN,C∗t
−k(1−γ)−γ−γ′

2 = CN,C∗t
−k(1−γ′) · t(k−

1
2
)(γ−γ′). (5.4.3)

To go from (5.4.3) to (5.4.1), there are two more steps required. The first is that we can expand

out ∂kθ (e
P t∂tQ) and ∂kθ (e

P t∂θQ) to yield, for some suitably modified constant CN,C∗ ,

∥∂kθP (t, ·)∥L∞ + ∥t∂t∂kθP (t, ·)∥L∞ + ∥eP t∂t∂kθQ(t, ·)∥L∞ + ∥eP t∂k+1
θ Q∥L∞

≤ t−k(1−γ
′) · (CN,C∗t

1
2
(γ−γ′)).

Note we used here that k − 1
2 ≥ 1

2 . Then recalling that t ≤ t0 ≤ t∗, letting δ = CN,C∗ · t
1
2
(γ−γ′)

∗

completes the proof of the lemma.
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Using Proposition 5.3.5, we also derive interpolated estimates for Q, without the eP weight.

Lemma 5.4.2. Let (P,Q) be as in Proposition 5.3.5. For γ,γ′, N as in Lemma 5.4.2 there exists

a family of constants δ = δ(C∗, ζ, t∗) > 0 with δ ↓ 0 as t∗ ↓ 0, such that for any 0 ≤ k ≤ 3 and

t ∈ [tb, t0] one has

∥∂kθQ(t, ·)∥L∞ + ∥t∂t∂kθQ(t, ·)∥L∞ ≤ δt−k(1−γ′). (5.4.4)

Proof. The proof is identical to that of Lemma 5.4.1, using instead the energy E(N)
Q,u (t) and the

estimate (5.3.17).

5.4.2 The main bounce ODEs

Corollary 5.4.3. Let (P,Q) be as in Proposition 5.3.4. Then for N chosen sufficiently large

there exists a family of constants δ = δ(C∗, ζ, t∗) > 0, with δ ↓ 0 as r∗ ↓ 0, such that for all

(t, x) ∈ [tb, r0]× S1 and all a ∈ [−1, 1]:∣∣(t∂t + at∂θ)(−t∂tP )−
(
(eP t∂θQ)2 − (eP t∂tQ)2

)∣∣ (t, x) ≤ δtγ′ , (5.4.5)∣∣(t∂t + at∂θ)(e
P t∂θQ)− (1 + t∂tP )(e

P t∂θQ)
∣∣ (t, x) ≤ δtγ′ , (5.4.6)∣∣(t∂t + at∂θ)(e

P t∂tQ) + (t∂tP )(e
P t∂tQ)

∣∣ (t, x) ≤ δtγ′ . (5.4.7)

Proof. Each of these will follow straightforwardly from Lemma 5.4.1 and basic manipulation of the

equations (2.6.2) and (2.6.3). For (5.4.5), from (2.6.2) one has:

(t∂t + at∂θ)(−t∂tP )−
(
(eP t∂θQ)2 − (eP t∂tQ)2

)
= −t2∂2θP − at2∂t∂θP. (5.4.8)

Then applying Lemma 5.4.1, the right hand side is bounded by

|t2∂2θP |+ |at2∂t∂θP | ≤ δt2−2(1−γ′) + δt1−(1−γ′) ≤ 2δtγ
′
,

and the bound (5.4.5) follows upon redefining δ appropriately.

For (5.4.6), one simply applies the product rule on ∂t(eP t∂θQ) to get:

(t∂t + at∂θ)(e
P t∂θQ)− (1 + t∂tP )(e

P t∂θQ) = eP t2∂t∂θQ+ at∂θ(e
P t∂θQ). (5.4.9)

Applying Lemma 5.4.1 repeatedly, one bounds the right hand side of this by δ(2+C∗)t
γ′ , so (5.4.6)

follows upon further redefining δ.

For (5.4.7), one uses the equation (2.6.3), to derive

(t∂t + at∂θ)(e
P t∂tQ) + (t∂tP )(e

P t∂tQ) = eP t2∂2θQ+ 2eP t∂θQ · t∂θP + at∂θ(e
P t∂tQ), (5.4.10)

and by Lemma 5.4.1 is bounded by δ(2+ 3C∗)t
γ′ , thus completing the proof upon redefining δ.
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5.4.3 The equations of variation

On top of the ODEs for −t∂tP , eP t∂θQ and eP t∂tQ exhibited in Corollary 5.4.3, we shall also require

corresponding ODEs for their ∂θ-derivatives; that is, the linear system obtained by linearizing the

ODEs of Corollary 5.4.3 around a given solution for (−t∂tP, eP t∂θQ, eP t∂tQ).

Corollary 5.4.4. Let (P,Q) be as in Proposition 5.3.4. Then for N chosen sufficiently large

there exists a family of constants δ = δ(C∗, ζ, t∗) > 0, with δ ↓ 0 as r∗ ↓ 0, such that for all

(t, x) ∈ [tb, r0]× S1 and all a ∈ [−1, 1]:∣∣(t∂t + at∂θ)(−t∂t∂θP )− 2(eP t∂θQ)∂θ(e
P t∂θQ) + 2(eP t∂tQ)∂θ(e

P t∂tQ)
∣∣ (t, x) ≤ δt−1+2γ′ ,

(5.4.11)∣∣(t∂t + at∂θ)(∂θ(e
P t∂θQ))− t∂t∂θP e

P t∂θQ− (1 + t∂tP )∂θ(e
P t∂θQ)

∣∣ (t, x) ≤ δt−1+2γ′ , (5.4.12)∣∣(t∂t + at∂θ)(∂θ(e
P t∂tQ)) + t∂t∂θP e

P t∂tQ+ t∂tP ∂θ(e
P t∂tQ)

∣∣ (t, x) ≤ δt−1+2γ′ . (5.4.13)

Proof. Each of (5.4.11)–(5.4.13) will be derived by commuting the equations (5.4.8)–(5.4.10) used

in the proof of Corollary 5.4.3 with a ∂θ-derivative, then using Lemma 5.4.1 to bound the right

hand side. We demonstrate this by deriving (5.4.13); by commuting (5.4.10) with ∂θ, one yields

(t∂t + at∂θ)(∂θ(e
P t∂tQ)) + t∂t∂θP e

P t∂tQ+ t∂tP ∂θ(e
P t∂tQ)

= 3t∂θP t∂
2
θQ+ t eP t∂3θQ+ t∂2θP e

P t∂θQ+ at∂2θ (e
P t∂tQ).

By Lemma 5.4.1, each ∂θ-derivative on the right hand side, not including the one derivative in

eP t∂θQ, costs t−1+γ′ , thus the additional power of t on the right hand side means∣∣(t∂t + at∂θ)(∂θ(e
P t∂tQ)) + t∂t∂θP e

P t∂tQ+ t∂tP ∂θ(e
P t∂tQ)

∣∣ ≲C∗ δt
1−2(1−γ′) = δt−1+2γ′ .

Redefining δ to absorb the implied constant, one deduces (5.4.13).

5.5 Low order ODE analysis

In this section, we apply the ODEs derived in Section 5.4 to derive L∞ bounds for 0th and 1st order

quantities. Eventually, these will be used to improve the bootstrap assumptions (B1)–(B4).
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5.5.1 The bounce ODE

Lemma 5.5.1. For t0 ≤ t∗ < 1 sufficiently small, let P,Q,R : [tb, t0] ⊂ R>0 → R satisfy the

following ODEs, where for some 0 < γ′ < γ the error terms Ei obey |Ei| ≤ δtγ
′ for i = 1, 2, 3:

t∂tP = Q2 − R2 + E1, (5.5.1)

t∂tQ = (1− P)Q+ E2, (5.5.2)

t∂tR = PR+ E3. (5.5.3)

Suppose furthermore that for some γ′′ > γ, one has (P− 1)2(t0) +Q2(t0) ≤ (1− γ′′)2 and |R(t0)| ≤
δtγ

′

0 . Then for δ chosen sufficiently small (depending on all of γ,γ′,γ′′) the solution obeys the

following bounds for t ∈ [tb, t0].

(P− 1)2(t) + Q2(t) ≤ (1− γ)2, |R(t)| ≤ tγ
′
. (5.5.4)

Proof. We proceed via using a continuity / bootstrap argument, with bootstrap assumption which

is exactly (5.5.4). That is, we assume (5.5.4) holds on an interval [t̃, t0] ⊂ [tb, t0], and show that we

may in turn improve upon (5.5.4) in this interval. For the improvement step, we use an approximate

monotonicity property of the ODE system; let K be defined by

K := (P− 1)2 + Q2 + R2. (5.5.5)

Using (5.5.1)–(5.5.3), one may show that t∂tK = R2+2E1(P−1)+2E2Q+2E3R. Thus using R2 ≥ 0

and taking (5.5.4) as a bootstrap assumption, t∂tK may be bounded by

t∂tK ≥ −
(
4(1− γ) + 2tγ

′
)
δtγ

′
.

Thus for δ = δ(γ,γ′,γ′′) chosen sufficiently small, one may guarantee that∫ t0

t
∂tK(t̃)dt̃ ≤ 1

2

(
(1− γ+γ′′

2 )2 − (1− γ′′)2
)
. (5.5.6)

Similarly using our assumptions on initial data we may choose δ sufficiently small such that

K(t0) ≤ (1− γ′′)2 + 1

2

(
(1− γ+γ′′

2 )2 + (1− γ′′)2
)
. (5.5.7)

Combining (5.5.6) and (5.5.7), it is clear that one has K(t) ≤ (1− γ+γ′′

2 )2 < (1− γ)2 for t ∈ [t̃, t0],

thereby improving the first inequality in (5.5.4).

For the second inequality in (5.5.4), from (5.5.3) and P ≥ γ (which follows from the first part of

(5.5.4)), one has the following differential inequality for R2:

t∂t(R
2) ≥ 2γR2 + 2E3R.
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Using an integrating factor and the assumptions on R and E3, we may thus write

t∂t(t
−2γR2) ≥ 2δt−2(γ−γ′).

Our assumption at t = t0 means t−2γ
0 R2(t0) ≥ δ2t

−2(γ−γ′)
0 . Thus for δ chosen sufficiently small, we

integrate the above inequality in the direction of decreasing t and yield that t−2γR2 < t−2(γ−γ′).

Multiplying both sides by t2γ, this is a strict improvement of the second inequality in (5.5.4). This

completes our continuity argument, completing the proof of Lemma 5.5.1.

5.5.2 The equations of variation

Lemma 5.5.2. For 0 < t0 ≤ t∗ < 1, let P,Q,R : [tb, t0] → R satisfy the assumptions of

Lemma 5.5.1. Further, let L,M,N : [tb, t0] → R obey the following ODEs, where |Ei| ≤ δt−1+2γ′ for

i = 4, 5, 6:

t∂tL = 2QM− 2RN + E4, (5.5.8)

t∂tM = −QL+ (1− P)M+ E5, (5.5.9)

t∂tN = RL+ PN + E6. (5.5.10)

For some ζ > 0, impose the following conditions at initial data: |L(t0)|+ |M(t0)|+ |N(t0)| ≤ ζt−1+γ
0 .

We further assume that 2γ′ > γ.

Then for δ chosen sufficiently small depending on γ,γ′,γ′′ and ζ, there exists a constant D > 0

depending on the same parameters such that for all t ∈ [tb, t0], one has

|L(t)|+ |M(t)|+ |N(t)| ≤ D t−1+γ. (5.5.11)

Proof. We shall rewrite the system (5.5.8)–(5.5.10) in the following matrix form:

t∂t


L

M

N

 =


0 2Q −2R

−Q 1− P 0

R 0 P


︸ ︷︷ ︸

=:L


L

M

N

+


E4

E5

E6

 . (5.5.12)

The goal is to bound the operator norm of the matrix L = L(r), as a function of t ∈ [tb, t0], in

such a way that allows one to integrate this equation. Note our operator norm will be with respect

to the ℓ2-norm on R3, i.e. for a 3× 3 matrix M we write

∥M∥op := sup
x∈R3\{0}

∥Mx∥ℓ2
∥x∥ℓ2

.

In fact, we shall actually estimate the operator norm of

L̃ =


0 2Q −2R

−Q 1− P 0

R 0 0

 = L+P,
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where we note P = diag(0, 0,P) is a positive definite matrix with respect to the ℓ2 inner product.

Our strategy will be to estimate ∥L̃∥op differently depending on the size of Q(t). The idea is that

when Q(t) is small, the largest matrix element of L̃ will be 1 − P, which is bounded by 1 − γ by

Lemma 5.5.1.

On the other hand, when Q(t) is not small, we will only have a weaker quantitative bound

∥L̃∥op ≤ 10; this will be mitigated using an estimate on the size of the interval for which Q small is

not small.

Case 1: |Q(t)| ≤ 1
4(γ

′′ − γ):

Recall from the proof of Lemma 5.5.1, particularly (5.5.6) and (5.5.7), that for t ∈ [tb, t0] one has

(P− 1)2 + Q2 ≤
(
1− γ+ γ′′

2

)2

.

In particular, the Hilbert–Schmidt2 norm of L̃ is given by:

∥L̃∥2HS = (P− 1)2 + Q2 + 4Q2 + 5R2 ≤
(
1− γ+ γ′′

2

)2

+
1

4
(γ′′ − γ)2 + 5R2.

Without the 5R2 term, the right hand side is strictly less than (1− γ)2. From Lemma 5.5.1, we

have R2 ≤ t2γ
′ , and in particular for t < t∗ chosen small enough one has ∥L̃∥HS ≤ 1− γ. Since for

any 3× 3 matrix M one has ∥M∥op ≤ ∥N∥HS one concludes that:

∥L̃(t)∥op ≤ 1− γ whenever |Q(t)| ≤ 1

4
(γ′′ − γ). (5.5.13)

Case 2: |Q(t)| > 1
4(γ

′′ − γ):

If one assumes no additional smallness for |Q(t)| then one may only use Lemma 5.5.1 to bound the

individual matrix elements of L̃(t). Using Lemma 5.5.1, we simply crudely bound each nonzero

matrix element of L̃(t) by 4, then proceeding via the Hilbert–Schmidt norm as above one can show

∥L̃∥op ≤
√
80 ≤ 10.

As mentioned previously, this will be mitigated using control on the size of the set B = {t ∈
[tb, t0] : |Q(t)| > 1

4(γ
′′ − γ)}, at least upon assuming sufficient smallness on δ and t∗. To justify

this, suppose that δ < 1
64(γ

′′ − γ)2 and that R2 ≤ t2γ
′

∗ ≤ 1
64(γ

′′ − γ)2. Then using (5.5.4) and the

equation (5.5.1) for t∂tP,

t∂tP ≥ 1

16
(γ′′ − γ)2 − R2 − δ ≥ 1

32
(γ′′ − γ)2

2Recall the Hilbert–Schmidt norm of a 3× 3 matrix A is given by the ℓ2-norm of all its matrix elements:

∥A∥HS =

(
3∑

i,j=1

A2
ij

)1/2

.



231

while t ∈ B. Furthermore, for t ̸∈ B, from Lemma 5.5.1 one still has t∂tP ≥ −Ctγ′ for some C > 0.

But from (5.5.4), P(r) is certainly bounded between 0 and 2. So:

2 ≥
∫ t0

t
t∂tP (t̃)

dt̃

t̃
=

∫
t̃∈B

t∂tP (t̃)
dt̃

t̃
+

∫
t̸∈B

t∂tP (t̃)
dt̃

t̃
≥ µ(B) · 1

32
(γ′′ − γ)2 − Cγ′−1tγ

′
∗ .

Here µ(B) is the measure of the set B with respect to the measure dt
t . Let us choose t∗ small

enough so that Cγ′−1tγ
′

∗ ≤ 2. Then collecting all this information,

∥L̃(t)∥op ≤ 10, whenever |Q| > 1

4
(γ′′ − γ) (5.5.14)

where B =

{
t ∈ [tb, t0] : |Q(t)| >

1

4
(γ′′ − γ)

}
has µ(B) ≤ 128(γ′′ − γ)−2.

We now use (5.5.13) and (5.5.14) to complete the proof of the lemma. We introduce the further

notation:

x =


L

M

N

 , e =


E4

E5

E5

 .
So that we further rewrite the ODE system (5.5.12) as t∂tx = (L̃ + P)x + e. Using the positivity

of P, one then shows that ∥x∥2ℓ2 = xTx satisfies

t∂t∥x∥2ℓ2 ≥ 2xT L̃x+ 2xTe ≥ −2∥L̃∥op ∥x∥2ℓ2 − 2
√
3δt−1+2γ′∥x∥ℓ2 .

Note the final inequality follows from the definition of the operator norm and using Cauchy–Schwarz

on xTe, together with the assumed bounds on the error terms Ei. Therefore

t∂t∥x∥ℓ2 ≥ −∥L̃∥op · ∥x∥ℓ2 −
√
3δt−1+2γ′ . (5.5.15)

The idea is now simply to apply Grönwall’s inequality to this differential inequality. Recalling

that we always integrate in the direction of decreasing t, the crucial bound will be the following,

which follows from (5.5.13) and (5.5.14):∫ t1

t2

∥L̃(t̃)∥op
dt̃

t̃
≤
∫
t∈[t2,t1]\B

∥L̃∥op
dt̃

t̃
+

∫
t∈[t2,t1]∩B

∥L̃∥op
dt̃

t̃

≤
∫ t1

t2

(1− γ) dt̃
t̃
+

∫
t∈B

10
dt̃

t̃

≤ (1− γ) log
(
t1
t2

)
+ 10µ(B) = (1− γ) log

(
t1
t2

)
+ 1280(γ′′ − γ)−2. (5.5.16)

To conclude, integrating (5.5.15) and inserting our initial data bounds yields the following integral

inequality, where β(t) =
√
3(ζt−1+γ

0 + δ(1− 2γ′)−1t−1+2γ′):

∥x(t)∥ℓ2 ≤
∫ t0

t
∥L̃(t̃)∥op · ∥x(t̃)∥ℓ2

dt̃

t̃
+ β(t).
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Thus Grönwall’s inequality in integral form implies that

∥x(t)∥ℓ2 ≤ β(t) +

∫ t0

t
β(t̃) · ∥L̃(t̃)∥op · exp

(∫ t̃

t
∥L̃(˜̃t)∥ d

˜̃t
˜̃t

)
dt̃

t̃
.

By (5.5.16) and the fact ∥L̃(t)∥op ≤ 10 holds everywhere, we can bound the integrand here by:

β(t̃) · ∥L̃(t̃)∥op · exp

(∫ t̃

t
∥L̃(˜̃t)∥ d

˜̃t
˜̃t

)
≲ β(t̃) ·

(
t̃

t

)1−γ
≲ ζ

(
t̃

t0t

)1−γ
+ δt̃2γ

′−γt−1+γ.

Therefore, using that 2γ′ > γ, inserting this into the above yields that ∥x(t)∥ℓ2 ≲ t−1+γ. By

the definition of x, and since the ℓ2 and ℓ∞ norms on R3 are uniformly equivalent, the lemma

follows.

5.6 The stability result

5.6.1 Proof of Theorem 5.1.1

The proof of our stability result Theorem 5.1.1 follows from a boostrap argument. By local existence

for the Gowdy wave map system, for initial data as given there exists some tb ∈ (0, t0) such that

a solution to the Gowdy system (2.6.2)–(2.6.3) exists in the interval t ∈ [tb, t0], which moreover

satisfies the bootstrap assumptions (B1)–(B4).

We show that assuming this, one may then improve upon the bootstrap assumptions, for in-

stance showing the same (B1)–(B4) hold with C∗ replaced by say C∗/2. By a standard continuity

argument, tb may then be any number in the interval (0, t0), and the corresponding solution thus

obeys (improved) bootstrap assumptions in the whole of t ∈ (0, t0). We then apply the results of

Section 5.3 and Section 5.5 to conclude.

Improving the bootstrap assumptions

Let (P,Q) be a solution of the Gowdy symmetric system in our bootstrap region t ∈ [tb, t0] with

assumptions on initial data as given. Then the results of Section 5.3 and Section 5.4 all apply, in

particular Proposition 5.3.4, Lemma 5.4.1, Corollary 5.4.3 and Corollary 5.4.4. We now proceed in

the following steps:

Step 1: ODE analysis on timelike curves

The first step will be to use Corollary 5.4.3, Corollary 5.4.4 and the results of Section 5.5 to provide

L∞ bounds for the following 6 key quantities:

−t∂tP, eP t∂θQ, eP t∂tQ, −t∂t∂θP, eP t∂2θQ, eP t∂t∂θQ.
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To do set, let γ : [tb, t0] → (0,+∞)×S1 with γ(t) = (t, θ(t)) be a C1 past-directed timelike curve.

One example is a curve of constant θ i.e. with θ′(t) = 0. In view of the metric (2.6.1), the timelike

character is equivalent to |θ′(t)| < 1. For such a curve, γ, define

P(t) := −t∂tP (γ(t)), Q(t) := eP t∂θQ(γ(t)), R(t) := eP t∂tQ(γ(t)), (5.6.1)

L(t) := −t∂t∂θP (γ(t)), M(t) := ∂θ(e
P∂θQ)(γ(t)), N(t) := ∂θ(e

P t∂tQ)(γ(t)). (5.6.2)

The initial data assumption (5.1.9) means that (P(t0) − 1)2 + Q2(t0) ≤ (1 − γ′′)2 and the

second assumption (5.1.10) means that for δ ≤ ζtγ−γ
′

∗ , one also has R(t0) ≤ δtγ
′

0 . Combining these

initial data bounds with Corollary 5.4.3, it is clear that along the curve γ, P, Q and R satisfy the

assumptions of Lemma 5.5.1, with a = dθ
dt . Applying this lemma yields that:

(1− P(t))2 + Q2(t) ≤ (1− γ)2, R(t) ≤ tγ
′
. (5.6.3)

We also provide bounds for L, M and N. To do this, we use the ODEs in Corollary 5.4.4. With

error terms bounded as in this corollary, it is evident that the quantities L, M and N satisfy the

system (5.5.8)–(5.5.9) in Lemma 5.5.2.

We also need to verify the conditions on initial data for the ODEs. To do so, we use the initial

L2 bounds (5.1.11) and (5.1.12). It follows from these, Sobolev embedding in S1, and also (5.1.9)–

(5.1.10), that one has |∂θṖD(θ)|, |∂θ(ePD t0∂θQD)(θ)|, |∂θ(ePDQ̇D)(θ)| ≤ CS1ζ, where CS1 is a Sobolev

constant that is independent of ζ and γ. Thus one has |L(t0)|, |M(t0)|, |N(t0)| ≤ CS1ζ ≤ ζt
−1+γ
0 , so

long as t0 ≤ t∗ is chosen small enough to absorb the CS1 . Thus applying Lemma 5.5.2, we deduce

that for some constant D > 0 depending on γ, ζ etc but not C∗, one bounds

|L(t)|+ |M(t)|+ |N(t)| ≤ Dt−1+γ. (5.6.4)

Step 2: Improving the bootstrap assumptions (B1) and (B2)

Using (5.6.3), and allowing γ to vary over all timelike curves, in particular all curves with constant

θ-coordinate, we find that |t∂tP (t, x)| ≤ 2−γ and |eP t∂θQ(t, x)| ≤ 1−γ for all (t, x) ∈ [tb, t0]× S1.
Thus choosing C∗ ≥ 2(2−γ), one easily improves upon (B1). Note that since P cannot change sign,

(5.6.3) actually yields −t∂tP (t, x) ≥ γ.

Similarly using (5.6.3), |eP t∂tQ(t, x)| ≤ tγ
′ , so the first part of (B2) is improved for C∗ ≥ 2. For

the second part of (B2), we simply use:

e−P (t, x) ≤ e−P (t0, θ) · exp
(
−
∫ t0

t
(−t∂tP )(t̃, θ)

dt̃

t̃

)
≤ e−PD(θ) exp

(
γ log

(
t

t0

))
,

where in the second step we used that −t∂tP (t, x) ≥ γ. Using the initial data assumption (5.1.10),

we thus have eP (t, x) ≤ ζtγ. Since γ′ < γ and t ≤ 1, choosing C∗ ≥ 2ζ also improves the second

part of (B2).
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Step 3: Improving the bootstrap assumptions (B3) and (B4)

We shall improve these using (5.6.4). Allowing γ to vary over all timelike curves, for all (t, θ) ∈
[tb, t0]× S1:

|t∂t∂θP (t, θ)| ≤ Dt−(1−γ), |∂θ(eP t∂θQ)(t, θ)| ≤ Dt−(1−γ), |∂θ(eP t∂tQ)(t, θ)| ≤ Dt−(1−γ).

(5.6.5)

We now integrate the first inequality in (5.6.5). Using (5.1.11) and Sobolev embedding to bound

|∂θP (t0, θ)|, we deduce that |∂θP (t, θ)| ≤ Dt−(1−γ) also, where D is modified appropriately.

We now expand the second and third inequalities in (5.6.5), yielding that

|eP t∂2θQ| ≤ Dt−(1−γ) + |∂θP | · |eP t∂θQ|, |eP t∂t∂θQ| ≤ Dt−(1−γ) + |∂θP | · |eP t∂tQ|.

Now using the above bound for |∂θP | and the bounds from Step 2, by modifying D appropriately we

also have |eP t∂2θQ|, |eP t∂t∂θQ| ≤ Dt−(1−γ). Choosing C∗ ≥ 2D, we thereby improve the remaining

bootstrap assumptions.

Completion of the proof

To complete the proof, it remains to prove the statements contained in the final paragraph of

Theorem 5.1.1. The former two bounds follow immediately from (5.6.3) and Proposition 5.3.4

respectively.

To show that −t∂tP (t, θ) converges pointwise as t → 0, note that this is equivalent to showing

that P(t), as defined in (5.6.1), has a limit as t → 0, for curves γ of constant θ-coordinate. From

Step 1, we know that P solves an ODE as in Lemma 5.5.1, namely

t∂tP = Q2 − R2 + E1,

where |E1| ≲ tγ
′ . By (5.6.3), one also has R2 ≲ t2γ

′ . We can integrate the above and write:

P(t)− P(t0) +

∫ t0

t
(E1 − R2)

dt̃

t̃
= −

∫ t0

t
Q2dt̃

t̃
.

By the lower bound for P(t) in (5.6.3) and the aforementioned bounds for E1 and R implying

a lower bound for the LHS, it is clear that the right hand side attains a limit as t → 0. Thus the

quantity P(t) also attains a limit as t→ 0.

Finally, we show that Q(t, θ) and ∂θQ(t, θ) converge uniformly as t → 0, where for the latter

statement we require γ > 1
3 . Starting with Q(t, θ), we multiply (2.6.3) by t−σ, for some σ > 0 to

be determined:

t∂t(t
−σt∂tQ) = (−2t∂tP − σ) · t−σt∂tQ+ t2−σ∂2θQ+ 2t2−σ∂θP∂θQ. (5.6.6)
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We shall choose σ < γ′. Therefore, we have −2∂tP−σ > 0, while by Lemma 5.4.1 and Lemma 5.4.2,

we can bound the final two terms on the right hand side by

|t2−σ∂2θQ|+ |t2−σ∂θP∂θQ| ≲ t2−σ−2(1−γ′) = t2γ
′−σ.

Since 2γ′ − σ ≥ γ′ > 0, this is therefore integrable with respect to dt
t as t → 0. Therefore

integrating (5.6.6) yields that t−σt∂tQ is uniformly bounded in the region 0 < t ≤ t0. This means

that:

Q(t, θ) = Q(t0, θ)−
∫ t0

t
(t−σt∂tQ(t̃, θ))t̃−1+σ dt̃.

indeed converges uniformly as t→ 0 to some q(θ), and |Q(t, θ)− q(θ)| ≲ tσ.

To prove a similar statement for ∂θQ, we need to differentiate (5.6.6) in θ,

t∂t(t
−σt∂t∂θQ) = (−2t∂tP − σ) · t−σt∂t∂θQ− 2t∂t∂θP · t−σt∂tQ

+ t2−σ∂3θQ+ 2t2−σ∂θP∂
2
θQ+ 2t2−σ∂2θP∂θQ. (5.6.7)

To bound the last term on the first line, we use Step 2. In other words, we use the estimates (B2),

which together yield t∂tQ ≲ t2γ
′ . Therefore, using also Lemma 5.4.1 we get that:

|t∂t∂θP · t−σt∂tQ| ≲ t−(1−γ′) · t2γ′−σ = t3γ
′−1−σ.

For the second line of (5.6.7), we again combine Lemma 5.4.1 and Lemma 5.4.2, to get

|t2−σ∂3θQ|+ |t2−σ∂θP∂2θQ|+ |t2−σ∂2θP∂θQ| ≲ t2−σ−3(1−γ′) = t3γ
′−1−σ.

For γ > 1
3 , we may choose γ′ > 1

3 also and then choose σ < 3γ′−1. For this choice, −2t∂tP−σ >
2γ′ − (3γ′ − 1) = 1− γ′ ≥ 0, so the first term on the right hand side of (5.6.7) can be ignored, and

by integrability of t3γ′−1−σ with respect to dt
t one yields that t−σt∂t∂θQ is uniformly bounded in

the region 0 < t ≤ t0. One now concludes as in the previous case, and one yields:

|∂θQ(t, θ)− ∂θq(θ)| ≲σ tσ, for any σ < 3γ′ − 1. (5.6.8)

5.7 BKL bounces

5.7.1 Proof of Theorem 5.1.2

Under the assumptions of Theorem 5.1.2, we may apply the stability result Theorem 5.1.1; in partic-

ular Corollary 5.4.3 applies, and the ODEs (5.1.15) follow exactly as in the proof of Theorem 5.1.2

– note that the term involving R can now be ignored since we have R(t) ≲ tγ
′ from (B2).

It remains to prove the various convergence results stated in Theorem 5.1.2. The convergence of

Pγ(t) to some Pγ,∞ = V (θ0) follows in the same manner to the pointwise convergence of −t∂tP (t, θ)
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in the proof of Theorem 5.1.1. To show the convergence of Qγ(t) to 0, we first use that from the

first ODE in (5.1.15) and the convergence of Pγ , the integral∫ t0

0
Q2
γ(t̃)

dt̃

t̃
(5.7.1)

is finite, or in other words Q2
γ(t) converges to 0 in an averaged sense. In particular there is a

sequence {tk} with tk → 0 such that Q2
γ(tk) → 0 as k → ∞. To upgrade this sequential convergence

to convergence of Qγ(t), we use the second equation in (5.1.15), or more precisely the ODE t∂tQ
2
γ =

2Q2
γ(1− Pγ) + 2EQQγ.

Integrating this gives that for any 0 < t ≤ tk ≤ t0, we have:

|Q2
γ(t)− Q2

γ(tk)| ≤ C

∫ tk

0
Q2
γ(t̃)

dt̃

t̃
+ C

∫ tk

0
t̃γ

′ dt̃

t̃
.

By the finiteness of the integral (5.7.1), the right hand side is finite, and in fact converges to 0

as k → ∞. Since we already know Q2
γ(tk) → 0, this implies that Q2

γ(t), and therefore also Qγ(t),

converges to 0 as t→ 0.

Moving onto (i), it will be necessary to use the conserved quantity K encountered in the proof

of Lemma 5.5.1. Recall from there that defining Kγ = (Pγ − 1)2 + Q2
γ , one can show∣∣∣∣t ddtKγ

∣∣∣∣ ≲ tγ
′
.

Using the convergence of Pγ and Qγ , it holds that Kγ(t) → Kγ,∞ := (Pγ,∞ − 1)2 as t → 0, and

moreover from the above that |Kγ(t)−Kγ,∞| ≲ tγ
′ . Inserting t = t0, one has:

|(Pγ(t0)− 1)2 − (Pγ,∞ − 1)2| ≲ tγ
′

0 + Q2
γ(t0). (5.7.2)

In (i), we assumed that ∂θQ(γ(t)) did not converge to 0 as t → 0. However, since Qγ(t) =

eP t∂θQ(γ(t)) does converge to 0, this implies that eP (γ(t))t→ 0 as t→ 0. Now simply note that

t
d

dt
log
(
eP (γ(t))t

)
= 1− Pγ(t) → 1− Pγ,∞ as t→ 0,

and thus in order for eP (γ(t))t → 0 we must have Pγ,∞ ≤ 1. Combining this with (5.7.2) yields the

estimate (5.1.16). (For instance, one uses that if |x2 − y2| ≤ Z with x, y ≥ 0 then |x− y| ≤ Z1/2.)

For (ii), if γ > 1
2 and ∂θQ(γ(t)) converges to 0, it will be helpful to use (5.6.8) from the proof of

Theorem 5.1.1, or rather its generalization to

|∂θQ(γ(t))− ∂θq(θ0)| ≲σ tσ, for any σ < 3γ′ − 1.

Note that this generalization, where γ is allowed to be any timelike curve rather than only a constant

θ-curve, is proved easily using previous methods. In (ii), we may insert ∂θq(θ0) = 0, and therefore

|∂θQ(γ(t))| ≲ tσ.
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Furthermore, from −t∂tP ≤ 2− γ it holds that eP ≤ t−2+γ, therefore one has |eP t∂θQ(γ(t))| ≲
t−1+γ+σ. But by the definition of Qγ(t), this means that |Qγ(t)| ≲ t−1+γ+σ. Note that so long as

γ > 1
2 , γ

′ < γ and σ < 3γ′ − 1 may be chosen such that −1 + γ + σ > 0. In the case of (ii), we

therefore have from (5.1.15) that

|t∂tPγ(t)| ≲ t2(−1+γ+σ) + tγ
′
.

For convenience, let use choose σ = γ′ − γ + 1
2 , where γ > γ′ > 3

2 − γ. Then t2(−1+γ+σ) = t2γ
′−1,

and integrating the above immediately yields (5.1.17).

5.7.2 Proof of Corollary 5.1.3

Lastly, we shall apply our Theorems 5.1.1 and 5.1.2 to prove the stability / instability corollary. Let

P (t, θ) be as stated. By Theorem 5.1.0, for all k ∈ N the convergence −t∂tP (t, θ) → V (θ) holds in

the Ck norm.

Since we are assuming 0 < V (θ) < 2, since θ ∈ S1 it holds that there exists γ ∈ (0, 1) such that

γ < V (θ) < 2− γ. In fact, by the above convergence we can find γ,γ′,γ′′ and t0 > 0 such that for

N chosen (depending on γ) as in Theorem 5.1.1, we have that for 0 < t ≤ t0 and all θ ∈ S1:

0 < γ′ < γ < γ′′ < −t∂tP (t, θ) < 2− γ′′ < 2− γ < 2− γ′ < 2,

and there exists some ζ > 0 so that for all 0 < t ≤ t0:

E(t) = 1

2

N∑
K=0

∫
S1

(
(t∂t∂

K
θ P )

2 + t2(∂K+1
θ P )2 + t2γ(∂Kθ P )

2
)
dθ ≤ ζ

2
.

(This follows because in fact E(t) → 1
2

∑N
K=0

∫
(∂Kθ V )2 dθ as t→ 0.)

We note that t0 above may differ from the initial data time t1 > 0 in the statement

of Corollary 5.1.3. This is mitigated a standard Cauchy stability argument, for any ε0 >

0 there exists ε > 0 such that a perturbation of size ε at t = t1 implies a perturba-

tion of size ε0 at t = t0 i.e. ∥(P̃D, Q̃D, ˜̇PD, ˜̇QD) − (PD, 0, ṖD, 0)∥(HN+1)2×(HN )2 ≤ ε implies

∥(P̃ (t0, θ), Q̃(t0, θ), t∂tP̃ (t0, θ), t∂tQ̃(t0, θ)) − (P (t0, θ), 0, t∂tP (t0, θ), 0)∥(HN+1)2×(HN )2 ≤ ε0. Due

to this we may instead consider perturbations of initial data as perturbations at time t = t0.

Thereby by choosing ε (and thus ε0) small enough one can guarantee that

(1 + t∂tP̃ )
2(t0, θ) + (eP̃ t0∂θP̃ )

2(t0, θ) ≤ (1− γ′′)2, |eP̃ t∂tQ̃(t0, θ)| ≤ ζtγ0 , eP̃ (t0, θ) ≤ ζtγ0

as well as the energy bound

1

2

N∑
K=0

∫
S1

(
(t∂t∂

K
θ P̃ )

2 + t2(∂K+1
θ P̃ )2 + t2γ(∂Kθ P̃ )

2 + e2P̃
[
(t∂t∂

K
θ Q̃)2 + (t∂K+1

θ Q̃)2
])
dθ ≤ ζ.
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That is, the perturbed data at t = t0 satisfies the assumptions (5.1.9)–(5.1.12). Moreover, t0 can

be chosen small enough so that 0 < t0 ≤ t∗ = t∗(γ, ζ), so that one may apply Theorems 5.1.1 and

5.1.2.

The remainder of the argument is then a direct application of these theorems. Applying Theo-

rem 5.1.1 to the perturbed data, it is clear that −t∂tP̃ (t, θ) converges to some Ṽ (θ) pointwise, with

γ ≤ Ṽ (θ) ≤ 2− γ.

In the setting where 1
2 < V (θ) < 3

2 , we are allowed to in fact choose γ > γ′ > 1
2 . By the final

statement of Theorem 5.1.1, ∂θQ̃ → ∂θ q̃(θ) uniformly as claimed. We next apply Theorem 5.1.2.

In the case that ∂θ q̃(θ0) ̸= 0, Theorem 5.1.2(i) implies that for γ the timelike curve with constant

θ = θ0,

Ṽ (θ0) = P̃γ,∞ = min{−t∂tP̃ (t0, θ0), 2 + t∂tP̃ (t0, θ0)}+O(t
γ′/2
0 ) +O(eP̃ t0∂θQ̃(t0, θ0))

= min{−t∂tP (t0, θ0), 2 + t∂tP (t0, θ0)}+O(t
γ′/2
0 ) +O(ε0)

= min{V (θ0), 2− V (θ0)}+O(t
γ′/2
0 ) +O(ε0).

Since we have license to choose t0 and ε0 small depending on ε̃, Corollary 5.1.3(i) follows.

Similarly, in the case that ∂θ q̃(θ0) = 0, Theorem 5.1.2(ii)implies that for the same timelike curve

γ,

Ṽ (θ0) = P̃γ,∞ = −t∂tP̃ (t0, θ0) +O(t2γ
′−1

0 )

= −t∂tP (t0, θ0) +O(t2γ
′−1

0 ) +O(ε0) = V (θ0) +O(t2γ
′−1

0 ) +O(ε0).

Again choosing t0 and ε0 appropriately small yields Corollary 5.1.3(ii).



Chapter 6

BKL bounces outside homogeneity:

Surface symmetry

In this Chapter, we state and prove out main results concerning BKL bounces outside homogeneity

for the Einstein–Maxwell–scalar field system in surface symmetry, based on the arXiv preprint [101].

We make frequent references to Chapter 2, in particular the Einstein–Maxwell–scalar field system in

the Rein gauge, given in Section 2.5. The results of this Chapter also contain significant similarities

to those of Chapter 5, and we make a detailed comparison in Page 248.

6.1 Statement of our main results and overview

In Section 2.5, we listed the Einstein–Maxwell–scalar field system in surface symmetry, for the gauge

(2.5.1), in Proposition 2.5.1. Our goal in Chapter 6 is to provide an in-depth description of the

behaviour of solutions to the Einstein–Maxwell–scalar field system (Ein)–(Max) in the vicinity of

a spacelike singularity. In the gauge (2.5.1), the spacelike singularity corresponds to the boundary

portion {r = 0} ⊂ ∂Q.

A priori, it is unclear that a solution arising from reasonable initial data even reaches {r = 0}.
For example, the (subextremal) Reissner-Nordström black hole interior written in the gauge (2.5.1)

is given by:

gRN = −
(
−1 +

2M

r
− Q2

r2

)−1

dr2 +

(
−1 +

2M

r
− Q2

r2

)
dx2 + r2dσS2 ,

for constants M and Q obeying 0 < |Q| < M . Hence the solution, at least in this gauge, is only

well-defined for r− < r < r+, where r± =M±
√
M2 −Q2. It is well-known that the boundary piece

{r = r−} is a null (and completely regular) Cauchy horizon as opposed to a spacelike singularity.

Nonetheless, within this Chapter we restrict attention to scenarios where {r = 0} is reached.

Indeed, our first main result, Theorem 6.1.1, shows global existence towards {r = 0} for suitably

239
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chosen initial data. See also previous results of [138, 152, 118, 140] concerning the Einstein–Vlasov

and Einstein–scalar field system. We also an analogy to our results in Chapter 3 concerning the

Einstein–Maxwell–scalar field system instead in the double-null gauge.

Given existence up to {r = 0}, one should next ask how solutions behave near r = 0. For

instance, one could consider the asymptotic behaviour of the metric and the matter quantities.

This is also partially answered in [117, 140, 103] for the matter models they consider, where under

certain conditions it is shown that the metric and scalar field behave in a Kasner–like fashion, for

instance

ϕ(r, x) = Ψ(x) log r + Ξ(x) + o(1) as r → 0, (6.1.1)

where the coefficients Ψ(x) and Ξ(x) are allowed to depend on the spatial coordinate x ∈ S1.
Furthermore, the generalized Kasner exponents of the near-singularity spacetime are:

p1(x) =
Ψ(x)2 − 1

Ψ(x)2 + 3
, p2(x) = p3(x) =

2

Ψ(x)2 + 3
. (6.1.2)

The “certain conditions” alluded to above, in the context of the Einstein–Maxwell–scalar field

system, are versions of (QTS) and (SKE) in this new setting. We consider two different cases: for

the pure Einstein–scalar field system with F = 0 and κ ∈ {0,+1}, there are no additional conditions;

global existence towards {r = 0} and the asymptotics (6.1.1)–(6.1.2) always apply. Furthermore,

the function Ψ(x) is permitted to take any value.

When either F ̸= 0 or κ = −1, two additional conditions are required:

• Assumption 1: Global existence towards {r = 0} with e2µ = −g(∇r,∇r) → 0 uniformly as

r ↓ 0. (This is an analogue of (QTS).)

• Assumption 2: If F ̸= 0, then assume the subcriticality condition, namely that for some α > 0

and all r sufficiently small, one has |r∂rµ|(r, x) ≥ 1
2(2+α). (This, less obviously, is an analogue

of (SKE).)

In the case that these assumptions apply then asymptotics of the form (6.1.1)–(6.1.2) were found

in Chapter 3, with the caveats being that Chapter 3 is limited to κ = +1 and uses the double null

gauge in place of (2.5.1). One drawback of the double null gauge, as discussed in Section 3.1, is that

null coordinates tend to degenerate towards {r = 0}, and one only has C1,α regularity for say Ψ(x).

In our current gauge (2.5.1), the asymptotics (6.1.1)–(6.1.2) can be given to any desired degree of

regularity.

Theorem 6.1.0. Let (M,g, ϕ,F) be a surface symmetric solution to the Eintein–Maxwell–scalar

field system of Proposition 2.5.1, arising from initial data (ϕ, µ, λ, ∂rϕ, ∂rµ, ∂rλ)|r=r0 ∈ (Ck+1)3 ×
(Ck)3 for some k ≥ 1. Suppose that either F = 0 and κ ∈ {0,+1}, or that Assumptions 1 and 2
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above hold. Then there exist Ck−1 functions Ψ(x), Ξ(x), M(x) and Λ(x) on S1 such that:

ϕ(r, x) = Ψ(x) log r + Ξ(x) + Errϕ(r, x), (6.1.3)

µ(r, x) = 1
2(Ψ(x)2 + 1) log r +M(x) + Errµ(r, x), (6.1.4)

λ(r, x) = 1
2(Ψ(x)2 − 1) log r + Λ(x) + Errλ(r, x), (6.1.5)

where the error terms tend to 0 in the Ck−1 norm uniformly as r → 0. Furthermore, M(x) obeys

the asymptotic momentum constraint equation

dM(x) = Ψ(x) · dΞ(x). (6.1.6)

By performing a change of coordinates to change the gauge (2.5.1) into a Kasner-like form, this

confirms the asymptotics (6.1.1)–(6.1.2). To the extent of the author’s knowledge, Theorem 6.1.0 is

new, but is not our main focus; we therefore defer its proof to Appendix B. Our focus instead is to

resolve the questions of Page 40. In the current section, we state the precise version of Theorem 1.5.5

and Theorem 1.5.6 discussed there. The remainder of this section precisely imitates the structure

of Section 5.1.

6.1.1 Setup of the initial data

Notation and key parameters

• The real number η ≥ 2 is a constant that captures both the maximum and minimum allowed

size of the quantity r∂rϕ (see already (6.1.10)). Though η may be chosen arbitrarily large,

many of the subsequent parameters will depend on η, and all quantitative bounds will depend

on the choice of η.

• The positive real number γ is a small parameter representing the admissible blow up rate for

first-order derivatives, for instance we always have ∂xϕ = O(r−γ). One can use any γ with

0 < γ ≤ 1
100 .

• The natural number N represents the largest number of ∂x-derivatives with which we commute

our system (2.5.8)–(2.5.12) in deriving energy estimates. That is, our top-order energy esti-

mate will control r∂r∂Nx f and reµ−λ∂N+1
x f for f ∈ {ϕ, µ, λ}. Our choice of N will depend on η

and we expect N → ∞ as η→ ∞. Also K will represent an integer with 0 ≤ K ≤ N .

• The real number ζ > 0 will represent the maximum admissible size of initial data, see already

(6.1.9). ζ may be arbitrarily large so long as it is compensated by taking r∗ small, see below.

• The real number C∗ > 0 will be used in the bootstrap argument, see Section 6.2.1. The

eventual choice of C∗ will depend on η and ζ, though we do not make this explicit. The real
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number A∗ > 0 will depend on C∗ and will represent the rate at which our energies may blow

up.

• The real number r∗ > 0 represents how close we require our initial data to be to r = 0 in order

to obtain our results. That is, our main results will apply to initial data given at r = r0 so

long as 0 < r0 ≤ r∗. Note that r∗ will depend on η and ζ and we expect r∗ → 0 as η, ζ→ ∞.

• Other constants, often denoted C, will be allowed to depend on all of the aforementioned pa-

rameters. We also use δ to represent quantities depending on all these parameters (e.g. η, ζ, r∗)

such that δ → 0 as r∗ → 0. We often abuse notation and write for instance “δ + δ = δ” or

“C∗δ = δ” etc.

Initial L∞ and L2 bounds

As in Proposition 2.5.2, given Q ∈ R, κ ∈ {−1, 0,+1} and r0 > 0, initial data will be given

by (f, r∂rf)|r=r0 = (fD, ḟD) for f ∈ {ϕ, λ, µ}, where the functions ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D satisfy

certain constraints. Our results will apply to a large class of initial data (fD, ḟD) ∈ HN+1 × HN

that obeys the following three conditions:

• (Weak subcriticality) For x ∈ S1:

η−1 ≤ ϕ̇D(x) = r∂rϕ(r0, x) ≤ η,
Q2

r20
e2µD(x) =

Q2

r20
e2µ(r0, x) ≤ 1, (6.1.7)

• (Closeness to singularity) For x ∈ S1:

e2µD(x) = e2µ(r0, x) ≤ ζr0, e2(µD−λD)(x) = e2(µ−λ)(r0, x) ≤ ζr0, (6.1.8)

• (Energy boundedness) The following L2 bound holds:

1

2

∑
f∈{ϕ,λ,µ}

N∑
K=0

(∫
S1
(ḟ2D + r20e

2(µD−λD)(∂K+1
x fD)

2 + r2γ0 (∂Kx fD)
2

)
dx

∣∣∣∣
r=r0

≤ ζ. (6.1.9)

Furthermore, we will require r∗ to be chosen sufficiently small depending on η and ζ.

6.1.2 Theorem 6.1.1: Global existence

Theorem 6.1.1 (Global existence). Consider initial data (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) at r = r0 as in

Proposition 2.5.2. Then there exists r∗ = r∗(η, ζ) > 0 such that if 0 < r0 ≤ r∗ and the conditions

(6.1.7)–(6.1.9) are satisfied, then the maximal interval of existence I for the solution (ϕ, µ, λ) to the

surface symmetric Einstein–Maxwell–scalar field system (2.5.8)–(2.5.12) satisfies (0, r0] ⊂ I.

Furthermore, for (r, x) ∈ (0, r0]× S1 one has the following L∞ bounds:

(4η)−1 ≤ r∂rϕ(r, x) ≤ 4η,
Q2

r2
e2µ(r, x) ≤ 16η2, (6.1.10)
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and for 0 ≤ K ≤ N = N(η), there exists C = C(η, ζ,K) > 0 and A∗ = A∗(η) > 0 such that one

has the L2 energy bounds: for fixed r > 0,∑
f∈{ϕ,λ,µ}

(∫
(r∂r∂

K
x f)

2 + (reµ−λ∂K+1
x f)2 + r−2γ(∂Kx f)

2 dx

)
≤ Cr−2A∗−2Kγ. (6.1.11)

Remark. Theorem 6.1.1 is independent of the choice of sectional curvature κ ∈ {−1, 0,+1}, as well

as the choice of Q ∈ R, so long as the second equation in (6.1.7) is satisfied. So Theorem 6.1.1 applies

equally to the surface symmetric Einstein–scalar field system and to the surface symmetric Einstein–

Maxwell–scalar field system. We make distinctions between these two models in Theorem 6.1.2.

6.1.3 Theorem 6.1.2: BKL bounces

Theorem 6.1.2 (Bounces). Let (ϕ, µ, λ) be a solution to the surface symmetric Einstein–scalar field

system (2.5.8)–(2.5.12), arising from initial data (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) obeying (6.1.7)–(6.1.9)

and 0 < r0 ≤ r∗ as in Theorem 6.1.1.

Let γ : (0, r0] → Q be any timelike curve parameterized by r, and let Pγ(r) = r∂rϕ(γ(r)) and

Qγ(r) =
Q2

r2
e2µ(γ(r)), note Q ≡ 0 if and only if Q = 0. Then there exist error terms EP(r),EQ(r)

depending on γ but with |EP(r)|, |EQ(r)| ≤ r1/2 uniformly in the choice of γ, such that

r
d

dr
Pγ = −PγQγ + EP, r

d

dr
Qγ = Qγ(P

2
γ − 1− Qγ − EQ). (6.1.12)

Furthermore, there exists C = C(η, ζ) > 0 such that:

(i) If Q = 0, then Pγ(r) converges to Pγ,∞ as r → 0 and |Pγ,∞ − Pγ(r0)| ≤ Cr
1/2
0 .

(ii) If Q ̸= 0, then Qγ(r) converges to 0 as r → 0, while Pγ(r) converges to Pγ,∞ as r → 0,

necessarily satisfying Pγ,∞ ≥ 1 as well as:

|Pγ,∞ −max{Pγ(r0),Pγ(r0)−1}| ≤ C(Qγ(r0) + r
1/2
0 ). (6.1.13)

A corollary of Theorem 6.1.2 is the following stability and instability statement regarding charged

perturbations of a class of uncharged solutions to the surface symmetric Einstein–scalar field system.

We assume that κ ∈ {0,+1} so as to be able to apply Theorem 6.1.0 for the unperturbed uncharged

spacetime.

Corollary 6.1.3 (Stability / Instability). Let (ϕ, µ, λ) be a smooth (i.e. C∞) solution to the surface

symmetric Einstein–scalar field system (2.5.8)–(2.5.12) with Q = 0 and κ ∈ {0,+1}, arising from

initial data given by (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) at r = r1 > 0. By Theorem 6.1.0, there exists smooth

Ψ,Ξ : S1 → R such that ϕ(r, x) = Ψ(x) log r + Ξ(x) + o(1) as r → 0.

Suppose further that Ψ(x) > 0 for all x ∈ S1. Then there exists N ∈ N such that for possi-

bly charged perturbations of the initial data, i.e. |Q| ≤ ε, and ∥(f̃D, ˜̇fD) − (fD, ḟD)∥HN+1×HN ≤
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ε for f ∈ {ϕ, µ, λ}, then for ε sufficiently small the solution (ϕ̃, µ̃, λ̃) arising from data

(ϕ̃D, µ̃D, λ̃D,
˜̇
ϕD, ˜̇µD,

˜̇
λD) and charge Q has (a) global existence towards r = 0, (b) is such that

for any x ∈ S1 the limit Ψ̃(x) = limr→0 r∂rϕ(r, x) exists and moreover for any ε̃ > 0, if ε is chosen

small enough depending on ε̃ then:

(i) |Ψ̃(x)−Ψ(x)| ≤ ε̃ if Q = 0,

(ii) |Ψ̃(x)−max{Ψ(x),Ψ(x)−1}| ≤ ε̃ if Q ̸= 0.

Remark. We consider Corollary 6.1.3 a stability / instability result because in a very similar way

to Corollary 5.1.3 in the Gowdy symmetric setting. See also Figure 6.1 below. It remains an open

problem to study cases where Ψ(x) is allowed to change sign; this is outside the scope of this article,

given our dependence on η ≥ 2 and the weak subcriticality condition (6.1.7).

x ∈ S1

r

Ψ(x) ≈ ϕ̇D(x),
1/4 < Ψ(x) < 1/2

ϕ̇D(x) := r∂rϕ(r0, x),
1/4 < ϕ̇D(x) < 1/2

Q = 0

x ∈ S1

r

Ψ(x) ≈ ϕ̇D(x)
−1,

2 < Ψ(x) < 4

ϕ̇D(x) := r∂rϕ(r0, x),
1/4 < ϕ̇D(x) < 1/2

Q = ε

data at r = r0

asymptotics at r = 0

perturbation

Figure 6.1: Example of a bounce instability arising from a charged perturbation of an uncharged
spacetime. In the unperturbed spacetime (left) Q = 0 and the asymptotic quantity Ψ(x) is close

to the (inhomogeneous) data ϕ̇D(x), while in the charged spacetime (right) with Q = ε the bounce
of Theorem 6.1.2 applied to constant x-curves γ means that Ψ(x) is instead close to ϕ̇D(x)−1.

6.1.4 Outlook: bounces outside symmetry

Before moving to a sketch of the proof, we consider a natural conjecture regarding bounces, com-

plementary to those in Section 5.1.4, which we hope to return to in the near future. That is, to

understand an analogue of this result for the full 1 + 3-dimensional Einstein–scalar field outside of

symmetry.

Conjecture 6.1.4. There exists an open set of initial data for the Einstein scalar field equations with

no symmetry assumptions such that the maximal (past) development arising from such initial data

terminates in a Kasner-like spacelike singularity at t = 0, but such that the intermediate dynamics

(between data and the singularity) exhibit one, or potentially a finite number, of BKL bounces.
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A resolution of this conjecture would present a key step towards understanding the full heuristics

of BKL in 1 + 3-dimensional vacuum; the latter problem is substantially more difficult since [16]

suggests that in vacuum there are infinitely many BKL bounces and that the ODE dynamics are

chaotic. As mentioned above, addition of the scalar field allows study of a regime where there are

only finitely many bounces.

6.1.5 Sketch of the proof

The proof will proceed in a very similar manner to the Gowdy proof in Section 5.1.5, and we illustrate

the three key steps using two of the equations in the Einstein–Maxwell–scalar field system. These

two equations are the µ evolution equation (2.5.9) and the wave equation for ϕ (2.5.12). Letting

κ = 0 for simplicity, these equations are:

r∂rµ =
1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + 1− Q2

r2
e2µ
)
, (6.1.14)

r∂r(r∂rϕ) = r2e2(µ−λ)∂2xϕ+ r2e2(µ−λ)∂x(µ− λ)∂xϕ− Q2

r2
e2µ r∂rϕ. (6.1.15)

We now describe the three major steps as follows:

Step 1: Analysis in the spatially homogeneous case: Here, this involves setting all terms

involving a ∂x-derivative to zero, and understanding the resulting nonlinear ODE system.

Step 2: Linearization of the ODE system: In the second step, we consider the best possible

behaviour of the terms involving a ∂x-derivative. We do this by taking commuting ∂x with

the ODE system in Step 1, resulting in a new linear ODE system for certain ∂x derivatives

whose coefficients are given by the solution (i.e. some orbit) of the ODE system in Step 1.

Step 3: Energy estimates: Finally, one must ensure that we can close our argument without loss

of derivatives (necessary due to the existence of top order terms such as ∂2xϕ in (6.1.15).)

One achieves this via L2 energy estimates, which are allowed to blow up but only at a mild

rate as r → 0.

We now explain in more detail how each of these steps applies to our simplified system (6.1.14)–

(6.1.15). For Step 1, we remove the terms with ∂x-derivatives in these equations. Letting P = r∂rϕ

and Q = Q2

r2
e2µ, upon removing these terms and rephrasing in terms of P and Q we yield the ODE

system:

r∂rP = −PQ, r∂rQ = Q(P2 − 1− Q). (6.1.16)

We restrict attention to the region P > 0,Q ≥ 0. Then this ODE system contains a line of fixed

points at Q = 0, each of which represents an exact generalized Kasner solution to the Einstein–scalar

field system (with F = 0). Moreover these fixed points are (orbitally) stable if P ≥ 1 and unstable

otherwise. (Note that stability is meant in the direction r → 0.)
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The dynamics of the ODE system in the remaining region P > 0,Q > 0 may be described as

a union of heteroclinic orbits linking an unstable fixed point to a stable fixed point. In fact, the

dynamics can be solved exactly due to the fact that K := P+P−1+QP−1 turns out to be a conserved

quantity of the system. As a consequence, these heteroclinic orbits, which we identify as the BKL

bounces, link the unstable fixed point (P = α,Q = 0) to the stable fixed point (P = α−1,Q = 0),

for any α > 1. The phase portrait for the ODE system is given below in Figure 6.2.

Q :=
Q2

r2
e2µ

P := r∂rϕ

1

α

α−1

Figure 6.2: Phase portrait showing the dynamics of P and Q towards r = 0 in the exactly spatially
homogeneous case. A bounce is a transition from α to α−1.

The requirement of weak subcriticality means that even upon evolution of P and Q according to

(6.1.16), the dynamics will remain in a bounded portion of the (P,Q)-plane, and importantly this

will remain true if we introduce small error terms in (6.1.16). This will be essential in both Step 2

and Step 3.

We now move to Step 2, which involves commuting (6.1.16) with ∂x. In our case, it is actually

more convenient instead to find evolution equations for M = ∂xµ = ∂x logQ and N = ∂xP. The idea

is that commutation will yield a linear ODE system for M and N whose coefficients are functions

of the (dynamical) P and Q, namely the linear system

r∂rM = −QM+ PN, r∂rN = −2PQN − QN. (6.1.17)

One then uses (6.1.17) to find estimates for M and N that are uniform in the choice of dynamical

orbit for P and Q (at least for orbits compatible with the boundedness property above). One finds

that for any γ > 0, one has1 M,N = O(r−γ).

The outcome of Step 2 is that heuristically each ∂x-derivative comes with a loss of r−γ. Since

one may choose γ < 1, this confirms AVTD behaviour in the sense that ∂x-derivatives cost less than
1Actually, for the exact system (6.1.17), it can be shown that M = O((log r)2),N = O(log r), but since in the eventual

analysis we encounter error terms it will be more straightforward to allow a little loss.
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a ∂r-derivative. For instance, one expects ∂xϕ = O(r−γ), ∂x(µ− λ) = O(r−γ), and ∂2xϕ = O(r−2γ)

in the equations (6.1.14)–(6.1.15). Using this, as well as that eµ−λ = O(r), one verifies that the

terms involving a ∂x-derivative, which we threw away in Step 1, are all of size O(r4−2γ). So these

are integrable with respect to dr
r towards r = 0, and may be treated as negligible errors in the ODEs

(6.1.16).

Step 3 concerns turning the above paragraph into rigorous bounds. In particular, one must

overcome the issue of derivative loss due to terms such as ∂2xϕ. This is achieved via energy estimates;

define for instance the Kth order energy E(K)
ϕ (r) as:

E(K)
ϕ (r) =

1

2

∫
S1

(
(r∂r∂

K
x ϕ(r, x))

2 + r2e2(µ−λ)(∂K+1
x ϕ(r, x))2 + (∂Kx ϕ(r, x))

2
)
dx.

To estimate E(K)
ϕ (r), we commute the wave equation (6.1.15) with ∂Kx , yielding:

(r∂r)
2∂Kx ϕ = r2e2(µ−λ)∂K+2

x ϕ−

(I)︷ ︸︸ ︷
Q2

r2
e2µ
(
r∂r∂

K
x ϕ+ (2∂Kx µ)(r∂rϕ)

)
+ 3r2e2(µ−λ)∂x(µ− λ)∂K+1

x ϕ︸ ︷︷ ︸
(II)

− Q2

r2
e2µ(2∂xµ)(r∂r∂

K−1
x ϕ)︸ ︷︷ ︸

(III)

+ · · · .

There are many more terms in the · · · , but the terms present here will illustrate the ideas necessary

in the energy estimate. A standard argument yields the derivative estimate∣∣∣∣r ddrE(K)
ϕ (r)

∣∣∣∣ ≤√2E(K)
ϕ (r) · (∥(I) + (II) + (III) + · · · ∥L2) .

It thus suffices to estimate each of (I), (II) and (III) in L2. Here we need to use Step 1 and Step

2. For the first term in (I), we use that Q2

r2
e2µ is less than the maximum value of Q over all orbits,

which is bounded, while ∥r∂r∂Kx ϕ∥L2 ≤
√
2E(K)

ϕ (r) by definition. For the second term in (I), we

also use that r∂rϕ is less than the maximum value of P, while ∂Kx µ is controlled by (the square

root) of some other Kth order energy. We thus conclude that for some constant A∗ depending only

on η,

∥(I)∥L2 ≤ A∗

√
2E(K)

ϕ (r).

For the expression (II), we use that ∥re(µ−λ)∂K+1
x ϕ∥L2 ≤

√
2E(K)

ϕ (r), while the prefactor

reµ−λ∂x(µ−λ) is of size O(r2−γ) by Step 2. So there is a constant Cη,ζ,K depending on η, the data

and also2 K so that

∥(II)∥L2 ≤ Cη,ζ,K r
2−γ
√
2E(K)

ϕ (r).

Finally, in (III), by Step 1 and Step 2 we know that Q2

r2
e2µ(2∂xµ) is O(r−γ). This seems alarming,

since this is not integrable with respect to dr
r as r → 0. But the other factor in (III), r∂r∂K−1

x ϕ is

2The dependence on the regularity index K is because there are secretly more terms like (II) hidden in · · · .
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not dependent on the Kth order energy, but instead the (K − 1)th order energy
√
2E(K−1)

ϕ (r). So:

∥(III)∥L2 ≤ Cη,ζ,K r
−γ
√

2E(K−1)
ϕ (r).

Combining all of the above, we obtain the following derivative estimate for K ≥ 1:∣∣∣∣r ddrE(K)
ϕ (r)

∣∣∣∣ ≤ 2(A∗ + Cη,ζ,K r
2−γ)E(K)

ϕ (r) + 2Cη,ζ,K r
−γ
√
E(K)
ϕ (r) ·

√
E(K−1)
ϕ (r) + · · · . (6.1.18)

When K = 0, the last term on the right hand side is absent. Because of the 2A∗, even the 0th order

energy E(0)(r) will blow up as r−2A∗ as r → 0. Furthermore, the appearance of r−γ means that as

K increases the rate of blow up also increases. But in any case, one uses this expression to find an

energy bound

E(K)(r) ≤ Dη,K,ζ r
−2A∗−2Kγ,

where Dη,K,ζ depends on η and the data, as well as the regularity index K. It is crucial that A∗ is

independent of K. This is because applying an L2-L∞ interpolation argument to the above bound,

one shows e.g. that ∂2xϕ = O(r−2γ−δ), where δ→ 0 as N → ∞, where N is the maximum regularity

index for which we perform the energy estimate.

To apply Steps 1 to 3 in the nonlinear problem, one uses a standard bootstrap argument; note

we actually perform Step 3 first. That is, one first bootstraps L∞-bounds on 0th order and 1st order

quantities, see (B1)–(B4), and uses this to derive the energy estimate (6.1.18). From the energy

estimate, the interpolation argument is used to control expressions such as ∂2xϕ, which are then

treated as error terms in the ODE analysis of Step 1 and Step 2. The nonlinear ODE analysis then

allows us to improve the bootstrap assumptions (B1)–(B4), completing both the proof of global

existence (Theorem 6.1.1) and first part of the bounce theorem (Theorem 6.1.2). The remainder of

Theorem 6.1.2 follows from more detailed ODE analysis.

6.1.6 Comparison to results in Gowdy symmetry

Before continuing to the proof proper, we make an explicit comparison between our results and

those of Chapter 5 concerning BKL bounces in Gowdy symmetry. Referring back to Section 2.6 for

details on the equations in Gowdy, we provide a “dictionary” translating between the two.

• Due to the reduction to 1 + 1-dimensions, the Gowdy spacetimes have one dynamical time

variable t and spatial variable θ ∈ S1, in comparison to r and x ∈ S1 in our surface symmetric

spacetimes.

• Just as our surface symmetric spacetimes may be described as Kasner–like using Theo-

rem 6.1.0, with the exponents given using Ψ(x) = limr→0 r∂rϕ(r, x) and the correspondence

(6.1.2), the {t = 0} singularity of Gowdy spacetimes can also be described as Kasner–like
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using the asymptotic quantity V (θ) = limt→0(−t∂tP (t, θ)) and the analogous correspondence

(5.1.6). However, unlike V (θ), the function Ψ(x) is smooth and contains no “spike points” of

discontinuity.

• The polarized Gowdy spacetimes of Definition 2.6.1, where the asymptotic quantity V (θ) is

smooth and may be prescribed freely i.e. no longer has the restriction 0 < V (θ) < 1, can be

held in direct analogy with the uncharged Einstein–scalar field solutions in surface symmetry;

in light of Theorem 6.1.0, at least if κ ∈ {0,+1} then the function Ψ(x) can similarly be

prescribed freely. On the other hand, if F ̸= 0 then necessarily |Ψ(x)| ≥ 1.

• Moving on to the results, Theorem 5.1.1 and Theorem 6.1.1 both characterise initial data for

the (unpolarised) Gowdy system at t = t0 > 0 and the Einstein–Maxwell–scalar field system

at r = r0 > 0 such that one reaches a singularity at {t = 0} and {r = 0} respectively.

In both cases, this class of initial data is engineered to be large enough to allow for spacetimes

with nontrivial intermediate dynamics i.e. between 0 < t < t0 or 0 < r < r0 suggestive of

BKL bounces.

Indeed, Theorem 5.1.2 is the analogue of our bounce result Theorem 6.1.2, proving that on

any causal curve γ directed towards the singularity, certain quantities an ODE reminiscent of

BKL bounces.

• There is, however, one feature of [100] that does not appear in the present article, namely the

aforementioned “spikes”. Spikes correspond to special orbits of the ODE system converging to

unstable fixed points, and generically occur at finitely many θ ∈ S1 in Gowdy spacetimes.

We comment that spikes do not occur for the Einstein–Maxwell–scalar field in surface symme-

try since the rigidity of the electromagnetic field means that for Q ̸= 0 it is impossible for any

orbit to converge to an unstable fixed point. If one considered the Einstein–Maxwell–charged

scalar field system where ϕ is dynamically coupled to F, then spikes would similarly become

an issue.

6.2 Bootstrap assumptions and energies

Theorems 6.1.1 and 6.1.2 will be proven simultaneously via a bootstrap argument. That is, we

suppose that a solution (ϕ, µ, λ) to the surface symmetric Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) exists in the interval r ∈ [rb, r0], where rb > 0 is a “bootstrap time”.

We moreover suppose that the solution satisfies certain pointwise bootstrap assumptions in this

interval [rb, r0], namely (B1)–(B4) below. The strategy is to then use these bootstrap assumptions to

derive energy estimates, where energies are suitable L2 type integrals to be defined in Section 6.2.2.

Though the energy estimates will blow up mildly towards r = 0, they will be used together with an
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ODE-based argument to eventually improve our L∞ bootstrap assumptions, completing the proof

of Theorem 6.1.1. Further analysis of the ODEs will yield Theorem 6.1.2.

6.2.1 The L∞ bootstrap assumptions

As mentioned in Section 6.1.1, C∗ = C∗(η, ζ) > 0 will represent a large real number to be chosen

later in the argument. In the proof of Theorem 6.1.1, we make repeated reference to the following

four low order L∞ bootstrap assumptions:

Q2

r2
e2µ ≤ C∗, e2µ + e2(µ−λ) ≤ C∗r, (B1)

|r∂rϕ|, |r∂rµ|, |r∂rλ| ≤ C∗, (B2)

|∂xϕ|, |∂xµ|, |∂xλ| ≤ C∗r
−γ, (B3)

|r∂r∂xϕ|, |r∂r∂xµ|, |r∂r∂xλ| ≤ C∗r
−γ. (B4)

Using the assumptions on the initial data (6.1.7)–(6.1.9) and Sobolev embedding, one can choose

C∗ depending on ζ such that the (B1)–(B4) will hold in a neighborhood of r = r0. Thus we can

always find some rb so that we can carry out our bootstrap argument in the interval r ∈ [rb, r0].

6.2.2 Energies

Below, we define the L2 type quantities that will appear in our energy estimates of Section 6.3.

Since eventually have a hierarchy of energy estimates (see already Proposition 6.3.4), we define a

separate energy at each order of differentiability, up to a top-order energy with N derivatives, with

N eventually chosen depending on η.

Definition 6.2.1. Let 0 ≤ K ≤ N . Define the following Kth order energies at fixed r:

E(K)
ϕ (r) :=

1

2

∫ (
(r∂r∂

K
x ϕ)

2 + r2e2(µ−λ)(∂K+1
x ϕ)2 + (∂Kx ϕ)

2
)
dx, (6.2.1)

EK)
µ (r) :=

1

2

∫ (
(r∂r∂

K
x µ)

2 + r2e2(µ−λ)(∂K+1
x µ)2 + (∂Kx µ)

2
)
dx, (6.2.2)

E(K)
λ (r) :=

1

2

∫ (
(r∂r∂

K
x λ)

2 + r2e2(µ−λ)(∂K+1
x λ)2 + (∂Kx λ)

2
)
dx, (6.2.3)

E(K)(r) := E(K)
ϕ (r) + E(K)

µ (r) + E(k)
λ (r). (6.2.4)

Remark. Even at order K = 0, the energy E(0)
ϕ (r) includes the lower order term ϕ2. Even when

that Theorem 6.1.0 applies, this will blow up as O((log r)2). However, since we allow our energies

to blow up towards r = 0, this O((log r)2) blow up will not be of any concern. It will be useful
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to include the (∂Kx ϕ)
2 term in E(K)

ϕ (r) since this is how we will eventually get pointwise control on

∂x-derivatives of ϕ without the problematic weight reµ−λ which vanishes as r → 0.

6.3 The energy estimate hierarchy

We now derive energy estimates for E(K)(r), at orders 0 ≤ K ≤ N , where N = N(η) is chosen

sufficiently large. The derivation of such energy estimates will involve commuting the equations

(2.5.8)–(2.5.12) with up to K ∂x-derivatives. See Section 6.1.5 for an overview.

For the junk and lower order terms in the hierarchy (where the precise value of coefficients

arising in the commuted equations are not crucial), we introduce the following schematic notation:

expressions such as ∑
kp+k1+...+ki=K

∂
kp
x f ∗ ∂k1x g ∗ · · · ∗ ∂kix g

will represent some linear combination of products of the form ∂
kp
x f · ∂k1x g · · · ∂kix g such that i ≥ 1,

kp ≥ 1 and kj ≥ 1 for all 1 ≤ j ≤ i and kp + k1 + . . . + ki = K. We emphasize that

unless explicitly stated otherwise, in these schematic sums i and j will be positive integers, as are

the indices kp, k1, ki etc. In the event that any index e.g. kp is allowed to be 0, this will be explicitly

stated, and similarly if there are further constraints on any index.

6.3.1 Energy estimates for the scalar field ϕ

Proposition 6.3.1. Let (µ, λ, ϕ,Q) be a solution to the Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) obeying the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗

depending only on C∗, as well as constants C(K)
1 and C(K)

2 depending on C∗ and the regularity index

K ∈ {0, 1, . . . , N}, such that∣∣∣∣r ddrE(K)
ϕ (r)

∣∣∣∣ ≤ 2A∗E(K)(r) + C
(K)
1 r1−γE(K)(r) +

K−1∑
k=0

C
(K)
2 r−2γ(K−k)E(k)(r), (6.3.1)

where it is understood that the final term is absent if K = 0.

Proof. For any K ≥ 1, commuting the wave equation (2.5.12) with ∂Kx yields

(r∂r)
2∂Kx ϕ− r2e2(µ−λ)∂2x∂

K
x ϕ =

(
−Q

2

r2
+ κ

)
e2µ (r∂r∂

K
x ϕ+ 2r∂rϕ∂

K
x µ) (6.3.2a)

+ r2e2(µ−λ)
∑

kp+k1+···+ki=K+2

∂
kp
x ϕ ∗ ∂k1x (µ− λ) ∗ · · · ∗ ∂kix (µ− λ) (6.3.2b)

+

(
−Q

2

r2
+ κ

)
e2µ

∑
0≤kp<K,k1<K
kp+k1+···+ki=K

r∂r∂
kp
x ϕ ∗ ∂k1x µ ∗ · · · ∗ ∂kix µ. (6.3.2c)
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Note that in the uncommuted case K = 0, the final term on the RHS of (6.3.2a) is absent, as is the

term (6.3.2c); we leave the derivation of (6.3.1) in this case to the reader.

The first line (6.3.2a) is the leading order contribution that gives rise to the 2A∗E(K)(r) on

the RHS of (6.3.1). It remains to estimate the remaining lines (6.3.2b) and (6.3.2c) in L2. We

start with (6.3.2c). Using the bootstrap assumptions (B1)–(B2) and the Sobolev product estimate

Lemma 5.2.2 with w = 1, one finds that

∥(6.3.2c)∥L2 ≤ C2
∗

∥∥∥∥ ∑
0≤kp<K,k1<K
kp+k1+···+ki=K

r∂r∂
kp
x ϕ ∗ ∂k1x µ ∗ · · · ∗ ∂kix µ

∥∥∥∥
L2

≲C∗

K−1∑
k=0

(
∥r∂r∂kxϕ∥L2 + ∥∂kxµ∥L2

)
· (∥r∂r∂xϕ∥L∞ + ∥∂xµ∥L∞)K−k .

As this is the first time we derive such an estimate, we include a more detailed explanation. In the

first line, we use (B1) to estimate first
∣∣∣−Q2

r2
e2µ + κe2µ

∣∣∣ ≤ C∗, and if kp = 0 we get another C∗ from

r∂rϕ and (B2).

To get the second line, for summands such that there are i+1 terms in the product, note that the

maximum number of ∂x-derivatives landing on either r∂rϕ or µ is K − i. Furthermore, (repeated)

use of the product estimate Lemma 5.2.2 allows us to put exactly this many ∂x-derivatives on some

term in the product, which we estimate in L2, while the remaining i terms in the product are

estimated by either ∥∂x(r∂rϕ)∥L∞ or ∥∂xµ∥L∞ . By setting k = K − i ∈ {1, . . . , k − 1}, we obtain

the desired estimate.

By using the remaining bootstrap assumptions (B3)–(B4) to estimate ∥r∂r∂xϕ∥L∞ + ∥∂xµ∥L∞ ,

as well as the definition of E(k)(r), we therefore deduce that

∥(6.3.2c)∥L2 ≲C∗,K

K−1∑
k=0

r−γ(K−k)
√

E(k)(r). (6.3.3)

We move onto the L2 estimate for (6.3.2b). For this term we first use (B1) to remove one of

the factors of eµ−λ, but for the remaining factor of eµ−λ we use Lemma 5.2.2 with w = reµ−λ. In

particular, ∂xW = ∂x logw = ∂x(µ− λ), and one gets

∥(6.3.2b)∥L2 ≤ rC∗

∥∥∥∥reµ−λ ∑
kp+k1+···+ki=K+2

∂
kp
x ϕ ∗ ∂k1x (µ− λ) ∗ · · · ∗ ∂kix (µ− λ)

∥∥∥∥
L2

≲C∗ r
K+1∑
k=1

(
∥reµ−λ∂kxϕ∥L2 + ∥reµ−λ∂kx(µ− λ)∥L2

)
· (∥∂xϕ∥L∞ + ∥∂x(µ− λ)∥L∞)K+2−k .

It is important we applied Lemma 5.2.2 in such a way that the top order term ∂K+1
x ϕ has the weight

reµ−λ in front to match with the energy E(K)(r). Fortunately, the weighted version of Lemma 5.2.2

means that any additional factors of ∥∂x(µ − λ)∥L∞ reduce the number of derivatives on either

reµ−λ∂kxϕ or reµ−λ∂kx(µ− λ), and we obtain the above.
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Using the bootstrap assumption (B3) and the definition of E(k)(r), we thus deduce

∥(6.3.2b)∥L2 ≲C∗,K

K∑
k=0

r1−γ(K+1−k)
√
E(k)(r). (6.3.4)

The additional power of r means that the top order term
√
E(K)(r) appears with a weight that is

suitably integrable as r ↓ 0, and thus does not contribute to the A∗E(K)(r) on the RHS of (6.3.1).

Now, to conclude, for 0 ≤ K ≤ N we write

r∂r

(
1

2

(
(r∂r∂

K
x ϕ)

2 + r2e2(µ−λ)(∂K+1
x ϕ)2 + (∂Kx ϕ)

2
))

= (r∂r∂
K
x ϕ)

[
(r∂r)

2∂Kx ϕ− r2e2(λ−µ)∂K+2
x ϕ+ ∂Kx ϕ

]
+ r2e2(µ−λ)(∂K+1

x ϕ)2

+ ∂x

(
r2e2(µ−λ)r∂r∂

K
x ϕ · ∂K+1

x ϕ
)
− 2r2e2(µ−λ)∂x(µ− λ) · r∂r∂Kx ϕ · ∂K+1

x ϕ.

Integrating over x ∈ S1 so that the first term in the last line vanishes, and inserting the commuted

wave equation, one has the following identity for the r ddr derivative of the energy:

r
d

dr
E(K)
ϕ (r) =

∫
S1

[
(r∂r∂

K
x ϕ)

(
(6.3.2a) + ∂Kx ϕ

)
+ r2e2(µ−λ)(∂K+1

x ϕ)2
]
dx

+

∫
S1

[
(r∂r∂

K
x ϕ)

(
(6.3.2b) + (6.3.2c) − 2r2e2(µ−λ)∂x(µ− λ)∂K+1

x ϕ
)]

dx.

From the bootstrap assumptions (B1)–(B2), one may estimate ∥(6.3.2a)∥L2 ≤ 10C2
∗
√

2E(K)(r).

Using Cauchy–Schwarz, the first integral in the above expression can thus be bounded as:∣∣∣∣∫
S1

[
(r∂r∂

K
x ϕ)

(
(6.3.2a) + ∂Kx ϕ

)
+ r2e2(µ−λ)(∂K+1

x ϕ)2
]
dx

∣∣∣∣ ≤ 2(10C2
∗ + 9)E(K)(r).

On the other hand, the latter integral can be estimated using (6.3.4) and (6.3.3) – the expression

involving r2e2(µ−λ)∂x(µ−λ) can be bounded in the same way as (6.3.2b) – one yields that for some

C
(K)
1 , C

(K)
2 > 0,∣∣∣∣∫

S1

[
(r∂r∂

K
x ϕ)

(
(6.3.2b) + (6.3.2c) − 2r2e2(µ−λ)∂x(µ− λ)∂K+1

x ϕ
)]

dx

∣∣∣∣
≤

(
C

(K)
1 r1−γ

√
E(K)(r) +

√
C

(K)
2

K−1∑
k=0

r−γ(K−k)
√
E(k)(r)

)
·
√
E(K)(r).

Combining these and applying Young’s inequality, Proposition 6.3.1 follows, with A∗ = 10C2
∗ +

10.

6.3.2 Energy estimates for the metric variables µ and λ

Proposition 6.3.2. Let (µ, λ, ϕ,Q) be a solution to the Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) obeying the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗
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depending only on C∗, as well as constants C(K)
1 and C(K)

2 depending on C∗ and the regularity index

K ∈ {0, 1, . . . , N}, such that∣∣∣∣r ddrE(K)
µ (r)

∣∣∣∣ ≤ 2A∗E(K)(r) + C
(K)
1 r1−γE(K)(r)

+


∑K−1

k=0 C
(K)
2 r−2γ(K−k)E(k)(r), if K ̸= 0,

2A∗ if K = 0.
(6.3.5)

Proof. We consider the equation (2.5.11) as a wave equation for µ. As in the proof of Propo-

sition 6.3.1, we first commute (2.5.11) with ∂Kx . Instead of doing this directly, we first rewrite

(2.5.11) as:

(r∂r)
2µ− r2e2(µ−λ)∂2xµ =(

−Q
2

r2
+ κ

)
e2µr∂r(λ+ 2µ) + r2e2(µ−λ)∂xµ∂x(µ− λ) + 2r2e2(µ−λ)(∂xϕ)

2 +
Q2

r2
e2µ,

Now commuting this equation with ∂Kx , one yields for 1 ≤ K ≤ N :

(r∂r)
2∂Kx µ− r2e2(µ−λ)∂2x∂

K
x µ

=

(
−Q

2

r2
+ κ

)
e2µ(r∂r∂

K
x (λ+ 2µ) + 2r∂r(λ+ 2µ) ∂Kx µ) +

Q2

r2
e2µ ∂Kx µ (6.3.6a)

+ r2e2(µ−λ)
∑

kp+k1+···+ki=K+2

∂
kp
x µ ∗ ∂k1x (µ− λ) ∗ · · · ∗ ∂kix (µ− λ) (6.3.6b)

+ r2e2(µ−λ)
∑

kp+kq+k1+···+ki=K+2

∂
kp
x ϕ ∗ ∂kqx ϕ ∗ ∂k1x (µ− λ) · · · ∗ ∂kix (µ− λ) (6.3.6c)

+

(
−Q

2

r2
+ κ

)
e2µ

∑
kp≥0,k1<K

kp+k1+···+ki=K

r∂r∂
kp
x (λ+ 2µ) ∗ ∂k1x µ ∗ · · · ∗ ∂kix µ (6.3.6d)

+
Q2

r2
e2µ

∑
1≤k1<K
k1+···ki=K

∂k1x µ ∗ · · · ∗ ∂kix µ. (6.3.6e)

Note for K = 0, the terms (6.3.6d) and (6.3.6e) are absent, as is the expression involving

r∂r(λ + 2µ)∂Kx µ in (6.3.6a). We leave the details in this case to the reader, highlighting that

the (uncommuted) term Q2

r2
e2µ in (6.3.6a) is responsible for the final term A∗ arising in (6.3.5).

We now proceed exactly as in the proof of Proposition 6.3.1. We first bound the terms (6.3.6b)

and (6.3.6c). Just as we did for (6.3.2b) in the proof of Proposition 6.3.1, we apply Lemma 5.2.2

with w = reµ−λ, to get

∥(6.3.6b)∥L2 + ∥(6.3.6c)∥L2 ≲C∗,K

K∑
k=0

r1−γ(K+1−k)
√

E(k)(r). (6.3.7)



255

Moving onto (6.3.6d) and (6.3.6e), we now apply Lemma 5.2.2 with w = 1. The result is

∥(6.3.6d)∥L2 + ∥(6.3.6e)∥L2 ≲C∗,K

K−1∑
k=0

r−γ(K−k)
√

E(k)(r). (6.3.8)

We highlight that (6.3.8) does not have the top order term E(K)(r) on the RHS, while (6.3.7) does

feature this top order term but with a favourable weight r1−γ.

Now, just as in the proof of Proposition 6.3.1 one can use the ∂Kx -commuted wave equation for

µ to derive the following derivative identity for E(K)
µ (r):

r
d

dr
E(K)
µ (r) =

∫
S1

[
(r∂r∂

K
x µ)

(
(6.3.6a) + ∂Kx µ

)
+ r2e2(µ−λ)(∂K+1

x µ)2
]
dx

+

∫
S1
(r∂r∂

K
x µ)

(
(6.3.6b) + (6.3.6c) + (6.3.6d) + (6.3.6e) − 2r2e2(µ−λ)∂x(µ− λ)∂K+1

x µ
)
dx.

Using the structure of (6.3.6a) and the bootstrap assumptions (B1)–(B2), one finds ∥(6.3.6a)∥L2 ≤
20C2

∗
√
2E(K(r), and therefore∣∣∣∣∫

S1

[
(r∂r∂

K
x µ)

(
(6.3.6a) + ∂Kx µ

)
+ r2e2(µ−λ)(∂K+1

x µ)2
]
dx

∣∣∣∣ ≤ 2(20C2
∗ + 19)E(K)(r).

Furthermore, combining (6.3.7) and (6.3.8) yields that for some C(K)
1 , C

(K)
2 > 0:∣∣∣∣∫

S1
(r∂r∂

K
x µ)

(
(6.3.6b) + (6.3.6c) + (6.3.6d) + (6.3.6e) − 2r2e2(µ−λ)∂x(µ− λ)∂K+1

x µ
)
dx

∣∣∣∣
≤

(
C

(K)
1 r1−γ

√
E(K)(r) +

√
C

(K)
2

K−1∑
k=0

r−γ(K−k)
√
E(k)(r)

)
·
√
E(K)(r).

Inserting these bounds into the derivative identity, we get (6.3.5) with A∗ = 20(C2
∗ + 1).

It remains to prove the energy estimate for λ. In light of Proposition 6.3.2, it will be enough to

prove a corresponding estimate for the modified energy E(K)
µ−λ(r), defined by:

E(K)
µ−λ(r) :=

1

2

∫
S1

(
(r∂r∂

K
x (µ− λ))2 + r2e2(µ−λ)(∂K+1

x (µ− λ))2 + (∂Kx (µ− λ))2
)
dx.

With this definition, we have the following derivative estimate for the energy:

Proposition 6.3.3. Let (µ, λ, ϕ,Q) be a solution to the Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) obeying the bootstrap assumptions (B1)–(B4). Then there exists a constant A∗

depending only on C∗, as well a constant C(K)
2 depending on C∗ and the regularity index K ∈

{0, 1, . . . , N}, such that

∣∣∣∣r ddrE(K)
µ−λ(r)

∣∣∣∣ ≤ 2A∗E(K)(r) +


∑K−1

k=0 C
(K)
2 r−2γ(K−k)E(k)(r), if K ̸= 0,

2A∗ if K = 0.
(6.3.9)
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Proof. Here we instead commute the transport equation (2.5.13) with ∂Kx , yielding for 1 ≤ K ≤ N :

r∂r∂
K
x (µ− λ) =

(
−Q

2

r2
+ κ

)
e2µ ∂Kx µ+

(
−Q

2

r2
+ κ

)
e2µ

∑
k1<K

k1+···+ki=K

∂k1x µ ∗ · · · ∗ ∂kix µ, (6.3.10)

while for K = 0 the final term is not present but there is an additional 1 (see the RHS of (2.5.13)).

From this equation we can derive further equations, namely

r∂r(re
µ−λ∂K+1

x (µ− λ)) =

(
−Q

2

r2
+ κ

)
e2µ reµ−λ∂K+1

x µ+ (1 + r∂r(µ− λ)) reµ−λ∂K+1
x (µ− λ)

+

(
−Q

2

r2
+ κ

)
e2µ reµ−λ

∑
k1<K+1

k1+···+ki=K+1

∂k1x µ ∗ · · · ∗ ∂kix µ, (6.3.11)

as well as

r∂r(r∂r∂
K
x (µ− λ)) =(

−Q
2

r2
+ κ

)
e2µ r∂r∂

K
x µ+

(
2Q2

r2
e2µ + 2r∂rµ

(
−Q

2

r2
+ κ

)
e2µ
)
∂Kx µ+ r∂r∂

K
x (µ− λ)

+

(
2Q2

r2
e2µ + 2r∂rµ

(
−Q

2

r2
+ κ

)
e2µ
) ∑

k1<K
k1+···+ki=K

∂k1x µ ∗ · · · ∗ ∂kix µ

+

(
−Q

2

r2
+ κ

)
e2µ

∑
k1<K

k1+···+ki=K

r∂r∂
k1
x µ ∗ · · · ∗ ∂kix µ, (6.3.12)

From (6.3.12), (6.3.11) and (6.3.10), repeated use of the bootstrap assumptions (B1)–(B4) and

the weighted product estimate Lemma 5.2.2 yields that for some C(K)
2 > 0,

∥r∂r∂Kx (µ− λ)∥L2 + ∥r∂r(reµ−λ∂K+1
x (µ− λ))∥L2 + ∥r∂r(r∂r∂Kx (µ− λ))∥L2

≤ (A∗ − 1)
√
2E(K)(r) +

√
C

(K)
2

K−1∑
k=0

r−γ(K−k)
√

E(k)(r).

Proposition 6.3.3 then follows immediately from this and Young’s inequality.

6.3.3 The energy hierarchy

We now use Propositions 6.3.1, 6.3.2 and 6.3.3 together with the initial data bound (6.1.9), to show

that the total energy of order K, E(K)(r), grows at most polynomially in r as r ↓ 0, and moreover

that the rate of blow-up depends only mildly in K.
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Proposition 6.3.4. Let (µ, λ, ϕ,Q) be a solution to the Einstein–Maxwell–scalar field system

(2.5.8)–(2.5.12) in the interval r ∈ [rb, r0], such that the solution obeys the bootstrap assumptions

(B1)–(B4). Assuming also the bound (6.1.9) for the initial data, then there exist a constant A∗ de-

pending only on C∗, as well as constants C(K) depending on C∗, K and ζ, such that for 0 ≤ K ≤ N ,

the total energy E(K)(r) satisfies the bound:

E(K)(r) ≤ C(K) r−2A∗−2Kγ. (6.3.13)

Proof. Combining Propositions 6.3.1, 6.3.2 and 6.3.3, it is straightforward to show that for some

A∗ > 0 depending only on C∗ and constants C(K)
1 , C

(K)
2 > 0 (which are allowed to differ from those

of the previous propositions), one has the following derivative estimate:

∣∣∣∣r ddrE(K)(r)

∣∣∣∣ ≤ 2A∗E(K)(r) + C
(K)
1 r1−γE(K)(r) +

C
(K)
2

∑K−1
k=0 r

−2γ(K−k)E(k)(r), if K ̸= 0,

2A∗, if K = 0.

Since we shall integrate towards r = 0, the derivative estimate we actually use is the following:

r
d

dr
E(K)(r) ≥ −2A∗E(K)(r)− C

(K)
1 r1−γE(K)(r)−

C
(K)
2

∑K−1
k=0 r

−2γ(K−k)E(k)(r), if K ̸= 0,

2A∗, if K = 0.

In fact, using the integrating factor r2A∗ , which is crucially independent of K, we write:

r
d

dr

(
r2A∗E(K)(r)

)
≥

− C
(K)
1 r1−γ

(
r2A∗E(K)(r)

)
−

C
(K)
2

∑K−1
k=0 r

−2γ(K−k) (r2A∗E(k)(r)
)
, if K ̸= 0,

r2A∗A∗, if K = 0.
(6.3.14)

We will now use (6.3.14) and induction on K ∈ {0, . . . , N} to show that

r2A∗E(K)(r) ≲ r−2γK , (6.3.15)

where the implied constant is now allowed to depend on C∗, K and ζ. This is equivalent to (6.3.13).

Note that the dependence on ζ comes from the fact that the initial data bound (6.1.9) implies that

for A∗ ≥ γ,
N∑
k=0

r2A∗
0 E(k)(r0) ≤ ζ. (6.3.16)

We begin with the base case K = 0. Applying Grönwall’s inequality to (6.3.14) for K = 0, we

obtain that for any r ∈ [rb, r0], one has

r2A∗E(0)(r) ≤ exp
(
F (0)(r0, r)

)
· r2A∗

0 E(0)(r0) +

∫ r0

r
exp
(
F (0)(r̃, r)

)
r̃2A∗2A∗

dr̃

r̃
,

where F (0)(sa, sb) =

∫ sa

sb

C
(0)
1 r̃1−γ

dr̃

r̃
.
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Since F (0)(sa, sb) is uniformly bounded for sa, sb ∈ [rb, r0], it follows from the initial data bound

(6.3.16) that (6.3.15) holds for K = 0.

Moving onto the induction step, assume that (6.3.15) holds for 0 ≤ K < K̄ ≤ N ; we wish to

prove it also holds for K = K̄. Applying Grönwall’s inequality to (6.3.14) for K = K̄, we have that

r2A∗E(K̄)(r) ≤ exp
(
F (K̄)(r0, r)

)
· r2A∗

0 E(K̄)(r0)

+

∫ r0

r
exp
(
F (K̄)(r̃, r)

)
C

(K̄)
2

K̄−1∑
k=0

r̃−2γ(K̄−k)r̃2A∗E(k)(r̃)
dr̃

r̃
,

where F (K̄)(sa, sb) =

∫ sa

sb

C
(K̄)
1 r̃1−γ

dr̃

r̃
.

Since F (K)(sa, sb) is uniformly bounded for sa, sb ∈ [rb, r0], it follows from the initial data bound

(6.3.16) and the inductive hypothesis for r̃2A∗E(k)(r̃) that

rA∗E(K̄)(r) ≲ ζ+
∫ r0

r

K̄−1∑
k=0

r̃−2γ(K̄−k) · r̃−2γk dr̃

r̃
≲ r−2γK̄

as required. This completes the proof of the proposition.

6.3.4 Derivation of bounce ODEs

We now apply Proposition 6.3.4 together with the Sobolev interpolation of Lemma 5.2.1 to provide

L∞ bounds for low order derivatives of ϕ, µ and λ, so that we may treat certain equations in

the Einstein–Maxwell–scalar field system (2.5.9)–(2.5.12) as ODEs without worrying about losing

derivatives.

Lemma 6.3.5. Let (µ, λ, ϕ,Q) be as in Proposition 6.3.4. Then for N chosen sufficiently large there

exists a family of constants δ = δ(C∗, ζ, r∗) > 0 with δ ↓ 0 as r∗ ↓ 0, such that for any 0 ≤ k ≤ 3,

f ∈ {ϕ, µ, λ}, and r ∈ [rb, r0] one has

∥∂kxf(r, ·)∥L∞ + ∥r∂r∂kxf(r, ·)∥L∞ ≤ δr−1/2. (6.3.17)

Proof. The energy estimate (6.3.13) for K = N , together with the definition of E(K)(r) (see Defini-

tion 5.2.1), implies the following L2-estimates for f ∈ {ϕ, µ, λ}:

∥∂Nx f∥2L2 + ∥r∂r∂Nx f∥2L2 ≤ 2C(N)r−2A∗−2Nγ. (6.3.18)

Note that while C(N) depends on N , the number A∗ does not, and we later choose N depending on

A∗.

We now interpolate between (6.3.18) and the low-order L∞ bootstrap assumptions (B2)–(B3).

Applying Lemma 5.2.1, for f ∈ {ϕ, µ, λ} and 0 ≤ k ≤ 3 one finds:

∥r∂r∂kxf(r, ·)∥L∞ ≲N ∥r∂rf(r, ·)∥1−αL∞ ∥r∂r∂Nx f(r, ·)∥αL2 , where α =
k

N − 1
2

.



259

Inserting the bound (6.3.18) and the bootstrap assumption (B2), one finds

∥r∂r∂kxf(r, ·)∥L∞ ≲N,C∗

(
r−2A∗−2Nγ

)α
2 = r−kγ ·

(
r−2A∗−γ)α

2 .

Since we chose γ < 1
100 , we have r−kγ < r−1/8. Furthermore, for N chosen sufficiently large

(depending on A∗ and k) one can guarantee (r−2A∗−γ)
α
2 < r−1/8. Thus for this choice of N there

exists a constant CN,C∗ such that

∥r∂r∂kxf(r, ·)∥L∞ ≤ CN,C∗r
−1/4. (6.3.19)

To get a similar estimate for ∥∂kxf(r, ·)∥L∞ we first apply the Lemma 5.2.1 to the initial data

assumption (6.1.9), yielding ∥r∂r∂kxf(r0, ·)∥L∞ ≲ ζr−γ ≲ ζr−1/4. Then simply integrating (6.3.19)

from r = r0, there exists a constant CN,C∗,ζ so that

∥∂kxf(r, ·)∥L∞ ≤ CN,C∗,ζr
−1/4. (6.3.20)

Combining (6.3.19) and (6.3.20), and redefining the constant CN,C∗,ζ appropriately, one has

∥∂kxf(r, ·)∥L∞ + ∥r∂r∂kxf(r, ·)∥L∞ ≤ (CN,C∗,ζr
1/4) · r−1/2.

Recalling that r ≤ r0 ≤ r∗, letting δ = CN,C∗,ζ · r
1/4
∗ completes the proof of the lemma.

Corollary 6.3.6. Let (µ, λ, ϕ,Q) be as in Proposition 6.3.4. Then for N chosen sufficiently large

there exists a family of constants δ = δ(C∗, ζ, r∗) > 0, with δ ↓ 0 as r∗ ↓ 0, such that for all

(r, x) ∈ [rb, r0]× S1 and all a ∈ [−1, 1], one has:∣∣∣∣(r∂r + areµ−λ∂x)(r∂rϕ) + (r∂rϕ)
Q2

r2
e2µ
∣∣∣∣ (r, x) ≤ δr1/2, (6.3.21)

∣∣∣∣(r∂r + areµ−λ∂x)

(
Q2

r2
e2µ
)
− Q2

r2
e2µ
(
(r∂rϕ)

2 − 1− Q2

r2
e2µ
)∣∣∣∣ (r, x) ≤ Q2

r2
e2µ · δr1/2. (6.3.22)

Furthermore, for the same δ = δ(C∗, ζ, r∗) > 0 one has:∣∣∣∣(r∂r + areµ−λ∂x)(∂xµ) +
Q2

r2
e2µ∂xµ− (r∂rϕ)(r∂r∂xϕ)

∣∣∣∣ (r, x) ≤ δr1/2, (6.3.23)

∣∣∣∣(r∂r + areµ−λ∂x)(r∂r∂xϕ) +
2Q2

r2
e2µ(r∂rϕ)∂xµ+

Q2

r2
e2µr∂r∂xϕ

∣∣∣∣ (r, x) ≤ δr1/2. (6.3.24)

Proof. This follows immediately from Lemma 6.3.5 and the equations (2.5.9) and (2.5.12). We

derive the equations (6.3.22) and (6.3.24), leaving the remaining equations to the reader. For

(6.3.22), using (2.5.9) we derive:

r∂r

(
Q2

r2
e2µ
)

=
Q2

r2
e2µ
(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 +

(
−Q

2

r2
+ κ

)
e2µ − 2

)

=
Q2

r2
e2µ
(
(r∂rϕ)

2 − 1− Q2

r2
e2µ
)
+
Q2

r2
e2µ
(
r2e2(µ−λ)(∂xϕ)

2 + κe2µ
)
.
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Noting there is also an areµ−λ∂x-derivative on the left hand side of (6.3.22), it thus suffices to

show that

r2e2(µ−λ)(∂xϕ)
2 + |κe2µ|+ 2|areµ−λ∂xµ| ≤ δr1/2. (6.3.25)

Inserting the bootstrap assumptions (B1) to bound eµ−λ and e2µ, and Lemma 6.3.5 to bound ∂xϕ

and ∂xµ ,

r2e2(µ−λ)(∂xϕ)
2 + |κe2µ|+ 2|areµ−λ∂xµ| ≤ C2

∗r
3(δr−1/2)2 + C∗r + 2C∗r

3/2(δr−1/2).

Since the powers of r appearing on the right hand side all exceed r1/2, it is clear that upon redefining

δ that one has the estimate (6.3.25).

We move onto (6.3.24). For this, we commute the wave equation (2.5.12) once with ∂x, then add

an additional term of areµ−λr∂r∂2xϕ, to yield

(r∂r)
2∂xϕ+ areµ−λr∂r∂

2
xϕ+ 2

Q2

r2
e2µ(∂xµ)(r∂rϕ) +

Q2

r2
e2µr∂r∂xϕ

= r2e2(µ−λ)
(
∂3xϕ+ 3∂x(µ− λ)∂2xϕ+ ∂2x(µ− λ)∂xϕ

)
+ κe2µ (r∂r∂xϕ+ 2(∂xµ)(r∂rϕ))

+ areµ−λr∂r∂
2
xϕ.

Using the bootstrap assumptions (B1)–(B2) and Lemma 6.3.5, the right hand side may be bounded

by

C∗r
2(δr−1/2 + (δr−1/2)2) + C∗r(δr

−1/2 + 2C∗δr
−1/2) + C∗r

2δr−1/2.

Since we are allowed to redefine δ = C∗δ, this quantity is bounded by δr1/2, as required.

6.4 Low order ODE analysis

Here, we now study ODE systems of the type found in Corollary 6.3.6, with the eventual aim

of improving the bootstrap assumptions (B1)–(B4). As explained in Section 6.1.5, the first step is

studying a nonlinear ODE system derived from (6.3.21)–(6.3.22), and then studying the linearization

of this ODE system, derived from (6.3.23)–(6.3.24).

6.4.1 The BKL bounce ODE

Lemma 6.4.1. For r0 ≤ 1, let P,Q : [rb, r0] ⊂ R>0 → R≥0 satisfy the following ODEs, where the

error terms Ei obey |Ei| ≤ δr1/2 for i = 1, 2:

r∂rP = −PQ+ E1, (6.4.1)

r∂rQ = Q(P2 − 1− Q+ E2). (6.4.2)
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Suppose furthermore that for some η > 2, one has η−1 ≤ P(r0) ≤ η and Q(r0) ≤ 1. Then for δ

chosen sufficiently small (depending on η) the solution obeys the following bounds for r ∈ [rb, r0].

(4η)−1 ≤ P(r) ≤ 4η, Q(r) ≤ 16η2. (6.4.3)

Proof. We proceed by using a continuity / bootstrap argument, with the bootstrap assumption

being (6.4.3). So we assume (6.4.3) holds on an interval [r̃, r0] ⊂ [rb, r0], then show we may actually

improve upon (6.4.3).

For the improvement step, we use an approximately conserved quantity of the ODE (which would

be exactly conserved if Ei ≡ 0); let K be defined by

K := P+ P−1 + QP−1. (6.4.4)

From (6.4.1) and (6.4.2), one checks that r∂rK = E1(1 − P−2 − P−2Q) + P−1QE2. Thus assuming

the bootstrap assumption (6.4.3), r∂rK may be bounded by

|r∂rK| ≤ (1 + 16η2 + 64η3 + 256η4)δr1/2.

Thus for δ = δ(η) chosen sufficiently small, one may guarantee that
∫ r0
r |∂rK(r̃)|dr̃ ≤ 1

2η. Using

also the initial data assumptions η−1 ≤ P(r0) ≤ η and Q(r0) ≤ 1, we have

K(r) ≤ K(r0) +
1

2
η = P(r0) + P−1(r0) + QP−1(r0) +

1

2
η ≤ 7

2
η.

Hence for all r, one has

P(r) + P−1(r) + QP−1(r) ≤ 7

2
η,

from which one can read off P(r) + P(r) ≤ 7
2η and Q(r) ≤

(
7
2η
)2, improving upon the bootstrap

assumption (6.4.3). By a standard continuity argument, (6.4.3) therefore holds in the entire interval

[rb, r0].

6.4.2 The equations of variation

Lemma 6.4.2. For r0 < 1, let P,Q : [rb, r0] → R≥0 satisfy the assumptions of Lemma 6.4.1.

Further, let M,N : [rb, r0] → R obey the following ODEs, where |Ei| ≤ δr1/2 for i = 1, 2, 3, 4:

r∂rM = −QM+ PN + E3, (6.4.5)

r∂rN = −2PQM− QN + E4. (6.4.6)

For 0 < γ < 1
100 fixed and some ζ > 0, impose the following conditions at initial data: |M(r0)| +

|N(r0)| ≤ ζr−γ0 . Then for δ chosen sufficiently small depending on η, γ and ζ, there exists a constant

D > 0 depending on the same constants η, γ and ζ, such that for all r ∈ [rb, r0], one has

|M(r)|+ |N(r)| ≤ Dr−γ. (6.4.7)
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Proof. Let b = γ
10η be a small parameter used for notational convenience. We rewrite the system

(6.4.5)–(6.4.6) in the following matrix form, upon conjugation by a linear transformation M 7→ bM:

r∂r

[
bM

N

]
=

[
−Q bP

−2b−1PQ −Q

]
︸ ︷︷ ︸

=:L

[
bM

N

]
+

[
bE3

E4

]
. (6.4.8)

Our goal is to bound the operator norm of the matrix L = L(r), as a function of r ∈ [rb, r0]. As

b is chosen small, such a bound on the operator norm will depend on the size of Q = Q(r). Note our

definition of the operator norm will be with respect to the ℓ∞-norm on R2, i.e. for a 2 × 2 matrix

M we write

∥M∥op := sup
x∈R2\{0}

∥Mx∥ℓ∞
∥x∥ℓ∞

.

Case 1: Q(r) ≤ 1
16bη

−1:

When this holds it can be immediately checked from this bound and (6.4.3) that each of the matrix

elements of L(r) are bounded in absolute value by γ
2 . Since for a 2× 2 matrix M we have:

∥M∥op ≤ 2max
i,j

|Mij |,

this implies that

∥L(r)∥op ≤ γ whenever Q(r) ≤ 1

16
bη−1. (6.4.9)

Case 2: Q(r) > 1
16bη

−1:

With no additional smallness for Q(r) the only bounds we have for L(r) will come from the bound

(6.4.3) from Lemma 6.4.1. By bounding each of the matrix elements of L(r) using (6.4.3), one may

deduce ∥L(r)∥op ≤ 256b−1η3.

What is needed in this case is that we can control the size of the set B = {r ∈ [rb, r0] : Q(r) >
1
16bη

−1}, at least for δ sufficiently small. To justify this, suppose δ < 1
128bη

−2. Then using (6.4.3)

and the equation (6.4.1) for r∂rP, one has that for r ∈ B

r∂rP ≤ −(4η)−1 · 1

16
bη−1 + δ ≤ − 1

128
bη−2.

But from (6.4.3), P(r) is bounded between (4η)−1 and 4η. Furthermore, for all r ∈ [rb, r0], not

necessarily in B, one has r∂rP(r) ≤ δr1/2 < 1
128bη

−2r1/2. So

4η− (4η)−1 ≥
∫ r0

r
−r∂rP(r̃)

dr̃

r̃
=

∫
r̃∈B

−r∂rP (r̃)
dr̃

r̃
+

∫
r ̸∈B

−r∂rP (r̃)
dr̃

r̃

≥ ν(B) · 1

128
bη−2 − 1

64
bη−2r

1/2
0 .

Here ν(B) is the measure of the set B with respect to the measure dr
r . Using the smallness of b,

this leads to the estimate ν(B) ≤ 512b−1η3.
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Collecting all this information, we have that

∥L(r)∥op ≤ 256b−1η3 whenever Q >
1

16
bη−1, (6.4.10)

where B =

{
r ∈ [rb, r0] : Q(r) >

1

16
bη−1

}
has ν(B) ≤ 512b−1η3.

We now use (6.4.9) and (6.4.10) to complete the proof. Integrating (6.4.8) and applying ∥ · ∥ℓ∞
norms on vectors, one finds the integral inequality:∥∥∥∥∥

[
bM

N

]∥∥∥∥∥
ℓ∞

(r) ≤

∥∥∥∥∥
[
bM

N

]∥∥∥∥∥
ℓ∞

(r0) +

∫ r0

r

∥∥∥∥∥
[
bE3

E4

]∥∥∥∥∥
ℓ∞

(r̃)
dr̃

r̃
+

∫ r0

r

∥F(r̃)∥op

∥∥∥∥∥
[
bM

N

]∥∥∥∥∥
ℓ∞

(r̃)
dr̃

r̃
.

By using the initial data assumption |M(r0)| + |N(r0)| ≤ ζr−γ0 along with the error bound

|Ei| ≤ δr1/2, there exists some constant D1 depending on η, γ and ζ such that∥∥∥∥∥
[
bM

N

]∥∥∥∥∥
ℓ∞

(r) ≤ D1r
−γ
0 +

∫ r0

r

∥F(r̃)∥op

∥∥∥∥∥
[
bM

N

]∥∥∥∥∥
ℓ∞

(r̃)
dr̃

r̃
.

Thus Grönwall’s inequality in integral form implies that∥∥∥∥∥
[
aM

N

]∥∥∥∥∥
ℓ∞

(r) ≤ D1r
−γ
0 · exp

(∫ r0

r
∥F(r̃)∥op

dr̃

r̃

)
.

We now apply (6.4.9) and (6.4.10) to estimate the integral inside the exp. Using the character-

isation of the set R in the case of (6.4.10), the result is that there exists some D2 depending on η

and γ such that ∫ r0

r
∥F(r̃)∥op

dr̃

r̃
≤
∫
r̃∈B

126b−1η3
dr̃

r̃
+

∫
r̃ ̸∈B

γ
dr̃

r̃

≤ 126b−1η3ν(B) +

∫ r0

r
γ
dr̃

r̃
= γ log

(r0
r

)
+D2.

Inserting this into the above inequality and using that b = γ
10η has explicit dependence on γ and η

we get (6.4.7), as required.

6.5 Global existence towards r = 0

6.5.1 Proof of Theorem 6.1.1

The proof of Theorem 6.1.1 will follow from a bootstrap argument. By local existence (Proposi-

tion 2.5.2), there exists some rb ∈ (0, r0) such that a solution to the Einstein–Maxwell–scalar field

system (2.5.9)–(2.5.12) exists in the interval r ∈ [rb, r0], which moreover satisfies the bootstrap

assumptions (B1)–(B4).
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We show that assuming this, we are able to improve upon the bootstrap assumptions, for instance

by showing that (B1)–(B4) hold with C∗ replaced by C∗/2. By a standard continuity argument,

one can allow rb to be any real number in the interval (0, r0), giving global existence towards r = 0.

For this purpose, let (ϕ, µ, λ,Q) be a solution of the Einstein–Maxwell–scalar field system in our

bootstrap region r ∈ [rb, r0] with the initial data assumptions (6.1.7), (6.1.8) and (6.1.9). Then the

results of Section 6.3 all apply, in particular Proposition 6.3.4, Lemma 6.3.5 and Corollary 5.4.3.

For convenience, let us record the result of Lemma 6.3.5 again here: for f ∈ {ϕ, µ, λ} and 0 ≤ k ≤ 3,

there exists a family of constants δ = δ(C∗, ζ, r∗) with δ ↓ 0 as r∗ ↓ 0 so that

∥∂kxf(r, ·)∥L∞ + ∥r∂r∂kxf(r, ·)∥L∞ ≤ δr−1/2. (6.5.1)

The improvement of the bootstrap assumptions will be proceed in the following steps:

Step 1: ODE analysis on timelike curves

The first step will be to use Corollary 5.4.3 and the results of Section 6.4 to provide L∞ bounds for

the following 4 key quantities:

r∂rϕ,
Q2

r2
e2µ, ∂xµ, r∂r∂xϕ.

For this purpose, let γ : [rb, r0] → Q with γ(r) = (r, x(r)) be a C1 past-directed timelike curve,

one example being a curve of constant x. In view of the metric (2.5.1), γ being timelike implies

that |dxdr | ≤ eµ−λ. For such a curve γ(r), let us define

P(r) := r∂rϕ(γ(r)), Q(r) :=
Q2

r2
e2µ(γ(r)), (6.5.2)

M(r) := ∂xµ(γ(r)), N(r) := r∂r∂xϕ(γ(r)). (6.5.3)

Note the initial data assumption (6.1.7) implies that η−1 ≤ P(r0) ≤ η and Q(r0) ≤ 1. Fur-

thermore, the assumption (6.1.9), together with Sobolev embedding on S1, implies there is a con-

stant CS1 independent of all parameters such that |M(r0)|, |N(r0)| ≤ CS1ζr
−γ
0 . Furthermore, from

(6.3.21)–(6.3.22) of Corollary 5.4.3 with a = a(r) = dx
dr · (e

µ−λ)−1, one has∣∣∣∣r ddrP(r) + P(r)Q(r)

∣∣∣∣ (r, x) ≤ δr1/2, (6.5.4)

∣∣∣∣r ddrQ(r)− Q(r)
(
P(r)2 − 1− Q(r)

)∣∣∣∣ (r, x) ≤ Q(r) · δr1/2.

This is exactly what we need to apply the nonlinear ODE results of Lemma 6.4.1. Therefore we

have (4η)−1 ≤ P(r) ≤ 4η and Q(r) ≤ 16η2. This is true for all timelike curves in our bootstrap

spacetime, including all constant x curves, therefore for all (r, x) ∈ [rb, r0]× S1, one has

(4η)−1 ≤ r∂rϕ(r, x) ≤ 4η,
Q2

r2
e2µ(r, x) ≤ 16η2. (6.5.5)
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We move onto M(r) and N(r). Using now (6.3.23)–(6.3.24) from Corollary 5.4.3, we also have∣∣∣∣r ddrM(r) + Q(r)M(r)− P(r)N(r)

∣∣∣∣ (r, x) ≤ δr1/2,∣∣∣∣r ddrN(r) + 2P(r)Q(r)M(r) + Q(r)N(r)

∣∣∣∣ (r, x) ≤ δr1/2.
Together with the initial data assumption |M(r0)|, |N(r0)| ≤ CS1ζr

−γ
0 , this is what we need to apply

Lemma 6.4.2 – note the change from ζ to CS1ζ is harmless. Therefore for some D > 0 depending

on η, γ, ζ but not on C∗, we have |M(r)|+ |N(r)| ≤ Dr−γ. This is true for all timelike curves γ(r),

so for all (r, x) ∈ [rb, r0]× S1,

|∂xµ(r, x)| ≤ Dr−γ, |r∂r∂xϕ(r, x)| ≤ Dr−γ. (6.5.6)

Step 2: Improving the bootstrap assumption (B1)

By choosing C∗ ≥ 32η2 and using (6.5.5), we have already improved the first half of (B1). However,

in order to improve the remaining parts of (B1), it will be necessary to upgrade the pointwise bound

on Q2

r2
e2µ to an integrated bound on timelike curves.

More precisely, let γ : [rb, r0] → R be a timelike curve as in Step 1. We rewrite the ODE-type

estimate (6.5.4) in the following fashion, using crucially the lower bound for r∂rϕ in (6.5.5):∣∣∣∣r ddr logP(r) + Q(r)

∣∣∣∣ (r, x) ≤ 4ηδr1/2.

We now integrate this with respect to the differential dr
r . One finds:∣∣∣∣∫ r0

r
Q(r̃)

dr̃

r̃

∣∣∣∣ ≤ ∣∣[ logP(r)]r0r ∣∣+ 4ηδ ≤ log
(
16η2

)
+ 4ηδ,

where the second inequality follows from the upper and lower bounds in (6.5.5). We apply this

estimate to the case where γ(r) = (r, x) is a timelike curve of constant x; we have for D1 =

log
(
16η2

)
+ 4ηδ (which is crucially independent of C∗) the estimate∣∣∣∣∫ r0

r

Q2

r2
e2µ(r̃, x)

dr̃

r̃

∣∣∣∣ ≤ D1. (6.5.7)

To apply this to improve bounds for e2µ and e2(µ−λ), we use the equations (2.5.8) and (2.5.9) to

derive that

r∂r(r
−1e2µ) =

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + κe2µ − Q2

r2
e2µ
)
r−1e2µ

≥
(
−e2µ − Q2

r2
e2µ
)
r−1e2µ, (6.5.8)
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r∂r(r
−1e2(µ−λ)) =

(
1 + 2κe2µ − 2Q2

r2
e2µ
)
r−1e2(µ−λ)

≥ 2

(
−e2µ − Q2

r2
e2µ
)
re2(µ−λ). (6.5.9)

Using the bootstrap assumption (B1) and that r∗ ≥ r0 may be chosen small, let us choose r∗ so

that alongside (6.5.7), we have that
∫ r0
r e2µ(r̃, x)dr̃r̃ ≤ 1. Then integrating (6.5.8) and (6.5.9) along

constant x-curves, as well as applying the initial data assumption (6.1.8),

r−1e2µ(r, x) ≤ eD1+1r−1
0 e2µ(r0, x) ≤ eD1+1ζ,

r−1e2(µ−λ)(r, x) ≤ e2(D1+1)r−1
0 e2(µ−λ)(r0, x) ≤ e2(D1+1)ζ.

Thus for C∗ chosen larger than 2e2(D1+1)ζ, we may improve the latter part of (B1).

Step 3: Improving the bootstrap assumption (B2)

The bootstrap assumption for |r∂rϕ| in (B2) is already improved due to (6.5.5), so long as we

choose C∗ ≥ 8η. To improve |r∂rλ| and |r∂rµ|, we use (2.5.8) and (2.5.9). Using Lemma 6.3.5 to

estimate the term involving ∂xϕ, and using both (6.5.5) and e2µ ≤ eD1+1ζr and e2(µ−λ) ≤ e2(D1+1)ζr

from Step 2,

|r∂rλ| ≤
1

2

(
(r∂rϕ)

2 + r2e2(µ−λ)(∂xϕ)
2 + 1 + e2µ +

Q2

r2
e2µ
)

≤ 1

2

(
16η2 + e2(D1+1)ζδ2r3−2γ + 1 + eD1+1ζr + 16η2

)
.

By r ≤ r0 ≤ 1, the right hand side is bounded independently of C∗, and thus by choosing C∗ ≥
2 ·RHS, we have improved the bootstrap assumption for |r∂rλ|. The improvement for |r∂rµ| follows

from an identical calculation.

Step 4: Improving the bootstrap assumptions (B3) and (B4)

We complete the proof by improving the remaining bootstrap assumptions (B3) and (B4). We

start with (B4), noting that the bootstrap assumption for |r∂r∂xϕ| is already improved due to

(6.5.6), so long as C∗ ≥ 2D. To improve the bootstrap assumptions for |r∂r∂xλ| and |r∂r∂xµ|, we

differentiate (2.5.8) and (2.5.9) with respect to x, then combine several earlier estimates. Differen-

tiating (2.5.8) yields

r∂r∂xλ = (r∂rϕ)(r∂r∂xϕ) + r2e2(µ−λ)∂x(µ− λ)(∂xϕ)
2 + r2e2(µ−λ)∂xϕ∂

2
xϕ

− κe2µ∂xµ+
Q2

r2
e2µ∂xµ.

Therefore using all of (6.5.5), (6.5.6), Lemma 6.3.5 and the estimates for e2µ and e2(µ−λ) in Step 2,

one yields

|r∂r∂xλ| ≤ (4ηD + e2(D1+1)ζD3r3−2γ + e2(D1+1)ζD2r3−γ + eD1+1ζDr + 16η2D)r−γ.
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One can carry out an identical calculation for |r∂r∂xµ|. Therefore for some D2 independent of C∗,

one has

|r∂r∂xϕ|, |r∂r∂xλ|, |r∂r∂xµ| ≤ D2r
−γ. (6.5.10)

Finally, to improve (B3), we integrate (6.5.10) from r = r0, and use the initial data assumption

(6.1.9) – together with Sobolev embedding – to get |∂xϕ(r0)| + |∂xµ(r0)| + |∂xλ(r0)| ≤ CS1ζr
−γ
0 .

Thereby integrating (6.5.10) yields:

|∂xϕ|, |r∂r∂xλ|, |r∂r∂xµ| ≤ (D2γ
−1 + CS1ζ)r

−γ. (6.5.11)

Thus upon choosing C∗ ≥ 2(D2γ
−1 + CS1ζ), (6.5.10) and (6.5.11) improve the remaining boot-

strap assumptions (B4) and (B3). By the standard bootstrap argument, this concludes the proof of

Theorem 6.1.1. (The two estimates (6.1.10) and (6.1.11) follow from (6.5.5) and Proposition 6.3.4

respectively.)

6.6 BKL bounces

6.6.1 Proof of Theorem 6.1.2

The assumptions of Theorem 6.1.2 mean that our global existence result Theorem 6.1.1 applies, as

well as all the results of Section 6.3. In particular Corollary 5.4.3 applies, and one derives the ODEs

(6.1.12) as in the proof of Theorem 6.1.1, see e.g. (6.5.4); note here we allow δ = 1.

It remains to prove the convergence results (i) and (ii). The case (i) is easy, since Q = 0 implies

Qγ ≡ 0, and the first equation in (6.1.12) yields |r∂rPγ | ≤ r1/2. Since r−1/2 is integrable towards

r = 0, this immediately yields that Pγ(r) → Pγ,∞ as r → ∞ with |Pγ(r)− Pγ,∞| ≤ 2r1/2.

We move onto the more interesting (ii). We first show that Qγ(r) → 0 as r → 0. For this

purpose, we rearrange the first equation in (6.1.12) to yield

Qγ = −P−1
γ · r d

dr
Pγ(r) + P−1

γ · EP.

Using from Theorem 6.1.2 that (4η)−1 ≤ Pγ ≤ 4η, one thus yields that∫ r0

r
Qγ(r̃)

dr̃

r̃
≤ log

(
Pγ(r)

Pγ(r0)

)
+ 4ηr

1/2
0 ≤ log

(
16η2

)
+ 4ηr

1/2
0 . (6.6.1)

In particular, this integral is finite, and it follows that Qγ(r) must tend to 0 as r → 0 in an

averaged sense. In particular there is a sequence {rk} with rk → 0 such that Qγ(rk) → 0 as k → ∞.

To upgrade this sequential convergence to convergence of Qγ(r), we use the second equation in

(6.1.12). Since P2
γ − 1 − Q − EQ is bounded, there is some constant C such that upon integrating

the second equation in (6.1.12), for 0 < r < rk,

|Qγ(r)− Qγ(rk)| ≤ C

∫ rk

r
Qγ(r̃)

dr̃

r̃
.
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Since we have already established that the integral in (6.6.1) is finite, the right hand side of this

inequality tends to 0 as k → ∞. It thus follows that Qγ(r) → 0 as r → 0.

To show that Pγ(r) converges as r → 0, we again use the boundedness of the integral (6.6.1).

Using this alongside the boundedness of Pγ(r), one finds that the right hand side of the first equation

in (6.1.12) is integrable towards r = 0 with respect to dr
r . Thus there exists some Pγ,∞ so that

Pγ(r) → Pγ,∞ as r → 0. To show that Pγ,∞ ≥ 1, the second equation in (6.1.12) can be rearranged

to

Q−1
γ · r d

dr
Qγ(r) = P2

γ − 1− Qγ − EQ → P2
γ,∞ − 1 as r → 0.

In particular, for Qγ(r) to remain bounded as r → 0 it must be that the right hand side of this is

nonnegative i.e. P2
γ ≥ 1.

Finally, to show (6.1.13), we use the almost conserved quantity K encountered in the proof of

Lemma 6.4.1. Recall from this proof that defining Kγ = Pγ + P−1
γ + QγP

−1
γ , one can show∣∣∣∣r ddrKγ

∣∣∣∣ ≲ r1/2.

Using the convergence of Pγ and Qγ , it therefore holds that there exists Kγ,∞ = Pγ,∞ + P−1
γ,∞ so

that Kγ(r) → Kγ,∞ as r → 0 and moreover,

|Kγ(r)−Kγ,∞| ≲ r1/2.

Substituting r = r0, one therefore finds that∣∣(Pγ,∞ + P−1
γ,∞)− (Pγ(r0) + P−1

γ (r0) + Qγ(r0)P
−1
γ (r0))

∣∣ ≲ r
1/2
0 .

Using this and Pγ,∞ ≥ 1, the estimate (6.1.13) follows by solving a quadratic inequality. Note, of

course, that (6.1.13) is most interesting in the case that Qγ(r0) is small. This completes the proof

of Theorem 6.1.2.

6.6.2 Proof of Corollary 5.1.3

Finally, we apply Theorems 6.1.1 and 6.1.2 to prove this stability / instability result. Let (ϕ, µ, λ,Q)

be as stated, so that by Theorem 6.1.0 there exist smooth functions Ψ(x), Ξ(x), M(x) and Λ(x) on

S1 so that:

ϕ(r, x) = Ψ(x) log r + Ξ(x) + Errϕ(r, x),

µ(r, x) = 1
2(Ψ(x)2 + 1) log r +M(x) + Errµ(r, x),

λ(r, x) = 1
2(Ψ(x)2 − 1) log r + Λ(x) + Errλ(r, x),

where the error terms and their r∂r-derivatives tend to 0 as r → 0 in the C∞ topology.
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Since we also assume that Ψ(x) > 0 for all x ∈ S1 and S1 is compact, there exists some η ≥ 2

such that for some 0 < r̃1 ≤ r1, one has (η/2)−1 ≤ r∂rϕ(r, x) ≤ η/2 for all 0 < r < r̃1. Let N be

chosen (depending on η) as in Theorem 6.1.1, γ < 1
100 be fixed, and consider the energy: at fixed

r > 0

E(r) = 1

2

∑
f∈{ϕ,λ,µ}

N∑
K=0

(∫
S1
(r∂r∂

K
x f)

2 + r2e2(µ−λ)(∂K+1
x f)2 + r2γ(∂Kx f)

2 dx

)
.

By the asymptotics of Theorem 6.1.0, one has that

E(r) → 1

2

N∑
K=0

∫
S1

(
(∂Kx Ψ)2 + (∂Kx (12(Ψ

2 + 1)))2 + (∂Kx (12(Ψ
2 − 1)))2

)
dx as r → 0.

So letting ζ be four times this limit, and making r̃1 smaller if necessary, it follows that E(r) ≤ ζ/2
for 0 < r < r̃1. Similarly using Theorem 6.1.0 and increasing ζ if necessary, one can guarantee

r−1e2(µ−λ) ≤ ζ/2 and r−1e2µ ≤ ζ/2 for 0 < r < r̃1.

By these considerations, there will exist some 0 < r0 < r̃1 so that if we abuse notation and

redefine the objects (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) as

(ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) = (ϕ, µ, λ, r∂rϕ, r∂rµ, r∂rλ)|r=r0 ,

then (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D) will obey the three assumptions (6.1.7), (6.1.8) and (6.1.9) required

for the applications of our results Theorem 6.1.1 and Theorem 6.1.2, and in fact satisfy these

assumptions with η and ζ replaced by η/2 and ζ/2 respectively. We also assume that r0 is chosen

small enough to satisfy r0 < r∗(η, ζ).

We now prove Corollary 5.1.3 with the initial data set given by this (ϕD, µD, λD, ϕ̇D, µ̇D, λ̇D)

at r = r0 rather than the r = r1 initial data stated. This is not an issue, as a standard Cauchy

stability argument yields that perturbations of size ε at r = r1 correspond to perturbations of size

ε̃ at r = r0, with ε̃→ 0 as ε→ 0.

The remainder of the argument is then a direct application of Theorem 6.1.1 and Theorem 6.1.2.

Indeed, as stated in the corollary let |Q| ≤ ε, and ∥(f̃D, ˜̇fD) − (fD, ḟD)∥HN+1×HN ≤ ε for f ∈
{ϕ, µ, λ}. Then for ε sufficiently small, it follows that the perturbed data (ϕ̃D, µ̃D, λ̃D,

˜̇
ϕD, ˜̇µD,

˜̇
λD)

still obeys the assumptions (6.1.7), (6.1.8) and (6.1.9) for our choice of η and ζ. (Note the unper-

turbed background used η/2 and ζ/2 so that the perturbed spacetime satisfies the required bounds

with η and ζ.)

Thus one can apply Theorem 6.1.1 to the perturbed data, showing that (a) the resulting space-

time still features global existence towards r = 0. For (b), we use Theorem 6.1.2, applied to

timelike curves γ : r 7→ (r, x) with constant x-coordinate. Then Ψ(x) is then just Pγ,∞ for the

original spacetime while Ψ̃(x) is the same thing for the perturbed spacetime (which still exists due

to Theorem 6.1.2), denoted by P̃γ,∞.
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To conclude, note that when Q = 0, by Theorem 6.1.2(i) one has

P̃γ,∞ =
˜̇
ϕD +O(r

1/2
0 ) = ϕ̇D +O(ε) +O(r

1/2
0 ) = Pγ,∞ +O(ε) +O(r

1/2
0 ).

By the aforementioned Cauchy stability argument, we are allowed to take r0 as small as required,

in particular we may choose the O(r
1/2
0 ) term to be less than 1

2 ε̃. Then choose ε so that the O(ε)

term is also smaller than 1
2 ε̃, while maintaining that the size of the perturbation at r = r1 is still

less than ε. This yields (i).

When Q ̸= 0, the argument is almost identical, except that by Theorem 6.1.2(ii), one instead

has

P̃γ,∞ = max{ ˜̇ϕD, ˜̇ϕ−1
D }+O(r

1/2
0 ) +O

(
Q2

r2
e2µ(r0)

)
= max{Pγ,∞,P−1

γ,∞}+O(ε) +O(r
1/2
0 ),

where we used that |Q| ≤ ε. (ii) therefore follows from Cauchy stability considerations as before.



Chapter 7

The (linearized) Einstein equations near

Kasner

From Chapter 7 onwards, we switch our attention to considering the scattering problem towards

spacelike singularities, as introduced in Section 1.6. As mentioned there, we will consider not

scattering for the Einstein equations (Ein) but instead for two model linear hyperbolic problems on

an exact (generalized) Kasner background (Kas). The results presented in Chapter 7 to Chapter 9

are based on our arXiv preprint [102].

In Chapter 7, we shall first explain how these model problems, in particular the second, and

much more involved, model problem, which represents the linearized Einstein–scalar field system

(1.6.4)–(1.6.5), fits into the general discourse of the nonlinear Einstein equations (Ein), spacelike

singularities, and the BKL proposal. Towards the end of this Section, we will write down the full

linearized system, with variables (η j
i , κ

j
i ,ϕ,ψ).

From Chapter 7 onwards, note that we no longer restrict our attention purely to (1 + 3)-

dimensional General Relativity, and consider the generalized Kasner family in (1 +D)-dimensions.

7.1 The ADM decomposition

To study the linearized Einstein–scalar field system in the generality we require, as well a to simply

fix notation, we introduce the (nonlinear) ADM-type gauge. A standard reference to the ADM-type

gauge we employ is [119, Chapter 2], though our notation differs slightly, and we also generalize to

higher dimension.

For a spacetime M ∼= (0, T ) × TD endowed with a timelike function t, the standard (1 + D)-

decomposition of the spacetime metric is as follows, where xi are standard coordinates on TD.

g = −n2dt2 + ḡij(dx
i +Xidt)(dxj +Xjdt). (7.1.1)

We call this an ADM-type gauge, with n : M → R+ the lapse function and X = Xi∂xi a vector
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field tangent to the surfaces Σt of constant t called the shift vector field. The Riemannian metric

ḡij = ḡij(t) on Σt is often called the first fundamental form.

While the lapse n = (−g(∇t,∇t))1/2 is determined purely by the choice of time function t, the

shift vector field Xi is determined by the choice of coordinates xi on each spatial slice Σt. The

(future-directed) unit normal to the foliation of (M,g) by the hypersurfaces Σt is given by:

N := n−1

(
∂

∂t
−Xi ∂

∂xi

)
. (7.1.2)

The following definitions are standard for the ADM-type gauge, see e,g, [119, Chapter 2].

Definition 7.1.1. The second fundamental form kij of the foliation of M by Σt is a symmetric

(0, 2)-tensor tangent to Σt, given by the following, where the symbol D represents the spacetime

Levi-Civita connection.

k(ξ, η) = −g(ξ,DηN), ∀ ξ, η tangent to Σt.

The mean curvature tr k = trḡ k of the foliation is then given by tr k = (ḡ−1)ijkij .

Definition 7.1.2. One says that the ADM-type gauge (7.1.1) is Constant Mean Curvature (CMC)

if the mean curvature of the foliation is constant on each slice Σt, with mean curvature tr k = −t−1.

Definition 7.1.3. We say that the gauge (7.1.1) is Constant Mean Curvature Transported Coor-

dinates (CMCTC) if it is CMC and also satisfies Xi ≡ 0. In this case, the coordinates xi are

transported by the normal vector field N, i.e. Nxi ≡ 0 for i = 1, . . . , D.

On the other hand, we say that the gauge (7.1.1) is Constant Mean Curvature Spatially Harmonic

(CMCSH) if it is CMC and is such that the coordinate map (TD, ḡij(t)) → (TD, ḡEuc) is a harmonic

map for all t ∈ (0, T ), where ḡEuc represents the standard Euclidean metric on TD. In other words,

(ḡ−1)jk
(
Γijk[ḡ(t)]− Γijk[ḡEuc]

)
= 0, (7.1.3)

where Γijk[ḡ] are the Christoffel symbols of the Levi-Civita connection associated to ḡ, and similarly

for ḡEuc. (With respect to standard coordinates, Γijk[ḡEuc] = 0, but we choose to write (7.1.3) in

this form to clarify that it is actually a geometric equation.)

In Proposition 7.1.1, we present the (nonlinear) Einstein–scalar field system (Ein), (Scal) with

respect to the ADM-type gauge. The variables (ḡij , kij , n,Xi) are used to describe the metric, while

the variables (ϕ,Nϕ) are used to describe the scalar field ϕ. In Proposition 7.1.1, the symbol ∇i

will always represent the Levi-Civita connection with respect to the Riemannian metric ḡij = ḡij(t).

We also raise and lower indices with respect to this metric. In particular, k j
i will always mean

(ḡ−1)jkkik.

Proposition 7.1.1 (Einstein–scalar field in ADM-type gauge). In a spacetime described by a CMC

ADM-type gauge with k = −t−1, the Einstein–scalar field system (Ein), (Scal) are as follows:
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1. The metric variables (ḡij , kij) obey the system

∂tḡij = −2nkij + ḡik∇jX
k + ḡjk∇iX

k, (7.1.4)

∂tkij = −∇i∇jn+ n

(
Ricij [ḡ]− 2∇iϕ∇jϕ− 2k ℓ

i kℓj −
1

t
kij

)
+Xk∇kkij + kjk∇iX

k + kik∇jX
k. (7.1.5)

Here Ricij [ḡ] denotes the Ricci tensor of the spatial metric ḡ, and may be expressed as

Ricij [ḡ] = −1

2
(ḡ−1)ab∂a∂bḡij −

1

2
(ḡ−1)ab∂i∂j ḡab +

1

2
(ḡ−1)ab∂a∂iḡbj +

1

2
(ḡ−1)ab∂a∂j ḡbi

+N (ḡ−1, ∂ḡ), (7.1.6)

where the expression N (ḡ−1, ∂ḡ) is a nonlinear term quadratic in the term ∂ḡ.

If the gauge is moreover spatially harmonic (i.e. satisfies (7.1.3)), then

Ricij [ḡ] = −1

2
(ḡ−1)ab∂a∂bḡij + pN (ḡ−1, ∂ḡ), (7.1.7)

where pN (ḡ−1, ∂ḡ) is a modified nonlinear term, still quadratic in ∂ḡ.

2. The matter variables (ϕ,Nϕ) evolve as follows:

∂tϕ = n
(
Nϕ+Xi∇iϕ

)
, (7.1.8)

∂t(Nϕ) = n

(
(ḡ−1)ij∇i∇jϕ− 1

t
Nϕ+Xi∇i(Nϕ)

)
+ (ḡ−1)ij∇in∇jϕ. (7.1.9)

3. The lapse n obeys the following elliptic equation:

−(ḡ−1)ij∇i∇jn+
1

t2
(n− 1) = −n

(
R[ḡ]− 2(ḡ−1)ij∇iϕ∇jϕ

)
. (7.1.10)

Here R[ḡ] = trRicij [ḡ] is the scalar curvature of ḡ. If the gauge is moreover chosen to be spatially

harmonic, then the shift vector Xi also obeys an elliptic equation as follows.

(ḡ−1)ab∇a∇bX
i + (ḡ−1)ijRicjk[ḡ]Xk = (ḡ−1)ij

(
2k a

j ∇an+
1

t
∇jn− 4nNϕ∇jϕ

)
− 2(ḡ−1)ab (nk c

a +∇aX
c)
(
Γibc[ḡ]− Γibc[gEuc]

)
. (7.1.11)

4. Finally, the following Hamiltonian and momentum constraint equations are satisfied:

R[ḡ]− k b
a k

a
b +

1

t2
= 2(Nϕ)2 + 2(ḡ−1)ij∇iϕ∇jϕ, (7.1.12)

∇b k
b
a = −2Nϕ∇aϕ. (7.1.13)
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Proof. The ADM evolution equations (7.1.4)–(7.1.5) and the constraints (7.1.12)–(7.1.13) are stan-

dard and follow from a higher dimensional analogue of [119, Section 2.3], upon substitution of the

energy momentum tensor (1.1.5) and the gauge condition tr k = −t−1. One obtains the elliptic

equation (7.1.10) by taking the trace of (7.1.5) and again using the CMC condition. The equation

(7.1.8) is a consequence of the expression (7.1.2) for the normal vector field N, while (7.1.9) follows

from the wave equation (Scal) written in the gauge (7.1.1).

In the case of CMCSH gauge, the relevant equations can be found in [8], at least in the vacuum

case. See also [7, 57] for the addition of matter described by the scalar field ϕ with energy momentum

tensor (1.1.5).

Remark. From the PDE viewpoint, it is important to have a local well-posedness theory for the

equations of Proposition 7.1.1. There are several ways to do this, each of which involves picking a

specific spatial gauge. One of these is the CMCSH gauge, where local well-posedness is shown in

[8]. For a more general overview we refer the reader to [66].

We conclude Section 7.1 by revisiting the Kasner spacetimes with respect to the ADM decom-

position. The (generalized) Kasner spacetimes (MKas,gKas, ϕKas) with (Kas), ϕKas = pϕ log t and

the Kasner relations (1.1.6), are naturally written in the ADM-type gauge, with:

n̊ ≡ 1, X̊i ≡ 0, ˚̄gij = t2piδij , ϕ̊ = pϕ log t, (7.1.14)

k̊ij = −
pi
t
˚̄gij , Ricij [̊g] ≡ 0, N̊ϕ̊ = ∂tϕ̊ =

pϕ
t
. (7.1.15)

The Kasner spacetimes are spatially homogeneous, in the sense that the coordinate vector fields

∂xi are Killing fields of gKas, and solve to the Einstein–scalar field equations as stated in Proposi-

tion 7.1.1. With n̊ and X̊i as above, the gauge is moreover both CMCTC and CMCSH. Thus in

studying perturbations of the Kasner spacetimes, it is permissible to use either of these gauges.

7.2 The linearized Einstein equations

In this section, we derive the linearized Einstein–scalar field system around Kasner, to which our

Theorem 7.3.1, scattering for the model of linearized gravity in Kasner, applies. After presenting

the equations, we then comment upon several features of this system, including gauge invariance

(see Lemma 7.2.3) and well posedness (see Proposition 7.2.4), and remark upon how to interpret

the system near t = 0 in Section 7.2.2.

After finishing this discussion, we project this system in frequency space using Fourier series

(see Appendix D), in preparation for the energy estimates of Chapter 9. Finally, we explain how

different gauges and energy estimates will be applied in our proof.

Our aim is to present the linearized Einstein–scalar field system (1.6.4)–(1.6.5) around a fixed

Kasner background (MKas,gKas, ϕKas). To make this concrete, we first define several variables
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which we deem linearly small in Definition 7.2.1. We then derive the linearized system by Taylor

expanding (to first order) the system (7.1.4)–(7.1.13) around a fixed Kasner background with

(ḡij , kij , ϕ,Nϕ, n,X
i) = (̊ḡij , k̊ij , pϕ log t, pϕ, 1, 0),

and removing all terms which are quadratic or higher order in the linearly small quantities.

Since the Kasner solution is itself a solution to the nonlinear system (7.1.4)–(7.1.13), the outcome

of the procedure described above is a homogeneous linear system of PDEs where the unknowns are

the linearly small quantities and the coefficients are related to the background Kasner variables.

This system of PDEs is what is presented in Proposition 7.2.2.

For a further justification of the linearization procedure, we refer the reader to Section 3 of [129].

We now define our linearly small variables, which differ slightly from those of [129].

Definition 7.2.1. We define the following linearly small quantities:

η
j
i := −1

2
(̊ḡ−1)jk(ḡik − ˚̄gik), κ

j
i := t(ḡ−1)jkkik − t(̊ḡ−1)jkk̊ik = t(ḡ−1)jkkik + piδ

j
i . (7.2.1)

ϕ := ϕ− ϕ̊, ψ := t(Nϕ− N̊ϕ̊) = tNϕ− pϕ, (7.2.2)

ν := n− n̊ = n− 1, χi := tXi. (7.2.3)

We also let trη = η i
i and trκ = κ ii be the usual traces.

Lemma 7.2.1. A consequence of the CMC gauge condition trḡ k = −t−1 is that:

tr κ = 0. (7.2.4)

On the other hand, the linearized version of the spatially harmonic condition (7.1.3), which we often

denote the linearized CMCSH gauge1, is the following:

2∂j η̂
j
i = ∂i tr η̂. (7.2.5)

Proof. The equation (7.2.4) follows immediately by taking the trace of (7.2.1) and using that trḡ k =

tr̊ḡ k̊ = −t−1. In the case of spatially harmonic gauge, note that in the usual Euclidean coordinates,

the condition (7.1.3) may be written as (ḡ−1)abΓiab[ḡ] = 0, or as

1

2
(ḡ−1)ab(ḡ−1)ij (∂aḡjb + ∂bḡja − ∂j ḡab) = 0.

As the background ˚̄gij is spatially homogeneous, ∂iḡjk = ∂i(ḡjk − ˚̄gjk) is linearly small. Writing

h̄jk = ḡjk−˚̄gjk, one may then Taylor expand the inverse metric (ḡ−1)ab to write the above equation

as
1

2
(̊g−1)ab(̊g−1)ij

(
∂ah̄jb + ∂bh̄ja − ∂j h̄ab

)
= Q(h, ∂h),

1We always demarcate when we are using a CMCSH gauge by writing the (1, 1) tensors η̂ j
i and κ̂ j

i with a hat.



276

where Q(h, ∂h) is quadratic and higher order in the linearly small quantity h. Ignoring this term,

and using η j
i = −1

2 (̊g
−1)jkh̄ik, this above equation becomes

−2(̊g−1)ij∂aη
a
j + (̊g−1)ij∂jη

a
a = 0.

Up to multiplication by g̊ik and relabelling indices, this is exactly (7.1.3).

Proposition 7.2.2 (Linearized Einstein–scalar field system). The linear system of PDEs for the

variables (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) obtained by linearizing the ADM system (7.1.4)–(7.1.13) around a

background Kasner solution, is as follows.

1. The metric variables (η j
i , κ

j
i ) obey the evolution equations

t∂tη
j
i = κ ji + (2t̊k j

p )η p
i − (2t̊k p

i )η
j
p + (t̊k j

i )ν− 1

2
∂iχ

j − 1

2
g̊ipg̊

jq∂qχ
p, (7.2.6)

t∂tκ
j
i = t2 }Ric

j

i [η]− t2g̊jk∂i∂kν− (t̊k j
i )ν+ (t̊k j

a )∂iχ
a − (t̊k a

i )∂aχ
j . (7.2.7)

Here, the expression }Ric[η] is the linearized Ricci tensor, and is defined as

}Ric
j

i [η] := g̊ab∂a∂bη
j
i + g̊ja∂i∂a(trη)− g̊ab∂i∂bη

j
a − g̊ja∂a∂bη

b
i . (7.2.8)

In particular, if η̂ j
i moreover satisfies the spatially harmonic condition (7.2.5), then

}Ric
j

i [η̂] = g̊ab∂a∂bη̂
j
i . (7.2.9)

2. The matter variables (ϕ,ψ) obey

t∂tϕ = ψ+ pϕν, (7.2.10)

t∂tψ = t2g̊ab∂a∂bϕ− pϕν. (7.2.11)

3. The linearized lapse ν obeys the elliptic equation(
1− t2g̊ab∂a∂b

)
ν = −2t2g̊ab∂a∂b(trη) + 2t2g̊ab∂i∂aη

i
b . (7.2.12)

If η̂ j
i moreover satisfies the spatially harmonic condition (7.2.5), this equation simplifies to(

1− t2g̊ab∂a∂b

)
ν = −t2g̊ab∂a∂b(tr η̂). (7.2.13)

Furthermore, if (7.2.5) holds we have an additional elliptic equation for the shift:

−t2g̊ab∂a∂bχj = −t2g̊ij∂iν− 2t2g̊ij(t̊k k
i )∂kν− 4t2g̊pq(t̊k i

p )∂qη̂
j
i + 2t2g̊ij∂i[t̊k

a
b η̂

b
a + 2pϕϕ].

(7.2.14)
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4. As well as the linearized CMC condition (7.2.4), the following constraints are satisfied:

−2t2g̊ab∂a∂b(trη) + 2t2g̊ab∂i∂aη
i
b + 2t̊k a

b κ
b
a + 4pϕψ = 0. (7.2.15)

∂jκ
j
i + ∂i[t̊k

a
b η

b
a + 2pϕϕ]− t̊k j

i ∂j(trη) = 0. (7.2.16)

g̊ab∂aκ
c
b + g̊cd∂d[t̊k

a
b η

b
a + 2pϕϕ]− 2̊gab t̊k d

b ∂aη
c
d = 0. (7.2.17)

As mentioned the solution is in CMCSH gauge if (7.2.5) is also satisfied. In this case, (7.2.15)

simplifies to

−t2g̊ab∂a∂b(tr η̂) + 2t̊k a
b κ̂

b
a + 4pϕψ = 0. (7.2.18)

5. Finally, there are linearized symmetry conditions for η j
i and κ ji :

g̊abη c
b = g̊cbη a

b , (7.2.19)

g̊ab
(
κ c
b − 2t̊k d

b η
c
d

)
= g̊cb

(
κ a
b − 2t̊k d

b η
a
d

)
. (7.2.20)

Remark. We outline some of the main differences from the linearized system derived in [129, Propo-

sition 3.2]. The first difference is that we use the linearly small quantity η j
i , while [129] directly

uses the metric perturbation h̄ij = ḡij − g̊ij . Secondly, we do not insist on transported coordinates,

and therefore allow a linearized shift vector χj . Thirdly, we use ψ = Nϕ− pϕ as our linearly small

quantity, in place of ∂tϕ− pϕ
t . ([129] do mention our ψ as an ‘alternative approach’.)

Proof. We shall provide detailed proofs of four of the equations in Proposition 7.2.2, namely the

evolution equations (7.2.6) and (7.2.7), the elliptic equation (7.2.14) for χj in CMCSH gauge, and

the symmetry condition (7.2.20). The remaining equations may be derived by similar methods and

are left to the reader.

As in [129, Proposition 3.2], the overall strategy will be to consider the equations in Proposi-

tion 7.1.1 and Taylor expand them around the background Kasner solution, eventually discarding

terms which are quadratic or higher in the linearly small quantities of Definition 7.2.1. We also

make use of h̄ij = ḡij − g̊ij , and as in [129], at least within this proof we shall write (̊g−1)jk and

(ḡ−1)jk to denote the inverse metrics.

We start with the derivation of (7.2.6). For this, the first step is to multiply (7.1.4) by t(̊g−1)jk.

Using the fact that t∂t(̊g−1)jk = 2t̊k j
ℓ (̊g

−1)kℓ, and relabelling indices, we deduce that

− 1

2
t∂t((̊g

−1)jkḡik) = −t̊k j
ℓ (̊g

−1)kℓḡik + n(̊g−1)jktkik

− 1

2
(̊g−1)jkḡiℓ∇k(tX

ℓ)− 1

2
(̊g−1)jkḡkℓ∇i(tX

ℓ).
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We now begin to Taylor expand. Writing ḡab = g̊ab + h̄ab in the first, third and fourth terms of the

right hand side, while using n = 1 + ν and (̊g−1)jk = (ḡ−1)jk + (̊g−1)jah̄ab(ḡ
−1)bk in the second

term, we have

t∂t

(
−1

2
(̊g−1)jkḡik

)
= −t̊k j

i − t̊k j
ℓ (̊g

−1)kℓh̄ik + (1 + ν)
(
t(ḡ−1)jk + (̊g−1)jah̄ab t(ḡ

−1)bk
)
kik

− 1

2
(̊g−1)jk (̊giℓ + h̄iℓ)∇kχ

ℓ − 1

2
(̊g−1)jk (̊gkℓ + h̄kℓ)∇iχ

ℓ.

We now simply use that η j
i = −1

2 (̊g
−1)jkh̄ik, as well as the fact that modulo quadratic error

terms, ∇a can be replaced by ∂a since the Christoffel symbols and the renormalized shift χℓ are both

linearly small. Therefore for Qη = Qη(h̄, ∂h̄,ν,χ, ∂χ) a quadratic and higher order nonlinearity,

t∂tη
j
i = t(ḡ−1)jkkik − t̊k j

i + 2t̊k j
ℓ η

ℓ
i − 2t(ḡ−1)bkkikη

j
b + t(ḡ−1)jkkikν

− 1

2
(̊g−1)jkg̊iℓ∂kχ

ℓ − 1

2
∂iχ

j +Qη.

Thereby upon inserting the definition of the linearly small quantity κ ji = t(ḡ−1)jkkik − t̊k j
i , and

removing all quadratic or higher order terms in the linearly small quantities, the equation (7.2.6)

follows.

The next equation we derive is (7.2.7). For this equation, we firstly combine the two equations

(7.1.4) and (7.1.5) to deduce

t∂t

(
t(ḡ−1)jkkik

)
= −t2(ḡ−1)jk∇i∇kn+ nt2(ḡ−1)jkRicik[ḡ]

− 2nt2(ḡ−1)jk∇iϕ∇kϕ− (n− 1)t(ḡ−1)jkkik

+ t(ḡ−1)jk(tXℓ)∇ℓkik + t(ḡ−1)jkkkℓ∇k(tX
ℓ)− t(ḡ−1)kℓkik∇ℓ(tX

j).

We now simply insert the definitions of all the linearly small quantities, and replace all ∇a derivatives

with ∂a derivatives modulo quadratic error terms, to deduce that for some term Qκ quadratic in

the linearly small quantities η, ∂η, ∂2η, ν, ∂ν, ∂2ν, κ, ∂κ, χ, ∂χ and ∂ϕ,

t∂tκ
j
i = t2(̊g−1)jkRicik[ḡ]− t2(̊g−1)jk∂i∂kν− t̊k j

i ν+ t̊k j
ℓ ∂kχ

ℓ − t̊k ℓ
i ∂ℓχ

j +Qκ.

Upon using (7.1.6) to express Ricik[ḡ] and removing all quadratic or higher order error terms, the

equation (7.2.7) follows. (If instead we used (7.1.7) we get the desired result in the case of CMCSH

gauge.)

The next order of business is the elliptic equation (7.2.14), assuming the CMCSH gauge condition

(7.1.3). We shall derive this equation by using (7.1.11), which we multiply by t3 and rearrange to

get

t2(ḡ−1)ab∇a∇b(tX
i) = t2(ḡ−1)ij

(
2tk a

j ∇an+∇jn− 4npϕ∇jϕ
)
− 2nt2(ḡ−1)ab(tk c

a )Γibc[ḡ]

− 2t2(ḡ−1)ab∇a(tX
c)Γibc[ḡ]− t2(ḡ−1)ijRicjk[ḡ]tXk − 4nt2(ḡ−1)ij(tNϕ− pϕ)∇jϕ.
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Now, we observe that the second line of this expression is already quadratic or higher order in

our linearly small variables (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) and their derivatives, and we therefore discard it.

Similarly, we may Taylor expand all but the final term on the first line, and we deduce that for

some Qχ which is quadratic or higher order in the linearly small quantities, one has:

t2(̊g−1)ab∂a∂bχ
i = t2(̊g−1)ij(2t̊k a

j ∂aν+ ∂jν− 4pϕ∂jϕ)− 2t2(ḡ−1)ab(tk c
a )Γibc[ḡ] +Qχ.

It remains to expand the expression t2(ḡ−1)ab(tk c
a )Γibc[ḡ]. Using the local coordinate form of

Christoffel symbols, and the fact that ∂iḡjk = ∂ih̄jk, we have

−2t2(ḡ−1)ab(tk c
a )Γibc[ḡ] = −t2(ḡ−1)ab(ḡ−1)ij(tk c

a )
(
∂bh̄jc + ∂ch̄jb − ∂j h̄cb

)
.

Since the final parenthesized expression is linearly small, we may replace (ḡ−1)ij and (tk j
i ) by their

background Kasner analogues up to a quadratic error. Using also that tk j
i is self-adjoint with

respect to ḡij , we find that up to a quadratic or higher order error we call QΓ, one has

−2t2(ḡ−1)ab(tk c
a )Γibc[ḡ]

= −2t2(̊g−1)ab(t̊k c
a )∂b((̊g

−1)ij h̄jc) + ∂ah̄jb + t2(̊g−1)ij(t̊k c
a )∂j((̊g

−1)abh̄bc) +QΓ

= 4t2(̊g−1)ab(t̊k c
a )∂bη̂

i
c − 2t2(̊g−1)ij(t̊k c

a )∂j η̂
a
c +QΓ.

Combining this with the expression for t2(̊g−1)ab∂a∂bχ
i above, and discarding the nonlinearities

Qχ and QΓ, we get the elliptic equation (7.2.14), as required.

The final equation we derive in detail is the symmetry constraint (7.2.20) for κ ji and η j
i . This

arises from the symmetry of the second fundamental form kij , which we write in the following way

(as in the elliptic equation for shift, the (1, 1)-tensor k j
i means (ḡ−1)jkkik.)

(ḡ−1)ab(tk c
b ) = (ḡ−1)cb(tk a

b ).

Expanding the various terms, we therefore have

((̊g−1)ab − (̊g−1)adh̄de(ḡ
−1)eb)(t̊k c

b + κ c
b ) = ((̊g−1)cb − (̊g−1)cdh̄de(ḡ

−1)eb)(t̊k a
b + κ a

b ).

The equation (7.2.20) then follows by inserting the definition of η j
i , rearranging, cancelling

(̊g−1)ab(t̊k c
b ) = (̊g−1)cb(t̊k a

b ) from both sides, and finally removing quadratic and higher order

terms.

7.2.1 Spatial gauge and well-posedness

Though we have fixed our foliation via the CMC condition trḡ k = −t−1, there is still gauge freedom

in the choice of linearized quantities (η j
i , κ

j
i ,χ

j) in Definition 7.2.1 and in Proposition 7.2.2 due to

freedom in the choice of spatial coordinates, which we may view as diffeomorphisms of the spatial

manifold TD that we allow to be time-dependent.
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While one way of removing this freedom by imposing some gauge on initial data as well as in

evolution, for instance by specifying a shift vector χj or alternatively by imposing the linearized

CMCSH condition (7.2.5), it will be useful in our context of this article to allow all such gauge

choices, as well as how to change between them. At the infinitesimal or linearized level, this is

achieved via a time-dependent spatial vector field ξj on TD, as in the following lemma.

Lemma 7.2.3. Let (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) be a solution to the linearized Einstein–scalar field system

in Proposition 7.2.2 (not necessarily obeying the linearized CMCSH condition (7.2.5)). Let ξj be a

possibly time-dependent vector field on TD. Then the system (7.2.6)–(7.2.20) is invariant under the

gauge transformation:

η
j
i 7→ η

j
i +

1

2
∂iξ

j +
1

2
g̊ipg̊

jq∂qξ
p, (7.2.21)

κ
j
i 7→ κ

j
i + (t̊k p

i )∂pξ
j − (t̊k j

p )∂iξ
p, (7.2.22)

χj 7→ χj − t∂tξ
j , (7.2.23)

while the scalar variables ϕ,ψ,ν are left unchanged. In particular,

(i) For a solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) as above, then applying the above transformation using the

choice of vector field ξj given by inverting the elliptic equation

t2g̊ab∂a∂bξ
j = t2g̊jk

(
∂k trη− 2∂ℓη

ℓ
k

)
yields a solution in linearized CMCSH gauge, via the transformation (7.2.21)–(7.2.23).

(ii) Let χj◦ be a fixed (possibly time-dependent) vector field. For any solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j)

as above, then for any choice of T > 0 choose the vector field ξj to satisfy

ξj =

∫ t

T

(
χj(s)− χj◦(s)

) ds
s
.

Then after applying the transformation (7.2.21)–(7.2.23) to our solution, the transformed so-

lution has χj ≡ χ
j
◦. In particular, by choosing χj◦ ≡ 0, we can always transform to a solution

with zero shift. We say that such solutions are in linearized CMCTC gauge.

(Sketch) Proof. We leave the proof of invariance of the system (7.2.6)–(7.2.20) under the transfor-

mation (7.2.21)–(7.2.23) to the reader, and only mention at a heuristic level how the transforma-

tion (7.2.21)–(7.2.23) is derived. Essentially, we consider coordinate transformations of the form

x̃j = xj + ξj . Then the ADM-type metric (7.1.1) may be rewritten as

g = −n2dt2 + ḡij(dx
i +Xidt)(dxj +Xjdt)

= −n2dt2 + ḡij

(
dx̃i − ∂ξi

∂xk
dxk − ∂ξi

∂t
dt+Xidt

)(
dx̃j − ∂ξj

∂xℓ
dxℓ − ∂ξj

∂t
dt+Xidt

)
= −n2 + ˜̄gij(dx̃

i + X̃idt)(dx̃j + X̃j) +Qξ(ξ, ∂ξ).
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In this final line, Qχ(ξ, ∂ξ) is a quadratic nonlinearity, while the modified first fundamental form
˜̄gij and shift vector X̃j are given by

˜̄gij = ḡij − ḡik
∂ξk

∂xj
− ḡjk

∂ξk

∂xi
, X̃j = Xj − ∂ξj

∂t
.

One now inserts ˜̄gij and X̃j in place of ḡij and Xj in the expressions of the linearly small quantities

of Definition 7.2.1. (One can also suitably modify the second fundamental form). Discarding terms

which are quadratic or higher in the original linearly small quantities and ξj , we are left with

(7.2.21)–(7.2.23).

Leaving the remaining details to the reader, we move on to (i) and (ii). For (i), suppose that the

change of gauge vector field ξj satisfies the elliptic equation t2g̊ab∂a∂bξ
j = t2g̊jk(∂k trη − 2∂ℓη

l
k ),

and consider the transformed version of η j
i , which from (7.2.21) we know to be

η̂
j
i = η j

i +
1

2
∂iξ

j +
1

2
g̊ipg̊

jq∂qξ
p.

To check this is now in CMCSH gauge, we want to check that 2∂j η̂
j
i = ∂i tr η̂. For this we compute:

t2g̊ij(2∂kη̂
k
i − ∂i tr η̂) = t2g̊ij(2∂kη

k
i − ∂i trη) + t2g̊ij∂k∂iξ

k + t2g̊ik∂i∂kξ
j − t2g̊ij∂i∂kξ

k

= t2g̊ij(2∂kη
k
i + t2g̊ik∂i∂kξ

j = 0.

The final equality followed exactly due to the choice of ξj . This completes the proof of (i).

The proof of (ii) is more straightforward; one simply uses the transformation formula for the shift

(7.2.23).

Remark. In Lemma 7.2.3, one may in particular choose a vector field ξj which is time-independent.

This has the effect of transforming η̂ j
i and κ̂ ji but leaving χj unchanged. In particular, even in the

class of solutions with χj = 0 such gauge changes are still permitted

Upon fixing the spatial gauge, by either fixing the shift vector χj or by insisting upon the

linearized CMCSH condition (7.2.5), we can appeal to the following well-posedness result.

Proposition 7.2.4 (Well-posedness for the linearized Einstein–scalar field system). Let

((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) be Cauchy data (for instance at t = 1) that verifies the constraint equations

(7.2.4) and (7.2.15)–(7.2.20), with regularity ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) ∈ Hs+1 × Hs × Hs+1 × Hs.

Then both of the following well-posedness statements hold.

(i) Suppose furthermore that (η̂C)
j
i verifies the linearized CMCSH condition (7.2.5). Then there

exists a unique CMCSH solution (η̂ j
i (t), κ̂

j
i (t),ϕ(t),ψ(t),ν(t),χ

j(t)) to the system (7.2.6)–
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(7.2.20) for t ∈ (0,+∞), where χj has zero average2, and with regularity:(
η
j
i , κ

j
i

)
∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

(ϕ,ψ) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

ν ∈ C0((0,+∞), Hs+2), χj ∈ C0((0,+∞), Hs+2).

(ii) Alternatively, let χj◦ be any (possibly time-dependent) vector field on TD, with χ
j
◦ ∈

C0((0,+∞), Hs+2). Then there exists a unique solution (η j
i (t), κ

j
i (t),ϕ(t),ψ(t),ν(t)) to the

system (7.2.6)–(7.2.20) for t ∈ (0,+∞), such that χj ≡ χj◦ at all times, with the same regularity

as above.

Proof. Let us start with (i). We first use the equations (7.2.6), (7.2.7), (7.2.9), (7.2.10), (7.2.11),

(7.2.12), (7.2.14), which is a linear elliptic-hyperbolic system in the background (MKas, gKas).

(Note it is crucial that we used (7.2.9) in place of (7.2.8) since only then does }Ric[η̂] appearing in

7.2.7 become a top order term of hyperbolic character.) Therefore we may apply standard elliptic-

hyperbolic theory, e.g. that of [8], to deduce that there is a solution to these equations (7.2.6),

(7.2.7), (7.2.9), (7.2.10), (7.2.11), (7.2.12), (7.2.14) for t ∈ (0,+∞). Moreover, this solution has the

regularity claimed in (i).

It remains to check that the constraint equations (7.2.15)–(7.2.20) and the gauge conditions

(7.2.4) and (7.1.3) also remain true for t ∈ (0,+∞). The propagation of constraints is left to

Proposition F.0.1. Finally, uniqueness follows from the elliptic-hyperbolic theory, so long as we fix

χj to have zero average in order to have uniqueness for solutions of the elliptic equation (7.2.14).

We now move on to (ii). In order to show existence, the first step will be to apply a gauge

transformation to the Cauchy data ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) using a vector field ξjC which solves the

elliptic equation

g̊ab(1)∂a∂bξ
j
C = g̊jk(1)(∂k trηC − 2∂ℓ(ηC)

ℓ
k ).

As in Lemma 7.2.3, this has the effect of putting the transformed (η̂C)
j
i = (ηC)

j
i + 1

2∂iξ
j +

1
2 g̊ip(1)̊g

jq(1)∂qξ
p in CMCSH gauge, at least at t = 1. This allows us to use the existence result in

(i), and we generate a CMCSH solution (η̂ j
i (t), κ̂

j
i (t),ϕ(t),ψ(t),ν(t),χ

j(t)) for t > 0 which achieves

the Cauchy data ((η̂C)
j
i , (κ̂C)

j
i ,ϕC ,ψC).

We now perform another change of gauge to recover the solution we desire. Note that the

shift vector χj(t) was generated in evolution in CMCSH gauge, and thus cannot be expected to

equal χj◦, and also that our CMCSH solution does not match our initial choice of Cauchy data

((ηC)
j
i , (κC)

j
i ,ϕC ,ψC). We resolve both these issues by using yet another gauge transformation

2In this paper, the vector fields χj and ξj will always have zero average, meaning their λ = 0 Fourier coefficients χj0
and ξj0 always vanish. Note the zero modes have no affect on how η j

i and κ j
i transform.
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vector field coming from Lemma 7.2.3(ii), namely

ξj = −ξjC +

∫ t

1

(
χj(s)− χj◦(s)

) ds
s
.

After applying this gauge transformation to our CMCSH solution

(η̂ j
i (t), κ̂

j
i (t),ϕ(t),ψ(t),ν(t),χ

j(t)), it is immediate to see that we obtain a solution satisfy-

ing the requirements of (ii).

The regularity is also immediate, and we finally turn to uniqueness. By taking the difference of

two such solutions, uniqueness is equivalent to the statement that the only solution to the linearized

Einstein–scalar field system with trivial data ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) = (0, 0, 0, 0) and vanishing

shift χj(t) = 0 being the zero solution. Suppose, on the contrary, that there exists a non-trivial

such solution ((η◦)
j
i (t), (κ◦)

j
i (t),ϕ◦(t),ψ◦(t)).

By uniqueness of CMCSH solutions, we know that this solution must not be CMCSH, hence

there exists some time T > 0 such that 2∂j(η◦)
j
i (T ) ̸= ∂i trη◦(T ). Now we apply Lemma 7.2.3(i) to

this solution – this generates, a new CMCSH solution ((η̂◦)
j
i (t), (κ̂◦)

j
i (t),ϕ◦(t),ψ◦(t),ν◦(t),χ

j
◦(t)),

via a transformation associated to the (zero average) vector field ξj◦ which solves the elliptic equation

t2g̊ab∂a∂bξ
j
◦ = t2g̊jk(∂j trη◦ − 2∂ℓ((η◦)

ℓ
k ).

Since (η◦)
j
i = 0 at t = 1, we must have ξj◦(1) = 0. On the other hand, by definition of T > 0,

we must have ξj◦(T ) ̸= 0. As a result, there must exist some T̂ > 0 such that ∂tξ
j
◦(T̂ ) ̸= 0, and

therefore by the transformation rule (7.2.23) and the fact that we initially had vanishing shift, we

must have χj◦(T̂ ) ̸= 0.

However, by ξj◦(1) = 0 the solution ((η̂◦)
j
i (t), (κ̂◦)

j
i (t),ϕ◦(t),ψ◦(t),ν◦(t),χ

j
◦(t)) is a CMCSH

solution with trivial data, and hence by uniqueness in the CMCSH gauge we must have χj◦(t) = 0

for all t > 0. This contradicts the existence of a nontrivial solution with χj = 0, and completes the

proof of (ii).

7.2.2 Scattering data at t = 0

The linearly small quantities η j
i and ϕ generically blow up towards t = 0, and are thus unsuitable

choices for scattering data at t = 0 itself. Therefore, we introduce renormalized quantities Υ j
i and

φ, given by:

Υ
j
i := η j

i +

∫ 1

t
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q , (7.2.24)

φ := ϕ−ψ log t. (7.2.25)

In fact, we often entertain a more general form of Υ j
i and φ, where the time t = 1 is replaced

by t = T > 0. That is, we introduce the quantities Υ̃ j
i and φ̃ as

Υ̃
j
i := η j

i +

∫ T

t
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q , φ̃ := ϕ−ψ log

(
t

T

)
. (7.2.26)
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These more generally defined quantities will play a role in the following two lemmas.

Part of Theorem 7.3.1 is that Υ j
i and φ remain bounded near t = 0, and in fact tend to limits

(Υ∞) ji and φ∞ as t→ 0. This will also be true for κ ji and ψ, which will tend to limits (κ∞) ji and

ψ∞ as t → 0. In this section, we prove two important properties of these renormalized quantities,

or more generally the corresponding quantities ((κ∞) ji , (Υ̃∞)
j

i ,ψ∞, φ̃∞) for any T > 0.

Firstly, in Lemma 7.2.5, we show that these limiting quantities ((κ∞) ji , (Υ̃∞)
j

i ,ψ∞, φ̃∞) also

obey constraint equations, analogous to those of (7.2.15)–(7.2.20), which we often denote the asymp-

totic constraint equations. Then in Lemma 7.2.6, we determine how Υ̃
j
i transforms under the

(linearized) change of gauge discussed in Section 7.2.1.

Lemma 7.2.5. Let s be sufficiently large, and let (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) be a solution to the linearized

Einstein–scalar field system in Proposition 7.2.2, with regularity as in Proposition 7.2.4, where

the Kasner exponents satisfy the subcriticality condition (1.6.11). For arbitrary T > 0, suppose

furthermore that the quantities κ ji , Υ̃ j
i , ψ and φ̃ remain bounded towards t = 0, and moreover tend

to a limit:

(κ ji , Υ̃
j
i ,ψ, φ̃) → ((κ∞) ji , (Υ̃∞)

j

i ,ψ∞, φ̃∞) in C3 as t→ 0.

Then the following asymptotic constraint equations hold:

t̊k a
b (κ∞) b

a + 2pϕψ∞ = 0, (7.2.27)

∂j(κ∞) ji + ∂i[t̊k
a
b (Υ̃∞)

b

a + 2pϕφ̃∞]− t̊k j
i ∂j(tr Υ̃∞) = 0, (7.2.28)

g̊ab(T )∂a(κ∞) cb + g̊cd(T )∂d[t̊k
a
b (Υ̃∞)

b

a + 2pϕφ̃∞]− 2̊gab(T ) t̊k d
b ∂a(Υ̃∞)

c

d = 0, (7.2.29)

as well as the following symmetry conditions:

g̊ab(T )(Υ̃∞)
c

b = g̊cb(T )(Υ̃∞)
a

b , (7.2.30)

g̊ab(T )
(
(κ∞) cb − 2t̊k d

b (Υ̃∞)
c

d

)
= g̊cb(T )

(
(κ∞) ab − 2t̊k d

b (Υ̃∞)
a

d

)
. (7.2.31)

Finally, we have the linearized CMC condition tr κ∞ = 0.

Proof. For (7.2.27) and (7.2.28), the idea is to simply take the usual constraints (7.2.15) and (7.2.16),

rewrite them in terms of the renormalized variables Υ̃ j
i , φ̃, and then finally take the limit t → 0.

For instance, we rewrite the Hamiltonian constraint (7.2.15) using (7.2.24) as

−2t2g̊ab∂a∂b tr Υ̃+ 2t2g̊ab∂i∂aΥ̃
i
b − 2t2g̊ab

∫ T

t
g̊bp(s)̊g

iq(s)
ds

s
· ∂i∂aκ p

q + 2(t̊k a
b )κ b

a + 4pϕψ = 0.

We now take the limit of this equation as t→ 0. The last two terms will give us the desired (7.2.27),

so it suffices to show that the remaining terms tend to 0.
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As ∂a∂bΥ̃
j
i and ∂a∂bκ

j
i are bounded towards t → 0 by assumption, it suffices to show that as

t→ 0,

t2g̊ab → 0 and t2g̊ab
∫ 1

t
g̊bp(s)̊g

iq(s)
ds

s
= 0.

In fact both of these will follow by the non-degeneracy of the Kasner exponents; using a modification

of Lemma 9.4.3 (with tλ∗ replaced by 1 in the lemma) to estimate the integral above, one shows

these terms are bounded by maxi t
2−2pi(1 + | log t|) and thus tend to 0 as t→ 0.

Moving to the momentum constraint, we rewrite (7.2.16) as follows:

∂iΥ̃
j
i + ∂i[(t̊k

a
b )Υ̃ b

a + 2pϕφ̃]− (t̊k j
i )∂j tr Υ̃ = −∂i[(t̊k a

b )κ b
a + 2pϕψ] log t.

Note that we used the fact that t̊k a
b is non-zero only when a = b, hence the integral appearing in

(7.2.24) ends up being log t. The right hand side of this rewritten momentum constraint appears

exactly in the rewritten Hamiltonian constraint above, and (given that third derivatives of Υ̃ j
i and

κ
j
i are also bounded) is therefore bounded by maxi t

2−2pi(1+ | log t|2). Thus taking the limit t→ 0

yields (7.2.28).

We next move to the symmetry conditions (7.2.30) and (7.2.31). We shall actually prove that

for all times t > 0, we have the symmetry conditions

g̊ab(T )Υ̃ c
b (t) = g̊cb(T )Υ̃ a

b (t), (7.2.32)

g̊ab(T )
(
κ c
b (t)− 2t̊k d

b Υ̃
c
d (t)

)
= g̊cb(T )

(
κ a
b (t)− 2t̊k d

b Υ̃
a
d (t)

)
, (7.2.33)

and simply take the limit of these as t → 0. Note that (7.2.32) is equivalent to g̊ac(T )̊gbd(T )Υ̃ d
c =

Υ̃ a
b , or

g̊ac(T )̊gbd(T )η
d
c + g̊ac(T )̊gbd(T )

∫ T

t
g̊cp(s)̊g

dq(s)
ds

s
· κ p

q = η a
b +

∫ T

t
g̊bp(s)̊g

aq(s)
ds

s
· κ p

q . (7.2.34)

We now make the following observation. Using the explicit form of g̊ij in (7.1.14), one has the

identity:

g̊ac(T )̊gbd(T )

∫ T

t
g̊cp(s)̊g

dq(s)
ds

s
= g̊cp(t)̊g

dq(t)

∫ T

t
g̊ac(s)̊gbd(s)

ds

s
.

One obtains this identity using a substitution of the form s 7→ s̃ = Tt
s in the integral.

Using this identity, one computes the second term on the left hand side of (7.2.34) to be

g̊ac(T )̊gbd(T )

∫ T

t
g̊cp(s)̊g

dq(s)
ds

s
· κ p

q =

∫ T

t
g̊ac(s)̊gbd(s)

ds

s
· g̊cp(t)̊gdq(t) κ p

q (t)

=

∫ T

t
g̊ac(s)̊gbd(s)

ds

s
·
(
κ d
c + (2t̊k d

p )η p
c − (2t̊k p

c )η d
p

)
,

where we used the symmetry condition (7.2.20) in the second step. We next observe that we can

identify the latter two terms on the right hand side in the following way:

g̊ac(T )̊gbd(T )

∫ T

t
g̊cp(s)̊g

dq(s)
ds

s
· κ p

q =

∫ T

t
g̊ac(s)̊gbd(s)

ds

s
· κ d

c −
∫ T

t
s∂s(̊g

acg̊bd)
ds

s
· η d

c .
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Therefore we obtain (7.2.34) by using the fundamental theorem of calculus, and simply relabelling

indices. This completes the proof of (7.2.32). For (7.2.33), we firstly observe that

κ c
b − (2t̊k d

b )Υ̃ c
d = κ c

b − (2t̊k d
b )η c

d +

∫ T

t
s∂s(̊gbp(s))̊g

cq ds

s
· κ p

q .

Therefore integrating by parts and using (7.2.20) in a similar way to before, one eventually finds

that

κ c
b − (2t̊k d

b )Υ̃ c
d = g̊bp(T )̊g

cq(T ) κ p
q − (2t̊k c

d )Υ̃ d
b .

From this identity, (7.2.33) follows from (7.2.32). We also deduce (7.2.30) and (7.2.31) by taking

t→ 0.

Finally, the second momentum constraint (7.2.29) follows from combining (7.2.28) with (7.2.30)

and (7.2.31).

Lemma 7.2.6. Consider the renormalized quantity Υ̃ j
i defined in (7.2.26), for some T > 0. Then

the change of gauge associated the vector field ξj, which transforms η j
i and κ ji as in (7.2.21) and

(7.2.22), then transforms the expression Υ̃ j
i as follows:

Υ̃
j
i 7→ Υ̃

j
i +

1

2
∂iξ

j +
1

2
g̊ip(T )̊g

jq(T )∂qξ
p. (7.2.35)

In particular, choosing ξj to be a solution of the elliptic equation

g̊ab(T )∂a∂bξ
j = g̊jk(T )

(
∂k tr Υ̃− 2∂ℓΥ̃

ℓ
k

)
, (7.2.36)

one can transform Υ̃
j
i in such a way that the transformed version satisfies the differential relation

∂i tr Υ̃− 2∂jΥ̃
j
i = 0.

Proof. From the definition (7.2.26), the transformation associated to ξj transforms Υ̃ j
i into the

following expression(
η
j
i +

1

2
∂iξ

j +
1

2
g̊ip(t)̊g

jq(t)∂qξ
p

)
+

∫ T

t
g̊ip(s)̊g

jq(s)
ds

s
·
(
κ p
q + (t̊k s

q )∂sξ
p − (t̊k p

s )∂qξ
s
)

= Υ̃ j
i +

1

2
∂iξ

j +
1

2
g̊ip(t) + g̊jq(t)∂qξ

p +

∫ T

t
s∂s(̊gip(s)̊g

jq(s))
ds

s
· ∂qξp.

The transformation formula (7.2.35) then follows by applying the fundamental theorem of calculus.

The second part of the lemma, concerning the change of gauge associated to the vector field ξj

solving the elliptic equation (7.2.36), follows from the same argument as Lemma 7.2.3(i).
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7.3 Statement of Theorem 7.3.1

With the notation setup, we now state a slightly imprecise, but still rather detailed, version of

the scattering theorem for the linearized Einstein–scalar field system around a Kasner spacetime

obeying the subcriticality relation (1.2.11). We prove Theorem 7.3.1 in Chapter 9. The proof will

actually be via a scattering theorem in another gauge, Theorem 9.5.1. Recall also the symbol T∗
from Definition 1.6.1.

It turns out it will be most convenient to choose a slightly odd choice of gauge condition for the

quantity Υ j
i at t = 0, as follows.

2∂j

(
(Υ∞) ji +

∫ 1

T∗
g̊ip(s)̊g

jq(s)
ds

s
· (κ∞) p

q

)
= 2∂i (trΥ∞) . (7.3.1)

We later show that we can always transform suitable asymptotic data into this gauge, which we

often call the canonical asymptotic gauge condition.

Theorem 7.3.1 (Scattering for the linearized Einstein–scalar field system in subcritical Kasner

spacetimes). Let (MKas, gKas, ϕKas) be a (generalized) Kasner spacetime whose exponents satisfy

the subcriticality condition (1.2.11). Consider solutions (η j
i , κ

j
i ,ϕ,ψ) to the linearized Einstein–

scalar field equations around (MKas, gKas, ϕKas), written as the first-order elliptic-hyperbolic system

(7.2.6)–(7.2.20) and satisfying suitable constraints. The scattering theory is as follows:

(i) (Existence of the scattering operator) Let s be sufficiently large. Then given Cauchy data

((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) ∈ Hs+1 ×Hs ×Hs+1 ×Hs at t = 1 satisfying suitable constraints as

well as the spatially harmonic gauge condition (7.1.3), there exists a unique (classical) solution

(η j
i , κ

j
i ,ϕ,ψ) to the system (7.2.6)–(7.2.20) in MKas attaining the Cauchy data

η
j
i (1, ·) = (ηC)

j
i (·), κ

j
i (1, ·) = (κC)

j
i (·), ϕ(1, ·) = ϕC(·), ψ(1, ·) = ψC(·).

Let Υ j
i and φ be as in (7.2.24)–(7.2.25). Then there exist unique (1, 1) tensors (κ∞) ji (x) and

(Υ∞) ji (x) and unique functions ψ∞(x) and φ∞(x) such that

κ
j
i (t, ·) → (κ∞) ji (·) in C3, Υ

j
i (t, ·) → (Υ∞) ji (·) in C3 strongly as t→ 0, (7.3.2)

ψ(t, ·) → ψ∞(·) in Hs, φ(t, ·) → φ∞(·) in Hs strongly as t→ 0. (7.3.3)

Furthermore, there exists a change of gauge vector field ξj∞ ∈ Hs+ 1
2 such that after applying

the transformations (7.2.21)–(7.2.35), the transformed versions of ((κ∞) ji , (Υ∞) ji ,ψ∞,φ∞)

satisfy suitable asymptotic constraints as well as the canonical asymptotic gauge condition

(7.3.1), and have the following regularity:

T
−pi+pj
∗ (κ∞)

j

i ∈ Hs+ 1
2 , T

−pi+pj
∗

(
(Υ∞)

j

i +

∫ 1

T∗
g̊ip(s)̊g

jq(s)
ds

s
· (κ∞) p

q

)
∈ Hs+ 1

2 ,

(7.3.4)

ψ∞ ∈ Hs+ 1
2 , φ∞ + log(T∗)ψ∞ ∈ Hs+ 1

2 . (7.3.5)



288

(ii) (Asymptotic completeness) Let s be sufficiently large, and let (κ∞) ji , (Υ∞) ji be (1, 1) tensors

in TD, and ψ∞, φ∞ be functions in TD with Sobolev regularity as in (7.3.4)–(7.3.5), and

satisfying suitable constraints as well as the canonical asymptotic gauge condition (7.3.1).

Then there exists a unique (classical) solution (η j
i , κ

j
i ,ϕ,ψ) to the system (7.2.6)–(7.2.20) in

MKas, with regularity(
η
j
i , κ

j
i

)
∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

(ϕ,ψ) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

as well as a change of gauge vector field ξj ∈ Hs−1, such that:

1. The quantity η j
i satisfies the spatially harmonic condition (7.1.3) at t = 1.

2. If Υ j
i and φ are defined as in (7.2.24)–(7.2.25), then after applying the transformation

(7.2.21)–(7.2.35) associated to the vector field ξj, the resulting transformed quantities obey

the asymptotics (7.3.2) and (7.3.3), strongly as t→ 0.

(iii) (Scattering isomorphism) For s ∈ R, define the following Hilbert spaces together with their

norms:

Hs
C =

{(
η
j
i , κ

j
i ,ϕ,ψ

)
: η j

i ∈ Hs+1, κ ji ∈ Hs,ϕ ∈ Hs+1,ψ ∈ Hs
}
, (7.3.6)

∥∥∥(η j
i , κ

j
i ,ϕ,ψ

)∥∥∥2
Hs

C

:=
D∑

i,j=1

(
∥η j

i ∥
2
Hs+1 + ∥κ ji ∥

2
Hs

)
+ ∥ϕ∥2Hs+1 + ∥ψ∥2Hs , (7.3.7)

Hs
∞ =

{(
κ
j
i ,Υ

j
i ,ψ,φ

)
:

T −pi+pj
∗ κ

j
i ∈ Hs+ 1

2 , T −pi+pj
∗

(
Υ
j
i −

∫ 1

T∗
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q

)
∈ Hs+ 1

2 ,

ψ ∈ Hs+ 1
2 ,φ+ log(T∗)ψ ∈ Hs+ 1

2

}
, (7.3.8)

∥∥∥(κ ji ,Υ j
i ,ψ,φ

)∥∥∥2
Hs

∞

:=

D∑
i,j=1

(∥∥∥T −pi+pj
∗ κ

j
i

∥∥∥
Hs+1

2
+

∥∥∥∥T −pi+pj
∗

(
Υ
j
i −

∫ 1

T∗
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q

)∥∥∥∥
Hs+1

2

)
+ ∥ψ∥2

Hs+1
2
+ ∥φ+ log(T∗)ψ∥2

Hs+1
2
. (7.3.9)

Further let Hs
C,c be the subspace of Hs

C obeying suitable constraints as well as the spatially

harmonic gauge condition (7.1.3), and similarly let Hs
∞,c be the subspace of Hs

∞ obeying the

appropriate asymptotic constraints as well as the canonical asymptotic gauge condition (7.3.1).
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From (i), let the operator S↓ map the Cauchy data ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) to the asymptotic

quantities ((κ∞) ji , (Υ∞) ji ,ψ∞,φ∞), where the asymptotic quantities are taken after modifi-

cation by the gauge transformation associated to the vector field ξj in (i). Then this map can

be extended to a bounded, injective homomorphism from Hs
C,c to Hs

∞,c.

Conversely, from (ii), let the operator S↑ map the asymptotic data ((κ∞) ji , (Υ∞) ji ,ψ∞,φ∞)

satisfying (7.3.1) to (η j
i (1, ·), κ

j
i (1, ·),ϕ(1, ·),ψ(1, ·)), noting that η j

i (1, ·) is chosen to satisfy

(7.1.3) after modification by the change of gauge vector field ξj. Then this map S↑ may be

extended to a bounded, injective homomorphism from Hs
∞,c to Hs

C,c.

Finally, Hs
∞,c is the image of S↓ acting on Hs

C,c, and we may view S↓ : Hs
C,c → Hs

∞,c as a

Hilbert space isomorphism with inverse S↑.

Remark. The subcriticality condition (1.2.11) is necessary in order to conclude asymptotics of the

type given in Theorem 7.3.1(i), due to heuristics of [95]. However, even if one violates (1.2.11), it

may be possible to prove a version of Theorem 7.3.1 if we suppress the linearly unstable directions.

For instance, if one makes the additional assumption that for any i, j, k such that −pi+pj+pk ≥ 1,

∂kκ
i

j (t)

pi − pj
−
∂jκ

i
k (t)

pi − pk
= 0 (7.3.10)

for all times t > 0, then our proof shows that a version of Theorem 7.3.1 still holds. (7.3.10) is

true in certain symmetry classes, for instance T2 symmetry or polarized U(1) symmetry in 1 + 3

dimensions. This complements known nonlinear stability results in these classes [2, 63]. In fact

one would expect a version of Theorem 7.3.1 to still hold if (7.3.10) is only valid asymptotically as

t→ 0.

To make this more precise, one would like to consider the case that for any pi, pj , pk violating

(1.6.11), the following limit holds for the linearized Weingarten map κ ji :

lim
t→0

∂kκ i

j (t)

pi − pj
−
∂jκ

i
k (t)

pi − pk

 = 0. (7.3.11)

This suggests that some version of our scattering result Theorem 7.3.1 should hold in cases where

the above limit holds. We could interpret this hope as a codimensional3 stability and scattering

statement for linearized gravity around Kasner spacetimes violating (1.6.11).

In fact, one could hope to prove a version of Proposition 9.4.4 where one only assumes (7.3.11),

which would involve a detailed analyis of the rate at which the expression in (7.3.11) tends to 0.

We formulate this resolution of codimensional stability and scattering in the following conjecture.

Conjecture 7.3.2. Let (MKas, gKas, ϕKas) be a (generalized) non-degenerate Kasner spacetime

not necessarily satisfying the subcriticality relation (1.6.11). Consider solutions (η j
i , κ

j
i ,ϕ,ψ) to

3Since (7.3.11) must hold at every spatial point x ∈ TD, this is an infinite codimension statement.
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the linearized Einstein–scalar field equations around (MKas, gKas, ϕKas), written as the first-order

elliptic-hyperbolic system (7.2.6)–(7.2.12) and satisfying suitable constraints. Then we have the fol-

lowing:

(i) (Existence of the scattering operator) Let s be sufficiently large. Suppose that the Cauchy

data ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC), satisfying suitable constraints and the spatially harmonic gauge

condition (7.1.3), launches a solution to (7.2.6)–(7.2.12) such that for any Kasner exponents

pi, pj , pk violating (1.6.11), the limit (7.3.11) holds.

Then the conclusions of Theorem 7.3.1(i) still hold, and the limiting quantity (κ∞) ji is such

that for any Kasner exponents pi, pj , pk violating (1.6.11),

∂k(κ∞)
i

j (t)

pi − pj
−
∂j(κ∞)

i
k (t)

pi − pk
= 0. (7.3.12)

(ii) (Asymptotic completeness) Let s be sufficiently large, and let and let (κ∞) ji , (Υ∞) ji be (1, 1)

tensors in TD, and ψ∞, φ∞ be functions in TD with Sobolev regularity as in (7.3.4)–(7.3.5),

and satisfying suitable constraints as well as the canonical asymptotic gauge condition (7.3.1).

Suppose furthermore that (κ∞) ji is such that for any Kasner exponents pi, pj , pk violating

(1.6.11), the identity (7.3.12) holds. Then the conclusions of Theorem 7.3.1(ii) still hold.

(iii) (Scattering isomorphism) For s ∈ R, recall the Hilbert spaces Hs
C,c and Hs

∞,c from Theo-

rem 7.3.1(iii). Further define Hs
C,AV TD ⊂ Hs

C,c be the subspace such that the corresponding

solution (η j
i , κ

j
i ,ϕ,ψ) to the linearized Einstein–scalar field system satisfies (7.3.11)4 for Kas-

ner exponents pi, pj , pk violating (1.6.11). Also define the subspace Hs
∞,AV TD ⊂ Hs

∞,C to be

the subspace such that for Kasner exponents pi, pj , pk violating (1.6.11), the identity (7.3.12)

holds.

In light of (i) and (ii), define S↓ and S↑ as in Theorem 7.3.1(iii). Then S↓ : Hs
C,AV TD →

Hs
∞,AV TD is a Hilbert space isomorphism with inverse S↑.

7.4 Applications to the nonlinear Einstein–scalar field system

We conclude this Chapter with comments on how our ideas could potentially be applied to the

study of Kasner-like singularities for the fully nonlinear Einstein–scalar field system (Ein), (Scal)

and (1.1.5). For instance, it would be desirable to formulate a scattering theory relating Cauchy

data and asymptotic data in the context of Kasner-like spacetimes. In light of the nonlinear stability

result [63], one could conjecture that there exists a scattering map between Cauchy data that is
4For s small, the convergence in (7.3.11) may hold in a distributional sense.
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a small perturbation Kasner data at t = 1, and suitable asymptotic data close to the associated

Kasner data at t = 0.

Many additional difficulties arise in addressing the nonlinear problem. In fact, some of these

difficulties arise already in linear hyperbolic problems where the background Kasner-like spacetime

is not exactly (MKas, gKas), but a non-homogeneous perturbation thereof, since our proof is reliant

on a Fourier decomposition on TD, and outside of the homogeneous setting one must what consider

carefully what operators such as log T∗ and T −pi+pj
∗ mean. It is possible we must consider microlocal

operators with both physical space and Fourier space dependence.

We now comment upon several features of our proof to discuss how they could be adapted to the

nonlinear problem. (Or in some cases, linear hyperbolic problems on inhomogeneous background

spacetimes.)

Renormalized quantities in the nonlinear problem

In Theorem 7.3.1, the Cauchy data at t = 1 uses the variables (η j
i , κ

j
i ,ϕ,ψ) while our asymptotic

data at t = 0 uses instead the renormalized variables (κ ji ,Υ
j
i ,ψ,φ), since it is these renormalized

variables that remain bounded (and convergent) as t→ 0.

In the nonlinear problem, one must determine the correct renormalized variables at t = 0, or in

other words the variables we prescribe as “scattering data”. One proposal is the following:

K j
i (t) = (ḡ−1(t))jk(tkik(t)), Mij(t) = ḡjk(t) · exp(2K(t) ln t) ki ,

ψ(t) = tNϕ(t), φ(t) = ϕ(t)− ψ(t) log t.

Here exp denotes matrix exponentiation. A consequence of [63, Theorem 6.1] that that the quan-

tities K j
i , ψ and φ are bounded and convergent as t → 0 for perturbations of Kasner space-

times obeying the subcriticality condition (1.6.11). Assuming the same is true for Mij (which

does not quite follow from [63]), a candidate nonlinear scattering map could be a map between

Cauchy data (ḡij(1), kij(1), ϕ(1), ψ(1)) and the asymptotic quantities ((K∞) ji , (M∞)ij , ψ∞, φ∞) =

limt→0(K
j
i (t),Mij(t), ψ(t), φ(t)).

Another subtlety regarding how we use renormalized quantities in our energy estimates is that

our low-frequency energy estimates really apply to (κ ji , Υ̃
j
i ,ψ, φ̃), with the tildes signifying that we

use T = T∗ in the definitions (7.2.26). Thus in a background which is not exactly Kasner, one must

also understand how to adapt the renormalized variables in a manner akin to choosing T = T∗.

Gauge in the nonlinear problem

In contrast to [63] where the authors use Fermi-propagated frames, our scattering result Theo-

rem 7.3.1 employs a transported coordinate ADM-type gauge. In reality, the proof does not really
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use a transported coordinate gauge but instead a frequency adapted gauge, see already Section 9.5

and Theorem 9.5.1.

A quick way of describing this gauge is that it is CMCSH at high-frequency and essentially

CMCTC at low-frequency, see Section 9.1 for why this is the case. Both the CMCSH gauge and the

CMCTC gauge exist at the nonlinear level, and our method suggests it is reasonable to use a mixture

of the two gauges in the nonlinear setting, so long as one makes sense of the frequency-dependent

transition between the gauges.

In particular, this has the effect that the spatial Ricci tensor Ricij [g] can be viewed as an

elliptic operator acting on ḡij at high-frequency (see (7.1.7)), but that there is no shift vector Xi at

low-frequency and thus the equation for ∂tK
j
i = ∂t((ḡ

−1)jk(tk j
i )) will remain suitably integrable

towards t = 0.

Norms and energies in the nonlinear problem

In Theorem 7.3.1, the Hilbert space Hs
∞ associated to the scattering data ((κ∞) ji , (Υ∞) ji ,ψ∞,φ∞)

also features the symbol T∗ extensively; this arises due to the way that one compares the high-

frequency energy and the low-frequency energy and the relevant metrics used to control the tensorial

norms. The idea is that high-frequencies use the metric g̊ij(t), while low-frequencies use g̊ij(tλ∗).

As a result, the symbol T −pi+pj
∗ appears, especially when acting on off-diagonal components of

tensors. The dependence of T −pi+pj
∗ on the Kasner exponents means that if one were instead to

consider perturbations of Kasner have spatially dependent exponents, one must be careful about

the norms and energies used to control the asymptotic data at t = 0.

This issue is perhaps easier to resolve in the direction where one solves “forwards” from asymptotic

data at t = 0, since in this context the perturbed Kasner exponents, and thus potentially the

nonlinear analogues of T −pi+pj
∗ , are given. In the other direction, one has to understand how we

can generate the correct such operators in evolution.

The nonlinear terms in the evolution equations

If one can resolve the previous issues (which already play a role in studying linearized gravity around

perturbations of Kasner), it remains to control the ‘semilinear’ nonlinear terms in the evolution

equations (7.1.4)–(7.1.9). For instance, there are the N (g−1, ∂g) terms appearing in (7.1.7), and

terms involving the shift vector Xi.

Given our time-dependent frequency decomposition, this would involve an extremely careful

analysis of the different types of interaction (i.e. high-high, high-low, and low-low) both in terms of

regularity and in terms of behaviour in t. Similarly, one would have to understand the interaction

of commutator terms that arise, including commutation with the suggested microlocal operator T∗.



Chapter 8

Scattering towards the singularity in

Kasner: The wave equation

In Chapter 8, we prove Theorem 1.6.2, stated in Section 1.6.

8.1 Overview of the proof

We illustrate several ideas involved in the proofs of Theorem 1.6.2, many of which will also apply in

our later proof of Theorem 7.3.1. For now, we restrict attention to the isotropic Kasner spacetime

with pI = 1
D for I = 1, . . . , D, and mention only briefly the differences in the anisotropic case.

We also rescale time in such a way that (1.6.1)–(1.6.2) can be rewritten as the following first order

hyperbolic system, where ∆ = (g−1
Euc)

ij∂i∂j is the standard Laplacian on TD.

t∂tϕ = ψ, t∂tψ = t2∆ϕ. (8.1.1)

Our linear scattering results will always follow upon decomposing our PDEs in frequency space

using Fourier series, and performing ODE analysis for each Fourier mode. Taking the Fourier

decomposition of (8.1.1), we have for |λ|2 =
∑D

i=1 λ
2
i the system

t∂tϕλ = ψλ, t∂tψλ = −|λ|2ϕλ. (8.1.2)

Remarkably, (8.1.2) can be solved explicitly. This is because (8.1.2) is Bessel’s equation (of order

0) written in first order form. Using [54] as a reference regarding Bessel’s equation and the Bessel

functions Jν and Yν , solutions to (8.1.2) can be written as the following linear combinations of

Bessel functions:

ϕλ = cJ(λ)J0(|λ|t) + cY (λ)Y0(|λ|t), ψλ = −cJ(λ)(|λ|t)J1(|λ|t)− cY (λ)(|λ|t)Y1(|λ|t). (8.1.3)

293
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In particular, the asymptotics of Bessel functions in [54, Chapter 10.7] imply the following behaviour

for ϕλ and ψλ in the regimes |λ|t→ 0 and |λ|t→ +∞.

ϕλ(t) =


2
π cY (λ) log(|λ|t) + cJ(λ) + · · · as |λ|t→ 0,√

2
π|λ|t

(
cJ(λ) cos

(
|λ|t− π

4

)
+ cY (λ) sin

(
|λ|t− π

4

))
+ · · · as |λ|t→ +∞,

ψλ(t) =


2
π cY (λ) + · · · as |λ|t→ 0,√

2|λ|t
π

(
−cJ(λ) sin

(
|λ|t− π

4

)
+ cY (λ) cos

(
|λ|t− π

4

))
+ · · · as |λ|t→ +∞.

One may read off from these asymptotics that as t→ 0, we expect an expansion ϕ = ψ∞ log t+

φ∞ + · · · as in Theorem 1.6.1, and moreover that the Fourier coefficients of ψ∞ and φ∞ can be

read off from the coefficients cJ(λ) and cY (λ). Using the characterization of Sobolev spaces Hs in

Fourier space, we may then translate these asymptotics into statements about Sobolev regularity:

1. Having ϕ(1, ·) ∈ Hs+1 and ψ(1, ·) ∈ Hs is equivalent to the sum
∑

λ |λ|2s+1(|cJ(λ)|2 + |cY (λ)|2)
being finite. This is due to the powers of |λ|t arising in the |λ|t→ ∞ regime.

2. At t = 0, we observe that (ψ∞)λ = 2
π cY (λ) and (φ∞)λ = cJ(λ) − 2

π cY (λ) log |λ| = cJ(λ) −
(ψ∞)λ log |λ|. Therefore, the sum

∑
λ |λ|2s+1(|cJ(λ)|2+ |cY (λ)|2) being finite is equivalent to ψ∞

and the modified φ∞ + (log |∇|)ψ∞ being in Hs+ 1
2 .

Combining these two observations yields the scattering result of Theorem 1.6.2, at least after detailed

analysis of the error terms in the Bessel asymptotics.

However, since we wish to generalize to anisotropic Kasner spacetimes, and also to the study

of the linearized Einstein–scalar field system, it is desirable to find a method more robust than

using the explicit Bessel functions. That is, we wish to capture Bessel-like asymptotics in both

the |λ|t → +∞ and the |λ|t → 0 regimes, which we denote the high-frequency and low-frequency

regimes respectively.

It turns out we can achieve this via energy estimates for each Fourier mode (ϕλ, ψλ). In our two

regimes, we shall require two different energy estimates, which we explain as follows:

1. In the high-frequency regime |λ|t≫ 1, we use a high-frequency energy which is given by

Eλ,high(t) =
ψ2
λ

|λ|t
+
ψλϕλ
|λ|t

+
ϕ2λ
2|λ|t

+ |λ|tϕ2λ.

Using (8.1.2), a computation involving crucial top order cancellations yields that for some C > 0,

|t∂tEλ,high(t)| ≤ C(λt)−2Eλ,high(t).

Therefore, Grönwall’s inequality implies that for a fixed Fourier mode λ ∈ ZD \ {0}, the high-

frequency energy remains well controlled in the region |λ|t ≥ 1.
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2. In the low-frequency regime |λ|t≪ 1, we first define φ̃λ = ϕλ − ψλ log(|λ|t) so that ϕλ = φ̃(|λ|t)
exactly when |λ|t = 1. We then use a low-frequency energy quantity which is simply

Eλ,low(t) = ψ2
λ + φ̃2

λ.

This is uniformly equivalent to the high-frequency energy Eλ,high(t) at the transitional time

t = |λ|−1, and one may show from the system (8.1.2) that

|t∂tEλ,low(t)| ≤ C(λt)2(1 + | log(λt)|2)Eλ,low(t).

Therefore, Grönwall’s inequality implies that for a fixed Fourier mode λ ∈ ZD \ {0}, the low-

frequency energy remains well controlled in the region 0 < |λ|t ≤ 1.

Combining these two energy estimates and translating into a Sobolev regularity statement yields

a proof of Theorem 1.6.2. Furthermore, this energy method is robust and may be applied more

widely. In particular, it can be generalized to apply to the linearized Einstein equations in Chapter 9.

More imminently, it will also apply to anisotropic Kasner spacetimes. We highlight some of the

additional difficulties in that case. For the scalar wave, the most prominent new issue is that one

must tailor the high-frequency energy in a way that sees the anisotropy. This is done by introducing

frequency-dependent coefficients ζ = ζλ(t) into the definition of Eλ,high, see already Lemma 8.2.1

and Definition 8.3.1.

8.2 Fourier decomposition and preliminary lemmas

We now begin the full proof of Theorem 1.6.2, concerning scattering between Cauchy data and

asymptotic data for solutions of the scalar wave equation in a non-degenerate Kasner spacetime

(MKas, gKas). As outlined in Section 8.1, the proof relies on a detailed ODE analysis for each

Fourier mode (ϕλ, ψλ), λ ∈ Zd.
Projecting the first order system (1.6.1)–(1.6.2) onto each Fourier mode λ ∈ ZD, we find the

following first order system of ODEs for the Fourier coefficients ϕλ and ψλ.

t∂tϕλ = ψλ, (8.2.1)

t∂tψλ = −τ2ϕλ, . (8.2.2)

Here the expression τ2 = τ2λ(t) is the following function1 of λ ∈ ZD and t > 0.

τ2 =
D∑
i=1

t2−2piλ2i . (8.2.3)

1When clear from context, we often denote τ without its subscript τλ, primarily to shorten the exposition, and also

to make it clear that τλ is not a Fourier coefficient. Similarly for ζ and ζλ.
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Our aim is to find energy estimates for ϕλ, ψλ and φλ = ϕλ − ψλ log t which are uniform

in frequency λ ∈ ZD. The energies appearing in such energy estimates will often feature τ and

derivatives thereof, and thus much of our analysis boils down to understanding properties of τ . We

often appeal to the following two lemmas:

Lemma 8.2.1. For λ ∈ ZD \ {0}, let ζ = ζλ(t) be the following logarithmic ∂t-derivative of τ :

ζ = ζλ(t) :=

(
t
d

dt
log τ

)−1

=
τ

t
·
(
dτ

dt

)
. (8.2.4)

Then the following upper and lower bounds for ζ = ζλ(t) hold, uniformly in λ ∈ ZD \ {0} and t > 0:

min
1≤i≤D

1

1− pi
≤ ζλ(t) ≤ max

1≤i≤D

1

1− pi
. (8.2.5)

Furthermore, ζλ(t) is nonincreasing in t, and one has the integral estimate∫ 1

0
|ζ ′λ(s)| ds ≤ max

1≤i≤D

1

1− pi
− min

1≤i≤D

1

1− pi
. (8.2.6)

Proof. We differentiate the expression (8.2.3) for τ with respect to t. This yields

2tτ · dτ
dt

=
D∑
i=1

(2− 2pi)t
2−2piλ2i .

We then use the definition (8.2.4) and rearrange to find

ζ(t) =
2τ2∑D

i=1(2− 2pi)t2−2piλ2i
=

2
∑D

i=1 t
2−2piλ2i∑D

i=1(2− 2pi)t2−2piλ2i
.

For λ ∈ ZD \ {0}, at least one summand appearing in both the numerator and denominator is

positive, and from this the bounds (8.2.5) are immediate.

We now show that ζ(t) is nonincreasing. Using the above, we compute the following logarithmic

derivative

t
d

dt
log(ζ(t)) =

∑D
i=1(2− 2pi)t

2−2piλ2i∑D
i=1 t

2−2piλ2i
−
∑D

i=1(2− 2pi)
2t2−2piλ2i∑D

i=1(2− 2pi)t2−2piλ2i

=

(∑D
i=1(2− 2pi)t

2−2piλ2i

)2
−
(∑D

i=1 t
2−2piλ2i

)(∑D
i=1(2− 2pi)

2t2−2piλ2i

)
(∑D

i=1 t
2−2piλ2i

)(∑D
i=1(2− 2pi)t2−2piλ2i

) .

The result now follows from the Cauchy-Schwarz inequality in RD, i.e. that(∑D
i=1x

2
i

)(∑D
i=1yi

)2
≥
(∑D

i=1xiyi

)2
,

with xi = t1−piλi and yi = (1 − pi)t
1−piλi. This shows that the numerator above is nonpositive,

and thus that ζ(t) is nonincreasing. This monotonicity and the upper and lower bounds (8.2.5) for

ζ(t) immediately yields (8.2.6).
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We use Lemma 8.2.1, particularly (8.2.5), to estimate integrals involving powers of τ .

Lemma 8.2.2. As in Definition 1.6.1, for each λ ∈ ZD\{0}, let tλ∗ ∈ (0, 1] be such that τ2λ(tλ∗) = 1.

Then for α > 0, we have the following integral estimate corresponding to τ ≥ 1:∫ 1

tλ∗

τ−α(s)
ds

s
≲ α−1. (8.2.7)

One also has the following integral estimate corresponding to τ ≤ 1. For 0 < t ≤ tλ∗,∫ t

0
τ2(s)

(
1 + log

(
tλ∗
s

)2
)
ds

s
≲ τ2(t)

(
1 + log

(
tλ∗
t

)2
)

≲ 1. (8.2.8)

Proof. The key to these integral estimates is that we may perform a change of variables t 7→ τ , and

that
dt

t
= ζ

dτ

τ
.

For instance, for (8.2.7), upon applying this change of variables the upper bound in (8.2.5) yields∫ 1

tλ∗

τ−α(s)
ds

s
≤
∫ +∞

1
τ−α ζ

dτ

τ
≤ α−1 · max

1≤i≤D

1

1− pi
.

For (8.2.8) we start by expressing log
(
tλ∗
t

)
in terms of τ . Using the same change of variables, we

find

log

(
tλ∗
t

)
=

∫ tλ∗

t

dt

t
=

∫ 1

τ(t)
ζ
dτ

τ
.

Using again the upper and lower bounds (8.2.5) on ζ(t), we thus have that for 0 < t ≤ tλ∗,

log

(
tλ∗
t

)
≍ log τ−1. (8.2.9)

Therefore, the integral in (8.2.8) is estimated as follows.∫ t

0
τ2(s)

(
1 + log

(
tλ∗
s

)2
)
ds

s
≲
∫ τ(t)

0
τ2
(
1 + (log τ−1)2

) dτ
τ

≲ τ2
(
1 + (log τ−1)2

)
.

The estimate (8.2.8) then follows from using (8.2.9) again and that τ2
(
1 + (log τ−1)2

)
≲ 1 for

τ ≤ 1.

8.3 The high-frequency energy estimate

We commence the study of the first order ODE system (8.2.1)–(8.2.2) for λ ∈ ZD \ {0}. In the

high-frequency regime τ = τλ(t) ≥ 1, we make use of the following energy quantity.
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Definition 8.3.1. The high-frequency energy quantity Eλ,high(t), used for λ ∈ ZD\{0} and τλ(t) ≥ 1,

is given by

Eλ,high(t) = ζ2
ψ2
λ

τ
+ ζ

ψλϕλ
τ

+
ϕ2λ
2τ

+ ζ2τϕ2λ. (8.3.1)

The bounds for ζ = ζλ(t) obtained in Lemma 8.2.1 immediately yield the following coercivity of

the energy, which will be especially useful to compare Eλ,high(·) to Sobolev norms at Σ1.

Corollary 8.3.1. One has that uniformly in frequency λ ∈ ZD \ {0} and t ≥ tλ∗,

Eλ,high(t) ≍
ψ2
λ(t)

⟨τ(t)⟩
+ ⟨τ(t)⟩ϕ2λ(t).

In particular, at t = 1 one has Eλ,high(1) ≍ ⟨λ⟩−1ψ2
λ(1) + ⟨λ⟩ϕ2λ(1).

The main result of the current section is the following high-frequency energy estimate.

Proposition 8.3.2. Let (ϕλ(t), ψλ(t)) be a solution to (8.2.1)–(8.2.2). Then the ∂t-derivative of the

high-frequency energy quantity obeys the following bound, uniformly in λ ∈ ZD \ {0} and t ≥ tλ∗:∣∣∣∣t ddtEλ,high(t)
∣∣∣∣ ≲ (t|ζ ′(t)|+ 1

τ2

)
Eλ,high(t). (8.3.2)

There exists some Chigh > 0, depending only on the background Kasner spacetime, such that for

λ ∈ ZD \ {0} and tλ∗ ≤ t ≤ 1, one has

C−1
highEλ,high(t) ≤ Eλ,high(1) ≤ Chigh Eλ,high(t). (8.3.3)

Proof. We take the t ddt derivative of each expression appearing in (8.3.1), using the equations (8.2.1)–

(8.2.2) as well as t ddtτ = ζ−1τ . Isolating the terms where the derivative hits ζ(t), one has

t
d

dt
Eλ,high = ζ2

2ψλ(−τ2ϕλ)
τ

− ζ
ψ2
λ

τ
(8.3.4a)

+ ζ
ϕλ(−τ2ϕλ)

τ
+ ζ

ψ2
λ

τ
− ψλϕλ

τ
(8.3.4b)

+
ϕλψλ
τ

− ζ−1ϕ
2
λ

2τ
(8.3.4c)

+ 2ζ2τϕλψλ + ζτϕ2λ (8.3.4d)

+ tζ ′(t)

(
2ζ
ψ2
λ

τ
+
ψλϕλ
τ

+ 2ζτϕ2λ

)
. (8.3.4e)

We shall exploit crucial cancellations in the above expression. We see that

• The first term in (8.3.4a) cancels the first term in (8.3.4d).

• The second term in (8.3.4a) cancels the second term in (8.3.4b).
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• The first term in (8.3.4b) cancels the second term in (8.3.4d).

• The third term in (8.3.4b) cancels the first term in (8.3.4c).

Upon applying these cancellations, we are left with the following:

t
d

dt
Eλ,high = −ζ−1ϕ

2
λ

2τ
+ (8.3.4e).

The proof of the derivative bound (8.3.2) then follows straightforwardly, after applying Corol-

lary 8.3.1 and the upper and lower bounds on ζ(t) from (8.2.5).

We shall deduce (8.3.3) by applying Grönwall argument to (8.3.2). For any tλ∗ ≤ t1 ≤ t2 ≤ 1

and C the implied constant in (8.3.2), Grönwall’s inequality yields that

Eλ,high(t2) ≤ exp

(
C

∫ t2

t1

|ζ ′(t)| dt+ C

∫ t2

t1

τ−2(t)
dt

t

)
Eλ,high(t1).

In fact, by applying Grönwall in the opposite direction, the reverse inequality also holds:

Eλ,high(t1) ≤ exp

(
C

∫ t2

t1

|ζ ′(t)| dt+ C

∫ t2

t1

τ−2(t)
dt

t

)
Eλ,high(t2).

Now, from Lemmas 8.2.1 and 8.2.2, the exponent

C

∫ t2

t1

|ζ ′(t)| dt+ C

∫ t2

t1

τ−2(t)
dt

t
≤ C

∫ 1

tλ∗

|ζ ′(t)| dt+ C

∫ 1

tλ∗

τ−2(t)
dt

t

is bounded, uniformly in λ ∈ ZD \ {0}. The energy estimate (8.3.3) then follows upon taking

t2 = 1.

8.4 The low-frequency energy estimates

In the low-frequency regime where τ = τλ(t) ≤ 1, we need to use a different energy estimate. Since

ϕλ(t) generally blows up as t→ 0, we first introduce a renormalized scalar field:

φ̃λ(t) = ϕλ(t)− ψλ(t) log

(
t

tλ∗

)
. (8.4.1)

Note that φ̃λ(t) is chosen to coincide with ϕλ(t) exactly at t = tλ∗, and differs from the (Fourier

coefficients) of the quantity φ(t) defined in (1.6.6) by a frequency dependent object. Nevertheless,

it will be the correct renormalized quantity for our energy estimates. We use the following low-

frequency energy quantity.

Definition 8.4.1. The low-frequency energy quantity Eλ,low(t), used for λ ∈ ZD \ {0} and 0 <

τλ(t) ≤ 1, is given by

Eλ,low(t) = ψ2
λ + φ̃2

λ. (8.4.2)
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Using Corollary 8.3.1, the low-frequency energy quantity is such that Eλ,low(tλ∗) ≍ Eλ,high(tλ∗).
The main result of this section is the following low-frequency energy estimate.

Proposition 8.4.1. Let (ϕλ(t), ψλ(t)) be a solution to (8.2.1)–(8.2.2). Then the ∂t-derivative of the

low-frequency energy quantity obeys the following bound, uniformly in λ ∈ ZD \{0} and 0 < t ≤ tλ∗:∣∣∣∣t ddtEλ,low(t)
∣∣∣∣ ≲ τ2

(
1 + log

(
tλ∗
t

)2
)
Eλ,low(t). (8.4.3)

There exists some Clow > 0, depending only on the background Kasner spacetime, such that for

λ ∈ ZD \ {0} and 0 < t ≤ tλ∗, one has

C−1
lowEλ,low(t) ≤ Eλ,low(tλ∗) ≤ Clow Eλ,low(t). (8.4.4)

Proof. In the low-frequency regime, our fundamental quantities are now ψλ(t) and φ̃λ(t). We start

by deriving appropriate evolution equations for these quantities. From (8.2.1)–(8.2.2) and (8.4.2)

above we have

t∂tψλ = −τ2φ̃λ + τ2 log

(
tλ∗
t

)
ψλ, (8.4.5)

t∂tφ̃λ = −τ2 log
(
tλ∗
t

)
φ̃λ + τ2 log

(
tλ∗
t

)2

ψλ. (8.4.6)

From these equations, we easily compute

t
d

dt
Eλ,low(t) = 2τ2 log

(
tλ∗
t

)
ψ2
λ + 2τ2

(
log

(
tλ∗
t

2
)
− 1

)
ψλφ̃λ − 2τ2 log

(
tλ∗
t

)
φ̃2
λ.

Therefore the derivative bound (8.4.3) is immediate.

The energy estimate (8.4.4) follows as in the proof of Proposition 8.3.2. Letting C be the implied

constant in (8.4.3), Grönwall’s inequality tells us that for any 0 < t1 ≤ t2 ≤ tλ∗, we have

Eλ,low(t2) ≤ exp

(
C

∫ t2

t1

τ2(t)

(
1 + log

(
tλ∗
t

)2
)
dt

t

)
Eλ,low(t1),

Eλ,low(t1) ≤ exp

(
C

∫ t2

t1

τ2(t)

(
1 + log

(
tλ∗
t

)2
)
dt

t

)
Eλ,low(t2).

By Lemma 8.2.2, the integral in the exponent is bounded, uniformly in λ ∈ ZD \ {0} and 0 < t1 ≤
t2 ≤ tλ∗. This completes the proof of the energy estimate.

In order to justify the existence of the scattering states (ψ∞, φ̃∞), one must also show that

the functions ψλ(t) and φ̃λ(t) attain a limit as t → 0. Furthermore, for the purpose of asymptotic

completeness we need to show that we can prescribe the limits (ψ∞)λ and (φ̃∞)λ to launch a solution

to the ODEs. This is achieved in the following proposition.
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Proposition 8.4.2. For some fixed λ ∈ ZD\{0}, and Clow > 0 as in Proposition 8.4.1, the following

hold.

(i) Let (ϕλ(t), ψλ(t)) be a solution to the system (8.2.1)–(8.2.2) for 0 < t ≤ tλ∗. Then there exist

real numbers (ψ∞)λ and (φ̃∞)λ such that ψλ(t) and φ̃λ(t) attain these as limits as t → 0, at

the following rate

|ψλ(t)− (ψ∞)λ|+ |φ̃λ(t)− (φ̃∞)λ| ≲ τ2

(
1 + log

(
tλ∗
t

)2
)
E1/2
λ,low(tλ∗) ≲ τ E1/2

λ,low(tλ∗). (8.4.7)

Furthermore, one has that (ψ∞)2λ + (φ̃∞)2λ ≤ Clow Eλ,low(tλ∗).

(ii) Conversely, let (ψ∞)λ and (φ̃∞)λ be any real numbers. Then there exists a unique solution to

(ϕλ(t), ψλ(t)) to the system (8.2.1)–(8.2.2) for 0 < t ≤ tλ∗ such that ψλ(t) and φ̃λ(t) obey the

asymptotics (8.4.7).

For this solution, one has that Eλ,low(tλ∗) ≤ Clow
(
(ψ∞)2λ + (φ̃∞)2λ

)
.

Proof. We first prove (i). By Proposition 8.4.1, we have that the low-frequency energy Eλ,low(t) is

uniformly bounded for 0 < t ≤ tλ∗ by its value at t = tλ∗. Therefore, one sees from the equations

(8.4.5)–(8.4.6) that the following derivative bounds hold:∣∣∣∣t ddtψλ(t)
∣∣∣∣+ ∣∣∣∣t ddtφ̃λ(t)

∣∣∣∣ ≲ τ2

(
1 + log

(
tλ∗
t

)2
)
E1/2
λ,low(tλ∗).

This derivative estimate, along with Lemma 8.2.2, shows that ∂tψλ(t) and ∂tφ̃λ(t) are integrable

towards t = 0. Therefore the limits (ψ∞)λ and (φ̃∞)λ exist, and moreover satisfy the bounds (8.4.7).

The final estimate (ψ∞)2λ + (φ̃∞)2λ ≤ Clow Eλ,low(tλ∗) follows from the upper bound in (8.4.4) and

taking the limit t→ 0.

For the converse statement (ii), we require a local existence statement for the ODE system

(8.4.5)–(8.4.6) given initial data at t = 0. Since these ODEs are singular at t = 0, we cannot apply

the usual Picard–Lindelöf theorem. Nonetheless, local existence follows, using the Fuchsian theory

of first-order ODEs in Lemma E.0.1.

We apply Lemma E.0.1(ii) with V = (ψλ, φ̃λ) and A = 0. The derivative bounds above imply

that we can apply this lemma, with initial data v = ((ψ∞)λ, (φ̃∞)λ), and thereby generate a local

solution (ψλ(t), φ̃λ(t)) to these ODEs such that (ψλ(t), φ̃λ(t)) → ((ψ∞)λ, (φ̃∞)λ) as t→ 0, and that

this solution is the unique solution attaining the desired limit.

Since (8.4.5)–(8.4.6) are regular for t > 0 are linear in (ψλ, φ̃λ), we may extend the solution to

0 < t ≤ tλ∗, indeed one may extend to the whole spacetime t > 0. The asymptotics (8.4.7) follow

as in (i), and the final estimate Eλ,low(tλ∗) ≤ Clow
(
(ψ∞)2λ + (φ̃∞)2λ

)
follows from the lower bound

in (8.4.4)
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8.5 Construction of the scattering isomorphism

We now complete the proof of Theorem 1.6.2 using our energy estimates in Sections 8.3 and 8.4.

We shall first assume smoothness for the solution (ψ(t), ϕ(t)) and derive a priori estimates relating

Sobolev spaces defined at Σ1 and Sobolev spaces defined at the t = 0 singularity. From these a

priori estimates, the density of smooth functions in Hs(TD) may be used recover the full scattering

theory.

There are two directions for our scattering theory. First we show that in Section 8.5.1 that

smooth Cauchy data (ϕC , ψC) at Σ1 gives rise to a smooth solution to (1.6.1)–(1.6.2) for t > 0,

achieving suitable (smooth) asymptotics at t = 0 with Sobolev bounds, and conversely that one

may prescribe smooth asymptotic data (ϕ∞, φ∞) at t = 0 which launches a smooth solution to

(1.6.1)–(1.6.2) in the same region, and whose restriction to Σ1 is smooth and satisfies good Sobolev

bounds.

Before proceeding, note that our results in Sections 8.3 and 8.4 do not apply to the zero frequency

λ = 0, since τ(t) defined in (8.2.3) vanishes. However, the projection of (1.6.1)–(1.6.2) on zero

frequency is trivial, as evident from the following lemma.

Lemma 8.5.1. Let (ϕ(t), ψ(t)) be a solution of the equations (1.6.1)–(1.6.2). Then defining φ(t)

as in (1.6.6), the 0-frequency Fourier coefficients ψ0(t) and φ0(t) are constant, in particular for all

t > 0:

ψ0(t) = ψ0(1), φ0(t) = φ0(1) = ϕ0(1). (8.5.1)

Proof. This is immediate from (1.6.1) and (1.6.2) in the case that λ = 0, since in this case τ0(t) = 0

also.

8.5.1 From Cauchy data to asymptotic data

Proposition 8.5.2. Let ϕC and ψC be smooth functions on TD. Then there exists a unique smooth

solution (ϕ(t), ψ(t)) to the system (1.6.1)–(1.6.2) achieving the initial data in the sense

ϕ(1, ·) = ϕC(·), ψ(1, ·) = ψC(·).

Moreover, there exist smooth functions ψ∞, φ∞ ∈ C∞(TD) such that for any s ∈ R and φ(t) as

in (1.6.6), the following (strong) convergence holds:

ψ(t) → ψ∞ in Hs(TD), φ(t) → φ∞ in Hs(TD) as t→ 0. (8.5.2)

Finally, for the symbol log(T∗) defined in Definition 1.6.1, one has

∥ψ∞∥2
Hs+1

2
+ ∥φ∞ + (log T∗)ψ∞∥2

Hs+1
2
≲ ∥ϕC∥2Hs+1 + ∥ψC∥2Hs . (8.5.3)
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Proof. The existence and uniqueness of a smooth solution (ϕ(t), ψ(t)) for t > 0, which attains

the initial data ϕ(1, ·) = ϕC(·), ψ(1, ·) = ψC(·), follows from standard theory for first-order linear

hyperbolic systems. We then take the Fourier decomposition.

Since ϕC and ψC are smooth, it follows from the definition of the high-frequency energy quantity

(8.3.1) and Corollary 8.3.1 that the energy quantities and Sobolev norms can be related in the

following way:

ϕ20 + ψ2
0 +

∑
λ∈ZD\{0}

⟨λ⟩2s+1Eλ,high(1)

≲
∑
λ∈ZD

(
⟨λ⟩2s+2ϕ2λ(t) + ⟨λ⟩2sψ2

λ(t)
)
= ∥ϕC∥2Hs+1 + ∥ψC∥2Hs . (8.5.4)

The next step is to produce the functions ψ∞ and φ∞. For this, we consider the Fourier coeffi-

cients ϕλ(t) and ψλ(t), which evolve according to (8.2.1)–(8.2.2) when λ ̸= 0. By Proposition 8.3.2

and Corollary 8.3.1, we know that for tλ∗ ≤ t < 1, one has

ψ2
λ(t)

τλ(t)
+ τλ(t)ϕ

2
λ(t) ≲ Eλ,high(1). (8.5.5)

Combining this with Proposition 8.4.1 and the fact that Eλ,high(tλ∗)) ≍ Eλ,low(tλ∗), we find that

for 0 < t < tλ∗, one has

ψ2
λ(t) + φ̃2

λ(t) ≲ Eλ,high(1). (8.5.6)

Here φ̃λ(t) is defined in (8.4.2), and is related to Fourier coefficients of φ(t) via φ̃λ(t) = φλ(t) +

ψλ(t) log tλ∗.

Recall now that Proposition 8.4.2(i) asserts the existence of limiting coefficients (ψ∞)λ and

(φ̃∞)λ such that ψλ(t) → (ψ∞)λ and φλ(t) + ψλ(t) log tλ∗ = φ̃λ(t) → (φ̃∞)λ as t → 0. Recalling

also Lemma 8.5.1, we thus define the functions ψ∞ and φ∞ as follows:

ψ∞(x) = ψ0(1) +
∑

λ∈ZD\{0}

(ψ∞)λ e
iλ·x,

φ∞(x) = φ0(1) +
∑

λ∈ZD\{0}

((φ̃∞)λ − (ψ∞)λ log tλ∗) e
iλ·x.

(8.5.7)

Note that by definition, the function φ̃∞(x) = φ∞(x) + (log T∗)ψ∞(x) has Fourier decomposition

φ̃∞(x) = φ0(1) +
∑

λ∈ZD\{0}

(φ̃∞)λ e
iλ·x. (8.5.8)

We next prove the regularity of ψ∞ and φ∞. For any s ∈ R, letting t→ 0 in (8.5.6), multiplying
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by ⟨λ⟩2s+1 and summing over λ ∈ ZD yieldsψ2
0(1) +

∑
λ∈ZD\{0}

⟨λ⟩2s+1(ψ∞)2λ

+

φ2
0(1) +

∑
λ∈ZD\{0}

⟨λ⟩2s+1(φ̃∞)2λ


≲ ϕ20(1) + ψ2

0(1) +
∑

λ∈ZD\{0}

⟨λ⟩2s+1Eλ,high(1).

By (8.5.4), this tells us that ψ∞ and φ̃∞ = φ∞ + (log T∗)ψ∞ are both in Hs+ 1
2 , and in fact (8.5.3)

holds. Since this is true for all s ∈ R, and log T∗ : Hs+ 1
2 → Hs is bounded for every s ∈ R (see

Lemma D.0.1), we have that ψ∞ and φ∞ are smooth, as required.

The final step is to show the convergence (8.5.2). We write the Hs-norm of ψ(t) − ψ∞ in the

following manner:

∥ψ(t)− ψ∞∥2Hs =
∑

λ∈ZD\{0}
τλ(t)>1

⟨λ⟩2s |ψλ(t)− (ψ∞)λ|2 +
∑

λ∈ZD\{0}
τλ(t)≤1

⟨λ⟩2s |ψλ(t)− (ψ∞)λ|2 .

We estimate the first sum on the right hand side by expanding crudely and using (8.5.5), while for

the second sum we use Proposition 8.4.2, particularly the estimate (8.4.7). We find the following:

∥ψ(t)− ψ∞∥2Hs ≲
∑

λ∈ZD\{0}
τλ(t)>1

(
τλ(t)⟨λ⟩2sEλ,high(1) + ⟨λ⟩2s(ψ∞)2λ

)
+

∑
λ∈ZD\{0}
τλ(t)≤1

τ2λ(t)⟨λ⟩2sEλ,low(tλ∗).

Using again Propositions 8.3.2 and 8.4.1 to deduce Eλ,low(tλ∗) ≲ Eλ,high(1) ≲ ⟨λ⟩−1(ψC)
2
λ +

⟨λ⟩(ϕC)2λ, as well as the fact that τλ(t) ≤ ⟨λ⟩t1−p for p = max{pi}, we therefore have that

∥ψ(t)− ψ∞∥2Hs ≲ t1−p
(
∥ϕC∥2Hs+1 + ∥ψC∥2Hs

)
+

∑
λ∈ZD\{0}
τλ(t)>1

⟨λ⟩2s(ψ∞)2λ. (8.5.9)

Since we have ψ∞ ∈ Hs and min{|λ| : τλ(t) < 1} → ∞ as t→ 0, we conclude that ψ∞(t) → ψ∞ in

Hs as t→ 0.

The convergence of φ(t) is more complicated due to the additional log factors. Nevertheless, a

similar but slightly more involved computation will yield that

∥φ(t)− φ∞∥2Hs ≲
∑

λ∈ZD\{0}
τλ(t)>1

(
τλ(t)(1 + (log t−1)2)⟨λ⟩2sEλ,high(1) + ⟨λ⟩2s(φ∞)2λ

)
+

∑
λ∈ZD\{0}
τλ(t)≤1

τ2λ(t)(1 + (log t−1
λ∗ )

2)⟨λ⟩2sEλ,low(tλ∗).

Using the additional fact (8.2.9), one may show that when τλ(t) ≤ 1, one has τλ(1 + (log t−1
λ∗ )

2) ≲

(1 + (log t−1)2). Therefore the analogue of (8.5.9) is that

∥φ(t)− φ∞∥2Hs ≲ t1−p (1 + (log t−1)2)
(
∥ϕC∥2Hs+1 + ∥ψC∥2Hs

)
+

∑
λ∈ZD\{0}
τλ(t)>1

⟨λ⟩2s(φ∞)2λ. (8.5.10)
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Since φ∞ also lies in Hs, the right hand side converges to 0 as t → 0. This concludes the proof of

the proposition.

8.5.2 From asymptotic data to Cauchy data

Proposition 8.5.3. Let ψ∞ and φ∞ be smooth functions on TD. Then there exists a unique smooth

solution (ϕ(t), ψ(t)) to the system (1.6.1)–(1.6.2) for t > 0, which achieves the asymptotic data in

the sense that for any s ∈ R, one has the (strong) convergence:

ψ(t) → ψ∞ in Hs(TD), φ(t) → φ∞ in Hs(TD) as t→ 0. (8.5.11)

Moreover, for any s ∈ R one has the following bound between Sobolev spaces:

∥ϕ(1, ·)∥2Hs+1 + ∥ψ(1, ·)∥2Hs ≲ ∥ψ∞∥2
Hs+1

2
+ ∥φ∞ + (log T∗)ψ∞∥2

Hs+1
2
. (8.5.12)

Proof. For existence, we first decompose (ψ∞, φ∞) into their Fourier modes, and define also for

λ ̸= 0,

(φ̃∞)λ = (φ∞)λ + (ψ∞)λ log tλ∗.

By definition of the Sobolev norm and the operator log T∗, one has

(ψ∞)20 + (φ∞)20 +
∑

λ∈ZD\{0}

⟨λ⟩2s+1
(
(ψ∞)2λ + (φ̃∞)2λ

)
= ∥ψ∞∥2

Hs+1
2
+ ∥φ∞ + (log T∗)ψ∞∥2

Hs+1
2
.

(8.5.13)

We now appeal to Proposition 8.4.2(ii), which states that for all λ ∈ ZD\{0}, we can find a unique

solution to the ODE system (8.4.5)–(8.4.6) which achieves the limits (ψ∞)λ and (φ̃∞)λ as t → 0,

at the rate (8.4.7). Transforming back to (ϕλ(t), ψλ(t)), we can find a solution to (8.2.1)–(8.2.2) in

the whole domain t > 0. Furthermore, Propositions 8.4.1 and 8.4.2 imply that for λ ∈ ZD \ {0} and

0 < t ≤ tλ∗, one has

Eλ,low(t) ≲ (ψ∞)2λ + (φ̃∞)2λ. (8.5.14)

Combining this with Proposition 8.3.2, Corollary 8.3.1 and that Eλ,high(tλ∗) ≍ Eλ,low(tλ∗), one

has for tλ∗ ≤ t ≤ 1 the estimate

ψ2
λ(t)

τλ(t)
+ τλ(t)ϕ

2
λ(t) ≲ (ψ∞)2λ + (φ̃∞)2λ. (8.5.15)

We now define our solution (ϕ(t), ψ(t)) to the equations (1.6.1)–(1.6.2) as the sum.

ϕ(t, x) = (φ∞)0 +
∑

λ∈ZD\{0}

ϕλ(t)e
iλ·x, ψ(t, x) = (ψ∞)0 +

∑
λ∈ZD\{0}

ψλ(t)e
iλ·x. (8.5.16)
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Let us verify the smoothness of (ϕ(t), ψ(t)) at t = 1. Using (8.5.15),(8.5.13) and τλ(1) ≍ ⟨λ⟩, we

get

(φ∞)20 +
∑

λ∈ZD\{0}

⟨λ⟩2s+2ϕ2λ(1) + (ψ∞)20 +
∑

λ∈ZD\{0}

⟨λ⟩2sψ2
λ(1)

≲ ∥ψ∞∥2
Hs+1

2
+ ∥φ∞ + (log T∗)ψ∞∥2

Hs+1
2
.

Therefore ϕ(1, ·) ∈ Hs+1, ψ(1, ·) ∈ Hs, and the estimate (8.5.12) holds. Since this is true for all

s ∈ R, these functions are smooth. Furthermore, since the Fourier modes (ϕλ(t), ψλ(t)) satisfy the

ODEs (8.2.1)–(8.2.2) for λ ̸= 0, and we may appeal to Lemma 8.5.1 for the zero mode, (ϕ(t), ψ(t))

is a smooth solution to the first order system (1.6.1)–(1.6.2), as required.

By the construction of (ϕ(t), ψ(t)) and the proof of Proposition 8.5.3, ψ(t) and φ(t) also obey

the asymptotics (8.5.11). Finally, the fact that (ϕ(t), ψ(t)) is the unique smooth solution to (1.6.1)–

(1.6.2) obeying these asymptotics follows by studying each Fourier mode for ϕλ(t), ψλ(t) and ap-

pealing to the uniqueness statement in Proposition 8.4.2 for λ ∈ ZD \ {0}, and Lemma 8.5.1 for

λ = 0.

8.5.3 Completion of the proof of Theorem 1.6.2

All that remains is to extend Proposition 8.5.2 and Proposition 8.5.3 to the setting where the

functions ϕ(t) and ψ(t) have finite regularity. For the sake of completeness, we provide the standard

density argument here:

(i) (Existence of the scattering operator) By Proposition 8.5.2, we are already done in the case

that (ϕC , ψC) are smooth. Now, for s > D
2 + 1 suppose instead that (ϕC , ψC) ∈ Hs+1 ×Hs.

By the density of smooth functions in Sobolev spaces, there exist smooth functions (ϕ(n)C , ψ
(n)
C )

such that

(ϕ
(n)
C , ψ

(n)
C ) → (ϕC , ψC) in Hs+1 ×Hs as n→ ∞.

Applying Proposition 8.5.2 to each of (ϕ
(n)
C , ψ

(n)
C ), we construct a sequence of solutions

(ϕ(n)(t), ϕ(n)(t)) to the system (1.6.1)–(1.6.2) and a sequence of functions (ψ
(n)
∞ , φ

(n)
∞ ) such

that

∥ψ(n)
∞ ∥2

Hs+1
2
+ ∥φ(n)

∞ − (log T∗)ψ(n)
∞ ∥2

Hs+1
2
≲ ∥ϕ(n)C ∥2Hs+1 + ∥ψ(n)

C ∥2Hs ,

and we have the (strong convergence)

ψ(n)(t) → ψ(n)
∞ in Hs, φ(n)(t) → φ(n)

∞ in Hs as t→ 0.

Furthermore, since (1.6.1)–(1.6.2) is linear we also have the difference estimates of the type

∥ψ(n)
∞ − ψ(m)

∞ ∥2
Hs+1

2
+ ∥(φ(n)

∞ − (log T∗)ψ(n)
∞ )− (φ(m)

∞ − (log T∗)ψ(m)
∞ )∥2

Hs+1
2

≲ ∥ϕ(n)C − ϕ
(m)
C ∥2Hs+1 + ∥ψ(n)

C − ψ
(m)
C ∥2Hs .
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Therefore, by construction of the sequence (ϕ
(n)
C , ψ

(n)
C ), it is clear we can obtain (ψ∞, φ∞) such

that (ψ
(n)
∞ , φ

(n)
∞ ) → (ψ∞, φ∞) in the space Hs

∞ defined in (1.6.10), and by similar difference

estimates applied to the proof of Proposition 8.5.2 we obtain a limiting solution

(ϕ(t), ψ(t)) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

which attain the asymptotics (1.6.7). Since s > D
2 + 1, Sobolev embedding implies that

Hs−1 ⊂ C0 and therefore this solution is classical.

(ii) (Asymptotic completeness) By Proposition 8.5.3, we are done in the case that (ψ∞, φ∞) are

smooth. If instead we only have (ψ∞, φ∞) with regularity as in (1.6.8), i.e. we have (ψ∞, φ∞) ∈
Hs

∞, then first pick a sequence (ψ
(n)
∞ , φ

(n)
∞ ) of smooth functions such that

(ψ(n)
∞ , φ(n)

∞ ) → (ψ∞, φ∞) in Hs
∞ as n→ ∞.

Now apply Proposition 8.5.3 to each of (ψ(n)
∞ , φ

(n)
∞ ). We obtain a sequence (ϕ(n)(t), ψ(n)(t)) of

solutions of (1.6.1)–(1.6.2) which moreover obey the difference estimate

∥ϕ(n)(1, ·)− ϕ(m)(1, ·)∥2Hs+1 + ∥ψ(n)(1, ·)− ψ(m)(1, ·)∥2Hs ≲ ∥(ψ(n)
∞ − ψ(m)

∞ , φ(n)
∞ − φ(m)

∞ )∥2Hs
∞
.

Therefore, by construction of the sequence (ϕ
(n)
∞ , ψ

(n)
∞ ), we construct firstly a limit

(ϕ(n)(1, ·), ψ(n)(1, ·)) → (ϕ(1, ·), ψ(1, ·)) in the space Hs
C = Hs+1 ×Hs, and then by applying

(i) again, we get a limiting solution (ϕ(t), ψ(t)) to the system (1.6.1)–(1.6.2) as desired.

(iii) (Scattering isomorphism) By Proposition 8.5.2 and Proposition 8.5.3, we know that the two

maps

S↓ : (ϕC , ψC) 7→ (ψ∞, φ∞) from (i),

S↑ : (ψ∞, φ∞) 7→ (ϕ(1, ·), ψ(1, ·)) from (ii),

upon restriction to the space of smooth functions, are well-defined and are such that both

S↓ ◦ S↑ and S↑ ◦ S↓ are the identity map. Furthermore, the bounds (8.5.3) and (8.5.12),

together with the density of C∞(TD)2 in both the Hilbert spaces H∞
C and Hs

∞, imply that

these maps may indeed be extended to be Hilbert space isomorphisms, as required.



Chapter 9

Scattering towards the singularity in

Kasner: Linearised gravity

In Chapter 9, we prove Theorem 7.3.1, which we stated in Section 7.3 after setting up the appropriate

notation in Chapter 7. We encourage readers to familiarize themselves with the notation set up in

this chapter before moving to the proof.

9.1 Overview

We highlight some new aspects of the proof, building upon the proof outlined for the case of

scattering for the wave equation in Section 8.1. The key new ideas will be evident if we focus only

on the linearized metric perturbations; for this purpose, we write the linearized Einstein equations

(in the isotropic Kasner – as in Section 8.1 – and with a rescaled time variable) in the following

schematic form, where η and κ are our main dynamical variables:

t∂tη = κ+ ν+ ∂χ, t∂tκ = t2∆η+ t2∂2 ∗ η+ ν+ ∂χ. (9.1.1)

There are three major differences from the case of the scalar wave equation. Firstly, η and κ are

(1, 1)-tensors rather than scalars. In particular, we see terms of the kind t2∂2∗η, which schematically

represent linear combinations of contractions of the derivatives and the tensor indices.

Secondly, the equations (9.1.1) are coupled to an elliptic equation for ν, which is schematically

(1− t2∆)ν = t2∂2 ∗ η. (9.1.2)

Finally, we see another variable χ, which corresponds to a gauge choice (see Section 7.2.1). We single

out two such gauge choices: one choice is we set χ = 0, or alternatively we may choose a gauge,

called the CMCSH gauge (see Definition 7.1.3), such that χ will also solve an elliptic equation of

the schematic form

t2∆∂χ = t2∂2 ∗ η. (9.1.3)
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The benefit is that in CMCSH gauge, the term t2∂2 ∗ η in (9.1.1) vanishes. Thus in CMCSH gauge

(9.1.1), coupled to (9.1.2)–(9.1.3), can be viewed as a first-order elliptic-hyperbolic system.

Let us now see how the high- and low-frequency energy estimates apply to this system.

1. At high-frequencies |λ|t≫ 1, we wish to use a similar looking energy of the form

Eλ,high(t) =
|κλ|2g
|λ|t

+
⟨κλ,ηλ⟩g

|λ|t
+

|ηλ|2g
2|λ|t

+ |λ|t · |ηλ|2g.

Here the norm | · |2g and the inner product ⟨·, ·⟩g indicate one needs a metric to define norms

on tensors. As in the wave equation case, we require crucial top order cancellations in order to

obtain a good high-frequency energy estimate. In order to achieve the same cancellations in this

case, it is essential that we use the CMCSH gauge, in order to remove the top order term t2∂2 ∗η
in (9.1.1).

In this gauge, we get the desired top order cancellations from the η and κ terms. However, we

still need to control the contributions from ν and ∂χ. The elliptic equation (9.1.2) suggests that

in the |λt| ≥ 1 regime, νλ is of the same size as ηλ, and thus the ν appearing in the first equation

in (9.1.1) seems to produce a top order contribution not conducive to using Grönwall towards

t = 0.

Fortunately, the Hamiltonian constraint means that we may rewrite the elliptic equation in a

different schematic form, namely (1− t2∆)ν = κ. For |λ|t ≥ 1, this tells us that ν is of the same

size as (|λ|t)−2κ, which in our definition of Eλ,high(t) behaves better than η, and allows us to

Grönwall terms involving ν.

Similar considerations apply for ∂χ. Though the elliptic equation (9.1.3) suggests ∂χ is of the

same size as η, upon taking the derivative t∂tEλ,high(t), we can apply the CMCSH gauge condition

and the momentum constraint to close the energy estimate.

2. At low-frequencies |λ|t ≪ 1, we first define a quantity akin to φ̃ from the wave equation case

which remains bounded as t → 0. In the isotropic case, it will suffice to take Υ̃ = η − κ log(λt)
(in the anisotropic setting renormalized quantities are as in (7.2.24)). We employ an energy of

the type

Eλ,low(t) = |κλ|2g∗ + |Υ̃λ|2g∗ .

Note that we use a different norm | · |2g∗ to emphasize that different metrics are used to quantify

tensorial objects in the high-frequency and the low-frequency estimates.

Ignoring this subtlety for now, we consider how the different terms in (9.1.1) affect our low-

frequency energy estimates. It seems that ∂χ will be extremely problematic. This is since if one

uses CMCSH gauge and the elliptic equation (9.1.3), we expect ∂χ to have the same size as η.

However, since it is not η but instead Υ̃ that is bounded, a term of order η really has a term of

order κ log(|λ|t), even in the isotropic case. Therefore this term is not even bounded as |λ|t→ 0.
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We resolve this by using a different gauge, namely the gauge where χ ≡ 0, called CMCTC in

Definition 7.1.3. Of course, this means that the term t2∂2 ∗ η in (9.1.1) will return. Fortunately,

the low-frequency energy estimate did not require top order cancellations for the main terms

involving κ and η, and thus the term t2∂2 ∗ η, which goes to 0 as |λ|t→ 0, is of no issue.

For terms involving ν, from (9.1.2), we see ν is also of order t2∂2 ∗η and presents no further issue

in the energy estimates. Thus at least in the isotropic case, we can derive the same estimate

t∂tEλ,low(t) ≤ C(|λ|t)2(1 + | log(λt)|2), and thereby close the argument.

Translating into statements about Sobolev spaces, we can recover a scattering result for the

linearized Einstein equations. Note that different gauges are used in the high-frequency and low-

frequency regimes; this is exactly the reason that we must allow a change of gauge (associated to a

vector field ξj) in Theorem 7.3.1.

In the case that the background metric is anisotropic, another difficulty is associated to the

tensorial norms | · |g and | · |g∗ introduced in the high-frequency and low-frequency energies above.

In order to close the estimates, | · |g must be associated to the time-dependent metric g̊ij(t), where

g̊ij represents the background Kasner metric. On the other hand | · |g∗ is associated to the metric

g̊ij(tλ∗) where tλ∗ is as in Definition 1.6.1. This is the source of the symbols T −pi+pj
∗ appearing in

Theorem 7.3.1.

Yet another difficulty arises from the fact that our renormalized quantity Υ̃ is not just

η − κ log(|λ|t), but a more complicated expression involving powers of t. Therefore, the low-

frequency energy estimate involves carefully tracking the powers of t that arise, in order to en-

sure that ∂tEλ,low(t) is integrable towards t = 0; this is exactly where we require the subcriticality

condition (1.2.11). This concludes our expository discussion of the proof.

9.2 Fourier decomposition of linearized Einstein–scalar field

The proof of the scattering results will involve a Fourier decomposition and detailed ODE analysis

for each Fourier mode. For this purpose, we will project the whole linearized Einstein–scalar field

system of Proposition 7.2.2 onto the Fourier mode corresponding to λ ∈ ZD, as below.

Proposition 9.2.1 (Linearized Einstein–scalar field in Fourier space). For λ ∈ ZD, suppose that

((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ, ξ

j
λ) is the projection of a solution to the linearized Einstein–scalar field

system (7.2.6)–(7.2.20) onto the λ-Fourier mode.

Our solutions will always be CMC in the sense that trκ = 0, and we say that the λ-Fourier mode

is (linearly) spatially harmonic if the following holds (again the hat denotes CMCSH):

2λj(η̂λ)
j
i = λi tr η̂λ. (9.2.1)

As before, we demarcate the occasions when we assume the CMCSH gauge (9.2.1) using a hat. Then

the projected variables ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ, ξ

j
λ) obey the following equations.
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1. The metric variables ((ηλ)
j
i , (κλ)

j
i ) obey the evolution equations:

t∂t(ηλ)
j
i = (κλ)

j
i + (2t̊k j

p )(ηλ)
p
i − (2t̊k p

i )(ηλ)
j
p + (t̊k j

i )νλ +
i

2
λiχ

j
λ +

i

2
g̊ipg̊

jqλqχ
p
λ, (9.2.2)

t∂t(κλ)
j
i = t2 (}Ricλ)

j

i [ηλ] + t2g̊jkλiλkνλ − (t̊k j
i )νλ − i(t̊k j

a )λiχ
a
λ + i(t̊k a

i )λaχ
j
λ. (9.2.3)

Here, the expression (}Ricλ)[ηλ] is defined by

t2}Ric
j

i [(ηλ)] := −τ2(ηλ) ji − t2g̊jaλiλa(trηλ) + t2g̊abλiλb(ηλ)
j
a + t2g̊jaλaλb(ηλ)

b
i . (9.2.4)

In particular, if (η̂λ)
j
i satisfies the spatially harmonic condition (7.2.5), then

t2(}Ricλ)
j

i [η̂λ] = −τ2(η̂λ) ji . (9.2.5)

2. The matter variables (ϕλ,ψλ) obey

t∂tϕλ = ψλ + pϕνλ, (9.2.6)

t∂tψλ = −τ2ϕλ − pϕνλ. (9.2.7)

3. The linearized lapse νλ obeys the elliptic equation(
1 + τ2

)
νλ = 2τ2(trηλ)− 2t2g̃abλiλa(ηλ)

i
b . (9.2.8)

If (η̂λ)
j
i moreover satisfies the spatially harmonic condition (7.2.5), this equation simplifies to(

1 + τ2
)
νλ = τ2(tr η̂λ). (9.2.9)

Furthermore, if (9.2.1) holds we have an additional elliptic equation for the shift:

τ2χjλ = it2g̊ijλiνλ + 2it2g̊ij(t̊k k
i )λkνλ + 4it2g̊pq(t̊k i

p )λq(η̂λ)
j
i

− 2it2g̊ijλi[t̊k
a
b (η̂λ)

b
a + 2pϕϕλ]. (9.2.10)

4. As well as the linearized CMC condition trκλ = 0, the following constraints are satisfied:

2τ2(trηλ)− 2t2g̊abλiλa(ηλ)
i
b + 2t̊k a

b (κλ)
b
a + 4pϕψλ = 0. (9.2.11)

λj(κλ)
j
i + λi[t̊k

a
b (ηλ)

b
a + 2pϕϕλ]− t̊k j

i λj(trηλ) = 0. (9.2.12)

g̊abλa(κλ)
c
b + g̊cdλd[t̊k

a
b (ηλ)

b
a + 2pϕϕλ]− 2̊gab t̊k d

b λa(ηλ)
c
d = 0. (9.2.13)

As mentioned the solution is in CMCSH gauge if (9.2.1) is also satisfied. In this case, (9.2.11)

simplifies to

τ2(tr η̂λ) + 2t̊k a
b (κ̂λ)

b
a + 4pϕψλ = 0. (9.2.14)
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5. Finally, there are linearized symmetry conditions for η j
i and κ ji , which are also propagated:

g̊ab(ηλ)
c
b = g̊cb(ηλ)

a
b , (9.2.15)

g̊ab
(
(κλ)

c
b − 2t̊k d

b (ηλ)
c
d

)
= g̊cb

(
(κλ)

a
b − 2t̊k d

b (ηλ)
a
d

)
. (9.2.16)

Proof. The proof follows immediately simply by replacing any spatial derivative ∂i appearing in the

systen (7.2.6)–(7.2.20) by the symbol −iλi, and simplifying accordingly.

It is also possible to translate Lemma 7.2.3, Lemma 7.2.5 and Lemma 7.2.6 into frequency space.

To keep things brief, of these we only write the Fourier projections of the asymptotic constraints

(7.2.27)–(7.2.31).

Lemma 9.2.2. Let ((κ∞) ji , (Υ̃∞)
j

i ,ψ∞, φ̃∞) be as in Lemma 7.2.5, for some T > 0.

Then for λ > 0, the following asymptotic constraints hold between the λ-Fourier projections

(((κ∞)λ)
j
i , ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ):

t̊k a
b ((κ∞)λ)

b
a + 2pϕ(ψ∞)λ = 0, (9.2.17)

λj((κ∞)λ)
j
i + λi[t̊k

a
b ((Υ̃∞)λ)

b

a + 2pϕ(φ̃∞)λ]− t̊k j
i λj(tr Υ̃∞)λ = 0, (9.2.18)

g̊ab(T )λa((κ∞)λ)
c
b + g̊cd(T )λd[t̊k

a
b ((Υ̃∞)λ)

b

a + 2pϕ(φ̃∞)λ]− 2̊gab(T ) t̊k d
b λa((Υ̃∞)λ)

c

d = 0,

(9.2.19)

g̊ab(T )((Υ̃∞)λ)
c

b = g̊cb(T )((Υ̃∞)λ)
a

b , (9.2.20)

g̊ab(T )
(
((κ∞)λ)

c
b − 2t̊k d

b ((Υ̃∞)λ)
c

d

)
= g̊cb(T )

(
((κ∞)λ)

a
b − 2t̊k d

b ((Υ̃∞)λ)
a

d

)
. (9.2.21)

Proof. Again just replace ∂i by −iλi in Lemma 7.2.5.

9.3 The high-frequency energy estimate

In this section, we derive a high-frequency energy estimate similar to that of Proposition 8.3.2, for

the Fourier modes of the linearized Einstein–scalar field system given in Proposition 9.2.1. The

high-frequency energy estimates of this section will always use the CMCSH gauge, in particular the

condition (9.2.1), and we make this clear by denoting η̂ j
i and κ̂ ji with a hat.

9.3.1 The high-frequency energy quantity

Definition 9.3.1. The geometric high-frequency energy quantity Eλ,η,high(t), used for λ ∈ ZD \ {0}
and τλ(t) ≥ 1 large, is given by the following:

Eλ,η,high(t) :=
ζ2

τ
(κ̂λ)

j
i (κ̂λ)

i
j +

ζ

τ
(κ̂λ)

j
i (η̂λ)

i
j +

(
1

2τ
+ ζ2τ

)
(η̂λ)

j
i (η̂λ)

i
j . (9.3.1)
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We also define the matter high-frequency energy quantity Eλ,ϕ,high(t) as follows:

Eλ,ϕ,high(t) :=
ζ2

τ
ψ2
λ +

ζ

τ
ψλϕλ +

(
1

2τ
+ ζ2τ

)
ϕ2
λ. (9.3.2)

Finally, define the total high-frequency energy quantity as the sum Eλ,high(t) := Eλ,η,high(t) +
Eλ,ϕ,high(t).

Remark. Since κ̂ ji is not self-adjoint with respect to g̊ij(t), it is not clear a priori that Eλ,η̂,high(t) is

positive definite. The following lemma shows that Eλ,high(t) is still uniformly coercive, as required for

the energy estimates, at least for τλ(t) ≥ τ̊ , where τ̊ ≥ 1 is a constant independent of λ ∈ ZD \ {0}.

Lemma 9.3.1. For Eλ,η,high(t) as defined in (9.3.1), and suppose that (η̂λ)
j
i , (κ̂λ)

j
i satisfy the

symmetry properties (9.2.15)–(9.2.16). Then there exists some τ̊ ≥ 1, depending only on the Kasner

exponents pi, such that for τ(t) = τλ(t) ≥ τ̊ , one has the following energy coercivity, uniformly in

λ ∈ ZD \ {0}:

Eλ,η,high(t) ≍
1

⟨τ⟩
g̊ac(t)̊gbd(t) (κ̂λ)

b
a (κ̂λ)

d
c + ⟨τ ⟩̊gac(t)̊gbd(t) (η̂λ) b

a (η̂λ)
d
c . (9.3.3)

Similarly, for Eλ,ϕ,high(t), one has the following energy coercivity, uniformly in λ ∈ ZD \ {0} and

τλ(t) ≥ τ̊ :

Eλ,ϕ,high(t) ≍
1

⟨τ⟩
ψ2
λ + ⟨τ⟩ϕ2

λ. (9.3.4)

Proof. Using the (Fourier projections) of the symmetry constraints (7.2.19)–(7.2.20), one may in-

stead write the geometric high-frequency energy quantity Eλ,η,high as:

Eλ,η,high(t) =
ζ2

τ
g̊abg̊cd(κ̂λ)

c
a (κ̂λ)

d
b +

(
1

2τ
+ ζ2τ

)
g̊abg̊cd(η̂λ)

c
a (η̂λ)

d
b

+
ζ

τ

[̊
gabg̊cd + ζ g̊abg̊ce(2t̊k

e
d )− ζ g̊aeg̊cd(2t̊k

b
e )
]
(κ̂λ)

c
a (η̂λ)

d
b .

Using that t̊k j
i is simply the diagonal matrix −piδ ji , we thus have

Eλ,η,high(t) =
D∑

i,j=1

g̊iig̊jj

[
ζ2

τ

(
(κ̂λ)

j
i

)2
+

(
1

2τ
+ ζ2τ

)(
(η̂λ)

j
i

)2
+
ζ

τ

(
1 + (2pi − 2pj)ζ

) (
(κ̂λ)

j
i

)(
(η̂λ)

j
i

)]
.

Using Young’s inequality, and the upper bound for ζ in (8.2.5), we find that there exists some

τ̊ ≥ 1 such that for τ ≥ τ0, we have the inequality:

ζ2

2τ

(
(κ̂λ)

j
i

)2
+

1

2
ζ2τ

(
(η̂λ)

j
i

)2
≥
∣∣∣∣ζτ (1 + (2pi − 2pj)ζ

) (
(κ̂λ)

j
i

)(
(η̂λ)

j
i

)∣∣∣∣ .
Combining all these inequalities as well as (8.2.5) then gives the lower bound in (9.3.3). (We use

also that τ ≍ ⟨τ⟩ for λ ̸= 0.) The upper bound in (8.2.5) is more straightforward, as is the coercivity

(9.3.4) for Eλ,ϕ,high(t).
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The aim of this section will be to prove the following high-frequency energy estimate. As we see

shortly, the energy estimate in Proposition 9.3.2 will follow by summing two derivative estimates

for Eλ,η,high(t) and Eλ,ϕ,high(t) which will be obtained in Proposition 9.3.7 and Proposition 9.3.6

respectively.

Proposition 9.3.2. Let ((η̂λ)
j
i , (κ̂λ)

j
i ,ϕλ,ψλ,νλ,χ

j
λ) be a solution to the linearized Einstein–scalar

field system (9.2.2)–(9.2.16) in CMCSH gauge. Then the ∂t-derivative of the total high-frequency

energy quantity obeys the following bound, uniformly in λ ∈ ZD \ {0} and τλ(t) ≥ τ̊ :∣∣∣∣t ddtEλ,high(t)
∣∣∣∣ ≲ (t|ζ ′(t)|+ 1

τ

)
Eλ,high(t). (9.3.5)

There exists some C̊high, depending only on the background Kasner spacetime, such that for λ ∈
ZD \ {0} obeying1 τλ(1) ≥ τ̊ , it is true for any t with τλ(t) ≥ τ̊ that

C̊−1
highEλ,high(t) ≤ Eλ,high(1) ≤ C̊high Eλ,high(t). (9.3.6)

Proof (assuming Propositions 9.3.6 and 9.3.7). The derivative estimate (9.3.5) will follow from

summing (9.3.9) and (9.3.11) from Propositions 9.3.6 and 9.3.7 respectively. We deduce (9.3.6)

using a Grönwall argument similar to that of the proof of Proposition 8.3.3. By Lemmas 8.2.1 and

8.2.2 (in particular (8.2.7) with α = 1), we have∫ 1

tλ∗

(
s|ζ ′(s)|+ 1

τ(s)

)
ds

s
≲ 1.

Therefore, applying Grönwall’s inequality to (9.3.5), in both the forwards and backwards direc-

tions, yields that there exists some C̊high > 0 such that for any t1, t2 with τ̊ ≤ τ(t1) ≤ τ(t2) ≤ τ(1),

one has

C̊−1
highEλ,high(t1) ≤ Eλ,high(t2) ≤ C̊high Eλ,high(t1).

To deduce (9.3.6), simply set t2 = 1.

The remainder of Section 9.3 is dedicated to the Propositions 9.3.6 and 9.3.7.

9.3.2 The g̊-norm and elliptic estimates

For our energy estimates, due to the coercivity in Lemma 9.3.1, it will simplify the exposition

somewhat to define an inner product on (constant-valued) tensors adapted to the Cauchy slices

(Σt, g̊ij(t)).
1τ2

λ(1) = ⟨λ⟩2 is greater than τ̊2 for sufficiently large |λ|. For smaller λ see the mid-frequency energy estimate of

Section 9.4.4.
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Definition 9.3.2. Let α = α pq···r
ij···k be a (constant complex valued) tensor on Σt. We define the

g̊-norm, | · |̊g, of α as follows:

|α|2g̊ = |α pq···r
ij···k |2g̊ := g̊i1i2 · · · g̊k1k2 g̊p1p2 · · · g̊r1r2 α

p1q1···r1
i1j1···k1 α

p2q2···r2
i2j2···k2 ,

where g̊ij = g̊ij(t) and its inverse g̊ij have t-dependence as in (Kas). If α is a scalar, then |α|̊g = |α|.

The following lemma is standard from the theory of tensors in inner product spaces.

Lemma 9.3.3. Let α = α
pq···r

ij···k and β = β st···u
lm···n be (constant) tensors on Σt. We define the

tensor product α⊗ β and the contraction trα as the tensors:

(α⊗ β) pq···rst...u
ij···klm···n = α pq···r

ij···k β st···u
lm···n , (trα) q···r

j···k = α aq···r
aj···k .

Then the following inequalities hold regarding the g̊-norms:

|α⊗ β|̊g ≤ |α|̊g|β|̊g, | trα|̊g ≤
√
D|α|̊g.

On the other hand, this next lemma follows from the definition (8.2.3) of τ :

Lemma 9.3.4. Consider λi as a covector in Σt. Then the g̊-norms of λi and t̊k j
i are as follows:

|λi |̊g =
τ

t
, |t̊k j

i |̊g =

(
D∑
i=1

p2i

)1/2

≤ 1.

The g̊-norm notation will prove useful in following elliptic estimates for tr η̂λ, νλ and χjλ.

Proposition 9.3.5. For λ ∈ ZD \ {0} and τ(t) ≥ τ̊ , the following bounds hold for tr η̂λ and νλ.

| tr η̂λ|+ |νλ| ≲
1

τ
3
2

E1/2
λ,high(t). (9.3.7)

For the shift χjλ, we have the following:

|χjλ |̊g ≲
t

τ
3
2

E1/2
λ,high(t). (9.3.8)

Proof. We start with the tr η̂λ estimate, for which we use the linearized Hamiltonian constraint

(9.2.11). To illustrate how we use the g̊-norm estimates above, one applies the linearized CMCSH

gauge (9.2.1) and rewrites this equation tensorially as

τ2(tr η̂λ) = −2 tr
(
t̊k ⊗ κ̂λ

)
− 4pϕψλ.

Therefore, upon application of Lemmas 9.3.3 and 9.3.4 one has

τ2| tr η̂λ| = τ2| tr η̂λ |̊g ≲ |κ̂λ |̊g + |ψλ |̊g.
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By the definition of the g̊-norm and the energy coercivity in Lemma 9.3.1, one has |κ̂|̊g + |ψ|̊g| ≲
τ

1
2E1/2

λ,high(t) for τ ≥ τ̊ , thus the bound | tr η̂λ| ≲ τ−
3
2E1/2

λ,high(t) follows.

The same estimate for |νλ| follows from the elliptic equation for the lapse (9.2.8); in the τ ≥ τ̊

regime this equation tells us that |νλ| ≤ | tr η̂λ|. This completes the proof of (9.3.7).

For (9.3.8), we write (7.2.14) in the tensorial form.

τ2χjλ = t2g̊ij
[
iλi + 2i(t̊k ⊗ λ)i

]
νλ + 4t2g̊pq(iλ)q(t̊k ⊗ η̂λ)

j

p

− 2t2g̊ij(iλ)i ·
[
tr
(
t̊k ⊗ η̂λ

)
+ 2pϕϕλ

]
.

Using Lemmas 9.3.3 and 9.3.4, we therefore find that

τ2|χjλ |̊g ≲ τt (|νλ|+ |η̂λ |̊g + |ϕλ|) .

Using (9.3.7) to estimate |νλ| and Lemma 9.3.1 to get |η̂λ |̊g + |ψλ| ≲ τ−
1
2E1/2

λ,high, the bound (9.3.8)

follows. This completes the high-frequency elliptic estimates.

9.3.3 Estimates for the matter terms

Here, we prove the high-frequency energy estimate for the matter, which is analogous to the proof

of Proposition 8.3.2, except for an argument to deal with the lapse νλ.

Proposition 9.3.6. For ((η̂λ)
j
i , (κ̂λ)

j
i ,ϕλ,ψλ,νλ,χλ) as in Proposition 9.3.2, the following deriva-

tive estimate holds for Eλ,ϕ,high(t), uniformly in λ ∈ ZD and τ(t) ≥ τ̊ :∣∣∣∣t ddtEλ,ϕ,high(t)
∣∣∣∣ ≲ (t|ζ ′(t)|+ 1

τ

)
Eλ,high(t). (9.3.9)

Proof. Following the proof of Proposition 8.3.2, we compute t ddtEλ,ϕ,high using (9.2.2)–(9.2.16) as

follows:

t
d

dt
Eλ,ϕ,high = ζ2

2ψλ(−τ2ϕλ)
τ

− ζ2pϕ
2ψλνλ
τ

− ζ
ψ2
λ

τ
(9.3.10a)

+ ζ
ϕλ(−τ2ϕλ)

τ
+ ζ

ψ2
λ

τ
+ ζpϕ

(ψλ − ϕλ)νλ
τ

− ψλϕλ
τ

(9.3.10b)

+
ϕλψλ
τ

+ pϕ
ϕλνλ
τ

− ζ−1ϕ
2
λ

2τ
(9.3.10c)

+ 2ζ2τϕλψλ + 2ζ2pϕτϕλνλ + ζτϕ2
λ (9.3.10d)

+ tζ ′(t)

(
2ζ
ψ2
λ

τ
+
ψλϕλ
τ

+ 2ζτϕ2
λ

)
. (9.3.10e)

We now exploit the same cancellations as in the proof of Proposition 8.3.2. The difference is

that we now have some additional terms related to the linearized lapse νλ. After the cancellations,

one has

t
d

dt
Eλ,high = −ζ−1ϕ

2
λ

2τ
+ (9.3.10e) + Eν, |Eν| ≲

|ψλνλ|
τ

+ τ |ϕλνλ|.
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As before, it is straightforward to bound (9.3.10e) by t|ζ ′(t)|Eλ,high, while Proposition 9.3.5 and

Lemma 9.3.1 allow us to estimate the final term Eν by

|Eν| ≲
1

τ

(
ψ2
λ

τ
+ τϕ2

λ

)
+ τ2ν2λ ≲

1

τ
Eλ,high.

Combining all of these, we deduce the derivative estimate (9.3.9).

9.3.4 Estimates for the metric terms

Next, we prove the high frequency energy estimate for the metric quantities (η̂ j
i , κ̂

j
i ), which is similar

to Proposition 9.3.2 but crucially uses the CMCSH gauge and cancellations due to symmetry via

(9.2.15)–(9.2.16).

Proposition 9.3.7. For ((η̂λ)
j
i , (κ̂λ)

j
i ,ϕλ,ψλ,νλ,χλ) as in Proposition 9.3.2, the following deriva-

tive estimate holds for Eλ,η,high(t), uniformly in λ ∈ ZD and τ(t) ≥ τ̊ :∣∣∣∣t ddtEλ,η,high(t)
∣∣∣∣ ≲ (t|ζ ′(t)|+ 1

τ

)
Eλ,high(t). (9.3.11)

Proof. Using the system (9.2.2)–(9.2.16), we calculate the derivative t ddtEλ,η,high as follows, where

we group separately the main terms involving ((η̂λ)
j
i , (κ̂λ)

j
i ), the terms involving the lapse νλ and

the shift χjλ, and finally the terms where the derivative falls on ζ.

t
d

dt
Eλ,η,high =

2ζ2

τ
(κ̂λ)

i
j (−τ

2(η̂λ)
j
i )−

ζ

τ
(κ̂λ)

i
j (κ̂λ)

j
i (9.3.12a)

+
2ζ2

τ
(κ̂λ)

i
j

[
t2g̊jkλiλk − t̊k j

i

]
νλ +

2ζ2

τ
(κ̂λ)

i
j

[
−i(t̊k j

a )λiχ
a
λ + i(t̊k a

i )λaχ
j
λ

]
(9.3.12b)

+
ζ

τ
(η̂λ)

i
j (−τ

2(η̂λ)
j
i )−

1

τ
(κ̂λ)

i
j (η̂λ)

j
i (9.3.12c)

+
ζ

τ
(η̂λ)

i
j

[
t2g̊jkλiλk − t̊k j

i

]
νλ +

ζ

τ
(η̂λ)

i
j

[
−i(t̊k j

a )λiχ
a
λ + i(t̊k a

i )λaχ
j
λ

]
(9.3.12d)

+
ζ

τ
(κ̂λ)

i
j (κ̂λ)

j
i +

ζ

τ
(κ̂λ)

i
j

[
(2t̊k j

p )(η̂λ)
p
i − (2t̊k p

i )(η̂λ)
j
p

]
(9.3.12e)

+
ζ

τ
(κ̂λ)

i
j (t̊k

j
i )νλ +

ζ

τ
(κ̂λ)

i
j

[
i

2
λiχ

j
λ +

i

2
g̊ipg̊

jqλqχ
p
λ

]
(9.3.12f)

+

(
1

τ
+ 2ζ2τ

)
(η̂λ)

i
j (κ̂λ)

j
i +

(
1

τ
+ 2ζ2τ

)
(η̂λ)

i
j

[
(2t̊k j

p )(η̂λ)
p
i − (2t̊k p

i )(η̂λ)
j
p

]
(9.3.12g)

+

(
− 1

2ζτ
+ ζτ

)
(η̂λ)

i
j (η̂λ)

j
i (9.3.12h)

+

(
1

τ
+ 2ζ2τ

)
(η̂λ)

i
j (t̊k

j
i )νλ +

(
1

τ
+ 2ζ2τ

)
(η̂λ)

i
j

[
i

2
λiχ

j
λ +

i

2
g̊ipg̊

jqλqχ
p
λ

]
(9.3.12i)

+ tζ ′
[
2ζ

τ
(κ̂λ)

i
j (κ̂λ)

j
i +

1

τ
(κ̂λ)

i
j (η̂λ)

j
i + 2ζτ(η̂λ)

i
j (η̂λ)

j
i

]
. (9.3.12j)
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The terms (9.3.12a), (9.3.12c), (9.3.12e), (9.3.12g) and (9.3.12h) are what we deem the main

terms. They feature the following crucial cancellations:

• The first term in (9.3.12a) cancels the part of the first term in (9.3.12g) featuring 2ζ2τ .

• The second term in (9.3.12a) cancels the first term in (9.3.12e).

• The first term in (9.3.12c) cancels the part of (9.3.12h) featuring 2ζ2τ .

• The second term in (9.3.12c) cancels the part of the first term in (9.3.12g) featuring 1
τ .

• We leave the remaining term in (9.3.12e) alone, while we notice upon relabelling indices, the

remaining term in (9.3.12g) cancels itself. In other words,

(η̂λ)
i
j

[
(2t̊k j

p )(η̂λ)
p
i − (2t̊k p

i )(η̂λ)
j
p

]
= tr

(
η̂λ · 2t̊k · η̂λ

)
− tr

(
2t̊k · η̂λ · η̂λ

)
= 0

Upon realizing these cancellations, we rewrite the sum of the main terms as follows:

(9.3.12a) + (9.3.12c) + (9.3.12e) + (9.3.12g) + (9.3.12h)

= − 1

2ζτ
(η̂λ)

i
j (η̂λ)

j
i +

ζ

τ
(κ̂λ)

i
j

[
(2t̊k j

p )(η̂λ)
p
i − (2t̊k p

i )(η̂λ)
j
p

]
and hence using Lemmas 9.3.3 and 9.3.4 as well as the energy coercivity in Lemma 9.3.1, one has

|(9.3.12a) + (9.3.12c) + (9.3.12e) + (9.3.12g) + (9.3.12h)| ≲ 1

τ
Eλ,η,high. (9.3.13)

We now move onto the terms (9.3.12b), (9.3.12d), (9.3.12f) and (9.3.12i), which are the terms

involving the lapse and the shift. In order to estimate these terms, we will have to use the linearized

momentum constraint (9.2.12) as well as the linearized CMCSH gauge condition (9.2.1).

• We start with the first term of (9.3.12b). Using the linearized momentum constraint (9.2.12),

1

τ
(κ̂λ)

i
j t

2g̊jkλiλkνλ = −τ [t̊k a
b (η̂λ)

b
a + 2pϕϕλ]νλ +

1

τ
t2g̊jk(t̊k j

i )λjλk(tr η̂λ)νλ.

We can now estimate this using Lemmas 9.3.3, 9.3.4 and the elliptic estimates in Proposi-

tion 9.3.5. The result is the following:∣∣∣∣2ζ2τ (κ̂λ)
i
j t

2g̊jkλiλkνλ

∣∣∣∣ ≲ τ · (|(η̂λ) ji |̊g + |ϕ|) · |νλ| ≲
1

τ
Eλ,high.

The remaining terms of (9.3.12b) can be estimated immediately using the g̊-norm and the

elliptic estimates of Proposition 9.3.5. As an illustrative example, we have∣∣∣∣2ζ2τ (κ̂λ)
i
j i(t̊k

j
a )λiχ

a
λ

∣∣∣∣ ≲ 1

τ
· |(κ̂λ) ji |̊g · |λi |̊g · |χ

j
λ |̊g ≲

1

τ
Eλ,high.

At the end, we find the estimate |(9.3.12b)| ≲ 1
τ Eλ,high.
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• The expressions (9.3.12d) and (9.3.12f) can be estimated immediately using the g̊-norm lemmas

and Proposition 9.3.5. Omitting the details, one finds that

|(9.3.12d)|+ |(9.3.12f)| ≲ 1

τ
Eλ,high.

• The first term in (9.3.12i) can be estimated immediately using∣∣∣∣(1

τ
+ 2ζ2τ

)
(η̂λ)

i
j (t̊k

j
i )νλ

∣∣∣∣ ≲ τ · |(η̂λ) ji |̊g · |νλ| ≲
1

τ
Eλ,high.

For the second term in (9.3.12i), we use the symmetry property (9.2.15) and the linearized

CMCSH condition (9.2.1) to rewrite this term as(
1

τ
+ 2ζ2τ

)
(η̂λ)

i
j

[
i

2
λiχ

j
λ +

i

2
g̊ipg̊

jqλqχ
p
λ

]
=

(
1

τ
+ 2ζ2τ

)
i

2
λj(tr η̂λ)χ

j
λ.

The insight is that from (9.3.7), the trace tr η̂λ, behaves better than |(η̂λ) ji |̊g, indeed∣∣∣∣(1

τ
+ 2ζ2τ

)
i

2
λj(tr η̂λ)χ

j
λ

∣∣∣∣ ≲ τ · |λi |̊g · |χjλ |̊g · | tr η̂λ| ≲
1

τ
Eλ,high.

The conclusion is that |(9.3.12i)| ≲ 1
τ Eλ,high.

Combining all of the above, we estimate the lapse and shift terms using

|(9.3.12b) + (9.3.12d) + (9.3.12f) + (9.3.12i) ≲
1

τ
Eλ,high. (9.3.14)

Finally, the final term (9.3.12j) is estimated trivially using the bounds (8.2.5) and Lemma 9.3.1:

|(9.3.12i)| ≲ t|ζ ′(t)|Eλ,η,high. (9.3.15)

To complete the proof, simply combine the 3 estimates (9.3.13), (9.3.14) and (9.3.15).

9.4 The low-frequency energy estimate

In this section, we prove a low-frequency energy estimate analogous to that derived in Proposi-

tion 8.4.1 for the Fourier modes of the linearized Einstein–scalar field system derived in Proposi-

tion 9.2.1. Since η j
i and ϕ generically blow up as t → 0, at low frequency we instead consider

(Fourier modes of) renormalized quantities ˜
Υ
j
i and φ̃, as defined in (7.2.26).

To be more precise, we pick T = tλ∗ in (7.2.26), and thus define the renormalized quantities

(Υ̃λ)
j

i and φ̃λ in the following way:

(Υ̃λ)
j

i (t) = (ηλ)
j
i +G jq

ip (t; tλ∗) · (κλ) p
q , G jq

ip (t; tλ∗) :=

∫ tλ∗

t
g̊ip(s)̊g

jq(s)
ds

s
, (9.4.1)

φ̃λ = ϕλ + log

(
tλ∗
t

)
·ψλ. (9.4.2)
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Moreover, in contrast to the CMCSH gauge used in the high-frequency energy estimates of

Section 9.3, for the low-frequency estimates we shall use a CMCTC gauge, i.e. a gauge where the

linearized shift χj vanishes. We firstly rewrite the evolution equations (9.2.2)–(9.2.7) with respect

to our renormalized Υ̃ j
i , φ̃ and assuming the gauge.

Lemma 9.4.1. In a CMCTC gauge, the t∂t-derivatives of the quantities ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ) can

be rewritten as follows:

t∂t(κλ)
j
i = −t2g̊abλaλb

(
(Υ̃λ)

j

i −G jq
ip (κλ)

p
q

)
− t2g̊jaλiλa(tr Υ̃λ) + t2g̊jkλiλkνλ − (t̊k j

i )νλ

+t2g̊abλiλb

(
(Υ̃λ)

j

a −G jq
ap (κλ)

p
q

)
+ t2g̊jaλaλb

(
(Υ̃λ)

b

i −G bq
ip (κλ)

p
q

)
,

(9.4.3)

t∂t(Υ̃λ)
j

i = G jq
ip · t∂t(κλ) p

q + (t̊k j
i )νλ, (9.4.4)

t∂tψλ = −t2g̊abλaλb
(
φ̃λ − log

(
tλ∗
t

)
ψλ

)
− pϕνλ, (9.4.5)

t∂tφ̃λ = log

(
tλ∗
t

)
· t∂tψλ + pϕνλ. (9.4.6)

Proof. This follows from direct computation using the equations (9.2.2)–(9.2.7), as well as the

symmetry conditions (9.2.15)–(9.2.16).

9.4.1 The low-frequency energy quantity

Definition 9.4.1. The geometric low-frequency energy quantity Eλ,η,low(t), used for λ ∈ ZD \ {0}
and τλ(t) ≤ 1, is given by the following:

Eλ,η,low(t) := g̊ac(tλ∗)̊gbd(tλ∗) (κλ)
b
a (κλ)

d
c + g̊ac(tλ∗)̊gbd(tλ∗) (Υ̃λ)

b

a (Υ̃λ)
d

c . (9.4.7)

We also define the matter low-frequency energy quantity Eλ,ϕ,low(t), as follows:

Eλ,ϕ,low(t) := ψ2
λ + φ̃

2
λ. (9.4.8)

Finally, define the total low-frequency energy quantity as the sum Eλ,low(t) := Eλ,η,low(t)+Eλ,ϕ,low(t).

Remark. Unlike the geometric high-frequency energy quantity defined in (9.3.1), the metric g̊ij used

as the inner product on the tensors (κλ)
j
i and (Υ̃∞)

j

i is g̊ij(tλ∗), rather than g̊ij(t). The fact

that this inner product is no longer t-dependent is crucial in order to show that the tensors (κλ)
j
i

and (Υ̃λ)
j

i are indeed bounded towards t = 0. This also indicates the operators T −pi+pj
∗ arise in

Theorem 7.3.1.

Another remark is that though the high-frequency energy is defined for τλ(t) ≥ 1, the relevant

energy estimates are only valid for τλ(t) ≥ τ̊ ≥ 1, see Lemma 9.3.1 and Proposition 9.3.2. In order

to eventually compare the high-frequency energy to the low-frequency energy of Definition 9.4.1, we

will require mid-frequency energy estimates, valid for 1 ≤ τλ(t) ≤ τ̊ , see Section 9.4.4.
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The aim of this section will be to prove the following low-frequency energy estimate, see the anal-

ogous Proposition 8.4.1 in the case of the wave equation. Unlike the high-frequency energy estimate

Proposition 9.3.2, the following will depend crucially on the subcriticality condition (1.2.11).

Proposition 9.4.2. Let ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) be a solution to the linearized Einstein–scalar

field system (9.2.2)–(9.2.16) in CMCTC gauge. Suppose the background Kasner exponents pi obey

the subcriticality condition (1.2.11) for some δ > 0. Then the ∂t-derivative of the total low-frequency

energy quantity obeys the following bound, uniformly in λ ∈ ZD \ {0} and 0 < τλ(t) ≤ 1:∣∣∣∣t ddtEλ,low(t)
∣∣∣∣ ≲ ( t

tλ∗

)δ
Eλ,low(t). (9.4.9)

There exists some C̊low, depending only on the background Kasner spacetime, such that for λ ∈
ZD \ {0} and 0 < τλ(t) ≤ 1, one has

C̊−1
lowEλ,low(t) ≤ Eλ,low(tλ∗) ≤ C̊low Eλ,low(t). (9.4.10)

Proof (assuming Proposition 9.4.4). The derivative estimate (9.4.9) follows immediately from

Proposition 9.4.4 and the definition of Eλ,low(t) upon insertion of the expressions g̊ij(tλ∗) = t
2pi
λ∗ δij

and g̊ij(tλ∗) = t
−2pi
λ∗ δij .

To deduce (9.4.10), we make the simple observation that∫ tλ∗

0

(
s

tλ∗

)δ ds
s

≤ δ−1,

thus applying Grönwall’s inequality to (9.4.9) in both the forwards and backwards directions yields

that for an 0 < t1 ≤ t2 ≤ tλ∗, we have (where C is the implied constant in (9.4.9)):

exp
(
−Cδ−1

)
Eλ,low(t1) ≤ Eλ,low(t2) ≤ exp

(
Cδ−1

)
Eλ,low(t1).

The energy estimate (9.4.10) then follows upon choosing t2 = tλ∗ and C̊low = Cδ−1.

In Section 9.4.2, we prove Proposition 9.4.4. We shall also use Proposition 9.4.4 to produce

limiting quantities ((κ∞)λ)
j
i , ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ) in Proposition 9.4.5.

9.4.2 Derivative estimates using the subcriticality condition

In order to prove the energy estimate in Proposition 9.4.2, we will have to estimate the powers of

t arising in the evolution equations of Lemma 9.4.1. The first step will be to estimate the integral

quantity G jq
ip .

Lemma 9.4.3. Consider the tensor G jq
ip defined in (9.4.1). It satisfies the bound∣∣∣G jq

ip (t; tλ∗)
∣∣∣ ≤ max

{̊
gip(t)̊g

jq(t), g̊ip(tλ∗)̊g
jq(tλ∗)

}
· log

(
tλ∗
t

)

= max

{(
t

tλ∗

)2pi−2pj

, 1

}
· t

2pi−2pj
λ∗ · log

(
tλ∗
t

)
· δip δjq. (9.4.11)
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Proof. One simply notes that for any i, p, j, q, the quantity g̊ip(s)̊g
jq(s) is either monotonically

increasing or monotonically decreasing in s ∈ [t, tλ∗], depending on whether pi ≤ pj or pi ≥ pj .

Therefore

G jq
ip =

∫ tλ∗

t
g̊ip(s)̊g

jq(s)
ds

s
≤ max

{̊
gip(t)̊g

jq(t), g̊ip(tλ∗)̊g
jq(tλ∗)

}
·
∫ tλ∗

t

ds

s
,

from which the first line in (9.4.11) follows immediately. The second line follows upon inserting

(Kas).

We now use this lemma, along with the evolution equations in Lemma 9.4.1 to show that the

time derivatives of our matter and metric quantities are integrable towards t = 0. The subcriticality

condition (1.2.11) will be crucial in order to produce a power of t that is integrable.

Proposition 9.4.4. For ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) as in Proposition 9.4.2, define (Υ̃λ)

j

i and φ̃λ
as in (9.4.1), (9.4.2). Then given the subcriticality condition (1.2.11) on the background Kasner

exponents, we have the following derivative estimates uniformly in λ ∈ ZD \ {0} and 0 < τλ(t) ≤ 1.

t
−pi+pj
λ∗ |t∂t(κλ) ji |+ t

−pi+pj
λ∗ |t∂t(Υ̃λ)

j

i |+ |t∂tψλ|+ |t∂tφ̃λ| ≲
(
t

tλ∗

)δ
· E1/2

λ,low(t). (9.4.12)

Proof. Let us start with |t∂t(κλ) ji |. We will bound this by grouping the terms in (9.4.3) as follows:

|t∂t(κλ) ji | = −t2g̊abλaλb(Υ̃λ)
j

i + t2g̊abλiλb(Υ̃λ)
j

a + t2g̊jaλaλb(Υ̃λ)
b

i (9.4.13a)

+G jq
ip t2g̊abλaλb(κλ)

p
q −G jq

ap t2g̊abλiλb(κλ)
p
q −G bq

ip t2g̊jaλaλb(κλ)
p
q (9.4.13b)

− t2g̊jaλiλa(tr Υ̃) + t2g̊jkλiλkνλ − (t̊k j
i )νλ. (9.4.13c)

We shall estimate the terms occuring in (9.4.13a)–(9.4.13c) in terms of the low-frequency energy

Eλ,low(t). By the definition of the low-frequency energy, we have that∣∣∣(κλ) ji ∣∣∣ ≲ t
pi−pj
λ∗ E1/2

λ,low,
∣∣∣(Υ̃λ) ji ∣∣∣ ≲ t

pi−pj
λ∗ E1/2

λ,low,
∣∣∣tr Υ̃∣∣∣ ≲ E1/2

λ,low. (9.4.14)

On the other hand, we estimate λi using (8.2.3) and 0 < τ2 =
∑

i t
2−2piλ2i ≤ 1 as follows

|λi| ≤ tpi−1
λ∗ . (9.4.15)

Using these estimates and (Kas), it is straightforward to then estimate (9.4.13a) in the following

manner.

t
−pi+pj
λ∗ · |(9.4.13a)|

≲
D∑
a=1

(
t

tλ∗

)2−2pa

·
[
t
−pi+pj
λ∗

∣∣∣(Υ̃λ) ji ∣∣∣+ t
−pa+pj
λ∗

∣∣∣(Υ̃λ) j

a

∣∣∣+ t−pi+paλ∗

∣∣∣(Υ̃λ) ai ∣∣∣]
≲ max

a=1,...,D

{(
t

tλ∗

)2−2pa
}

· E1/2
λ,low. (9.4.16)
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For the second line (9.4.13b), we first exploit a crucial cancellation in the first and third terms of

(9.4.13b) when b = j. In particular, from the cancellation and (9.4.11) one has

|G jq
ip t2g̊ab −G bq

ip t2g̊ja| ≲ max
i,j ̸=b

{(
t

tλ∗

)2+2pi−2pj−2pb
}
log

(
tλ∗
t

)
· t2−pa−pb−pq+ppλ∗ .

To get this estimate, there are really two cases depending on whether pi > pj or pi ≤ pj ;

mnote that the case where pi > pj in (9.4.11) is covered by allowing i = j in the above maximum.

Estimating the second term in (9.4.13b) using (9.4.11) is more straightforward – in that the power

of t ends up being t2−2pa or t2−2pj rather than featuring more complicated linear combinations of

Kasner exponents – and one eventually yields

t
−pi+pj
λ∗ · |(9.4.13b)| ≲ max

j ̸=b

{(
t

tλ∗

)2+2pi−2pj−2pb
}
log

(
tλ∗
t

)
· E1/2

λ,low. (9.4.17)

To deal with (9.4.13c), the tr Υ̃λ term is straightforward, while for the νλ term we may use the

elliptic equation (9.2.8) to get the following preliminary estimate, recalling that now τ2 ≤ 1:

|νλ| ≲ t2g̊abλaλb

∣∣∣tr Υ̃λ∣∣∣+ t2g̊abλiλa

∣∣∣(Υ̃λ) ib ∣∣∣+G iq
bp t2g̊abλiλa

∣∣∣(κλ) p
q

∣∣∣
≲ max

a=1,...,D

{(
t

tλ∗

)2−2pa
}(

1 + log

(
tλ∗
t

))
· E1/2

λ,low. (9.4.18)

As the final term of (9.4.13c) contributes only when i = j, and t̊k j
i is bounded by max pi, we

therefore have

t
−pi+pj
λ∗ · |(9.4.13c)| ≲ max

a=1,...,D

{(
t

tλ∗

)2−2pa
}(

1 + log

(
tλ∗
t

))
· E1/2

λ,low. (9.4.19)

Combining all of (9.4.16), (9.4.17) and (9.4.19), we therefore have

t
−pi+pj
λ∗ |t∂t(κλ) ji | ≲ max

b̸=c

{(
t

tλ∗

)2+2pa−2pb−2pc
}(

1 + log

(
tλ∗
t

))
· E1/2

λ,low. (9.4.20)

We next move onto |t∂t(Υ̃λ)
j

i |. Using (9.4.4) and the above, we write this as follows:

t∂t(Υ̃λ)
j

i = −G js
ir t2g̊abλaλb(Υ̃λ)

r

s +G ja
ir t2g̊sbλaλb(Υ̃λ)

r

s +G js
ir t2g̊raλaλb(Υ̃λ)

b

s (9.4.21a)

+G js
ir G rq

sp t2g̊abλaλb(κλ)
p
q −G ja

ir G rq
sp t2g̊sbλaλb(κλ)

p
q −G js

ir G bq
sp t2g̊raλaλb(κλ)

p
q

(9.4.21b)

−G js
ir t2g̊raλsλa(tr Υ̃) +G js

ir t2g̊rkλsλkνλ −G jq
ip (t̊k p

q )νλ + (t̊k j
i )νλ. (9.4.21c)

To estimate (9.4.21a), note that there is a cancellation between the first two terms when a = s, in a

similar fashion to the cancellation in the estimate of (9.4.13c) above. Tracking the powers of t and

tλ∗ carefully, and using (9.4.14) and (9.4.15) as before, one yields

t
−pi+pj
λ∗ · |(9.4.21a)| ≲ max

a,b ̸=c

{(
t

tλ∗

)2+2pa−2pb−2pc
}(

1 + log

(
tλ∗
t

))
· E1/2

λ,low. (9.4.22)
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For (9.4.21b), there are two cases depending on whether pi ≤ pj or pi ≥ pj . If pi ≤ pj , there is a

cancellation between the first and the second expression when a = s while the contribution of the

third expression is fine. Alternatively if pi ≥ pj , there is a cancellation between the first and the

third when b = r while the contribution of the second is fine. Omitting the details, we end up at

the following estimate

t
−pi+pj
λ∗ · |(9.4.21b)| ≲ max

a,b ̸=c

{(
t

tλ∗

)2+2pa−2pb−2pc
}(

1 + log

(
tλ∗
t

))2

· E1/2
λ,low. (9.4.23)

The term involving log
(
tλ∗
t

)
appears with a square since (9.4.21b) is quadratic in the G cd

ab tensor.

Finally, for (9.4.21c), we use again (9.4.18) and the fact that the third and fourth terms are

nonzero if and only if i = j. Therefore

t
−pi+pj
λ∗ · |(9.4.21c)| ≲ max

a=1,...,D

{(
t

tλ∗

)2−2pa
}(

1 + log

(
tλ∗
t

))2

· E1/2
λ,low. (9.4.24)

The square appears here because we must use (9.4.11) on to of (9.4.18) to estimate the third term

G jq
ip (t̊k p

q )νλ. Combining the three estimates (9.4.21a), (9.4.21b), (9.4.21c) then yields

t
−pi+pj
λ∗ |t∂t(Υ̃λ)

j

i | ≲ max
a,b ̸=c

{(
t

tλ∗

)2+2pa−2pb−2pc
}(

1 + log

(
tλ∗
t

))2

· E1/2
λ,low. (9.4.25)

(We reiterate that powers of t such as
(

t
tλ∗

)2−2pc
are included in (9.4.25) upon taking a = b in the

max.)

For the matter quantities ψλ and φ̃λ, we use (9.4.5) and (9.4.6). Here, it is straightforward to

use (9.4.18) as well as the trivial bounds from the definition of the low-frequency energy:

|ψλ|+ |φ̃λ| ≲ E1/2
λ,low.

Inserting all these bounds into (9.4.5) and (9.4.6), one deduces

|t∂tψλ|+ |t∂tφ̃λ| ≲ max
a=1,...,D

{(
t

tλ∗

)2−2pa
}(

1 + log

(
tλ∗
t

))2

· E1/2
λ,low. (9.4.26)

Combining all of (9.4.20), (9.4.25) and (9.4.26), one deduces the inequality.

t
−pi+pj
λ∗

(
|t∂t(κλ) ji |+ |t∂t(Υ̃λ)

j

i |
)
+ |t∂tψλ|+ |t∂tφ̃λ|

≲ max
a,b ̸=c

{(
t

tλ∗

)2+2pa−2pb−2pc
}(

1 + log

(
tλ∗
t

))2

E1/2
λ,low.

At this point that we apply the subcriticality condition (1.2.11). Since, for b ̸= c, this condition tells

us 2 + 2pa − 2pb − 2pc ≥ 2δ, we may apply the simple inequality xδ(1 + log x−1)2 ≲ 1 for x = t
tλ∗

,

to yield the desired derivative bound (9.4.12).
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Remark. A more careful study of the proof shows that the only terms which give a contribution of(
t
tλ∗

)2+2pa−2pb−2pc
rather than just

(
t
tλ∗

)2−2pc
are terms that involve the expression(

G bq
ap t2g̊cd −G cq

ap t2g̊bd
)
λc(κλ)

p
q . (9.4.27)

Upon relabelling indices, this arises in (9.4.13b), and in the case that pi ≥ pj , we also see it in

(9.4.21b). (One may use the symmetry constraint g̊ab(tλ∗)Υ̃ c
b = g̊cb(tλ∗)Υ̃

a
b to reduce to this case.)

Therefore, even if the subcriticality condition (1.2.11) fails, it is possible to close the argument

if the expression (9.4.27) can be shown to converge to 0 sufficiently fast as t→ 0. Upon expanding

out G jq
ip in (9.4.27), one may show that (9.4.27) converging to 0 requires (7.3.11); note however to

close the argument one must find the rate of convergence in (7.3.11).

9.4.3 Convergence to a limit

To find the scattering states ((κ∞) ji , (Υ̃∞)
j

i ,ψ∞, φ̃∞), one must show that (κ ji (t), Υ̃
j
i (t),ψ(t), φ̃(t))

converges as t → 0. Conversely, for asymptotic completeness we also need to show that one can

prescribe these limits and launch a solution to the system (9.2.2)–(9.2.16). We achieve this in the

following proposition.

Proposition 9.4.5. For fixed λ ∈ ZD \ {0}, and C̊low > 0 as in Proposition 9.4.2, the following

hold.

(i) Let ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) be a solution to the system (9.2.2)–(9.2.16) for 0 < τ(t) ≤

1 in CMCTC gauge. Then there exist constant (1, 1) tensors ((κ∞)λ)
j
i , ((Υ̃∞)λ)

j

i and real

numbers (ψ∞)λ, (φ̃∞)λ such that (κλ)
j
i (t), (Υ̃λ)

j

i (t), ψλ(t) and φ̃λ(t) attain these as limits

as t→ 0, at the following rate

|(κλ) ji (t)− ((κ∞)λ)
j
i |+ |(Υ̃λ)

j

i (t)− ((Υ̃∞)λ)
j

i | ≲ t
pi−pj
λ∗ ·

(
t

tλ∗

)δ
E1/2
λ,low(tλ∗), (9.4.28)

|ψλ(t)− (ψ∞)λ|+ |φ̃λ(t)− (φ̃∞)λ| ≲
(
t

tλ∗

)δ
E1/2
λ,low(tλ∗). (9.4.29)

Furthermore, one has the following estimate on the limiting quantities:

g̊ac(tλ∗)̊gbd(tλ∗)
[
((κ∞)λ)

b
a ((κ∞)λ)

d
c + ((Υ̃∞)λ)

b

a ((Υ̃∞)λ)
d

c

]
+ (ψ∞)2λ + (φ̃∞)2λ ≤ C̊lowEλ,low(tλ∗). (9.4.30)

(ii) Conversely, let ((κ∞)λ)
j
i , ((Υ̃∞)λ)

j

i be constant (1, 1) tensors and (ψ∞)λ and (φ̃∞)λ be real

numbers, satisfying the λ-Fourier projections of the asymptotic constraints (7.2.27)–(7.2.31),

for T = tλ∗. Then there exists a unique solution ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) to the system
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(9.2.2)–(9.2.16) for 0 < τ(t) ≤ 1 in CMCTC gauge such that the solution obeys the asymptotics

(9.4.28)–(9.4.29).

For this solution, one has that

Eλ,low(tλ∗) ≤ C̊low

(̊
gac(tλ∗)̊gbd(tλ∗)

[
((κ∞)λ)

b
a ((κ∞)λ)

d
c + ((Υ̃∞)λ)

b

a ((Υ̃∞)λ)
d

c

]
+ (ψ∞)2λ + (φ̃∞)2λ

)
. (9.4.31)

Proof. We first prove (i). This follows straightforwardly upon combining Proposition 9.4.2 with

Proposition 9.4.4. More specifically, combining (9.4.10) with (9.4.12) yields that for a solution

((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) to the system (9.2.2)–(9.2.16) in the range 0 < τ(t) ≤ 1,

t
−pi+pj
λ∗ |t∂t(κλ) ji |+ t

−pi+pj
λ∗ |t∂t(Υ̃λ)

j

i |+ |t∂tψλ|+ |t∂tφ̃λ| ≲
(
t

tλ∗

)δ
· E1/2

λ,low(tλ∗).

For δ > 0, tδ−1 is integrable towards t = 0, thus there is a limit ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ) →
(((κ∞)λ)

j
i , ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ) as t → 0, and moreover that the estimates (9.4.28) and

(9.4.29) are satisfied. The final estimate in (i) then follows straightforwardly from Proposition 9.4.2.

Moving onto (ii), we apply the Fuchsian theory of first-order ODEs. In order to do so, we

firstly reinterpret Proposition 9.4.4 as follows. This proposition tells us that solutions V =

(t
−pi+pj
λ∗ (κλ)

j

i , t
−pi+pj
λ∗ (Υ̃λ)

j

i ,ψλ, φ̃λ) to the first-order hyperbolic system (9.4.3)–(9.4.6) coupled to

the elliptic equation (9.2.8) satisfy the following Fuchsian ODE:

t
dV

dt
=

(
t

tλ∗

)δ
F

[
t

tλ∗
,V

]
,

where F is bounded and continuous in both its variables and linear in V.

Therefore, we may apply Lemma E.0.1(b) to the above ODE, with A = 0 and initial data

v = (t
−pi+pj
λ∗ ((κ∞)λ)

j

i , t
−pi+pj
λ∗ ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ).

The lemma generates a solution ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ) to the first-order elliptic hyperbolic sys-

tem above, which moreover attains the asymptotics (9.4.28) and (9.4.29). Moreover, the solution

is unique in the whole domain 0 < t ≤ tλ∗. (Note Lemma E.0.1(b) only gives local existence and

uniqueness, but since the system (9.4.3)–(9.4.6) and (9.2.8) are linear one may extend to the whole

domain 0 < t ≤ tλ∗.)

So far, the argument (including Proposition 9.4.4) has not used the constraint equations (9.2.11)–

(9.2.16). It remains to recover these constraints for the solution we generated; we leave this to

Proposition F.0.2. It is only here that we require that (((κ∞)λ)
j
i , ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ) satisfy

the asymptotic constraints (9.2.17)–(9.2.21). This completes the proof of the proposition.
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9.4.4 Connecting the high and low frequency energies

We shall eventually show that in a well-chosen gauge, the high-frequency energy quantity Eλ,high(t)
of Definition 9.3.1 and the low-frequency energy quantity Eλ,low(t) of Definition 9.4.1 are comparable.

One subtlety is that Eλ,high(t) only has good coercivity properties for τλ(t) ≥ τ̊ ≥ 1, while Eλ,low(t)
is defined only for τλ(t) ≤ 1. To fill in the gap 1 ≤ τλ(t) ≤ τ̊ , we rely on the following mid-frequency

energy estimate. Like the high-frequency energy estimate, this will always use the CMCSH gauge

(9.2.1).

Definition 9.4.2. The geometric mid-frequency energy quantity Eλ,η,mid(t), used for λ ∈ ZD \ {0}
and 1 ≤ τλ(t) ≤ τ̊ and solutions in the CMCSH gauge, is given by

Eλ,η,mid(t) := g̊ac(t)̊gbd(t) (κ̂λ)
b
a (κ̂λ)

d
c + g̊ac(t)̊gbd(t) (η̂λ)

b
a (η̂λ)

d
c . (9.4.32)

Similarly, the matter mid-frequency energy quantity is defined in the same regime, and is given by

Eλ,ϕ,mid(t) := ψ2
λ + ϕ

2
λ. (9.4.33)

Finally, define the total mid-frequency energy quantity as the sum Eλ,low(t) := Eλ,η,low(t)+Eλ,ϕ,low(t).

Proposition 9.4.6. Let ((η̂λ)
j
i , (κ̂λ)

j
i ,ϕλ,ψλ,νλ,χ

j
λ) be a solution to the linearized Einstein–scalar

field system (9.2.2)–(9.2.16) in CMCSH gauge. Then there exists some C̊mid, depending only on the

background Kasner spacetime, such that for λ ∈ ZD \ {0} and 1 ≤ τλ(t) ≤ τ̊ , one has

C̊−1
mid Eλ,mid(t) ≤ Eλ,mid(τ−1

λ (̊τ)) ≤ C̊mid Eλ,mid(t). (9.4.34)

Enlarging the constant C̊mid if necessary, one has the following equivalence between the high-

frequency energy Eλ,high(t) at t = τ−1
λ (̊τ) and the low-frequency energy Eλ,low(t) at t = tλ∗ = τ−1

λ (1).

C̊−1
mid Eλ,low(tλ∗) ≤ Eλ,high(τ−1

λ (̊τ)) ≤ C̊mid Eλ,low(tλ∗). (9.4.35)

Proof. The mid-frequency energy estimate (9.4.34) will be much more straightforward to show than

either of the high- or low-frequency energy estimates, since we are working in a bounded domain

log τ ∈ [0, log τ̊ ], and therefore, by (8.2.9), a bounded domain of log
(

t
tλ∗

)
⊂ [0, C log τ̊ ]. As a result,

it suffices to show a derivative estimate of the form:∣∣∣∣t ddtEλ,mid(t)
∣∣∣∣ ≲ Eλ,mid(t). (9.4.36)

To prove (9.4.36), we use the same g̊-norm that was introduced in Section 9.3.2; then by definition

of Eλ,mid,
Eλ,mid(t) = |η̂λ|2g̊ + |κ̂λ|2g̊ + ϕ2

λ +ψ
2
λ.

Further, using the same proof as Proposition 9.3.5 it is straightforward to show that |νλ|2 ≲ Eλ,mid(t)
and |χλ|2g̊ ≲ t2Eλ,mid(t). From this point, (9.4.36) follows immediately upon differentiating Eλ,mid(t)
term-by-term using (9.2.2)–(9.2.7), and applying Cauchy-Schwarz.

Using the fact that Eλ,mid(tλ∗) = Eλ,low(tλ∗), while Eλ,mid(τ−1(̊τ)) ≍ Eλ,high(τ−1(̊τ)) by

Lemma 9.3.1, the final estimate (9.4.35) follows immediately from (9.4.34).
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9.5 Scattering for the linearized Einstein–scalar field equations

In Section 9.5, we prove our scattering result for the linearized Einstein–scalar field system around

Kasner spacetimes satisfying the subcriticality condition, Theorem 7.3.1. Recall that the gauge used

in Theorem 7.3.1 is a CMCTC gauge with vanishing shift, χj = 0, though we do permit changes of

gauge associated to a time-independent vector field ξj using (7.2.21)–(7.2.35).

On the other hand, our energy estimates use various different gauges; though the low-frequency

energy estimate of Section 9.4 used a CMCTC gauge, our high-frequency energy estimate of Sec-

tion 9.3 crucially used a CMCSH gauge (as did the mid-frequency estimate of Section 9.4.4, though

this was not as crucial).

As a result, we instead first prove a version of Theorem 7.3.1 not in the CMCTC gauge, but in a

gauge called the Constant Mean Curvature Frequency Adapted (CMCFA) gauge which we introduce

in Section 9.5.1. This reinterpreted scattering result, Theorem 9.5.1, is stated in Section 9.5.2 and

its proof will be in Section 9.5.3.

In Section 9.5.4, we understand how to translate back to CMCTC gauge, and thereby complete

the proofs of the remaining theorems regarding the linearized Einstein–scalar field system, that is

the scattering result Theorem 7.3.1.

9.5.1 Frequency adapted norms and gauges

As well as the gauge issue mentioned above, we make the following comments about Theorem 7.3.1;

the idea being that these comments will inform how our second version, Theorem 9.5.1, will differ:

(I) The variables (η j
i , κ

j
i ,ϕ,ψ) used to describe Cauchy data at t = 1 differ from the variables

(κ ji ,Υ
j
i ,ψ,φ) used to describe the asymptotic data at t = 0.

(II) In retrieving the optimal regularity of (7.3.4), we require a gauge transformation associated

to a vector field ξj . (Furthermore, the regularity of ξj cannot be controlled particularly well.)

(III) The regularity statements (7.3.4)–(7.3.5), and the spaces Hs
∞, feature a correction by a term

involving the symbol T∗; in particular T −pi+pj
∗ often acts on tensorial quantities such as κ ji .

These issues are inevitable, in light of the energy estimates presented in Section 9.3 and Section 9.4.

This is since both the relevant gauge and the metrics g̊ij(t) and g̊ij(tλ∗) used to define the energies

differ between the high-frequency and the low-frequency regimes.

Thus, in Theorem 9.5.1, we first present a version of Theorem 7.3.1 that will follow more cleanly

from our energy estimates. In preparation, we make a series of definitions corresponding to (I)–(III)

above. Each of theses definitions will involve the symbol T∗, see Definition 1.6.1. We start by

defining new renormalized quantities in order to deal with (I).
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Definition 9.5.1. We define the following frequency adapted renormalized quantity (F )Υ
j
i :

(F )Υ
j
i := η j

i +

∫ T∗

min{t,T∗}
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q = Υ j
i −

∫ 1

max{t,T∗}
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q , (9.5.1)

as well as the following frequency adapted scalar field quantity (F )φ:

(F )φ := ϕ+max

{
0, log

(
T∗
t

)}
·ψ = φ+max{log(T∗), log t} ·ψ. (9.5.2)

Remark. The point is that the Fourier coefficients ((F )Υλ)
j

i coincide with (ηλ)
j
i in the high-

frequency regime t ≥ tλ∗, while ((F )Υλ)
j

i coincides with (Υ̃λ)
j

i in the low-frequency regime t ≤ tλ∗;

here (Υ̃λ)
j

i is defined in (9.5.1). Similarly, (F )φλ coincides with ϕλ at high frequency and with φ̃λ
at low frequency.

Next, we define a new (linearized) gauge condition used to deal with (II).

Definition 9.5.2. We say that a solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) solving the linearized Einstein–scalar

field system (7.2.6)–(7.2.20) is in a linearized Constant Mean Curvature Frequency Adapted (CM-

CFA) gauge if frequency adapted renormalized quantity (F )Υ
j
i satisfies the differential relation

∂i tr
(F )Υ− 2∂j

(F )Υ
j
i = 0. (9.5.3)

Finally, we define a norm for (1, 1) tensor fields to deal with (III). We shall often apply this to

the (1, 1) tensor fields (F )Υ
j
i , κ ji and also the derivative of the shift, ∂iχj , viewed as a (1, 1) tensor

field.

Definition 9.5.3. Let A = A j
i be a (1, 1) tensor field on TD. Define the frequency adapted L2

norm of A, thought to live on the boundary {t = 0} of MKas, via the following:

∥A j
i ∥

2
L2,F (Σ0)

:=
D∑

i,j=1

∥T −pi+pj
∗ A j

i ∥
2
L2 = g̊ac(T∗)̊gbd(T∗) ·A b

a A
d
c .

Equivalently, one has the frequency space definition:

∥A j
i ∥

2
L2,F (Σ0)

:=
∑
λ∈ZD

g̊ac(tλ∗)̊gbd(tλ∗)(Aλ)
b
a (Aλ)

d
c .

One further defines the frequency adapted Hs norm of A using:

∥A j
i ∥

2
Hs,F (Σ0)

:=
∑
λ∈ZD

⟨λ⟩2sg̊ac(tλ∗)̊gbd(tλ∗)(Aλ) b
a (Aλ)

d
c . (9.5.4)
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9.5.2 Statement of scattering for the linearized Einstein–scalar field system, v2

Theorem 9.5.1 (Scattering for the linearized Einstein–scalar field system in subcritical Kasner

spacetimes, v2). Let (MKas, gKas, ϕKas) be a (generalized) Kasner spacetime whose exponents sat-

isfy the subcriticality condition (1.2.11) with δ > 0. Consider solutions (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) to the

linearized Einstein–scalar field system of Proposition 7.2.2 around (MKas, gKas, ϕKas), with the so-

lution such that the CMCFA gauge condition (9.5.3) holds. Then the scattering theory is as follows:

(i) (Existence of the scattering operator) Let s be sufficiently large. Then given Cauchy data

((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) ∈ Hs+1×Hs×Hs+1×Hs at t = 1 satisfying the constraint equations

(7.2.15)–(7.2.20) and gauge conditions (9.5.3) and tr κC = 0, there exists a unique (classical)

solution (η j
i , κ

j
i ,ϕ,ψ) to the system (7.2.6)–(7.2.20) satisfying trκ = 0 and the CMCFA

condition (9.5.3), which attains the Cauchy data:

(F )Υ
j

i (1, ·) = η
j
i (1, ·) = (ηC)

j
i (·), κ

j
i (1, ·) = (κC)

j
i (·),

(F )φ(1, ·) = ϕ(1, ·) = ϕC(·), ψ(1, ·) = ψC(·).

Furthermore, for some β > 0 depending only on the background (MKas, gKas), there exist

unique (1, 1) tensors (κ∞) ji and ((F )Υ∞)
j

i , and functions ψ∞ and (F )φ∞ on TD, such that

κ
j
i (t, ·) → (κ∞) ji (·),

(F )Υ
j

i (t, ·) → ((F )Υ∞)
j

i (·) in Hs−β strongly as t→ 0, (9.5.5)

ψ(t, ·) → ψ∞(·), (F )φ(t, ·) → (F )φ∞(·) in Hs strongly as t→ 0. (9.5.6)

These limiting objects (κ∞) ji , (Υ̃∞)
j

i , ψ∞ and ϕ∞ obey the asymptotic constraints (7.2.27)–

(7.2.31) (with Υ̃ j
i and φ̃ replaced by (F )Υ

j
i and (F )φ respectively, and T replaced by the symbol

T∗) as well as the limiting frequency adapted gauge condition:

∂i tr
(F )Υ∞ − 2∂j(

(F )Υ∞)
j

i = 0. (9.5.7)

Finally, for the frequency adapted Sobolev spaces Hs,F (Σ0) in Definition 9.5.3, one has

(κ∞) ji , (
(F )Υ∞)

j

i ∈ Hs+ 1
2
,F (Σ0), ψ∞,

(F )φ∞ ∈ Hs+ 1
2 . (9.5.8)

(ii) (Asymptotic completeness) Let s be sufficiently large, and let (κ∞) ji , ((F )Υ∞)
j

i be (1, 1) tensor

fields and ψ∞, (F )φ∞ be functions on TD verifying the constraints (7.2.27)–(7.2.31) (modified

as in (i)), with regularity as in (9.5.8), and obeying the gauge condition (9.5.7). Then there

exists a unique (classical) solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) to the system (7.2.6)–(7.2.20) satisfying

tr κ = 0 and the CMCFA condition (9.5.3), such that as t→ 0, the asymptotics (9.5.5)–(9.5.6)

hold.
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The regularity of the solution will be as follows:

(η j
i , κ

j
i ) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

(ϕ,ψ) ∈ C0((0,+∞), Hs+1 ×Hs) ∩ C1((0,+∞), Hs ×Hs−1),

(ν,χj) ∈ C0((0,+∞), Hs+2 ×Hs+2).

(iii) (Scattering isomorphism) For s ∈ R, we define the following Hilbert spaces together with their

norms:

Hs
C =

{(
η
j
i , κ

j
i ,ϕ,ψ

)
: η j

i ∈ Hs+1, κ ji ∈ Hs,ϕ ∈ Hs+1,ψ ∈ Hs
}
, (9.5.9)∥∥∥(η j

i , κ
j
i ,ϕ,ψ

)∥∥∥2
Hs

C

:= ∥η j
i ∥

2
Hs+1 + ∥κ ji ∥

2
Hs + ∥ϕ∥2Hs+1 + ∥ψ∥2Hs , (9.5.10)

(F )Hs
∞ =

{(
κ
j
i ,Υ

j
i ,ψ,φ

)
:

κ
j
i ∈ Hs+ 1

2
,F (Σ0),Υ

j
i ∈ Hs+ 1

2
,F (Σ0),ψ ∈ Hs+ 1

2 ,φ ∈ Hs+ 1
2

}
,

(9.5.11)

∥∥∥(κ ji ,Υ j
i ,ψ,φ

)∥∥∥2
(F )Hs

∞
= ∥κ ji ∥

2

Hs+1
2 ,F (Σ0)

+ ∥Υ j
i ∥

2

Hs+1
2 ,F (Σ0)

+ ∥ψ∥2
Hs+1

2
+ ∥φ∥2

Hs+1
2
.

(9.5.12)

Further, let Hs
C,c be the subspace of HC obeying the constraint equations (7.2.15)–(7.2.20) as

well as the gauge conditions tr κ = 0 and (9.5.3), and (F )Hs
∞,c be the subspace of (F )Hs

∞ obeying

the asymptotic constraints (9.2.17)–(9.2.21), modified as in (i), and the gauge conditions tr κ =

0 and (9.5.7).

Then the map (F )S↓, which is defined to map ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) from (i) to the limiting

quantities ((κ∞) ji , (
(F )Υ∞)

j

i ,ψ∞,
(F )φ∞), may be extended to a Hilbert space isomorphism

(F )S↓ : Hs
C,c → (F )Hs

∞,c, whose inverse (F )S↑ =
(F )S−1

↓ is exactly given by (a suitable extension

of) the map taking ((κ∞) ji , (
(F )Υ∞)

j

i ,ψ∞,
(F )φ∞) in (ii) to (η j

i (1, ·), κ
j
i (1, ·),ϕ(1, ·),ψ(1, ·)).

9.5.3 Proof of scattering for the linearized Einstein–scalar field system, v2

As in Section 8.5 for the case of the wave equation, we first assume smoothness for all our variables

and derive a priori estimates between Sobolev spaces, then use the density of smooth functions to

recover the full scattering theorem. As in Section 8.5, we have two propositions, providing the a

priori estimates in both directions of the scattering theory. Before proceeding, we determine what

happens at zero frequency.

Lemma 9.5.2. Let (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) be a solution of the linearized Einstein–scalar field system

of Proposition 7.2.2, in any gauge. Then with Υ j
i and φ as in (7.2.24)–(7.2.25), the 0-frequency
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Fourier coefficients

((κ0)
j
i , (Υ0)

j
i ,ψ0,φ0) are constant, in particular for all t > 0:

(κ0)
j
i (t) = (κ0)

j
i (0), (Υ0)

j
i (t) = (Υ0)

j
i (0), ψ0(t) = ψ0(1), φ0(t) = φ0(1). (9.5.13)

Proof. This follows immediately from Proposition 9.2.1 in the case that λ = 0.

From Cauchy data to asymptotic data

Proposition 9.5.3. Let (ηC)
j
i and (κC)

j
i be smooth (1, 1) tensors on TD, and ϕC and ψC be

smooth functions on TD, obeying the constraint equations (7.2.15)–(7.2.20) with t = 1, as well as

(9.5.3) and trκC = 0. Then there exists a unique2 smooth solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) to the system

(7.2.6)–(7.2.20) for t > 0, satisfying trκ = 0 and the CMCFA gauge condition (9.5.3), that achieves

the initial data.

Moreover, for some β > 0, there exist smooth (1, 1)-tensors (κ∞) ji and ((F )Υ∞)
j

i , and smooth

functions ψ∞ and (F )φ∞, such that for s ∈ R and the solution as above, the following strong

convergence holds as t → 0, where the frequency adapted quantities (F )Υ
j
i and (F )φ are given in

Definition 9.5.1:

κ
j
i (t) → (κ∞) ji ,

(F )Υ
j

i (t) → ((F )Υ∞)
j

i in Hs−β, ψ(t) → ψ∞,
(F )φ(t) → (F )φ∞ in Hs. (9.5.14)

For the Hs,F (Σ0) norms of Definition 9.5.3, one has

∥(κ∞) ji ∥
2

Hs+1
2 ,F (Σ0)

+ ∥((F )Υ∞)
j

i ∥
2

Hs+1
2 ,F (Σ0)

+ ∥ϕ∞∥2
Hs+1

2
+ ∥(F )φ∞∥2

Hs+1
2

≲ ∥(ηC) ji ∥
2
Hs+1 + ∥(κC) ji ∥

2
Hs + ∥ϕC∥2Hs+1 + ∥ψC∥2Hs . (9.5.15)

Finally, the quantities (κ∞) ji , ((F )Υ∞)
j

i , ψ∞ and (F )φ∞ satisfy the constraints (7.2.27)–(7.2.31),

with T = T∗.

Proof. We start with existence and uniqueness of a smooth solution for t > 0. For this pur-

pose, we firstly apply Proposition 7.2.4(ii) with χj◦ = 0, which gives us a unique smooth solution

(η̃ j
i , κ̃

j
i ,ϕ,ψ,ν) in the CMCTC gauge (i.e. with vanishing χj).

However, we would like existence and uniqueness in the CMCFA gauge instead. In light of

Lemma 7.2.3 and Lemma 7.2.6, this may be achieved via the change of gauge associated to the

vector field ξj , with

T 2
M g̊

ab(TM )∂a∂bξ
j = T 2

M g̊
jk(TM )(∂k tr Υ̃− 2∂ℓΥ̃

ℓ
k ), where TM = max{t, T∗}. (9.5.16)

The symbol TM = max{t, T∗} arises due to the definition of (F )Υ
j
i . Using this change of gauge, one

has existence in the CMCFA gauge. Uniqueness also follows by a similar argument to uniqueness

in Proposition 7.2.4(b) – essentially reverse this change of gauge and use uniqueness in CMCTC.
2For uniqueness, one requires as always that χj has zero average.
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Given our solution, we now take the Fourier decomposition. From this point, for λ ∈ ZD \ {0},
we shall always work in the variables ((κλ)

j
i , (

(F )Υλ)
j

i ,ψλ,
(F )φλ,νλ,χ

j
λ), and that by definition of

the CMCFA gauge, we have the following description in the high-frequency regime tλ∗ ≥ 1 and the

low-frequency regime 0 < tλ∗ ≤ 1: for the high-frequency (and mid-frequency) regime tλ∗ ≥ 1,

((κλ)
j
i , (

(F )Υλ)
j

i ,ψλ,
(F )φλ,νλ,χ

j
λ) = ((κ̂λ)

j
i , (η̂λ)

j
i ,ψλ,ϕλ,νλ,χ

j
λ)

and the λ-Fourier projections in this range are in the CMCSH gauge, i.e. they satisfy (9.2.1). This

means that we can apply our high-frequency energy estimates of Section 9.3.

On the other hand, in the low-frequency regime 0 < tλ∗ ≤ 1, we have

((κλ)
j
i , (

(F )Υλ)
j

i ,ψλ,
(F )φλ,νλ,χ

j
λ) = ((κλ)

j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ,νλ,χ
j
λ),

with (Υ̃λ)
j

i and φ̃λ as in (9.4.1) and (9.4.2). Here, we do not quite have χjλ = 0 as in the CMCTC

gauge used in Section 9.4, and instead satisfy the CMCFA gauge condition 2λj
(F )Υ

j
i = λi tr

(F )Υ.

Nevertheless, as we see shortly it is not a major difficulty to go back and forth from CMCFA gauge

to CMCTC gauge in the low-frequency regime, and one may still apply the low-frequency energy

estimates of Section 9.4.

We first relate our energies to the initial data ((ηC)
j
i , (κC)

j
i ,ψC ,ϕC). Splitting into high-

frequencies and mid-frequences depending on τλ(1), and using Lemma 9.3.1 in the high-frequency

case, we relate the energies to Sobolev norms of initial data:

|(κ0) ji |
2 + |((F )Υ0)

j

i |
2 +ψ2

0 +
(F )φ2

0 +
∑

λ∈ZD\{0}
τλ(1)<τ̊

⟨λ⟩2s+1Eλ,mid(1) +
∑

λ∈ZD\{0}
τλ(1)≥τ̊

⟨λ⟩2s+1Eλ,high(1)

≍ ∥(ηC) ji ∥
2
Hs+1 + ∥(κC) ji ∥

2
Hs + ∥ϕC∥2Hs+1 + ∥ψC∥2Hs . (9.5.17)

Applying the high-frequency energy estimate Proposition 9.3.2, as well as the mid-frequency energy

estimate Proposition 9.3.2 (which both use the CMCSH as in our case for t ≥ tλ∗), we deduce that

|(κ0) ji |
2 + |((F )Υ0)

j

i |
2 +ψ2

0 +
(F )φ2

0 +
∑

λ∈ZD\{0}

⟨λ⟩2s+1Eλ,low(tλ∗)

≲ ∥(ηC) ji ∥
2
Hs+1 + ∥(κC) ji ∥

2
Hs + ∥ϕC∥2Hs+1 + ∥ψC∥2Hs . (9.5.18)

We next apply the low-frequency energy estimate Proposition 9.4.2. However, since this propo-

sition assumes the CMCTC gauge, we need to find a way to translate the energy estimate. Our

method is as follows: we first generate another solution (((T )κλ)
j

i , (
(T )Υ̃λ)

j

i ,ψλ, φ̃λ,νλ) which is

in the CMCTC gauge and which agrees with our solution at t = tλ∗, and thus to which Proposi-

tion 9.4.2 and Proposition 9.4.4 apply, then transform into CMCFA gauge using some change of

gauge vector field ξjλ.
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This change of gauge vector field agrees exactly with (9.5.16) above. Furthermore, projecting

(9.5.16) onto low frequencies with 0 < t ≤ tλ∗ where by definition, τ2(tλ∗) = t2λ∗g̊
ab(tλ∗)λaλb = 1,

ξ
j
λ is exactly given by

ξ
j
λ = t2λ∗g̊

jk(tλ∗)[λk tr
(T )Υ̃λ − 2λℓ(

(T )Υ̃λ)
ℓ

k ]. (9.5.19)

Upon checking the tλ∗ weights carefully, Propositions 9.4.2 and 9.4.4 tell us that

|tpj−1
λ∗ ξ

j
λ| ≲ E1/2

λ,low(tλ∗),

∣∣∣∣t tdt(tpj−1
λ∗ ξ

j
λ)

∣∣∣∣ ≲ ( t

tλ∗

)δ
E1/2
λ,low(tλ∗). (9.5.20)

Next, the change of gauge vector field ξjλ relates the two gauges by (see (7.2.22), (7.2.35) and

(7.2.23)):

(κλ)
j
i = ((T )κλ)

j

i − i(t̊k p
i )λpξ

j
λ + i(t̊k j

p )λiξ
p
λ,

((F )Υλ)
j

i = ((T )Υ̃λ)
j

i − i

2
λiξ

j
λ −

i

2
g̊ip(tλ∗)̊g

jq(tλ∗)λqξ
p
λ,

χ
j
λ = −t t

dt
ξ
j
λ.

By (9.5.20), λiξ
j
λ satisfies the same estimates as either of ((T )κλ)

j

i or ((T )Υ̃λ)
j

i . So all the low-

frequency energy estimates of Section 9.4 apply equally well to ((κλ)
j
i , (

((F )Υλ)
j

i ) in our CMCFA

gauge.

In particular, from the second estimate in (9.5.20) we deduce an analogue of Proposition 9.4.5(i),

in other words we have unique tensors ((κ∞)λ)
j
i and (((F )Υ∞)λ)

j

i , and real numbers (ψ∞)λ and

((F )φ∞)λ with the CMCFA analogue of the estimates (9.4.28)–(9.4.29). We now simply define

(κ∞) ji (x) = (κ0)
j
i +

∑
λ∈ZD\{0}

((κ∞)λ)
j
i e

iλ·x,

((F )Υ∞)
j

i (x) = ((F )Υ0)
j

i +
∑

λ∈ZD\{0}

(((F )Υ∞)λ)
j

i e
iλ·x,

ψ∞(x) = ψ0 +
∑

λ∈ZD\{0}

(ψ∞)λ e
iλ·x,

(F )φ∞(x) = (F )φ0 +
∑

λ∈ZD\{0}

((F )φ∞)λ e
iλ·x.

The final estimate in Proposition 9.4.5(i), combined with (9.5.18) and the definition of Hs,F (Σ0)

then yields (9.5.15). Since this is true for all s ∈ R, and Hs,F (Σ0) ⊂ Hs−β for some β > 0

independent of s, this tells us that our limiting tensors and functions are smooth.

It remains to show the convergence (9.5.14). Let us first take some r ∈ R, and estimate

∥κ ji − (κ∞) ji ∥
2
Hr =

∑
λ∈Zd

⟨λ⟩2r|(κλ) ji − ((κ∞)λ)
j
i |

2.



335

We estimate this by splitting into low and high frequencies, and then applying the energy estimates.

At low frequencies, we shall use the convergence (9.4.28), while at high and mid frequencies we only

use boundedness. For convenience, let us define:

Eλ,hm(1) =

Eλ,high(1) if τλ(1) ≥ τ̊ ,

Eλ,mid(1) if 1 ≤ τλ(1) < τ̊.
(9.5.21)

Using the energy estimates, one then finds:

∥κ ji (t)− (κ∞) ji ∥
2
Hr

≤
∑
λ∈ZD,
τλ(t)≤1

⟨λ⟩2r|(κλ) ji (t)− ((κ∞)λ)
j
i |

2 +
∑
λ∈ZD,
τλ(t)>1

⟨λ⟩2r(|(κλ) ji |
2 + |((κ∞)λ)

j
i |

2)

≲
∑
λ∈ZD,
τλ(t)≤1

⟨λ⟩2rt2pi−2pj
λ∗

(
t

tλ∗

)2δ

Eλ,hm(1) +
∑
λ∈ZD

τλ(t)>1

⟨λ⟩2r(τt2pi−2pj + t
2pi−2pj
λ∗ )Eλ,hm(1).

To finally show convergence, we select an N > 0 such that the following quantities are bounded,

uniformly in λ ∈ ZD \ {0}:

⟨λ⟩−N t2pi−2pj−2δ
λ∗ + ⟨λ⟩−Nτ max

t≥tλ∗
{t2pi−2pj} ≲ 1.

This is always possible, since τ ≤ ⟨λ⟩, while t−1
λ∗ grows polynomially in ⟨λ⟩. Substituting this into

the above, we therefore find that

∥κ ji − (κ∞) ji ∥
2
Hr =

∑
λ∈ZD,
τλ(t)≤1

t2δ⟨λ⟩2r−NEλ,hm(1) +
∑
λ∈ZD,
τλ(t)>1

⟨λ⟩2r−NEλ,hm(1).

Selecting 2r −N = 2s + 1, we therefore deduce the κ ji convergence in (9.5.14) for β = 1+N
2 . The

(F )Υ
j
i convergence follows similarly (the additional difficulty being that we need to incorporate the

bound for G jq
ip in Lemma 9.4.3, and thus may have to increase β further), while the ψ and (F )φ

convergence follow from similar considerations to Proposition 8.5.2.

Since Hs−β ⊂ C3 for s sufficiently large, the fact that our limiting quantities satisfy the relevant

constraints follows from a version of Lemma 7.2.5 with T = T∗. This completes the proof of the

proposition.

From asymptotic data to Cauchy data

Proposition 9.5.4. Let (κ∞) ji , (
(F )Υ∞)

j

i be smooth (1, 1) tensors and ψ∞,
(F )φ∞ be smooth func-

tions on TD satisfying the asymptotic constraints (7.2.27)–(7.2.31) with T = T∗. Then there exists

a unique smooth solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) to the system (7.2.6)–(7.2.20) for t > 0 in CMCFA
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gauge, which achieves the asymptotic data in the sense that for any s ∈ R and β as in Propos-

tion 9.5.3, one has the (strong) convergence:

κ
j
i (t) → (κ∞) ji ,

(F )Υ
j

i (t) → ((F )Υ∞)
j

i in Hs−β, ψ(t) → ψ∞,
(F )φ(t) → (F )φ∞ in Hs. (9.5.22)

Moreover, for any s ∈ R one has the following bound between Sobolev spaces:

∥η j
i (1, ·)∥Hs+1 + ∥κ ji (1, ·)∥

2
Hs + ∥ϕ(1, ·)∥2Hs+1 + ∥ψ(1, ·)∥2Hs

≲ ∥(κ∞) ji ∥
2

Hs+1
2 ,F (Σ0)

+ ∥((F )Υ∞)
j

i ∥
2

Hs+1
2 ,F (Σ0)

+ ∥ϕ∞∥2
Hs+1

2
+ ∥(F )φ∞∥2

Hs+1
2
. (9.5.23)

Proof. For existence, we decompose the scattering data ((κ∞) ji , (
(F )Υ∞)

j

i ,ψ∞,
(F )ϕ∞) into their

Fourier modes. For any λ ̸= 0, we now appeal to Proposition 9.4.5(ii), which tells us that there

exists a solution to the ODE system (9.4.3)–(9.4.6) in the range t ∈ (0, tλ∗), which achieves the

relevant limits as t→ 0, at the rate (9.4.28)–(9.4.29).

However, the ODE system (9.4.3)–(9.4.6) is in the CMCTC gauge, as opposed to the CMCFA

gauge as required. Nevertheless, as in the proof of Proposition 9.5.3, we may use a change of

gauge associated to the vector field ξjλ in (9.5.19) to generate another solution in the CMCFA

gauge. As in that proof, we still have the estimates (9.5.20), and as a result the energy estimates

of Section 9.4 will all remain valid in this gauge. We denote this solution in CMCFA gauge to be

((κλ)
j
i , (

(F )Υλ)
j

i ,ψλ,
(F )φλ,νλ,χ

j
λ) as before.

We extend this solution to the range t > tλ∗ by using instead the CMCSH gauge evolution; this

is valid since the CMCSH gauge and the CMCFA gauge coincide for t ≥ tλ∗. Then combining all of

the low-frequency estimates in Proposition 9.4.5, the mid-frequency estimate in Proposition 9.4.6

and the high-frequency estimate of Proposition 9.3.2, we find that for λ ∈ ZD and Eλ,hm(1) as in

(9.5.21), our solution obeys:

Eλ,hm(1) ≲ g̊ac(tλ∗)̊gbd(tλ∗)
[
((κ∞)λ)

b
a ((κ∞)λ)

d
c + (((F )Υ∞)λ)

b

a (((F )Υ∞)λ)
d

c

]
+ (ψ∞)2λ + ((F )φ∞)2λ. (9.5.24)

Using Lemma 9.5.2 to deal with λ = 0, and using the coercivity of the high-frequency energy in

Lemma 9.3.1, we therefore have the estimate

⟨λ⟩2s|(κλ) ji (1)|
2 + ⟨λ⟩2s+2|((F )Υλ)

j

i (1)|
2 + ⟨λ⟩2s|ψλ(1)|2 + ⟨λ⟩2s+2|(F )φλ(1)|2

≲ ⟨λ⟩2s+1
[̊
gac(tλ∗)̊gbd(tλ∗)

[
((κ∞)λ)

b
a ((κ∞)λ)

d
c + (((F )Υ∞)λ)

b

a (((F )Υ∞)λ)
d

c

]
+(ψ∞)2λ + ((F )φ∞)2λ

]
.

By smoothness of the scattering data, the right-hand side is summable in λ ∈ ZD for all s, and

doing this sum yields the estimate (9.5.23).
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Now, upon applying Fourier inversion we recover a smooth solution (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) to the

system (7.2.6)–(7.2.20) for t > 0 in CMCFA gauge, which moreover achieves the asymptotics (9.5.22)

using the same proof as in Proposition 9.5.3. We leave the details to the reader.

All that remains is to show uniqueness. Since the system is linear it suffices to show uniqueness in

the case of trivial scattering data (κ∞) ji = 0, ((F )Υ∞)
j

i = 0, ψ∞ = 0 and (F )φ∞ = 0. Suppose that

we have a smooth solution (η j
i , κ

j
i ,ϕ,ψ,ν, ξ

j) to (7.2.6)–(7.2.20) in the CMCFA gauge, achieving

these trivial asymptotics in the sense of (9.5.22). To show that this solution vanishes, it will suffice

to show each Fourier mode vanishes.

The 0-Fourier mode must vanish by Lemma 9.5.2, so now take any λ ∈ ZD \ {0}, and focus on

the low-frequency regime with 0 < t ≤ tλ∗. Recall that Proposition 9.4.5(ii) gives us uniqueness

in CMCTC gauge, and for uniqueness in CMCFA gauge we look for a gauge transformation that

retains the trivial asymptotic data but so that the transformed solution is in CMCTC gauge.

The idea is that any λ-mode projected solution ((κλ)
j
i , (

(F )Υλ)
j

i ,ψλ,
(F )φλ,νλ,χ

j
λ) in CMCFA

gauge must obey |χjλ(t)| ≤ Dtδ for some constant D that may depend on data but does not depend

on t. This follows from (9.5.19) and the description of χjλ in the proof of Proposition 9.5.3. (In other

words, that any CMCFA solution may be constructed from another CMCTC solution, though this

latter CMCTC solution will not necessarily have trivial asymptotic data.)

We find a CMCTC solution with trivial asymptotic data via the gauge transformation associated

to the vector field (T )ξ
j
λ(t) =

∫ t
0 χ

j
λ
ds
s . Since |χjλ(t)| ≤ Dtδ, (T )ξ

j
λ(t) is well-defined and vanishes at

t = 0. Further, by Lemma 7.2.3(ii) with T = 0, it transforms our CMCFA solution to a CMCTC

solution which still has trivial asymptotic data. Thus by uniqueness of CMCTC solutions from

asymptotic data, the transformed solution must vanish. By (7.2.35) with T = tλ∗, this tells us that

((F )Υλ)
j

i =
i

2
λi

(T )ξ
j
λ +

i

2
g̊ip(tλ∗)̊g

jq(tλ∗)λq
(T )ξ

q
λ.

We now simply insert this into our frequency adapted gauge condition (9.5.3). Eventually we

obtain g̊ab(tλ∗)λaλb
(T )ξ

j
λ = 0. In other words, the gauge transformation vector field has (T )ξ

j
λ =

0, and our solution must have been trivial in the first place. This concludes the proof of the

proposition.

Completion of the proof of Theorem 9.5.1

All the remains is to extend Proposition 9.5.3 and Proposition 9.5.4 to the setting where

(κ ji ,
(F )Υ

j
i ,ψ,

(F )φ) have finite regularity, by using the density of smooth functions in Hs and

in Hs,F (Σ0). This is a slightly more complicated version of what was done for the wave equation

in Section 8.5.3, and therefore we leave the details to the reader, with only 2 comments:

– In both directions, the data ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) or ((κ∞) ji , (

(F )Υ∞)
j

i ,ψ∞,
(F )φ∞) is not

completely free, and must be arranged to satisfy various constraint equations and gauge con-
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ditions. Thus in approximating finite regularity data by smooth data, the approximating data

must also satisfy these equations.

However, since in our case the constraint equations and gauge conditions are linear, it is easy to

smoothly approximate data while still satisfying these equations, for instance by convolution

with standard mollifiers.

– In order to insist both that our solutions are classical and to make sure that the convergence

(9.5.5) is also in C3 in order to satisfy the assumptions of Lemma 7.2.5, we must choose

s > D
2 + 3 + β. This is what we mean by requiring s to be sufficiently large in (i) and (ii).

For (iii), the Hilbert space isomorphism remains true for all s ∈ R.

This concludes our proof of Theorem 9.5.1.

9.5.4 Proof of scattering in transported coordinates

In this section, we prove the original version of the scattering result, Theorem 7.3.1, in a CMCTC

gauge. To go from CMCFA gauge to CMCTC gauge, we use Lemma 7.2.3(ii); thus it remains to

understand χj in CMCFA gauge, or more precisely the related change of gauge vector field

ξj(t) := −
∫ 1

t
χj(s)

ds

s
. (9.5.25)

Lemma 9.5.5. Let (η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) be a solution to the linearized Einstein–scalar field system

(7.2.6)–(7.2.20) in CMCFA gauge, with regularity as in either of (i) or (ii) of Theorem 9.5.1. Then

the change of gauge vector field ξj defined in (9.5.25) satisfies

ξj ∈ C0((0,+∞) : Hs+ 1
2 ).

Moreover there exists a unique vector field ξj∞ ∈ Hs+ 1
2 such that ξj(t) → ξ

j
∞ in Hs+ 1

2 as t→ 0.

Proof. Let us first work at the level of each Fourier mode ((ηλ)
j
i , (κλ)

j
i ,ϕλ,ψλ,νλ,χ

j
λ), where

λ ∈ ZD \ {0} (recall that χj and thus ξj have zero average). Using (9.3.8) from Lemma 9.3.5, and

unpacking the g̊-norm, we find that for τλ(t) ≥ τ̊ ,

|χjλ(t)| ≲
t1−pj

τ
3
2

E1/2
λ,hm(1). (9.5.26)

Here we have used the high-frequency energy estimate Proposition 9.3.2 to allow the right-hand

side to be Eλ,hm(1), as defined in (9.5.21), in place of Eλ,high(t). Using also the mid-frequency

energy estimate Proposition 9.4.6 and the associated elliptic estimates, (9.5.26) also holds in the

mid-frequency range, and thus for the whole range τλ(t) ≥ 1.
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In the low-frequency regime, we estimate |χjλ| by referring to the proof of Proposition 9.5.3,

in particular (9.5.20) and the description of χjλ immediately below it. Combining all the energy

estimates, one deduces that in the low-frequency range 0 < τλ(t) ≤ 1, one has

|χjλ(t)| ≲ t
1−pj
λ∗ ·

(
t

tλ∗

)δ
E1/2
λ,hm(1). (9.5.27)

Upon using that t ≤ 1 and tλ∗ ≤ 1 in our setting, we combine (9.5.26) and (9.5.27) to get that for

all t > 0,

|χjλ(t)| ≲ min

{
τ−

3
2 ,

(
t

tλ∗

)δ}
· E1/2

λ,hm(1). (9.5.28)

(9.5.28) implies that |χjλ(t)| is integrable (with respect to the differential dtt ) both towards τ → ∞
and towards t→ 0. Indeed, using also Lemma 8.2.2, it is straightforward to see that ξjλ(t), defined

in (9.5.25), has a limit (ξ∞)jλ as t→ 0, and we have

|(ξ∞)jλ| ≲ E1/2
λ,high(1), |ξjλ(t)− (ξ∞)jλ| ≲ max

{(
t

tλ∗

)δ
, 1

}
· E1/2

λ,high(1). (9.5.29)

To complete the proof, we recall that from Theorem 9.5.1(i) and (ii), it follows that∑
λ∈ZD\{0}⟨λ⟩2s+1Eλ,hm(1) < +∞. The lemma then follows straightforwardly from (9.5.29).

With Lemma 9.5.5, we now deduce Theorem 7.3.1 from Theorem 9.5.1.

Proof of Theorem 7.3.1. We prove (i), (ii) and (iii) as follows:

(i) Let ((ηC)
j
i , (κC)

j
i ,ϕC ,ψC) be Cauchy data with regularity as given and satisfying the con-

straints (7.2.15)–(7.2.20). We now apply Theorem 9.5.1, which gives us a classical solution

(η j
i , κ

j
i ,ϕ,ψ,ν,χ

j) of (7.2.6)–(7.2.20) in the CMCFA gauge. There are two steps to get to

the setup of Theorem 7.3.1.

Firstly, even before changing gauge, we upgrade the convergence of the frequency adapted

quantities (F )Υ
j
i and (F )φ to convergence of Υ j

i and φ. From Definition 9.5.1, we have

Υ
j
i = (F )Υ

j

i +

∫ 1

max{t,T∗}
g̊ip(s)̊g

jq(s)
ds

s
· κ p

q , φ = (F )φ−max{log(T∗), log t} ·ψ. (9.5.30)

Here, the object involving integral in (9.5.30) is a time-dependent symbol which, in some

symbol class Sβ0 for β > 0, converges (strongly) as follows:∫ 1

max{t,T∗}
g̊ip(s)̊g

jq(s)
ds

s
→
∫ 1

T∗
g̊ip(s)̊g

jq(s)
ds

s

Therefore, for s sufficiently large, the convergence (9.5.5) together with Sobolev embedding

implies the existence of (Υ∞) ji such that the convergence (7.3.2) also holds, at least in CMCFA
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gauge. A similar result holds for φ, and here we can get convergence in Hs by the same proof

as Proposition 8.5.2.

To transform back to CMCTC gauge, we use the change of gauge associated to the vector field

ξj defined in (9.5.25). By (7.2.22) and (7.2.35), κ ji and Υ j
i transform as:

κ
j
i 7→ κ

j
i + (t̊k p

i )∂pξ
j − (t̊k j

p )∂iξ
p, Υ

j
i 7→ Υ

j
i +

1

2
∂iξ

j +
1

2
g̊ip(1)̊g

jq(1)∂qξ
p.

Since, by Lemma 9.5.5, the vector field ξj also converges to ξj∞ in Hs+ 1
2 as t → 0, Sobolev

embedding implies that we also have the desired convergence in CMCTC gauge.

Finally, the regularity statement (7.3.4) follows from (9.5.8), upon using (9.5.30) and un-

raveling the Hs,F (Σ0) norm from Definition 9.5.3. The remainder of Theorem 7.3.1(i) is

straightforward.

(ii) The proof of Theorem 7.3.1(ii) follows from an identical manner to the above; we first apply

Theorem 9.5.1(ii) to find the solution in CMCFA gauge and then transform back using ξj from

(9.5.25).

(iii) For the scattering isomorphism in Theorem 7.3.1(iii), one simply notes that the spaces Hs
C,c in

Theorem 7.3.1 and Theorem 9.5.1 are identical, while the difference between Hs
∞,c and (F )Hs

∞,c

exactly encodes going from the frequency adapted quantities (F )Υ
j
i and (F )φ back to Υ j

i to

φ. Thus Theorem 7.3.1(iii) follows immediately from Theorem 9.5.1(iii).



Appendix A

Bessel functions

In this appendix, we record several basic facts about Bessel functions, which are used widely in

Chapter 4, particularly Section 4.4. Bessel functions are also slightly relevant to the discussion in

Chapter 8. For further details, refer to Chapter 10 of [54]. We start by recalling Bessel’s equation

of order ν ∈ C:

z2
d2f

dz2
+ z

df

dz
+ (z2 − ν2)f = 0. (A.0.1)

Solutions to this equation are known as Bessel functions of order ν. Within the appendix, we

shall always assume ν to be a nonnegative integer, and our applications will always be in the cases

ν = 0, 1.

As (A.0.1) is a second order linear homogeneous ODE, there are two linearly independent solu-

tions, denoted Jν(z) and Yν(z). These have the following properties.

Fact A.0.1. The function Jν(z), known as the Bessel function of the first kind, is an entire function

given by the following Taylor expansion:

Jν(z) =
(
1
2z
)ν ∞∑

k=0

(
−1

4z
2
)k

k! Γ(ν + k + 1)
. (A.0.2)

In particular, as z → 0, J0(z) → 1 and z−1J1(z) → 1/2. Furthermore, for 0 < z ≤ 1, one has

z|J0(z)| ≤ 1.

Fact A.0.2. The function Yν(z), known as the Bessel function of the second kind, can be defined

via the following Fuchsian asymptotic expansion for ν = n ∈ N ∪ {0} and z ∈ R+:

Yn (z) = −
(12z)

−n

π

n−1∑
k=0

(n− k − 1)!

k!

(
1
4z

2
)k

+
2

π
ln
(
1
2z
)
Jn (z)

−
(12z)

n

π

∞∑
k=0

(ψ (k + 1) + ψ (n+ k + 1))
(−1

4z
2)k

k!(n+ k)!
, (A.0.3)
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where ψ(z) = Γ′(x)/Γ(x) and γ ≈ 0.577 is the Euler-Mascheroni constant. In particular, one has

the following asymptotics for Y0(z) and Y1(z):∣∣∣∣Y0(z)− 2

π

(
log
(
1
2z
)
+ γ
)∣∣∣∣ ≲ z2,

∣∣∣∣Y1(z) + 2

πz

∣∣∣∣ ≲ |z log z|. (A.0.4)

Furthermore, for 0 < z ≤ 1, one has the quantitative estimate z|Y0(z)| ≤ 1.

Fact A.0.3. By studying the expansions (A.0.2) and (A.0.3),

J ′
0(z) = −J1(z) and Y ′

0(z) = −Y1(z). (A.0.5)

Fact A.0.4. As z → ∞, we have the following asymptotics for Jν(z) and Yν(z):

Jν(z) =

√
2

πz

(
cos
(
z − νπ

2
− π

4

)
+O(z−1)

)
, (A.0.6)

Yν(z) =

√
2

πz

(
sin
(
z − νπ

2
− π

4

)
+O(z−1)

)
. (A.0.7)

We finish this appendix with two lemmas concerning Bessel’s equation (A.0.1). These will be

useful when studying Bessel-type equations with inhomogeneous error terms, as in Section 4.4.

Lemma A.0.5. Consider Bessel’s equation (A.0.1), where ν is a nonnegative integer. We define

the usual Wronskian, normalized by the Bessel functions of the first and second kind, by

Wν(z) := det

∣∣∣∣∣Jν(z) Yν(z)

J ′
ν(z) Y ′

ν(z)

∣∣∣∣∣ = Jν(z)Y
′
ν(z)− Yν(z)J

′
ν(z). (A.0.8)

Then

Wν(z) =
2

πz
. (A.0.9)

Proof. A standard manipulation of the second order ODE (A.0.1) gives

d

dz
Wν(z) = −1

z
Wν(z).

Integrating for z ∈ R+ therefore yields Wν(z) = Cz−1 for some constant of integration C.

To determine C, simply use the asymptotics of Facts A.0.1 and A.0.2. This yields C = 2
π , as

required. (This computation is more straightforward in our case ν = 0.)

For the next lemma, we consider Bessel’s equation of order 0 as a first-order system in (f1, f2) =

(f, dfdz ):

d

dz

[
f1

f2

]
=

[
f2

−f1 − 1
zf2

]
=

[
0 1

−1 −1
z

][
f1

f2

]
. (A.0.10)
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So for any z0, z1 > 0, we may define the solution operator1 S(z1; z0) as a linear operator S(z1; z0) :

R2 → R2 in the following manner: if (f1(z0), f2(z0)) is considered as data for the linear ODE

(A.0.10), then S(z1; z0) maps this data (f1(z0), f2(z0)) to the value of the solution at z = z1,

namely (f1(z1), f2(z1)). As an equation:[
f1(z1)

f2(z1)

]
= S(z1; z0)

[
f1(z0)

f2(z0)

]
. (A.0.11)

The following lemma then asserts how to use this linear operator in solving Bessel’s equation

with inhomogeneous terms, as well as an explicit formula and estimates for the operator S(z1; z0).

Lemma A.0.6. Consider Bessel’s equation (A.0.1) with ν = 0, but with an inhomogeneous term

F (z), i.e.
d2f

dz2
+

1

z

df

dz
+ f = F. (A.0.12)

Then, for z0, z1 ∈ R+ and the solution operator S(z;w) defined as before, we have the following

expression: [
f(z1)
df
dz (z1)

]
= S(z1; z0)

[
f(z0)
df
dz (z0)

]
+

∫ z1

z0

S(z1; z̃)

[
0

F (z̃)

]
dz̃. (A.0.13)

Furthermore, we have the following results regarding the linear operator S(z1; z0):

(1) In terms of the Bessel functions Jν(z), Yν(z), one may write

S(z1; z0) =

[
J0(z1) Y0(z1)

−J1(z1) −Y1(z1)

]
·

[
J0(z0) Y0(z0)

−J1(z0) −Y1(z0)

]−1

, (A.0.14)

=
πz0
2

[
J0(z1) Y0(z1)

−J1(z1) −Y1(z1)

]
·

[
−Y1(z0) −Y0(z0)
J1(z0) J0(z0)

]
. (A.0.15)

(2) Using the usual l2 norm on R2, defined as ∥(x, y)∥l2 =
√
x2 + y2, and defining ∥A∥l2→l2 :=

supx∈R2,∥x∥l2=1 ∥Ax∥l2 to be the l2 operator norm of a linear map A, we have that, for all

z0, z1 > 0,

∥S(z1; z0)∥l2→l2 ≤ max

{
z0
z1
, 1

}
. (A.0.16)

Proof. Once again letting (f1, f2) = (f, dfdz ), we have now the first-order system:

d

dz

[
f1(z)

f2(z)

]
=

[
0 1

−1 −1
z

][
f1(z)

f2(z)

]
+

[
0

F (z)

]
.

1This can be viewed as a “non-autonomous” semigroup, also commonly known as a propagator. In particular, it

follows that S(z2; z1) ◦ S(z1; z0) = S(z2; z0).



344

Then the expression (A.0.13) follows from the standard theory of first-order systems and Duhamel’s

principle.

To get (1), we recall that in light of Fact A.0.3, the most general solution to the first-order system

with no inhomogeneous term is:[
f1(z)

f2(z)

]
=

[
cJJ0(z) + cY Y0(z)

−cJJ1(z)− cY Y1(z)

]
=

[
J0(z) Y0(z)

−J1(z) −Y1(z)

][
cJ

cY

]
, (A.0.17)

where cJ , cY are coefficients in R. Plugging this into (A.0.11) and allowing cJ , cY to vary will yield

(A.0.14). The expression (A.0.15) then follows by using Lemma A.0.5 to compute the inverse.

Finally, for (2), suppose f(z) is a solution to the homogeneous Bessel’s equation of order 0. Then

we directly compute
d

dz
(f(z)2 + f ′(z)2) = −2

z
f ′(z)2.

Therefore, if z1 ≥ z0, then it is clear that f(z1)2 + f ′(z1)
2 ≤ f(z0)

2 + f ′(z0)
2, while if z1 < z0, then

Grönwall’s inequality gives

f(z1)
2 + f ′(z1)

2 ≤ exp

(∫ z1

z0

−2

z
dz

)
(f(z0)

2 + f ′(z0)
2) =

(
z0
z1

)2

(f(z0)
2 + f ′(z0)

2).

This yields exactly the required estimate on ∥S(z1; z0)∥l2→l2 .

In this paper, we will often encounter rescaled versions of Bessel’s equation: let χ > 0 be a

constant, then consider the equation:

d2f

dx2
+

1

x

df

dx
+ χ2f = F (x). (A.0.18)

Using Lemma A.0.6, it is then straightforward to deduce the following corollary.

Corollary A.0.7. Let f = f(x) be a solution to (A.0.18). Then, if we denote by Qχ the scaling

matrix

Qχ :=

[
1 0

0 χ

]
,

and define Sχ(x1;x0) = Qχ ◦ S(χx1;χx0) ◦Q−1
χ , then for any x0, x1 > 0 we have[

f(x1)
df
dx(x1)

]
= Sχ(x1;x0)

[
f(x0)
df
dx(x0)

]
+

∫ x1

x0

Sχ(x1; x̃)

[
0

F (x̃)

]
dx̃. (A.0.19)

Furthermore, we have the following results regarding Sχ(x1;x0):

(1) An explicit formula is given by:

Sχ(x1;x0) =

[
J0(χx1) Y0(χx1)

−χJ1(χx1) −χY1(x1)

]
·

[
J0(χx0) Y0(χx0)

−χJ1(χx0) −χY1(χx0)

]−1

, (A.0.20)

=
πx0
2

[
J0(χx1) Y0(χx1)

−χJ0(χx1) −χY1(χx1)

]
·

[
−χY1(χx0) −Y0(χx0)
χJ1(χx0) J0(χx0)

]
. (A.0.21)
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(2) The following estimate holds on the operator norm of Sχ(x1;x0):

∥Sχ(x1;x0)∥l2→l2 ≤ max{χ, χ−1} ·max

{
1,
x0
x1

}
. (A.0.22)

Proof. Simply use the substitution z = χx in (A.0.18), and apply Lemma A.0.6. Details are left to

the reader.



Appendix B

Einstein–Maxwell–scalar field

asymptotics in Rein gauge

In Appendix B, we prove Theorem 5.1.0, regarding asymptotics of (ϕ, µ, λ,Q) solving the surface

symmetric Einstein–Maxwell–scalar system (2.5.9)–(2.5.12) near {r = 0}. Recall that we either

take the case Q = 0 and κ ∈ {0,+1}, or take Assumption 1 and Assumption 2 as given. We proceed

in a series of lemmas.

Lemma B.0.1. In either of the cases considered, there exist constants C > 0 and α > 0 such that

µ satisfies
Q2

r2
e2µ + e2µ ≤ Crα. (B.0.1)

In particular, by the contnuation criterion Lemma 2.5.3 one has global existence towards {r = 0}.
Furthermore, we also have the following estimates for eµ+λ:

Q2

r2
eµ+λ + eµ+λ ≤ Crα−1. (B.0.2)

Proof. If Q = 0, by (2.5.9) we have r∂rµ ≥ 1
2(1+κe2µ). Thus, by integrating in the direction r ↓ 0,

if κ ∈ {0,+1}, e2µ ≲ r is immediate. If instead κ = −1 we use Assumption 1 which tells us that

e2µ tends to 0 uniformly in r. Therefore we can still show e2µ ≲ r1/2. So (B.0.1) holds with α = 1
2 .

If, on the other hand Q ̸= 0, then we use Assumption 2, which says that r∂rµ ≥ 1
2(2 + α).

Directly integrating this towards r ↓ 0, the estimate (B.0.1) follows for α as in Assumption 2.

The second estimate, (B.0.2), comes from combining the negative of (2.5.13), i.e.

r∂r(λ− µ) = −1− κe2µ +
Q2

r2
e2µ,

with (B.0.1) to get eλ−µ ≲ r−1. We then multiply this with (B.0.1) to get (B.0.2).

346
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Lemma B.0.2 (Wave estimates). Let f obey the following equation, for F some inhomogeneity

(r∂r)
2f − r2e2(µ−λ)∂2xf =

(
−Q

2

r2
+ κ

)
e2µr∂rf + r2e2(µ−λ)∂x(µ− λ)∂xf + F. (B.0.3)

Then for any γ > 0 satisfying γ < min{α2 ,
1
2} where α > 0 is as in Lemma B.0.1, one has:

|(r∂r + reµ−λ∂x)f |(r, x) + |(r∂r − reµ−λ∂x)f |(r, x) + rγ|f |(r, x)

≲ r0 sup
x∈S1

|∂rf(r0, x)|+ r0 sup
x∈S1

|eµ−λ∂xf(r0, x)|+ rγ0 sup
x∈S1

|f(r0, x)|+
∫ r0

r
sup

r̃≤s≤r0
x∈S1

|F (s, x)| dr̃
r̃
.

(B.0.4)

Proof. We introduce the notation supHr̃
|f | to denote supx∈S1 |f(r̃, x)|, and define

A(r̃) = max

{
sup
Hr̃

|(∂r + eµ−λ∂x)f |, sup
Hr̃

|(∂r − eµ−λ∂x)f |, sup
Hr̃

r−1+γ|f |
}

We aim to derive an integral inequality for A(r) to which we may apply Grönwall’s inequality.

Using the wave equation (B.0.3) for f , as well as the transport equation (2.5.13), one may derive

the following:

(r∂r − reµ−λ∂x)(∂r + eµ−λ∂x)f

= −(∂r − eµ−λ∂x)f +

(
−Q

2

r2
+ κ

)
e2µ(∂r + eµ−λ∂x)f +

1

r
F.

Therefore using Lemma B.0.1, one has

|(r∂r − reµ−λ∂x)(∂r + eµ−λ∂x)f(r̃, x)| ≥ −A(r̃)− Cr̃αA(r̃)− 1

r̃
sup
Hr̃

|F |.

The idea is now simply to integrate this towards r = 0, via the characteristic (null) vector field

L = r∂r − reµ−λ∂x. Indeed, let γL̄ : (0, r0] → Q be a curve whose tangent vector is L and which

is parameterized by r. That is, γL(r) = (r,X(r)) with dX
dr = −eµ−λ. Then integrating the above

yields

|((∂r + eµ−λ∂x)f)(γL(r))|

≤ |((∂r + eµ−λ∂x)f)(γL(r0))|+
∫ r0

r
(1 + Cr̃α)A(r̃)

dr̃

r̃
+

∫ r0

r

1

r̃2
sup
Hr̃

|F | dr̃.

Since this is true for all curves γL which are integral curves of L, we therefore have that for all

x ∈ S1:

|(∂r + eµ−λ∂x)f)(r, x)| ≤ sup
Hr0

|(∂r + eµ−λ∂x)f |+
∫ r0

r
(1 + Cr̃α)A(r̃)

dr̃

r̃
+

∫ r0

r

1

r̃2
sup
Hr̃

|F | dr̃.
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On the other hand, a similar computation involving integral curves of L = r∂r + reµ−λ∂x yields:

|(∂r − eµ−λ∂x)f)(r, x)| ≤ sup
Hr0

|(∂r − eµ−λ∂x)f |+
∫ r0

r
(1 + Cr̃α)A(r̃)

dr̃

r̃
+

∫ r0

r

1

r̃2
sup
Hr̃

|F | dr̃.

Finally, since ∂r(r−1+γf) = −(1− γ)r−2+γf + 1
2r

−1+γ(∂r + eµ−λ∂x)f + 1
2r

−1+γ(∂r − eµ−λ∂x)f ,

r−1+γ|f |(r, x) ≤ sup
Hr0

(r−1+γ|f |) +
∫ r0

r
(1− γ+ r̃γ)A(r̃)

dr̃

r̃
.

Combining all of these, we deduce that

A(r) ≤ A(r0) +

∫ r0

r
(1 + Cr̃α + r̃γ)A(r̃)

dr̃

r̃
+

∫ r0

r

1

r̃2
sup
Hr̃

|F | dr̃

≤ A(r0) +

∫ r0

r
(1 + Cr̃α + r̃γ)A(r̃)

dr̃

r̃
+

1

r
sup

r̃≤s≤r0
x∈S1

|F (s, x)|.

One now applies Grönwall’s inequality together with
∫ r0
r (1 +Cr̃α + r̃γ)dr̃r̃ ≤ log

(
r0
r

)
+ logD where

D > 0 is some constant, to find that

rA(r) ≲ r0A(r0) +

∫ r0

r

1

r̃
sup

r̃≤s≤r0
x∈S1

|F (s, x)| dr̃,

which is equivalent to (B.0.4).

Lemma B.0.3 (Upper bounds at all orders). For (ϕ, λ, µ) as in Theorem 5.1.0, for all 0 ≤ j ≤ k

there exists a constant Cj such that

max
f∈{ϕ,µ,λ}

|r∂r∂jxf |+ max
f∈{ϕ,µ,λ}

|reµ−λ∂j+1
x f | ≤ Cj . (B.0.5)

Moreover Cj depends only on up to j ∂x-derivatives of r∂rϕ, r∂rµ and r∂rλ and up to j + 1 ∂x-

derivatives of ϕ, µ and λ at data i.e. at r = r0.

Proof. For the sake of brevity, we will focus on proving the part of (B.0.5) corresponding to f = ϕ,

and mention at the end how one gets the corresponding estimates for µ and λ.

Due to (2.5.12), ϕ satisfies the wave equation (B.0.3) with F = 0. Therefore Lemma B.0.2

immediately yields that for some C0 > 0 depending only on the C0 norm of r∂rϕ and ∂xϕ at data,

one has

|r∂rϕ|+ |reµ−λ∂xϕ| ≤ C0. (B.0.6)

The most challenging step is to get the estimate (B.0.5) for j = 1. For convenience, we further

introduce the notation supDr̃,r0
|f | = supr̃≤s≤r0,x∈S1 |F (s, x)|, and define the quantity

B(r̃) = max

{
sup
Dr̃,r0

|r∂r∂xϕ|, sup
Dr̃,r0

|reµ−λ∂2xϕ|, sup
Dr̃,r0

rγ|∂xϕ|

}
.
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It will be necessary to first find some preliminary estimates for ∂x(µ− λ) and ∂2x(µ− λ). To do so,

we use the transport equation (2.5.13) for µ− λ and differentiate in x, to get:

r∂r∂x(µ− λ) =

(
−Q

2

r2
+ κ

)
e2µ(2∂xµ) =

(
−Q

2

r2
+ κ

)
e2µ2(r∂rϕ)(∂xϕ). (B.0.7)

Note that the second equality followed from the constraint equation (2.5.10).

We then estimate the right hand side of (B.0.7) by:∣∣∣∣(−Q2

r2
+ κ

)
e2µ2(r∂rϕ)(∂xϕ)

∣∣∣∣ ≤ ∣∣∣∣r−1

(
Q2

r2
+ 1

)
eµ+λ · 2r∂rϕ · reµ−λ∂xϕ

∣∣∣∣
≤ r−12C2

0 ·
(
Q2

r2
+ 1

)
eµ+λ,

for C0 as in (B.0.6). Then using (B.0.2) in Lemma B.0.1, we have that |r∂r∂x(µ − λ)| ≲ r−2+α.

Integrating, we get

|∂x(µ− λ)| ≲ r−2+α. (B.0.8)

Differentiating (B.0.7) once again in x, we get

r∂r∂
2
x(µ− λ) =

(
−Q

2

r2
+ κ

)
e2µ
[
4(r∂rϕ)

2(∂xϕ)
2 + 2(r∂r∂xϕ)(∂xϕ) + 2(r∂rϕ)(∂

2
xϕ)
]
.

Using the definition of B(r) and similar methods to that of the estimate for (B.0.8), we can estimate

|r∂r∂2x(µ− λ)| ≲ r−2+α[r−γB(r) +B(r)]. Since B(r) increases as r → 0, we integrate this towards

r = 0, and get

|∂2x(µ− λ)| ≲ r−2+α−γB(r̃) + sup
Hr0

|∂2x(µ− λ)|. (B.0.9)

We now commute the wave equation (2.5.12) with ∂x to get that

(r∂r)
2∂xϕ+ r2e2(µ−λ)∂3xϕ =

(
−Q

2

r2
+ κ

)
e2µ(r∂r∂xϕ) + r2e2(µ−λ)∂x(µ− λ)∂2xϕ

+ 2r2e2(µ−λ)∂x(µ− λ)∂2xϕ+ r2e2(µ−λ)∂2x(µ− λ)∂xϕ+ 2r2e2(µ−λ)(∂x(µ− λ))2∂xϕ

+

(
−Q

2

r2
+ κ

)
e2µ(2∂xµ)(r∂rϕ).

Denote the latter two lines of this commuted equation by F (1). To estimate F (1), we will use (B.0.8),

(B.0.9), and finally also eµ−λ ≲ r (which follows easily from (2.5.13) and (B.0.1)). We have therefore

|r2e2(µ−λ)∂x(µ− λ)∂2xϕ| ≲ r1+αeµ−λ|∂2xϕ| ≲ rαB(r),

|r2e2(µ−λ)(∂x(µ− λ))2∂xϕ| ≲ r4 · r2(−2+α)|∂xϕ| ≲ r2α−γB(r),

|r2e2(µ−λ)∂2x(µ− λ)∂xϕ| = |reµ−λ∂2x(µ− λ)| · |reµ−λ∂xϕ| ≲ rα−γB(r),

while by Lemma B.0.1, the constraint equation (2.5.9) and (B.0.6) we have:∣∣∣∣(−Q2

r2
+ κ

)
e2µ(2∂xµ)(r∂rϕ)

∣∣∣∣ ≲ (Q2

r2
+ 1

)
e2µ · |∂xϕ| ≲ rα−γB(r).
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The upshot is that |F (1)(r)| ≲ rα−γB(r). Therefore using the commuted equation and

Lemma B.0.2, one shows that B(r) ≲ B(r0) +
∫ r
r0
r̃α−γ−1B(r̃)dr̃. Since 0 < γ < α, one may

apply Grönwall’s inequality to show that B(r) is uniformly bounded by some constant C1, thereby

(B.0.5) holds for j = 1 and f = ϕ.

There are two things left to do: get estimates for µ and λ, and then get estimates for higher

derivatives i.e. j ≥ 1. For µ, one uses the wave equation for µ, equation (2.5.11). Even for the

uncommuted equation (2.5.11), there is already an inhomogeneity in the application of Lemma B.0.2.

Fortunately, this is easily dealt with, either using Lemma B.0.1, or using ∂xϕ ≤ C1r
−γ. Commuting

the equation (2.5.11) once with ∂x and applying similar methods to before, we obtain the desired

estimates at orders j = 0, 1 for µ.

Next, for λ, we actually already have estimates for µ − λ, see for instance (B.0.7), (B.0.8) and

(B.0.9). These can easily be used to get the desired estimates for λ at orders j = 0, 1. Finally, for

the higher derivatives one simply has to commute the equations (2.5.12), (2.5.11) and (2.5.13) with

further ∂x-derivatives, and carry out the same approach. We remark that the commuted equations

already appear in Section 6.3, and that in the context of Theorem 5.1.0 all inhomogeneous terms

that appear can be easily controlled given we already have the estimates at orders j = 0, 1. Details

are left to the reader.

Lemma B.0.4 (Completion of Theorem 5.1.0). For (ϕ, λ, µ) as in Theorem 5.1.0, there exists a

function Ψ : S1 → R such that the following convergence holds strongly as r → 0,

r∂rϕ(r, ·) → Ψ(·), r∂rµ(r, ·) →
1

2
(Ψ(·)2 + 1), r∂rλ(r, ·) →

1

2
(Ψ(·)2 − 1) in Ck−1. (B.0.10)

Moreover, there exist further functions Ξ,M,Λ : S1 → R such that

ϕ(r, ·)− r∂rϕ(r, ·) log r → Ξ(·), (B.0.11)

µ(r, ·)− r∂rµ(r, ·) log r →M(·), (B.0.12)

λ(r, ·)− r∂rλ(r, ·) log r → Λ(·) in Ck−1. (B.0.13)

Finally, the asymptotic constraint equation dM = ΨdΞ holds.

Proof. Let us first study the convergence of r∂rϕ. To do so, use the wave equation (2.5.12), which

says

(r∂r)(r∂rϕ) = r2e2(µ−λ)∂2xϕ+ r2e2(µ−λ)∂x(µ− λ)∂xϕ+

(
−Q

2

r2
+ κ

)
e2µr∂rϕ. (B.0.14)

By Lemma B.0.3 for j = 1, noting that integrating the bound for |r∂r∂xf | in (B.0.5) yields that

|∂xf | ≲ 1+ | log r|, and also using Lemma B.0.1 as well as the bound eµ−λ ≲ r (found by integrating
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(2.5.13) and Lemma B.0.1),

|(r∂r)(r∂rϕ)| ≤ r2e2(µ−λ)|∂2xϕ|+ r2e2(µ−λ)|∂x(µ− λ)||∂xϕ|+
(
Q2

r2
+ 1

)
e2µ|r∂rϕ|

≲ r2 + r4(1 + | log r|)2 + rα.

Crucially, the right hand side is integrable with respect to the differential drr as r → 0, thus r∂rϕ(r, ·)
converges to some function Ψ(·) as r → 0, at least in the C0 norm.

To upgrade C0 convergence to Ck−1 convergence, one differentiates (B.0.14) k − 1 times with

∂x. Using Lemma B.0.3 for all orders, and noting that extra powers of (1 + | log r|) will arise when

∂x hits either e2(µ−λ) or e2µ, one obtains:

|(r∂r)(r∂r∂kxϕ)| ≲ (r2 + r4(1 + | log r|)2 + rα)(1 + | log r|)k−1.

The right hand side remains integrable with respect to dr
r , hence the convergence of r∂rϕ(r, ·) to

Ψ(r, ·) is actually in Ck, as required.

Next, we move to the convergence of r∂rµ and r∂rλ. From (2.5.9)

r∂rµ =
1

2

(
(r∂rϕ)

2 + 1
)
+

1

2
r2e2(µ−λ)(∂xϕ)

2 +
1

2

(
−Q

2

r2
+ κ

)
e2µ.

By Lemma B.0.3 for j = 1 and Lemma B.0.1 respectively, the latter two terms on the right hand

side decay to 0 as r4(1 + | log r|)2 and rα as r → 0. This remains true even after one takes j ∂x-

derivatives, for 0 ≤ j ≤ k − 1 (though as before we introduce an additional factor of (1 + | log r|)j .
Since we already have convergence of r∂rϕ to Ψ, the convergence for r∂rµ follows immediately. The

convergence of r∂rλ is analogous, using (2.5.8).

To get (B.0.11)–(B.0.13), we use that

(r∂r)(ϕ− (r∂rϕ) log r) = (r∂r)(r∂rϕ) · log r.

But we can compute the right hand side from (B.0.14), and therefore we can bound |(r∂r)[∂jx(ϕ −
(r∂rϕ))]| by (r2+r4(1+| log r|)2+rα)(1+| log r|)j log r for all 0 ≤ j ≤ k−1. This remains integrable

with respect to dr
r towards r = 0, hence there is some Ξ(·) so that ϕ(r, ·)− r∂rϕ(r, ·) log r → Ξ(·) in

Ck−1.

The analogous convergence for µ − r∂rµ log r and λ − r∂rλ log r is similar, though perhaps a

little more involved, since it involves taking an r∂r-derivative of (2.5.8)–(2.5.9) in order to bound

(r∂r)(r∂rµ) · log r and (r∂r)(r∂rλ) · log r. We leave the details to the reader.

Finally, we explain how to get the asymptotic momentum constraint dM = ΨdΞ. Using the

constraint equation (2.5.10) for ∂xµ, we have:

∂x (µ− (r∂rµ) log r) = (r∂rϕ)(∂xϕ)− (r∂r)[(r∂rϕ)(∂xϕ)] · log r

= (r∂rϕ) · ∂x (ϕ− (r∂rϕ) log r)− (r∂r)(r∂rϕ) · (∂xϕ) log r.
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By the C1 convergence in (B.0.10), the left hand side and the first term on the right hand side

converge to ∂xM and Ψ∂xΞ respectively as r → 0. Finally, by (B.0.14) and its bounds the final

term is bounded by (r2+r4(1+| log r|)2+rα)(log r)2, which converges to 0 as r → 0. This completes

the proof of the asymptotic momentum constraint.



Appendix C

A weighted Sobolev product estimate

In Appendix C we provide a proof of the weighted L2 product estimate Lemma 5.2.2. By a simple

density argument, it suffices to assume that f and g are smooth, and for convenience we work in

Lp–spaces with respect to the measure w2dx i.e. with

∥f∥Lp(w2dx) =

(∫
S1
|f(x)|pw2(x) dx

) 1
p

For 0 ≤ k ≤ K, we shall moreover define pk = 2K
k (where p0 = ∞) and the quantities Fk and

Gk as:

F0 = ∥f∥L∞(w2dx), Fk =

k−1∑
i=0

∥∂k−ix f∥Lpk (w2dx)∥∂xW∥iL∞(w2dx) for 1 ≤ k ≤ K,

G0 = ∥g∥L∞(w2dx), Gk =
k−1∑
i=0

∥∂k−ix f∥Lpk (w2dx)∥∂xW∥iL∞(w2dx) for 1 ≤ k ≤ K.

With this notation, Lemma 5.2.2 is reduced to proving that

∥∂Mx f ∂Nx g∥L2(w2dx) ≲M,N F0Gk +G0Fk. (C.0.1)

In order to prove such an estimate, our first goal will be to show that for 0 ≤ k ≤ K, one has

Fk ≲ F
K−k
K

0 F
k
K
K . (C.0.2)

We do this in several steps. Firstly, for 0 < k < K one may use the identity

∂x(w
2|∂kxf |pk−2 ∂kxf · ∂k−1

x f) = w2|∂kxf |pk

+ w2(pk − 1)|∂kxf |pk−3 ∂k+1
x f · ∂kxf · ∂k−1

x f + 2w2∂xW · |∂kxf |pk−2∂kxf · ∂k−1
x f.

Integrating this identity over x ∈ S1, one thereby deduces that∫
S1
|∂kxf |pkw2 dx ≲

∫
S1
|∂kxf |pk−2 |∂k+1

x f | |∂k−1
x f |w2 dx+

∫
S1
|∂kxf |pk−1 |∂k−1

x f | |∂xW |w2 dx,
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and an application of Hölders inequality to the two integrals on the right hand side yields (all Lp

spaces are with respect to the measure w2dx):

∥∂kxf∥
pk
Lpk ≲ ∥∂kxf∥

pk−2
Lpk ∥∂k−1

x f∥Lpk−1

(
∥∂k+1

x f∥Lpk+1 + ∥∂kxf∥Lpk+1∥∂xW∥L∞

)
.

Thus by the definition of Fk one concludes that

∥∂kxf∥2Lpk ≲ Fk−1Fk+1.

On the other hand, a standard Lp interpolation estimate (where the implied constants are im-

portantly independent of the measure associated to the Lp space), one has that for 1 ≤ j ≤ k − 1,

∥∂k−jx f∥2Lpk∥∂xW∥2jL∞ ≲ ∥∂k−jx f∥Lpk−1∥∂xW∥j−1
L∞ · ∥∂k−jx f∥Lpk+1∥∂xW∥j+1

L∞ ≤ Fk−1Fk+1.

Combining the above two equations, one therefore has that F 2
k ≲ Fk−1Fk+1.

It is straightforward to go from this to (C.0.2). For instance, assuming that all the Fj are nonzero

the inequality F 2
j ≲ Fj−1Fj+1 implies there is some constant C ∈ R such that

− K − k

K
logF0 −

k

K
logFK + Fk

=

K−1∑
j=1

(
− log

1

2
Fj−1 −

1

2
logFj+1 + logFj

)
·
(
min{j(K − k), (K − j)k}

K

)
≤ C,

which immediately yields (C.0.2).

Finally, in order to deduce (C.0.1) from (C.0.2) (and the analogous inequality for the Gks) we

simply apply Hölder’s inequality followed by (C.0.2), as follows:

∥∂Mx f ∂Nx g∥L2 ≤ ∥∂Mx f∥LpM ∥∂Nx g∥LpN ≤ FMGN ≤ (F0GK)
N
K (FKG0)

M
K .

The conclusion thus follows from Young’s inequality.



Appendix D

Fourier decomposition and ΨDOs

In Appendix D, we review the Fourier decomposition and Sobolev spaces Hs on TD = [−π, π]D. We

also review pseudodifferential operators on TD and their symbol calculus, and then mention some

properties of the symbol T∗ defined in Definition 1.6.1 in Lemma D.0.1.

Definition D.0.1. Let f : TD → R be a sufficiently regular1 function. The standard Fourier

decomposition, or Fourier series, (fλ)λ∈Zd , is defined as follows. For λ = (λ1, . . . , λD) ∈ ZD, we

have

fλ =
1

(2π)D

∫
TD

f(x)e−iλ·x dx =
1

(2π)D

∫
x∈[−π,π]D

f(x)e−iλkx
k
dx1 · · · dxD. (D.0.1)

A similar decomposition holds for tensors in TD, e.g. a (1, 1) tensor A = A j
i on TD has Fourier

decomposition:

(Aλ)
j
i =

1

(2π)D

∫
TD

A j
i (x)e

−iλ·x dx.

Remark. For sufficiently regular functions f , the Fourier inversion formula holds:

f(x) =
∑
λ∈ZD

fλ e
iλ·x, (D.0.2)

hence one is able to recover a function f on TD from its Fourier series, and similarly for tensors on

TD.

Definition D.0.2. For s ∈ R, a function f : TD → R lies in the Sobolev space Hs = Hs(TD) if the

following squared norm is finite, where ⟨·⟩ is the usual Japanese bracket; ⟨x⟩2 := 1 + |x|2.

∥f∥2Hs :=
∑
λ∈ZD

⟨λ⟩2s|fλ|2. (D.0.3)

1From the standard Fourier theory, f ∈ L1(TD) will be sufficient, however are eventually more interested in the

Sobolev spaces Hs. As we also entertain s < 0 in some cases, one may even consider the case where f is simply a

distribution.
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Similarly, a (1, 1) tensor A = A j
i lies in the Sobolev space Hs if

∥A j
i ∥

2
Hs :=

D∑
i,j=1

∑
λ∈ZD

⟨λ⟩2s
∣∣∣(Aλ) ji ∣∣∣2 < +∞. (D.0.4)

Definition D.0.3. Let L : ZD → R be a function that grows no faster than polynomially. We

define the symbol L associated to L, as follows: For f ∈ C∞(TD) smooth, let Lf be the (smooth)

function whose Fourier coefficients are given by the following expression

(Lf)λ =

{
L(λ)fλ if λ ̸= 0,

0 otherwise.

Next, following the symbol calculus of [80], for F : R → R such that F ◦ T : ZD → R grows no

faster than polynomially, define the operator F (L) : C∞(TD) → C∞(TD) to be such that

(F (L)f)λ =

{
F (L) (F ◦ L(λ))fλ if λ ̸= 0,

0 otherwise.

For m ∈ R, we say that L is in the symbol class Sm if L(λ) is bounded by a constant multiple of

⟨λ⟩m. If L is in the symbol class Sm, then for any s ∈ R, L may be extended as a bounded operator

from Hs to Hs−m.

As promised, we end this section with a brief discussion of the properties of the symbol T∗, which

is defined in Definition 1.6.1.

Lemma D.0.1. Let T∗ be as in Definition 1.6.1. Then:

(1) The symbol log(T∗) lies in the symbol class Sε if and only if ε > 0.

(2) For p = max pi, the symbol T −1
∗ lies in the symbol class SN if and only if N ≥ 1

1−p .

(3) For P = min pi, the symbol T∗ lies in the symbol class SN if and only if N ≥ − 1
1−P .

Proof. Using Definition 1.6.1, the lemma will follow from an understanding of the growth rates of

the function t∗ : ZD → (0,+∞) such that t∗(λ) = tλ∗ satisfies t∗(0) = 1 and

D∑
i=1

λ2i t
2−2pi
λ∗ = 1, for λ ̸= 0.

For each λ ̸= 0, it is immediate from this definition that for all i, one has tλ∗ ≤ λ
− 1

1−pi
i , and that

this is inequality is sharp if λi is the only nonvanishing component of λ. This proves (3) immediately.

To show (2), note that for λ ̸= 0, there must be some i ∈ {1, . . . D} such that λ2i t
2−2pi
λ∗ ≥ 1

D .

Therefore for this i, we have that t−1
λ∗ ≲ λ

1
1−pi
i ≤ ⟨λ⟩

1
1−p . Thus if N ≥ 1

1−p , the symbol T∗ lies in the
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symbol class SN . Conversely, if without loss of generality p = p1, then considering λ = (λ1, 0, . . . , 0)

proves that we cannot have t−1
λ∗ ≲ ⟨λ⟩N for any smaller N .

Finally, since we have shown both that tλ∗ ≤ ⟨λ⟩−
1

1−P and that t−1
λ∗ ≤ ⟨λ⟩

1
1−p , it is clear that

log t−1
λ∗ ≍ log⟨λ⟩. From this, the claim (1) is also straightforward.



Appendix E

Fuchsian ODE systems

A Fuchsian PDE is an equation of the following form, where V : (0, T )×Rk → RN , A is a suitable

matrix-valued operator, and f vanishes suitably as t→ 0.(
t
∂

∂t
+A

)
V = f [t,V].

Such equations originally arose in the “Fuchs-Frobenius” study of special functions and their singu-

larities in the complex plane. We refer the reader to the introduction to [96] for details.

The above definition of Fuchsian PDEs is somewhat imprecise, and in this article we only make

concrete definitions in the case of ODEs. In this case, the definition will be as follows.

Definition E.0.1 (Fuchsian ODEs). Let V : [0, T ) ⊂ R → RN be a continuous vector-valued

function, and let ε > 0. We say that V satisfies a Fuchsian ODE with tε weight if for t ∈ (0, t), the

following equation holds: (
t
d

dt
+A

)
V = tεF [t,V] (E.0.1)

where A is a constant N ×N matrix, and F : [0, T )× RN → RN is continuous in both arguments

and locally Lipschitz in its second argument.

Remark. One can make more general definitions where the RHS of (E.0.1) tends to 0 at a slower

rate than tϵ, or where the regularity assumptions are somewhat relaxed. However we do not need

to do this here, and we refer the interested reader to [96, Chapter 5].

We would like a local existence and uniqueness theory for V satisfying Fuchsian ODEs of the

form (E.0.1), with initial data given at the ‘singularity’ at t = 0. The result, which parallels the

usual Picard–Lindelöf theorem for regular ODEs, is as follows:

Lemma E.0.1. Consider a Fuchsian ODE of the form (E.0.1), and suppose moreover that the

matrix A is such that (the operator norm of) the matrix σA = exp(A log σ) is uniformly bounded

for σ ∈ (0, 1). Then
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(a) Consider the initial data V(0) = 0. Then for some T∗ > 0, there exists a unique continuous

V : [0, T∗) → RN which has V (0) = 0 and satisfies (E.0.1) for t ∈ (0, T∗). Further, the solution

satisfies the bound |V(t)| ≲ tε.

(b) Now let v ∈ RN be in the kernel of A, and consider initial data V(0) = v. Then for some

T∗ > 0, there exists a unique continuous V : [0, T∗) → RN which has V (0) = V and satisfies

(E.0.1) for t ∈ (0, T∗). Further, the solution satisfies the bound |V(t)− v| ≲ tϵ.

Proof. For part (a), we employ a contraction mapping argument in the following subset of

C([0, T∗),RN ):
X = {W ∈ C([0, T∗),RN ) : W(0) = 0, |W(t)| ≤M},

where T∗ > 0 and M > 0 will be fixed later. The idea is to use the following map S : X → X.

S(W)(0) = 0, S(W)(t) = tε
∫ 1

0
σA−1+εF [σt,W(σt)] dσ ∀t ∈ (0, T∗). (E.0.2)

Firstly, we note that V satisfies the Fuchsian ODE (E.0.1) with V(0) = 0 if and only if S(V) = V.

This is because the integral in (E.0.2) can be rewritten as:

tε
∫ 1

0
σA−1+εF [σt,W(σt)] dσ = t−A

∫ 1

0
(σt)A+εF [σt,W(σt)]

dσ

σ

= t−A
∫ t

0
σ̃A+εF [σ̃,W(σ̃)]

dσ̃

σ̃
.

Therefore S(V) = V if and only if we have that

tAV(t) =

∫ t

0
σ̃A+ϵF [σ̃,V(σ̃)]

dσ̃

σ̃
, ∀t ∈ (0, T∗)

which is obviously equivalent to V satisfying (E.0.1) for t ∈ (0, T∗).

We next show that for correctly chosen M and T∗, the map S sends the domain X to itself.

The fact that S(W) is continuous on [0, T∗) is easily checked, while for the boundedness let us first

suppose that K is the Lipschitz constant of F with respect to its second argument (since this lemma

is local in nature, we assume without loss of generality that K is a global Lipschitz constant). Then

we have

|S(W)(t)| ≤ tε
∫ 1

0
∥σA∥op σ−1+ϵ|F [σt,W(σt)]| dσ

≤ tϵ sup
σ∈(0,1)

∥σA∥op ·

(
sup
s∈(0,t)

F [s, 0] +KM

)
·
∫ 1

0
σ−1+ϵ dσ

= ϵ−1tϵ sup
σ∈(0,1)

∥σA∥op ·

(
sup
s∈(0,t)

F [s, 0] +KM

)
.
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Therefore for any M > 0, for T∗ chosen sufficiently small we have |S(W)(t)| ≤M , hence S : X → X

as required. A similar computation shows that S is a contraction mapping with respect to the C0

norm. Indeed,

|S(W1)(t)− S(W2)(t)| ≤ tϵ
∫ 1

0
∥σA∥op σ−1+ϵ|F [σt,W1(σt)]− F [σt,W2(σt)]| dσ

≤ tϵ sup
σ∈(0,1)

∥σA∥op ·
∫ 1

0
σ−1+ϵ ·K|W1(σt)−W2(σt)| dσ

≤ Kϵ−1tϵ sup
σ∈(0,1)

∥σA∥op · sup
s∈(0,T∗)

|W1(s)−W2(s)|.

Therefore S is a contraction mapping so long as T∗ is chosen such thatKϵ−1T ϵ∗ supσ∈(0,1) ∥σA∥op < 1.

Hence by the contraction mapping theorem, there is a unique fixed point V of S in the set X.

This completes the existence part of the proof. For uniqueness, first observe that the contraction

argument shows that two solutions V1 and V2 to (E.0.1) agree on an interval [0, T−] ⊂ [0, T∗) so long

as they remain bounded by M . Moreover, by the above bounds they must have |V1(t)|, |V2(t)| ≲ tϵ

for t ∈ [0, T−].

Therefore, by a straightforward continuity argument, they must agree in the whole interval

[0, T∗), and satisfy the bound |V1(t)| = |V2(t)| ≲ tϵ everywhere in this interval of existence. This

concludes the proof of (a).

Finally, part (b) follows immediately from part (a) simply by taking Ṽ = V−v and, upon using

the fact that Av = 0, rewriting the Fuchsian ODE (E.0.1) as(
t
d

dt
Ṽ +A

)
= tϵF̃ [t, Ṽ], F̃ [t,W] = F [t,W + v].

Applying part (a) to the above equation, this concludes the proof of (b).



Appendix F

Propagation of constraints for the

linearized Einstein equations

In Appendix F, we state and prove two propositions explaining how the constraint equations (and

gauge conditions) are propagated in evolution. The first, Proposition F.0.1, shows that in the

CMCSH evolution of Proposition 7.2.4(i), the constraints (7.2.15)–(7.2.20) and the gauge conditions

(7.2.4) and (7.1.3), remain true on all Cauchy slices Σt. The second, Proposition F.0.2, starts

with the asymptotic constraint equations of Lemma 7.2.5 and shows that the solution produced

by Proposition 9.5.4 solves the actual constraint equations (7.2.15)–(7.2.20) as well as the CMC

condition tr κ = 0.

Proposition F.0.1. Let (η̂ j
i (t), κ̂

j
i (t),ϕ(t),ψ(t),ν(t),χ

j(t)) be a solution to the elliptic-hyperbolic

system (7.2.6), (7.2.7), (7.2.9), (7.2.10), (7.2.11), (7.2.12), (7.2.14) for t > 0. Suppose furthermore

that for some time T > 0, the constraint equations (7.2.15), (7.2.16), (7.2.19) and (7.2.20) hold at

t = T , and also that the CMCSH gauge constraints tr κ̂ = 0 and (7.1.3) hold at t = T . Then the

whole system (7.2.6)–(7.2.20) holds for t > 0.

Proof. Let us start with the symmetry constraints (7.2.19) and (7.2.20). For this purpose, we define

Aac := g̊abη̂ c
b − g̊cbη̂ a

b , Bac := g̊ab(κ̂ c
b − (2t̊k d

b )η̂ c
d )− g̊cb(κ̂ a

b − (2t̊k d
b )η̂ a

d ).

Using only (7.2.6) and (7.2.7), one may derive evolution equations for Aac and Bac:

t∂tAac = Bac + (2t̊k a
b )Abc + (2t̊k c

b )Aab, t∂tBac = t2g̊ij∂i∂jAac − t2g̊ab∂b∂dAdc − t2g̊cb∂b∂dAad.

Assuming the spatially harmonic gauge condition (7.1.3) holds, the expression t2g̊ab∂b∂dAdc +

t2g̊cb∂b∂dAad will vanish. Unfortunately we have not yet shown that (7.1.3) is true for all times,

but our strategy will be first apply a gauge transformation, as in Proposition 7.2.4(ii), to create

a new solution to the elliptic-hyperbolic system (7.2.6), (7.2.7), (7.2.9), (7.2.10), (7.2.11), (7.2.12),

(7.2.14) that is spatially harmonic.
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Then since Aac and Bac are gauge invariant under the transformations (7.2.21) and (7.2.22), it

still suffices to deal with the case where we assume (7.1.3), in which case our equations reduce to

t∂tAac = Bac + (2t̊k a
b )Abc + (2t̊k c

b )Aab, t∂tBac = t2g̊ij∂i∂jAac.

Hence Aac and Bac obey a linear and homogeneous first order hyperbolic system, and therefore their

vanishing at t = T implies their vanishing everywhere. To be explicit, one can use the following

energy estimate:

if EAB(t) =

∫
TD

g̊abg̊cd(t
2g̊ij∂iAac∂jAbd + BacBbd +AacAbd) dx, then t∂tEAB(t) ≲ EAB(t).

Grönwall’s inequality therefore shows that Aac = Bac = 0 for all t > 0, proving (7.2.19) and (7.2.20).

We next move onto the Hamiltonian and momentum constraints (7.2.15) and (7.2.16). Instead

of dealing with these equations directly, we instead define:

H = −t2g̊ab∂a∂b tr η̂+ t2g̊ab∂i∂aη̂
i
b + (t̊k a

b )κ̂ b
a + 2pϕψ,

Pi = ∂j κ̂
j
i + ∂i((t̊k

a
b )η̂ b

a + 2pϕϕ)− (t̊k j
i )∂j tr η̂.

Then using (7.2.6), (7.2.7), (7.2.9) and the elliptic equation (7.2.12), one derives the evolution

equations:

t∂tH = t2g̊ij∂iPj , t∂tPi = ∂iH.

Note that the constraints being satisfied at t = T imply that H = 0 and Pi = 0 at t = T . Now

if EHP(t) =

∫
TD

(t2g̊ijPiPj +H2) dx, then t∂tEHP(t) ≲ EHP(t).

Therefore, H = 0 and Pi = 0 for all times t > 0. Furthermore, using also the elliptic equations

(7.2.12) and (7.2.14) one derives that

t∂t tr κ̂ = 0, t∂t(2∂j η̂
j
i − ∂i tr η̂) = 2Pi.

Since we already have Pi = 0, this implies the gauge conditions (7.2.4) and (7.1.3) remain true in

evolution. Combining this with H = 0 and Pi = 0, we also deduce (7.2.15) and (7.2.16). Finally,

(7.2.17) may be derived as a consequence of (7.2.16), (7.2.19) and (7.2.20).

Proposition F.0.2. As in Proposition 9.4.5, let ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ,νλ) be a solution to

the ODE system (9.4.3)–(9.4.6) together with (9.2.8), is such that ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ) →
(((κ∞)λ)

j
i , ((Υ̃∞)λ)

j

i , (ψ∞)λ, (φ̃∞)λ) as t→ 0.

Suppose moreover that these limiting quantities satisfy the asymptotic constraints (9.2.17)–

(9.2.21), with T = T∗. Then the solution ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ,νλ) obeys the constraint equations

(9.2.11)–(9.2.16). (Here (Υ̃λ)
j

i and φ̃λ are related to (ηλ)
j
i and ϕλ by (9.4.1) and (9.4.2).)
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Proof. The strategy is to combine the constraint propagation method of Proposition F.0.1 with

some Fuchsian analysis. We start with the symmetry constraints (9.2.15) and (9.2.16). Instead of

dealing with η j
i directly, we first define

(Cλ)ac := g̊ab(tλ∗)(Υ̃λ)
c

b − g̊cb(tλ∗)(Υ̃λ)
a

b ,

(Dλ)
ac := g̊ab(tλ∗)((κλ)

c
b − (2t̊k d

b )(Υ̃λ)
c

d )− g̊cb(tλ∗)((κλ)
a
b − (2t̊k d

b )(Υ̃λ)
a

d ).

We use that by the proof of Lemma 7.2.5, ((Cλ)ac, (Dλ)
ac) = (0, 0) if and only ((Aλ)

ac, (Bλ)ac) =
(0, 0), where Aac and Bac were defined in the proof of Proposition F.0.1.

By the assumptions of Proposition F.0.2, ((Cλ)ac, (Dλ)
ac) are bounded and tend to (0, 0) as

t → 0. Thus by the Fuchsian analysis of Lemma E.0.1, particularly the uniqueness statement,

one may deduce that ((Cλ)ac, (Dλ)
ac), and therefore also ((Aλ)

ac, (Bλ)ac), vanish identically if we

can prove that for the vector C = ((Cλ)ac, (Dλ)
ac : a, c = 1, . . . , D), there is some bounded (time-

dependent) matrix ACD such that

t
d

dt
C = tδACD ·C. (F.0.1)

One may verify (F.0.1) directly by using the system (9.4.3), (9.4.4), (9.2.8) and going through a

lengthy calculation. We propose an alternative approach using linear algebra. Firstly, by Proposi-

tion 9.4.4 (ignoring all the appearances of tλ∗), for a solution of the system (9.4.3)–(9.4.6) and (9.2.8)

there does exist a bounded (time-dependent) matrix BCD such that for V = ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ),

such that we verify the Fuchsian ODE:

t
d

dt
C = tδBCD ·V.

On the other hand there is the natural linear map L : ((κλ)
j
i , (Υ̃λ)

j

i ,ψλ, φ̃λ) 7→ ((Cλ)ac, (Dλ)
ac),

which is surjective onto the D(D − 1)-dimensional space (SkewD×D)
2, meaning two copies of the

space of skew-symmetric matrices.

Thus (F.0.1) holds if BCD factorizes as BCD = ACD ◦ L for some bounded ACD. The key

observation is that kerL ⊂ kerBCD; this follows since by Proposition F.0.1, for t > 0 we know that

t ddt((Aλ)
ac, (Bλ)ac) = 0 if ((Aλ)

ac, (Bλ)ac) = 0 and thus the same holds true for ((Cλ)ac,Dλ)
ac).

Therefore, one may apply the linear algebra fact that since kerL ⊂ kerBCD and L is surjective

onto (SkewD×D)
2, there must exist some map ACD : (SkewD×D)

2 → (SkewD×D)
2 such that BCD

factorizes as BCD = ACD ◦ L.

In fact, one may apply the linear algebra fact in such a way that ACD remains uniformly bounded

in time. Therefore the Fuchsian ODE (F.0.1), and thus the propagation of the symmetry constraints

follows. We summarize the strategy as suitably renormalized constraints (i.e. ((Cλ)ac, (Dλ)
ac)) +

good derivative bounds (i.e. Proposition 9.4.4) + constraint propagation at t > 0 (i.e. Proposi-

tion F.0.1) implies constraint propagation from asymptotic data.
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One can play the same game for the Hamiltonian and momentum constraints. Define

Hλ = t2g̊abλaλb tr Υ̃λ − t2g̊abλiλa(Υ̃λ)
i

b + t2g̊abλiλa

∫ tλ∗

t
g̊bp(s)̊g

iq(s)
ds

s
· (κλ) p

q

+ (t̊k a
b )(κλ)

b
a + 2pϕϕλ,

(Qλ)i = −iλjκ
j
i − iλi((t̊k

a
b )(Υ̃λ)

b

a + 2pϕφ̃λ) + i(t̊k j
i )λj tr Υ̃

+ iλi log

(
t

tλ∗

)(
t2g̊abλaλb tr Υ̃λ − t2g̊abλiλa(Υ̃λ)

i

b

+t2g̊abλiλa

∫ tλ∗

t
g̊bp(s)̊g

iq(s)
ds

s
· (κλ) p

q

)
.

It is straightforward to check that given the assumptions of the proposition, (Hλ, (Qλ)i) are

bounded and tend to (0, 0) as t → 0. Since (Qλ)i = (Pλ)i + iλi log
(

t
tλ∗

)
Hλ, for Pi as in the proof

of Proposition F.0.1, we also have constraint propagation at t > 0. Finally, from Proposition 9.4.4

one may prove good derivative bounds in the sense that for some bounded (time-dependent) matrix

BHQ and V as before,

t
d

dt

(
Hλ

(Qλ)i

)
= tδBHQ ·V.

Therefore following the same program as before we deduce that Hλ and (Qλ)i vanish for all t > 0,

and therefore the constraints (9.2.11) and (9.2.12) are satisfied.

As always, (9.2.13) follows from (9.2.12) and (9.2.15)–(9.2.16). This concludes the proof of the

proposition.



Bibliography

[1] A. Alho, G. Fournodavlos, and A. Franzen. The wave equation near flat Friedmann–Lemaître–
Robertson–Walker and Kasner Big Bang singularities. J. Hyperbolic Differ. Equ., 16(2):379–400,
2019.

[2] E. Ames, F. Beyer, J. Isenberg, and T. Oliynyk. Stability of AVTD behavior within the polarized
T2-symmetric vacuum spacetimes. Ann. Henri Poincaré, 23(7):2299–2343, 2022.

[3] X. An and D. Gajic. Curvature blow-up rates in spherically symmetric gravitational collapse to a
Schwarzschild black hole, 2020. Preprint available at https://arxiv.org/abs/2004.11831.

[4] X. An and R. Zhang. Polynomial blow-up upper bounds for the Einstein-scalar field system under
spherical symmetry. Comm. Math. Phys., 376(2):1671–1704, 2020.

[5] X. An, H. Chen, and T. He. Quantitative blow-up estimates for spacelike singularities in gravitational-
collapse cosmological spacetimes. Calc. Var. Partial Differ. Equ., 64(3):75, 2025.

[6] M. Anderson. On long-time evolution in general relativity and geometrization of 3-manifolds. Comm.
Math. Phys., 222(3):533–567, 2001.

[7] L. Andersson and D. Fajman. Nonlinear stability of the Milne model with matter. Comm. Math.
Phys., 378(1):261–298, 2020.

[8] L. Andersson and V. Moncrief. Elliptic-hyperbolic systems and the Einstein equations. Ann. Henri
Poincaré, 4(1):1–34, 2003.

[9] L. Andersson and A. Rendall. Quiescent cosmological singularities. Comm. Math. Phys., 218(3):
479–511, 2001.

[10] H. Andréasson and H. Ringström. Proof of the cosmic no-hair conjecture in the T3-Gowdy symmetric
Einstein–Vlasov setting. J. Eur. Math. Soc., 18(7):1565–1650, 2016.

[11] F. Béguin and T. Dutilleul. Chaotic dynamics of spatially homogeneous spacetimes. Comm. Math.
Phys., 399(2):737–927, 2023.

[12] J. Bekenstein. Nonexistence of baryon number for static black holes. I. Phys. Rev. D (3), 5:1239–1246,
1972.

BIBLIOGRAPHY 365

https://arxiv.org/abs/2004.11831


366

[13] V. Belinski and M. Henneaux. The Cosmological Singularity. Cambridge Monographs on Mathematical
Physics. Cambridge University Press, Cambridge, 2017.

[14] V. Belinski and I. Khalatnikov. On the effect of scalar and vector fields on the nature of the cosmological
singularity. Sov. Phys. JETP, 63:1121–1134, 1972.

[15] V. Belinski and I. Khalatnikov. On the influence of the spinor and electromagnetic fields on the
cosmological singularity. Rend. Sem. Mat. Univ. e Politec. Torino, 35:159–180, 1976.

[16] V. Belinski, I. Khalatnikov, and E. Lifshitz. Oscillatory approach to a singular point in relativistic
cosmology. Sov. Phys. Usp., 13(6):745–765, 1971.

[17] V. Belinski, I. Khalatnikov, and E. Lifshitz. A general solution of the Einstein equations with a time
singularity. Adv. Phys., 31(6):639–667, 1982.

[18] B. Berger, P. Chruściel, J. Isenberg, and V. Moncrief. Global foliations of vacuum spacetimes with T 2

isometry. Ann. Phys., 260(1):117–148, 1997.

[19] B. Berger, J. Isenberg, and M. Weaver. Oscillatory approach to the singularity in vacuum spacetimes
with T 2 isometry. Phys. Rev. D, 64(8):084006–, 2001.

[20] N. Besset and D. Häfner. Existence of exponentially growing finite energy solutions for the charged
Klein–Gordon equation on the de Sitter–Kerr–Newman metric. J. Hyperbolic Differ. Equ., 18(02):
293–310, 2021.

[21] F. Beyer and T. Oliynyk. Localized Big Bang stability for the Einstein-scalar field equations. Arch
Ration Mech Anal, 248(1):3, 2024.

[22] G. Birkhoff and R. Langer. Relativity and modern physics. In Relativity And Modern Physics, 1925.

[23] P. Bizoń. Colored black holes. Phys. Rev. Lett., 64(24):2844–2847, 1990.

[24] U. Brauer, A. Rendall, and O. Reula. The cosmic no-hair theorem and the non-linear stability of
homogeneous Newtonian cosmological models. Class. Quantum Grav., 11(9):2283–2296, 1994.

[25] P. Breitenlohner, G. Lavrelashvili, and D. Maison. Mass inflation and chaotic behaviour inside hairy
black holes. Nuclear Phys. B, 524(1-2):427–443, 1998.

[26] A. Buonanno, T. Damour, and G. Veneziano. Pre-Big-Bang bubbles from the gravitational instability
of generic string vacua. Nucl. Phys. B., 543(1):275–320, 1999.

[27] R.-G. Cai, L. Li, and R.-Q. Yang. No inner-horizon theorem for black holes with charged scalar hairs.
J. High Energy Phys., 2021.

[28] Y. Chen, J. Du, and S.-T. Yau. Existence of black hole solutions for the Einstein-Yang-Mills equations.
Comm. Math. Phys., 154(2):377–401, 1993.

[29] O. Chodosh and Y. Shlapentokh-Rothman. Time-periodic Einstein-Klein-Gordon bifurcations of Kerr.
Comm. Math. Phys., 356(3):1155–1250, 2017.



367

[30] Y. Choquet-Bruhat and R. Geroch. Global aspects of the cauchy problem in general relativity. Comm.
Math. Phys., 14(4):329–335, 1969.

[31] D. Christodoulou. The formation of black holes and singularities in spherically symmetric gravitational
collapse. Comm. Pure Appl. Math., 44(3):339–373, 1991.

[32] D. Christodoulou. Bounded variation solutions of the spherically symmetric Einstein-scalar field equa-
tions. Comm. Pure Appl. Math., 46(8):1131–1220, 1993.

[33] D. Christodoulou. Examples of naked singularity formation in the gravitational collapse of a scalar
field. Ann. Math., 140(3):607–653, 1994.

[34] D. Christodoulou. On the global initial value problem and the issue of singularities. Class. Quantum
Gravity, 16(12A):23–35, 1999.

[35] D. Christodoulou. The instability of naked singularities in the gravitational collapse of a scalar field.
Ann. Math., 149(1):183–217, 1999.

[36] P. Chruściel. On space-times with U(1)×U(1) symmetric compact Cauchy surfaces. Ann. Phys., 202
(1):100–150, 1990.

[37] P. Chrusciel, J. Isenberg, and V. Moncrief. Strong cosmic censorship in polarised Gowdy spacetimes.
Class. Quantum Grav., 7(10):1671–1680, 1990.

[38] S. Cicortas. Scattering for the wave equation on de Sitter space in all even spatial dimensions, 2023.
Preprint available at https://arxiv.org/abs/2309.07342.

[39] S. Cicortas. Extensions of Lorentzian Hawking–Page Solutions with Null Singularities, Spacelike Sin-
gularities, and Cauchy Horizons of Taub–NUT Type. Ann. Henri Poincaré, 2024.

[40] M. Dafermos. Stability and instability of the Cauchy horizon for the spherically symmetric Einstein-
Maxwell-scalar field equations. Ann. Math., 158(3):875–928, 2003.

[41] M. Dafermos. The interior of charged black holes and the problem of uniqueness in general relativity.
Comm. Pure Appl. Math., 58(4):445–504, 2005.

[42] M. Dafermos. Black holes without spacelike singularities. Comm. Math. Phys., 332(2):729–757, 2014.

[43] M. Dafermos and J. Luk. The interior of dynamical vacuum black holes I: The C0-stability of the
Kerr Cauchy horizon, 2017. Preprint available at https://arxiv.org/abs/1710.01722, to appear in
Ann. Math.

[44] M. Dafermos and A. Rendall. Inextendibility of expanding cosmological models with symmetry. Class.
Quantum Grav., 22(23):L143–L147, 2005.

[45] M. Dafermos and A. Rendall. An extension principle for the Einstein-Vlasov system in spherical
symmetry. Ann. Henri Poincaré, 6(6):1137–1155, 2005.

https://arxiv.org/abs/2309.07342
https://arxiv.org/abs/1710.01722


368

[46] M. Dafermos and I. Rodnianski. A proof of Price’s law for the collapse of a self-gravitating scalar field.
Invent. Math., 162(2):381–457, 2005.

[47] M. Dafermos and I. Rodnianski. A proof of Price’s law for the collapse of a self-gravitating scalar field.
Invent. Math., 162(2):381–457, 2005.

[48] M. Dafermos and I. Rodnianski. The red-shift effect and radiation decay on black hole spacetimes.
Comm. Pure Appl. Math., 62(7):859–919, 2009.

[49] M. Dafermos, I. Rodnianski, and Y. Shlapentokh-Rothman. Decay for solutions of the wave equation
on Kerr exterior spacetimes III: The full subextremal case |a| < M . Ann. of Math. (2), 183(3):787–913,
2016.

[50] J. Demaret, M. Henneaux, and P. Spindel. Non-oscillatory behaviour in vacuum Kaluza-Klein cos-
mologies. Phys. Lett. B, 164(1):27–30, 1985.

[51] O. Dias, R. Monteiro, H. Reall, and J. Santos. A scalar field condensation instability of rotating anti-de
Sitter black holes. J. High Energy Phys., 2010.

[52] O. Dias, G. Horowitz, and J. Santos. Inside an asymptotically flat hairy black hole. J. High Energy
Phys., 2021.

[53] O. Dias, G. Horowitz, and J. Santos. Extremal black holes that are not extremal: maximal warm
holes. J. High Energy Phys., 2022.

[54] DLMF. NIST Digital Library of Mathematical Functions. http://dlmf.nist.gov/, Release 1.1.6 of 2022-
06-30, 2010. F. Olver, A. Olde Daalhuis, D. Lozier, B. Schneider, R. Boisvert, C. Clark, B. Miller, B.
Saunders, H. Cohl, and M. McClain, eds.

[55] E. Donets, D. Galtsov, and M. Zotov. Internal structures of Einstein-Yang-Mills black holes. Phys.
Rev. D (3), 56(6):3459–3465, 1997.

[56] A. Einstein. Die Feldgleichungen der Gravitation. Sitzungsber. K. Preuss. Akad. Wiss, pages 844–847,
1915.

[57] D. Fajman and L. Urban. Cosmic censorship near FLRW spacetimes with negative spatial curvature,
2022. Preprint available at https://arxiv.org/abs/2211.08052, to appear in Analysis & PDE.

[58] A. Fischer and V. Moncrief. Hamiltonian reduction and perturbations of continuously self-similar
(n+ 1)-dimensional Einstein vacuum spacetimes. Class. Quantum Grav., 19(21):5557–5589, 2002.

[59] Y. Fourès-Bruhat. Théorème d’existence pour certains systèmes d’équations aux dérivées partielles
non linéaires. Acta Mathematica, 88(1):141–225, 1952.

[60] G. Fournodavlos. On the backward stability of the Schwarzschild black hole singularity. Comm. Math.
Phys., 345(3):923–971, 2016.

[61] G. Fournodavlos and J. Luk. Asymptotically Kasner-like singularities. Amer. J. Math., 145(4):1182–
1272, 2023.

https://arxiv.org/abs/2211.08052


369

[62] G. Fournodavlos and J. Sbierski. Generic blow-up results for the wave equation in the interior of a
Schwarzschild black hole. Arch Ration Mech Anal, 235(2):927–971, 2020.

[63] G. Fournodavlos, I. Rodnianski, and J. Speck. Stable Big Bang formation for Einstein’s equations:
The complete sub-critical regime. J. Amer. Math. Soc., 36(3):827–916, 2023.

[64] A. Franco-Grisales. Developments of initial data on big bang singularities for the Einstein-nonlinear
scalar field equations, 2024. Preprint available at https://arxiv.org/abs/2409.17065.

[65] A. Frenkel, S. Hartnoll, J. Kruthoff, and Z. Shi. Holographic flows from CFT to the Kasner universe.
J. High Energy Phys., 2020.

[66] H. Friedrich and A. Rendall. The Cauchy problem. In Einstein’s Field Equations and their Physical
Implications. Springer Berlin, Heidelberg, 2000.

[67] R. Gowdy. Vacuum spacetimes with two-parameter spacelike isometry groups and compact invariant
hypersurfaces: Topologies and boundary conditions. Ann. Phys., 83(1):203–241, 1974.

[68] N. Grandi and I. Landea. Diving inside a hairy black hole. J. High Energy Phys., 2021.

[69] H. Groeniger, O. Petersen, and H. Ringström. Formation of quiescent big bang singularities, 2023.
Preprint available at https://arxiv.org/abs/2309.11370.

[70] S. Gubser. Breaking an Abelian gauge symmetry near a black hole horizon. Phys. Rev. D, 78(6), 2008.

[71] S. Hartnoll and N. Neogi. AdS black holes with a bouncing interior. SciPost Phys., 14:074, 2023.

[72] S. Hartnoll, C. Herzog, and G. Horowitz. Holographic superconductors. J. High Energy Phys., 2008.

[73] S. Hartnoll, C. Herzog, and G. Horowitz. Building a holographic superconductor. Phys. Rev. Lett.,
101, 2008.

[74] S. Hartnoll, G. Horowitz, J. Kruthoff, and J. Santos. Gravitational duals to the grand canonical
ensemble abhor Cauchy horizons. J. High Energy Phys., 2020.

[75] S. Hartnoll, G. Horowitz, J. Kruthoff, and J. Santos. Diving into a holographic superconductor. SciPost
Phys., 10(1), 2021.

[76] S. A. Hartnoll, A. Lucas, and S. Sachdev. Holographic quantum matter. MIT Press, Cambridge, MA,
2018.

[77] S. Hawking. The occurrence of singularities in cosmology. III. Causality and singularities. Proc. R.
Soc. A: Math. Phys. Eng. Sci., 300(1461):187–201, 1967.

[78] S. W. Hawking and G. F. R. Ellis. The Large Scale Structure of Space-Time. Cambridge Monographs
on Mathematical Physics. Cambridge University Press, 1973.

[79] C. Herdeiro and E. Radu. Kerr black holes with scalar hair. Phys. Rev. Lett., 112, 2014.

https://arxiv.org/abs/2409.17065
https://arxiv.org/abs/2309.11370


370

[80] L. Hörmander. The Analysis of Linear Partial Differential Operators III. Springer Berlin, Heidelberg,
2007.

[81] G. T. Horowitz. Introduction to holographic superconductors. In From gravity to thermal gauge
theories: the Ads/CFT correspondence, volume 828 of Lecture Notes in Phys., pages 313–347. Springer,
Heidelberg, 2011.

[82] L. Hsu and J. Wainwright. Self-similar spatially homogeneous cosmologies: orthogonal perfect fluid
and vacuum solutions. Class. Quantum Grav., 3(6):1105, 1986.

[83] T. Hughes, T. Kato, and J. Marsden. Well-posed quasi-linear second-order hyperbolic systems with
applications to nonlinear elastodynamics and general relativity. Arch Ration Mech Anal, 63(3):273–294,
1977.

[84] J. Isenberg and V. Moncrief. Asymptotic behavior of the gravitational field and the nature of singu-
larities in gowdy spacetimes. Ann. Phys., 199(1):84–122, 1990.

[85] B. Josephson. Possible new effects in superconductive tunnelling. Phys. Lett. A, 1(7):251–253, 1962.

[86] B. Josephson. The discovery of tunnelling supercurrents. Rev. Mod. Phys., 46:251–254, 1974.

[87] K. Just. Notizen: The motion of Mercury according to the theory of Thiry and Lichnerowicz. Z.
Naturforsch. A, 14(8):751–751, 1959.

[88] R. Kantowski and R. Sachs. Some spatially homogeneous anisotropic relativistic cosmological models.
J. Math. Phys., 7(3):443–446, 1966.

[89] E. Kasner. Geometrical theorems on Einstein’s cosmological equations. Gen. Relativ. Gravit., 40(4):
865–876, 2008.

[90] C. Kehle and Y. Shlapentokh-Rothman. A scattering theory for linear waves on the interior of Reissner–
Nordström black holes. Ann. Henri Poincaré, 20(5):1583–1650, 2019.

[91] C. Kehle and R. Unger. Gravitational collapse to extremal black holes and the third law of black hole
thermodynamics, 2022. Preprint available at https://arxiv.org/abs/2211.15742.

[92] C. Kehle and M. Van de Moortel. Strong cosmic censorship in the presence of matter: the decisive
effect of horizon oscillations on the black hole interior geometry, 2021. Preprint available at https:

//arxiv.org/abs/2105.04604.

[93] C. Kehle and M. Van de Moortel. The null contraction singularity at the Cauchy horizon of dynamical
black holes. In preparation, 2023.

[94] C. Kehle and M. Van de Moortel. Strong cosmic censorship in the presence of matter: the decisive
effect of horizon oscillations on the black hole interior geometry. Anal. PDE, 17(5):1501–1592, 2024.

[95] I. Khalatnikov and E. Lifshitz. Investigations in relativistic cosmology. Adv. Phys., 12(46):185–249,
1963.

https://arxiv.org/abs/2211.15742
https://arxiv.org/abs/2105.04604
https://arxiv.org/abs/2105.04604


371

[96] S. Kichenassamy. Fuchsian Reduction. Birkhäuser Boston, MA, 2007.

[97] H. Kodama. Conserved energy flux for the spherically symmetric system and the backreaction problem
in the black hole evaporation. Prog. Theor. Phys., 63(4):1217–1228, 1980.

[98] L. Kofman, J.-P. Uzan, and C. Pitrou. Perturbations of generic Kasner spacetimes and their stability.
J. Cosmol. Astropart. Phys., 2011(05), 2011.

[99] J. Kommemi. The global structure of spherically symmetric charged scalar field spacetimes. Comm.
Math. Phys., 323(1):35–106, 2013.

[100] W. Li. BKL bounces outside homogeneity: Gowdy symmetric spacetimes, 2024. Preprint available at
https://arxiv.org/abs/2408.12427.

[101] W. Li. BKL bounces outside homogeneity: Einstein-Maxwell-scalar field in surface symmetry, 2024.
Preprint available at https://arxiv.org/abs/2408.12434.

[102] W. Li. Scattering towards the singularity for the wave equation and the linearized Einstein-scalar field
system in Kasner spacetimes, 2024. Preprint available at https://arxiv.org/abs/2401.08437.

[103] W. Li. Kasner-like description of spacelike singularities in spherically symmetric spacetimes with scalar
matter. Ann. PDE, 11(1):5, 2025.

[104] W. Li and M. Van de Moortel. Kasner bounces and fluctuating collapse inside hairy black holes with
charged matter. Ann. PDE, 11(1):3, 2025.

[105] D. Lorenz. Exact Bianchi-Kantowski-Sachs solutions of Einstein’s field equations. J. Phys. A: Math.
Gen., 16(3):575–584, 1983.

[106] J. Luk. On the local existence for the characteristic initial value problem in General Relativity. Int.
Math. Res. Not., 2012(20):4625–4678, 2011.

[107] J. Luk. Weak null singularities in general relativity. J. Am. Math. Soc., 31(1):1–63, 2018.

[108] J. Luk. Singularities in general relativity. Proceedings of the International Congress of Mathematicians,
2022.

[109] J. Luk and S.-J. Oh. Strong cosmic censorship in spherical symmetry for two-ended asymptotically
flat initial data I. The interior of the black hole region. Ann. Math., 190(1):1–111, 2019.

[110] J. Luk and S.-J. Oh. Strong cosmic censorship in spherical symmetry for two-ended asymptotically
flat initial data II: The exterior of the black hole region. Ann. PDE, 5(1):Article 6, 2019.

[111] L. Nirenberg. On elliptic partial differential equations. Ann. Scuola. Norm.-Sci., 13(2):115–162, 1959.

[112] A. Ori. Inner structure of a charged black hole: an exact mass-inflation solution. Phys. Rev. Lett., 67
(7):789–792, 1991.

[113] R. Penrose. Gravitational collapse and space-time singularities. Phys. Rev. Lett., 14:57–59, 1965.

https://arxiv.org/abs/2408.12427
https://arxiv.org/abs/2408.12434
https://arxiv.org/abs/2401.08437


372

[114] R. Penrose. Gravitational collapse: The role of general relativity. Riv. Nuovo Cim., 1:252–276, 1969.

[115] O. Petersen. The mode solution of the wave equation in kasner spacetimes and redshift. Math. Phys.
Anal. Geom., 19(4):26, 2016.

[116] R. Price. Nonspherical perturbations of relativistic gravitational collapse. I. Scalar and gravitational
perturbations. Phys. Rev. D, 5(10):2419–2438, 1972.

[117] G. Rein. Cosmological solutions of the Vlasov-Einstein system with spherical, plane, and hyperbolic
symmetry. Math. Proc. Camb. Phil. Soc., 119(4):739–762, 1996.

[118] A. Rendall. The nature of singularities in plane symmetric scalar field cosmologies. Gen. Relativ.
Gravit., 27(2):213–221, 1995.

[119] A. Rendall. Partial Differential Equations in General Relativity. Oxford University Press, 2008.

[120] H. Ringström. The Bianchi IX attractor. Ann. Henri Poincaré, 2(3):405–500, 2001.

[121] H. Ringström. Existence of an asymptotic velocity and implications for the asymptotic behavior in
the direction of the singularity in T 3-Gowdy. Comm. Pure Appl. Math., 59(7):977–1041, 2006.

[122] H. Ringström. The Cauchy Problem in General Relativity. European Mathematical Society, 2009.

[123] H. Ringström. Strong cosmic censorship in T3-Gowdy spacetimes. Ann. Math., 170(3):1181–1240,
2009.

[124] H. Ringström. Cosmic Censorship for Gowdy Spacetimes. Living Rev. Relativity, 13(1):2, 2010. Cited
05/20/24.

[125] H. Ringström. Linear systems of wave equations on cosmological backgrounds with convergent asymp-
totics. Astérisque, 420:1–510, 2020.

[126] H. Ringström. On the geometry of silent and anisotropic big bang singularities, 2021. Preprint available
at https://arxiv.org/abs/2101.04955.

[127] H. Ringström. Initial data on big bang singularities, 2022. Preprint available at https://arxiv.org/
abs/2202.04919.

[128] I. Rodnianski and Y. Shlapentokh-Rothman. Naked singularities for the Einstein vacuum equations:
the exterior solution. Ann. of Math. (2), 198(1):231–391, 2023.

[129] I. Rodnianski and J. Speck. A regime of linear stability for the Einstein-scalar field system with
applications to nonlinear Big Bang formation. Ann. Math., 187(1):65 – 156, 2018.

[130] I. Rodnianski and J. Speck. Stable Big Bang formation in near-FLRW solutions to the Einstein-scalar
field and Einstein-stiff fluid systems. Sel. Math., 24(5):4293–4459, 2018.

[131] I. Rodnianski and J. Speck. On the nature of Hawking’s incompleteness for the Einstein-vacuum
equations: The regime of moderately spatially anisotropic initial data. J. Eur. Math. Soc., 24(1):
167–263, 2022.

https://arxiv.org/abs/2101.04955
https://arxiv.org/abs/2202.04919
https://arxiv.org/abs/2202.04919


373

[132] O. Sarbach, N. Straumann, and M. Volkov. Internal structure of Einstein-Yang-Mills-dilaton black
holes. Ann. Isr. Phys. Soc., 13:163–171, 1997.

[133] J. Sbierski. The C0-inextendibility of the Schwarzschild spacetime and the spacelike diameter in
Lorentzian geometry. J. Differ. Geom., 108(2):319–378, 2018.

[134] K. Schwarzschild. Über das Gravitationsfeld eines Massenpunktes nach der Einsteinschen Theorie.
Sitzungsber. Kgl. Preuss. Akad. Wiss., pages 189–196, 1916.

[135] J. Smoller, A. Wasserman, and S.-T. Yau. Existence of black hole solutions for the Einstein-Yang-Mills
equations. Comm. Math. Phys., 154(2):377–401, 1993.

[136] J. Speck. The maximal development of near-FLRW data for the Einstein-scalar field system with
spatial topology S3. Comm. Math. Phys., 364(3):879–979, 2018.

[137] T. Tao. Nonlinear Dispersive Equations. Local and Global Analysis. Number 106 in Regional Conference
Series in Mathematics. American Mathematical Society, 2006.

[138] S. Tchapnda. Structure of solutions near the initial singularity for the surface-symmetric Einstein–
Vlasov system. Class. Quantum Grav., 21(23):5333–5346, 2004.

[139] D. Tegankong. Global existence and future asymptotic behaviour for solutions of the Einstein–Vlasov-
scalar field system with surface symmetry. Class. Quantum Grav., 22(12):2381–2391, 2005.

[140] D. Tegankong and A. Rendall. On the nature of initial singularities for solutions of the Einstein–
Vlasov-scalar field system with surface symmetry. Math. Proc. Camb. Phil. Soc., 141(3):547–562,
2006.

[141] D. Tegankong, N. Noutchegueme, and A. Rendall. Local existence and continuation criteria for solu-
tions of the Einstein–Vlasov-scalar field system with surface symmetry. J. Hyperbolic Differ. Equ., 01
(04):691–724, 2004.

[142] M. Van de Moortel. Stability and instability of the sub-extremal Reissner-Nordström black hole interior
for the Einstein-Maxwell-Klein-Gordon equations in spherical symmetry. Comm. Math. Phys., 360(1):
103–168, 2018.

[143] M. Van de Moortel. Stability and instability of the sub-extremal Reissner–Nordström black hole interior
for the Einstein–Maxwell–Klein–Gordon equations in spherical symmetry. Comm. Math. Phys., 360
(1):103–168, 2018.

[144] M. Van de Moortel. Charged scalar fields on Black Hole space-times, University of Cambridge. PhD
thesis, University of Cambridge, 2019. University of Cambridge.

[145] M. Van de Moortel. Mass inflation and the C2-inextendibility of spherically symmetric charged scalar
field dynamical black holes. Comm. Math. Phys., 382(2):1263–1341, 2021.

[146] M. Van De Moortel. Decay of weakly charged solutions for the spherically symmetric maxwell-charged-
scalar-field equations on a reissner-nordström exterior space-time. Ann. Sci. Éc. Norm. Supér., 55(2),
2022.



374

[147] M. Van de Moortel. The breakdown of weak null singularities inside black holes. Duke Math. J., 172
(15):2957–3012, 2023.

[148] M. Van de Moortel. Violent Nonlinear Collapse in the Interior of Charged Hairy Black Holes. Arch.
Ration. Mech. Anal., 248(5):Paper No. 89, 2024.

[149] M. Van de Moortel. The strong cosmic censorship conjecture. Comptes Rendus. Mécanique, 353:
415–454, 2025.

[150] M. Volkov and D. Galtsov. Gravitating non-abelian solitons and black holes with Yang-Mills fields.
Phys. Rep., 319(1-2):1–83, 1999.

[151] M. Weaver. Dynamics of magnetic Bianchi VI0 cosmologies. Class. Quantum Grav., 17(2):421–434,
2000.

[152] M. Weaver. On the area of the symmetry orbits in T 2 symmetric spacetimes with Vlasov matter.
Class. Quantum Grav., 21(4):1079–1097, 2004.

[153] P. Wesson. An exact solution to Einstein’s equations with a stiff equation of state. J. Math. Phys., 19
(11):2283–2284, 1978.

[154] B. Xanthopoulos and T. Zannias. Kantowski–Sachs metrics with source: A massless scalar field. J.
Math. Phys., 33(4):1415–1419, 1992.

[155] W. Zheng. Exponentially-growing mode instability on Reissner–Nordström-Anti-de-Sitter black holes,
2024. Preprint available at https://arxiv.org/abs/2410.04750.

[156] W. Zheng. Asymptotically Anti-de-Sitter hairy black holes, 2024. Preprint available at https://

arxiv.org/abs/2410.04758.

https://arxiv.org/abs/2410.04750
https://arxiv.org/abs/2410.04758
https://arxiv.org/abs/2410.04758

