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Abstract

To generalize the notion of Galois closure for separable field extensions, we devise a
notion of G-closure for algebras of commutative rings R — A, where A is locally free
of rank n as an R-module and G is a subgroup of S,,. A G-closure of A over R is an
A®"-algebra B equipped with an R-algebra homomorphism (A%")¢ — R satisfying
certain properties. Being a G-closure commutes with base change, and reduces to
being the normal closure of a finite separable field extension if GG is the corresponding
Galois group. We describe G-closures of finite étale algebras over connected rings
in terms of the corresponding finite sets with continuous actions by the fundamental
group. If 2 is invertible, then A, -closures of free extensions correspond to square
roots of the discriminant, and if 2 is a non-zerodivisor, then D,-closures of quartic

monogenic extensions correspond to roots of the resolvent cubic.
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Chapter 1

Introduction

1.1 What is the Galois closure of a ring extension?

In this thesis, we ask the question: What is a natural analogue of the familiar Galois
closure operation for separable field extensions, that holds for some class of “ring
extensions”? M. Bhargava and M. Satriano give a partial answer in [2]; their “S,-
closure” is a functor that commutes with base change and reduces to the Galois
closure for finite separable field extensions with Galois group S,,. The paper closes
by asking whether similar “G-closures” exist for other permutation groups G C §,,.
We answer Yes.

To begin, we review Galois closures for fields from a slightly unusual perspective.
If L is a separable extension of a field K with separable closure K, we can define
the Galois closure N of L to be the minimal subfield of K containing the images of
all field homomorphisms L — K. The extension of K-algebras L C N enjoys the

following properties:

o If n = dimg L, then there are exactly n K-algebra homomorphisms from L to
N. (In the following, we will denote the n-element set of them by Sp/kx =
Homg (L, N).)



e The Galois group G = Gal(N/K) := Autx(N) permutes these homomorphisms

faithfully, realizing G as a permutation group, a subgroup of Bij(Sy/k, Sr/k)-
e Each element of N fixed by the action of G belongs to the subfield K.

We can neatly combine these three facts in the following way: first fix an ordering of
Si/k as {m,...,m,}, so that Sp,x is identified with the set {1,...,n}, and G with
a subgroup of S,,. Then the n homomorphisms 71,...,7, : L — N may be compiled
into a single K-algebra homomorphism ® : L&" — N sending /) - 7;(¢), where ()
is the pure tensor 1 ®...® 1®/®1®...® 1, with the ¢ in the ith tensor factor. If v
is an element of L®™ fixed by the permutation action of G on the tensor factors, then
its image in N is fixed by the automorphism action of (G, and is hence an element of
K. Thus the homomorphism ® : L®" — N restricts to a K-algebra homomorphism
¢ (L®MY — K, where (L®")% C L®" is the subalgebra of elements fixed by the
action of G.

We can even say where ¢ sends certain elements of (L®")¢. For each element
¢ € L, denote the kth elementary symmetric polynomial in ¢, ... ¢ by e (f).
Then ¢(ex(¢)) is the kth elementary symmetric polynomial in the n conjugates m(¢),
.oy, ma(€) of £in N. In particular, ¢ sends e;(¢) to the sum of ¢’s n conjugates, that
is, the trace of ¢. And ¢(e,(¢)) is the product of £’s n conjugates, the norm of ¢.

More generally, if ¢ is an element of L, we can regard multiplication by ¢ as a
K-linear map L — L. This linear map corresponds to an n X n matrix M with
entries in K, for each choice of K-basis for L. The characteristic polynomial of M is
independent of this choice of basis, so its coefficients are elements of K that depend

only on /. Write this characteristic polynomial as

det(A] — M) = N — sy (N 4 s5(OA2 = .+ (=1)"s,(0).

Then the homomorphism ¢ : (L®")¢ — K sends e (f) to si(£).
2



Now consider the following diagram:

(L®n)G’ . K

This square commutes because ¢ is the restriction of ®. In fact, the square is a tensor

product diagram, that is, L®" ® K =~ N.
(LG
This isomorphism is a special case of our first theorem. A bit of terminology

will make this theorem simpler to state: Let L be a degree-n extension of a field
K, and let f be a K-algebra homomorphism whose domain is a subalgebra of L®™.
Call f normative if f(ex(f)) is defined and equals si(¢) for each element ¢ € L and
k € {1,...,n}. Then, for example, the above homomorphisms ® : L®" — N and

@ (L¥™)Y — K are both normative.

Theorem 1. Let K be a field, and let L be a degree-n separable field extension of
K with Galois closure N and Galois group G = Gal(N/K). Regard G as a group of
permutations of Spi, and let H be a subgroup of S,. Then there exists a normative
K -algebra homomorphism f : (L®™)? — K if and only if H contains G for some
identification of {1,...,n} with Sy k. For each such f, the resulting tensor product

is isomorphic to a power of N as a K-algebra: L*" ®K ~ NIHI/IG]
(Lom)H

This theorem motivates a generalization of Galois closure, but first we need to
generalize some of the component ingredients. If R is ring (commutative with iden-
tity), define a degree-n extension of R to be an R-algebra A such that A is locally
free of rank n as an R-module. (An R-module M is locally free of rank n if there
exist elements rq,...,r, of R that together generate the unit ideal of R, and such
that M, is isomorphic to R as an R, -module. Each locally free module of rank n
is automatically projective and finitely presented—see [7, 4.6].)

3



If A is a degree-n extension of R, then for each a € A and k € {1,...,n},
the definition of ex(a) € A®™ generalizes verbatim as the kth elementary symmetric
polynomial in the n elements {a¥} of A®". We can also generalize the definition of
sk(a) to this new context: multiplication by a is an R-linear map whose characteristic
polynomial is well-defined for each free localization A,,, and each coefficient patches
together to give a characteristic polynomial defined over R. Again, if f is an R-
algebra homomorphism defined on a subalgebra of A®", we call f normative if f
sends ey (a) — si(a) for each element a € A and k € {1,...,n}.

However, switching categories from fields to rings gives us many more morphisms,
and it would be desirable for a notion of Galois closure to commute with base change.
From this perspective, the ordinary notion of Galois closure for fields is slightly de-
fective: under base extension, the degree of the Galois closure will change if the
corresponding Galois group changes. So for each potential Galois group G C 5,,, we

will fix a notion of G-closure that does commute with base change.

Definition 2. Let R be a ring and A a degree-n extension of R. Let G be a subgroup
of S,. Then a G-closure of A over R is an A®"-algebra B equipped with a normative
R-algebra homomorphism ¢ : (A*™)Y — R, such that the resulting square of R-algebra
homomorphisms
(4=m¢ = R
| l
A®*"  — B

(commutes and) is a tensor product diagram, i.e. B = A®" ® R as A®"-algebras.
(4em)©

This notion of G-closure does commute with base change:

Theorem 3. Let A be a degree-n extension of a ring R, and let R’ be an arbitrary

R-algebra. Then A’ := R' ®@g A is a degree-n extension of R'. If G is a subgroup of



Sy and (B, ) is a G-closure of A over R, then B' := R’ ®@g B is naturally equipped

with the structure of being a G-closure of A" over R'.

And with this definition of G-closure, we can restate Theorem 1 more simply: Let
K C L be a degree-n field extension, and let N be the Galois closure of L, with Galois
group Gal(N/K') C Bij(S./k, St k). Then for each subgroup H of S, an H-closure
of L exists if and only if H contains Gal(/N/K) for some identification of {1,...,n}
with Sp/k. If this condition holds, the underlying K-algebra of the H-closure is
isomorphic to an appropriate power of N.

Definition 2 thus provides an answer to M. Bhargava and M. Satriano’s Question 5
of [2]: Given a ring R and a permutation group G C S,,, what is a natural class of
degree-n extensions of R, for which there is a notion of G-closure that commutes with
base change and reduces to the correct power of the normal closure for separable field
extensions? The answer given here is the class of extensions R — A equipped with
the structure of a normative homomorphism (A®")¢ — R.

It is helpful not just to have a definition of G-closure, but also a description
of when two G-closures should be regarded as the same. The following definition-

theorem defines morphisms of G-closures and asserts that they are all isomorphisms:

Theorem 4. Let A be a degree-n extension of a ring R, and let G be a subgroup
of S,. Let (B,p) and (B',¢') be two G-closures of A over R. Define a morphism
of G-closures (B,¢) — (B,¢') to be an A®"-algebra homomorphism B — B’ and
an equality ¢ = ¢'. Every morphism of G-closures is an isomorphism, and such a
morphism is unique if it exists; in other words, the category of G-closures of A over

R is (essentially) discrete.

In effect, this discreteness is due to the fact that the underlying A®"-algebra B of
a G-closure (B, ¢) is determined up to unique isomorphism by ¢ : (A®")¢ — R: From

such a normative R-algebra homomorphism, we may form the canonical surjection

5



ABT A% ® R, which is uniquely isomorphic to B as an A®™-algebra. Therefore
(A5n)G
normative R-algebra homomorphisms ¢ : (A®™")Y — R parametrize isomorphism

classes of G-closures of A over R.

Theorem 5. Let A be a degree-n extension of a ring R. Let G be a subgroup of
Sn. There is a natural one-to-one correspondence between normative R-algebra ho-

momorphisms (A*™)¢ — R and isomorphism classes of G-closures of A over R, given
by

0: (A - R +—s A®”®R , ©
(A®m)©

Because of this parametrization, we can immediately see that if G C H are sub-
groups of S, and a degree-n extension R — A has a G-closure, then A also has an
H-closure: Merely take the normative homomorphism ¢ : (A")¢ — R and restrict it
further to a homomorphism (A®")# — R: the latter corresponds to an isomorphism
class of H-closures of A over R. So G-closures for small subgroups G C S,, should
exist less often than for larger subgroups H C S,,. Rarest of all should be a 1-closure,
where 1 is the trivial subgroup of S,,, while an .S,,-closure should exist if any G-closure

does. In fact, S,-closures are marvelously ubiquitous:

Theorem 6. Let R be a ring and let A be a degree-n extension of R. There exists a
unique normative R-algebra homomorphism oy : (A®™)5" — R. Hence an S,-closure

of A over R exists, and it is unique up to unique isomorphism.

In [6, 3.1.2], D. Ferrand constructed the homomorphism ¢ of Theorem 6 as a
homomorphism to R from the divided power algebra I',,(A), which is canonically
isomorphic to (A®")%" because A is flat (see, for example, [4, 5.5.2.5]). We there-
fore call this R-algebra homomorphism the Ferrand map. The unique S,-closure is
constructed in [6, 5.2], a comment by O. Gabber, though no properties are proven
there. We cover the arguments necessary to construct the S,-closure and prove its

uniqueness in Chapter 2.



In Chapter 3, we prove Theorem 3 and other facts relating G-closures between
different groups G or different extensions. We also give a formula for the universal
algebra over which a given extension has a GG-closure for a given group G; homomor-
phisms from this algebra to R correspond to G-closures of A over R.

Chapter 4 develops the theory of G-closures of étale extensions, and parametrizes
G-closures of étale algebras over connected rings R in terms of the fundamental group
of the scheme Spec(R). In particular, we prove Theorem 1, that G-closures of finite
separable field extensions reduce to (powers of) the usual Galois closure.

For monogenic extensions, those of the form R — R[z]/(m(z)) where m is a monic
polynomial of degree n, there is a simpler presentation of the G-closure which we
explore in Chapter 5. (In particular, this applies to every free extension of degree up
to 2.) There we show that if |G| is a non-zerodivisor, then G-closures of R[z|/(m(z))
over R are parametrized by homomorphisms (R[z]®")¢ — R sending ey (z) to si(z)—
a considerable simplification, since (R[x]*")¢ often has a simple presentation as an
(R[z]®*")%" = R[ei(x), ..., e,(x)]-algebra. We give such a presentation for the family
of subgroups A, C S, and for the subgroup D, C S4. For the latter, the main
theorem is the following, which nicely generalizes a classical criterion for discerning

the Galois group of a field extension:

Theorem 7. Let R be a ring in which 2 is a non-zerodevisor, and let m(z) be a
monic quartic polynomial over R. There is a Dy-closure of R[x]/(m(x)) if and only

if the resolvent cubic of m(x) has a root in R.

We continue the thread of A,-closures in Chapter 6. By Theorem 1, the classical
notion corresponding to “having an A,-closure” is “having a Galois group contained
in A,.” A related classical criterion is that in characteristic other than 2, the dis-
criminant of a degree-n Galois extension is a square in K if and only if the Galois
group is contained in A,. The theorem below is a generalization of this criterion to

A,-closures for ring extensions.



To state the theorem, we need an appropriate generalization of the condition
“characteristic other than 2.” Let p be an element of a ring R. Call p primoid
if whenever a,b are elements of R and p? divides ab, then a or b is divisible by p.
This condition holds, for example, whenever p is prime or a unit, or more generally,

whenever p is a power of a prime non-zerodivisor.

Theorem 8. Let R be a ring in which 2 is a primoid non-zerodivisor. Let A be an
extension of R that is free of rank n as an R-module. Then the isomorphism classes
of A, -closures of A over R are in one-to-one correspondence with the square roots of

the discriminant of A over R.

In Chapter 6, we give an example of a ring extension whose discriminant is square,
but which does not (and should not) have an A,-closure. We also describe a more
general quadratic criterion for deciding when a free rank-n extension has an A,-
closure, which holds for arbitrary R. For example, a degree-3 monogenic extension
R — R[z]/(x® — sx® + tx — u) has an As-closure if and only if R has a solution v to

the quadratic equation
2 3 3 2y _
v — (st — 3u)y + (t° — 6stu + s°u + 9u®) = 0.

There are many avenues left to explore. For example, in Chapter 6 we make use
of a construction sending a degree-n extension R — A to the universal R-algebra

over which A has an A,-closure, namely (A®")% ®R. In forthcoming work with
(A®m)sn
A. Gioia, we show that this R-algbera is a discriminant algebra of A in the sense

of [5], and is a much simpler construction than the ones presented there and in [§]
and [14]. Discriminant algebras, and similar “cubic resolvent algebras,” have already
been useful in parametrizing low-degree extensions of Z (see, for example, [1]); it is
possible that the universal algebras constructed in Section 3.3 will allow more general

parametrizations of low-degree extensions for arbitrary base rings.
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But other groups besides A,, and D, have classical criteria for when they contain
the Galois group of a field extension. For example, the Galois group of a quartic
separable field extension K — KJ[z]/(m(x)) is the Klein 4-group if and only if the
resolvent cubic of m splits over K. When and how do these other criteria generalize
to guarantees on the existence of G-closures?

Also, while it is known that the Sy-closure of a degree-2 extension is always iso-
morphic to itself, the question of when a Cs-closure of a rank-3 extension is isomorphic
to itself remains open. We do not know the answer even in the case that R = Z and
A is the ring of integers in a cubic number field.

Another big question concerns the ranks of G-closures. For étale extensions, the
degree of a G-closure is always |G|, but in [2, Prop. 19] it is shown that the rank of the
Sp-closure of a non-étale ring extension may exceed n!. Under what circumstances is
the rank of a G-closure equal to |G|?

Each G-closure over R has a natural G-action as an R-algebra, given by permuting
the tensor factors. A counter-result is that the G-fixed subalgebra of the G-closure
need not be R: an example due to A. Gioia is that of Fy — Fy[z]/(2?), where the
Sy-closure is Fylx]/(2?), but the Ss-action on it is trivial. It would be useful to find
criteria for when this fundamental result of classical Galois theory carries over to the
theory of G-closures.

A more abstract line of inquiry is the following: Because of Theorem 3, there is
associated to each permutation group G C S,, a natural functor from the category C
of degree-n extensions (whose morphisms are tensor product squares) to the category
of sets, sending each degree-n extension to its set of G-closures. Is there a natural site
structure on C°? making this functor a sheaf or a stack? If so, what are its properties?

And most abstract of all, why is this a good definition of G-closure? Perhaps
there is a natural set of axioms that rigidly fixes Definition 2 as the “right” notion of

Galois closure for rings.



1.2 Notation and conventions

Sets and multisets:
e If n is a natural number, the notation [n] denotes the n-element set {1,...,n}.

e If X and Y are two sets, Hom(X,Y') denotes the set of functions X — Y, and
Bij(X,Y) denotes the set of bijections X — Y. We identify Bij([n], [n]) with

the permutation group .5,.

e If d is a natural number and G is a subset of Sy, and X is a set, then we denote
by X?/G the set of orbits of X¢ under the action of G permuting the compo-
nents. The orbit of an element (zy,...,14) of X% is written [(zy,...,74)]q, or

[(z1,...,2q)] if G =5,
o A multiset of size d from a set X is an element of X4¢/S,.
e The notation ¢ C X means that £ is a multiset from X of unspecified finite size.
e If ¢ is a multiset, the notation || = d means that £ has size d.

e If £ C X, then for each x € X, {(z) is the natural number defined as the
multiplicity with which x appears in {, so that || = Y _&(z). A multiset

¢ C X can be completely recovered from the function X — N : z +— £(z).
e Let X be aset and let { C X. For each z € X, we say = € £ if {(x) > 0.

o Let X be aset and let £ C X. We say that & is primitive if it is not a multiple

of any other multiset, i.e. if {£(z) : © € X'} has no common factor except 1.

e Let A be a commutative monoid, and let @ : I — A : i — a; be a list of elements

£(#)

i .

of A. For each multiset £ from I, the element a® of A is the product [] (iice} @

See Appendix A.1 for more information on multisets.

10



Rings and modules:
e All rings are commutative with unity:.

e A module M of a ring R is locally free (of rank n) if there exist elements
{r1,...,r} such that the ideal (r1,...,7%) is all of R, and such that R,, ® M
is a free R,,-module (of rank n) for each i in {1,...,k}. A locally free module

of finite rank is automatically projective and finitely presented.

e Let R be a ring and M an R-module. Let d be a natural number, and let
a C M9 be a finite set of tuples of elements of M. Then the element e(a) of

A®? is the sum

e Let R be aring and M an R-module. Let d be a natural number. Then there are

d canonical R-linear functions M — M®?, denoted m + m for each i € [d].

e Let R be aring. A ring extension of degree n is an R-algebra A which is locally

free of rank n as an R-module.

e Let R be a ring and A be an R-algebra. Let d be a natural number and let
k € [d]. For each a € A, denote by ex(a) the elementary symmetric polynomial

in the d elements aV, ... a(® of A®?,

e If A is a degree-n extension of a ring R, and a € A and k € [n], then si(a) is

the kth signed coefficient of the characteristic polynomial of the R-linear map

xa:A— A.

o If A is a degree-n extension of a ring R, and f is an R-algebra homomorphism
whose domain is a subalgebra of A®", we call f normative if f(er(a)) is defined

and equals si(a) for each a € A and k € [n].

11



e A degree-n ring extension R — A is monogenic if there exists an R-algebra
isomorphism A = R[x]/(m(z)), where m is a monic, degree-n polynomial with

coefficients in R.
e If Ris aring and S is a set, then R is the product ring [Lics R-

e If Risaring and A, B are two R-algebras, the set of R-algebra homomorphisms
A — B is denoted Hompg(A, B), and the group of R-algebra automorphisms of
A is denoted Autg(A).

o If Risaringand M, N are two R-modules, the set of R-module homomorphisms

M — N is denoted Hom(M, N).

e An element p of a ring R is called primoid if, whenever a and b are elements of

R and p? divides ab, then a or b is a multiple of p.

Polynomial laws:

o If M and N are R-modules, a polynomial law p : M — N is a family of functions
ps:S®M — S® N for each R-algebra S, such that for every map S — S’ of

R-algebras, the following square commutes:

SoM 25 SeoN

! !
SoM ¥ e N

e If M and N are R-modules, a polynomial law p : M — N is called homogeneous
of degree d if ps(sm) = sipg(m) for each R-algebra S and elements s € S,

meS M.

e The set of polynomial laws M — N is denoted Poly(M, N), and, the set of

homogeneous degree-d polynomial laws M — N is denoted Poly (M, N).
12



If p: M — N is a polynomial law, and « C I is a multiset, then p(®) : M1 — N

is the polynomial law sending (m;);es to the coefficient of A% in p(> .. Aim;).

i€a
Let M be a locally free R-module, and let d be a natural number. Then A :

M — (M®%)5 is the degree-d polynomial law such that A : m +— m ®@ m ®

.. m.

Let M be an R-module, and let d be a natural number. For each multiset

a € M?/S,, we denote by e(a) the element of M®¢ that is the coefficient of \*

in A(Q,cn Aatt)-

Let A be a degree-n extension of a ring R. Then det : A — R is the degree-n
polynomial law sending an element a € S® A to the determinant of the S-linear

map given by multiplication by a.

Let A be a degree-n extension of a ring R. For each multiset a € A?/S,, we

denote by s(a) the element of R that is the coefficient of A* in det(>, .. A\.a).

aco

Let R be a ring, with R-algebras A and B. A polynomial law p : A — B is
multiplicative if pg(aa’) = ps(a)ps(a’) in S ® B for each R-algebra S and pair

of elements a,a’ € S ® A.

See Appendices A.2 and following for more information on polynomial laws.
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Chapter 2

Existence and uniqueness of

Sp-closures

This section is concerned with proving Theorem 6, that every degree-n extension A
of a ring R has a unique S,-closure. We will proceed in the following way: First, we
prove Theorem 5, which implies that isomorphism classes of S,,-closures of A over R
correspond to normative R-algebra homomorphisms (A®")%» — R. Then, we show
that such a homomorphism is unique if it exists, because (A%")% is generated as an R-
algebra by the set of elements of the form ey (a) with a € A and k € [n] = {1,...,n}.
Finally, we demonstrate existence by factoring the function det : A — R : a +—
det(xa) as

det = pgo A: A — (A" — R,

where A : A — (A®")5 sends a to a ® ... ® a, and @y : (A®")%" is the desired
normative R-algebra homomorphism, called the Ferrand map. The unique S,,-closure

of A is then given, up to unique isomorphism, as the A®"-algebra A®" ® R, where
(A®m)Sn
the tensor product is defined using the inclusion (A%")% < A®" and the Ferrand

map ¢ : (A%")% — R.

14



Along the way, we will show that this homomorphism ¢ is not merely normative,
but satisfies the more general condition ¢y : e(a) — s(a) for each multiset « T A
of size n, where e(a) and s(«) will be suitably defined as the coefficients of A* in
A(Dco Aaa) and det(D ", ., Aaa), respectively. Therefore, if & C A"/S,, is a set of
multisets such that {e(a) : o € ¥} generates (A®")» as an R-algebra, the Ferrand
map is the unique R-algebra homomorphism (A®") — R sending e(a) — s(a) for
each o € W.

Note that for each such choice of ¥ C A¢/S,, we can write the S,,-closure of A over

R more concretely as the quotient A®" ®R ~ A®" (A, R), where I(A, R) is the
(4@m)Sn
ideal of A®™ generated by elements of the form e(«) — s(a) with o € W. (This ideal is

independent of W, so long as {e(a) : @ € U} does generate (A®")" as an R-algebra.)
In particular, I(A, R) is the ideal generated by elements of the form e(a) — s(a)
with @ € A and k € [n]. In [2], the quotient of A®™ by this ideal is the definition of

Sp-closure, so our definition of S,,-closure reduces to the one given there.

2.1 G-closures and normative homomorphisms

Our first task is to prove Theorems 4 and 5, which can together be summarized as

the following statement:

Theorem 2.1.1. Let R be a ring with a degree-n extension A, and let G be a subgroup
of S,,. Let C be the set of normative R-algebra homomorphisms (A*™)Y — R, viewed
as a discrete category. Then the functor F' from C to the category of G-closures of A

over R, given by

F: (p:(A"%=R) — [A"QR. ¢].
(

A®n)G

1s an equivalence of categories. In other words, every G-closure arises in this way
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up to isomorphism, and for each pair By, By of G-closures of A, there is a unique

isomorphism By, — By if any G-closure morphism B, — Bs exists at all.

Proof. For the first part, let (B, ) be a G-closure of A over R. Then by Defini-

tion 2, we know that there is an A®"-algebra isomorphism A®" ® R~ B, which is
(A®m)G
therefore an isomorphism of G-closures

A" RQR, ¢ | == (B,¢).
(A®m)E

Next we show that for each pair of G-closures of A over R, there is at most one

G-closure morphism between them. This is because G-closure morphisms are A®"-

algebra homomorphisms, and each canonical A®"-algebra homomorphism from A®"

to A®" ® R is a surjection. Therefore, any two G-closure morphisms B; — B, agree
(4em)E
on the image of A®™ in By, which is all of B;. In other words, the category of G-

closures of A over R is a subcategory of the category of quotient objects of A®", and
hence a preorder.

Now suppose that there is a G-closure morphism (By, ¢1) — (B2, ¢2). By defini-
tion, this means that ¢; = ¢, and so B; and By are each isomorphic as A®"-algebras

to the same tensor product

By = A" Q)R = B,.

(aom)e

So we have a G-closure morphism f : By — By and a GG-closure isomorphism B; 22 Bo;

by the above, these two morphisms must be equal, so f is an isomorphism. O

16



2.2 Generators for (A®?)% when A is locally free

In this section, we establish various generating sets for (A%%)%¢, where A is an R-
algebra that is locally free as an R-module. The generators we use will all be of the

form e(a), where o € A?/S; is a multiset from A of size d, defined as

e(a) = the coefficient of A* in A (Z /\aa>

aco
= Z 4 Q... 2 ay.

(See Definition A.2.12 and Lemma A.2.13 for a more general definition of e(a) and a
proof of this equivalence.) First, we show that {e(a) : o € A%/Sy} generate (A%?)%¢ as
an R-module. Then we establish that each element of the form e(a)) may be written as
a polynomial in elements of the form ey (a); thus {ex(a) : a € A and k € [d]} generates
(A®4)5¢ as an R-algebra. We follow up by proving that if Q C A is a set of elements
of A whose powers generate A as an R-module, then {ex(w) : w € Q and k € [d]} is

an even smaller generating set for (A®?)%¢ which is useful when A is monogenic.

Lemma 2.2.1. Let R be a ring, and let A be an R-algebra that is locally free as an
R-module. Let d be a natural number. Then {e(a) : a € A?/S;} generates (A®4)5

as an R-module.

Proof. This is Corollary A.3.6 in the case that G = S; and M = A. The proof
proceeds by first establishing the result in the case that A is free as an R-module,

and then arguing locally in case A is merely locally free. Details may be found in

Section A.3. N

Lemma 2.2.2. Let R be a ring, and let A be an R-algebra generated as an R-module
by © C A. Let a € A?/S; be a multiset from A of size d. If m = d — a(1) is
the number of elements of o other than 1, then the element e(a) of A®? is in the

subalgebra of (A®?)5¢ generated by {ex(0) : 0 € © and k < m}.
17



Proof. We use induction on m. If m = 0, then every element of « is 1, and e(a) =
1®...®1 =1, which is in every subalgebra of (A%%)%.

For the induction step, suppose that whenever d — §(1) < m, the element e([3)
is in the subalgebra generated by {ey(f) : k < mand § € ©}. Now let a =
[(a1,...,am,1,...,1)] be a multiset such that d — a(1) = m. Expanding out each
aj for j € [m] as an R-linear combination of the generators O, and writing e(a) as
the resulting R-linear combination of pure tensors, we may tackle each term in turn
and assume that a = [(61,...,0,,1,...,1)] with 6; € © for each j € [m]. If any of
the 0; is equal to 1, we are done by the induction hypothesis. Otherwise, each 6,

differs from 1, so consider the product

96{917~~~70m}

Since «(f;) < m for each j € [m], this product P belongs to the subalgebra of (A%?)
generated by {ex(f) : 0 € © and k < m}. On the other hand, each pure tensor in the
expansion of P corresponds to an assignment of each 6, to some tensor factor, so we

may write

- 5 (fie)

fiml—=[d] \gj=1
On the other hand, e(«) has a similar expansion
e(a) = Z (H 9J(f(]))> .
j=1

fiml—1d]
injective

Therefore, the difference is

P—e(a)= Z <H GJ(.f(J))) )
fim]—=ld] \j=1
not injective
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The terms on the right-hand side of this equation may be collected into Sy-orbits
e(/3), and each such § must have 3(1) > a(1l) = d — m; this is because the m non-1
elements of a are not assigned to distinct tensor factors in any term of e(3). Each
such e(f3) therefore has d — 3(1) < m, and by the induction hypothesis belongs to
the subalgebra of (A®?) generated by {ex(f) : 6 € © and k < m}. Since P is in this

subalgebra, and so is P — e(«), the subalgebra must contain e(«) as well. O

Corollary 2.2.3. Let R be a ring, and let A be an R-algebra that is locally free and

generated as an R-module by © C A. Then

{ex(0) : 0 € © and k € [d]}

generates (A®1)54 as an R-algebra.

Proof. By Lemma 2.2.1, the set {e(a) : a € AY/S;} generates (A®?)% as an R-
module. Each such e(«) is in the subalgebra generated by {ex(0) : 6 € © and k € [d]}

by Lemma 2.2.2, so the latter subalgebra is all of (A%%)5¢, O

Example 2.2.4. The proof of Lemma 2.2.2 provides an algorithm for expressing an
element e(a) of (A%?)%¢ as a polynomial in elements of the form ey (#). In particular,
the element ex(z + y) should be expressible as a polynomial in {e;,(m) : ¢ < k and m

is a monomial in z and y}. For k = 1, we have

cllz+y)=((z+yY)@101®..)0+(10(@x+y)R1®...)+...
=@®1®.)+Yele..)+1®z®..)+(1y®...)+...

=e1(z) +ei(y).
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For k = 2, we may expand

ear+y)=((r+y)x+yYR1.. )0+ (z+y)R1R(r+y)R...)
= eo(z) + ea(y) + er(x)er(y)
—[(ry®@1®1®.. )+ (1lwyle.. )+ (1lelry®...)+...]

= ea(x) + (er(z)er(y) — er(zy)) + ea(y)-

The case k = 3 gives us the similar identity

es(z +y) = e3(x) + (e2(w)er (y) — ea(w)er(zy) + er(2y))

+ (e1(z)ea(y) — er(zy)er(y) + er(zy?)) + es(y).

See [2, Rmk. 14] for proofs of the corresponding identities with each e, replaced by
sg; the fact that every identity in the e; corresponds to an equation in the si is a
natural corollary of Theorem 6. A general formula for ey(x + y) in terms of the e; of
monomials in z and y is due to C. Reutenauer and M.-P. Schiitzenberger and may be

found in [11].

The following lemma is a mild but useful strengthening of Corollary 2.2.3. In the
case that A is a polynomial ring R[z1,...,x,] and Q C A is the set of primitive

monomials, this lemma appears as Theorem 4.13 in [15].

Lemma 2.2.5. Let R be a ring, and let A be an R-algebra that is locally free as an
R-module, and let Q0 C A be a set of elements of A whose powers generate A as an

R-module. Then {ey(w) : k € [d] and w € Q} generates (A®?)%¢ as an R-algebra.

Proof. Let A’ be the subalgebra generated by the e,(w) as w ranges over ). By
the fundamental theorem of symmetric polynomials, each element e,(w™) belongs to

A’. Since {w" : w € Qand n € N} generates A as an R-module by assumption,
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Corollary 2.2.3 tells us that {ex(w™) : k € [d], w € Q, and n € N} generates A as an
R-algebra. Therefore A" = A. H

In particular, if a one-element set {w} generates A as an R-algebra, we have a

simple generating set for (A®4)%;

Corollary 2.2.6. Let R be a ring, and let A be an R-algebra which is locally free as
an R-module. Suppose a single element w € A generates A as an R-algebra. Then
for each natural number d, the d-element set {ex(w) : k € [d]} generates (A®?)% as

an R-algebra.

Proof. Lemma 2.2.5 applies in the case that 2 = {w}, since powers of w generate A

as an R-module. Therefore {e,(w) : k € [d]} generates (A%?)%¢ as an R-algebra. [

2.3 The determinant as a polynomial law

If A is an R-algebra that is free as an R-module, we can define the determinant of
an element a of A as the determinant of the R-linear map xa : A — A, calculated
with respect to any R-basis for A. We can also define this map det : A — R when
A is merely locally free: On each localization A, that is free as an R,-module, the
determinant defines a function A, — R,, and for each a € A the images of a in the
R, are compatible, and correspond to a well-defined element of R. We can therefore
define a determinant function det : A — R, but what sort of function is it? It is
multiplicative—det(aa’) = det(a)det(a’) for each pair a,a’ € A—but det is not a ring
homomorphism because it is not R-linear. For our purposes, the kind of morphism

we want det : A — R to be is a polynomial law:

Lemma 2.3.1. Let R be a ring, and let A be an R-algebra that is locally free of
rank m as an R-module. Then the family of functions {detg : S ® A — S
S is an R-algebra}, where detgs sends an element of S @ A to its determinant in

S, defines a homogeneous degree-d multiplicative polynomial law det : A — R.
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Proof. In order for det to qualify as a polynomial law, the above family of functions
must satisfy a compatibility requirement: for each R-algebra morphism S — S’, the

square diagram

SoA ¥ g
l !
SeA LY g

must commute (see Appendix A.2 for a definition and discussion of polynomial laws).

For each r € R such that A, is a free R,-module, the square

Sr ®RT AT % S?"
! !
detS,’r

S ®r, Ay — 5]

commutes, because the image of the determinant of a matrix is equal to the deter-
minant of the image of a matrix. Then since the two composite paths in the original
square are equal on each S, ®g, A,, they must in fact be equal.

We have already observed that det is multiplicative: if S is an R-algebra and
a,a’ € S® A, then detg(aa’) = detg(a)detg(a’); this equation holds on each free
localization of S ® A, and hence on S ® A as well.

Lastly, suppose A is locally free of rank n, and let S be an R-algebra. For each
element s € S and element a € S® A, we have dets(sa) = s"(a); again, this equation
is true because it holds on each free localization of A. This qualifies the polynomial

law det : A — R as homogeneous of degree n. O

Recall that for a multiset v € A"/S,,, or for a pair of elements a € A and k € [n],

we have distinguished elements of (A®")%» given by
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e(a) = the coefficient of A* in A (Z Aaa>

aco

er(a) = the coefficient of \*4™" % in A (\a + p),

where A : A — (A®")5" is the polynomial law sending a — a ® ... ® a, as in
Lemma A.3.7. (In particular, so long as a # 1, the definition of ex(a) is a special case
of that of e(a), when o € A?/S, is given by a(a) = k and «(1) = n — k.) We use the

polynomial law det : A — R to define similar elements of R:

Definition 2.3.2. Let R be a ring, and let A be an R-algebra that is locally free of
rank n as an R-module. For each multiset a € A"/S,,, define the element s(a) € R

by

s(a) = the coefficient of A* in det <Z )\aa> :

acx

and for each pair of elements a € A and k € [n], define sx(a) € R by

si(a) = the coefficient of \*x"™* in det (Aa + p).

(Again, if @ # 1 then the definition of sx(a) is a special case of that of s(«), when
ala) = k and a(l) = n —k.) We could just as easily have stated the definition of
sp(a) as sp(a) = (—1)% - (the coefficient of A»~* in det(\ — a)), which establishes that

sk(a) is the kth signed coefficient of the characteristic polynomial of a.

Lemma 2.3.3. Let A be an R-algebra that is locally free of rank n as an R-module.
Then there is a unique R-module homomorphism @ : (A®")%" — R such that @ :
e(a) — s(a) for every multiset o € A™/S,. This homomorphism @y is called the

Ferrand map.
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Proof. Uniqueness holds, since, by Corollary A.3.6, the set {e(a) : a € A?/S,}
generates (A®4)% as an R-module. Existence comes from the factorization provided
by Theorem A.3.8: there is a unique R-linear function ¢q : (A®")*" — R such that

the homogeneous degree-n polynomial law det : A — R factors as
det = pgo A: A — (A% — R.

Now we must show that ¢q : e(a) — s(a) for each multiset « € A™/S,. Since

det = g 0 A is a factorization of polynomial laws, we have a factorization
dets = (S ® ) 0 Ag

for each R-algebra S. For each finite subset F' C A, consider the polynomial ring

S = R[\, : a € o, for which we have

detg (Z)\aa> = Z As(@)

acel OéEFn/Sn

by Lemma A.2.8. On the other hand, from the factorization detg = (S ® g) o Ag,

detg (Z )\aa> = (S ® o) o Ag (Z )\aa)

acF acF

= (5 ® ¢o) Z Ne(a)

OéEFn/Sn

= Y Maole(a)).
a€EF™ /Sy,
Since this is an equality in the polynomial ring R[), : @ € F], we may compare the
coefficients of A* to deduce that pg(e(a)) = s(a) for each a C F'. Since every multiset
from A of size n is a multiset from some finite F© C A, we conclude that g sends

each e(«) to s(«), as desired. O
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While det : A — R fails to be a ring homomorphism because it is not R-linear,

the Ferrand map ¢p : (A%")%» — R succeeds on both counts:

Lemma 2.3.4. Let R be a ring, and let A be an R-algebra that is locally free of rank
n as an R-module. Let g : (A®")*" — R be the Ferrand map, the unique R-module
homomorphism sending e(a) to s(a) for each a € A™/S,,, as in Lemma 2.3.53. Then

o s an R-algebra homomorphism.

Proof. All we must show is that that (g preserves 1 and binary products. We know
that oo sends e([(1,...,1)]) = 1 to the determinant of the n X n identity matrix,
which is also 1, so ¢o(1) = 1.

As for binary products, it suffices to check only that ¢y preserves products of
elements that generate (A®")% as an R-module, and then extend by linearity. The
principal tool is Lemma A.4.2; applied with the two multiplicative laws p = A and
p = det. For the setup, let {z; : i € I} and {y; : j € J} be two families of elements

of A, and let o« C I and § C J be multisets of size n. Then we have

e(za)e(ys) = Y el(zy),)

'Yeraﬁ

in the notation of Lemma A.4.2, using the facts that A : A — (A®%)%¢ is multiplicative

and the e(z,) are its coefficients. So

wo (e(za)e(ys)) = wo | D el(xy),)

'Yerozﬁ

= ) wole((zy),))

'Yeraﬂ
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since g is R-linear, and so by construction of ¢y we have

wo (e(za)e(ys)) = ) s((zy),)

’Yeraﬁ

= 5(%a)5(ys)

using Lemma A.4.2 again and the facts that det : A — R is multiplicative and the
s(xzy) are its coefficients. Therefore ¢g (e(zq)e(ys)) = wol(e(za))po(e(ys)). Finally,
since elements of the form e(x,) generate (A®4)% as an R-module, this shows that

0o : (A®%)52 — R is multiplicative, and therefore an R-algebra homomorphism. [
The proof of Theorem 6 is now an easy corollary:

Theorem 2.3.5. Let R be a ring, and let A be an R-algebra that is locally free of rank
n as an R-module. There exists a unique R-algebra homomorphism g : (A®™)5" — R
such that @y : ex(a) — sg(a) for each a € A and k € [n|. Furthermore, this R-algebra

homomorphism g sends e(a) — s(a) for each multiset « € A™/S,,.

Proof. As for existence, the Ferrand map g : (A%")% — R of Lemma 2.3.4 satisfies
all the conditions of the theorem. And uniqueness holds, since by Corollary 2.2.3 the

set {ex(a):a € A and k € [n]} generates (A®")"" as an R-algebra. O

In the language of the introduction, Theorem 2.3.5 may be reworded as follows:
Let R be a ring, and let A be a degree-n extension of R. There exists a unique
normative R-algebra homomorphism ¢q : (A®")% — R. Furthermore, this R-algebra
homomorphism maps ¢q : e(«) — s(a) for each multiset o € A"/S,,.

Theorem 2.1.1 tells us that normative homomorphisms (A®")S» — R correspond
to isomorphism classes of S,-closures of A over R, and that isomorphisms between
G-closures are always unique when they exist. Therefore each degree-n extension A

of R has an S,,-closure, which is unique up to unique isomorphism. This S,,-closure

26



may be constructed from ¢ : (A®")S» — R as the tensor product A®" ®R, or
(A®m)Sn
alternatively, as the quotient A®"/I(A, R), where I(A, R) is the ideal of A®™ generated

by {v—o(v) : v € (A%")%"}. The generation theorems of Section 2.2 provide us with

alternate descriptions of I(A, R):

Corollary 2.3.6. Let R be a ring with a degree-n extension A, and let I(A, R) C A®"
be the kernel of the unique S, closure A*™ — B of A over R. Then each of the

following is a complete description of (A, R):
1. The ideal I(A, R) of A®™ is generated by {e(a) — s(a) : o € A%/ Sy}

2. Let Q0 C A be a subset of elements whose powers generate A as an R-module.

Then the ideal 1(A, R) of A®™ is generated by {ex(w) — sp(w) : k € [d],w € Q}.

Proof. Each purported generating set for (A, R) is of the form {e(a) —s(«) : v € W},
where W is such that {e(a) : o € W} generates (A®")5» as an R-algebra. (See
Lemmas 2.2.1 and 2.2.5.) Denote the ideal generated by {e(a) — s(a) : a« € U} by J;
it is straightforward that J C I(A, R); we will show that I(A, R) C J.

Let v be an arbitrary element of (A%")%; we will show that v — ¢g(v) belongs to
J. Since {e(a) : o € W} generates (A®™)% there exists some multivariate polynomial

p such that v = p(e(ay), e(az),...), where each a; belongs to W. Then

v = o(v) = ple(ar), e(az), .. .) = po(ple(ar), e(az); . ..))
= ple(ar), e(@z), - ..) = pleo(e(ar)), pole(az)), - )

= ple(ay),e(az),...) —p(s(ar), s(ag), .. .).

In the quotient A®"/J, the right-hand side of this equation vanishes, and hence
the left-hand side must too. Therefore v — ¢o(v) must belong to J. Since (A, R) is

generated by {v—pg(v) : v € (A%")%}, we therefore have I(A, R) C J, as desired. [
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Remark 2.3.7. Note that the work of this section may be adapted to show that if
A and B are R-algebras with A locally free, then each multiplicative homogeneous
degree-d polynomial law A — B corresponds to a ring homomorphism (A4%?)% — B;
indeed, this is the main result of [13]. For example, one could use the determinant
of any linear representation: given a ring homomorphism p : A — M, (B), where
M, (R) is the (noncommutative) ring of n x n matrices over B, we obtain a degree-n
polynomial law det(p) : A — B. In fact, all examples of multiplicative homogeneous
polynomial laws come from ones of this type: in [16], F. Vaccarino shows that for
each ring R with algebras A, B and a multiplicative polynomial law p : A — B
that is homogeneous of degree n, there exist R-algebras A" and B’ with R-algebra
homomorphisms o : A" - A, p' : A’ — M,(B’), and 8 : B’ — B such that poa =

Bodet(p): A — B.
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Chapter 3

The interactions of (G-closures

In this section we explore the interactions between G-closures of algebras A over
rings R, as the groups G and the rings R vary. In particular, we will first show that
G-closures are preserved by base change, that is, if R — A has a G-closure B, then
R’ — R'® A has a G-closure R’ ® B, and in particular, existence of the former implies
existence of the latter. Next, we discuss the way in which a G-closure of A over R
induces an H-closure of A over R for each subgroup H containing G. Finally, for
each pair of subgroups G C H of S,,, we discuss the universal algebra over which a

G-closure exists that induces a given H-closure of A over R.

3.1 Base extension of (G-closures

Our first task is to show that base change R — R’ preserves G-closures of extensions
of R. The remainder of this section may be considered an alternate, and more general,

proof of [2, Thm. 1].

Lemma 3.1.1. Let R be a ring, and let A be a degree-n extension of R. Let G be a
subgroup of Sy, and let ¢ : (A®*")¢ — R be normative. Let R be an R-algebra, and

let A =R ® A. Then A’ is a degree-n extension of R', and the homomorphism
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o (APRMYE = R @ (A%MC B¢ b
18 also normative.

Proof. First, note that ¢ is well-defined, since the canonical R'-algebra homomor-
phism R’ @ (A®™)¢ — (A"®»™)% is an isomorphism by Lemma A.3.5.

We must show that ¢’ : (A®»™)% — R is normative. Since ¢ is normative, it
sends eg(a) to sg(a) for each a € A and k € [n]; therefore ¢’ sends ex(1 ® a) to
sk(1®a) for each a € A. The set {1 ®a: a € A} generates A" as an R-module, so by
Theorem 2.3.5 and Corollary 2.2.3, the restriction of ¢’ to the subalgebra (A"®r™)5n

is the Ferrand map for A" over R'. O

Lemma 3.1.2. Let R be a ring, and let A be a degree-n extension of R. Let H C G be
subgroups of S,, and let ¢ : (A®™)¢ — R be a normative R-algebra homomorphism.
Let R' be a ring, and let A" and ' be as in Lemma 3.1.1. Then the canonical

homomorphism

R'® (AT Q)R — (A Q)R

(A®7L)G (A/®R/7L)G
s an tsomorphism, where the structure maps for the tensor product on the right are

inclusion and ¢'.

Proof. Extension of scalars R — R’ is a left adjoint, so it preserves tensor product di-
agrams (which are categorical colimits). And by Lemma A.3.5, we have isomorphisms

R ® (A®")Y =5 (A®r™)% and R @ (A®)H = (A®r™)H O

Theorem 3.1.3. Let R be a ring, and let A be a degree-n extension of R. Let G be
a subgroup of Sy, and let (B, ) be a G-closure of A over R. Let R be an arbitrary
R-algebra; then A" := R' ® A is a degree-n extension of R', and B’ :== R' ® B is an
AR _qglgebra. Let ¢’ : (A®"™)¢ — R’ be as in Lemma 3.1.1. Then (B',¢') is a

G-closure of A" over R'.
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Proof. By Lemma 3.1.1, the homomorphism ¢’ is normative. All that remains to

show, then, is that there is an isomorphism of A'®r'"-algebras

AR QR — B

(A®RT)G

Because (B, ¢) is a G-closure of A over R, we have an isomorphism of A®"-algebras

A®™ ® R = B. Tensoring with R’, we obtain an isomorphism R'®A®"™ ® R= B
(A®n)G (A®n)G
By Lemma 3.1.2 with H = 1, we therefore have an isomorphism

A/®R/n ® R/ L} B/. D

(A6

3.2 Induction of G-closures

We briefly note the following elementary, but important fact:

Theorem 3.2.1. Let R be a ring, and let A be a degree-n extension of R. Let
G C H be subgroups of Sy, and let (B, ) be a G-closure of A over R. This G-closure

canonically induces an H-closure of A over R, namely

A®n®R , @ |(A®n)H
(Aem)H
Proof. Indeed, ¢ |(A®n)H : (A®™)H — R is normative because ¢ is, and the above is

the resulting H-closure. O]

In particular, every G-closure induces the canonical S,-closure. In contrast, a 1-
closure rarely exists—there must be a normative R-algebra homomorphism A®" — R,
whereas typically there is no homomorphism at all—but if an R-algebra A does have

a 1-closure, then A also has a G-closure for every subgroup G C 5,,.
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From Theorem 1, one might expect that the underlying R-algebra of the H-closure
may be recovered as a power of the underlying R-algebra of the G-closure. However,

this is not the case; see Counterexample 4.4.4.

3.3 Universal algebras for G-closures

We begin by recalling from Theorem 2.1.1 that G-closures of a degree-n extension
R — A are parametrized by normative R-algebra homomorphisms (A*")¢ — R, or
in other words, by homomorphisms (A®")% — R whose composite with the inclusion
(A®m)Sn — (A®™)Y is the Ferrand map (A®")*» — R. These correspond in turn to

R-algebra homomorphisms (A®")¢ ® R — R.
(48n)Sn
Or put another way, for each degree-n extension R — A, the Ferrand map ¢ :

(A®™M)Sn — R gives the ring R an (A%®")%-algebra structure. We may then say
that G-closures of A over R are parametrized by (A®")%"-algebra homomorphisms
(A®")¢ — R. Using the adjunction between extension and restriction of scalars
along (A®")5» — R, such (A®")%-algebra homomorphisms correspond to R-algebra

homomorphisms (A®™") ® R — R.
(48m)Sn
This alternative parametrization will be very useful in Chapter 6, when we explic-

itly compute this tensor product to check for homomorphisms to R. But for now, we

will prove a generalization pointed out by L. Taelman:

Theorem 3.3.1. Let R be a ring, and let A be a degree-n extension of R. Let G be
a subgroup of S,,. For each R-algebra R', there is a canonical correspondence between

isomorphism classes of G-closures of R' ® A over R' and R-algebra homomorphisms
(A** QR — R.
(A®n)Sn

In other words, the functor F' from R-algebras to sets, where F' sends R’ to the set

of isomorphism classes of G-closures of R'® A over R, is represented by (A®™)¢ ® R.
(A®m)Sn
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Proof. Let F(R') be the set of isomorphism classes of G-closures of A" := R’ ® A
over R'. We use the parametrization of F(R') preceding the theorem, as well as

Theorem 3.1.1 and the adjunction between extension and restriction of scalars:

F(R') = Homp | (A®"™“ QR

(AR5

>~ Homp | R ® (AR, R
)

(A@Tl Sn
>~ Homp | (A*") X R, R | . O
(A®n)Sn

In particular, the R-algebra Rg = (A®")¢ ®R admits the identity homomor-
(A@n)sn
phism to itself; thus there exists a canonical G-closure of Rg ® A over Rg. Then Rg

may be viewed as the universal algebra over which A admits a G-closure, in the sense
that every G-closure of a base change of R — A is the result of base changing the
canonical G-closure of Rg ® A over Rg.

As an example, the S,,-closure A®" ® R is a tensor product of this form. We may
(4em)Sn
therefore interpret the S,-closure of A over R as the universal algebra over which A

admits a 1-closure. Hence 1-closures of A correspond to homomorphisms to R from
its .S,-closure.

In Chapter 6, we will show that the tensor product (A®")A» ® R is locally free
(A®m)Sn
of rank 2; therefore we can say A,-closures of A over R correspond to 1-closures of

(A®)An ® R over R by Theorem 5.1.1.
(A®n)Sn
More generally, we can also argue in the style of Theorem 3.3.1 that, given a

pair of subgroups G C H of S, and a G-closure (B, ) of A, the tensor product

(A®™H ®R is the universal algebra over which A admits an H-closure inducing
(48m)G
(B, ¢) in the sense of Theorem 3.2.1.
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Chapter 4

(7-closures of étale extensions

This section is concerned with developing the theory of GG-closures of étale extensions,
algebras which are locally free as modules and which locally have invertible discrim-
inants. In the end, we will prove Theorem 1, which classifies G-closures of finite
separable field extensions, and which grounds the theory of G-closures in classical
Galois theory.

We begin by analyzing the situation for trivial étale algebras, algebras of the form
R — R"™. We then use the fact that étale extensions are precisely those which become
trivial after changing the base to an étale cover, to show that each G-closure of an
étale extension is étale. Next, we employ an antiequivalence between the category of
étale extensions and the category of finite sets equipped with a continuous action by
a certain profinite group, in order to clasify G-closures of étale extensions. Finally,

we will connect this result with our knowledge of Galois theory to prove Theorem 1.

4.1 (G-closures of trivial étale algebras

Definition 4.1.1. Let R be a ring, and let S be an n-element set. By R® we denote
the rank-n R-algebra [[,_q R. The natural R-basis for R is denoted {e : s € S}, so

that e;eq = dgwes and 1 =) e,
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Note that if R is a ring, and S is an n-element set, then (R%)®" = RHom([n.5)
where e, on the right corresponds to e;, ® ... ® e, =[]\, egfi) on the left, for each

71 [n] — S. We can extend this observation to a description of the S,-closure of R”:

Lemma 4.1.2. Let R be a ring, and let S be an n-element set. Then the Ferrand

map o ((R%)®")5 — R sends

1 ifm:[n] — S is a bijection
$o : 6([(671-1, R eﬂ'n)D =
0 otherwise.

The unique Sy-closure of RS is

RS ®n ®R RBIJ [n],S
((RS)®n)Sn

where e, on the right corresponds to e;, ® ... er, =[], eﬁf} on the left, for each

bijection 7 : [n] — S.

Proof. By Theorem 2.3.5, the normative homomorphism ¢ : ((R°)®")% — R sends

e([(erss s en)]) = s([(er, - - €x)])-

Letting o = [(71,...,m,)], we know that s([(éx,,...,ex,)]) is the coefficient of A\“

in det()_,.q As€s), by definition. But in the natural basis for R, " o Ases acts

seS

diagonally, sending ey to ds¢As€s, S0 its determinant is [[,.q As. Thus s(a) = 1 if

ses
A* = [l,es As and s(a) = 0 otherwise, i.e. s(o) = 1 if 7 is a bijection and s(a) = 0
otherwise.

By Corollary 2.3.6, the S,-closure of R¥ is the quotient of (R%)®" = RHom([].)

by the ideal I generated by

{e([(enyy---ren)]) — s([(exys- -, em,)]) s ™ € Hom([n],S)}.
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With s([(éx,,---,exr,)]) evaluated according to the first part of the lemma, and em-

ploying the isomorphism (R%)®" = RHom(InlS) e can write this generating set as

Y] -1 U{(Ze,T):(9EHom([n],S)/Sn,O#Bij([n],S)}.

w€BIj([n],S) €O

We show that this ideal is equal to J := (e, : m ¢ Bij([n],.S)). To show that e, € I

whenever 7 is not a bijection, note that

1-— Z ex €1, s0

' €Bij([n],S)

€r — Z €n' | Ex e-[7

7' €Bij([n],S)
but the second term vanishes because e, e, = 0 whenever 7w’ £ 7, which here is always
the case since 7’ is a bijection while 7 is not. Thus J C [.

Conversely, we know that

Z er = 1 in RHom([n5),

w€Hom([n],S)

Therefore

Z ex | —1=0¢€ J

m€Hom([n],S)
But e, itself is in J whenever 7 is not a bijection, so the sum of the remaining terms

must also belong to J:

Z ex | —1€J

weBij([n],S)
And if O is an S,-equivalence class of non-bijective 7 : [n] — S, then > _,e. € J

because each e, € J. Therefore I C J.
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Hence the isomorphism (R%)®" = RHom([":5) descends to an isomorphism

(RS)®n ® R RHOTH([”LS)/I

((RS)®n)Sn
— R1om78) /(e 7 ¢ Bij([n], )

_ RBi(0).S) 0

Recall that a connected ring is a ring with exactly two idempotents, 0 and 1 (the
trivial idempotents), such as a domain or a field. If R is a connected ring, then we

can generalize Lemma 4.1.2 to subgroups G of S,:

Lemma 4.1.3. Let R be a connected ring, and let S be an n-element set. Let G be
a subgroup of S,. Then the G-closures of R® correspond naturally to the G-orbits of
Bij([n], S), where the G-action is by pre-composition. The G-closure corresponding

to such an orbit O C Bij([n], S) is

(RS)®n®R ~ RO,

((RS)®m)E

where e, on the right corresponds to [[}_, eﬁf) on the left.

Proof. First note that for the unique normative homomorphism ¢y : ((R%)*")%» — R,

we have

%Yo Z er | =1

weBij([n],S)
by Lemma 4.1.2. For each extension of ¢y to a normative homomorphism ¢ :

((R%)®")% — R, we can break up this sum into G-orbits:

s A5

O€Bij([n],S €O

Each term in parentheses is an idempotent in ((R%)®")%, so if R is connected, exactly
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one such term is sent to 1 and the rest to 0. The G-closures of R® over R thus
correspond to the orbits O € Bij(|n], S)/G.
Fixing such an orbit O, the corresponding G-closure is a quotient of the 5,-closure

RBI(M:5) given by

(RS)®n ® R = RBU(S) (Z er — door : O € Bij([n], S)/G)

((RS)@n)G e

For each 7 ¢ O, multiplying the relation 1 = _,_, ex by e, tells us that e, = 0, and
conversely, if ex = 0 for each m ¢ O, then 1 =} __pii1 ) €x = D cp €r- Therefore

the above quotient may be written as

(RS)*" R R = RPN/ (¢, - w ¢ O) = RO N
((RS)®n)G

To treat the case that R is not necessarily connected, we will use the following

terminology:

Definition 4.1.4. Let R be a ring, and let I be a finite set. A complete set of
orthogonal idempotents of R indexed by I is a family of elements I — R : i — p; such

that
1. each p; is idempotent: p? = p; for each i € I;
2. the family is pairwise orthogonal: p;p; = 0 for each 7,5 € I with 7 # j; and
3. the family of elements is complete: Y. ., p; = 1.

Complete sets of orthogonal idempotents of R indexed by I correspond to R-

algebra homomorphisms R! — R, as the images of the generators ¢; € RI.

Lemma 4.1.5. Let R be a ring, and let S be an n-element set. Let G be a subgroup of
Sn. Let I = Bij([n],S)/G be the set of G-orbits of Bij([n], S), where the G-action is by
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pre-composition. Then G-closures of R® over R correspond naturally to complete sets
of orthogonal idempotents of R indexed by I, and each such G-closure is isomorphic

to RI°l as an R-algebra.

Proof. As in the proof of Lemma 4.1.3, we wish to parametrize normative homomor-

phisms ¢ : ((R%)®")¢ — R. Such homomorphisms correspond to homomorphisms

U:=(R%)*)°X)R— R.
((RS)®m)5n

The tensor product U is generated as an R-algebra by G-orbit sums » e, for

e
each orbit O € Hom([n], S,)/G, but because of the relation 3 g5, €x = 1, we
may use only the orbits O € I, those consisting of bijections. Since the G-orbit sums

are idempotent and pairwise orthogonal, we may therefore present U abstractly as an

R-algebra:
U = ((RS)®T7.)G ®R
(RS)@m)sn
= R[ZL‘O 0 e ]]/(1 — Z%@ , ToTor — 000 %o : 0,0/ € ])
Oel
~ RI

where the isomorphism sends 2o to Y, er. Homomorphisms from U to R, then,
correspond to complete sets of orthogonal idempotents of R indexed by I, namely,
the images of the zp.

Now fix such a complete set of idempotents I — R : O — pe, and define a

normative homomorphism ¢ : ((R%)®")¢ — R by

po it O C Bij([n], S),
(p:ZeﬂH

meo 0 otherwise.
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Then the R-algebra B underlying the corresponding G-closure may be written

B = (RF)*) QR

((RS)®m)E

=~ RBi(InL.S) <p0 — 26” oN= ])

TeO

>~ RBIS) [ (poe, —er e O el).

We claim that this last R-algebra is isomorphic to RI¢! (though not canonically).
First, choose an ordering of each orbit O, which has |G| elements, and write {e, : 7 €

O} ={x0,1...,%0,¢}- Replacing the dummy index O € I by i € I, then, we have
B= R{Ii’j:iEI’jEHGH}/(pil'id‘ — T4 - 1 € I,] S HG”)
We argue that B = R1J€lG}: the relevant isomorphisms are

RlvidellClly R{zi,j:iel,je[\GI]}/(pixij —xy el je(G])

Ly, Zx” for each j € [|G]]

el

:piyj «— x;j for each i € 1,5 € [|G|];

These are inverses: each y; — > .., % — > ../ Piy; = Yj, because Y. p; = 1;

and each Ii,j — pzy] = D; Zi’e[ Ii’,j = Di Zi’e] pi’xi’,j = pixi,j = SL’iJ, because pipir =

0 unless i = i’. Therefore B = RWiJ€lG} > RIGI a5 desired. O

4.2 (G-closures of étale extensions are étale

In this section, we prove that if A is a degree-n extension of R which is étale as an

R-algebra, then each G-closure of A over R is an étale degree-|G| extension of R. We
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use the following lemma, whose present formulation is that of [2, Lem. 15|, but which

also appears in slightly different language as Theorem 5.10 in [7]:

Lemma 4.2.1. Let R be a ring, and let B be an R-algebra that is finitely generated
as an R-module. Then B s an étale degree-n extension of R if and only if there
exists an étale R-algebra C' such that the morphism of schemes Spec(C') — Spec(R)

15 surjective and the R-algebras C ® B and C™ are isomorphic.

Then it is an easy consequence of the previous section that G-closures of étale

extensions are étale:

Theorem 4.2.2. Let R be a ring, and let A be a degree-n extension of R that is étale
as an R-algebra. Let G be a subgroup of S,, and let (B, ) be a G-closure of A over

R. Then B is an étale degree-|G| extension of R.

Proof. Because A is finitely generated as an R-module, we may use Lemma 4.2.1 to
obtain an R-algebra C' such that Spec(C) — Spec(R) is surjective and C @ A = C™
as R-algebras.

Applying Theorem 3.1.3, we find that C'® B naturally has the structure of being a
G-closure of C ® A over C. But C ® A = C", so by Lemma 4.1.5 and Theorem 3.1.3,
we must have C® B = C!¢l. Therefore B is an étale degree-|G| extension of R, again

by Lemma 4.2.1. O

An immediate consequence of this theorem is that if A is an étale extension of
R and (B, ¢) is G-closure of A over R, then B is locally free of positive rank as an
R-module, and in particular the homomorphism R — B is injective. Therefore the
G-closure structure map ¢ : (A®")¢ — R may be recovered from the underlying

A®m_algebra B as the restriction of the defining homomorphism A®" — B to (A®")¢.
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4.3 (G-closures and fundamental groups

The content of the following theorem is found in [7, Thms. 1.11, 2.9], and it allows

us to more fully describe the situation of G-closures of étale extensions:

Theorem 4.3.1. Let R be a connected ring, and let 2 be an R-algebra which is an
algebraically closed field. Let Fq be the contravariant functor from finite étale exten-
sions of R to finite sets sending A — Hompg(A, Q). Then the natural automorphisms
of this functor form a profinite group Ggr, making Fo an antiequivalence between fi-
nite étale extensions of R and finite sets equipped with a continuous G gr-action. For
a field K with separable closure K, the fundamental group Gk is isomorphic to the
the absolute Galois group Gal(K/K), and the antiequivalence may be taken to be the

functor L — Homg (L, K) for each separable K -algebra L.

Note that if A is an étale degree-n extension of R, then 2 ® A is an étale degree-n
extension of €2, namely Q™ up to isomorphism. Therefore F(A) = Hompg(A,Q) =
Homg(2® A, Q) = Homg (2", ) is an n-element set. We list a few more consequences

of Theorem 4.3.1 below:

Lemma 4.3.2. Let R be a connected ring, and G its fundamental group. Under the
antiequivalence of Theorem 4.3.1, the zero algebra (resp. R, a product of R-algebras, a
tensor product diagram of R-algebras) corresponds to the empty set (resp. a singleton
{x}, a disjoint union of Gg-sets, a fibered product diagram of Ggr-sets). If A is an
étale R-algebra, corresponding to the Gr-set S, and G is a group acting on A such
that the G-invariant subalgebra A% is étale, then A® corresponds to the Gr-set S/G
of G-orbits of S.

Proof. These are all incarnations of the fact that categorical limits and colimits are
interchanged under an antiequivalence of categories (together with the fact that prod-

ucts and tensor products of étale algebras are étale). ]
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Lemma 4.3.3. Let A be an étale degree-n extension of R, and let oo : (A®")% — R
be the Ferrand map. Under the antiequivalence of Theorem 4.3.1, let A correspond to

a finite Gr-set S. Then g corresponds to the map of G r-sets

Bij : {*} — Hom([n],S)/S,

sending the single element * to the class of bijections Bij([n], S).

Proof. By Lemma 4.3.2, the R-algebras A®™ and R correspond to S™ = Hom([n], S)
and a singleton {*}, respectively. Therefore the Ferrand map ¢y : (A®")5 — R

corresponds to a map of G g-sets

{*} — Hom([n], 5)/S,

sending * to an S,-orbit of Hom([n],S)). We can find out which orbit by changing
base to an R-algebra over which A becomes a trivial algebra, such as an algebraically
(or separably) closed field. In that case, by Lemma 4.1.2, the S,-closure fits into a

tensor product diagram

(RHom([n],S))Sn AN R
! !

RHom([n],S) _ RBij([”]vS),

so the étale set corresponding to the S,-closure fits into a fibered product diagram
by Lemma 4.3.2:
Hom([n], S)/S, < {x}
T T
Hom([n|,S) «— Bij([n],S).

Thus the orbit of Hom([n], S)/S, picked out by the Ferrand map is Bij([n],S). O

43



We can now describe the G-closures of an étale extension R — A in terms of its

G p-set:

Theorem 4.3.4. Let R be a connected ring, and let A be an étale degree-n extension
of R corresponding to an n-element Ggr-set S. Let G' be the resulting image of Gg
in Bij(S,S), and let G be a subgroup of S,,. Then isomorphism classes of G-closures
of A over R correspond to Gr-invariant G-orbits of Bij([n],S). Furthermore, if B
is the étale R-algebra corresponding to the Gg-set G' (with the action given by post-
composition), then every G-closure of A over R is isomorphic to BIGVIE' 45 an R-

algebra.

Remark 4.3.5. Note that, given a G-closure of A over R and its corresponding G g-
invariant G-orbit of Bij([n], S), we may choose an element 7 : [n] — S of that orbit
and obtain an identification of [n] with S under which G contains G’. Conversely,
such an identification gives rise to a Gg-invariant G-orbit in Bij([n],.S), hence to a

G-closure of A over R.

Proof of Theorem 4.3.4. Isomorphism classes of G-closures of A over R correspond
to R-algebra homomorphisms (A®")% — R restricting to the Ferrand map; see The-
orem 2.1.1. By Lemmas 4.2.1, A.3.4, and A.3.5, the R-algebra (A®")% is étale, so
such homomorphisms correspond to Gg-set maps {*} — Hom([n], S)/G projecting
to the class of bijections {*} — Hom([n|,S)/S,. Each such map is entirely defined
by the image of %, which must therefore be a Gg-invariant G-orbit O of Bij([n], S).

Furthermore, such an orbit O fits into a fibered product diagram

Hom([n], 5)/G <2 {x}

T T
Hom([n],S) +«— O,

so O is the Gg-set corresponding to that G-closure of A over R. This Gg-set is
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isomorphic to the disjoint union of |G|/|G’| copies of G, so each G-closure of A over

R is isomorphic to BIG/IEl as an R-algebra. O

4.4 (G-closures of field extensions

In the case of finite separable field extensions, we can make Theorem 4.3.4 even more

explicit. We will use the following facts from elementary Galois theory:

Lemma 4.4.1. Let K be a field with separable closure K and absolute Galois group
Grx = Gal(K/K) as in Theorem 4.3.1. Let K — L be a degree-n separable field
extension, with corresponding Gr-set S = Homy (L, K). Let N =Y _oim(s) C K

be the normal closure of L in K, with Galois group G' = Gal(N/K).

1. Since each s € S restricts to a homomorphism L — N, the group G' has a

natural action on S. This action is faithful, so G' may be regarded as a subgroup

of Bij(S, S).

2. The image of Gk in Bij(S,S) is this subgroup G'. The resulting action of G
on G’ by post-composition is continuous with respect to the profinite topology on

Gk, making G’ a finite Gk -set.
3. The finite G -set corresponding to the separable K-algebra N is the G-set G'.

Proof. 1. Let g € G' and suppose that go s = s for all s € Homg (L, N). Then
for each element o € N, writing v as a sum a = ) s({,;) with ¢, € L for each
s € Homg (L, N), we have g(a) = >, g(s(¢s)) = >, s(ls) = a. Therefore g is

the identity element of G’, so the action of G’ on S is faithful.

2. Every automorphism of K over K restricts to an automorphism of N over K,
so the map Gx — Bij(S, ) factors through G’. Note that the kernel of the

homomorphism G — Bij(S, S) is the set of automorphisms of K that restrict
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to the identity on N, namely Gy, so we have a group homomorphism G /Gy —
G'; the fundamental theorem of Galois theory for infinite extensions (see, for
example, [7, Thm. 2.3]) tells us that G is an open finite-index subgroup of G

and that Gx/Gn — G’ is an isomorphism, giving G’ a continuous G g-action.

3. Note that N is its own normal closure; composition with N — K is a bijection
G' = Autg(N) —= Homg (N, K). The action of G by post-composition is the

same on both sides, so this is an isomorphism of finite G k-sets. [
We are now in a position to prove Theorem 1.

Theorem 4.4.2. Let K be a field with separable closure K and absolute Galois group
Gx = Gal(K/K). Let K — L be a degree-n separable field extension, with corre-
sponding Gg-set S = Homg (L, K). Let N be the normal closure of L in K, with
Galois group G' = Gal(N/K), regarded as a subgroup of Bij(S,S) and as a finite G-

set as in Lemma 4.4.1. Let G be a subgroup of S,. Then the following are equivalent:
1. There exists a bijection m : [n] — S such that G contains 7 1G'r.
2. There exists a G-closure of L over K.

Furthermore, every G-closure of L over K is isomorphic to NISVIG' as o K-algebra.

Proof. By Lemma 4.4.1, the subgroup G’ C Bij(., S) is the image of G, so accord-
ing to Remark 4.3.5, isomorphism classes of G-closures of L over K correspond to
equivalence classes of bijections 7 : [n] — S for which 77!G'r C G; this proves the
desired equivalence. In fact, given such a bijection 7 : i — 7;, we may form the K-
algebra homomorphism L®" — N : (@) s ;(¢). Because G O 7~ 'G', each element
of L®" that is invariant under the action of G permuting the tensor factors is sent to a
(G'-invariant element of N, i.e. an element of K’ C N. We therefore obtain the desired
homomorphism ¢ : (L®")¢ — K, and it is straightforward to show, by changing the

base to K and computing characteristic polynomials there, that this homomorphism
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© is normative. Lastly, because the G g-set corresponding to N is G', Theorem 4.3.4

tells us that each G-closure of L over K is isomorphic to NIGI/1G"]. O

Thus for finite separable field extensions, and more generally for étale extensions,
the minimal groups G for which a G-closure exists are all conjugate as subgroups of
Sy, and in the case of fields they are the subgroups conjugate to the Galois group of
the normal closure of the extension. Furthermore, every G-closure is isomorphic to a
power of the minimal closure as an algebra over the base ring. One might hope, then,

that this situation generalizes:
Questions 4.4.3. Let R be a ring, and let A be a degree-n extension of R.

1. The set of subgroups G C S,, for which G-closures of A over R exist is upward-
closed by Theorem 3.2.1—are its minimal elements necessarily conjugate to each

other, as in the étale case?

2. Let G C H be subgroups of S,,, and let (B, ¢) be a G-closure of A over R. We
may restrict ¢ : (A®")¢ — R to (A®™)H to obtain an H-closure of A over R—is
this H-closure necessarily isomorphic to B¢l as an R-algebra, as in the étale

case?

The answer to the first question is not yet known; it may be that there is an ex-
tension with GG1- and Ga-closures for which G; and G5 are minimal but not conjugate

as subgroups of S,,. However, the answer to the second question is No:

Counterexample 4.4.4. Consider a degree-2 extension of the form Z — A =
Zlx]/(x* — ¢*), where ¢ € Z. It has a 1-closure given by (Z, ), where ¢ : A®? — 7
sends ¢ ® 1 — c and 1 ® x — —c. However, its Ss-closure is isomorphic to A, and
A 2 7Z2. There is a natural map A — Z? sending x — (¢, —c), which is indeed
essentially the only candidate for an isomorphism, but it is bijective if and only if 2¢
is a unit, but this is never the case in Z. Changing the base to one in which 2c¢ is
invertible would also make the extension étale, as its discriminant is 4c?.
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Chapter 5

(G-closures of monogenic extensions

Recall that a monogenic extension of a ring R is an R-algebra of the form R[z]/(m(z))
for some monic polynomial m(z); such an algebra is always free of rank degm as an

R-module. In this chapter, we will always write the polynomial m(x) as
m(z) = 2" — 512" s9r™ 2 — L (—1)"s,,

so that in R[z]/(m(z)) we have sy = si(x) for each k € [n]. and we will investigate
G-closures of monogenic extensions for various groups G. First, we will discuss G-
closures of extensions with degree 0, 1, or 2, which are all (locally) monogenic. Then
we tackle the case of intransitive G-closures, and show that Sy, x ... x Sj, -closures
correspond to factorizations of m into factors of degree kq, ..., k,. Finally, we will
show, assuming |G| is a non-zerodivisor in R, that G-closures of R[z|/(m(x)) over

¢ — R sending ej(z) to sz. By

R correspond to R-algebra homomorphisms (R[z]®")
giving generators and relations for (R[z]®")% then, we can give exact criteria for the
existence of G-closures. We do so first for the family A, C S,,, and then for the single

permutation group Dy C Sjy.
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5.1 G-closures of extensions with degree < 2

In this section, we analyze extensions of degree at most two and their G-closures.
First, note that the only degree-0 extension is the zero algebra R — 0, because the
R-module R is the zero module. Its Sy-closure is R, however, because 0% = R. In
general, letting 1 be the trivial subgroup of S,,, every 1-closure of an extension R — A
is isomorphic to R, because A®" ® R=R.

Every degree-1 extension R —>Afiln is isomorphic to R as an algebra of itself. Indeed,
for a free extension A = R' with R-basis {0}, its algebra structure is given by 1 = ef
and 62 = m# for some e, m € R satisfying em = 1; therefore e is invertible and we
can let 1 be a basis element for A, so that the R-algebra homomorphism R — A is an
isomorphism. Then for an arbitrary degree-1 extensions R — A, this map is locally
an isomorphism and hence itself an isomorphism. And again, S; is the trivial group,
so the Si-closure of R — A is R.

For degree-2 extensions, the situation becomes more interesting, because Sy 2 1

and so having a 1-closure is not automatic.

Theorem 5.1.1. Let R be a ring, and let A be a degree-2 extension of R. The S-
closure of A over R is isomorphic to A, and isomorphism classes of 1-closures of A

over R correspond to R-algebra homomorphisms A — R.

Proof. We begin by proving that A is locally monogenic. Indeed, A is locally free,

so we will show that a free rank-2 algebra is monogenic. If {6,602} is a free R-

basis for A over R, then the ring structure on A gives us identities 6? = af; + bbs,

0,605 = cf, + dbf,, and 1 = i#, + jOy for some a,b,c,d,i,j € R. Then we can deduce

that 61 = (1)6; = (i6, + j62)01 = i(aby +b0) + j(ch1 +dby) = (ia+ jc)b1 + (ib+ jd)ba,

so ta+ jc =1 and tb+ jd = 0. In particular, the two-by-two matrix b has
—c a

unit determinant and is therefore invertible over R. Therefore an alternate R-basis
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for A is
(A th 01 + j0o 1
—c a 0, —ch + ab, 0
where 6§ = —cf; + afly. Hence {1,60} is an R-basis for A.

Now letting s,¢ € R be such that §? = s6—t, we have an R-algebra homomorphism
R[z]/(2* — sz +t) — A which sends the R-basis {1,z} to the R-basis {1,607}, and is
thus an isomorphism.

For each monogenic ring A = R[z]/(x* — sz + t), there is a canonical R-algebra
automorphism A — A given by x +— s — x. Then the Ss-closure of A over R is

given by the A®2®R >~ Rlz,y]/(2* — sx +t,y° — sy +t,x+y — s, 2y —t), which is
(492)52
isomorphic to R[z]/(z* — sz +t) = Aviax — z and y — s — .

This R-algebra automorphism of A may be described in a coordinate-free way as
o: A — A:aw si(a) —a, and is therefore independent of choice of generator.
Letting A be an arbitrary degree-2 extension of R, there is then a canonical R-
algebra involution ¢ : A — A sending a — si(a) — a, since this map is an R-
algebra isomorphism on each free localization of A. Note that a + o(a) = s1(a) and
ac(a) = sg(a). Therefore the homomorphism A ® A — A sending a ® 1 — a and
1 ® a — o(a) is normative, giving us a homomorphism from the Sp-closure of A to
A, which is locally an isomorphism by the above.

Given that the Ss-closure of A over R is again A, it is automatic that 1-closures
of A over R correspond to R-algebra homomorphisms A — R; see Theorem 3.3.1 and

the following discussion. O

Note that in the proof of Theorem 5.1.1, we showed that free extensions of degree
up to 2 are monogenic, and in particular can be chosen to have 1 as a basis element.
This is not necessarily true beginning in degree 3: Let R be a ring with a module P
which is not free, but which satisfies R & P = R3. (See [3] for an example of such a

module.) Giving A := R® P the structure of an R-algebra with trivial multiplication
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on P ® P, we have a free degree-3 extension of R such that the R-module A/R = P
is not free. Therefore A does not have an R-basis containing 1, and a fortiori is not
monogenic.

However, we can still give exact criteria for the existence of GG-closures for mono-
genic degree-3 extensions using the results in this and the next chapter. There are
four subgroups of S3 up to conjugation, so four potential Galois groups for rank-3
extensions: 53 itself, C3 = A3, Sy x 51, and S; x S7 x S; = 1. There is always
a unique Ss-closure B of A over R by Theorem 6. If A is a monogenic R-algebra
A = R[z]/(2® — s2® + tz — u), then in Example 6.2.2, we show that Cs-closures of
A are in one-to-one correspondence with elements v € R satisfying the quadratic
equation

v — (st — 3u)y + (t* — 6stu + s*u + 9u?) = 0.

(Similar equations exist whose solutions parametrize A,-closures of monogenic rank-n
extensions, and are described in Chapter 6.) The subgroups S x S; and S; X S1 X S}

of S3 are intransitive and will be covered in the next section.

5.2 (G-closures for intransitive (¢

In this section we show that Sy, X ... Sg,-closures of R[x]/(m(z)) over R correspond to
factorizations of m(z) into factors of degrees ki, ..., k,. We begin by giving a precise

description of S,,_; x Si-closures for A = Rz|/(m(z)).

Lemma 5.2.1. Let A = R[z|/(m(z)) be a monogenic degree-n extension of R. Roots
of m(z) in R are in one-to-one correspondence with (S,_1 X Si)-closures of A over
R. Ifv € R is such a root of m(x), then the corresponding (S,_1 X S1)-closure of A is
the S,,_1-closure of the degree-(n — 1) monogenic extension A" = R[z|/(m(x)/(x — 7))
of R.
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Proof. We argue that roots of m(z) are in one-to-one correspondence with normative
R-algebra homomorphisms (A®")%»-1X51 — R First note that if v is a root of m(x),

there exists a unique degree-(n — 1) monic polynomial

n—1_ /. .n-2 / n—3_“'+(_1)n—1/

m'(z) == s 4 sy

such that m(z) = m/(x)(z—«). This equivalence is due to the fact that such an m/(z)
satisfies sy = s} +7s},_, for each k € [n], where we set sy = s, = 1 and s/, = 0. Each s,
is uniquely determined given s),_,, so starting from s; = 1 we may inductively define s},
as sp—s,_, and in the end we obtain s/, = s, —s,_17+8,_27>—. ..=7" = +m(y) = 0.

If o : (A®")%-1%51 5 R is any R-algebra homomorphism, then let v = ¢(z(™) €

R, so that m(y) = m(p(@™)) = o(m(z™)) = ¢(0) = 0. Then we obtain the
factorization m(z) = m/(x)(z — o) described above. For each k € [n — 1], let ¢, €
A®"=1 be the kth elementary symmetric polynomial in (M, ... 2D We will show

that the only normative R-algebra homomorphism ¢ : (A®")%-1X51 — R that sends

™ to v is given by

Q: (A®n)Sn—1><Sl o (A®n71)sn_1 ® A—>R
1®z—7y

€, (x) © 11— s,

for each k € [n — 1]. First, we show that this map is indeed normative. Consider the

element ey, (z) € A®", which corresponds to ¢, () @x + e} (r) @1 in A®" 1@ A. Its

image in R is ys)_; + s}, = s, so by Corollary 2.2.6 the map ¢ is normative.
Conversely, suppose ¢ : (A®")S»-1%51 — R is normative and sends (™ + ~. Then

for each k € [n],

sk = plex(x)) = plep 1 (v) @z + e(z) @ 1) = p(eg, (2) @ 1)y + p(e(z) @ 1),
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so by induction on k we have ¢(e}(z)) = s,.. (The edge cases ej(z) =1 and €,(x) =0
are true by definition.)

Hence this map ¢ : (A®")5»-1%51 — R is the unique normative homomorphism
sending 2™ +— =, so the (S,_; x S;)-closures of A over R correspond to roots of m(z)
in R.

The corresponding (S,_1 x S;)-closure B, of A over R may be described as the

quotient

B, = A% /(2™ —y,¢y(2) ® 1 — s : k € [n— 1])

> A9 /(e (x) — ), 1 k € [n—1]).

Over B, the polynomial m/(z) factors as [] (z — @), so m'(z) = 0 for each

i€[n—1]

i € [n — 1]. Thus this quotient is

B, = A7/ (m/ (2D, e} (x) — s, 1 i,k € [n— 1])

>~ AL (1) — sk ko€ [n — 1]),

which is the S,,_i-closure of A’ over R, as desired. O

Similarly, if n = > ;kj is a partition of n, we find a correspondence between
(I1; Sk,)-closures of A and factorizations m(x) = [[; m;(x), where each m;(x) has

degree k;.

Theorem 5.2.2. Let A = R[z]/(m(x)) be a monogenic degree-n extension of R, and
let n = 3", k; be a partition of n. Factorizations m(x) = [[;m;(z), where each
m;(x) € Rlz] has degree k;, are in one-to-one correspondence with ([]; Sk,)-closures
of A over R. Given such a factorization, the corresponding (H] Sk, )-closure of A is

the tensor product of the Sk,-closures of each A; = Rlz]/(m;(x)) over R.
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Proof. Suppose ¢ : (A®")Ii %5 — R is normative; then in the corresponding ([ i Sk; )

closure, the polynomial m(z) factorizes as

Breaking this product up into [] ;i Sk,-orbits, we obtain a factorization of m(z) as
[1; m;(z) with deg m;(x) = k;; the coefficients of each m;(z) belong to R because they
belong to (A®”)Hj S Conversely, ¢ is determined by the images of these coefficients,

and it is the map given by
(AT = @A™ = @A™’
j

Thus the ([ ]; Sk,)-closures of A correspond to factorizations m(x) = [, m;(z) with

degm;(x) = k; for each j. O

Corollary 5.2.3. Let A = R[z]/(m(x)) be a monogenic degree-n extension of R.
If m(x) is irreducible over R, then A has G-closures only for transitive G C S,.
Conversely, if m(x) is reducible over R, then there exists an intransitive G C S,, such

that A has a G-closure.

Proof. 1f m(z) is reducible over R, then by Theorem 5.2.2, there exists an Sy X .S,,_-
closure for some k € [n — 1]. Meanwhile, every intransitive subgroup G C S, is
contained in Sy, X S, up to conjugation, for some k € [n — 1], and the existence of

a G-closure implies the existence of an (Sy x S, _j)-closure, and hence a factorization

of m(x). O
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5.3 An alternative description of (G-closures

In this section, we provide a parametrization of G-closures for monogenic extensions
that is similar to Theorem 5, but that is more helpful in establishing the existence of
G-closures.

The first step is to simplify our description of G-closures when they exist:

Lemma 5.3.1. Let A = R[z]/(m(x)) be a monogenic degree-n extension of R, and

let ¢ : A®™ — B be a G-closure of A over R. Then

B= Rlx,..., )X R,

R[z1,...,20]C

where the map R[z1,...,2,]% — R is the restriction of the composite R[x1, ..., x,] —

A®" — B.

Proof. First, recall that

B%A®”®R
(

A®n)G
by definition. Second, note that since R[x] — A is a surjection, by Lemma A.3.9 so

is Rlxy,...,2,)% = (R[x]®")Y — (A®™")Y. Therefore we may write

B~ A*"(QR,

R[zl,...,xn}c

since a tensor product is unchanged if its base is extended by an epimorphism. Third,

consider the tensor product

R[xl,...,xn]®R.

R[wl,...,xn]c
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Since m(x) factors over this ring as

m(z) = [](x —w),

i€[n]

we have m(x;) = 0 for each i € [n]. Therefore

Rz, . ®R Rxl,...,xn]®R/(m(xi)' ’ & A®"®R B.

.....

Under reasonably mild conditions, every such tensor product is also a G-closure:

Lemma 5.3.2. Let A = R[z]/(m(x)) be a monogenic degree-n extension of R, and

let G be a subgroup of S,. Let Rlxy,...,2,]° — R be an R-algebra homomorphism

sending e(x) — sy for each k € [n|. Define an R-algebra B by

B = Rlzy,...,x, ®R

Then B is naturally an A®"-algebra, and if the R-algebra homomorphism R — B is

injective, then A®™ — B is a G-closure of A over R.

Proof. Over B, the polynomial m(x) factors as m(x) = [[;c(, (z — i), so m(x;) =0

in B for each ¢ € [n]. Thus
B=Rlzy,..., 2] QR = A®”®R

is an A®"-algebra, as desired. Now suppose the canonial homomorphism R — B is
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injective. Consider the image factorization of the composite

Rlxy,...,1,)% - (A®")Y - A®" B
= R[ml,...,xn]G—>R[J;1,...,xn] — A®" 5 B
= R[zy,...,2,)% — Rlzy,...,2,] — B
= Rlxy,...,2,)% » R— B.

The image of (A®™)¢ in B is thus contained in R, and we obtain a factorization of

Rlzy,...,1,]% — R as
Rz, ..., 1, — (A*")Y = R.

Then the R-algebra homomorphism (A%")¢ — R sends ey () to s; for each k € [n],

so it is normative, and by Lemma 5.3.1, the corresponding G-closure of A is B. [

In order to use Lemma 5.3.2, we need criteria for proving that

R — R[ml,...,a:n]@R

R[ml,.‘.,zn]c

is injective. The following lemma provides a quick-and-dirty, but nonetheless useful,

guarantee:

Lemma 5.3.3. Let R be a ring, let n be a natural number, and let G be a finite
group acting on an R-algebra A. Let A° — R be an R-algebra homomorphism, and
construct the R-algebra homomorphism R — AQ ¢ R. If |G| is a non-zerodivisor

i R, then this homomorphism is injective.

Proof. Consider the A“-module homomorphism A — A% given by p — Y. __,0.p.
The composite A — A — A% is then just multiplication by |G|. Changing the

base along A® — R, the composite R-linear map R — A ,c R — R is still just
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multiplication by |G|. Since |G| is a non-zerodivisor in R, this R-linear map R — R

is injective, and therefore the map R — A 4o R must be injective as well. O

Corollary 5.3.4. Let A = R[z|/(m(z)) be a monogenic degree-n extension of R, and
let G C S, with |G| a non-zerodivisor in R. Then isomorphism classes of G-closures

G

of A over R correspond to R-algebra homomorphisms R[z1,...,x,]° — R sending

er(x) — sg.

Proof. By Lemmas 5.3.1 and 5.3.2; isomorphism classes of G-closures of A over R
correspond to R-algebra homomorphisms R[zy, ..., 7,]% — R such that ey(z) — sy,

and

R — R[:):l,...,xn]®R

R[z1,...,zn]C
is injective. By Lemma 5.3.3, since |G| is a non-zerodivisor the latter condition is

guaranteed to hold. O

5.4 A,-closures

In this section we give generators and relations for R[xy, ..., z,]4" asan Rlxy, ..., z,]%"-

algebra, and combine this presentation with our earlier results to parametrize A,-

closures of monogenic extensions.

Lemma 5.4.1. Let n be a natural number. Then Z[zy, ..., 1, is a Zlxy, ..., x,]%"-
module with free basis {1,T'}, where T is the A,-orbit sum of [[1_, zi .
Proof. First, for each p € Z[x,...,x,]""", denote the action of any odd permutation

on p by p. Then it is easily calculated that
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Now let p € Z[zy,...,x,]". We know that p — p +— 0 in Z[zy, ..., z,]/(x; — ;) for
each pair ¢ > j. Therefore p — p contains a factor of (z; —x;) whenever i > j, so p—p

is a multiple of I' — . Write

(p—p) = q(l —T);

every permutation either fixes both sides or changes the sign of both sides, so it

Sn

must be the case that ¢ € Z[z,...,2,]°". Now define r as p — ¢I". Then r — 7 =

(p—p)—q(L —=T) =0, s0 r € Z[z1,...,2,)5 as well. Thus we have written

p=ql'+r

A Sn_

with g and r € Z[zy,...,1,])°", so 1 and I generate Z[zy, . .., x,]" asa Z[zy, . . ., z,]

module. To show they are a free basis, suppose that ¢I' + r = 0 with ¢ and r in

Zlxy, ..., x,]%. Then we also have 0 = ¢I" +r, so

0=¢q( =T).
Since Z[x1,...,2,| is a domain and I" — ' # 0, we must have ¢ = 0, and therefore
r =0 as well. [

Corollary 5.4.2. Let R be a ring and let n be a natural number. Then

as Rlxy,. .., x,]%"-algebras.

Proof. The isomorphism is given by z + I'. This homomorphism is bijective since

it maps the R[zy,...,z,]%"-module basis {1,z} to the R[zy,...,z,]*"-module basis

{1,T}. O
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Theorem 5.4.3. Let R be a ring, and let n be a natural number such that |A,| = n!/2
is a non-zerodivisor in R. Let A = R[z]/(m(x)) be a monogenic degree-n extension
of R, and let ¢y : R[x1,...,2,)°" — R be the R-algebra homomorphism sending
ex(x) — sy for each k € [n]. Then isomorphism classes of A,-closures of A over R

correspond to roots in R of the quadratic polynomial

22 — @o(T + D)z + o(TT).

Proof. By Corollary 5.3.4, isomorphism classes of A, -closures of A over R correspond

to R-algebra homomorphisms R[zy,...,z,]4" — R sending ej(x) — sz. And by
Lemma 5.4.2, such homomorphisms correspond to R[zy, ..., x,]°"-algebra homomor-
phisms

Rz, ..., 2,5 [2]/(2® — (D + )z + IT) — R,

where R is an R|[xy,...,z,|""-algebra via the map ¢,. Such a homomorphism is

completely determined by the image of x in R, which must then be a solution to

22 — @o(T + D)z + go(IT) = 0

as desired. [

Example 5.4.4. Let A = R[z]/(2® — sz? + tx — u), and suppose |A3| = 3 is a non-

zerodivisor in R. Then I' € R[z,y, 2] = 22y + 12z + 222 and T = 222 + ay® + y22.
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Then

[ +T = 2%+ v’z + 222 + %2 + 31?4 y22
= (zy + 2z +y2)(z +y + 2) — 3(zy2)
= eo(w)er(z) — 3es(x), so

@o(T +T) = so(2)s1(x) — 3s3(2)

= st — 3u.
Similarly,

IT = (2%y + 12 + 222) (22 + 2 + y2?)
= (zy + 2z +y2)’ —6(z +y+ 2)(zy + 22 + y2)(2y2)
+ (z +y+ 2)*(zy2) + (zyz)?
= e3(z)® — 6ey()ez(x)es(x) + er(x)es(x) + Yes()?, so
po(IT) = ()" — 651 (x)s2(x)53(2) + s1(x)55(w) + 9s5(w)”

=13 — 6stu + s°u + Yu*.
Therefore isomorphism classes of As-closures of A over R correspond to roots in R of

2% — (st — 3u)x + (£* — 6stu + s°u + 9u?).

5.5 Dj-closures

In this section we give generators and relations for R[xy, s, x5, 74)P* as an algebra
over R[z1, Ty, T3, 24)°4, and use this presentation to show that if 2 is a non-zerodivizor
in R, then Dy-closures of R|x]/(m(x)) correspond to roots in R of the resolvent cubic

of m(z), where Dy, C Sy is the subgroup generated by the permutations (13) and
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(1234).

Lemma 5.5.1. The ring Z[x1, 2o, 73, 74P is a free Z[zy, 12, T3, 24])% -module with

basis {1, A, A*}, where A = zyx3 + 1274,

Proof. First, we fix some helpful notation. If p € Z[x1, 2o, 73, 744, then we denote
the polynomial (14).p = (23).p in Z[x1, X2, 23, x4] by p’, and the polynomial (12).p =

(34).p by p”. Each transposition permutes {p,p’,p"}:

(23) and (14) interchange p < p’ and fix p”
(12) and (34) interchange p < p” and fix p/

(13) and (24) interchange p" « p” and fix p.

If p € Z[w1, 79, 73, 14)P* and any two of {p, p/, p"} are equal, then p € Z[x1, 79, T3, 14].

In particular, A, A’, and A” are all distinct:

A—N = (21— 24)(x3 — T2)
A— A// = (I‘l — xg)(.’I?:g — I‘4)

A, — A// = (Z’l — l’g)(l‘g — Z’4).

Now note that if p € Z[zy, x9, 23, 24]P%, then p—p' +— 0in Z[x1, 22, 3, 4] /(21— 24)
or Zlxy, xo, w3, 4] /(2 — x3), SO p — p' must contain factors of both (x; — x4) and
(xg — x3). Since Z[x1, o, T3, x4) is a unique factorization domain, we find that p — p/
is a multiple of A — A’. By acting with (12), it follows that p’ — p” is a multiple of

A — A", and in fact, the ratio p = % belongs to Z[z1, x2, T3, 24P

o= o —p
13— (13). (£ 00 ) = =0 =0
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and

(1234).p = (12)(23)(34).p

= (12)(23)(34). [ +— )

R
- (12). (225)

P =7
:A//_A/:p'

Now we will show that 1, A, and A? are linearly independent over Z[z1, x5, T3, 24]°1.
Suppose gA2 + 1A+ s = 0, with q,r, s € Z[x1, 29, 73, 74]%*. Then 0 = gA? + 71\ + s =

g\ +rA" + s, so

q<A/2 _ A//2) —|—7’(A/ _ A//)

0= A — A"

= (N + ")+ 7 = —gA + (r + q(A+ A’ + A")).

Therefore 0 = —qA + (r + ¢(A + A"+ A")) = —qA" + (r + ¢(A + A" + A")), so
q(AN' —A") =0, and ¢ = 0. Then 0 = ¢(A’ + A”) + r implies that » = 0, and
0 = gA% +rA + s implies that s = 0.

Finally, we show that each p € Z[r1,xy, 73, 74)P* may be written as a linear
combination of 1, A, and A? with coefficients in Z[z1, 7o, x3,74]%. Let p = %;

then p € Z[xy, x9, 3, 24]P* as before. Now set
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We claim that q € Z[x1, z, 3, 24]%. In fact, we can write

p/_p//
q_A/_A//

p—p" P-p
_ A=A AN-—A
- A — A

(p—p")(A=N)—(p—p)(A—-A")
(A — AY(A — A" (N — A7)

(p—p )N+ @ —p)N + @ —p")A
(A= N)(A = A")(A — A ‘

Every transposition changes the sign of both the numerator and the denominator of

the right-hand side, so ¢ is fixed by the action of S;. Now set
r=p—qN +AN') € Zxy, xo, x5, 24]°".

Again, we claim that r € Z[x1, 2o, 73, 74]%*, and calculate

_ p/ . p// N ((p . p/)A// + (p// . p)A/ + <p/ . p”)A)(A/ + A//)
A/ _ A// (A _ A/)(A _ A//) A/ _ A//)
(p o p/)A//2 + (p// _ p>A/2 4 (p/ o p//)AQ
(A—A/)(A—A”)(A/—A’/) :

r

Once again, every transposition changes the sign of both numerator and denominator,

so r is fixed by S;. Finally, set

s=p—qgA>—7rA € Z[xl,xg,xg,:r4]D4.
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Again, we claim that s € Z[x1, 7o, 13, 14]:

s=p—qA*—7rA
(p _ p/)A// 4 (p// _ p)A/ T (p/ _ p//)AA2
(A _ A/)(A _ A//)(A/ _ A//)
B (p . p/)A//2 + <p// _ p)AIQ + (p/ _ p//)AZA
(A — A (A — A7) (A" — A7)
p(A/ _ A//)A/A// —{-p/(AN _ A)AA” —1—p”(A _ A/)AA/
(A — A (A= A")(A — A") '

Once again, the numerator and denominator each change sign under the action of any
transposition, so s is fixed by Z[z1, 22, T3, 24]%. Thus we have written p = gA>+rA+s

with ¢, 7, s € Z[z1, 9, 13, 14)%, as desired. O

Corollary 5.5.2. Let R be a ring. Then

Rlx1, 29, x5, 24)% 2]/ ((z — A)(z — A)(x — A")) = R[ay, 29, 73, 14]P*

as Rlxy, x, 13, 24]% -algebras.

Proof. The isomorphism is given by x +— A. This homomorphism is bijective since
it maps the R[x1, 2o, 23, 74]%*-module basis {1, z, 22} to the R[x1, 79, z3, 14]%*-module

basis {1, A, A?}. O

Theorem 5.5.3. Let R be a ring such that 2 is a non-zerodivisor in R. Let A =
R[z]/(m(x)) be a monogenic degree-4 extension of R, and let vy : R[x1, T, 13, 14)%% —
R be the R-algebra homomorphism sending ex(x) +— s for each k € [n]. Then
isomorphism classes of Dy-closures of A over R correspond to roots in R of the cubic

polynomial

2® — oA+ N + A")a” + o (AN + AN + A'N")x — o (ANA"),

called the resolvent cubic of m(x).
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Proof. Since 2 is a non-zerodivisor in R, so is |D4| = 8, so by Corollary 5.3.4, isomor-
phism classes of D4-closures of A over R correspond to R-algebra homomorphisms
Rlz1, T, 3, 24]P* — R sending ex(x) — s. And by Lemma 5.5.2, such homomor-

phisms correspond to R[xy, Zo, 73, 74]%*-algebra homomorphisms

Rlxy, 19, 3, x4]54 [2] /(2 — (A 4+ A+ A2 + (AN + AN+ ANz — (AN'N")) — R,

where R is an R[xy,...,z,|""-algebra via the map ;. Such a homomorphism is

completely determined by the image of x in R, which must then be a solution to

25— oA+ N + A)2? + oo(AN + AN + N'A")z — po(ANA"),

as desired. n
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Chapter 6

A,-closures revisited

In Chapter 4, we showed that the G-closures of a field extension exists exactly when G
contains the Galois group of that field extension. For example, if R is a field in which
2 is a unit, and A is a rank-n R-algebra, then A has an A,-closure if and only if the
discriminant of A over R is a square in R. In this section, we show that the previous
sentence holds if we replace “field” with “ring.” Then we return to the quadratic
polynomial of Theorem 5.4.3, and show that its roots in R parametrize A,-closures
of A without any assumptions on the ring R. Finally, we relax the condition that 2
be a unit for A,-closures to correspond to square roots of the discriminant.
Throughout this section, we will no longer be assuming that A is monogenic, but
we will assume that A is free of rank n as an R-module. This allows us to define the

discriminant of A over R as

51(6191) T 31(919n)
D(Gl,,Qn) = det = det (81(9163>>
ij
51((9”91) tee 81(9n¢9n)
for each R-basis {01, ...,0,}; the discriminant is only well-defined up to multiplication

by square units in R.
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6.1 A,-closures and discriminants

We know that if © is a free R-basis for A, then a free R-basis for (A®")% is given by
{e(a) : a € ©"/8,}. Tt will be helpful to know similar bases for (A%")4». To that

end, we define two distinguished elements of (A®")4" that do not belong to (A®")%".

Definition 6.1.1. Let A be an R-algebra with free R-basis © = {6,...,0,}. Define

I' € A®" as the A,,-orbit sum of #; ® 6, ® ... ® 6, that is,

T

og€A, i=1

Let T be the unique other element of A®™ in the S,-orbit of I, so that
T +T =e([(6,...,60.)])

Note that both I' and I are fixed by the action of A, on A®", and hence belong to
(A®™)An,

Lemma 6.1.2. Let A be an R-algebra with free R-basis © = {61, ...,0,}. Either of

the following is a free R-basis for (A®™)An :
{e(a) :a €O™/S, and a £ [(61,...,0,)]} U{L, T}, {e(a):ae0"/S,} U{T}.

In particular, (A®™)A» is the direct sum of its submodules (A®™)*" and RT.

Proof. The former basis is the more natural; it consists precisely of A,-orbit sums

of pure tensors 6;, ® ... ® 6, . The reason is that if « = [(6;,,...,6;,)] contains

any element of multiplicity at least 2, there is some transposition in S,, that fixes
0, ®...®0; ,and so the A,-orbit of ;, ®...®86, is the full S,-orbit. The only other

possibility is that (6;,,...,0;,) contains each element of © exactly once, in which case

in

the A,-orbit sum of 0;, ® ... ® 0, is either I or I'. And since an element of A®" is
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fixed by A, if and only if the coefficients of its basis pure tensors are constant along
A,,-orbit sums, this set forms a free R-basis for (A%")4n,
That the second set is also a free R-basis is demonstrated by the invertibility of

(the nontrivial block of) the change-of-basis matrix:

Remark 6.1.3. Note that while I' + I' = e([(0y,...,6,)]) is an S,-invariant, the
difference T' — T' changes sign under the action of odd permutations, and may be

written as a determinant:

Lemma 6.1.4. Let A be an R-algebra with free R-basis © = {01, ...,0,}. Under any
normative homomorphism (A*")4n — R, the image of I — T'inRisa square root of

the discriminant D(6y,...,0,) of A over R, with respect to the basis ©.

Proof. From Remark 6.1.3 we know that I' — I' = det (67@> = det (6,(3)) . Multi-
ij jk

plying these two expressions, we obtain

(T = det (69 aet (6) = det ((ep) (o9 )
1) J 1) J
— det (Z 95”9}3)) — det <€1(9i9’“)>ik

J ik

s det (sl(eiek)) = D(0s,..,0,).

(2
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Therefore the image of (I' — f) must be an element of R whose square is the discrim-

inant D(6y,...,0,) of A over R. O

Because of the significance of the quantity (I" — f), we would rather use it than I’

as a basis element of (A®")4n. However, this is only convenient when 2 is a unit:

Lemma 6.1.5. Suppose R is a ring in which 2 is a unit, and let A be an R-algebra
with free R-basis © = {0y,...,0,}. Then the following is a free R-basis for (A®™)An

{e(a) :a €©"/S,}U{l —T}.

In particular, (A®™)*n is the direct sum of its submodules (A®")5" and R(I' —T)).

Proof. Starting from the free basis {e(a) : @ € O"/S,} U {T'} for (A®™")4" as in

Lemma 6.1.2, the nontrivial block of the change-of-basis matrix is

r+r 1 0 I'+T

Since the determinant is 2, a unit in R, we may replace I' by I' — [ in the R-basis for

(A@n)An. ]

Remark 6.1.6. Notice that in the decomposition
(AC) b = (A7) & BT~ T,

the R-multiples of " — I are the only ones that change sign under the action of odd
permutations on the tensor factors. Therefore each product of the form e(a)(I' — I),
which also changes sign under odd permuations, must itself be an R-multiple of (F—f)
(and not just an A®"-multiple). So if we have any hope of a ring homomorphism
extension of f : (A®")% — R to all of (A®")4" that R-multiple had better be

s(a) (I —T).
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In fact, the equation e(a)(I' — I') = s(a)(I’ — I') does in fact hold in A®" for
each multiset o € A"/S,. We will prove this fact first in the special case that

a=|(a,...,a)] for some a € A, and then deduce the general case.

Lemma 6.1.7. Let A be an R-algebra with free R-basis © = {01,...,0,}. Then for

each element a € A, the following identity holds in the ring A®":
A(a)(T = T) = det(a)( - T),
where A(a) is the pure tensor a ® ... ® a and det(a) is the determinant of the n x n

matrix given by the R-linear action of multiplication by a on the R-basis ©.

Proof. Using Remark 6.1.3, and the fact that A(a) = H?:l a9, we have:

A(a)(T —T) = (f[ a(j)> det (99’) )

v

= det (a(j)ﬁgj))

[

Now if we write each af; as an R-linear combination af; = >_;_, a0k, where the ag,

are appropriate elements of R, we may continue:

Aa)(T = T) = det (Z aike,@)
= aet (o), (),

= det (%‘k) . det (0,(3))]6‘
i j

= det(a)(I’ = T),

since the matrix on the left is just the transpose of the matrix corresponding to

multiplication by a in the R-basis ©. [
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Corollary 6.1.8. Let A be an R-algebra with free R-basis ©. For each multiset

a € A"/S,, the following identity holds in the ring A®™:
e(a)(T = T) = s(a)(l = T).

Proof. Letting I be any finite subset of A, apply Lemma 6.1.7 to the ring R’ = R[\, :
a € I] and R'-algebra A" = A[\, : a € I]. (Since A" = A®pr R, O is still a free
R'-basis for A’.) We have

A (Z )\aa) (0 —T) = det (Z )\aa> (r -1,

acl acl

which we can rewrite as

> Me(@)T=T)= Y Xs(a)('—T).

acl™/S, a€cl™ /Sy,
Comparing the coefficients of A, we find that e(a)(I' = ') = s(a)(I' = T). O
We are now ready to prove the main theorem of this section.

Theorem 6.1.9. Let R be a ring in which 2 is a unit, and let A be a free degree-n
extension of R. If D is the discriminant of A over R computed with respect to any
basis, then there is a one-to-one correspondence between square roots of D in R and
isomorphism classes of A,-closures of A over R. In particular, an A, -closure exists

if and only if the discriminant is a square in R.

Proof. Let © = {6,,...,0,} be a free R-basis for A. Note that by Lemma 6.1.5, each
R-linear extension of f to (A%™)4" is uniquely determined by the image of I' — f, and
by Lemma 6.1.4, if this extension is to be a ring homomorphism we must have I' — r

map to a square root of D(#y,...,6,) in R.
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Conversely, we show that for each square root d of D(6y,...,0,) in R, the assign-
ment I' —I" — d does extend f to a ring homomorphism (A®)4An — R. We need only
check multiplicativity of the extension on basis elements {e(a) : o € ©" /S, }U{l—T'}.
We already have e(a)e(3) — s(a)s(3) since f is a ring homomorphism. And we have
(I =T)2 — d® = D(fy,...,6,) as required, by assumption. So all that remains to

check is multiplicativity on the product e(a)(I' = T)). But by Corollary 6.1.8, we have
e(@)(l —T) = s(a)(I' = T) — s(a)d

as required. Therefore each choice of square root d for the image of (I' — f) uniquely

determines a ring homomorphism extension of f to all of (A®™)4n, O]

6.2 A,-closures and the quadratic criterion

There is a more general condition guaranteeing the existence of A,-closures. There
is a quadratic polynomial over R whose roots correspond to isomorphism classes of

A,,-closures:

Theorem 6.2.1. Let R be a ring, and let A be a degree-n extension of R with free

R-basis ©. Then the universal algebra over which A has an A,-closure is

(A5 () R = Rla] (2 = go(T + D) + o(IT)).
(A8n)Sn

Therefore, solutions v in R to the quadratic equation v* — po(T + f)v + goo(Ff) =

0 correspond to normative R-algebra homomorphisms (A¥™")4" — R, and hence to

isomorphim classes of A,-closures of A over R.

Proof. We show that R’ = (A®")"» ® R has a free R-basis given by 1 and the image

(A®m)Sn
of I'. Consider that R’ may be presented as an R-module in the following way, where
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angle brackets denote the R-linear span:

R = (A®)An /(e(a) — s(a) : a € O"/S,)
= (A®m)4An /({e(B)(e(@) — s(@)) : a, B € ©"/5y) + ([(e(a) — s(a)) : a € O/S,)).

Note that each I'(e(a) — s(«)) is Sy-invariant; its image under any transposition is
'(e(a) — s(c)), but these are equal by Lemma 6.1.8.

Now note that R + (e(a) — s(a) : a € ©"/S,) contains each e(«) and in turn
consists only of S,-invariant elements, so R + (e(a) — s(a) : « € O"/S,,) = (A®")5".

Therefore the quotient of R’ by the image of R is isomorphic to

R'/R = (A®™")A /(R + (e(a) — s(a) : a € O"/S,))
= (A5 (457

= ({e(@) 1 a € ©"/5,) @ (T))/(e(a) : a € ©"/5,) = (),

a free R-module with R-basis {I'}. It follows that the homomorphism R — R’ is
injective, or else some nontrivial R-multiples of I" would vanish. Therefore R’ has free
R-basis {1,T}. Since I'? = (I'+ I)I — (IT) = ¢o(T" 4+ I — ¢o(I'T) in R, we thus

have a bijective homomorphism
Rlz]/(2? — @o(T + D)z + ¢o(TT)) —> R/,

as desired. [

Example 6.2.2. Recall the monogenic degree-3 extension A = R[z]/(x® — sz* +tx —

u). Using the R-basis (1, z,z?%), we may write
r=1ere’+20r’01+’Q1Qw

The calculation in Example 5.4.4 shows that ¢o(T + ') = st — 3u and that ¢o(I'T) =
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3 —6stu+su+9u?. Then an Az-closure of A over R exists if and only if the quadratic
equation

7 — (st — 3u)y + (t* — 6stu + s’u + 9u?) =0
has a solution for v in R.

Recall that an element p of a ring R is called primoid if, whenever a and b are
elements of R with ab divisible by p?, then a or b is divisible by p. The importance

of this property is found primarily in the following lemma:

Lemma 6.2.3. Let R be a ring, and let m(z) = 2? + bz + ¢ be a monic quadratic
polynomial with s,t € R. Suppose that 2 is a primoid non-zerodivisor of R. Then

roots of m in R correspond to square roots in R of the discriminant D = b? — 4c.

Proof. Suppose m has a root r € R, and let ' = —b —r. Then r +1' = —b and
' =—br—r*=c;s0o(r—r)? =r2=2r" +r%=(r+1r) —4(rr') =b* —4c= D,
so (r —r') = 2r + b is a square root of D in R.

Conversely, suppose d is a square root of D in R. Then b? — 4c = d?, so (—b +
d)(—b—d) = b* — d*> = 4c is a multiple of 4. Since 2 is primoid in R, either —b + d

or —b — d is a multiple of 2, and hence both are, since they differ by 2d. Since 2 is

a non-zerodivisor in R, division by 2 is well-defined whenever possible, so %l are

well-defined elements of R. We have

—b+d —-b—d —2b
5 + 5 ) = —b and

btd—b-d P& dc
2 2 4 1 ©

—b+d

because 2 is a non-zerodivisor in R. Therefore r = 5

is a root of m in R. Lastly,
the operations r — 2r + b and d — (—b + d)/2 are inverses to each other, so the

correspondence is one-to-one. ]
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We can combine Theorem 6.2.1 with Lemma 6.2.3 to weaken the hypotheses of

Theorem 6.1.9:

Corollary 6.2.4. Let R be a ring in which 2 is a primoid non-zerodivisor, and let A be
an R-algebra with free R-basis © = {01,...,0,}. If D(bh,...,0,) is the discriminant
of A over R with respect to the basis ©, then there is a one-to-one correspondence
between square roots of D(01,...,0,) in R and isomorphism classes of A, -closures of

A over R.

Proof. The only fact to check is that the discriminant of the quadratic polynomial

2 — o(T + IN“)a: + goo(l“f)

is equal to D(6,,...,6,). But the discriminant of the quadratic is

(0o(T +T))? — 4go(TT) = (T —T)?),

which is D(6y,...,60,) by Lemma 6.1.4. O

The condition in this lemma that 2 be primoid is necessary. The following is an
example of a degree-2 extension in which 2 is a non-zerodivisor and for which the

discriminant is square, but the extension has no As-closure:

Example 6.2.5. Let R be the ring Z[v/5], and let A be the monogenic R-algebra
R[z]/(z*—x—1). The discriminant of this extension is D(1,z) = 5, a square in R, but
there is no R-algebra homomorphism A®? — R, hence no A,-closure of A, because the

1+2\/5 is not an element of R. Indeed, the number 2 is not a primoid

golden ratio & =
element of R, since (1++/5)(1 —+/5) = —4 is a multiple of 4, while neither of 14 +/5
is a multiple of 2 in R. And we should not desire there to be an As-closure: if one

existed, then employing base extension along the ring homomorphism Z[v/5] — Fy,
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we would also obtain an As-closure for the field extension Fy C Fo[z]/(22—2—1) & F,.
But the latter is an Ss-extension, so it should not have an As-closure.

It is not hard to invent similar examples of degree-3 ring extensions whose dis-
criminants are square, but which do not have an As-closure for precisely the same

reason.
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Appendix A

Appendix

A.1 Multisets

In the following, we will make heavy use of the notion of multisets, which like sets are
unordered collections of elements, but which allow duplicates. Specifically, we define

multisets as follows:

Definition A.1.1. Let X be a set, and d € N a natural number. Define an Sy-action
on X by o : (1,...,24) — (Zg-1(1), ..., To-1(q)) for each o € Sy. For each subgroup
G of Sy, define X?/G to be the set of orbits of X¢ under the action of G. Write
the G-orbit of an element (z1,...,74) of X% as [(z1,...,74)]q, or as [(z1,...,zq)] if
G = S4. A multiset from X of size d is an element of Xd/Sd. We write £ C X to
mean that £ is a multiset from X of unspecified finite size. For each multiset a we

denote its size by |a/.

Remark A.1.2. We may alternatively define a multiset by noting that the only
information retained in passing from (xy, ..., z4) to [(z1, ..., x4)] = £ is how often each
x € X appears in (21, . ..,x,), called its multiplicity £(x). Then we may alternatively
let a multiset of size d be a function § : X — N such that ) . &(z) = d (and in

particular, {(z) is nonzero for only finitely many =z € X). We will use both of these
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notations, and write z € £ to mean that = x; for some j whenever a = [(z1, ..., z4)],
or equivalently, that a(xz) > 0. On occasion, we will also use the nuts-and-bolts
definition of a multiset as an equivalence class and write (z1,...,24) € & to mean
that [(x1,...,2q4)] = &, but whether this or the previous meaning of “€ £” is meant

should be clear from context.

Definition A.1.3. Let X and Y be sets, and let f : X — Y be a function. Let d be
a natural number and G a subgroup of Sy. We define the pushforward f, : X¢/G —
Y4/G by

fe (@, za)le = [(f (@), -, f(2a))le-

In particular, if {y; : i € I} is an indexed family of elements of Y, and « is a multiset

from I, we can form the pushforward multiset y, C Y in the same manner.

Definition A.1.4. Multisets are closely connected to monomials: if multiplication
in a set Y makes sense, and if we have an indexed set {6; : i € I} of elements of ¥
(or equivalently, if we have a function 6 : I — V'), and if « is a multiset of elements

of I, then we define 6% to be the monomial

oo =T[o".

i€
Example A.1.5. If we are working in Y = R[x1, %o, ..., x,| for some ring R, then we
may view the indeterminate variables as a function z : {1,2,...,n} — Y and write,
for each multiset of indices «a,

a(n)

2% — :L"f‘(l)xg@) .

as is often conventional to do. In particular, an R-basis for the d-graded component

of R[xy, 1, ..., x,] is given by {2° : a € [n]?/Sy}.
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Example A.1.6. Similarly, if © = {0, : i € I} is a free R-basis for a module M,
then the symmetric power Sym" (M) = M®"/S,, has a natural R-basis given by the
set of monomials {6* : « € I"/S, }, which is in a one-to-one correspondence with the

set ©" /S, of multisets from O of size n.

A.2 Polynomial laws

The definitive text on polynomial laws is N. Roby’s, [12]. In this section we cover
the main definitions and examples we will be using, to save the effort of translating

(literally and figuratively) between there and here.

Definition A.2.1. Let R be a ring. Then if M and N are two R-modules, a poly-
nomial law p : M — N is a family of functions ps : S® M — S ® N for each
R-algebra S, such that the family is compatible in the sense that, for each R-algebra

homomorphism S — T, the following square commutes:

SM — S®N

! !
TQM — TN

If furthermore for all R-algebras S and for all a € S,m € S ® M, we have
ps(a-m) = a’ -ps(m),

then we say that p: M — N is homogeneous of degree d.

We will denote the set of polynomial laws M — N by Poly(M, N), and the set
of those which are homogeneous of degree d by Poly,(M,N). Both naturally are
equipped with the structure of an R-module, making Poly,(M, N) a submodule of
Poly(M, N).
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Remark A.2.2. We can understand Definition A.2.1 categorically as follows: If M
is an R-module, define the functor U,,; : R-Alg — Set by mapping each R-algebra
S to the underlying set of S ® M, and each R-algebra homomorphism S — T to the
induced function S® M — T ® M. Then a polynomial law M — N is just a natural

transformation Uy; — Uy.

Remark A.2.3. Each polynomial law p : M — N gives, in particular, a function
pr : M — N. However, the mapping p — pg is not injective: let R = I, and define
a polynomial law p: R — R by ps: S — S : s+ s?—s. This is not the zero law

(since, for example, prp(x) # 0), but pg is identically 0.
Example A.2.4. Two basic constructions for polynomial laws follow:

1. Each R-linear map f : M — N induces a homogeneous degree-1 polynomial
law p: M — N given by ps =idg @ f : S® M — S ® N. More generally, each
multilinear map M; X --- X M} — N induces in the same way a polynomial law

which is homogeneous of degree k.

2. If M — N and N — P are polynomial laws, then for each R-algebra S we may
form the composite function S®@ M — S® N — S ® P, which together form a
polynomial law M — P. If M — N and N — P are homogeneous of degrees d

and e, then M — P is homogeneous of degree de.

Putting these two constructions together, we immediately obtain our first non-

trivial example of a polynomial law:

Lemma A.2.5. If M is an R-module and d is a natural number, then the family of

diagonal maps
As: (S®@M) — S® (M%) = (Se M)

m—m®e...0m forallme SR M

defines a homogeneous polynomial law A : M — M®? of degree d.
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Proof. One can either verify this directly, or form the composite polynomial law
M — M4 — M®?,

where the first law comes from the linear diagonal embedding m +— (m, ..., m) and

the second from the canonical multilinear map defining M/®. O]

Lemma A.2.6. If M is an R-module and p,q are polynomial laws M — R, then the

product polynomial law pqg : M — R defined by

(pC_I)S = Psqs

1s well-defined. Furthermore, if p and q are homogeneous of degrees d and e, then pq

15 homogeneous of degree d + e.

Proof. As suggested, for each R-algebra S define (pq)s to be the product function

psqs S @M — S
:Zsi®mi'—>ps <25i®mi> ds (Z&'@)mi)

This forms a compatible family: for each R-algebra homomorphism f : S — T, we

have the composite f o (pg)s: S ® M — S — T sending
Zsi @ m; — ps (Zsl ®mi) qs (Zsi®mi>

S (en) e (zeen)
o)l (Zeem))
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since f is multiplicative. Therefore

Zsi ®@m; = pr (Z f(si) ® mi) qar (Z f(s) ® m@)
since p and ¢ are both compatible with f. But this is the composite

(p@)ro(fOM):SOM —-TM — T,

so pq is a well-defined polynomial law.
Furthermore, if p and ¢ are homogeneous of degrees d and e, respectively, then for

each S with s € S and m € S ® M, we have

“qs(m) = s (pq)s(m),

e

(pq)s(s-m) = ps(s-m)gs(s-m) = s*- ps(m) - s

so pq is homogeneous of degree d + e. O

Lemma A.2.7. If M and N are R-modules, and M* = Hom(M, R) is the dual

module to M, then there is a canonical map of R-modules
Sym*(M*) ® N — Poly,(M, N)
sending an element of the form (fifo--- fa) @ ng to the law p: M — N defined by

Ps:SROM — SN

s @m s s (fi(m) fa(m) - fu(m)) @ no.

Proof. First consider that each element of M* = Hom(M, R) induces a polynomial

law of degree 1 from M to R, so by Lemma A.2.6 there is a function

(M*)d - POIYd(M7 R)
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sending a d-tuple (f1, fa, ..., fa) to the product law fifs--- f4. Since this function is

multilinear and symmetric, it corresponds to a single linear map
Sym?(M*) — Poly,(M, R).
Tensoring this linear map with N = Hom(R, N) — Poly, (R, N), we have
Sym?(M*) ® N — Poly,(M, R) ® Poly, (R, N) — Poly,(M, N). O

Lemma A.2.8. Let M and N be R-modules, and p : M — N a polynomial law.

Then for each finite set I there is a unique collection of polynomial laws
p M - N

for each a a multiset from I, such that p'® is separately homogeneous of degree i)
in the i-th argument for all i € I, and such that for each R-algebra S and elements

s = (8i)icr € ST and m = (m;)ier € (S ®@ M)!, we have

ps (Z m> =30 (sm) = > 5P (m).

icl allJl all
We call p® ((m;)ier) the coefficient of A* in p (3., Aim;).

Proof. Indeed, consider the ring 7' = R[\; : @ € I|, and for each m = (m;);er €

(S ® M)! let p'(m) be the coefficient of A* in
Pser <Z )\z‘mi> €E(SRT)®N = (S®N)[\ :icll.
el

Then compatibility of the pg requires that the pga) : (S@M)! — S®N be compatible,

be homogeneous of degree a(7) in each m;, and sum to pg in the manner required. [
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In particular, we may decompose polynomial laws by homogeneous degree; c.f.

[12, Prop. L4]:

Corollary A.2.9. Every polynomial law can be written uniquely as a sum of homo-

geneous polynomial laws.

Proof. Apply Lemma A.2.8 in the case I = {1}; a multiset o from {1} is entirely
determined by the multiplicity d = a(1), so a decomposition of p : M — N into the
p® : M — N is precisely the same as a decomposition of p into a sum of homogeneous

components. ]

Remark A.2.10. The sums in Lemma A.2.8 and Corollary A.2.9 may not be finite;
it may be that infinitely many of the p(® are nonzero for a fixed p. However, each
sum will by construction have only finitely many nonzero terms for each choice of
arguments, and so the sum makes sense elementwise. Consider, for example, the
polynomial law Z®>* — Z defined, for each ring S, by sending each sequence of
elements (s1, $2,53,...) in S ® (Z%®) = S9° to the sum of all its finite products
14+81+83+853+...+51S0+8183+...+8283+...+ 515283+ .... Since every sequence
in S®> has only finitely many nonzero elements, this sum eventually terminates, but
because the degrees of its terms can be unboundedly large, this law is not any finite

sum of homogeneous polynomial laws.

Corollary A.2.11. Every homogeneous degree-1 polynomaial law is linear, and every

homogeneous degree-0 polynomial law is constant; see [12, Props. 1.5-6].

Proof. Let M and N be R-modules, and p : M — N be a homogeneous degree-1
polynomial law; we wish to show that there exists a linear map f : M — N such that
ps =idg® f: S® M — S® N. Since p is homogeneous of degree 1, we find from

Lemma A.2.8 with |I| = 2 that there exist polynomial laws ¢,q' : M* — N, each
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homogeneous of degree 1, such that, for each s, s’ € S and m,m’ € S®@ M,
ps(sm + s'm’) = sqs(m,m') + s'q5(m,m’).

Setting s = 1 and s’ = 0, this equation tells us that ps(m) = gg(m,m’). Similarly,

we find that pg(m’) = ¢5(m, m’). Therefore we may write
ps(sm + s'm’) = sps(m) + s'ps(m’).

Thus each pg is a linear function, and using linearity and compatibility of the pg, we
find that ps = idg ® pr as desired.

Now suppose instead that p : M — N is homogeneous of degree 0, and again
apply Lemma A.2.8 with |/| = 2. Since there is only one multiset of size 0, we find
that there exists a polynomial law ¢ : M? — N, homogeneous of degree 0, such that,

for each s, € S and m,m' € S ® M, we have
ps(sm+ s'm’) = qgs(m,m’).

Setting s = 1 and s’ = 0, we find that pg(m) = gs(m, m’), so the latter is independent
of m/. Similarly, we find that gg(m,m’) is independent of m. Therefore pg(m) =

qs(m,m’) so ps(m) = 1®@my for some mgy € M independent of S by compatibility. [

Definition A.2.12. Let R be a ring, and let M be an R-module. Let d be a natural

number and let a be a finite subset of M?. We define e(a) € M®? as the sum
e(a) = Z my ... Qmg.

In particular, if G is a subgroup of Sy, then e([(mi,ma, ..., mq)|q) € (M) is

the orbit sum of m; ® ... ® my under the action of G permuting the tensor factors.
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Lemma A.2.13. Let M be an R-module, and A : M — M®? the homogeneous
degree-d polynomial law of Lemma A.2.5. Let o € M?/Sy be a multiset of d elements

meo

of M. Then e(e) € M® is is the coefficient of A* in A (Y, .., Amm), so that

Ag : Zsm®mr—> Z s e(a)

meM aeMd/S,
for each R-algebra S and choice of Y, cps sm @ m in S @ M.

Proof. Let I be the set of elements of o to avoid confusion, and consider the image

of Y cr Amm under A:

A (Z )\mm> = (Z Amlml) ®...0 (Z )\mdmd>

mel my€l mq€l

d
= ) ( Amj>m1®...®md
j=1

The only terms whose coefficient is A* = [], .., Am are those for which (my,...,my)
are exactly the elements of « in some order, that is, for which (my,...,mgy) is an

element of the equivalence class defining a. Thus the coefficient of A\“ is

e(a) = Z my ... RQmg,

as desired. O

A.3 Polynomial laws for locally free modules

In this section, we are largely concerned with finding natural operations on R-modules
M — M’ such that homogeneous degree-d polynomial laws M — N are in canonical
correspondence with linear maps M’ — N. In general, such operations are given by

divided powers algebras M’ = I'y(M); see [12, Thm. 4.1]. We are more interested
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in parametrizing degree-d polynomial laws out of M by linear homomorphisms of
(M®4)5¢; the latter is isomorphic to I'y(M) whenever n! is a unit in R (see [12,
Cor. to Thm. IIL.3]) or M is flat (see [4, 5.5.2.5]), but in general they are different
(see [9]). Here, we will show directly that Poly,(M, N) is naturally isomorphic to
Hom((M®?)S» N) when M is locally free.

If we know M to be free, the following result offers a useful and complete de-
scription of polynomial laws out of M; see [12, Thm. 1.1] for the case that M is also

finitely generated.

Lemma A.3.1. Suppose M and N are modules over a ring R, and suppose further

that M has a free R-basis ©. Then every polynomial law p : M — N 1is of the form

where Y p.0(s0 @ 0) is an arbitrary element of S ® M, o ranges over all multisets
from ©, and the n, are fized elements of N such that, for each finite subset F' of ©,

only finitely many n, with o = F are nonzero.

Proof. Consider the ring T' = R[\g : 6§ € ©]. The formal sum  ,_o g ® 6 does not

correspond to any element of T'® M if © is infinite, but we may form the sum

Sr=Y M®0ETOM

feF

for each finite subset F' C ©. For each such sum g, apply the component pr of p
to obtain an element Za;@ A ®@npqo € T ® N, where only finitely many of the ng,
are nonzero. And in fact, using the fact that pr must be compatible with the map
fr:T — T sending \g — Ng if 6 € " and A\g — 0 otherwise, we find that ng, = 0

unless a C F', so we have

pr(Xrp) = Z A @ Npg.

aCF
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Furthermore, if F' is contained in a larger finite subset G C O, we may consider
the image of pr(Xg) under fr ® N. On the one hand, by compatibility we must

obtain pr(Xr) since fr ® M : X +— Xp. On the other hand, we have

pr(Xa) = Z A ®@nga — Z A @ NG

alG alCF

since fr : A% +— 0 unless « T F. Comparing the coefficients of \* in the two
expressions, we must have ng , = ng, whenever /' C G, or indeed, whenever F' and

G both contain a. Therefore, setting n, = nr, whenever o C F', we have

pT(EF) = Z )\a X Ngy-

alCF

Now for each R-algebra S, and each element ), o5y ® 0 of S® M, let F' = {0 €
© : sy # 0}, which is finite. Defining f : T — S : Ay — sg, we have (f @ M) : Xp —

Zee@ s9 ® 6, so therefore

(f@N):pr(Xp) — ps (Za}@@)

0cO

:ZA“@naHZSO‘Q@na.

alCF alCF

And therefore

Ds <289®9> zzsC“@na:ZSa@na

HcO aCF al®
since s* = 0 if o [Z F', as desired.
Conversely, suppose {n,} is a family of elements of N for each multiset a from
O, such that for each finite subset F' C O, only finitely many n, with a« C F are

nonzero. Then we may define a polynomial law p : M — N whose components are
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given by

Ps (ZSg@@) :Zso‘®na,

ISS] alO
which by assumption is always a finite linear combination whenever all but finitely

many of the sy vanish. ]

Corollary A.3.2. If M and N are R-modules, and M 1is free of finite rank, then

there are canonical isomorphims:

Sym(M*) ® N = Poly(M, N), and

Sym?(M*) ® N = Poly,(M, N).

Proof. If M has a free R-basis {0; : i € I} with [ finite, then Sym(M*) has a basis
given by elements of the form 6%, where a ranges over multisets from I, and which

corresponds via the map of Lemma A.2.7 to the polynomial law with components
(éa)g . Zsi &® 91 — s¢
iel

for each R-algebra S. Therefore, elements of Sym(M*) ® N correspond exactly to

polynomial laws p of the form

Ps: Y si®0;— Y s @n,

il alJl

with only finitely many of the n, nonzero. But since [ is finite, this is exactly the

form of all polynomial laws p: M — N by Lemma A.3.1.

And in the case of a fixed degree d, those polynomial laws of degree d are spanned by

those coming from multisets « of size d, i.e. from the Sym? component of Sym(M*).

]
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Remark A.3.3. While the isomorphisms in Corollary A.3.2 do not depend on the
choice of free R-basis for M, they do depend on its existence. In general, M may
not admit enough linear maps to R and Sym(M*) will be too small: for example, let
R =7 and M = N =7Z/2. Then the case d = 1 is not even true: Hom(M, R) ® N is

trivial and does not even surject onto Hom(M, N).

Lemma A.3.4. Let M be an R-module with free R-basis ©. Let d be a natural
number, and let G be a subgroup of Sy. Then the module (M®)Y has a free R-basis

given by {e(a) : a € ©/G}.

Proof. Since M®? is free with basis

{(,®...@04:(0y,...,0q) € ©%}

and the action of G permutes the basis elements, an element m of M®? is G-invariant
if and only if its coefficients are constant on G-orbits, i.e. if and only if m is a
linear combination of G-orbit sums. But the orbit sum of a basis element 6; ®
... ® 0y is exactly e([(61,...,04)]) by definition. Therefore each element of (M®4)¢
can be written uniquely as an R-linear combination of the e(a) with a € ©%/G, as

desired. O

Lemma A.3.5. Let R be a ring with R-module M. Let R' be an R-algebra, and let
M'" be the R'-module R' @ M. Let d be a natural number, and let G be a subgroup
of Sq4. Then each of the following conditions is sufficient for the natural R'-module

homomorphism R @ (M®)Y — (M'"®®4)C to be an isomorphism:
1. The R-module M 1is free.
2. There exists an element r € R such that R' = R,.

3. The R-module M s locally free.
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Proof. We demonstrate the isomorphism for each case in turn; the third case builds

on the previous two.

1. We show that the image under f of a free R'-basis for R’ @ (M®%) is a free
R'-basis for (M'"@rd)C
Let © be a free R-basis for M, and let © = {1®0 : § € ©} be the corresponding
free R'-basis for M’. Then {e(a) : a € ©¢/G} is a free R-basis for (M®4)¢,
by Lemma A.3.4, so {1®e(a) : a € ©¢/G} is a free R'-basis for R’ @ (M®4)¢.
But the homomorphism f maps each 1 ® e(a) to e(a’), where o/ € ©? is the

pushforward of o under the bijection © — ©’, and
{e() € ©/S;} = {e(a) : a € ©/S,}

is a free R'-basis for (M'®#4)% Therefore f is an isomorphism.

2. Suppose instead that R’ is the localization R, for some element r of R, and
write M, for R, ® M. Since R, is a flat R-algebra, we may regard R, ® (M®4)¢

as a submodule of R, ® (M®?, so that f is a restriction of the isomorphism
R, @ M® — M,

and is therefore injective; it remains to show that f is surjective.

To that end, let m/r™ be a G-fixed element of M2 with m € M®?. For
each permutation ¢ € G, we have a(m/r") = m/r", so (o(m) —m)/r") = 0.
Therefore there exists a natural number ¢ such that r¢(o(m) —m) = 0 in M;

since (G is finite we may choose ¢ large enough to be independent of o. Then

o(r‘m) =r'm for all 0 € G, so r'm € (M®4)% and f : 57 @ r'm — Zt. (This

argument is due to user QiL’8 of math.stackexchange. com; see [10].)
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3. Now let M be a locally free R-module, so that there exists B C R such that
(B) is the unit ideal of R and M, is free for each r € B. Then for each r € B,

we have a chain of R|-module isomorphisms

R, ®p R @ (M*)% = R @ (M®)¢
> R, ®p, R @ (M®")¢

~ R Qp, (M;,@er)G, by case (2),

I

(R, ®r, Mr)®R4-d)G, by case (1),

I

(R, @g, Ry © M)?m)¢

I

(Ry M)ty

I

(R, @p B @ M)*mt)<

I

(R, on 1))

~ R @p (M®r4)C by case (2),

and their composite is the localization R, ® f. Therefore f is locally an isomor-

phism, hence an isomorphism. O

Corollary A.3.6. Let R be a ring, and let M be a locally free R-module. Let d be a
natural number, and let G be a subgroup of Sy. Then the module (M®9)% is generated

as an R-module by {e(a) : o € M?/G}.

Proof. Since M is locally free, we can choose a subset B of R such that B generates
the unit ideal of R and M, is free as an R,-module for each » € B. Let N be the
submodule of M®? generated by {e(a) : @ € M?¢/G}. We will show that the inclusion
f: N — (M®)% is an isomorphism, by showing that its localization R, ® f is an
isomorphism for each r € B.

Let r be an element of B. Then M, is a free R,-module, so we may choose a free

R,-basis © for M,. Without loss of generality, we may choose the basis to consist
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of elements of M, since every element of M, is a unit multiple of an element of
M. Therefore N,, being the submodule of M®? generated by {e(a) : a € M?4/G},
contains {e(a) : a € ©4/G}, a free R,-module basis for (M®?)%. But the latter is
isomorphic to R, ® (M®?)¢ by Lemma A.3.5(2), so N, is isomorphic to R, ® (M®4)¢

as desired. O

Lemma A.3.7. Let R be a ring and M a locally free R-module, and let d be a
natural number. The polynomial law A : M — M® :m — m® ... ®m restricts to

a polynomial law

A M — (M5,

Furthermore, (M®%)54 s the smallest submodule of M®? for which this restriction is

possible.

Proof. For each R-algebra S, the function Ag: S®@ M — S ®@ M® = (S @ M)®sd is
given by

Aime—m®...@me ((S®M)2s?)s

for each m € S ® M. This module ((S ® M)®s?)% is isomorphic to S @ (M®4)% by

Lemma A.3.5(3), so we obtain a compatible family of functions

Ag:S®M — S® (M5

as desired.
On the other hand, suppose A restricts to a polynomial law A : M — N with
N C M®4. For each finite subset F' of M, we may consider the R-algebra R’ = R[\,, :
m € F|. We have
Ap  RoM— R ®N

= N[\, :m € F]
: Z Amm — Z Ae(w).
meF OcEF‘i/Sd
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Therefore e(a) must belong to N for each multiset a € M<¢/S;. But the set {e(a) :
a € M?/S;} generates (M®?)% as an R-module by Lemma A.3.6, so N must contain

(M@d)sd' O

Theorem A.3.8. Let M and N be R-modules, with M locally free. Then there is an

isomorphism of R-modules
Hom((M®%), N) < Poly, (M, N),

given by composition with the degree-d polynomial law A : M — (M®?)%  as in
Lemma A.3.7. In other words, every degree-d polynomial law p : M — N factors

uniquely asp = poA : M — (M®4)% — N for some R-linear map p : (M®4)% — N.

Proof. We will first show that this is an isomorphism if M is free, and then generalize
to M locally free. Supposing that M is free, let p : (M®?)%¢ — N be a linear map;
we will show that requiring po A to equal p : M — N specifies p completely. So let ©
be an R-basis for M, and consider an arbitrary element m =5, sy ® 60 € S® M.

We have

Ag(m) = Z s*®@e(a), so

aE@d/Sd

(S@p)o(As)(m)=(S@p) | Y s"©el)

OéEed/Sd

= Y o pela).
aE@d/Sd
On the other hand, by Lemma A.3.1, we know that there exist unique n, € N for

each o € ©?/S; such that the following holds identically:

ps(m) = Z 5% @ Ng.

OcE@d/Sd
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Therefore p o A = p if and only if p(e(a)) = n, for all « € ©¢/S,;. But the e(a) for
a € ©1/8, freely generate (M®4)%¢ as an R-module by Lemma A.3.4. Therefore p
exists and is unique: it sends e(a) to n, and extends linearly to all of (M®%)%,
Now suppose that M is merely locally free. Choose elements {ry,...,r.} C R
such that (ry,...,7x) is the unit ideal of R and such that M, is free for each i € [k].
Now let p: M — N be a polynomial law that is homogeneous of degree d. For each
i € [k] we obtain a homogeneous degree-d polynomial law p,, : M,, — N,, given by
(pr;)s = ps for each R, -algebra S. Since each M,, is free, we know from the above

argument that these laws correspond to R, -linear maps
ﬁi : (Msd)scl - NT‘i

such that p; o A = p,., and by Lemma A.3.5(1) these correspond to R,,-linear maps
R, ® (M®4)% — N,  and thus to R-linear maps (M®%)% — N, for each i € [k].

We may compile these k£ maps into a single R-module homomorphism

(M@d)sd - H N,..
i€[k]
This will factor through the canonical injection N — Hie[k] N,., giving us an R-

module homomorphism p : (M®4)% — N if and only if the two composites

ety - T[N = ] Mo
i€k] ijelk]
are equal, i.e. for each pair i, j € [k] and v € (M®?)%¢ we have p;(v) = p;(v) in Nygr;-
By Lemma A.3.6, it is enough to show that this equality holds for each v of the form
e(a), with o € M?/8S,.
For each finite subset F' of M, consider the R-algebra R’ = R[\,, : m € F] and
the image of > _p Apm under pp:
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PR (Z Amm> = (pr)m (Z Amm>

meF meF

= (R, ®]52) (AR/ (Z /\mm)>

=Rep)| Y. Mela)

OtEFd/Sd

= Z Api(e(a)) in N, [Ay, : m € F]

aGFd/Sd
This equation holds for each i € [k| and finite F' C M, so we have
> Xile() = pr (Z )\mm> = > X%i(e(a))
acFd/S, meF aEFd/S,

in Ny,r; [Am : m € FJ, which implies that p;(e(a)) = p;(e(c)) in N, for each multiset
a € M?/S,; and pair i, j € [k]. Thus the R-linear maps (M®?)% — N,. glue together

into into a unique R-linear map
pr(M)% — N.

All that remains is to check that the polynomial law p : M — N is equal to the
composite po A : M — (M®4)% — N. Let S be an R-algebra, let I be a finite
subset of M, and consider the sum ZmeF Sm®m € S® M with s, € S for each

m € F. We have
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(S®@p)oAg (Z sm®m> = (S®p) Z s“e(a)

meF

Thus (S® p) o Ag and pg agree in N, for each i € [k], so they agree in N. Therefore

po A = p as desired. O]

Lemma A.3.9. Suppose M and N are R-modules, and that N is locally free. Let
f: M — N be an R-linear function. Let d be a natural number and let G be a subgroup

of Sy. Then the induced linear map f&4: (M®H)E — (N®)Y is also surjective.

Proof. This follows because each every surjection to a projective module splits and
the o — (e®9)¢ construction is functorial. More concretely, the R-module (N®9)¢ is
generated by {e(a) : a € N?/G} by Lemma A.3.6. We claim that each such e(a)
is in the image of f: The multiset a contains at most d elements of N, so choose a
preimage in M for each and let 3 € M?/G be the corresponding multiset with the
same multiplicities. Then f®¢ : () — e(a) and e(8) € (M®?)% so by linearity

o4 (MeHE — (N®)C is surjective. O
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A.4 Algebras and multiplicative polynomial laws

The following definition and the statement of Lemma A.4.2 are also due to N. Roby,
and may be found in [13]. The proof is elementary, so I have included it here for

convenience.

Definition A.4.1. If R is aring and A, B are two R-algebras, then a polynomial law

p: A — B is called multiplicative if for each R-algebra S we have

ps(l) =1 and

ps(aa’) = ps(a)ps(a’)

for arbitrary elements a,a’ € S ® A.

Lemma A.4.2. Let R be a ring and A, B two R-algebras with a multiplicative poly-
nomial law p : A — B. If a T I and § T J are multisets, then let p'® : AT — B

send x = (x;)ic; to the coefficient of \* in p(>_.., \iz;), and similarly p® : A7 — B

iel
send y = (y;)jes to the coefficient of u’ in (> jes HiY;), as in Lemma A.2.8. Then

we may write

P @)D (y) = > pD (),

’YEFC!/B

where Typ is the set of multisets vy from I x J such that (A\u)? = X*uP, i.e.

Zv(i,j) = «(i) for each i € I, and

jeJ

ZV@J) = B(j) for each j € J.

el

(We are using the notation that, if x = (x;)icr and y = (y;j);jes are two families of
elements of a ring A, then xy € A™ is the family with (zy)uj; = (wy;). This is

also applied to the “product” of X = (\;)ier and = (1)je.)
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Proof. Working in the ring
S:R[)\ZZEIH/LJJEJ]

and suppressing the S subscripts on p and its coefficients, consider the expansions:
P (Z Mc) =Y Ap@(@) and p (Z um) = 1p ().
icl all jeJ BCJ
Their product is

p (Z Ms) p (Z um) = > 2P @) > 1wy

iel jeJ all BEJ
= > AP @@ (y)).

all,BEJ

On the other hand, since p is multiplicative, we have

p (Z Mﬁ) p (Z ijj> =p| > Aiwi ) ijj)

el jeJ el Jj€J

=p Z )\i,ujxiyj)

il jeg

=p| > Wy

(i)elxJ

= Y ()P (ay)

YEIxJ

= Y x> D ().

all,pEJ v€lap

Comparing the A*1? terms from both expressions for the product, we have

P @) (y) = > pD(ay).

'Yeraﬁ
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