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1 Abstract

In this thesis, we address several questions in extremal, probabilisitic, and additive combi-

natorics, with applications to theoretical computer science.

We start by addressing the sunflower lemma of Erdős and Rado, and some related prob-

lems about set systems. A sunflower with r petals is a collection of r sets so that the

intersection of each pair is equal to the intersection of all of them. Erdős and Rado proved

the sunflower lemma: for any fixed r, any family of sets of size w with at least about ww

sets must contain a sunflower with r petals. The sunflower conjecture states that the bound

on the number of sets can be improved to cw for some constant c. In work with Lovett, Wu,

and Zhang, we improve the bound to approximately (logw)w.

Next, we address a couple of problems about querying in graphs. We answer a question

of Alon, Mossel, and Pemantle about the corruption detection model on graphs in the noisy

setting. In work with He, Ben Hamida, and Moreira, we make progress on the subgraph

query problem introduced by Ferber, Krivelevich, Sudakov, and Vieira.

We then discuss a question related to information theory, nailing down the “product

dimension” Q(s, r) of the vertex disjoint union of r cliques, each of size s.

Then, in joint work with Liu and Sawhney, we study discrepancy minimization for vectors

in Rn. Our main result is the analysis of a new simple random process in multiple dimensions,

which we call a “self-balancing walk”, through a coupling argument. As a corollary, we obtain

linear time algorithms for logarithmic bounds for the Komlős conjecture.

The final part of the thesis concerns a few questions in additive combinatorics. First,

we solve a conjecture of Gowers from 2009 on clique differences in chains, ruling out any

Sperner-type proof of the polynomial density Hales-Jewett Theorem for alphabets of size

2. In particular, this rules out Gowers’ proof strategy for polynomial density Hales-Jewett.

Finally, we show primitive recursive bounds for the partition regularity of {x, x+ y, xy}.

3



Contents

1 Abstract 3

I Introduction 7

2 Acknowledgments 8

II Improved Bounds for the Sunflower Lemma 8

3 Introductory Remarks 9

3.1 Robust Sunflowers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.2 Proof Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.3 Chapter Organization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 Proof of Theorem 3.9 14

4.1 A Reduction Step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4.2 A Final Step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.3 Putting Everything Together . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5 A Lower Bound for Robust Sunflowers 24

6 Subsequent Works and Corollaries 26
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Part II

Improved Bounds for the Sunflower

Lemma

This chapter is based on joint work with Shachar Lovett, Kewen Wu, and Jiapeng Zhang,

and has been published in the Annals of Mathematics [9]. It also won Best Paper Award at

the ACM Symposium on the Theory of Computing (STOC) conference.

3 Introductory Remarks

Let X be a finite set. A set system F on X is a collection of subsets of X. We call F a

w-set system if each set in F has size at most w.

Definition 3.1 (Sunflower). A collection of sets S1, . . . , Sr is an r-sunflower if

Si ∩ Sj = S1 ∩ · · · ∩ Sr, ∀i 6= j.

We call K = S1 ∩ · · · ∩ Sr the kernel and S1 \K, . . . , Sr \K the petals of the sunflower.

Erdős and Rado [36] proved that large enough set systems must contain a sunflower.

Erdős and Rado originally called sunflowers ∆-systems, but the term “sunflower” was coined

by Deza and Frankl [34] and is now more widely used.

Lemma 3.2 (Sunflower lemma [36]). Let r ≥ 3 and F be a w-set system of size |F| ≥

w! · (r − 1)w. Then F contains an r-sunflower.

Erdős and Rado conjectured in the same paper that the bound in Lemma 3.2 can be

drastically improved.
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Conjecture 3.3 (Sunflower conjecture [36]). Let r ≥ 3. There exists c = c(r) such that any

w-set system F of size |F| ≥ cw contains an r-sunflower.

The bound in Lemma 3.2 is of the form ww(1+o(1)) where the o(1) term depends on

r. Despite nearly 60 years of research, the best known bounds were still of the form

ww(1+o(1)), even for r = 3. Kostochka [57] proved that any w-set system of size |F| ≥

cw! · (log log logw/ log logw)w must contain a 3-sunflower for some absolute constant c.

In this chapter, we vastly improve the known bounds. We prove that any w-set system

of size (logw)w(1+o(1)) must contain a sunflower. More precisely, we obtain the following:

Theorem 3.4 (Main theorem, sunflowers). Let r ≥ 3. For some constant C, any w-set

system F of size |F| ≥ (Cr3 logw log logw)w contains an r-sunflower.

We will implicitly assume throughout the chapter that log logw > 0. Formally, to handle

the case of w = 2, we interpret log as logarithm in base 1.9 throughout this chapter.

3.1 Robust Sunflowers

We consider a “robust” generalization of sunflowers, the study of which was initiated by

Rossman [76], who was motivated by questions in complexity theory. Later, it was studied

by Li, Lovett and Zhang [61] in the context of the sunflower conjecture.

First, we define a more “robust” version of the property of having disjoint sets. Given a

finite set X, we denote by U(X, p) the distribution over subsets R ⊂ X, where each element

x ∈ X is included in R independently with probability p (this is sometimes referred to as a

“p-biased distribution”).

Definition 3.5 (Satisfying set system). Let 0 < α, β < 1. A set system F on X is (α, β)-

satisfying if

Pr
R∼U(X,α)

[∃S ∈ F , S ⊂ R] > 1− β.
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The explanation for the name “satisfying” is that if the set system is interpreted as a

disjunctive normal form (DNF) formula, then this condition is that the formula has more

than a 1−β probability of being satisfied on α-biased inputs; see [65]. As mentioned before,

the property of being satisfying is a robust analogue of the property of having disjoint sets.

Lemma 3.6 ([65, Claim 14]). If F is a (1/r, 1/r)-satisfying set system and ∅ /∈ F , then F

contains r pairwise disjoint sets.

Proof. Let F be a set system on X. Consider a random coloring of elements of X with r

colors, so that each x ∈ X has an equal probability of being colored with any of the r colors,

independently of the other elements. For 1 ≤ i ≤ r, let Yi denote the subset of X colored

with color i and let Ei denote the event that F contains an i-monochromatic set, namely,

Ei = [∃S ∈ F , S ⊂ Yi] .

Note that Yi ∼ U(X, 1/r), and since we assume F is (1/r, 1/r)-satisfying, we have

Pr[Ei] > 1− 1/r.

By the union bound, with positive probability all of E1, . . . , Er hold. In this case, F contains

a set which is i-monochromatic for each i = 1, . . . , r. Such sets must be pairwise disjoint.

Given a set system F on X and a set T ⊂ X, the link of F at T is

FT = {S \ T : S ∈ F , T ⊂ S}.

We now formally define a robust sunflower (which was called a quasi-sunflower in [76]

and an approximate sunflower in [65]).

Definition 3.7 (Robust sunflower). Let 0 < α, β < 1, F be a set system, and let K =

11



⋂
S∈F S be the common intersection of all sets in F . F is an (α, β)-robust sunflower if (i)

K /∈ F , and (ii) FK is (α, β)-satisfying. We call K the kernel.

The kernel is not allowed to appear in the set system for technical reasons; we do not

want a set system consisting of a single set to be a robust sunflower. In order to circumvent

this technical obstacle, when relevant we will ensure that the set systems we work with are

w-uniform for some w; i.e., all sets in the system will be of size w. Any w-set system can be

turned into a w-uniform system by adding w− |S| distinct dummy elements to the sets S of

the system with |S| < w so that no dummy element appears in more than one set.

Robust sunflowers are a generalization of satisfying set systems. In particular, an (α, β)-

satisfying w-uniform system F will be an (α, β)-robust sunflower as long as F contains at

least two distinct sets, because if R ⊃ S for some S ∈ F , then clearly R ⊃ S \K.

Lemma 3.8 ([65, Corollary 15]). Any (1/r, 1/r)-robust sunflower contains an r-sunflower.

Proof. Let F be a (1/r, 1/r)-robust sunflower, and let K =
⋂
S∈F S be the common inter-

section of the sets in F . Note that by assumption, FK does not contain the empty set as

an element. Lemma 3.6 gives that FK contains r pairwise disjoint sets S1, . . . , Sr. Thus

S1 ∪K, . . . , Sr ∪K is an r-sunflower in F .

The proof of Theorem 3.4 follows from the following stronger theorem, by setting α =

β = 1/r and applying Lemma 3.8. The theorem verifies a conjecture raised in [65], and

answers a question of [76].

Theorem 3.9 (Main theorem, robust sunflowers). Let 0 < α, β < 1. For some constant C,

any w-uniform set system F of size |F| ≥
(

C
α2 ·

(
logw log logw +

(
log 1

β

)2
))w

contains

an (α, β)-robust sunflower.

For fixed α, β, the bound of (logw)w(1+o(1)) for robust sunflowers in Theorem 3.9 is sharp;

it cannot be improved beyond (logw)w(1−o(1)). We give an example demonstrating this in

Lemma 5.1.

12



3.2 Proof Overview

We now outline our proof of Theorem 3.9. First, we define spread set systems.

Definition 3.10 (Spreadness, [65]). We say that a w-set system F is κ-spread if |F| ≥ κw

and |FT | ≤ κ−|T ||F| for all non-empty T , where |FT | is the size of the link at T .

The paper [65] calls these “regular set systems”, but we use the more descriptive term

“spread”. Furthermore, we will ultimately need to slightly generalize the above definition so

that it depends on more than one parameter; see Definition 4.1 for more details.

Say F is a w-set system of size |F| ≥ κw on a ground set X. Then either F is κ-spread,

or there is a link FT of size |FT | ≥ κw−|T |. In the latter “structured” case, we can simply

pass to the link and apply induction, much like in the original proof of Erdős and Rado [36].

Thus, it suffices to consider the “pseudorandom” case of w-set systems which are κ-

spread. In [61, 65], it was conjectured that for some absolute C, a κ-spread F is necessarily

(1/3, 1/3)-satisfying if κ ≥ (logw)C . We show that there is some κ = (logw)1+o(1) which is

sufficient (see Theorem 4.5), completing the proof of Theorem 3.9. We also show that this

value of κ is tight, up to the o(1) in the exponent.

We next outline how we obtain the bound on κ. We will prove that a κ-spread w-set

system is (α, β)-satisfying for appropriate κ,w, α, β through a series of reductions. Let F be

a w-set system which is κ-spread. Sample W ∼ U(X, p) for some p = O(1/ logw). We show

that with high probability over the choice of W , for almost all sets S ∈ F , there exists a set

S ′ ∈ F such that: (i) S ′ \W ⊂ S \W ; and (ii) |S ′ \W | ≤ w′, for some w′ which we will take

to be w(1 − ε) for a small ε. We throw out sets S that do not satisfy this property (which

we call the bad sets for W ), and replace any S that does with S ′ \W (we call these the good

sets for W ). This yields a w′-set system F ′ which has almost as many sets as the original F ,

and therefore will have almost the same spreadness (since the best κ for which |F| ≥ κT |FT |

13



and for which |F ′| ≥ κT |FT | will be similar). 1 If we sample W ′ ∼ U(X, p′) and find some

S ′ \ W ∈ F ′ such that S ′ \ W ⊂ W ′, then S ′ ⊂ W ∪ W ′. Since W ∪ W ′ ∼ U(x, q) for

q = p + p′ − pp′, the satisfyingness of F will follow from the satisfyingness of F ′, although

with different values of w, κ, α, β. We iterate, creating W ∪W ′ ∪W ′′ ∪ · · · , which will be a

random set. In particular, applying this “reduction step” (Lemma 4.6) iteratively t = logw

times with the correct parameters yields a set system with much smaller sets, and then we

can apply Janson’s inequality (see Lemma 4.10) to finish. In order to obtain our nearly

optimal bounds, we must use a slight generalization of spreadness; see Definition 4.1. The

parameters change throughout the algorithm; we will specify exactly how later.

To conclude, let us comment on how we prove the key reduction step (Lemma 4.6).

The main idea is to use an encoding argument, inspired by Razborov’s proof of H̊astad’s

switching lemma [52, 75]. We show that pairs (W,S) for which S is bad for W can be

efficiently encoded, crucially relying on the spreadness condition. This allows to show that

for a random W it is very unlikely that there will be many bad sets. This ensures that the

w′-set system F ′ = {S ′ \W : S ′ ∈ F , |S ′ \W | ≤ w′} will have almost as many sets as F .

3.3 Chapter Organization.

We present the proof of Theorem 3.9 in Section 4. We prove a matching lower bound for

robust sunflowers in Section 5. We discuss some applications in Section 6. We introduce

several conjectures aimed at proving the sunflower conjecture in Section 7.

4 Proof of Theorem 3.9

We proceed to prove Theorem 3.9. Let F be a set system, and let σ : F 7→ Q≥0 be a

weight function that assigns nonnegative rational weights to sets in F which are not all 0.

1In the language of DNFs, we take a random restriction and approximate the result by a smaller width
DNF whose clauses come from removing some variables from clauses of the original DNF.
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A weight function is necessary because in the reduction multiple sets S can be replaced by

the same S ′, and we must weight such S ′ accordingly. For simplicity, we do not permit

irrational weights. We call the pair (F , σ) a weighted set system. For a subset F ′ ⊂ F we

write σ(F ′) =
∑

S∈F ′ σ(S) for the sum of the weights of the sets in F ′.

A weight profile is a vector s = (s0; s1, . . . , sk) where s0 ≥ s1 ≥ · · · ≥ sk ≥ 0 and s0 > 0.

The si need not be rational. We assume implicitly that si = 0 for all i > k.

Definition 4.1 (Spread weighted set system). Let s = (s0; s1, . . . , sw) be a weight profile. A

weighted set system (F , σ) is s-spread if

(i) σ(F) ≥ s0;

(ii) σ(FT ) ≤ s|T | for any link FT with non-empty T .

In particular, F is a w-set system.

Definition 4.2 (Spread set system). Let s be a weight profile. A set system F is s-spread

if there exists a weight function σ : F 7→ Q≥0 such that (F , σ) is s-spread.

This generalizes Definition 3.10; we call a set system κ-spread if it is (1;κ−1, . . . , κ−w)-

spread for the uniform weight function.

We note that one may always normalize a weight profile to have s0 = 1. However, keeping

s0 as a free parameter helps to simplify some of the arguments later.

The main idea is to show that set systems which are s-spread, for s appropriately cho-

sen, are “random looking” and in particular must be (α, β)-satisfying. This motivates the

following definition.

Definition 4.3 (Satisfying weight profile). Let 0 < α, β < 1. A weight profile s is (α, β)-

satisfying if any s-spread set system is (α, β)-satisfying.

The following lemma concerning satisfying weight profiles, which appears in [65], underlies

our proof of Theorem 3.9. We repeat the proof here for completeness.

15



Lemma 4.4. Let 0 < α, β < 1 and w ≥ 2. Let κ = κ(w) > 1 be a (not necessarily strictly)

increasing function of w such that the weight profile (1;κ−1, . . . , κ−w) is (α, β)-satisfying.

Then any w-uniform set system F of size |F| > κw must contain an (α, β)-robust sunflower.

Proof. Assume the contrary, and let F be a w-uniform set system on X of size |F| > κw

without an (α, β)-robust sunflower. If the uniform distribution σ(S) = 1/|F| for S ∈ F is

(1;κ−1, . . . , κ−w)-spread, then F is (α, β)-satisfying and thus is an (α, β)-robust sunflower.

Thus, there exists some nonempty K ⊂ X so that |FK | > κ−|K||F|. Pick a maximal such

K. Note that we cannot have |K| = w, as otherwise |FK | = 1 < κ−w|F|, and so we must

have that 1 ≤ |K| ≤ w − 1. Let F ′ = FK . Note that |F ′| > κw−|K|; and for any non-empty

set T disjoint from K, |F ′T | = |FK∪T | ≤ κ−|K|−|T ||F| ≤ κ−|T ||F ′|, by the maximality of |K|.

Let σ′(S) = 1/|F ′| for S ∈ F ′. Then (F ′, σ′) is (1;κ−1, . . . , κ−`)-spread for ` = w − |K|,

where κ = κ(w) ≥ κ(`). Thus F ′ is (α, β)-satisfying, and hence {S ∪ K : S ∈ F ′} is an

(α, β)-robust sunflower contained in F .

Lemma 4.4 motivates the following definition. For 0 < α, β < 1 and w ≥ 2, let κ(w, α, β)

be the least κ such that (1;κ−1, . . . , κ−w) is (α, β)-satisfying. Theorem 3.9 follows by com-

bining Lemma 4.4 with the following theorem, which bounds κ(w, α, β).

Theorem 4.5. κ(w, α, β) = O

(
1
α2 ·

(
logw log logw +

(
log 1

β

)2
))

.

To prove Theorem 4.5 we must show that, if κ is the right-hand side of the above expres-

sion the following holds. Let F be a weighted w-set system with total weight 1 and where

the weight of any link of a nonempty set T is at most κ−|T |. Then F is (α, β)-satisfying,

i.e. the chance that some set from F is contained in a subset of the ground set X sampled

an α-biased distribution is at least 1 − β. We prove Theorem 4.5 in the remainder of this

section.
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4.1 A Reduction Step

Let F be a w-set system on X, and fix w′ ≤ w. The main goal in this section is to reduce

our problem for F to the same problem for some w′-set system F ′. We prove the following

lemma in this section.

Lemma 4.6. Let s = (s0; s1, . . . , sw) be a weight profile, w′ ≤ w, δ > 0 and define s′ =

((1 − δ)s0; s1, . . . , sw′). Assume s′ is (α′, β′)-satisfying. Then for any p > 0, s is (α, β)-

satisfying for

α = p+ (1− p)α′, β = β′ +
(4/p)wsw′

δs0

.

In order to prove this lemma, we need the notions of good and bad sets with respect to

some W ⊂ X.

Definition 4.7. Let W ⊂ X. Given a set S ∈ F , the pair (W,S) is said to be good if there

exists a set S ′ ∈ F (possibly with S ′ = S) such that

(i) S ′ \W ⊂ S \W ;

(ii) |S ′ \W | ≤ w′.

If no such S ′ exists, we say that (W,S) is bad.

Note that if W contains a set in F (i.e., S ′ ⊂ W for some S ′ ∈ F) then all pairs (W,S)

are good.

Lemma 4.8. Let (F , σ) be an s = (s0; s1, . . . , sw)-spread weighted set system on X. Let W ⊂

X be a uniformly random subset of size |W | = p|X| and B(W ) = {S ∈ F : (W,S) is bad}.

Then EW [σ(B(W ))] ≤ (4/p)wsw′.

Proof. First, we simplify the setting a bit. We may assume by scaling σ and s by the same

factor that σ(S) = NS is an integer for each S ∈ F . Let N =
∑
NS ≥ s0. By scaling
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back down by N , we can then identify (F , σ) with the uniform distribution on the multi-set

system F ′ = {S1, . . . , SN}, where each set S ∈ F is repeated NS times in F ′. Thus

σ(B(W )) = |{i : Si ∈ F ′ and (W,Si) is bad}|.

Assume that (W,Si) is bad in F ′. In particular, this means that W does not contain

any set in F . We describe (W,Si) with a small amount of information. Let |X| = n and

|W | = pn. We encode (W,Si) as follows:

1. The first piece of information is W ∪ Si, a subset of X of size between pn and pn+w.

The number of options for this is at most:

w∑
i=0

(
n

pn+ i

)
≤

w∑
i=0

(
1− p
p

)i(
n

pn

)
≤
(

1− p
p

+ 1

)w (
n

pn

)
= p−w

(
n

pn

)
.

2. Given W ∪ Si, let j be minimal such that Sj ⊂ W ∪ Si, so that j depends only on

W ∪ Si. Given Sj, there are fewer than 2w possibilities for A = Si ∩ Sj. As such, we

will let A be the second piece of information.

3. Because Sj ⊂ W ∪ Si and A = Si ∩ Sj, we have Sj \W ⊂ A. Since (W,Si) is bad,

|A| ≥ |Sj \W | > w′. The number of the sets in F ′ which contain A is |F ′A| ≤ sw′ . The

third piece of information will be which one of these is Si.

4. Finally, once we have specified Si, we will specify Si ∩W , which is one of 2w possible

subsets of Si.

From these four pieces of information one can uniquely reconstruct (W,Si). Thus the

total number of bad pairs (W,Si) is bounded by

p−w
(
n

pn

)
· 2w · sw′ · 2w = (4/p)wsw′

(
n

pn

)
.
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Because the number of sets W ⊂ X of size |W | = p|X| is
(
n
pn

)
, the lemma follows by taking

expectation over W .

The following is a corollary of Lemma 4.8, where we replace sampling W ⊂ X of size

|W | = p|X| with sampling W ∼ U(X, p).

Corollary 4.9. Let (F , σ) be an s = (s0; s1, . . . , sw)-spread weighted set system on X. Let

W ∼ U(X, p) and B(W ) = {S ∈ F : (W,S) is bad}. Then EW [σ(B(W ))] ≤ (4/p)wsw′.

Proof. The proof is by a reduction to Lemma 4.8. Replace the base set X with a much

larger set X ′ (without changing F , so the new elements do not belong to any set in F). Let

W ′ ⊂ X ′ be a uniform set of size |W ′| = p|X ′|, and let W = W ′ ∩X. Then as the size of X ′

goes to infinity, the distribution of W approaches U(X, p).

Proof of Lemma 4.6. Let (F , σ) be an s = (s0; s1, . . . , sw)-spread weighted set system on X.

Let W ∼ U(X, p). Say that W is δ-bad if σ(B(W )) ≥ δs0. By applying Corollary 4.9 and

Markov’s inequality, we obtain that

Pr[W is δ-bad] ≤ E[σ(B(W ))]

δs0

≤ (4/p)wsw′

δs0

.

Fix W which is not δ-bad. If for some S ∈ F , the pair (W,S) is good, then there exists

π(S) = S ′ ∈ F (possibly with S ′ = S) such that (i) S ′ \W ⊂ S \W and (ii) |S ′ \W | ≤ w′.

Define a new weighted set system (F ′, σ′) on X ′ = X \W as follows:

F ′ = {π(S) \W : S ∈ F \ B(W )}, σ′(S ′ \W ) = σ(π−1(S ′)).

We claim that F ′ is s′ = ((1 − δ)s0; s1, . . . , sw′)-spread. To see that, note that σ′(F ′) =
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σ(F \ B(W )) ≥ (1− δ)s0 and that for any set T ⊂ X ′,

σ′(F ′T ) =
∑
S′⊃T

σ′(S ′) =
∑

S:π(S)⊃T

σ(S) ≤
∑
S⊃T

σ(S) = σ(FT ) ≤ s|T |.

Finally, all sets in F ′ have size at most w′. Hence, by the assumption s′ is (α′, β′)-satisfying.

Thus, if we choose W ′ ∼ U(X ′, α′) then we obtain that with probability more than 1 − β′,

there exists S∗ ∈ F ′ such that S∗ ⊂ W ′. Recall that S∗ = S \W for some S ∈ F . Thus

S ⊂ W ∪ W ′ ∼ U(X, p + (1 − p)α′). The value of β accounts for the case where W is

δ-bad.

4.2 A Final Step

Repeated applications of the reduction step yield a set system which is almost as spread as

the original set system, but whose sets are much smaller. Thus the spreadness guarantee

becomes good compared to the size of the sets in the system. In this case, we can just

directly show that the set system is satisfying. A similar argument appears in [76].

Lemma 4.10. Let 0 < α, β < 1, w ≥ 2, and set κ = max {4 log(1/β), 2} · w/α. Let

(F , σ) be an s = (s0; s1, . . . , sw)-spread weighted set system where si < κ−is0. Then F is

(α, β)-satisfying.

Proof. Again, we can assume by scaling that NS = σ(S) for S ∈ F are all integers. Let F ′

be the multi-set system where each S ∈ F is repeated NS times, so that
∑
NS > κw. We

may also assume that all sets in F ′ have size exactly w, by adding different dummy elements

to each set of size less than w. We take care to scale by a large enough factor so that a

negligible amount of weight falls on each dummy element, and so the spreadness hypothesis

is preserved. Let N =
∑
NS ≥ s0 and let F ′ = {S1, . . . , SN}. If σ′ is the uniform weighting

on sets of F ′, then (F ′, σ′) also satisfies the assumption of the lemma. Note also that for
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any set W ⊂ X, if W contains a set of F ′ then it also contains a set of F , so it suffices to

verify the (α, β)-satisfyingness of F ′.

The proof is by Janson’s inequality. Let W ∼ U(X,α) and let Zi be the indicator variable

for Si ⊂ W . Denote i ∼ j if Si, Sj intersect. Define

µ =
∑
i

E[Zi], ∆ =
∑
i∼j

E[ZiZj].

We have µ = Nαw. To compute ∆, let p` denote the fraction of the N2 pairs (i, j) with

1 ≤ i, j ≤ N such that |Si ∩ Sj| = `. Then

∆ =
w∑
`=1

p`N
2α2w−`.

To bound p`, note that for each Si ∈ F , and any R ⊂ Si of size |R| = `, the number

of Sj ∈ F such that R ⊂ Sj is |FR| ≤ N/κ|R| by the spreadness assumption. Let q =

max {4 log(1/β), 2}. Thus we can bound

∆ ≤
w∑
`=1

(
w

`

)
κ−`N2α2w−` ≤

w∑
`=1

( w
ακ

)`
µ2 = µ2

w∑
`=1

(
1

q

)`
<

2µ2

q
.

Note that in addition ∆ ≥ µ, as we include the pairs (i, i) in the summation for ∆. Thus by

Janson’s inequality,

Pr[∀i,Zi = 0] ≤ exp

{
− µ

2

2∆

}
< exp

{
−q

4

}
≤ β.
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4.3 Putting Everything Together

We prove Theorem 4.5 in this subsection, where our goal is to bound κ(w, α, β). We will

apply Lemma 4.6 iteratively, until we reach a case where we can apply Lemma 4.10.

Let w ≥ 2 be fixed throughout, and let κ > 1, to be optimized later. We first introduce

some notation. For 0 < ∆ < 1 and ` ≥ 1, let s(∆, `) = (1 − ∆;κ−1, . . . , κ−`) be a weight

profile. Let A(∆, `), B(∆, `) be such that any s(∆, `)-spread set system is (A(∆, `), B(∆, `))-

satisfying.

Lemma 4.6 applied to w′ ≥ w′′ and p, δ shows that we may take

A(∆, w′) ≤ A(∆ + δ, w′′) + p,

B(∆, w′) ≤ B(∆ + δ, w′′) +
(4/p)w

′

δ(1−∆)κw′′
.

We apply this iteratively for some widths w0, . . . , wr. Set w0 = w and wi+1 = d(1 − ε)wie

for some small ε as long as wi > w∗ for some w∗. In particular, we need w∗ ≥ 1/ε to ensure

wi+1 < wi, and we will optimize ε and w∗ later. The number of steps is thus r ≤ (K logw)/ε

for some constant K > 0. Let p1, . . . , pr and δ1, . . . , δr be the values we use for p, δ at each

iteration. To simplify the notation, let ∆i = δ1 + · · ·+ δi and ∆0 = 0. Furthermore, define

γi =
(4/pi)

wi−1

κwi
.

Then for i = 1, . . . , r, we may take

A(∆i−1, wi−1) ≤ A(∆i, wi) + pi,

B(∆i−1, wi−1) ≤ B(∆i, wi) +
γi

δi(1−∆i−1)
.

Set pi = p = α
2r

and δi =
√
γi, where r ≤ (K logw)/ε is the number of steps. We
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will select the parameters so that ∆i ≤ 1/2 for all i. Thus we may take A(1/2, w∗) and

B(1/2, w∗) such that

A(0, w) ≤ A(∆r, wr) + α/2 ≤ A(1/2, w∗) + α/2,

B(0, w) ≤ B(∆r, wr) + 2∆r ≤ B(1/2, w∗) + 2∆r.

Plugging in the values for δi, we compute the sum

∆r =
r∑
i=1

δi ≤
r∑
i=1

√
(4/p)wi−1

κ(1−ε)wi−1
=

r∑
i=1

(
4/p

κ1−ε

)wi−1/2

≤
∑
k≥w∗

(
8K logw

εακ1−ε

)k/2
=

(
8K logw

εακ1−ε

)w∗/2∑
k≥0

(
8K logw

εακ1−ε

)k/2
≤ 21−w∗ ,

assuming κ1−ε ≥ (32K logw)/εα.

Next, we will apply Lemma 4.10 to bound A(1/2, w∗) ≤ α/2 and B(1/2, w∗) ≤ β/2.

We use the simple observation that (1/2;κ−1, . . . , κ−w
∗
)-spread set systems must also be

(1; (κ/2)−1, . . . , (κ/2)−w
∗
)-spread, in which case we can apply Lemma 4.10 and obtain that

we need

κ/2 ≥ (2 + 4 log(2/β)) · 2w∗/α.

Let us now put the bounds together. We still have the freedom to choose ε > 0 and w∗ ≥ 1/ε.

To obtain A(0, w) ≤ α,B(0, w) ≤ β, we also need ∆r ≤ β/4 < 1/2. Thus all the constraints

are:

1. w∗ ≥ 1/ε;

2. κ1−ε ≥ (32K logw)/εα where K > 0 is a constant;

3. κ ≥ 4 · (2 + 4 log(2/β)) · w∗/α;

4. 21−w∗ ≤ β/4.
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Set ε = 1/ log logw and w∗ = c · max {log(1/β), log logw} for some large enough constant

c ≥ 1. This ensures that the first and last conditions hold.

Thus we obtain that the result holds whenever

κ = Ω

(
max

{(
1

α

)1+2/ log logw

logw log logw,
1

α

(
1 + log

1

β

)2

,
1

α

(
1 + log

1

β

)
log logw

})
.

In particular, it suffices to set κ = O

(
1
α2 ·

(
logw log logw +

(
log 1

β

)2
))

.

5 A Lower Bound for Robust Sunflowers

In this section, we construct an example of a w-set system of size (logw)w(1−o(1)) which does

not contain a robust sunflower, showing that Theorem 3.9 is tight up to the o(1) in exponent.

For concreteness we fix α = β = 1/2, but the construction can be easily modified for any

other constant values of α, β. We assume that w is sufficiently large.

Lemma 5.1. There exists a w-set system of size ((logw)/8)w−
√
w = (logw)w(1−o(1)) which

does not contain a (1/2, 1/2)-robust sunflower.

Let c ≥ 1 be determined later. Let X1, . . . , Xw be pairwise disjoint sets of size m =

log(w/c), and let X be their union. Let F̂ = X1 × · · · ×Xw be the w-set system consisting

of all sets which contain exactly one element from each of the Xi. We first argue that F̂ is

not satisfying.

Claim 5.2. For c ≥ 1, F̂ is not (1/2, 1/2)-satisfying.

Proof. LetR ∼ U(X, 1/2). The probability that someXi is disjoint fromR is 1−(1−2−m)w =

1− (1− c/w)w > 1/2 if c ≥ 1. Thus if c ≥ 1, with probability more than 1/2, R is disjoint

from some Xi and thus does not contain any set S ∈ F̂ .
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The family F̂ does contain a (1/2, 1/2)-robust sunflower. For example, if T contains ex-

actly one element from each of X1, . . . , Xw−1, then F̂T is isomorphic to Xw, and in particular

is certainly (1/2, 1/2)-satisfying. However, it turns out that the robust sunflowers in F̂ all

contain large kernels. We will exploit this to construct a large subsystem of F̂ which does

not contain a robust sunflower. Let ε > 0 be determined later, and choose F ⊂ F̂ to be a

subsystem that satisfies:

|S ∩ S ′| ≤ (1− ε)w, ∀S, S ′ ∈ F , S 6= S ′.

For example, we can obtain F by a greedy procedure, each time choosing an element S in

F̂ and deleting all S ′ such that |S ∩ S ′| > (1 − ε)w. The number of such S ′ is at most(
w
εw

)
mεw ≤ 2wmεw. Hence we can obtain F of size |F| ≥ 2−wm(1−ε)w.

Claim 5.3. For c ≥ 1/ε, F does not contain a (1/2, 1/2)-robust sunflower.

Proof. Consider any set K ⊂ X. We need to prove that F does not contain a (1/2, 1/2)-

robust sunflower with kernel K. If it does, FK must contain at least two sets S and S ′,

which implies that |K ∩ Xi| ≤ |S ∩ Xi| ≤ 1 for all i. Furthermore K ⊂ S ∩ S ′ and so

|K| ≤ |S∩S ′| ≤ (1−ε)w. However, for such K we claim even F̂K is not (1/2, 1/2)-satisfying.

To prove this, let I = {i : |K ∩ Xi| = 0}, so that |I| ≥ εw. Let R ∼ U(X, 1/2). The

probability that there exists i ∈ I such that R is disjoint from Xi is 1 − (1 − 2−m)|I| ≥

1− (1− c/w)εw which is more than 1/2 for c ≥ 1/ε.

To conclude the proof of Lemma 5.1 we optimize the parameters. Set c = 1/ε. We have

|F| ≥ 2−w(log(εw))(1−ε)w. Setting ε = 1/
√
w gives |F| ≥ ((logw)/8)w−

√
w = (logw)(1−o(1))w.
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6 Subsequent Works and Corollaries

After the current work was made available on the ArXiv, Rao [74] simplified the proof of The-

orem 4.5 using information theoretic techniques, and obtained a slightly better dependence

on α and β. Furthermore, following the initial release of this work, the technique developed

in this chapter has been used by Frankston, Kahn, Narayanan, and Park [41] to resolve a

conjecture of Talagrand in random graph theory and later by Park and Pham [68] to resolve

the Kahn-Kalai Conjecture. Rao then used the refinements of [41] to further improve the

bound in Theorem 4.5 to (C/α) log(w/β) for some constant C, hence improving the bound

in Theorem 3.9 to ((C/α) log(w/β))w and the bound in Theorem 3.4 to (Cr log(wr))w. Tao

[86] gave another information theoretic proof.

We present a couple additional applications of Theorem 4.5 below. To present sharper

(and cleaner) bounds, we instead use the version proved by Rao [74], building on the work of

Frankston, Kahn, Narayanan, and Park [41]. Using the notations of Theorem 4.5, he proved

that κ(w, α, β) ≤ (C/α) log(w/β) for some constant C.

6.1 The Erdős-Szemerédi Sunflower Conjecture.

In [37], the Erdős-Rado sunflower conjecture is shown to imply the Erdős-Szemerédi sun-

flower conjecture. Plugging in our new bounds into their argument gives a corresponding

improvement.

Theorem 6.1. For any r ≥ 3 there exists c = c(r) such that the following holds. Let F be

a set system on X, with |X| = n and |F| ≥ 2n(1−c/ logn). Then F contains an r-sunflower.

The Erdős-Szemerédi sunflower conjecture says the bound on the size of F can be im-

proved to 2n(1−ε) for some ε = ε(r). This is known for r = 3, but the proof is algebraic, and

does not generalize for larger values of r.
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6.2 Intersecting Set Systems.

A set system is intersecting if any pair of its sets intersects. We note the following useful

corollary of Theorem 4.5:

Theorem 6.2. If F is an intersecting w-uniform set system, and for all T , |FT | ≤ κ−|T ||F|,

then κ = O(logw).

An example from [65] shows that for κ = Ω(logw/ log logw), there are intersecting κ-

spread w-uniform set systems, so the bound in Theorem 6.2 is close to tight.

Proof. If F is intersecting then it is not (1/2, 1/2)-satisfying (apply Lemma 3.6 for r = 2).

Thus by the improvement of Theorem 4.5 from [74], it cannot be (C logw)-spread for a large

enough constant C.

Note that Theorem 6.2 is fairly robust in the sense that the bounds on the links of T for

large T are required. For instance, for a small constant ε a family F of 2n
ε

random subsets

of [n] of size w = n1/2+ε is intersecting with high probability. Also with high probability it is

(1;κ, . . . , κ−`)-spread for ` up to nε/2 = wΩ(1), where κ = wΩ(1). This example shows that in

Theorem 4.5 the spreadness condition on the large sets is necessary. Thus it seems difficult

to find a purely algebraic or analytic proof of Theorem 4.5, as one would have to use the

spreadness condition on large sets in a useful but non-combinatorial way.

7 Rainbow Sunflowers

In this section, we discuss a possible line of attack toward the sunflower conjecture (Conjec-

ture 3.3). We propose the following more general conjecture.

Conjecture 7.1 (Rainbow sunflower conjecture). There exists a constant C such that the

following holds. Let F be a w-set system of size |F| ≥ Cw over a ground set X. Assume that
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the elements of X are colored with either red, green, or blue uniformly and independently at

random.

Then with high probability, there exists distinct sets Si, Sj, Sk ∈ F such that if Y =

Si ∩ Sj ∩ Sk, then all elements of Si \ Y are red, all elements of Sj \ Y are green, and all

elements of Sk \ Y are blue.

Note that Conjecture 7.1 implies Conjecture 3.3 for r = 3. Furthermore, this chapter

gives a proof of Conjecture 7.1 where Cw is replaced by (logw)w(1+o(1)), and Rao [74] improved

the bound to (C logw)w for some constant C.

Unlike in Theorem 3.9, we do not know if (C logw)w is tight, and in fact we suspect this

is not the case. Conjecture 7.1 is in some sense similar to Theorem 3.9; the latter differs in

that one must commit to a subfamily before seeing the coloring, whereas in the former the

sets Si, Sj, Sk may depend on the coloring. We propose another variant of Conjecture 7.1.

Conjecture 7.2. There exists a constant C such that the following holds. Let F be a w-set

system of size |F| ≥ Cw over a ground set X. Assume that the elements of X are colored with

either red or blue uniformly and independently. In addition let S ∈ F be sampled uniformly.

Then with high probability, there exists distinct sets Si, Sj ∈ F such that all elements of

Si \ S are red, all elements of Sj \ S are blue, and Si ∩ S = Sj ∩ S ( S.

Conjecture 7.2 also implies Conjecture 3.3 for r = 3, but we do not know of any nontrivial

bounds for it. It would be interesting to have even a wo(w) bound. We can however prove

the following lemma, which provides some evidence that Conjecture 7.1 might be true.

Lemma 7.3. There exists a constant C such that the following holds. Let F be a w-set

system of size |F| ≥ Cw over a ground set X. Assume that the elements of X are colored

with either red or blue uniformly and independently.

Then with high probability, there exists distinct sets Si, Sj ∈ F such that if Y = Si ∩ Sj,

then all elements of Si \ Y are red and all elements of Sj \ Y are blue (equivalently, all
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elements of Si \ Sj are red and all elements of Sj \ Si are blue).

In order to establish this, we first prove a weaker result along the same lines.

Lemma 7.4. For all δ > 0 there exists C = C(δ) such that the following holds. Let F be a

w-set system of size |F| = m ≥ Cw over a ground set X. Assume that a random δ-fraction

of the elements of X are colored white. Then:

1. The expected number of sets Sj ∈ F , for which there is no i 6= j with Si \ Sj all white,

is at most Cw.

2. With high probability, for almost all Sj ∈ F there are at least m/Cw many sets Si ∈ F

such that Si \ Sj is all white.

Proof. We will show that the lemma holds for C(δ) = 4/δ. Let W denote the white subset

of X. Call a pair (Sj,W ) bad if there is no i 6= j such that Si \ Sj ⊂ W . If (Sj,W ) is a bad

pair, then Sj is the only set of F contained in Sj ∪W . Thus, Sj ∪W uniquely determines

Sj, and another w bits encoding Sj ∩W determine the pair (Sj,W ). Hence, the number of

bad pairs (Sj,W ) is only a factor of (2/δ)w more than the number of possible W . Thus, for

a random W , in expectation only (2/δ)w < Cw of the sets Sj ∈ F are bad.

For the second part of the lemma, redefine bad so that (Sj,W ) is bad if there are less

than K = m/Cw values of i 6= j such that Si \ Sj ⊂ W . Then each bad pair (Sj,W ) can be

identified by Sj∪W and a positive integer up to K, so in expectation only K(2/δ)w = m·2−w

of the sets Sj ∈ F are bad. Then by Markov’s inequality, with probability at least 1−2−w/2,

for a 1−2−w/2 fraction of Sj ∈ F there are at least m/Cw many sets Si ∈ F such that Si \Sj

is all white.

By adding dummy elements to X, Lemma 7.4 also holds with each element of X inde-

pendently colored white with probability δ. Now we prove Lemma 7.3.
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Proof of Lemma 7.3. We take a random red-blue coloring of X, where we can treat either

the red or the blue elements as the white elements in Lemma 7.4, and then apply Lemma 7.4

with δ = 1/2.

Choose a random S ∈ F and fix it for the remainder of the proof. By the second part of

Lemma 7.4, in a random coloring with high probability there are at least m/Cw many sets

Si ∈ F so that Si \ S is all red.

Call a set Si good if there exists Sj so that Sj \Si is blue and Sj ∩S = Si∩S. Call it bad

otherwise (this “bad” is different from the one in Lemma 7.4). For each Y ⊂ S, consider

the family FS,Y of sets in F that intersect S exactly at Y . By the first part of Lemma 7.4,

in expectation only Cw of the sets Si ∈ FS,Y will be bad. Taking the union over all possible

Y , it follows in expectation that only (2C)w of the sets Si ∈ F will be bad.

So with high probability over the random coloring two events hold: (i) at most (4C)w of

the sets Si ∈ F are bad; and (ii) at least m/Cw of the sets Si ∈ F will have Si \ S all red.

So, as long as m/Cw > (4C)w, there is some good Si so that Si \ S is all red. Then for each

such Si there will be some Sj so that Si \ Sj ⊂ Si \ S is all red and Sj \ Si is all blue. This

concludes the proof.

The following is another corollary of Lemma 7.3. It follows from Lemma 7.3 in exactly the

same way that the Erdős-Szemerédi sunflower lemma follows from the Erdős-Rado sunflower

lemma (see [37]), so we omit the proof.

Lemma 7.5. There exists δ > 0 such that the following holds. Let F be a family of subsets

of [n] of size |F| > (2 − δ)n. Color each element of [n] either red or blue uniformly and

independently at random.

Then with high probability, there exists distinct Si, Sj ∈ F such that Si \Sj is all red and

Sj \ Si is all blue.

In particular, this implies that if R is a uniform random subset of [n], then with high
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probability there exist some Si, Sj ∈ F are such that Si⊕R ⊂ Sj ⊕R, where ⊕ denotes the

exclusive or function.

Finally, we note that a statement similar to Conjecture 7.1 is equivalent to Conjecture 3.3.

Conjecture 7.6 (Monochromatic sunflower conjecture). For all δ > 0 there exists a constant

K = K(r, δ) such that the following holds. Let F be a w-set system of size |F| ≥ Kw on a

ground set X. Color a random δ-fraction of the elements of X with red.

Then with high probability, F contains an r-sunflower whose petals are all red.

Theorem 7.7. Conjecture 7.6 is equivalent to Conjecture 3.3.

Proof. Clearly, Conjecture 7.6 implies Conjecture 3.3, so now we prove the other direction.

Assuming Conjecture 3.3, let C = C(r) be such that any w-set system of size at least Cw

contains an r-sunflower. By the second part of Lemma 7.4, if K = K(r, δ) is large enough,

and S ∈ F is uniformly sampled, then with high probability there are at least (2C)w sets Si

with Si \ S all red. Thus there exists Y ⊂ S such that at least Cw many sets Si have Si \ S

all red and Si ∩ S = Y . In particular, there are r sets S1, . . . , Sr forming an r-sunflower so

that for 1 ≤ i ≤ r we have Si \ S red and Si ∩ S = Y . Because Y is contained in the kernel

of the sunflower, all of the petals are red.

The above argument also shows that the optimal bounds in Conjecture 7.6 and Conjec-

ture 3.3 are off by an exponential factor in w. For r = 3, we expect a similar relationship

between Conjecture 7.1 and Conjecture 3.3.
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Part III

Blowing up Sunflowers

This chapter is based on work [8] that has been submitted but not yet published.

8 Introductory Remarks

8.1 Background and Main Result

In the previous chapter, we presented the improvement on the best known bounds for the

Erdős-Rado sunflower lemma [36]. Central to this result was an “encoding” argument, in

which the ground set X of a set system F is colored in some way. Most pairs (S, C) of a

set S ∈ F and a coloring C of the ground set are then shown to have some property, by

the construction of an explicit injection of the “bad” pairs that do not have the property

into some small collection. In this chapter, we use this encoding idea to prove a rather

surprising fact about set systems. A w-set system is a family of sets, each of size at most w.

Throughout this part, let F be a w-set system on a ground set X, and let k ≥ 2 be some

fixed integer.

Definition 8.1. Call a k-tuple of sets (S1, · · · , Sk) from F n-inflatable if for each 1 ≤ i ≤ k

there exists a subfamily Fi 3 Si of F so that |Fi| ≥ |F|/n, and so that for any Ti ∈ Fi and

Tj ∈ Fj with i 6= j, we have Ti ∩ Tj = Si ∩ Sj.

We show, that in a large set system almost all k-tuples are inflatable, where the corre-

sponding families Fi are very large.

Theorem 8.2. Let k ≥ 2 be fixed, and let F be a w-set system on some ground set X. For

all choices of n, all but at most

(
k + w − 1

k − 1

)
k2w(k−1)

n
|F|k of the |F|k-tuples (S1, · · · , Sk) ∈ Fk
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are n-inflatable.

It would be quite interesting to reproduce any of the results proved here in some other

way, and perhaps this would shed some light on the sunflower conjecture.

8.2 Proof Outline

We prove Theorem 8.2 by introducing the concept of “mimicking” sets, which allows us to

capture inflatability through looking at colorings. Given a k-tuple (S1, · · · , Sk) from F and a

coloring C on X, we say that T “mimics” Sj if it satisfies certain natural coloring conditions,

and its intersections with the Si are the same as those of Sj. If enough sets mimic each Sj,

we will have the desired inflatability property. We can use an encoding argument to count

the number of “bad” k-tuples (S1, · · · , Sk) so that some Sj does not have too many sets T

mimicking it.

8.3 Blowing up Pairs of Sets

For k = 2, Theorem 8.2 yields the following.

Theorem 8.3 (Theorem 8.2, k = 2). If F is a w-set system, then all but at most 2w(2w+2)
n
|F|2

pairs (S, T ) of sets from F are n-inflatable.

We make note of a particularly interesting consequence. First, recall the definition of

a link from [9]. Given a set system F on X and a set U ⊂ X, the link of F at U is

FU = {S \ U : S ∈ F , U ⊂ S}.

We are now ready to state another corollary of Theorem 8.3.

Corollary 8.4. If S, T are chosen randomly from F , then with probability at least 1 −
2w(2w+2)

n
, the link FU , where U = S ∩ T , contains two cross-wise disjoint subfamilies F1, F2

each of size at least |F|/n.
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One could for instance take n = 3w so that the link of the intersection of almost any (as

w goes to infinity) pair of sets contains two cross-wise disjoint subfamilies of size |F|/3w.

Another consequence of Corollary 8.4 is that in any induced subgraph of a Kneser graph

KG(m,w), a typical edge is contained in a large complete bipartite subgraph. We state this

explicitly as a theorem.

Theorem 8.5. Let G = KG(m,w) be a Kneser graph, and let G′ be an induced subgraph.

Then for any n, and for all but at most 2w(2w+2)
n
|V (G′)|2 edges e of G′, there is some complete

bipartite subgraph of G′ with |V (G′)|/n vertices on each side that contains e.

In particular, if we have a w-set system F with more than ε|F |2 pairs of disjoint sets,

then n = 1
ε
2w(2w+ 2) in Theorem 8.5 yields that there are some disjoint subfamilies F1 and

F2 of size at least ε|F|
2w(2w+2)

. In other words, any set system with many pairs of disjoint sets

has a large pair of disjoint subfamilies.

8.4 Sunflower Blowups

We will also use Theorem 8.2 to extend the sunflower lemma of Erdős and Rado [36]. As

mentioned in [9], Erdős and Rado originally called sunflowers ∆-systems, but Deza and

Frankl [34] coined the name “sunflower”.

Definition 8.6. For a fixed k ≥ 2, a k-petal sunflower is a k-tuple of sets (S1, · · · , Sk) so

that for any 1 ≤ i < j ≤ k, Si ∩ Sj = S1 ∩ · · · ∩ Sk. The Si \ (S1 ∩ · · · ∩ Sk) are called the

petals, and S1 ∩ · · · ∩ Sk is called the kernel.

The case k = 2 is trivial, because any pair of sets form a 2-petal sunflower, so typically

we assume k ≥ 3.

Corollary 8.7. Let fk(w) be such that any w-set system with fk(w) sets contains a k-petal

sunflower. Then, there exists some constant Dk depending on k so that if F is a w-set
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system on a ground set X, then almost all (as w goes to infinity) of its k-petal sunflowers

(S1, · · · , Sk) are n-inflatable with parameter n = fk(w)kDw
k .

The sunflower conjecture ([36]) states that we may take fk(w) = (Ok(1))w. By using

the modifications of the original argument of the author, Lovett, Wu, and Zhang [9] due

to Frankston, Kahn, Narayanan, and Park [41], Rao [74] proved that we may take fk(w) =

(Ok(logw))w. Thus, if the sunflower conjecture is true, there is some constant Ck depending

on k so that if F is a w-set system, then for a typical k-petal sunflower (S1, · · · , Sk), there

exists subfamilies F1, · · · ,Fk of F of size at least |F|/Cw
k so that any S1 ∈ F1, · · · , Sk ∈ Fk

form a sunflower with kernel S1 ∩ · · · ∩ Sk. Unconditionally, there is some constant Ck

depending on k such that a typical k-petal sunflower can be blown up to yield families

F1, · · · ,Fk of F of size at least |F|/(Ck log(w)k)w so that any S1 ∈ F1, · · · , Sk ∈ Fk form a

k-petal sunflower. This greatly improves the known bounds in Theorem 1 of [43], which has

found several (see [46], [45]) applications.

9 Proofs

We assume w ≥ 2; w = 1 is a trivial case. We can assume all sets are of size exactly w by

adding dummy elements to sets that are too small, since this does not affect inflatability of

any k-tuple. We may also assume the ground set X has size divisible by k, since we may add

dummy elements to X to make this the case. Thus, we may randomly partition X into k

equal-sized parts Xi for 1 ≤ i ≤ k. We say that the elements of Xi have color i and we refer

to the partition of X into the Xi as a coloring C of the ground set X. We call a coloring

balanced if there are the same number of elements of each of the k colors.

Definition 9.1. Fix a w-set system F on a ground set X, a balanced coloring C of X, and

a k-tuple (S1, · · · , Sk) in Fk. We say that T ∈ F mimics Sj with respect to (S1, · · · , Sk) if

for all i 6= j, Si ∩ T = Si ∩ Sj, and T \ Sj ⊂ Xj.
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The last condition, that all elements of T \Sj are colored with the color j, at first glance

appears to be rather restrictive. It turns out that this is surprisingly not the case, in the

sense that for a random k-tuple, many sets will mimic each Sj.

Definition 9.2. For a fixed 1 ≤ j ≤ k, say that (S1, · · · , Sk) is n-j-bad (under a balanced

coloring C) if there are fewer than |F|/n sets T ∈ F such that T mimics Sj with respect to

(S1, · · · , Sk). Say (S1, · · · , Sk) is n-bad under C if it is n-j-bad under C for some 1 ≤ j ≤ k.

A k-tuple is n-good under C if it is not n-bad under C.

The following lemma shows the relationship between the good and inflatable properties:

Lemma 9.3. If (S1, · · · , Sk) is n-good under some coloring C, then it is n-inflatable.

Therefore, it suffices to prove the following lemma:

Lemma 9.4. Let F be a set system on a ground set X. For any 1 ≤ j ≤ k, if C is a uniform

balanced coloring of X and (S1, · · · , Sk) is sampled uniformly from Fk, then (S1, · · · , Sk) is

n-bad with probability at most

(
k + w − 1

k − 1

)
k2w(k−1)

n
.

The proof of Lemma 9.4 in Section 9.2 follows an encoding argument similar in spirit to

that of [9]. For each fixed 1 ≤ j ≤ n, this allows to explicitly bound the number of pairs of

a balanced coloring C and a k-tuple (S1, · · · , Sk) so that (S1, · · · , Sk) is n-j-bad under C.

9.1 Proof of Lemma 9.3

Take Fj to be the family of Tj which mimic Sj under the coloring C. Note |Fj| ≥ |F|/n for

each 1 ≤ j ≤ k by assumption. It suffices to show that if Ti ∈ Fi and Tj ∈ Fj for i 6= j, then

we have Ti∩Tj = Si∩Sj. Clearly Ti ⊃ Ti∩Sj = Si∩Sj, and similarly Tj ⊃ Tj ∩Si = Si∩Sj.

Hence, Ti ∩ Tj ⊃ Si ∩ Sj. Now, we prove Ti ∩ Tj ⊂ Si. If x ∈ Ti ∩ Tj is not in Si, then since

Ti \ Si ⊂ Xi, we have x ∈ Xi. Because Xi and Xj are disjoint, x /∈ Xj ⊃ Tj \ Sj, and hence

x /∈ Tj \ Sj. Since x ∈ Tj, we have x ∈ Sj. But then x ∈ Ti ∩ Sj = Si ∩ Sj, a contradiction.

Hence, Ti ∩ Tj ⊂ Si, and similarly Ti ∩ Tj ⊂ Sj, so Ti ∩ Tj = Si ∩ Sj.
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9.2 Proof of Lemma 9.4

For a fixed 1 ≤ j ≤ k, we will bound the number of pairs of balanced colorings C and k-tuples

(S1, · · · , Sk) ∈ Fk so that (S1, · · · , Sk) is n-j-bad under C. We will do this by an “encoding”

argument; we can recover this pair from the following information.

1. The first piece of information will be C ′, which is the coloring obtained by taking C

and then recoloring the elements of Sj with the color j. We claim that the number

of possibilities for this is at most

(
|F|

|F|/k, · · · , |F|/k

)(
k + w − 1

k − 1

)
. This is because

there are at most

(
k + w − 1

k − 1

)
possibilities for the number of times that each of the k

colors appears as one of the w elements of Sj, and by the log-convexity of the factorial

function, at most

(
|F|

|F|/k, · · · , |F|/k

)
possibilities for C ′ once the number of elements

of each color is fixed.

2. The second piece of information will be Si for each i 6= j. There are |F|k−1 possibilities

for this.

3. The third piece of information will be Si∩Sj for each i 6= j. There are at most 2w(k−1)

possibilities for this, as for each of the k − 1 sets Si with i 6= j we specify one of 2w

possible subsets for Si ∩ Sj.

4. The final piece of information specifies which of the mutually mimicking sets Tj is Sj.

The sets Tj so that Tj ∩ Si = Sj ∩ Si for each i 6= j and so that all elements Tj have

color j in C ′ must have Tj \ Sj ⊂ Xj. Hence, they must mimic Sj with respect to

(S1, · · · , Sk), and so there are at most |F|/n possibilities for them by assumption. We

can thus identify Sj by a positive integer at most |F|/n.

Thus, of the

(
F

|F|/k, · · · , |F|/k

)
|F|k possible pairs of C and (S1, · · · , Sk), the number
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so that (S1, · · · , Sk) is n-j-bad under C is at most

(
F

|F|/k, · · · , |F|/k

)
|F|k−1

(
k + w − 1

w − 1

)
2w(k−1)|F|/n

=

((
F

|F|/k, · · · , |F|/k

)
|F|k

)(
2w(k−1)

(
k + w − 1

w − 1

)
1

n

)
.

By a simple union bound over k choices of 1 ≤ j ≤ k, the number of possible pairs of C

and (S1, · · · , Sk) so that (S1, · · · , Sk) is n-bad under C is at most

((
F

|F|/k, · · · , |F|/k

)
|F|k

)((
k + w − 1

w − 1

)
k2w(k−1) 1

n

)
.

This completes the proof of Lemma 9.4.

9.3 Proof of Theorem 8.2

Using Lemma 9.4, there exists a specific coloring C under which at most

(
k + w − 1

k − 1

)
k2w(k−1)|F|k/n

of the |F|k k-tuples (S1, · · · , Sk) are n-bad. In combination with Lemma 9.3, this immedi-

ately implies Theorem 8.2.

9.4 Proof of Corollary 8.4

If (S, T ) is n-inflatable, then there exists subfamilies F(S) 3 S and F(T ) 3 T of F of size

at least |F|/n such that S ′ ∩ T ′ = S ∩ T = U for all S ′ ∈ F(S), T ′ ∈ F(T ). Then for all

S ′ ∈ F(S), T ′ ∈ F(T ), we have U ⊂ S ′, U ⊂ T ′, and (S ′ \ U) ∩ (T ′ \ U) = (S ′ ∩ T ′) \ U =

U \ U = ∅. Thus if we take F1 = {S ′ \ U : S ′ ∈ F(S)} and F2 = {T ′ \ U : T ′ ∈ F(T )}, we

are done.
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9.5 Proof of Theorem 8.5

Let F = V (G′). Then by Theorem 8.3, all but at most 2w(2w+2)
n
|V (G′)|2 pairs of sets of F

are inflatable. If (S, T ) is n-inflatable and S, T are disjoint, then this means exactly that the

edge e between S and T in G′ is contained in a K|V (G′)|/n,|V (G′)|/n in G′.

9.6 Proof of Corollary 8.7

By Theorem 8.2, there exists a constant C = Ck so that all but at most
Cw

k

n
|F|k of the

k-tuples of sets from F are n-inflatable. Now, if any family of fk(w) sets contains a k-petal

sunflower, then by a simple counting argument, a w-set system F so that |F| ≥ fk(w) will

have at least
(
|F|
f(w)

)k
k-petal sunflowers. If Dk = 2Ck, then if n = f(w)kDw

k , almost all (as

w goes to infinity) k-petal sunflowers are inflatable.
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Part IV

Noisy Corruption Detection

This chapter is based on my work [6] published in Information Processing Letters.

10 Introductory Remarks

Alon, Mossel, and Pemantle [4] considered the following one-player game. A finite simple

connected graph G on n vertices is given, and each vertex is either “truthful” or “corrupt”.

The player may query a vertex u about whether its neighbor v is truthful or corrupt. Truthful

vertices always accurately report the status of their neighbors, but corrupt vertices will report

adversarial answers. The setting in particular that they consider is where the graph G is a

constant-degree expander.

Definition 10.1. ([4]) A δ-good expander for a constant δ > 0 is a graph G with |V (G)| = n

so that all U ⊂ V (G) with |U | ≤ 2δn have more than |U | neighbors outside U , and for every

U,W ⊂ V (G) with |U | ≥ δn and |W | ≥ n/4, there is an edge between some vertex in U and

some vertex in W .

The main result of Alon, Mossel, and Pemantle is the following.

Theorem 10.2. Let G be a δ-good expander, and let V (G) = T tB be a partition of V (G)

into truthful vertices T and corrupt vertices B. If |T | > |B|, then after asking every vertex

about all its neighbors, the player can find T ′ ⊂ T and B′ ⊂ B so that |T ′ ∪B′| > (1− δ)n.

Interestingly, finding T ′ and B′ efficiently depends on how large T is compared to B.

Theorem 10.3. In the above setting, if |T | > (1/2 + δ)n, there is an algorithm that finds

such T ′, B′ in linear time.
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However, if we only assume |T | > |B| one cannot expect a polynomial time algorithm

unless P = NP .

Even in this “noiseless” case where truthful vertices always report accurately, the player

cannot exactly identify T and B. For example, say x and y have no neighbors in T and

correctly report that all their neighbors are in B. Then, the player cannot distinguish the

case x ∈ B, y ∈ T from x ∈ T, y ∈ B. The authors then ask about the corresponding results

in the noisy case, where now a truthful vertex answers correctly and independently with

probability 1 − ε for some fixed ε > 0 which we consider to be constant. In particular, if

a vertex u is asked about a neighbor v multiple times, it may answer differently each time.

Thus, the appropriate parameter to consider is the number of queries needed so that with

high probability, the player can identify T ′, B′ so that the symmetric differences |T∆T ′| and

|B∆B′| are small. In other words, with high probability the player can identify the status

of almost all vertices.

In this part we answer these questions; Θ(n log(n)) queries are required if |T | − |B| ≤

n1/2−β (for any constant β > 0) but O(n) suffice if |T | = (1/2 + δ)n for some δ > 0.

Throughout this part we will consider δ, ε, and the degree of the graph G to be constants.

We write o(1) for quantities that go to 0 as n→∞.

11 Lower Bound for Simple Majority

Let G be a δ-good expander with V (G) = T tB and |T |− |B| = 1, so that a simple majority

of the n = |V (G)| vertices are truthful. We begin this section with a simple upper bound for

this case, which was communicated to the author by Noga Alon. We will show it is tight.

Theorem 11.1. It suffices to ask O(n log n) queries to find a 1− 2δ fraction of the truthful

vertices with high probability.

Proof. The player can perform the following algorithm. For each (u, v) ∈ E(G) the player
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asks u about the status of v a total of c log(n) times for some c = c(ε) and then takes the

majority of the answers given, breaking ties arbitrarily. If c is chosen appropriately, then for

each pair (u, v) ∈ V (G) so that u is truthful, with probability more than 1− 1
n2 most of the

responses that u gives about v are correct. Hence the probability that this holds for every

pair (u, v) ∈ E(G) with u truthful is 1−O( 1
n
) = 1−o(1). Then for all (u, v) with u truthful,

most of u’s opinions about v will be correct, so this reduces to precisely Theorem 10.2, the

deterministic case considered in [4]. Hence O(n log n) queries suffice.

It turns out that Ω(n log n) queries are in fact necessary, not just for expanders but for

any constant-degree graph G, and as long as the number of truthful and corrupt vertices

differ by at most n1/2−β for a constant β > 0.

Theorem 11.2. If G is a constant-degree graph, |V (G)| = n, |T | − |B| ≤ n1/2−β for an

arbitrary fixed β > 0, and the player only makes o(n log n) queries, then there exists a strategy

for the corrupt vertices so that any strategy the player uses to find T ′ with |T∆T ′| ≤ n
10

will

succeed with probability at most 1
2

+ o(1).

Note this implies that querying each edge once in each direction is not a viable strategy.

Proof. We will assume T is uniformly chosen over all sets of some size t (where t is known to

the player) so that t− (n− t) ≤ n1/2−β. We describe an adversarial strategy for the corrupt

vertices. Corrupt vertices will give the wrong answer with probability 1 − ε randomly on

each query, just as truthful vertices give the right answer with probability 1 − ε randomly

on each query.

This strategy can be restated as follows. Imagine that whenever the player queries a

corrupt vertex u, with probability 1− 2ε it lies, but with probability 2ε a fair coin is flipped,

so that the response of u in this case is random noise. Furthermore, imagine that whenever

the player queries a truthful vertex u, with probability 1 − 2ε u tells the truth, but with

probability 2ε a fair coin is flipped, so again the response is random noise.
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Now, call a vertex v obscured if a coin is flipped every time v is queried or queried about.

Only random noise will enter and leave an obscured vertex. If c = c(ε) is sufficiently small,

a vertex that is involved in at most c log(n) queries has a probability at least n−β/2 of being

obscured. If the total number of queries is at most cn log(n)
20

, then at most n
10

vertices are

involved in more than c log(n) queries. So then in expectation at least 1
2
n1−β/2 vertices of G

will be obscured, so with high probability at least n1−β vertices of G will be obscured.

After all queries are answered, the player is then allowed to learn which query answers

were chosen by a coin flip. As those answers provide no information for the player, we

can assume without loss of generality that they are thrown out. All remaining answers are

guaranteed to be false if given by corrupt vertices and true if given by truthful vertices. We

now have a subgraph G′ of G some of whose edges are labelled with true and some with

false. All obscured vertices O of G have become isolated. Let U = V (G) \O.

The following lemma implies that after we remove the obscured vertices, the chance that

most remaining vertices are truthful is very close to 1
2
.

Lemma 11.3. Given a uniformly random partition of V (G) of size n into two sets of fixed

size T,B so that 0 ≤ |T | − |B| ≤ n1/2−β, if O is a set of size at least n1−β vertices of G,

Pr[|T \O| ≥ |B \O|] ≤ 1
2

+ o(1).

Proof. First, by conditioning on |O|, note that it suffices to consider any fixed |O| ≥ n1−β.

Now we will consider a random partition of V (G) into sets T1, T2, B where |T1| = |B| and

T1 ∪ T2 = T . Then |T2| ≤ n1/2−β. However, since at least n1−β − n1/2−β ≥ 1
2
n1−β vertices of

T1∪B are picked, and these are equally likely to come from T1 and B, a simple computation

(or the local central limit theorem) shows that Pr[||T1 ∩O| − |B ∩O|| ≤ n1/2−β] = o(1) so

that

Pr[|T1 ∩O| − |B ∩O| > n1/2−β] ≥ 1

2
− o(1)

and the lemma follows.
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Now for every partition (X, Y ) of V (G)\O so that (X, Y ) = (T ∩U,B∩U) and (X, Y ) =

(B ∩ U, T ∩ U) are consistent (i.e. no x ∈ X calls y ∈ Y truthful in G′ or vica versa, no

x1 ∈ X calls x2 ∈ X corrupt in G′, and similar for y1, y2 ∈ Y ) such that |X| ≥ |Y |, we have

by symmetry that

Pr[(X = T ∩ U) ∧ (Y = B ∩ U)
∣∣∣|X| = |T ∩ U |, |Y | = |B ∩ U |]

= Pr[(Y = T ∩ U) ∧ (X = B ∩ U)
∣∣∣|Y | = |T ∩ U |, |X| = |B ∩ U |]

assuming that the latter events have nonzero probability. Because |T | ≥ |B| and |X| ≥ |Y |,

Pr[(|X| = |T ∩ U |) ∧ (|Y | = |B ∩ U |)] ≥ Pr[(|Y | = |T ∩ U |) ∧ (|X| = |B ∩ U |)].

Therefore, by Bayes, we have that

Pr[(X = T ∩ U)) ∧ (Y = B ∩ U)] ≥ Pr[(Y = T ∩ U) ∧ (X = B ∩ U))].

This means that if an oracle gives the player X and Y so that one of them is T ∩ U and

the other is B∩U , then the strategy that gives him the greatest chance of success (assuming

|O| = o(n), which happens with high probability) is to guess that T ′ is whichever of X, Y is

larger. However, this strategy will still succeed only a 1
2

+ o(1) fraction of the time, because

with probability 1
2
− o(1) we have |B ∩ U | > |T ∩ U | by Lemma 11.3.

12 Upper Bound for Robust Majority

Say now that |T | = (1
2

+ δ)n for some fixed δ > 0. We will assume now that G is a δ-

excellent expander, a graph so that any two disjoint subsets of V (G) of size δn have an
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edge between them. Note that spectral expanders with appropriate parameters satisfy this

stronger hypothesis, but it is still weaker than spectral expansion.

Theorem 12.1. On a constant-degree, δ-excellent expander G, there exists C depending on

the maximum degree of the graph and on δ so that with high probability, in at most Cn

queries we can find T ′, B′ with |T∆T ′|, |B∆B′| ≤ 6δn.

Proof. Query each edge of the graph G in both directions c times, for some c depending on

δ and the maximum degree, i.e. for every (u, v) ∈ E(G) ask u about the status of v c times

and v about the status of u c times, and take the majority responses each time. In doing so,

we can amplify the error probability ε down to some function ε of δ and ε.

Thus we can assume a 1 − ε accuracy rate, and that each edge of the graph is queried

once in both directions. If ε is chosen appropriately, then with high probability the number

of edges (u, v) ∈ E(G) so that u is truthful but reports incorrectly about v is less than δn.

Let T = T1 t T2 be a split of T into two sets of (1
4

+ 1
2
δ)n vertices. By assumption, there

are fewer than δn edges (u, v) ∈ E(G) with u ∈ T1, v ∈ T2 so that at least one of u, v calls

the other corrupt.

Now say there are disjoint X, Y ⊂ V (G) with |X| = |Y | = (1
4

+ 1
2
δ)n so that there are

fewer than δn pairs (x, y) with x ∈ X, y ∈ Y , (x, y) ∈ E(G) so that one of x, y calls the

other corrupt. Then X ∪Y contains at least (1
2

+ δ)n+ (1
2

+ δ)n−n = 2δn truthful vertices.

Assume without loss of generality that X does not have fewer truthful vertices than Y , so

that X contains a set X ′ of at least δn truthful vertices.

Now, assume that Y contains a set Y ′ of at least 3δn corrupt vertices. Then by the

expansion property, only at most δn vertices of Y ′ do not have a neighbor in X ′, so that at

least 2δn vertices of Y ′ have a neighbor in X ′. Hence there are at least 2δn pairs (x′, y′) ∈

E(G) with x′ ∈ X ′, y′ ∈ Y ′. For at least δn of these, x′ reports correctly and calls y′

corrupt, a contradiction. Hence Y has fewer than 3δn corrupt vertices. By assumption,

|X ∩ T | ≥ |Y ∩ T |, so |X∆T | ≤ |Y∆T | and |(X ∪ Y )∆T | ≤ 2|Y∆T | ≤ 6δn.

45



Thus, our algorithm will look for two disjoint sets of vertices X, Y with |X| = |Y | =

(1
4

+ 1
2
δ)n so that fewer than δn pairs x ∈ X, y ∈ Y are such that (x, y) ∈ E(G) and one of

x, y calls the other corrupt. With high probability such sets X, Y exist, and in fact arbitrary

X, Y with X ∪ Y = T suffice. For such X, Y we have that |(X ∪ Y )∆T | ≤ 6δn.

13 Discussions and Open Problems

There are several natural questions here. The first is to discern how many queries are needed

when |T | − |B| is sublinear but too big for our argument to work, say n1/2, although the

lower bound for the |T | − |B| ≤ n1/2−β case will give something here as well. It would be

interesting to see in what regime we require only o(n log n) queries. Is there a transition at

|T | − |B| = nγ for some γ < 1?

The other natural question is to figure out whether or not the algorithm for the |T | =

(1
2

+ δ)n case can be made efficient. The algorithm we present here takes exponential time

but it is not at all clear that this is necessary, and in fact we conjecture that it is not.

It may also be interesting to figure out whether the assumptions on the expansion in the

upper bound can be relaxed, perhaps to the original δ-good expansion assumption of [4]. We

conjecture that it can be. Noga Alon points out that there is a trivial algorithm when the

graph is a good spectral expander. In that case if we simply query all edges (after enough

amplification), and for any u we take the majority reports of its neighbors, we will correctly

determine the status of almost all vertices with high probability. But this crucially uses that

for most vertices u, the neighborhood N(u) has a robust majority of truthful vertices. This

follows from an appropriate spectral expansion, but is a stronger assumption than the one

we make in this part.

Furthermore, our proof of the lower bound inspires the following question. What if the

task is instead to find two sets of vertices, one of which has small symmetric difference with
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the set of all truthful vertices, and the other of which has small symmetric difference with

the set of all corrupt vertices, but without specifying which is which? This task may be

easier, although we conjecture it is not unless the corrupt vertices almost always lie. Noga

Alon also suggests a generalization of this, a “list-coloring” version of the problem, i.e. what

if one wants to find a small number of candidates for T so that some candidate for T is close

to T? We feel the player should be able to learn some information about T .

Finally, it is worth mentioning that in their paper [4], Alon, Mossel, and Pemantle con-

sidered the directed setting. Our results generalize in a fairly straightforward way to the

directed setting, albeit again with analogous slightly stronger guarantees for expansion nec-

essary in the “robust majority” case.
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Part V

The Subgraph Query Problem

The results of this part are based on joint work [10] with Chady Ben Hamida, Xiaoyu He,

and Alexander Moreira.

14 Introductory Remarks

The subgraph query problem, introduced by Ferber, Krivelevich, Sudakov, and Vieira [39],

has been the subject of recent attention in extremal combinatorics and theoretical computer

science. The problem is to determine the smallest number of adaptive queries of the form

“is (u, v) ∈ E(G)?” that need to be made to an Erdős-Rényi random graph G ∼ G(n, p) to

find a copy of a given subgraph H with probability at least 1
2
.

Several variants of the problem appear in the literature. Ferber, Krivelevich, Sudakov,

and Vieira [39, 40] first studied the subgraph query problem when H is a long path or

cycle of order comparable to n, exhibiting asymptotically optimal algorithms for finding

long paths and cycles. For example, as long as p ≥ logn+log logn+ω(1)
n

is above the threshold

for Hamiltonicity in G(n, p), they showed that a Hamiltonian cycle can be found by the time

one reveals (1 + o(1))n edges. Here and henceforth we write log for the natural logarithm

and lg for the base-2 logarithm.

In connection with the online Ramsey number, Conlon, Fox, Grinshpun, and He [32]

studied the case where H = Km is a fixed complete graph, p→ 0, and the number of vertices

n is allowed to be arbitrarily large. They defined the function f(H, p) to be the number of

queries needed to find a copy of H in the countably infinite random graph G(∞, p) with
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probability 1
2
, and proved that

p−(2−
√

2)m+O(1) ≤ f(Km, p) ≤ p−
2
3
m−O(1). (1)

In this part, we study the behavior of f(H, p) as p → 0 for an arbitrary fixed graph H.

We will use the phrases “build H in T time” and “find H in T queries” interchangeably for

the statement f(H, p) ≤ T .

Recall that a graph H is d-degenerate if every subgraph of H contains a vertex of degree

at most d, and the degeneracy of H is the least d for which H is d-degenerate. Equivalently,

H is d-degenerate if and only if there is an acyclic orientation of H with maximum outdegree

at most d. Degeneracy is the natural notion of sparsity in graph Ramsey theory (see e.g.

the recent proof of the Burr-Erdős conjecture by Lee [59]).

In the subgraph query problem, a d-degenerate graph can be built by adding one vertex

at a time so that each new vertex has degree at most d at the time it is built. Since

a common neighbor of d given vertices can be found in O(p−d) queries, this shows that

f(H, p) = OH(p−d) whenever H is d-degenerate.

Our first main result is that this trivial bound is never tight when d ≥ 2. Define the depth

∆ of a graph H with degeneracy d to be the smallest ∆ for which there exists an acyclic

orientation of H with maximum outdegree at most d and longest directed path of length at

most ∆ (we use the convention that the length of the path with n + 1 vertices is n). Let

logt(x) denote the t-fold iterated logarithm of x.

Theorem 14.1. If H is a graph with degeneracy d ≥ 2 and depth ∆ ≥ 1, then

f(H, p) = OH

(p−d log∆+1(p−1)

log∆(p−1)

)
.

Roughly speaking, one of the main innovations is to exploit the observation that in a
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random graph G(n, 1/n), the degrees of vertices are approximately Poisson with mean 1.

Thus, the maximum degree is Ω(log n/ log log n) despite the fact that the average degree is

constant. Repeatedly finding these vertices of exceptionally large degree allows us to find H

slightly faster.

We will also show that the behavior in Theorem 14.1 can be correct up to the polyloga-

rithmic factor. Let the triforce graph be the graph obtained from the triangle K3 by adding

a common neighbor to each pair of vertices (see Figure 15.1 in Section 15).

Theorem 14.2. If H is the triforce graph and ` = log(1/p)
2 log log(1/p)

, then

f(H, p) = Ω(p−2/`4).

Note that the triforce is 2-degenerate, so Theorems 14.1 and 14.2 together prove that

f(H, p) = o(p−2) and f(H, p) = Ω(p−2+ε) for every ε > 0. This is the first example of a

graph for which it is known that f(H, p) does not grow like a power of p−1.

The question of querying for subgraphs in random graphs was also studied by Feige,

Gamarnik, Neeman, Rácz, and Tetali [38], and by Rácz and Schiffer in the related planted

clique model [72]. Feige, Gamarnik, Neeman, Rácz, and Tetali restricted their attention to

the balanced random graph G(n, 1
2
) and asked for the minimum number of queries needed to

find a clique of order (2−o(1)) lg n (which approaches the clique number) with probability at

least 1/2. For δ < 2, define α?(δ) to be the supremum over α ≤ 2 for which a clique of order

α lg n can be found with probability at least 1/2 in at most nδ queries for all n sufficiently

large. They showed under the additional assumption that only a bounded number of rounds

of adaptiveness are used that α?(δ) < 2 for all δ < 2, and asked if this could be proved

unconditionally.

Our last theorem answers this question affirmatively. We are grateful to Huy Pham [69]

for communicating to us the main idea of the proof.
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Theorem 14.3. For all 2/3 < δ < 2,

α?(δ) ≤ 1 +

√
1− (2− δ)2

2
< 2.

The proof is an adaptation of the lower bound proof for (1) by [32] to take the size of

the vertex set into account. The exact value of α?(δ) remains open for all δ, and the best

known lower bound is α?(δ) ≥ 1 + δ
2

when 1 ≤ δ < 2 (see [38, Lemma 6]).

Organization. In Section 15, we describe a new algorithm for finding any d-degenerate

graph and prove that it achieves the runtime described in Theorem 14.1. In Section 16,

we give a new argument for proving lower bounds on f(H, p), proving Theorem 14.2. In

Section 17 we give a short proof of Theorem 14.3, using a variation of the methods in [32].

Finally, Section 18 highlights a few of the many open questions that remain about f(H, p).

We will write b = p−1 for the expected number of queries needed to find a single edge in

G(∞, p). No attempt will be made to optimise the implicit constants in any of our proofs.

We use A . B to mean A = O(B). For the sake of clarity of presentation, we systematically

omit floor and ceiling signs whenever they are not crucial.

15 Upper bounds

15.1 An Illustrative Example

As mentioned in the introductory remarks, there is a straightforward algorithm for find-

ing any d-degenerate graph H in OH(bd) time. In this section we prove Theorem 14.1 by

providing a new algorithm that beats the trivial algorithm by an iterated logarithmic factor.

We begin by illustrating how the algorithm works with a specific 2-degenerate graph.

Definition 15.1. The triforce is the graph on 6 vertices and 9 edges obtained from the
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triangle K3 by adding a common neighbor to each pair of vertices.

Figure 1: The triforce graph.

The key step in building the triforce quickly is to build a large book.

Definition 15.2. The book Bd,t is the graph on d+ t vertices obtained by removing the edges

of a clique Kt from a complete graph Kd+t. The t vertices of the removed clique are called

the pages of the book and the remaining d vertices are called its spine.

Figure 2: The book B2,3.

Note that when d and t are fixed positive integers, Bd,t is d-degenerate and thus we have

f(Bd,t, p) = Ot(b
d). The key observation is that this can be improved substantially even if

we allow t to grow slowly as p tends to 0.

Lemma 15.3. If d ≥ 2 and ` = log b
2 log log b

, then f(Bd,`, p) = O(bd`−1/2).

Proof. We will exhibit an algorithm which finds Bd,` in G(∞, p) with constant probability

(w.c.p.) in O(bd`−1/2) time. The algorithm has three steps.

First, we find w.c.p. d − 1 vertices v1, . . . , vd−1 of the spine forming a clique in O(bd−2)

time, which is possible because Kd−1 is (d− 2)-degenerate. Assume this step succeeds.

Next, we build a large pool S of common neighbors of v1, . . . , vd−1, which will serve

as candidates for the remaining vertex vd of the spine and for the pages of the book. In

d − 1 = O(1) queries we can check a single new vertex u to see if it is a common neighbor
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of v1, . . . , vd−1, and u has a probability pd−1 of being such a common neighbor. We check

a total of 4bd`−1/2 possible u, and each common neighbor successfully found is added to S.

Since the outcomes of all queries are independent, |S| is distributed like the binomial random

variable Bin(4bd`−1/2, pd−1) with mean 4b`−1/2, so w.c.p. |S| ≥ 2b`−1/2.

For the last step, assuming the previous two steps succeed, we will find a star K1,`

contained in S. Along with vertices v1, . . . , vd−1 already chosen, this forms the desired book.

To find this star, remove vertices from S until it has size exactly 2b`−1/2, and then query

all pairs of vertices in S in O(b2`−1) time. The induced subgraph on S is just an Erdős-

Rényi random graph G(2b`−1/2, p). It suffices to show that w.c.p. there exists a vertex of

degree at least ` therein. This fact is a consequence of the observation that the degrees are

approximately Poisson.

To give a quick proof of this fact, divide S into two sets S1, S2 of size r = b`−1/2, let

u1,. . . , ur be the vertices of S1, and let Xi be the number of neighbors of ui in S2. Then

{Xi}ri=1 are r i.i.d. random variables distributed like Bin(r, p), so

P[Xi ≥ `] ≥
(
r

`

)
p`(1− p)r−` ≥ (r − `)`p`(1− p)r

`!
.

As p→ 0, we can bound r − ` > b`−1/2/2, (1− p)r → 1, and `! < ``. Thus,

P[Xi ≥ `] ≥ Ω
( 1

2``3`/2

)
.

When ` = log b
2 log log b

, this fraction is certainly Ω(b−
4
5 ). In particular, since there are r = b1−o(1)

independent random variables Xi, w.c.p. some Xi is at least `, as desired.

Letting the vertex of degree ` be the last vertex vd of the book’s spine and its ` neighbors

in S be the pages of the book, we have found a copy of Bd,` w.c.p. in O(bd) total queries, as

desired.
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We are now ready to prove a stronger version of Theorem 14.1 when H is the triforce.

Theorem 15.4. If H is the triforce graph and ` = log b
2 log log b

, then f(H, p) = O(b2`−
1
2 ).

Proof. We exhibit an algorithm for finding H w.c.p. in O(b2`−
1
2 ) time.

Using Lemma 15.3 with d = 2, build a copy of B2,`. Let x and y be the two vertices of

its spine and let Z be its pages. In O(b2`−
1
2 ) time we can w.c.p. find two sets of vertices

Sx, Sy, each of size b`−
1
2 , so that everything in Sx is adjacent to x and everything in Sy is

adjacent to y. Now, we will query all pairs between Sx and Z as well as all pairs between

Sy and Z. This takes only O(b`1/2) time, which is negligible.

We claim that w.c.p. there exist x′ ∈ Sx, z ∈ Z, and y′ ∈ Sy so that x′ ∼ z and z ∼ y′.

This follows because w.c.p., Θ(`1/2) vertices of Z have a neighbor in Sx, and among these

vertices w.c.p. at least one has a neighbor in Sy. Now, let z′ be any common neighbor of x

and y in Z other than z. It follows that the six vertices x, y, z, x′, y′, z′ form a triforce, and

we have found it in O(b2`−
1
2 ) queries w.c.p., as desired.

15.2 The General Upper Bound

Roughly speaking, the main trick in the proofs of Lemma 15.3 and Theorem 15.4 is that

we can find vertices of much larger than average degree in a random graph with constant

average degree. We will iterate this trick many times to prove the general statement in

Theorem 14.1.

We will construct an arbitrary d-degenerate graph H recursively. If the vertices of H

are ordered v1, . . . , vn in the degeneracy order, the algorithm will maintain a “cloud” of

candidates Ci for the image of vertex vi which shrinks as the algorithm progresses. On step

i, the algorithm chooses vi from Ci and then shrinks the clouds corresponding to neighbors

of vi to stay consistent with this choice.

Proof of Theorem 14.1. Let H be a graph on n vertices with degeneracy d ≥ 2 and depth
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∆. Order its vertices v1, . . . , vn so that each vi has at most d neighbors vj with j < i, and

the longest left-to-right path vi0 , . . . , vir with i0 < · · · < ir has length r = ∆. Let ∆i be

the length (in edges) of the longest left-to-right-path ending at vi, so that ∆i ≤ ∆ for all i.

Finally, define

L(x) =
log x

3n log log x

and `i = L(∆i)(b) is obtained from b by iterating L ∆i times.

We describe an algorithm for finding an injection φ from H to G(∞, p) in a series of

rounds, assuming p is sufficiently small. There are many points at which the algorithm may

fail. However, each round succeeds with probability ΩH(1) conditional on the success of

all previous rounds, and there are n = OH(1) rounds, so the entire algorithm succeeds with

ΩH(1) probability. The algorithm can then be repeated a number of times depending only on

H until its success probability reaches 1
2
; this only changes the implicit constant in f(H, p).

We begin by setting aside n disjoint sets (“clouds”) C1, . . . , Cn which will change through-

out the algorithm. We initialize these to C
(0)
1 , . . . , C

(0)
n of order |C(0)

i | = bd/`i, so that C
(0)
i is

the set of candidates for φ(vi). We proceed in n rounds, so that C
(k)
j will refer to the state

of cloud Cj after round k. After the kth round we will have nonempty disjoint sets C
(k)
j ,

and we always have C
(k−1)
j ⊃ C

(k)
j . In the round k a number of queries are made to decide

the value of φ(vk) ∈ C(k−1)
k . Thus C

(k)
k is the singleton {φ(vk)} and Ck remains a singleton

until the end. For each j with j > k and vj ∼ vk, the set C
(k−1)
j is updated to a subset C

(k)
j

consisting of all elements of C
(k−1)
j adjacent to φ(vk). We say that a vertex vj is living after

round k if j > k, and dead otherwise.

Two properties are maintained. The first is that after round k, for any i ≤ k and j ≤ n

and any ui ∈ C(k)
i and uj ∈ C(k)

j , ui ∼ uj if vi ∼ vj. In other words, the adjacency relations

are correct within the dead vertices and between the dead vertices and the clouds C
(k)
i for

the living ones.
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The second property is that the size of the set C
(k)
j must be

c
(k)
j =



bd−m

`j
if vj is living and has m < d dead left-neighbors,

`j if vj is living and has exactly d dead left-neighbors,

1 if vj is dead.

The queries on round k are made to guarantee two properties. First, on round k, vertices

are thrown out of C
(k−1)
k until it has exactly `k vertices (this is possible because c

(k−1)
k ≥ `k

when b is sufficiently large). Then, consider the j so that j > k and vj ∼ vk. If such a vj

has exactly d− 1 dead left-neighbors, then j is called active on round k, and otherwise j is

called inactive. For each active j, all pairs in C
(k−1)
k × C(k−1)

j are queried.

Each round is divided into an active portion, which happens first, and then an inactive

portion.

The active portion of round k succeeds if a candidate uk ∈ C
(k−1)
k is found to have at

least c
(k)
j neighbors in C

(k−1)
j for all the active j. One such candidate uk is picked for φ(vk)

and C
(k)
j is chosen to be exactly c

(k)
j neighbors of uk in C

(k−1)
j .

Then, for all inactive j, all pairs {uk}×C(k−1)
j are queried. The inactive portion of round

k succeeds if after these queries a total of c
(k)
j neighbors are found for uk in C

(k−1)
j for each

of the inactive j’s as well. We say that the round succeeds if both the active and inactive

portions succeed. The algorithm only continues past round k if round k succeeds.

By induction on k, the algorithm maintains all the required properties and produces a

valid injection φ : H → G(∞, p) if it succeeds on every round. It remains to show that the

probability of success on each round is ΩH(1).

For each u ∈ C
(k−1)
k and j > k for which vj ∼ vk, let dj(u) be number of neighbors u

has in C
(k−1)
j . Note that dj(u) is distributed like Bin(c

(k−1)
j , p), since each vertex of C

(k−1)
j is

adjacent to u independently with probability p.

56



Suppose j is active in round k, so that c
(k−1)
j = b/`j. This time, we get

P[dj(u) ≥ c
(k)
j ] = P[Bin(b/`j, p) ≥ `j] ≥

(
b/`j
`j

)
p`j(1− p)b/`j−`j .

Using the facts that 1− x ≥ e−2x for all x ∈ [0, 1
2
] and that `j →∞ as p→ 0+, we see that

(1− p)b/`j−`j ≥ e−2/`j → 1. Also,
(
a
b

)
≥ (a/b)b for all a ≥ b ≥ 1, and so

P[dj(u) ≥ c
(k)
j ] ≥

(
b/`j
`j

)
p`j(1− p)b/`j−`j = Ω(`

−2`j
j ).

There are at most n total j, so taking a product over all active j, we arrive at a lower

bound

P[dj(u) ≥ c
(k)
j for all active j] ≥ ΩH(`

−2n`j
j ).

Since each u ∈ C(k−1)
k is individually a successful candidate for φ(vk) with this probability,

and these are `k independent events, it follows that

P[Active portion round k succeeds] ≥ ΩH(min(1, `k`
−2n`j
j )).

Finally, we observe that for every j active in round k, ∆j ≥ ∆k + 1 since every left-to-right

path ending at k extends to a longer one ending at j. Thus, `j ≤ L(`k), and the function L

was chosen so that L(x)2nL(x) ≤ x for x sufficiently large. It follows that the active portion

of round k succeeds with probability ΩH(1), as desired.

Now we look at the inactive j in round k. Then c
(k)
j = pc

(k−1)
j , so

P[dj(uk) ≥ c
(k)
j ] = P[Bin(c

(k−1)
j , p) ≥ pc

(k−1)
j ] = Ω(1).

Thus, conditional on the success of the active portion of round k, the inactive portion

succeeds with probability ΩH(1) as well.
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We have now shown that the algorithm, iterated OH(1) times, succeeds with probability

1
2
. It remains to bound the total number of queries made. In the active portion of each

round, queries are only made between sets C
(k−1)
k and C

(k−1)
j if j is relevant, which implies

that c
(k)
j = b/`j. Also, elements of C

(k−1)
k were thrown out until it had size exactly `k = O(b),

so the number of queries made in the active portion of any round is at most O(b2/L(∆)(b)) =

O(bd/L(∆)(b)).

In the inactive portion of each round, queries are made between a single vertex uk and

sets C
(k−1)
j of size at most bd/`j each. Thus, the number of queries made in the inactive

portion of any round is also O(bd/L(∆)(b)).

Since there are at most n = OH(1) rounds and at most n choices of j involved in each

round, we find that

f(H, p) = OH

( bd

L(∆)(b)

)
= OH

(p−d log∆+1(p−1)

log∆(p−1)

)
.

as desired.

16 Lower bounds

16.1 Preliminaries

In this section, we will prove lower bounds for f(H, p). Because N queries necessarily involve

at most 2N vertices, it suffices to prove lower bounds for finding a copy of H in G(2N, p)

rather than in G(∞, p). Following [32], we will lower bound the number of queries it takes

to build a copy of H by showing that the expected number of copies of H we can build in

some amount of time is not too large.

Definition 16.1. If H is a graph without isolated vertices, define t(H, p,N) to be the max-

imum (over all querying strategies) expected number of copies of H that can be found in
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G(∞, p) in N queries. Since we are working on G(2N, p), if H = H ′ ∪ {v1, . . . , vt} has t

isolated vertices, define t(H, p,N) = (2N)t · t(H ′, p,N).

If we show that we cannot build so many copies of H (in expectation) in some time, this

gives us a lower bound on how long it takes to build a single copy of H.

Lemma 16.2. If N ≥ f(H, p), then

f(H, p) · t(H, p,N) ≥ N/4.

Thus, upper bounds on t(H, p,N) will yield lower bounds on f(H, p). The proof of

Lemma 16.2 is straightforward, but we include it for completeness.

Proof. By definition, there exists a strategy which finds H with probability 1
2

in f(H, p)

queries. Given N queries, we can iterate this strategy bN/f(H, p)c independent times on

disjoint vertex sets. By linearity of expectation, this implies

t(H, p,N) ≥
⌊ N

f(H, p)

⌋
· 1

2
≥ N

4f(H, p)
.

Thus, it suffices to produce upper bounds on t(H, p,N). Fortunately, we can recursively

bound t(H, p,N) in terms of t(H ′, p,N) for some subgraphs H ′. The following bounds are

proved in [32].

Lemma 16.3 ([32]). If H is any graph, p ∈ (0, 1), and N ≥ p−1−ε for some ε > 0, then the

following inequalities hold:

t(H, p,N) ≤ min
e∈E(H)

t(H\e, p,N) (2)

t(H, p,N) . p max
e∈E(H)

t(H\e, p,N) (3)

t(H, p,N) . pN min
e∈E(H)

t(H\{u, v}, p,N), (4)
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where u, v are the vertices of e in (4). In the latter two inequalities, the implicit constants

are allowed to depend only on H.

In general, the bounds of Lemma 16.3 are not tight. In certain cases, we will improve

these bounds using the crucial observation that large enough sets of vertices in a random

graph have few common neighbors. For any vertex subset U ⊆ V (G) of a graph G, write

d(U) for the number of common neighbors of every vertex in U .

Lemma 16.4. Let ` = log b
2 log log b

, let k, n ≥ 2 be absolute constants, and let G = G(2N, p).

1. If pkN . 1, then there exists C > 0 so that

P[max
|U |=k

d(U) > C`] < pn,

where the maximum is taken over all k-subsets U of V (G).

2. If pkN = (1/N)Ω(1), then there exists C > 0 so that

P[max
|U |=k

d(U) > C] < pn.

Proof. For an arbitrary set of k vertices U , note that d(U) ∼ Bin(2N − k, pk) as there are

2N − k other vertices of G(2N, p) and each vertex has a pk chance of being adjacent to all

members of U . Hence, we find that

P[d(U) ≥ t] = P[Bin(2N − k, pk) ≥ t] ≤
(

2N − k
t

)
ptk ≤

(2Ne

t
pk
)t
. (5)

If pkN . 1, then (5) implies P[d(U) ≥ t] ≤ (O(1/t))t. Next we take a union bound over

at most (2N)k choices of U , which shows that, if we take t = C` for a sufficiently large C

depending on n,

P[max
|U |=k

d(U) ≥ t] ≤ (O(1/t))t ·Nk < pn.
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This proves the first part of the lemma.

If pkN = (1/N)Ω(1), then (5) implies the stronger bound P[d(U) ≥ t] = N−Ω(t). For any

fixed n, if C is a large enough constant, the probability that max|U |=k d(U) > C will be

below N−Ω(C)Nk ≤ pn by the union bound.

The power of Lemma 16.4 is that the final graph that we find after N queries is a subgraph

of G(2N, p), so we can bound the number of common numbers of any vertex set U of constant

size without even seeing the graph. It allows us to prove new upper bounds on t(H, p, bd).

Lemma 16.5. Let ` = log b
2 log log b

, let H be a graph, let v ∈ V (H), and let H ′ = H \ {v}.

1. If d(v) = d, then

t(H, p, bd) . `t(H ′, p, bd).

2. If d(v) > d, then

t(H, p, bd) . t(H ′, p, bd).

Proof. Let k = d(v), and let the neighbors of v in H be v1, . . . , vk. Fix a query strategy that

maximizes t(H, p, bd).

For any subset U = {u1, . . . , uk} of k vertices of the final graph G ⊂ G(2bd, p) that is

found, let H ′(U) be the number of maps H ′ → G so that for all 1 ≤ i ≤ k, vi maps to ui.

Then we have that

t(H, p, bd) = E

∑
|U |=k

d(U)H ′(U)

 ≤ E

(max
|U |=k

d(U)

)∑
|U |=k

H ′(U)

 , (6)

where the sum is taken over all k-sets of vertices U .

Assume d(v) = d. By the first part of Lemma 16.4, there is a large constant C = C(H)

so that

P
[

max
|U |=k

d(U) > C`

]
< pd|V (H′)|+1.
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We will break up the expectation in (6) depending on the size of max|U |=k d(U). If

max|U |=k d(U) ≤ C`, the contribution to right side of (6) is O(`t(H ′, p, bd)). Now, it holds

that max|U |=k d(U) > C` with probability at most pd|V (H′)|+1, so the contribution from these

terms is bounded by pd|V (H′)|+1(2bd)|V (H′)| = o(1).

Likewise, when d(v) > d, by the second part of Lemma 16.4 there is a C so that the

case of maxU d(U) ≤ C contributes O(t(H ′, p, bd)) to the right side of (6), and the case of

max|U |=k d(U) > C contributes o(1).

16.2 Proof of Theorem 14.2

We now begin the proof of Theorem 14.2. The main idea is to apply Lemma 16.5 to obtain

new upper bounds on t(H, p,N) for various subgraphs H of the triforce, and then combine

these with Lemma 16.3 to bound t(H, p,N) for the triforce itself.

We describe the subgraphs of the triforce to which we will apply Lemma 16.5. Any copy

of the triforce must arise from a copy of one of the graphs formed by deleting two edges

from the triforce. There are 8 such graphs up to isomorphism, which we denote by Hi for

1 ≤ i ≤ 8 (see Figure 3).

H1 H2 H3 H4

H5 H6 H7 H8

Figure 3: The eight subgraphs (up to isomorphism) with 7 edges of the triforce.

We will prove that the first 6 of these graphs are hard to construct quickly, although it

turns out that there is no need to analyze H1, H2, or H7. The last subgraph H8 is more
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difficult to handle, and we will bound copies of it using a different analysis.

Lemma 16.6. For all Hi such that 1 ≤ i ≤ 6, t(Hi, p, b
2) . b2`2.

Proof. For each graph Hi with 1 ≤ i ≤ 6, it is possible to remove two vertices of degree at

least two to arrive at the path P3 on four vertices. Thus, we may apply the first part of

Lemma 16.5 twice to show that

t(Hi, p, b
2) . `2t(P3, p, b

2),

for all 1 ≤ i ≤ 6. Lastly, note that t(P3, p, b
2) . bt(K2, p, b

2) . b2 by applying (4) from

Lemma 16.3.

Hence, for Hi with 1 ≤ i ≤ 6, t(Hi, p, b
2) . `2t(P3, p, b

2) . `2b2 as desired.

We must now deal with H8, on which the reductions of Lemma 16.5 and Lemma 16.3 are

not sufficient to provide the bounds that we want.

We need one last definition. Given a graphH with a distinguished vertex u, let tu(H, p,N)

be the maximum expected number of copies of H we can build in time N so that u maps

to the same vertex in each copy. It is important to emphasize that the image of u is not

determined ahead of time, and we may pick it adaptively based on the queries made so far.

Lemma 16.7. Let D be the diamond graph depicted below:

u

Then tu(D, p, b2) . `3.

Proof. As usual, we fix a query strategy maximizing tu(D, p, b2) and let G ⊂ G(2b2, p) be

the final graph built. Consider the following 3 subgraphs of D which we call D1, D2, and

D3 respectively.
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u

D1

u

D2

u

D3

Every copy of D must arise from adding an edge to a graph isomorphic to one of the Di.

For each u′ ∈ V (G), let Xi(u
′) be the random variable counting the number of copies of D

so that u maps to u′, and the last edge built in D is the edge missing from Di. For each

1 ≤ i ≤ 3, the number of copies of D we can build so that u maps to the same vertex in

each copy, and so that D arises from some copy of Di, is bounded by maxu′ Xi(u
′). Thus,

tu(D, p, b2) ≤
3∑
i=1

E[max
u′

Xi(u
′)]. (7)

Also, define the random variableXi(u
′, j) to be the number of copies ofDi with umapping

to u′ that turn into a copy of D after query j. In particular this number is 0 if the query j

finds a non-edge. We have that Xi(u
′) =

∑
j Xi(u

′, j).

By the first part of Lemma 16.4, in the random graph G(2b2, p) any two vertices have

O(`) common neighbors with overwhelmingly high probability. We can assume this is the

case here as the contribution to the expectation tu(D, p, b2) from other cases is o(1). In

particular, this means that each new edge built can turn at most O(`2) copies of D1, D2 or

D3 into D. For example, if an edge (u′, v′) is built in G, then the number of copies of D2

that can be completed into D is exactly the number of ways to choose a common neighbor

w′ of u′ and v′, and then a common neighbor of v′ and w′. As we assumed that codegrees

are all O(`), there are only O(`2) total choices for this copy of D2.

This means we may assume that Xi(u
′, j) is stochastically dominated (up to a constant)

by `2Bin(1, p). As the results of all queries are independent, it follows that Xi(u
′) is stochas-
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tically dominated by a constant times `2Bin(b, p). Now it is a short computation that

P[Bin(b, p) > 100`] < p5.

In particular, there exists a C > 0 such that P[Xi(u
′) > C`3] < p5 for all 1 ≤ i ≤ 3 and all

u′ ∈ V (G). Also, the maximum possible number of diamonds with a given vertex u′ is (2b)3,

so

tu(D, p, b2) ≤ 3C`3 + P[Xi(u
′) > C`3 for some i, u′] · (2b)3 = O(`3),

by the union bound over all O(b2) choices of 1 ≤ i ≤ 3 and u′ ∈ V (G), as desired.

Finally, we deal with the graph H8. This graph behaves differently from the other ones,

in that it is not the case that t(H8, p, b
2) = O(b2+o(1)) (in fact one can build Ω(b3) copies of

H8 due to the isolated vertex). We will need to add one edge to H8 and analyze the resulting

graph instead.

Lemma 16.8. Let H∗ be the following graph:

Then t(H∗, p, b) = O(b`3).

Proof. Let u be the vertex adjacent to the leaf of H∗. For any vertex v of our final graph

G ⊂ G(2b2, p), let f(v) be the number of copies of the diamond D so that u maps to v. As

before, we may assume that all degrees are O(b) as the contribution to t(H∗, p, b2) is trivial

otherwise. Furthermore, we may assume that any two vertices have O(`) common neighbors,

as again the contribution is trivial from other cases by the first part of Lemma 16.4. Given

any v, there are f(v) choices for a copy of D including it, d(v) choices for the leaf off of v,
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and O(`) choices for the remaining vertex of H∗, as it is the common neighbor of v and of

its degree 4 neighbor in H∗. Thus, we obtain:

t(H∗, p, b2) . `E

[∑
v

f(v)d(v)

]
. `E

[(
max
v
f(v)

)(∑
v

d(v)

)]

. b`E
[
max
v
f(v)

]
. b`tu(D, p, b2) . b`4,

where the last inequality follows from Lemma 16.7.

Putting all of the bounds together completes the proof of Theorem 14.2.

Proof of Theorem 14.2. We will apply (3) twice to the triforce H. Applying it once, we find

t(H, p, b2) . p max
e∈E(H)

t(H\e, p, b2), (8)

and there are only two nonisomorphic subgraphs of H of the form H \ e. One of them is H∗,

for which we have t(H∗, p, b2) = O(b`4) by Proposition 16.8.

If H ′ is the other subgraph of the form H \ e, where an inner edge is deleted from the

triforce, then we apply (3) again to find

t(H ′, p, b2) . p max
3≤i≤6

t(Hi, p, b
2), (9)

since all the graphs H ′ \ e are isomorphic to one of H3, H4, H5, H6. We have by Proposi-

tion 16.6 that t(Hi, p, b
2) = O(b2`3).

It follows from (9) that t(H ′, p, b2) = O(b`3). Together with the fact that t(H∗, p, b2) =

O(b`4) and (8), this proves that t(H, p, b2) = O(`4). The theorem follows by one application

of Lemma 16.2 with N = b2.
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17 Cliques in G(n, 1/2)

In this section, we prove Theorem 14.3 using an idea of Huy Pham [69]. The argument is

a modification of the proof of Theorem 1 in [32] when the number of vertices in G(n, p) is

bounded beforehand.

Let G = G(n, 1
2
). For each vertex subset U ∈ V (G), let et(U) be the number of queries

made between pairs of vertices in U after query t. We will study the weight function

w(U, t) =


2−(|U|2 )+et(U) if all queries so far in U succeeded

0 otherwise.

In other words, w(U, t) is exactly the probability that G[U ] is a clique conditional on

the information revealed after query t. The standard method of conditional expectation

proceeds by studying the evolution of the function

wk(t) =
∑
|U |=k

w(U, t),

which is a martingale, and has the property that a k-clique is found after query t only if

wk(t) ≥ 1. Our modification studies instead a restricted version of this sum. Namely, define

m(U, t) to be the size of the maximum matching in the known edges of U after query t.

Then,

wk,m(t) =
∑

|U |=k,m(U,t)≥m

w(U, t).

Restricting to only sets with large maximum matchings has the function of radically

reducing the number of terms in the sum wk,m(t). We pay for it in that wk,m(t) is no longer

a martingale and its expectation is harder to study. Nevertheless, it remains true that if a

k-clique is found after query t then wk,m(t) ≥ 1 for every m ≤ k/2.
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Lemma 17.1. For any 0 ≤ m ≤ k/2 and any fixed querying strategy that uses t ≤
(
n
2

)
queries,

E[wk,m(t)] ≤ t2−(2k−2m−1) · E[wk−2,m−1(t)].

Proof. For every set U ∈
(

[n]
k

)
, we say that U is m-critical at query s if s is the smallest

number for which m(U, s) ≥ m. In particular, U does not contribute to wk,m(t) until t = s,

after which it contributes w(U, t), which is a martingale. This means that if

w∗k,m(s) =
∑′

|U |=k

w(U, s),

where the sum is restricted to only sets U which are m-critical at query s, then

E[wk,m(t)− wk,m(t− 1)] = E[w∗k,m(t)],

and so

E[wk,m(t)] =
∑
s≤t

E[w∗k,m(s)]. (10)

Next, we will show

w∗k,m(s) ≤ 2−(2k−2m−2)wk−2,m−1(s). (11)

To see this, note that every U that appears on the left side must contain the edge (u, v) built

after query s, since m(U, s) > m(U, s − 1). Furthermore, U ′ = U\{u, v} is a set with k − 2

vertices and an m−1 matching. Finally, every edge in U but not U ′ is incident to (u, v). It is

easy to check that if (u, v) is an edge that lies in every m-matching of U , then at most 2m−2

other edges are incident to (u, v). Thus, there are at least 2(k− 2)− (2m− 2) = 2k− 2m− 2

unqueried pairs in U but not in U ′, and

w(U, t) ≤ 2−(2k−2m−2)w(U ′, t).
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Summing over all m-critical sets U , we get the desired inequality (11). Taking expectations

of both sides,

E[w∗k,m(s)] ≤ 2−(2k−2m−1)E[wk−2,m−1(s)].

Note that we gained another factor of 1
2

here because there is a 1
2

chance that the query

(u, v) fails and w∗k,m(s) = 0. Plugging this into (10), we get

E[wk,m(t)] ≤ 2−(2k−2m−1)
∑
s≤t

E[wk−2,m−1(s)].

The expectations on the right side are nondecreasing as a function of s, so we can bound

this by

E[wk,m(t)] ≤ 2−(2k−2m−1)
∑
s≤t

E[wk−2,m−1(s)] ≤ t2−(2k−2m−1) · E[wk−2,m−1(t)]

as desired.

Now we may iterate Lemma 17.1 until m = 0 to prove the following general bound.

Lemma 17.2. For any 0 ≤ m ≤ k/2 and any fixed querying strategy that uses t ≤
(
n
2

)
queries,

E[wk,m(t)] ≤ tmnk−2m2−(k
2)+m(m−1).

Proof. We induct on m. The base case m = 0 is just the unrestricted weight function

E[wk,0(t)] = E[wk(t)] = wk(0) =

(
n

k

)
2−(k

2) ≤ nk2−(k
2),

for all k, as desired. Assuming the statement is true for some m ≥ 0 and all k ≥ 2m, Lemma

17.1 provides the inductive step for m+ 1 and all k ≥ 2m+ 2.

It remains to prove Theorem 14.3 using Lemma 17.2.
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Proof of Theorem 14.3. Recall that E[wk,m(t)] is an upper bound on the probability one can

find a k-clique in t queries. By Lemma 17.2, we see that whenever n, k, t are such that there

exists m ≤ k
2

for which

E[wk,m(t)] ≤ tmnk−2m2−(k
2)+m(m−1) <

1

2
,

then it is impossible to find a k-clique in t queries in G(n, 1
2
) with probability at least 1

2
. It

is cleaner to compute the base-2 logarithm of this quantity. Taking t = nδ and k = α lg n

and writing ` = lg n as a shorthand, we get

lg
(
tmnk−2m2−(k

2)+m(m−1)
)

= (α`−m(2− δ))`−
(
α`

2

)
+m(m− 1)

≤
(
α− α2

2

)
`2 − (2− δ)m`+m2 +O(`).

If m = c` where c ≤ α/2, then

(
α− α2

2

)
`2 − (2− δ)m`+m2 =

(
α− α2

2
− (2− δ)c+ c2

)
`2

is minimized at c = 2−δ
2

. Assuming that α ≥ 2− δ, we find that for this choice of c,

lg(E[wk,m(t)]) ≤
(
α− α2

2
− (2− δ)2

4

)
`2 +O(`).

In particular, this shows that whenever α ≥ 2− δ satisfies

α− α2

2
− (2− δ)2

4
< 0,

then for sufficiently large n, it is impossible to find a clique with α lg n vertices in nδ queries.

70



Thus, α?(δ) is bounded above by the (larger) solution to the above quadratic, which is

α+ = 1 +

√
1− (2− δ)2

2
> 2− δ,

as desired.

18 Discussions and Open Problems

The immediate question that arises from our work is to classify the graphs H for which

f(H, p) = bd−o(1). The natural first step is the case d = 2. To this end, we first establish a

large family of 2-degenerate graphs H for which f(H, p) = O(b2−ε) for some ε > 0.

Definition 18.1. We call a graph H (1, 1)-degenerate if H can be vertex-partitioned into

induced subgraphs T1, ..., Tn which are trees, such that for all k ∈ {1, ..., n} and all v ∈ Tk,

|N(v) ∩
k−1⋃
i=1

Ti| ≤ 1.

It is easy to see that if H is (1, 1)-degenerate, then H is 2-degenerate. One can show by

induction on the number of trees n that if H is (1, 1)-degenerate, then f(H, p) = O(b2−ε) for

some ε > 0. We prove this, and conjecture that the converse is true.

Theorem 18.2. If H is (1, 1)-degenerate, then f(H, p) = O(b2−ε) for some ε = ε(H) > 0.

Proof. We induct on the number of trees n in the (1, 1)-degenerate partition T1, . . . , Tn of

H. The explicit value of ε(H) we pick is ε(H) = max{|V (T1)|, . . . , |V (Tn)|}−1.

If n = 1, then H is a tree so that f(H, p) = O(b), as desired. Now, say n ≥ 2 and let

V (H) = V (H ′)∪ V (Tn). For ε′ = ε(H ′), we can build a copy of H ′ with probability at least

3/4 in some time O(b2−ε′) by the inductive hypothesis. Let ε = min{ε′, |V (Tn)|−1}. Now,

for each v ∈ V (Tn) there exists at most one u ∈ V (H ′) so that v and u are adjacent. If there
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does not exists such a u, we let Cv be a set of b1−ε previously unexplored vertices, and if

there is, let Cv be a set of b1−ε neighbors of u. We can find such a set Cv in at most O(b2−ε)

queries (with constant probability).

Now, query all edges between Cv and Cv′ for every pair of vertices v, v′ ∈ V (Tn). This

takes time O(b2−2ε). We claim that there will exist a copy of Tn with v ∈ Cv for all v ∈ V (Tn),

because the expected number of copies of Tn is on the order of b(1−ε)|V (Tn)|b|V (Tn)|−1 = Θ(1),

and it is a standard result that the threshold for containment of a tree is the same as the

expectation threshold. This gives that we have at least one such copy of Tn with probability

at least 3/4. This copy of Tn extends the original copy of H ′ to our desired copy of H, all

with probability at least 1/2 in time O(b2−ε).

Conjecture 18.3. If H is a 2-degenerate graph that is not (1, 1)-degenerate, then f(H, p) =

b2−o(1).

In the case d = 2, we were able to construct a particular 2-degenerate graph H for which

f(H, p) ≥ bd−o(1). The existence of such graphs when d ≥ 3 remains open.

Conjecture 18.4. For all integers d ≥ 2, there exists a d-degenerate graph H for which

f(H, p) = bd−o(1).

There is a natural random process for constructing d-degenerate graphs on n vertices.

Namely, starting with a Kd, n− d vertices are added one at a time, and each new vertex is

given d neighbors uniformly at random among the previous ones. If n is sufficiently large, it

is plausible that the random d-degenerate graph constructed in this manner should satisfy

f(H, p) = bd−o(1) asymptotically almost surely.
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Part VI

On The Product Dimension of Clique

Factors

This chapter is based on joint work with Noga Alon [3], published in the European Journal

of Combinatorics.

19 Introductory Remarks

The product dimension of a graph G = (V,E) is the minimum possible cardinality d of a

collection of proper vertex colorings of G such that every pair of nonadjacent vertices have

the same color in at least one of the colorings (and so that any two distinct vertices are

colored differently in some coloring). Equivalently, this is the minimum d so that one can

assign to every vertex v a vector in Zd, so that two vertices are adjacent if and only if

the corresponding vectors differ in all coordinates (and so that no two distinct vertices are

assigned the same vector). If G does not contain two distinct non-adjacent vertices with

the same neighborhoods, as will be the case in this chapter, we can take the parenthetical

distinctness conditions for granted. The product dimension is also the minimum number of

complete graphs so that G is an induced subgraph of their tensor product, where the tensor

product of graphs H1, . . . , Hd is the graph whose vertex set is the cartesian product of the

vertex sets of the graphs Hi, and two vertices (u1, u2, . . . , ud) and (v1, v2, . . . , vd) are adjacent

iff ui is adjacent (in Hi) to vi for all 1 ≤ i ≤ d. Yet another equivalent definition is the

minimum number of subgraphs of the complement G of G so that each subgraph is a vertex

disjoint union of cliques, and every edge of G belongs to at least one of the subgraphs (and
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also every pair of distinct vertices are not adjacent in some subgraph).

For positive integers s, r ≥ 2 let Ks(r) denote the graph consisting of r pairwise vertex

disjoint copies of the complete graph Ks. Any two non-adjacent vertices of this graph have

different neighborhoods. Let Q(s, r) denote the product dimension of this graph. Lovász,

Nešetřil and Pultr [63] (see also [1]) proved that Q(2, r) = dlog2(2r)e. The proof of the

upper bound is simple. If q = dlog2(2r)e then 2q ≥ 2r. Hence one can assign distinct binary

vectors of length q to the 2r vertices of K2(r) so that the vectors assigned to each pair of

adjacent vertices are antipodal, i.e. they differ in all coordinates. It is easy to check that

two vertices are adjacent if and only if the corresponding vectors differ in all coordinates,

showing that Q(2, r) ≤ q.

The lower bound is proved in [63] by a linear algebra argument, and the proof given

in [1] applies exterior algebra. There is yet another (similar) short proof that proceeds by

assigning to each vertex of Ks(r) a multilinear polynomial in x1, x2, . . . , xq that depends

on the coloring used, and by showing that these polynomials are linearly independent. As

mentioned in the abstract, Lovász, Nešetřil and Pultr [63] raised the problem of estimating

Q(s, r) for larger values of s. More recently, Kleinberg and Weinberg considered the same

problem, motivated by the investigation of prophet inequalities for intersection of matroids

[56]. In this chapter, we determine the asymptotic behavior of Q(s, r) for any fixed s ≥ 2

and large r.

Theorem 19.1. For every fixed s, Q(s, r) = (1 + o(1)) log2 r, where the o(1)-term tends to

0 as r tends to infinity.

The main tool in the proof is the method of Gargano, Körner and Vaccaro in their work

on Sperner capacities [48]. For completeness, and since we are interested in the behavior of

the o(1)-term in the theorem above, we describe a variant of the method as needed here, in

a combinatorial way that avoids any application of information theoretic techniques. The

proof is based on what we call here Zs-covering families of vectors.
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Let Zs denote the ring of integers modulo s. For a subset A ⊂ Zs and a vector v =

(v1, v2, . . . , vq) ∈ Zq
s , we say that v is A-covering if for every a ∈ A there is an 1 ≤ i ≤ q so

that vi = a. The vector v is covering if it is Zs-covering. A family F ⊂ Zq
s is A-covering

if for every ordered pair of distinct vectors u, v ∈ F , the difference u − v is A-covering. F

is covering if it is Zs-covering. Therefore, a family F of vectors in Zq
s is covering if every

element of Zs appears in at least one coordinate of the difference between any two distinct

vectors in the family. Let R(s, q) denote the maximum possible cardinality of a covering

family of vectors in Zq
s . The following simple statement describes the connection between

Q(s, r) and R(s, q).

Lemma 19.2. If R(s, q) ≥ r then Q(s, r) ≤ q.

Note that by definition R(s, q) = 1 for all q < s. Our main result about R(s, q) is the

following.

Theorem 19.3. 1. For every q ≥ s ≥ 2, R(s, q) ≤ 2q−1. Equality holds for s = 2.

2. For every fixed s, R(s, q) ≥ (2− o(1))q, where the o(1)-term tends to 0 as q →∞.

The rest of this chapter is organized as follows. Section 2 contains the proof of Proposition

19.2 and that of a simple combinatorial lemma. In Section 3 we present the proof of Theorem

19.3 and note that in view of Proposition 19.2 it implies Theorem 19.1. The proof supplies

better estimates for prime values of s, and we thus first present the proof for this special

case (which suffices to deduce the assertion of Theorem 19.1 for every s) and then describe

briefly the proof for general s. The final Section 4 contains some concluding remarks and

open problems, including some (modest) estimates for R(s, q) when q is not much larger

than s.

To simplify the presentation we omit, throughout the chapter, all floor and ceiling signs

whenever these are not crucial. Thus, we ignore all divisibility issues.
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20 Preliminaries

We first prove Proposition 19.2. If R(s, q) ≥ r, then there exists a matrix of elements in Zs

with r rows and q columns so that the difference of any two rows is covering. We will use the

q columns of this matrix to find q graphs, each being a disjoint union of cliques, that cover

the complement of Ks(r). This complement is a complete multipartite graph with r parts of

size s. Label the vertices of this graph with elements of Zs so that in each part all labels are

used exactly once. We will associate each row of the matrix to a part and each column to

a vertex disjoint union of cliques. For a column (a1, · · · , ar)T , consider the following graph.

For each 0 ≤ k < s take the k+ aith vertex (taken modulo s) from the ith part of size s and

take the union of the s cliques obtained as k ranges between 0 and s − 1. This is clearly a

union of s vertex disjoint cliques. Now, suppose we have some two vertices of the graph we

are trying to cover in different parts, say the `+mth vertex of part i and the `th vertex of

part j for some 1 ≤ i < j ≤ q and some `,m ∈ Zs. Then the difference of the ith and jth

rows contains an m in some column (a1, · · · , ar)T , so that ai − aj ≡ m in Zs, and then the

disjoint union of cliques corresponding to this column will cover our desired edge.

One can also phrase the proof using the proper coloring definition of Q(s, r). Say we

are given a matrix of r vectors {v1, · · · , vr} over Zq
s which are a Zs-covering family. We can

associate the vector vi + (j, · · · , j) to the jth vertex in the ith clique of Ks(r). These vectors

are all distinct for different vertices, because if vi+ (j, · · · , j) = vi′ + (j′, · · · , j′), then vi−vi′

is not covering, so i = i′ and j = j′. Now, we define q colorings of Ks(r) so that if a vertex

x is associated to (c1, · · · , cq), it is colored with ck in the kth coloring. These colorings are

proper, because if x and y are the jth and j′th vertex in the ith clique for j 6= j′, then their

associated vectors will have a difference (j − j′, · · · , j − j′) 6= 0̂. Now, say we are given two

distinct non-adjacent vertices, say the jth vertex in the ith clique and the j′th vertex in the

i′th clique, where i 6= i′. Then vi + (j, · · · , j) and vi′ + (j′, · · · , j′) will share a coordinate;
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vi − vi′ is covering and thus will be j′ − j in some coordinate.

Next, we need the following simple lemma.

Lemma 20.1. Let H be a bipartite graph with classes of vertices A1, A2 where |A1| = n1,

|A2| = n2, each vertex of A1 has degree d1, and each vertex of A2 has degree d2. Furthermore

suppose that d2 ≥ log(2n2). Then there is a union of vertex-disjoint stars with centers in

A1, each star having at least d1
4 log(2n2)

leaves, such that all vertices of A2 are leaves.

Proof. Define a random subset S of A1 by choosing each vertex of A1 to be in S with

probability p = log(2n2)
d2

uniformly and independently. We claim that with positive probability,

each vertex of A2 has between 1 and 4 log(2n2) neighbors in S. The proof is a simple union

bound; a fixed vertex v ∈ A2 has probability

(1− p)d2 < e−pd2 =
1

2n2

of having no neighbors in S, and probability at most

(
d2

4 log(2n2)

)
p4 log(2n2) ≤

(
ped2

4 log(2n2)

)4 log(2n2)

=
(e

4

)4 log(2n2)

<
1

2n2

of having more than 4 log(2n2) neighbors, proving the claim. Fix an S with this property.

We now finish the proof of the lemma by an application of Hall’s theorem. For all S ′ ⊆ S,

let N(S ′) denote the set of all neighbors of S ′ and let e(S ′, A2) denote the number of edges

from S ′ to A2. Then |N(S ′)| ≥ e(S′,A2)
4 log(2n2)

= d1
4 log(2n2)

|S ′|. Hence every subset of S expands by

a factor of at least d1
4 log(2n2)

. Thus by Hall’s theorem, there is a union of disjoint stars whose

centers are exactly the vertices of S, each having at least d1
4 log(2n2)

leaves. Every remaining

vertex of A2 is adjacent to some vertex in S, so we can simply add it to an existing star.
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21 Covering families

21.1 The Upper Bound

The following proposition implies the assertion of Theorem 19.3, part 1.

Lemma 21.1. Fix s ≥ 2, and let F ⊂ Zq
s be a {0, 1}-covering family of vectors. Then

|F| ≤ 2q−1. For s = 2 equality holds.

Proof. Put m = |F|. Let p be a prime divisor of s and consider the vectors in F as vectors

in Zq
p by reducing their coordinates modulo p. Note that these vectors form a {0, 1}-covering

family over Zp, and so are distinct. Let vi = (vi1, vi2, . . . , viq), (1 ≤ i ≤ m) be the vectors in

F (considered as elements of Zq
p).

For each 1 ≤ i ≤ m define two polynomials Pi, Qi in the variables x1, x2, . . . , xq over Zp

as follows.

Pi(x1, . . . , xq) =

q∏
j=1

(xj − vij), Qi(x1, . . . , xq) =

q∏
j=1

(xj − vij − 1).

It is not difficult to check that for every i, Qi(vi) 6= 0 and Pi(vi) = 0. In addition, for every

1 ≤ i 6= i′ ≤ m, Pi′(vi) = 0 (as there is a coordinate j for which vij−vi′j = 0) and Qi′(vi) = 0

(as there is a j so that vij − vi′j = 1).

Similar reasoning gives that for the vectors vi + J , where J is the all 1-vector of length

q, Pi(vi + J) 6= 0, Qi(vi + J) = 0, and for every i′ 6= i, Pi′(vi + J) = Qi′(vi + J) = 0.

Therefore, for each member of the collection of 2m polynomials {Pi, Qi : 1 ≤ i ≤ m} there

is an assignment of values of the variables in which this member is nonzero and all others

vanish. This easily implies that the set of 2m polynomials Pi, Qi is linearly independent

in Zp, and as each of its members lies in the space of multilinear polynomials with the m

variables xj, the number, 2m, of these polynomials is at most the dimension of this space
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which is 2q. It follows that |F| = m ≤ 2q−1, as needed. For s = 2 the family of all binary

vectors in which the first coordinate is 1 is {0, 1}-covering, showing that R(2, q) ≥ 2q−1 and

completing the proof.

21.2 Prime s

For prime s ≥ 3, we will prove that R(s, q) ≥ (2− o(1))q where the o(1)-term tends to 0 as

q →∞. The crux of the proof is a Markov chain argument from [48], which we will iterate

O(log s) times.

A balanced word over Zq
s is a word containing the letters 1 through s−1 an equal number

of times. A special balanced word is a balanced word such that the first q
(s−1)/2

letters

are 1 and 2 in some order, the next q
(s−1)/2

letters are 3 and 4 in some order, and so on.

Construct a bipartite graph between the set A2 of balanced words w over Zq
s and the set A1

of permutations π on q elements defined as follows: w and π are adjacent if and only if π(w)

is a special balanced word. By symmetry all n1 = q! vertices in A1 have the same degree d1,

and all vertices in A2 have the same degree d2. We have

n2 = |A2| =
(

q

q/(s− 1), · · · , q/(s− 1)

)
≤ (s− 1)q

and d1 is the total number of special balanced words, so

d1 =

(
2q/(s− 1)

q/(s− 1)

)(s−1)/2

>
2q

qs/2
.

Furthermore, d2 = n1

n2
d1 =

(
( q
s−1

)!
)s−1

d1 ≥ log(2n2) so by Lemma 20.1 there exists a way to

map balanced words to some set T of permutations π of q elements, so that each balanced

word is associated to exactly one permutation, and each permutation in T is associated to

at least d1
4 log(2n2)

> 2q/qs/2

4 log(2(s−1)q)
> 2q

qs
balanced words. Thus, we can partition the balanced

79



words into sets S1, S2, · · · so that for each Si we have |Si| > 2q

qs
and for all i there exists πi

so that πi(si) is a special balanced word for all si ∈ Si.

Given all of the special balanced words of length q, any two of them have a difference

vector which covers {±1}. The idea of the proof will be to amplify this set {−1, 1}, first to

{−α,−1, 1, α} for a primitive root α modulo s, and after r steps to {±αb} for 0 ≤ b < 2r.

At each stage, the number of vectors will be (2− o(1))L where L is the length of the vectors.

Thus after O(log s) steps we will have a set of vectors that is Z∗s covering. We can then add

an extra coordinate of 0 to all of the vectors to make them Zs-covering.

We describe the first step of this iteration in detail. Fix a primitive root α modulo s,

which will be constant throughout the steps. Also fix n = 100
ε

(log(s))2, which will again be

constant throughout the steps. Initially we set q = q0 = 100(s2 − 1), ensuring it is divisible

by s − 1. We will construct words of length q1 = qn by stringing together balanced words

of length q in a specific way. If xi ∈ Sj, then force xi+1 ∈ αSj; here we mean that if we

take xi+1 and multiply its letters by α−1 pointwise, the result will be in Sj. Consider all

vectors of length qn constructed according to this rule, by concatenating n balanced words

of length q in this way. There are more than n2(2q

qs
)n−1 such words, because at each stage

other than the first we must pick xi+1 so that xi ∈ αSj for some j, and thus there are more

than 2q

qs
choices for xi+1. We will make x1, xn identical over all such words; this costs us a

factor of n2
2 and thus we now have more than 1

n2
(2q

qs
)n−1 such words. Using that n2 < sq, we

can find more than 2q(n−1)

qs(n−1)sq
= (2− o(1))qn words of length qn of the form x1x2 · · ·xn so that

x1, xn are fixed, where o(1) is as ε goes to 0 and n goes to infinity. We now note that for any

two different words of this form x1 · · ·xn and x′1 · · ·x′n, with x1 = x′1, xn = x′n, there is some

minimal i ≥ 2 so that xi 6= x′i. But then there is some k so that xi−1 = x′i−1 ∈ Sk, and that

means xi, x
′
i ∈ αSk. Because xi 6= x′i, we have α−1xi 6= α−1x′i, and both α−1xi and α−1x′i

are in Sk. It follows that α−1xi − α−1x′i covers {±1} and so xi − x′i covers {±α}. Similarly,

there is some maximal i < n so that xi 6= x′i. Then xi+1 = x′i+1 ∈ αSj for some j, so xi ∈ Sj,
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x′i ∈ Sj. As xi 6= x′i, it follows that xi − x′i must cover {±1} as coordinates. When s = 5,

setting α = 2 and applying this construction already gives a covering family for Z∗s = Z∗5

with (2− oN(1))N vectors of length N . In the general case we iterate this argument to find

(2 − oN(1))N vectors of length N , so that after the rth iteration the vectors we get cover

{±αb} for all 0 ≤ b < 2r. We describe how to do this inductively.

After r iterations, we find for some q = qr (that depends on s) a family ofM q = (2−oq(1))q

(balanced) vectors over Zq
s which covers ±αb for all 0 ≤ b < 2r. We call these vectors

y1, · · · , yMq and let Y = {y1, · · · , yMq}. We repeat the above argument. The yi play the role

of the special balanced words. Again we construct a bipartite graph. On one side there is

the set A2 of all balanced words of length q and on the other side there is A1, permutations

of q elements. We have π is adjacent to a (balanced) vector y if and only if π(y) ∈ Y . Again

n2 = |A2| ≤ (s− 1)q but now d1 = M q. It can easily be verified that d2 ≥ log(2n2). Thus by

Lemma 20.1 the balanced words of length q will be split into sets S1, S2, · · · so that all Si

satisfy |Si| ≥ d1
4 log(2n2)

≥ Mq

4+4q log(s−1)
= (2− oq(1))q, and furthermore for each Si, there exists

a permutation πi so that for all si ∈ Si, πi(Si) ∈ Y . Now we will again construct a Markov

chain. Consider all words of length qn = qr+1 consisting of n balanced words of length q

of the form x1x2 · · · xn, so that if xi ∈ Sj, then xi+1 ∈ α2rSj. If we have two such words

x1x2 · · ·xn and x′1x
′
2 · · · x′n so that x1 = x′1, xn = x′n, let i > 1 be minimal so that xi 6= x′i.

Then if xi−1 = x′i−1 ∈ Sj, xi, x′i ∈ α2rSj. This means that xi− x′i covers {±αb} modulo s for

2r ≤ b < 2r+1. Now, if we let xi, i < n, be maximal so that xi 6= x′i, then xi+1 = x′i+1 ∈ α2rSj

for some j and so xi, x
′
i are not equal but are both in Sj. This means xi − x′i covers {±αb}

modulo s for 0 ≤ b < 2r. So indeed the family covers {±αb} modulo s for 0 ≤ b < 2r+1, as

long as x1 and xn are fixed over the family. We can always find

mini |Si|n−1(
q

q/(s− 1), · · · , q/(s− 1)

) ≥ (2− o(1))qn

(s− 1)q
= (2− o(1))qn
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such words if n is large enough, where the o(1) terms tend to 0 as q →∞ and n is sufficiently

large. We will soon see that our choice of n = 100
ε

(log(s))2 is sufficient. Iterating the argument

log2(s) times allows us to find (2− o(1))q vectors of some length q which cover Z∗s . Adding

a single coordinate where all vectors are 0 gives us vectors of length q + 1 that cover Zs,

without changing the asymptotic analysis.

With care, we can extract quantitative bounds. We assume ε > 0 is a fixed constant and

show that we only require q =
(
O(1)
ε

(log(s))2
)log(s)

to have a (2 − ε)q size covering system

over Zq
s for large s. Say that after r iterations, we have M q = M q

r vectors of length q = qr

for some M ≤ 2 (which is nearly 2). Then mini Si ≥ Mq

5q log(s)
and thus we find at least

mini |Si|n−1(
q

q/(s− 1), · · · , q/(s− 1)

) ≥ M qn

M q(5q log(s))nsq
≥ M qn

(2s)q(5q log(s))n

=

(
M

(2s)1/nq1/q(5 log(s))1/q

)qn
= M

qr+1

r+1

vectors of length qn = qr+1. Recall that n = 100
ε

(log(s))2 and q0 = (1 + o(1))100s2, where

o(1) is as s goes to infinity, so when we iterate the Markov chain argument log2(s) times, we

lose a factor of at most

M0

Mlog2(s)

≤ (2s)2 log(s)/n

(
∞∏
j=0

(q0n
j)1/q0nj

)
(5 log(s))1/q0(5 log(s))2 log(s)/n

≤ (10s log(s))2 log(s)/n210 log(s)/s2(5 log(s))1/100s2 .

In the last inequality here the bound on the second term holds because the relevant infinite

product is at most (q
1/q0
0 )100 < 210 log s/s2 . For large s this is easily seen to be smaller than,

say, 1 + ε/4. Since for large s, M0 > 2 − ε/2, for s > s0(ε) we get Mlog2(s) > 2 − ε. Thus

at the end we have q = 100s2
(
O(1)
ε

(log(s))2
)log2(s)

and at least (2 − ε)q vectors of length q

which cover Zs. One can easily modify the argument to work for any larger q, or simply
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use the super-multiplicative property of R(s, q) (see the beginning of Section 4) to conclude,

taking ε = 1/ log s, that for every large s and for all q > s(3+o(1)) log log s, R(s, q) > (2− 1
log s

)q.

This completes the proof of Theorem 19.3, part 2, for prime s.

21.3 General s

Given an arbitrary fixed integer s > 2, we now show how to find (2 − o(1))q vectors in Zq
s

which form a Zs-covering family; this shows R(s, q) ≥ (2− o(1))q even for composite s. The

general strategy is similar to our strategy in the previous section, except now we work over

Z, and the set we are covering does not grow so quickly. As before, we are not concerned

with the vectors covering 0, because we can simply add an extra coordinate to deal with it.

Since the argument is very similar to the one described in the previous subsection, we only

provide a brief description omitting some of the formal details.

We prove the stronger statement that for any fixed s, we can find a (2 − oq(1))q size

family over Z that covers [−s, s], i.e. the difference of any two vectors contains all integers

between −s and s as coordinates. Let S be the least common multiple of the first s positive

integers. We will assume without loss of generality that 2S | q.

At the first step of our iteration, we consider vectors over Zq with an equal number of

each element of [2S] as coordinates so that the first q
S

coordinates are 1s and 2s in some

order, the next q
S

are an equal number of 3s and 4s, and so on. We can find (2− oq(1))q of

these and they cover {±1}. Furthermore, they have the property that for any ordered pair of

these vectors, there is a coordinate in which the first has an even integer 2k and the second

has the odd integer 2k − 1 for some 1 ≤ k ≤ S. This property is crucial and maintained

throughout our iterations.

Now we describe the mth step of our iteration, for 2 ≤ m ≤ s. Define a bijection f = fm

on [2S] so that for all integers 1 ≤ k ≤ S, f(2k) = f(2k−1)+m. We can do this for instance

by setting f(1) = 1, f(2) = m+ 1, f(3) = 2, f(4) = m+ 2, · · · , f(2m− 1) = m, f(2m) = 2m
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and then set f(x) = f(x− 2m) + 2m for x > 2m as long as x ≤ 2S.

We then apply the same Markov chain argument as before, defining sets Si and con-

structing words x1x2 · · · starting and ending at the same vectors. Now, however, when xi is

in some set Sj, instead of demanding xi+1 ∈ αSj we require xi+1 ∈ f(Sj), meaning that if we

apply f−1 to each coordinate of xi+1, the result will be in Sj. Looking at the first place where

two vectors differ gives us a difference of ±m. Looking at the last place where they differ

shows that the crucial property is preserved, and also that the differences ±1, · · · ,±(m− 1)

are retained.

Thus after s = O(1) iterations, this algorithm produces (2 − oq(1))q vectors of length q

which cover all of [−s, s], after we add an extra coordinate to deal with covering 0. This

completes the proof of Theorem 19.3.

22 Concluding remarks and Open Problems

A natural open problem is to study the functions R(s, q) and Q(s, r) in general. There are

several simple properties that R(s, q) satisfies. We know that R(s, q) is (weakly) increasing

in q, because to create r covering vectors for Zs of length q′ > q, we can take r vectors for

Zs of length q and pad them with q′ − q zeroes at the end. Furthermore, we know that

R(s, q) is super-multiplicative, i.e. R(s, q1 + q2) ≥ R(s, q1)R(s, q2), because if m = R(s, q1),

n = R(s, q2) then we can find vectors v1, · · · , vm of length q1 and w1, · · · , wn of length q2

that form covering families. The mn vectors viwj obtained by concatenating vi and wj are

clearly a covering family of length q1 + q2.

For q < s, we have R(s, q) = 1, because of course we can take a single vector in Zq
s , but

if we take two then their difference can only cover a set of size q and cannot cover Zs.

The next natural question is studying the value of R(s, s).

Lemma 22.1. R(s, s) ≤ s, and R(s, s) ≥ p where p is the smallest prime factor of s. When
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p = 2 this is tight, that is, if s is even, then R(s, s) = 2.

Proof. For the lower bound, for each 0 ≤ a < p we have a vector (0, a, 2a, · · · , (s − 1)a)

reduced modulo s. This is a covering system for Zs, since all positive integers smaller than

p are relatively prime to s.

For the upper bound, assume there was a covering family in Zs
s with s + 1 vectors, so

that the difference of any two of these vectors has all values of Zs exactly once. By the

pigeonhole principle, there exist two vectors v and w so that the difference of their first and

second coordinates is the same. But then v − w has the same value in its first and second

coordinate, a contradiction.

When s is even, R(s, s) ≥ 2 as 2 is the least prime factor of s. If R(s, s) ≥ 3 then there

exist 3 vectors in Zss, (a1, · · · , as), (b1, · · · , bs), (c1, · · · , cs), which are covering. But then∑
(ai − bi) ≡

∑s−1
j=0 j ≡ (s − 1) s

2
≡ s

2
modulo s, and similarly

∑
(bi − ci) ≡

∑
(ci − ai) ≡ s

2

modulo s. Hence, these three sums are all s
2

modulo s, so they must add up to 3s
2
≡ s

2

modulo s. But they add up to 0, so this is a contradiction.

Nonetheless, the problem of determining R(s, s) for all s remains open, and the lower

bound in the last proposition is not tight. A computer search gives that R(15, 15) ≥ 4 ([62]).

For q which is only a little bigger than s, we can prove a reasonable upper bound, using

essentially the same observation applied in the proof that R(s, s) ≤ s.

Lemma 22.2. If 2(q − s)2 < s− 1, then R(s, q) ≤ s+ 2(q − s) + 2(q − s)2.

Proof. Assume a contradiction for some q > s. By the definition of R(s, q), for any r ≤

R(s, q) there exists a matrix of r rows and q columns so that the difference of any two rows

contains all values modulo s; in particular there exists such a matrix for r = s + 1 + 2(q −

s) + 2(q − s)2. We will double count the number of pairs of rows and columns ri, rj, ck, c`

with the following property: the 2× 2 submatrix formed by ri, rj, ck, c` has sums of opposite

corners equal.
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For any two rows ri, rj, we examine their difference. This is a vector over Zs with q

entries containing all elements modulo s, so at most

(
q − s+ 1

2

)
pairs of its entries can be

equal. This means that for the pair of rows ri, rj, there exist at most

(
q − s+ 1

2

)
pairs of

columns ck, c` that satisfy our property. So the total number of such pairs as 1 ≤ i, j ≤ r,

1 ≤ k, ` ≤ q range is at most

(
r

2

)(
q − s+ 1

2

)
. However, if we instead fix ck, c` we see that

the difference of these two columns is a vector of length r over Zs which has at least r − s

pairs of equal elements. This means that there are at least

(
q

2

)
(r − s) ri, rj, ck, c` with our

property. Hence (
q

2

)
(r − s) ≤

(
r

2

)(
q − s+ 1

2

)
and so 2q(q − 1)(r − s) ≤ r(r − 1)(q − s + 1)(q − s). By our assumption, 2q > r and so

2(q−1) ≥ r−1. Hence 2q(q−1)(r−s) ≤ r(r−1)(q−s+1)(q−s) ≤ 4q(q−1)(q−s+1)(q−s).

Thus r − s ≤ 2(q − s+ 1)(q − s) = 2(q − s) + 2(q − s)2 and so r ≤ s+ 2(q − s) + 2(q − s)2,

a contradiction.

Note that this argument gives a bound only when q = s + O(
√
s), and the bound is

s+O((q − s)2). We believe that this is not tight.

There is a nontrivial (though weak) bound which holds in the regime q = s + ω(
√
s) as

long as q < Cs for some fixed constant C < log2 e. The natural open problem here is to

study cases when q is larger but still fairly small, for instance if q = 1.5s, q = s log(s), or

q = s2. Furthermore, it would be interesting to figure out how large q has to be so that

R(s, q) > (2 − ε)s for a small positive constant ε; the following argument shows that if ε is

small enough, then q
s

must be bigger than an absolute constant which is above 1.44, but we

believe this is far from tight.

Lemma 22.3. If 1 ≤ q
s
< C < log2(e), then R(s, q) ≤ (2− ε)q for ε = ε(C) > 0.

Proof. Say that R(s, q) ≥ r so there are r vectors in Zq
s which are covering. Place them in

a matrix with r rows and q columns. Now, for each column select uniformly an element of
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Zs, and add it to all the elements of that column, reducing modulo s. This does not change

the covering property. After having done this, replace all entries of this matrix by their

reduction modulo 2. Given two entries of a matrix in the same column and different rows, if

initially they differed by k modulo s they now have some probability pk of being equal that

depends only on k, which is the probability that if x ∈ Zs is chosen randomly and uniformly

then the reductions of x, x + k modulo s have the same parity. One can easily check that

p0 = 1, p1 = 1/s, p2 = (s − 2)/s, and so on, so that
∏

i∈Zs
pi = e−s(1+o(1)) by Stirling’s

formula. Furthermore, if we take this product over all i ∈ Zs except for a subset of size 2cs

for a small constant c, we have a bound of e−s(1−ε), where ε is a small positive constant that

tends to 0 with c.

Let K = cs. For any pair of rows, the probability their colors match in all but at most

2K places is at most e−s(1−ε
′) for some ε′ that tends to 0 with c, by a union bound over all the

at most 2

(
q

2K

)
possible sets of places where they do not match. Thus if we define a graph

on our r vectors where two are adjacent iff their values upon reduction modulo 2 match in

all but at most 2K places, this graph will in expectation have edge density e−s(1−ε
′) and thus

for some fixed choice of the random shifts will have at most r2e−s(1−ε
′) edges. Fixing these

shifts one can remove less than r2e−s(1−ε
′) vertices from this graph and get an independent

set. But this set must be of size at most (2− δ)q for some δ = δ(c) > 0, because this size is

bounded by the cardinality of a family of disjoint Hamming balls in {0, 1}q, each of radius

K = cs. Thus we have r ≤ r2e−s(1−ε
′) +(2−δ)q, and the same inequality holds for any r′ < r

by applying the same reasoning to a set of r′ of our vectors.

Now if q < Cs for some fixed C < log2 e then setting q > q0(ε′, C), r′ = 3(2 − δ)q

violates the last inequality (with r replaced by r′) since for this value of r′ and large q,

(r′)2e−s(1−ε
′) < r′/2 and (2− δ)q < r′/2 so their sum is smaller than r′. This establishes the

assertion of the proposition.

On the opposite extreme, one may ask what happens if s ≥ 3 is a small fixed positive
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integer and q grows. We know by Proposition 21.1 that R(2, q) = 2q−1, so it is natural to

ask what happens when 2 is replaced by a larger positive integer.

Conjecture 22.4. For any fixed s ≥ 3, R(s, q) = o(2q), and furthermore R(s, q) = Θ(2q/qc)

where c = c(s) > 0 is a constant that depends only on s.

Note that the vectors over Zq
3 with a zero in the first coordinate and with exactly bq/2c

ones and dq/2e zeroes are a covering system, so R(3, q) = Ω(2q/
√
q). When s is odd the

best upper bound known for R(s, q) is O(2q), as shown in Proposition 21.1. When s is even,

if the vectors of a covering system for Zq
s are reduced modulo 2, any two differ in at least

s/2 places, so there are at most O(2q/qb
s−1
4
c) of them, as the Hamming balls of radius b s−1

4
c

centered at these reduced vectors are pairwise disjoint. It would be interesting to establish

the above conjecture and to find the relevant constants c if they indeed exist. In particular

it seems plausible that c = 1/2 when s = 3, and if so then the lower bound for R(3, q) is

essentially optimal. We conjecture that this is indeed the case.

Conjecture 22.5. R(3, q) = Θ(2q/
√
q).

In [29] it is shown that R(3, q) ≤ (1
2

+ o(1))2q when q is even and R(3, q) ≤ (1
3

+ o(1))2q

when q is odd, leaving this problem open. Note that we do not even know how to prove the

weaker claim that a {−1, 0, 1} covering system (or equivalently just a {±1} covering system)

over Z must have size o(2q).

Our original motivation for studying the function R(s, q) here is its connection to the product

dimensionQ(s, r) of the disjoint union of r cliques, each of size s. This connection is described

in Proposition 19.2. The results here suffice to determine the asymptotic behaviour of Q(s, r)

for every fixed s as r tends to infinity, but do not provide tight bounds when r is not much

bigger than s. We conclude this short chapter with several simple comments about this

range of the parameters. The first remark is that the product dimension Q(s, r) is at least s
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for every r ≥ 2. To see this fix a vertex u of the first clique and observe that in every proper

coloring of the graph Ks(r) of r disjoint cliques, each of size s, there is at most one pair

uv with a vertex v of the second clique so that u and v have the same color. As altogether

there are s such pairs, and each one has to be monochromatic in at least one vertex coloring

in a collection exhibiting an upper bound for the product dimension, the number of such

colorings is at least s. Another comment is that Q(s, r) is clearly monotone non-decreasing

in both r and s. Therefore, for every r, s ≥ 2, Q(s, r) ≥ Q(2, r) = dlog2(2r)e.

A transversal design TD(r, s) of order s and block size r (with multiplicity λ = 1) is a set

V of sr elements partitioned into r pairwise disjoint groups, each of size s, and a collection of

blocks, each containing exactly one element of each group, so that every pair of elements from

distinct groups is contained in exactly one block. A transeversal design is resolvable if its

blocks can be partitioned into parallel classes where the blocks in any parallel class partition

the set V . There is a substantial amount of literature about transversal designs, see [31]. It

is not difficult to check that Q(s, r) = s if and only if a resolvable TD(r, s) exists and hence

the known results about resolvable transversal designs supply nearly precise information for

the range r ≤ s (it is easy to see that such a design cannot exist for r > s). In particular, for

every prime power s, Q(s, s) = s and therefore by the obvious monotonicity, for any prime

power s, Q(s, r) = s for every 2 ≤ r ≤ s, and if p is a prime power then for every s, r ≤ p,

Q(s, r) ≤ p. (Note that Propositions 19.2 and 22.1 also imply that Q(s, s) = s when s is a

prime.)

It is not difficult to prove that for every s, r1, r2,

Q(s, r1r2) ≤ Q(s, r1) +Q(s, r2). (12)

Indeed, given the graph Ks(r1r2) consisting of r1r2 disjoint cliques, each of size s, we can

split the cliques into r1 disjoint groups, each consisting of r2 cliques. Define Q(s, r1) proper
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colorings in which the cliques in every group are colored the same, based on the system

of colorings that shows that the product dimension of Ks(r1) is Q(s, r1). Add to these

Q(s, r2) additional colorings, whose restrictions to the r2 cliques in each group are exactly the

colorings showing that the product dimension of Ks(r2) is Q(s, r2). The resulting Q(s, r1) +

Q(s, r2) colorings establish (12).

The above comments together with the results in the previous sections provide upper

and lower bounds for Q(s, r) for all s and r, but these bounds are quite far from each other

when r is much bigger than s but much smaller than 2s
3 log log s

. In particular, for r = 2s the

bounds we have are

s ≤ Q(s, 2s) ≤ (1 + o(1))
s2

log s
.

It would be interesting to close this gap.
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Part VII

Discrepancy Minimization via a

Self-Balancing Walk

This chapter is based on joint work with Yang Liu and Mehtaab Sawhney [11]. It won Best

Student Paper Award at the Symposium on the Theory of Computing (STOC) conference

and is currently under review at the Siam Journal on Computing after being invited for a

submission.

23 Introductory Remarks

Consider the vector balancing problem: given a set of vectors v1, v2, · · · , vt ∈ Rn, we choose

signs ε1, ε2, · · · , εt ∈ {−1, 1} so that the discrepancy ‖
∑t

i=1 εivi‖∞ is as small as possi-

ble. This encompasses many problems in discrepancy theory, including the Komlós con-

jecture and set discrepancy minimization. The Komlós conjecture asks for the best bound

B(n, t) such that for any matrix A ∈ Rn×t with columns with `2-norm norm at most 1,

there is a signing ε ∈ {−1, 1}t with ‖Aε‖∞ ≤ B(n, t). The Komlós conjecture states that

one may take B(n, t) = O(1). The best known bound is B(n, t) = O(
√

log min(n, t))

due to Banaszczyk [13, 14]. Similarly, the case where v1, v2, · · · , vt ∈ {0, 1}n captures

the problem of minimizing set discrepancy. Here, Spencer’s famous “six standard de-

viations suffice” [81] shows that there exists a signing ε1, ε2, · · · , εt ∈ {−1, 1} so that

‖
∑t

i=1 εivi‖∞ = O(
√
tmax(1, log(n/t))). In particular, if t = n, then discrepancy 6

√
n

is achievable, and this is tight up to a constant factor.

While the original proofs of Banaszczyk and Spencer [13, 14, 81] were nonconstructive,
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there has been significant interest in making them algorithmic. The first major results

in this direction, which gave polynomial time algorithms for Spencer’s result [81], were

achieved by Bansal [15] and Lovett-Meka [64]. Since then, there have been several other

constructive discrepancy minimization algorithms [78, 35, 16, 18, 17, ?], including those

matching Banaszczyk’s bound for the Komlős Conjecture [13, 14] due to Bansal, Dadush,

Garg [16] and Bansal, Dadush, Garg, and Lovett [17]. However, these algorithms do not

seem to extend to an online setting.

23.1 Online Algorithms

The online discrepancy minimization problem, proposed by Spencer [80], concerns assigning

weights εi ∈ {−1, 1} to vectors v1, v2, . . . , vt ∈ [−1, 1]n which arrive one at a time, while

trying to maintain a low `∞ norm of all the partial sums wi =
∑i

j=1 εjvj. Against adaptive

adversaries, the best possible bound is Ω(
√
t) as the adversary may choose the next vector

vi+1 to be orthogonal to wi. Similarly, a greedy algorithm where εi+1 is chosen so that

εi+1〈vi+1, wi〉 ≤ 0, achieves a bound of O(
√
t).

However, it was open whether one could get any improvement over the trivial O(
√
t)

bound in the oblivious version of this vector balancing problem. Here, an adversary fixes

vectors v1, . . . , vt ∈ [−1, 1]n ahead of time, and the player may use randomness. No de-

terministic algorithm can do better than Ω(
√
t) as this is essentially equivalent to the case

of an adaptive adversary. Our main result provides a probabilistic algorithm that achieves

an `∞ bound of O(maxi∈[t] ‖vi‖2 log(nt/δ)) with probability at least 1 − δ for any δ > 0.

For vi in [−1, 1]n, our result, assuming no further structure on the vi, gives a bound of

O(
√
n log(nt/δ)).

The best previous results in this direction required that vi were sampled in an iid manner

from a distribution p which is known beforehand. In this direction there are a number of

previous works each achieving different guarantees. In the most restrictive setting where
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the vectors vi were sampled uniformly from [−1, 1]n, Bansal and Spencer [21] showed an

`∞ guarantee of O(
√
n log t). In the more general setting where when the vectors vi were

sampled from p supported on [−1, 1]n, Aru, Narayanan, Scott, and Venkatesan [12] achieved

a bound of On(
√

log t) (where the implicit dependence on n is super-exponential) and Bansal,

Jiang, Singla, and Sinha [20] achieved an `∞ guarantee of O(n2 log(nt)).

23.2 Algorithm Motivation and Description

We now motivate and describe the self-balancing walk which is at the heart of the chapter.

Let the input vectors be v1, · · · , vt, where ‖vi‖2 ≤ 1 for all i ∈ [t], and let ε1, · · · , εt ∈ {−1, 1}

be chosen later. The algorithm maintains the current partial sum wi−1 = ε1v1+· · ·+εi−1vi−1,

and will decide the sign of vi probabilistically depending on wi−1 and vi. First, it is natural

that the algorithm should pick εi = −1, 1 with probability 1/2 each if wi−1 and vi are

orthogonal vectors. Additionally, the more correlated vi and wi−1 are, the higher probability

that the algorithm picks εi = −1.

We set the algorithm, which we call the self-balancing walk, to pick εi = 1 with probability

1
2
− 〈wi−1,vi〉

2c
, where c = 30 log(nt/δ) is a constant upper bound on |〈wi−1, vi〉| with high

probability. This way, if wi−1 and vi are orthogonal, the algorithm picks εi = −1, 1 with

equal probability. Additionally, the bias is stronger further from the origin, and it is stronger

if one of the signings reduces the norm by a larger amount. The bias is also linear in the dot

product between wi−1 and vi, which is a key property we will use in our analysis.

Our main result is that the self-balancing walk maintains low discrepancy with high proba-

bility.

Theorem 23.1. For any vectors v1, v2, · · · , vt ∈ Rn with ‖vi‖2 ≤ 1 for all i ∈ [t], algorithm

Balance(v1, · · · , vt, δ) maintains ‖wi‖∞ = O (log(nt/δ)) for all i ∈ [t] with probability 1−δ.

Our bound is tight up to a square root log factor, due to a Ω(
√

log t/ log log t) lower
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Algorithm 1: Balance(v1, · · · , vt, δ) – Given a sequence of input vectors v1, · · · , vt it
assigns the vectors ±1 signs online to maintain low discrepancy with probability 1− δ.
1 w0 ← 0.
2 c← 30 log(nt/δ).
3 for 1 ≤ i ≤ t do
4 if |〈wi−1, vi〉| > c or ‖wi−1‖∞ > c then
5 Fail. . Algorithm terminates with failure.

6 pi ← 1
2
− 〈wi−1,vi〉

2c
.

7 εi ← 1 with probability pi, and εi ← −1 with probability 1− pi.
8 wi ← wi−1 + εivi.

bound in [20]. We conjecture that a variant of our algorithm can maintain an `∞ bound of

O(
√

log nt) instead of O(log nt), and leave this as an interesting open problem.

23.3 Consequences of Theorem 23.1

The self-balancing works against oblivious adversaries. Therefore, Theorem 23.1 implies

tight bounds up to logarithmic factors in n and t for all of Questions 1-5 in [20]. We state

Questions 4 and 5, which are about oblivious adversaries, as these generalize the stochastic

and prophet models discussed in the other questions raised in [20].

• [20, §8, Question 4] Is there an online algorithm which maintains discrepancy poly(n, log t)

on any sequence of vectors in [−1, 1]n chosen by an oblivious adversary?

• [20, §8, Question 5] Is there an online algorithm which maintains discrepancy poly(s, log n,

log t) on any sequence of s-sparse vectors in [−1, 1]n chosen by an oblivious adversary?

Theorem 23.1 directly implies a nearly tight bound of O(
√
n log(nt)) for Question 4, and

O(
√
s log(nt)) for Question 5.

Our results extend to the applications discussed in [20, 19], including improved bounds

to online geometric discrepancy problems, balancing against convex bodies and multicolor

discrepancy. This is discussed in Section 6.
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Finally we also obtain linear time algorithms for logarithmic bounds for the Komlős

Conjecture. In what follows, nnz(A) denotes the number of nonzero entries in the matrix A.

Theorem 23.2. Given a matrix A ∈ Rn×t with columns with `2-norm at most 1, we can

find with high probability in O(nnz(A)) time a vector x ∈ {−1, 1}t such that ‖Ax‖∞ =

O(
√

log t · log n).

This requires a minor modification of our algorithm which we sketch at the end of Sec-

tion 24. Previous constructive discrepancy minimization algorithms [15, 64, 16, 35, 17] in-

volved expensive linear algebra or solving linear or semidefinite programs, although [16, 17]

achieve stronger bounds of ‖Ax‖∞ = O(
√

log t), O(
√

log n) respectively. This result therefore

can be seen as a stepping stone towards giving input-sparsity time algorithms for discrepancy

problems, a direction mentioned by Dadush [87].

23.4 Previous Approaches for Algorithmic Discrepancy Minimiza-

tion

Here we describe previous approaches to algorithm discrepancy minimization and the dif-

ficulties in extending previous methods to the online setting against oblivious adversaries.

Previous approaches [15, 64, 35, 16, 17] either solve linear or semidefinite programs or per-

form random walks on the sign vector (ε1, · · · , εt), all of which require knowing all input

vectors v1, · · · , vt at the beginning.

The results of [21] and [20] work for the restricted online setting where all vectors come

from a fixed distribution p and work by choosing the sign εi = −1, 1 to minimize a potential

function of the current point such as Φ(w) =
∑n

i=1 cosh(λwi). This approach has significant

difficulties working in the setting of oblivious adversaries as algorithms minimizing potentials

are deterministic, and a lower bound of Ω(t1/2) holds for any deterministic algorithm against

oblivious adversaries.
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23.5 Overview of Analysis of the Self-Balancing Walk

A natural approach to analyzing the self-balancing walk would be to show that some po-

tential function or exponential moment is increasing slowly in expectation, as is done with

several analyses of (sub)martingales. However, this mode of analysis encounters significant

difficulties due to the fact that the partial sum wi−1 might be orthogonal to vi. This prevents

us from arguing that some potential function is pointwise a (sub)martingale.

We instead maintain a distributional guarantee that the distribution of wi over executions

of our algorithm is less “spread” out than an associated normal distribution. This allows us

to transfer the tail bounds on normal distributions to the distribution of wi.

23.6 Preliminaries and Conventions

For a vector v, we let v(i) denote the i-th coordinate of v. For positive semidefinite ma-

trices A,B we write A � B if B − A is positive semidefinite. For a positive semidefinite

matrix M ∈ Rm×m we define N (0,M) as the normal distribution with covariance M , i.e.

Ex∼N (0,M)[xixj] = Mij. For a subset S ⊆ Rk, we write 1S for the indicator function of the

set S.

23.7 Concurrent and Independent Work

In independent and concurrent work, Bansal, Jiang, Meka, Singla, Sinha [19] (building on

the techniques of [20]) achieve similar guarantees to the present work (with worse poly-log

factors) for the online Komlős problem restricted to the setting where vectors are sampled

randomly from a fixed distribution p inside the unit sphere. However [19] uses potential

based techniques as in [20] and thus their results due not extend to minimizing discrepancy

in the (more general) oblivious adversary model which is the primary focus of this chapter.
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24 Analysis

24.1 Properties of Spreading

We now define the key notion for the analysis – the notion of one random variable being a

spread of another.

Definition 24.1. We say that random variable Y on Rn is a spread of random variable X

on Rn if there exists a coupling of X and Y such that E[Y |X] = X.

The definition above appears in mathematical economics literature under the name

“mean-preserving spread” [77] and is closely related to “second-order stochastic dominace”

[51, 50, 77]. The term “spread” here is used for the following reason. Consider the coupling

between X and Y such that E[Y |X] = X. Then the random variable Y −X conditional on

X has mean 0. Thus, if Y is a spread of X, one can obtain Y by first sampling X, and then

adding a mean 0 random variable Z whose distribution may depend on the specific value

of X sampled. Furthermore, since whether Y is a spread of the random variable X only

depends on the respective distributions of Y and X, we will often refer to distributions as

spreads of one another. Equivalently, X and Y can be coupled so that X, Y form a two-step

martingale; the former perspective, however, is far more useful here.

Lemma 24.2. Let distribution Y be a spread of X. For any convex function Φ : Rn → R,

we have that Ex∼XΦ(x) ≤ Ey∼Y Φ(y).

Proof. Couple X and Y in the manner which demonstrates that Y is a spread of X. Then

Ey∼Y Φ(y) = E[Φ(Y )|X] ≥ EΦ(E[Y |X]) = EΦ(X)

where we have used Jensen’s inequality and that E[Y |X] = X.
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Spreading is transitive and preserved by linear transformations.

Lemma 24.3 (Spreading is transitive). If Z is a spread of Y and Y is a spread of X, then

Z is a spread of X.

Lemma 24.4 (Linear transformations maintain spreading). If Y is a spread of X, then for

any linear transformation M on Rn we have that MY is a spread of MX.

The following is a slightly more abstract property of spreading that we need for Theo-

rem 23.1. Intuitively, it is a formal statement of the intuition that you can add up pairs of

variables that spread other variables.

Lemma 24.5. Consider random variables, X, Y,W,Z, where X, Y are dependent. Suppose

that W is a spread of X, and Z spreads the conditional distribution of Y −X given X = x

for any value x. Then W + Z is a spread of Y .

Remark. It is implicit in the above definition that X and Y live on the same probability

space.

Proof. The proof produces the desired coupling between Y and W + Z as follows.

• First sample X and then sample W using the coupling that demonstrates that W is a

spread of X. Fix the value of X sampled, so X = x.

• Now, sample Y conditioned on X = x.

• Finally sample Z from the coupling which demonstrates that Z is a spread of Y −X.

We prove that W + Z is a spread of Y . Note that we have

E[W + Z|X, Y ] = E[W |X, Y ] + E[Z|X, Y ]

= E[W |X] + E[Z|X, Y −X]

= X + (Y −X) = Y
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where each equality follows by construction. Therefore, E[W +Z|Y ] = Y. The result follows.

Finally, we prove a relation in terms of spreading for normal distributions and bounded

mean-zero random variables.

Lemma 24.6 (Spreading real variables by Gaussians). Let X be a real-valued random vari-

able with E[X] = 0 and |X| ≤ C almost surely. Then G = N (0, πC2/2) is a spread of

X.

Proof. We first prove that the Bernoulli distribution with equal weight on ±C is a spread

of any such variable X. To see this, define Y conditional on X to be C with probability

(X + C)/(2C) and −C with probability (−X + C)/(2C). Then Y is clearly supported on

only ±C and

E[Y |X] =
C(X + C)

2C
+
−C(−X + C)

2C
= X,

so the Bernoulli distribution with equal weight on ±C is a spread of X. To see that G is a

spread of the Bernoulli distribution with equal weight on ±C, let Z be distributed as |G| if

X = C and −|G| otherwise. The result follows by noting that

E[|G|] =

√
π

2
CEZ∼N (0,1)[|Z|] = C

and Z is distributed as G.

24.2 Proof of Theorem 23.1

We now formalize the notion of the distribution at time i induced by our algorithm. For

i ∈ [t], this is defined to be the distribution of wi, except with all mass where the algorithm

failed (line 5 of our algorithm) moved to 0.
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Definition 24.7 (Distribution induced by Balance). We define the distribution induced

by Balance(v1, . . . , vt, δ) recursively.

• At i = 0 we have all mass of the distribution at 0.

• Move all mass with |〈wi, vi+1〉| > c or ‖wi‖∞ > c to 0 – this mass will stay at 0 for the

remainder of the process. We refer to such wi as being corrupted.

• For the remaining mass i ∈ [t], evolve the distribution according to lines 7, 8 of our

algorithm.

Di(Balance(v1, . . . , vt, δ)) will denote the distribution of the vector wi after i time steps of

the above procedure.

One key observation is that Di(Balance(v1, . . . , vt, δ)) is symmetric about the origin

at each stage. We will ultimately compare Di(Balance(v1, . . . , vt, δ)) to N (0,Mi) for an

appropriate set of covariance matrices Mi.

Definition 24.8. Fix L = 2π and c ≥ 1. Define M0 = 0. For i ≥ 1 define Mi inductively

as

Mi = (I − c−1viv
T
i )Mi−1(I − c−1viv

T
i ) + Lviv

T
i .

We will ultimately show by induction that the distribution Di(Balance(v1, . . . , vt)) is

spread by N (0,Mi). For intuition why this might hold, the formula in Definition 24.8

is essentially saying that the distribution Di(Balance(v1, . . . , vt)) will undergo a linear

transformation by (I − c−1viv
T
i ) in expectation, and then accumulate a constant variance in

direction vi.

We now note that these covariance matrices Mi as defined in Definition 24.8 are pointwise

upper bounded independent of time.
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Lemma 24.9. Let M � 0, c ≥ 1, L ≥ 0. If M � LcI then for any vector v ∈ Rn with

‖v‖2 ≤ 1

M ′ = (I − c−1vvT )M(I − c−1vvT ) + LvvT

satisfies 0 �M ′ � LcI.

Proof. It is direct that 0 �M ′. Note that

M ′ � (I − c−1vvT )LcI(I − c−1vvT ) + LvvT

= LcI − L(2− c−1‖v‖2
2)vvT + LvvT � LcI

as 2− c−1‖v‖2
2 ≥ 2− c−1 ≥ 1.

Applying Lemma 24.9 inductively gives us the following immediate corollary.

Corollary 24.10. For all i ∈ [t] we have that 0 �Mi � LcI.

The following lemma is the key step in our analysis, where we show that the distribution

Di(Balance(v1, · · · , vt)) is spread by normal distributions with covariance matrices defined

in Definition 24.8.

Lemma 24.11. N (0,Mi) is a spread of Di(Balance(v1, . . . , vt, δ)) for all times i ∈ [t].

Proof. We write Di := Di(Balance(v1, . . . , vt, δ)) for simplicity throughout the proof. We

can compute that if the algorithm does not fail (line 5 of our algorithm) then

E[wi|wi−1] = wi−1 + (2pi − 1)vi

= wi−1 − c−1viv
T
i wi−1

= (I − c−1viv
T
i )wi−1.
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Define w′i−1 to be wi−1 except when wi−1 became corrupted – in this case set w′i−1 to 0. Let

D′i−1 be the distribution of w′i−1. As Di−1 is symmetric, Di−1 is a spread of D′i−1. Finally we

say w′i−1 is corrupted if the corresponding wi−1 is corrupted.

Define random variables

R(w′i−1, vi) =



0 if w′i−1 is corrupted,

1 + c−1〈w′i−1, vi〉 with probability pi

if w′i−1 is not corrupted,

−1 + c−1〈w′i−1, vi〉 with probability 1− pi

if w′i−1 is not corrupted,

where pi is defined in line 6 of our algorithm. By definition, wi is distributed as

(I − c−1viv
T
i )w′i−1 +R(w′i−1, vi)vi.

By induction and Lemma 24.4 we have that

N (0, (I − c−1viv
T
i )Mi−1(I − c−1viv

T
i ))

is a spread of (I − c−1viv
T
i )Di−1. By Lemma 24.3 therefore it follows that N (0, (I −

c−1viv
T
i )Mi−1(I − c−1viv

T
i )) is a spread of (I − c−1viv

T
i )D′i−1.

Note that by definition, R(wi−1, vi) is mean 0. Furthermore R(wi−1, vi) is supported on

[−2, 2] as |〈wi−1, vi〉| ≤ c if w′i−1 is not corrupted. By Lemma 24.6, we have that N (0, 2π) is
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a spread of R(w′i−1, vi) for each w′i−1. Thus by Lemma 24.5, we have

N (0, (I − c−1viv
T
i )Mi−1(I − c−1viv

T
i )) +N (0, 2πviv

T
i )

= N (0, (I − c−1viv
T
i )Mi−1(I − c−1viv

T
i ) + 2πviv

T
i ) = N (0,Mi)

is a spread of Di, as desired.

To be precise, in the application of Lemma 24.5, we take X = E[wi|w′i−1] = (I −

c−1viv
T
i )w′i−1 which by Lemma 24.4 is spread by W = N

(
0, (I−c−1viv

T
i )Mi−1(I−c−1viv

T
i )
)
,

Y to be wi, and note that Y −X = R(w′i−1, vi)vi is always spread by Z = N (0, 2π)vi. There-

fore by Lemma 24.5 we have that Y or wi is spread by W +Z = N (0, (I− c−1viv
T
i )Mi−1(I−

c−1viv
T
i ) + 2πviv

T
i ) = N (0,Mi) as desired.

We can get tail bounds on Mi because they are always bounded (Corollary 24.10).

Lemma 24.12. For any vector u ∈ Rn with ‖u‖2 ≤ 1 we have that

Ex∼N (0,Mi)

[
e〈x,u〉

2/(4Lc)
]
≤
√

2.

Proof. Note that 〈x, u〉 is distributed as N (0, uTMiu) and by Corollary 24.10 we have

uTMiu ≤ Lc . This implies that N (0, Lc) is a spread of N (0, uTMiu). The result then

follows by noting that

Ex∼N (0,uTMiu)

[
ex

2/(4Lc)] ≤ Ex∼N (0,Lc)

[
ex

2/(4Lc)] =
√

2,

where we have used Lemma 24.2 on the convex function ex
2/(4Lc).

We are now ready to complete the proof of Theorem 23.1 by combining the fact that Di

is spread by N (0,Mi) with the tail bounds in Lemma 24.12.
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Proof of Theorem 23.1. It suffices to bound the total amount of additional corrupted mass

in Di compared to Di−1. To bound this note for any vector u ∈ Rn with ‖u‖2 ≤ 1 that

Prw∼Di
[|〈w, u〉| > c] ≤ e−c

2/(4Lc)Ew∼Di

[
e〈w,u〉

2/(4Lc)
]

(13)

≤ e−c/4LEw∼N (0,Mi)

[
e〈w,u〉

2/(4Lc)
]
≤
√

2e−c/4L ≤ (2nt)−1δ (14)

by the choice of c. Here, we have used that N (0,Mi) is a spread of Di through Lemma 24.11,

Lemma 24.2 on the convex function e〈x,u〉
2/(4LC), and Lemma 24.12. Now, at step i ∈ [t]

union bound over the choices u = vi, e1, e2, . . . , en where ej denotes the unit basis vector for

coordinate j.

Proof of Theorem 23.2. We modify the self-balancing walk to instead use the parameter

c = 30 log(t/δ) for δ = 1
poly(t)

and note that we no longer need to maintain that ‖wi‖∞ ≤ c

at every step and instead only at the end. As in Equations (13) and (14) we have

Pr
wi−1∼Di−1

[|〈wi−1, vi〉| > c] ≤
√

2e−c/4L ≤ δ/t.

Therefore, a union bound over i ∈ [t] shows that the algorithm does not fail for steps i ∈ [t]

with probability 1− δ. Again, as in Equations (13) and (14) for any basis vector ej we have

that

Pr
wt∼Dt

[|〈wt, ej〉| >
√

8cL log n] ≤
√

2e−8cL logn/4cL ≤ 2

n2
.

Now union bounding over all j ∈ [n] and using that
√

8cL log n = O(
√

log t · log n) gives the

bound.
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Part VIII

On a Conjecture of Gowers on Clique

Differences

This part is based on work that has been submitted [7] but not published.

25 Introductory Remarks

The polynomial density Hales-Jewett conjecture is one of the central remaining open ques-

tions in ergodic Ramsey theory, and is a common generalization of the Bergelson-Leibman

theorem [23] and the density Hales-Jewett theorem [47]. One special case was proposed by

Gowers as a potential polymath project [84].

Conjecture 25.1 (Gowers, 2009, [84]). For every δ > 0, there exists n such that if A is any

collection of at least δ2(n
2) graphs with vertex set {1, 2, . . . , n}, then A contains two distinct

graphs G and H such that G ⊂ H and H \G is a clique.

In the same blog post, Gowers asks the following question in an attempt to prove Con-

jecture 25.1.

Question 25.2 (Gowers, 2009). Is it true that for every δ > 0 there exists a sequence of

distinct graphs G1 ⊂ G2 ⊂ · · · ⊂ Gr such that for every subset A ⊂ {1, 2, . . . , r} of size at

least δr there exist i < j such that i, j ∈ A and Gj \Gi is a clique?

Given a sequence of distinct graphs G1 ⊂ G2 ⊂ · · · ⊂ Gr, we form the graph G on them

by connecting Gi, Gj for i < j when Gj \ Gi is a clique. In this short chapter we settle

Question 25.2 in the negative, and we show that G always has an independent set of size at

least r
20

.
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Theorem 25.3. For every sequence of distinct graphs G1 ⊂ G2 ⊂ · · · ⊂ Gr, there exists

A ⊂ {1, 2, . . . , r} of size at least r/20 so that for all i, j ∈ A, Gj \Gi is not a clique.

26 Proof of Theorem 25.3

Lemma 26.1. Given a < b < c < d, if Gc \ Ga, Gd \ Gb are cliques, then Gc \ Gb is also a

clique.

Proof. Gc \Ga and Gd \Gb are cliques, so their nonempty edge intersection Gc \Gb is also

a clique.

Lemma 26.2. For any y, it cannot be true that all of Gy, Gy+1, Gy+2 have at least three

right-neighbors and three left-neighbors in G.

Proof. Assume this was the case. Then there is some z ≥ y + 3 so that Gz \Gy is a clique.

Also there is some x < y so that Gy+1 \ Gx is a clique. By Lemma 26.1 on (x, y, y + 1, z),

then Gy+1 \ Gy is a clique. Similarly, Gy+2 \ Gy+1 is a clique. Also there is some u < y

so that Gy+2 \ Gu is a clique, and then by Lemma 26.1 on (u, y, y + 2, z), Gy+2 \ Gy is a

clique, but it is the edge-disjoint union of the cliques Gy+2 \Gy+1 and Gy+1 \Gy, which is a

contradiction.

Call a graph Gi good if it has either at most two right-neighbors in G or at most two

left-neighbors in G. For any G1 ⊂ G2 ⊂ · · · ⊂ Gr, at least r−2
3

are good by Lemma 26.2

because we cannot have three bad in a row. So without loss of generality at least r−2
6

of the

graphs have at most two right-neighbors. This means we can go through these graphs from

left to right and greedily select an independent set of size at least r−2
18
≥ r

20
. We are done.

Following the initial proof, Noga Alon communicated an improvement of the constant in

Theorem 25.3.

Lemma 26.3. There are no G3i−2, G3i−1, G3i so that:
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• There is some j > 3i− 1 so that Gj \G3i−2 is a clique.

• There is some k > 3i − 1 and some ` < 3i − 1 so that Gk \ G3i−1 and G3i−1 \ G` are

cliques.

• There is some m < 3i− 1 so that G3i \Gm is a clique.

Proof. Assume this were the case. Then if ` = 3i − 2, G3i−1 \ G3i−2 is a clique. Else if

` < 3i − 2, then by Lemma 26.1 on (`, 3i − 2, 3i − 1, j), G3i−1 \ G3i−2 is a clique anyway.

Similarly, G3i \ G3i−1 is also a clique. Finally if j = 3i or m = 3i − 2 then G3i \ G3i−2 is a

clique. Else if j > 3i and m < 3i− 2 then by Lemma 26.1 on (m, 3i− 2, 3i, j), G3i \G3i−2 is

a clique anyway. This contradicts Lemma 26.2.

For each i ≥ 1, either G3i−2 violates the first bulleted condition, G3i−1 the second, or

G3i the third. Select one of them correspondingly. Direct all edges from left to right. Now

on this induced subgraph, every vertex G3i−2 has outdegree 0, every vertex G3i−1 has either

indegree 0 (if there does not exist `) or outdegree 0 (if there does not exist k), and every

vertex G3i has indegree 0. So every vertex has indegree or outdegree 0, and thus there is an

independent set of size at least dbr/3c/2e ≥ r−2
6

.
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Part IX

Monochromatic Sums and Products

of Polynomials

This part is based on a note that has been submitted but not yet published [5].

27 Introduction

A pattern F is partition regular over a set S, usually taken to be N, if in any coloring of

S with finitely many colors, there is some monochromatic copy of F . Partition regularity is

an important subfield of Ramsey theory, and encompasses results such as van der Waerden’s

theorem, which says that the pattern {x, x+ d, · · · , x+ nd} is partition regular over N, and

Schur’s theorem, that {y, x, x+y} is partition regular over N. In 1933, Rado [73] completely

characterized partition regularity over N when F is taken to be the solution set to a linear

system of equations.

Over polynomials, the situation is much less well understood. The pattern {x, y, xy}

is known to be partition regular over N, because we can color powers of 2 and then find

a pattern {2x, 2y, 2x+y} using Schur. It is natural to wonder whether there is a common

generalization of this multiplicative form of Schur’s theorem and the ordinary additive form.

A central and longstanding open problem in partition regularity due to Hindman (see e.g.

[22], [55], [66]) is to prove that the pattern {x, y, x+ y, xy} is partition regular over N. In a

2016 breakthrough, Moreira [66] proved that the pattern {x, x + y, xy} is partition regular

over N. Before 2016, it was not even known if {x + y, xy} was partition regular. Moreira’s
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proof relies on the properties of N, using extensively the following notion from dynamics.

Definition 27.1. A subset S of N is syndetic if it has bounded gaps, i.e. there exists a finite

set F ⊂ Z so that S+F ⊃ N. A subset T of N is thick if it contains arbitrary long intervals.

A piecewise syndetic subset U is the intersection of a thick set with a syndetic set.

Moreira iterates the “piecewise syndetic” version of the van der Waerden theorem, in

which the size of the set F blows up very quickly. Thus, he does not obtain primitive

recursive bounds.

Following Moreira’s work, there has recently been exciting progress on Hindman’s con-

jecture, with Bowen and Sabok [28] proving it over the rationals. Over the integers, the

problem is much more difficult. Very recently, Bowen [25] proved that any two-coloring of N

has infinitely many monochromatic {x, y, x+ y, xy}.

In this paper, we prove that {x, x+ y, xy} is partition regular in a more general setting.

Let a good polynomial be a polynomial with zero constant term and non-negative integer

coefficients. Let T be the semi-ring of nonzero good polynomials of a variable t.

Theorem 27.2. For any set of good polynomials P1, · · · , Pk, the pattern {x, x+P1(y), · · · , x+

Pk(y), xy} is partition regular over T with primitive recursive bounds, and is thus also par-

tition regular over N with primitive recursive bounds.

Even the following special case was previously unsolved, though Green [49] has asked for

“reasonable bounds”. The bounds we obtain are still quite large, as they require iterating

the polynomial van der Waerden theorem of a semigroup, but because we only ever need to

use it for a fixed number of colors, they are primitive recursive.

Corollary 27.3. The pattern {x+y, xy} is partition regular over N with primitive recursive

bounds, i.e. there is some primitive recursive N = N(n) so that when [N ] = {1, 2, · · · , N}

is colored with n colors, there is a monochromatic {x+ y, xy}.
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Moreira’s proof [66] works for polynomials over a finite field, but not for polynomials with

rational or integer coefficients; he notes specifically that his Lemma 7.4 breaks down. Parti-

tion regularity over T (with primitive recursive bounds) is stronger than partition regularity

over N (with primitive recursive bounds); we prove this in detail in Section 30.

An important feature of our proof is that it considers high degree polynomials, which we

believe is necessary for settling Hindman’s conjecture. Previous work in this area implicitly

works over a setting in which we conjecture that Hindman’s conjecture is actually false. This

is discussed more in Section 30. Because our proof is the first to take advantage of higher

degree polynomials, it relies in an intrinsic way on the polynomial van der Waerden theorem.

Whereas Moreira uses the linear van der Waerden theorem to prove {x, x + y, xy} is

partition regular, we prove a much better bound by instead using the polynomial van

der Waerden theorem. Recall the polynomial van der Waerden theorem of Bergelson and

Leibman [23], which states that for any set of good polynomials P1, · · · , Pk, the pattern

x + P1(y), · · · , x + Pk(y) is partition regular over N. This holds over any semigroup [66]

and there is a simple color-focusing proof [83] straightforwardly generalizing the ordinary

color-focusing proof of van der Waerden theorem. A result of Shelah [79] provides primitive

recursive bounds in the polynomial Hales-Jewett theorem of Bergelson and Leibman [60],

and thus over any semigroup [66].

To some extent, working over the polynomials themselves can be viewed as analogous to

extending results like van der Waerden Theorem to the Hales-Jewett Theorem; working over

these more general (semi)-rings like T abstracts away the properties of N, and captures the

combinatorial structure. In particular, we avoid tools from dynamics such as the piecewise

syndetic version of the van der Waerden theorem, and in fact our proof is “purely combi-

natorial” does not use the notions of syndetic, piecewise syndetic, or thickness at all. This

again distinguishes our proof from the existing proofs in the literature.

We hope our new perspective will continue to find further applications and shine some
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light on Hindman’s conjecture. Based on the ideas here, in upcoming work with Bowen

and Sabok we find several simple new proofs that there are infinitely many monochromatic

{x, y, x+ y, xy} in any two-coloring of T and thus of N, which was not known until 2022.

The structure of the paper is as follows. First, in Section 28, we describe a proof of the

partition regularity of the pattern {x, x + y, xy} in the 3-color case, to convey the general

idea of our paper. Then, we discuss our proof of {x, x+ y, xy} for arbitrarily many colors in

Section 29. Finally we conclude in Section 30 with some discussions and open problems.

28 The 3-color case

We will first describe the proof of the partition regularity of the pattern {a, a+ b, ab} for

polynomials over 3 colors, red, blue, and green.

We will call a polynomial P of one or more variables good if it has zero constant term

and all nonnegative integer coefficients. In particular, if x is in some semi-ring or ring R and

P is a good polynomial, P (x) will also be in R. Let T be the semi-ring of good polynomials

of a single variable t; for us, a semi-ring or ring does not necessarily have 1. Our goal is to

prove {x, x+ y, xy} is partition regular over T . The size s(P ) of a good polynomial P is the

largest c so that its degree and its coefficients are all at most c. The size of the 0 polynomial

will be 0. Recall the polynomial van der Waerden theorem [23], which by the polynomial

Hales-Jewett theorem holds over any semigroup [85].

Assume that there exists a coloring of the semi-ring T without the pattern F = {a, a +

b, ab}. By the polynomial van der Waerden theorem, for any c, there exist some x, d so that

x+ P (d) is red for all good P of size at most c. Pick c = c0 to be specified later.

Now, because we do not have the pattern {a, a + b, ab}, and for any good P of size less

than c0, and we have the pattern {(x+P (d)), (x+P (d)) + d}, we know d(x+P (d)) cannot
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be red for any good P of size less than c0. Hence, the terms dx+dP (d) are all blue or green.

Again by the polynomial van der Waerden theorem over semigroups [85], if c0 is large

enough, we can find without loss of generality some f, e of the form dP (d) (even of the form

P (d2)) so that dx+f+Q(e) are all blue for good Q of size at most c1 and that x+ f
d

+P (d, e
d
)

are red for good P of size at most c1, as we will have x + f
d

+ P (d, e
d
) = x + P ′(d) for good

P ′ of size at most c0. We rename x + f
d

as x, so that x + P (d, e
d
) are all red, while now

dx + P (e) are all blue, again for all good P of size at most c1. In particular, c0 will be a

primitive recursive function of c1.

Now, because {x, x + de} and {x + e
d
, x + e

d
+ de} are red, dex and dex + e2 are not

red. As {dx, dx + e} and {dx + e, dx + e + e} are blue, they also cannot be blue. So

dex, e(dx + e) = dex + e2 are both green. This means de3x cannot be green. Because

{x, x + de3} are red, de3x cannot be red. But because {dx, dx + e3} are blue, de3x cannot

be blue. This gives a contradiction, and we are done.

29 Partition Regularity of Sums and Products in T

We now present the proof of the general case. The idea is the same as in the last section,

although it is a little more technical to write out formally. We prove the following lemma.

The ci will shrink sufficiently quickly; what matters for us is that ci is a primitive recursive

function of ci+1.

Lemma 29.1. For any coloring C of T and any positive integers k and ck, there exist some

sequence of positive integers c0 � c1 � c2 � · · · � ck and elements b1, · · · , bk of T , so that

the following holds.

Let a1 = b1 and ai = ai−1bi for 2 ≤ i ≤ k. In particular, bi = ai
ai−1

for i ≥ 2.

Then there exists some xk so that for all good polynomials P of size at most ci and all
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0 ≤ i < k, (
i∏

j=1

aj

)
xk + P (ai+1, bi+2, · · · , bk)

is the same color in the coloring C as
(∏i

j=1 aj

)
xk.

When i = 0,
(∏i

j=1 aj

)
x0 = x0; when i = k − 1, P (ai+1, · · · ) = P (ak).

Proof. We induct on k. The base case k = 0 is trivial. Assume now that the lemma holds for

some k. We assume that ck is a large enough function of ck+1, to be specified later. By the

polynomial van der Waerden Theorem over semigroups [85], for any n there exists some f, e

which are good polynomials of ak+1
k so that for any good polynomial P with s(P ) ≤ ck+1,

all of
(∏k

j=1 aj

)
xk + f + P (e) are the same color as

(∏k
j=1 aj

)
xk + f .

Now, we set xk+1 = xk + f∏k
j=1 ai

and bk+1 = e
ak

so that e = ak+1. For 0 ≤ i < k and P of

size at most ck+1,

(a1 · · · ai) (xk+1)+P (aj+1, bj+2, · · · bk, bk+1) = (a1 · · · ai)

(
xk +

f∏k
j=1 aj

)
+P (ai+1, bi+2, · · · , bk, bk+1)

= (a1 · · · ai)xk +
f

ai+1 · · · ak
+ P (ai+1, bi+2, · · · bk, bk+1)

= (a1 · · · aj)xk + P ′(
ak
ai+1

, · · · , ak
ak−1

, ak) + P (ai+1, bi+2, · · · bk, bk+1)

= (a1 · · · ai)xk + P ′′(ai+1, bi+2, · · · , bk, bk+1)

for some good polynomial P ′′, recalling again that f is a polynomial of ak+1
k . We can ensure

that P ′′ has size less than ck, by choosing ck large enough.

For i = k,

(a1 · · · ak) (xk+1) + P (ak+1) = (a1 · · · ak)

(
x+

f∏k
j=1 aj

)
+ P (e) = (a1 · · · ak)x+ f + P (e)

has the same color as (a1 · · · ak)xk+1 = (a1 · · · ak)xk+1 + f for all s(P ) ≤ ck+1.
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This proof yields primitive recursive bounds. In particular, ck will be a primitive recursive

function of ck+1, as due to Shelah [79], we have primitive recursive bounds in the polynomial

Hales-Jewett theorem and thus in polynomial van der Waerden over a semigroup.

By passing to a subset of the (
∏i

j=1 aj)x with a fixed color, we can finish. Explicitly,

if assume without loss of generality that a1 · · · a`i , and so on are the same color for `1 <

`2 < · · · , and set c1 = a1 · · · a`1 , c2 = a`+1 · · · a`2 , and in general cn = a`n−1+1 · · · a`n , then

all
(∏i

j=1 cj

)
x + P (cj+1, · · · , cn) are the same color. In particular, {x, x + P1(c1), · · · , x +

Pk(c1), c1x} are the same color, for any finite family of good polynomials Pi. What we

actually get is slightly more general, and very similar to Theorem 1.4 of [66].

30 Discussions and Open Problems

Some discussion about partition regularity over various rings and semi-rings is in order.

There is an important way in which our proof differs from existing proofs in the literature. For

d ≥ 1, let Pd be the set of polynomials of a countable set of variables t = x1, x2, · · · , xn, · · ·

with nonnegative integer coefficients, constant term, and degree at most d in each variable.

Let P = P∞. In particular, P ⊃ T . Note that for d <∞, Pd is actually not a semi-ring, as

for instance it contains x1 but does not contain xd+1
1 .

Moreira’s result [66] is stated over N, and unlike our proof, it is more natural in that

setting. However, as it only uses multilinear polynomials, it can be made to work over P1

[25] using the methods of [26]. Previous work in the area, such as Bowen and Sabok’s proof

of the partition regularity of {x, y, x+y, xy} over the rationals [28] and Bowen’s proof of the

2 color case [27] can similarity be made to work over, say, P5. In other words, these proofs

are not using high degree polynomials. We conjecture this is insufficient to settle the whole

Hindman conjecture.
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Conjecture 30.1. If 1 ≤ d <∞, then {x, y, x+ y, xy} is not partition regular over Pd.

We do know that this conjecture is true for d = 1. It is a nice exercise to check that

2-coloring of P1 where reducible polynomials are red and irreducible polynomials are blue

avoids a monochromatic {x, y, x+ y, xy}. We make a complimentary conjecture.

Conjecture 30.2. For all 1 ≤ i < j, there exists some pattern F so that F is partition

regular in Pj but not in Pi, but F does appear in Pi (i.e. the 1-coloring of F contains a

monochromatic Pi).

In particular, the previous conjecture says that we do not think the pattern {x, y, x +

y, xy} is an example of such a pattern. Clearly if 1 ≤ i ≤ j ≤ ∞, and F is partition regular

over Pi, then it is partition regular over Pj ⊃ Pi.

Lemma 30.3. A F is partition regular over P = P∞ if and only if it is partition regular

over T . If a pattern is partition regular over T (with primitive recursive bounds), then it is

partition regular over N (with primitive recursive bounds).

Proof. Clearly if some pattern is partition regular over T , then it is partition regular over

P ⊃ T . If a pattern F is not partition regular over T , then we can find a coloring c of T

avoiding F , and color any P (x1, · · · , xn) ∈ P with the color of P (t, t, · · · , t) in c, and so F

will not be partition regular over P either.

If there is a coloring c of N avoiding F , then we can color p(t) ∈ T with the color of p(2) in

c. This coloring of T will avoid F . Thus, partition regularity over T (with primitive recursive

bounds) in turn implies partition regularity over N (with primitive recursive bounds).

Any nontrivial insight into the relationship between partition regularity over various

settings would be interesting. We conjecture that the second part of Lemma 30.3 is not

strict.
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Conjecture 30.4. A polynomial pattern F is partition regular over T if and only if it is

partition regular over N.

In principle, one could ask about the problem for other semi-rings. Recall that an integral

domain D has characteristic 0 if for any positive integer k, there exist some x ∈ D so that

kx := x + · · · + x 6= 0. The semi-ring T is the most important semi-ring to consider in the

following sense.

Lemma 30.5. If some family F of good polynomials P1(a1, · · · , am), · · · , Pk(a1, · · · , am) is

partition regular over the semi-ring T , then it is partition regular over any integral domain

R of characteristic 0.

Proof. Assume F is not partition regular over R.

Say that there exists a sequence t1, · · · , tn, · · · in R so that P (tn) 6= 0 for all good

polynomials P of size at most n. By a standard compactness argument, there is a limit t,

and a coloring of all good polynomials of t avoiding F .

If there exists a c so that for all x, there is some good polynomial P of size at most c, so

that P (x) = 0, then taking the product of all of these polynomials, there exists some P so

that P (x) = 0 identically for x ∈ R. If P is not a monomial and has degree d, then we may

pick an appropriate positive integer k so that Q(x) = P (kx) − kdP (x) is also identically 0,

but is a nonzero polynomial with integer coefficients of smaller degree. Q may not be good,

but this is not a problem, all we require is that it has integer coefficients. We can reduce

the degree until we find some kxd which is identically 0 for x ∈ R. Because R is an integral

domain, this means that kx = 0, a contradiction.

Partition regularity over T is also interesting for the following reason. If there is a coloring

of T that avoids some polynomial pattern F , we can assume without loss of generality that

it is polynomially syndetic, i.e. there exists a c so that for any element x and any color K,

there is some polynomial P of size at most c so that P (x) is color K. This is again by
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compactness; if there exists a color K and a sequence x1, · · · , xn, · · · so that P (xn) is never

color K when P is size at most c, then we can create a coloring of good polynomials of a

limit x that avoids F and does not use color K, and reduce the number of colors used.
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