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Abstract

In this thesis, we develop a bordered version of Ng’s Legendrian Rational Symplectic
Field Theory. Given a Legendrian knot A C R?® and a vertical line dividing the front
projection of A into two parts, we construct a differential graded algebra associated
to each half-knot. We then show that one may obtain the commutative algebra
from Legendrian Symplectic Field Theory as a pushout of the two bordered algebras.
This construction extends Sivek’s bordered Chekanov-Eliashberg differential graded

algebra by incorporating disks with multiple positive punctures into the differential.
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Chapter 1

Introduction

Let (R3,&yq) be the standard contact R3, where &g = ker(dz — ydz). A Legendrian
knot is a knot A C R? which is everywhere tangent to &,q4.

Two invariants of Legendrian knots have been known classically - the rotation
number and the Thurston-Bennequin number. More sophisticated invariants of Leg-
endrian knots come from the framework of Symplectic Field Theory (SFT), developed
by Eliashberg, Givental, and Hofer [5]. The simplest SFT-type invariant of Legendrian
knots is Legendrian contact homology, which counts rigid genus zero holomorphic
curves having precisely one positive puncture. Chekanov [3] provided a combinatorial
formulation of the differential graded algebra (DGA) underlying Legendrian contact
homology (called the Chekanov-Eliashberg DGA). Applications of Legendrian contact
homology and the Chekanov-Eliashberg DGA include, among many others, allowing
one to distinguish certain Legendrian knots that are indistinguishable with just clas-
sical invariants [3], and being used to relate the symplectic homologies or linearized
contact homologies of manifolds related by a Legendrian surgery [1].

In [9], Ng constructed Legendrian Rational Symplectic Field Theory (LSFT),
which is an extension of the Chekanov-Eliashberg DGA incorporating (genus zero)

holomorphic curves with arbitrarily many positive punctures. The phenomenon of
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boundary bubbling forces one to include correction terms coming from string topol-
ogy ([2], [1]) in the differential. The full invariant has the structure of a curved DGA,
though there is also an associated commutative complex. In further work of Ng,
LSFT was used to upgrade Legendrian contact homology to an L., algebra [10].

Going in another direction, suppose A has a simple front projection, and divide
A into two pieces by cutting it with a vertical line in the front projection. Sivek
[11] constructed a DGA for each half-knot, and showed that the Chekanov-Eliashberg
DGA may be obtained as a pushout of the bordered algebras, analogous to the Seifert-
van Kampen theorem for the fundamental group. Applications of this construction
include results about augmentations of the Chekanov-Eliashberg DGA for a connected
sum of Legendrians, formulae for relating the Chekanov-Eliashberg DGAs of knots
related by certain tangle replacements, and results about augmentations of Legendrian
Whitehead doubles.

In the present work, we consider the bordered case of Legendrian Rational Sym-
plectic Field Theory. We construct differential graded algebras A%, associated to a
left Legendrian half-knot (tangle), A%, associated to a right Legendrian half-knot,
as well as AM.,. associated to a dividing line. We then relate our algebras to the
commutative algebra from LSFT by proving the following Seifert-van Kampen type

theorem (see Theorem 5.1):

Theorem 1.1. Cut a Legendrian front A in two pieces A¥ and AR by a dividing line
M. The differential graded algebras A¥. (M), ALpr(A"), and ALpr(AR) form a

pushout square

Agpr(M) —— Agpp(A")

| !

AGpr(AF) —— AR (A).

Here AGP™ is the commutative LSFT algebra from [9].

11



Thus our construction extends both (the commutative version of) bordered
Chekanov-Eliashberg algebra and (the commutative version of) Legendrian Symplec-
tic Field Theory. The relationship may be informally summarized with the following

diagram:

include disks with
multiple positive punctures

CE DGA » LSFT

pushout | |bordered version pushout | |bordered version

include disks with

bordered CE DGAmultiple positive punetwed ordered LSFT

The remainder of the present work is organized as follows. In Chapter 2, we
review the construction of the Chekanov-Eliashberg DGA. The construction of the
bordered version of the Chekanov-Eliashberg DGA is reviewed in Chapter 3. The
construction of LSFT is reviewed in Chapter 4. Chapter 5 contains the results of the
present work, namely the construction of the bordered LSFT algebras and the proof

of Theorem 1.1. Finally, some example calculations are provided in Chapter 6.
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Chapter 2

Chekanov-Eliashberg DGA

In this section, we review Chekanov’s construction of the Chekanov-Eliashberg dif-
ferential graded algebra [3].

Let A be a Legendrian knot. The Chekanov-Eliashberg DGA is a differential
graded algebra A(A) associated to A, whose stable-tame isomorphism class is an
invariant of A under Legendrian isotopy. It is generated over Zs by the set of Reeb
chords of A, with its differential counting rigid holomorphic curves with one positive

end and arbitrarily many negative ends.

2.1 SFT formulation of the Chekanov-Eliashberg

DGA

Though we will be mostly concerned with the combinatorial formulation of the
Chekanov-Eliashberg DGA, we first briefly recall a special case of the SFT for-
mulation of the Chekanov-Eliashberg DGA [5], and relate it to the combinatorial

one.
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Let (M,«) be a contact manifold and A C M a Legendrian knot. Let N =
(M x Ry,d(e'a)) be the symplectization of M and let J be a compatible almost
complex structure on N. Let L = A x R C N be the symplectization of A.

Assume for simplicity that the Reeb vector field R, has no periodic orbits. Let C

denote the set of Reeb chords of A.

Definition 2.1 (Moduli spaces). Given a tuple (ci,...,c;) € C* of Reeb chords,

define the moduli space M(cy, ..., cx) to be the space of J-holomorphic maps

u: (D*\{z1,..., 2}, 0D*\ {z1,...,z}) = (N, L)

where z; are boundary punctures (in counterclockwise order in 9D?), such that u has
a positive end over the chord ¢; at z;, and negative ends over ¢; at z; for ¢ > 1.
u are always considered up to puncture-preserving reparametrization of the do-

main.

Definition 2.2. Let A be the free associative algebra generated by C. Define a

differential d : A — A by first setting

d(c) =Y #(Mc.ca,... ) /R)ca.. . cx,

where the sum is over all tuples cs,. .., ¢, such that the space M(c,ca, ..., cx)/R is
0-dimensional.

Extend d to all of A by linearity and the Leibniz rule.

Theorem 2.3 (Proposition 2.8.1 in [5]). d* = 0.

Now, further specializing to the case (M, a) = (R3, dz — ydz), we can reformulate

the above combinatorially as follows.
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ool =X
Figure 1: Left: a Legendrian trefoil in the front projection. Right: a Legendrian

trefoil in the Lagrangian projection.

Consider the projection Il : N — Riy, (x,y,2,t) — (x,y). This projects L down
to an immersed Lagrangian I1(L) C R?, and Reeb chords ¢; to self-intersections of
II(L). Elements of M(cy,...,c) are projected to immersed or branched disks in R?
with boundary on II(L), and in particular elements of zero-dimensional moduli spaces
project to immersed disks. Conversely, each immersed disk in R? with boundary on
I1(L) which is convex at each corner lifts uniquely to an element of a zero-dimensional
moduli space M(cy, ..., c). Therefore, we may reformulate the definition of A(A) to
be generated by self-intersections of II(L), with a differential that counts immersed

disks with convex corners.

We now review the combinatorial formulation in more detail.

2.2 Combinatorial formulation of the Chekanov-
Eliashberg DGA

Let A C R? be a Legendrian knot.

Let II,, : R* — R? denote the Lagrangian projection, and let IL,, : R®* — R?
denote the front projection. We assume that A is generic in the sense that all the
self-intersections of Il,,(A) are transverse double points.

(See Figure 1 for an example of a Legendrian in front and Lagrangian projection.)

Note that self-intersections of II,,(A) correspond to Reeb chords of A, since the

Reeb vector field of the standard contact structure on R? is R = 0,.
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Figure 2: Reeb signs at a crossing.

Label the self-intersections of I1,,(A) as g1, . .., ¢,. At each self-intersection, label
the four quadrants with a + or — sign in accordance with the following rule: if the
overstrand is counterclockwise from the understrand in a given quadrant, we label it

+, otherwise — (see Figure 2).

Definition 2.4. The Chekanov-FEliashberg DGA A(A) is the free associative algebra
generated over Zy by the elements {qi,...,q,}. The differential d : A — A will be

defined in Definition 2.6.

The grading on A(A) is defined as follows. For a generator ¢;, let 4; be one of the
two paths in A starting at the overstrand at ¢; and ending at the understrand. Then

we define

@il = [2r0t(Vi)] € Zoro(a)
The differential on A(A) is defined by counting admissible disks, defined as follows.

Definition 2.5. An admissible disk is a map u : (D? dD?) — (R? I1,,(A)) which

satisfies the following properties:

1. u is an immersion apart from a finite set of boundary points, where it maps to

self-intersections of Il,,(A). These points are called corners of u.

2. At each corner ¢ € 9D? of u, a neighborhood of ¢ is mapped to precisely one
quadrant of ¢ = u(c). Label a corner as positive or negative in accordance with

the Reeb sign of this quadrant.

3. u has precisely one positive corner (and any number of negative corners).

16



Admissible disks are always considered up to reparametrization of the domain.

Let D(q) denote the set of all admissible disks whose positive corner is at g.
Given u € D(q), define du to be the monomial in A(A) formed by reading off the

corners of u counterclockwise starting at ¢ (but excluding ¢ itself).

Definition 2.6. Define d : A(A) — A(A) by first setting
d(q;) = Z Ju
u€D(gi)

and extending the definition to A(A) by linearity and the Leibniz rule.

Proposition 2.7 (Theorem 3.1 in [3]).
d is well-defined; that is, >

weD(g) ou is always a finite sum.

This follows from the following Lemma 2.9.

Definition 2.8. Given a crossing ¢ of IL,,(A), define H(q) to be the height of the
Reeb chord corresponding to ¢. In other words, H(q) = |29 — 21|, where z; are the

z-coordinates of the points of A projecting to the crossing q.

Lemma 2.9. Let v € D(q). Let qi,...,q, be the negative corners of u. Then

H(q) > >2 H(gi,)-

This lemma follows from an application of Stokes’ Theorem.

2.3 Proofof d* =0

In this section, we review the proof that d*> = 0. (Theorem 3.2 in [3])

Proof. Let uw € D(q), and let v’ € D(q'), where ¢’ is a factor in Ju. Since u has a

negative corner at ¢’ while «’ has a positive corner at ¢, it follows that u and u’ have
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Figure 3: A disk with a non-convex corner may be cut in two ways.

a shared boundary segment with one endpoint at ¢’. Let ¢ be the other endpoint of
this shared boundary segment.

We claim that the figure u * «’' obtained by gluing v and «’ along the shared
boundary segment must have a non-convex corner (that is, a corner which fills three
quadrants) at ¢” (Figure 3; left). Indeed, otherwise v and «’ would have to both have
a corner at ¢”, with one being positive and the other negative. If it were ' having
the positive corner at ¢”, then we would necessarily have ¢’ = ¢”, since v’ can have
only one positive corner. Then u * %’ has a non-convex corner, filling three quadrants
at ¢ = ¢”. Otherwise, it is u with the positive corner at ¢”; in other words, ¢ = ¢”.
But by Lemma 2.9, H(q) > H(q') > H(q") = H(q), so this case is not possible.

Now, we may cut the glued disk u * «’ in the other way at the non-convex corner
(Figure 3; right). This will yield a different decomposition u” * «” which comes
from another summand in d*(q) representing the same element in A. Therefore, the

summands of d?(q) all cancel in pairs. O

18



<~ C >

Figure 4: Resolution of left and right cusps from a front projection to a Lagrangian
projection.

2.4 Resolutions, and the Chekanov-Eliashberg

DGA for front projections

In this section, we outline the procedure of resolution of front projections [8] and
review the properties of the reformulation of the Chekanov-Eliashberg DGA in the
front projection.

Given the front projection II,,(A) of a Legendrian knot, define the resolution of
I1,.(A) to be the diagram in Riy given by smoothing out each left cusp, and replacing

each right cusp with a loop, as described in Figure 4.

Theorem 2.10 (Proposition 2.2 in [8]). The resolution of I1,,(A) is the Lagrangian

projection 11, (A") for another Legendrian knot A’ Legendrian isotopic to A.

Using the resolution procedure, we may reformulate the Chekanov-Eliashberg
DGA in terms of the front projection.

In this reformulation, we let A(A) be the free associative algebra generated over
Zs by the set of crossings and right cusps of II,,(A) (since resolving a right cusp
introduces a new crossing in the Lagrangian projection). Label the crossings and
right cusps as qi, ..., ¢x.

The differential again counts admissible disks, but we need to allow for addi-
tional types of singularities near right cusps in the front projection to account for the

resolution.

Definition 2.11. An admissible disk in the front projection is a map v : (D* 0D?) —

(R?,TI,.,(A)) which satisfies the following properties:
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1. w is an immersion apart from a finite set of boundary points, where it maps to

either crossings or cusps of I1,,(A). These points are called corners of w.
2. Each corner of u is of one of the forms depicted in Figure 5 of [¢].
3. u has precisely one positive corner (and any number of negative corners).

Admissible disks are always considered up to reparametrization of the domain.

Let D(q) denote the set of all admissible disks whose positive corner is at g.
Given u € D(q), define du to be the word in A(A) formed by reading off the
contributions of the corners of u (in the manner described by Figure 5 of [8]) coun-

terclockwise starting at q.

Definition 2.12. Define d : A(A) — A(A) by first setting

ZUGD((]) du q is a crossing
d(q) =

1+ ZueD(q) Ou q is a right cusp

The reason for the extra 1 in the case of a right cusp is the additional disk with
one positive corner and no negative corners bounded by the small loop that comes
from the resolution of the right cusp.

It is clear that the differential in the front projection reformulation is the same

as the differential in the original Lagrangian formulation. In particular, d? = 0 still

holds.

2.4.1 Simple fronts

The front projection formulation is especially useful for simple fronts:

Definition 2.13. A Legendrian front is simple if all of its right cusps are at an equal

x coordinate.

20



For simple fronts, some of the more complicated singularities from Figure 5 of
[8] become impossible. This in turn implies that every admissible disk is in fact an
embedding in its interior. Thus, the differential is greatly simplified in the case of a
simple front.

Using Legendrian Reidemeister moves [12], every Legendrian front may be trans-
formed into a simple front by simply pulling all the right cusps to the right until they

are on the ‘outside’ at an equal x coordinate.
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Chapter 3

Bordered Chekanov-Eliashberg
DGA

In this section, we review Sivek’s construction of the bordered Chekanov-Eliashberg
DGA [11].

As in Chapter 2, let A C R? be a Legendrian knot, and let I, and II,, denote the
Lagrangian and front projections, respectively. The bordered Chekanov-Eliashberg
DGA is formulated in terms of the front projection. We assume that the front pro-
jection of A is simple.

Cut II,,(A) into two pieces by a vertical dividing line M in the front projection
(the dividing line is assumed to be chosen generically, so that it does not pass through
any crossing or cusp of the front projection). Label the left and right half-knots as A"
and A% respectively, and label the left and right half-planes as R? and R% respectively
(Figure 5 and Figure 6).

The bordered Chekanov-Eliashberg theory associates a differential graded algebra
AL and A% to each half-diagram, as well as a middle differential graded algebra AM
associated to the dividing line itself (or rather, to the intersection of the dividing line

with A). The result is the Seifert van Kampen-type theorem
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~—

Figure 5: A left half-diagram.

Theorem 3.1 (Theorem 2.14 in [11]). There is a pushout square

AM 5 AL

L

A — 5 A

where A is the Chekanov-Eliashberg DGA of A.

3.1 Left algebra

Consider the left half-diagram IT,.(A”). The left algebra, denoted A", is the free
associative algebra generated over Z, by the crossings and right cusps in II,.(AL).
The differential d* : AY — AL is defined in the same way as the differential for the
regular Chekanov-Eliashberg DGA (Definition 2.12). Every admissible disk whose
positive corner is in II,.(A%) must map entirely into R?, and thus d” is well-defined.

It immediately follows that d? = 0.

Remark 3.2. This algebra is called the type-A algebra in [1 1], following the nomen-
clature of Bordered Floer Homology [7]. We rename it A” here so as to avoid confusion

with A.
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Figure 6: A right half-diagram.
3.2 Right algebra

Consider a right half-diagram II,,(A®). Since disks counted in the differential of
A whose positive corner is in IT,,(Af) need not be entirely contained in R%, but
rather may cross over into R2, the right algebra A% will not be defined as merely a
subalgebra of A, unlike the definition of A”. Instead, A% is defined as follows.

Label the points in the intersection of IT,,(A) and the dividing line {1,...,n}. A"
is defined to be the free associative algebra generated over Zs by the crossings and
right cusps in I1,,(A), as well as by elements a;; for each i, j such that 1 <i < j < n.

The grading on A is defined as follows. Choose a Maslov potential function
w:A{l,...,n} — Zy. Set |¢;| = 1 when g¢; is a right cusp, |¢;| = p(a) — u(b) when g
is a crossing (where a and b are the points on the dividing line corresponding to the
over- and under- strands of ¢;), and |ay;| = p(i) — p(j) — 1.

The differential counts admissible disks and admissible right half-disks.

Definition 3.3. An admissible right half-disk is a map w : (D? 0D?*) —

(R%, T1,..(A") U M) which satisfies the following properties:

1. w is an immersion apart from a finite set of boundary points, where it maps

to either crossings or cusps of IL,,(A%), or to II,.(A) N M. Whenever u has a
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corner at a crossing, a neighborhood of the corner maps to a single quadrant of

the crossing.
2. u has precisely one positive corner (and any number of negative corners).
3. Exactly one segment of D? maps to M. This is called the dividing line segment.

Admissible disks are always considered up to reparametrization of the domain.

Let HE(q;i,7) denote the set of all admissible right-half disks whose positive
corner is at ¢, and whose dividing line boundary segment is the portion of M between
the points labeled ¢ and j.

Let H®(g) denote the union of H%(g;i,j) over all 1 <i < j < n.

Given u € H(q;1,j), define du to be the word in A® formed by reading off the
corners of u counterclockwise starting at ¢ (excluding ¢ itself) until we get to the
dividing line boundary segment, then reading off «;;, and then continuing to read off

the corners of u counterclockwise back to ¢ (again excluding q itself).

Also, denote by D%(q) the subset of D(q) (see Definition 2.11) consisting of those

u which map entirely into R%.

Definition 3.4. The differential df : A® — AF is defined by first setting

Z du+ Y Ou

ueHE(q ueDE(q)

if ¢ is a crossing, or
Mgy=14+ D ou+ > ou
u€HR(q) u€DF(q)

if ¢ is a cusp, and

azg E Q1 O

1<k<j

Then extend d¥ to all of A® by linearity and the Leibniz rule.
25



Proposition 3.5 (Proposition 2.11 in [11]). (d®)? = 0.

3.3 The middle algebra

The middle algebra A is associated to the set of points on the intersection of II,.(A)
with the dividing line. Label these points {1,...,n}. Then AM is generated over Z
by elements o;; for each pair 4, j such that 1 <i < j <n.

We define the differential d¥ : AM — AM by setting

dM(aij) = Z Qi kg,

i<k<j

and extending to all of A by linearity and the Leibniz rule.

Proposition 3.6. (d)? = 0.

3.4 van Kampen theorem

In this section, we define the maps involved in the pushout square in Theorem 3.1.
There is an obvious inclusion map r : AM — A% a;; — ;.
Likewise, we have an inclusion L : A¥ — A.

The other two maps expand the o;; placeholder elements to admissible left half-

disks.

Definition 3.7. An admissible left half-disk is a map u : (D? 0D?) — (R2, 1L,.(AL)U

M) which satisfies the following properties:

1. w is an immersion apart from a finite set of boundary points, where it maps
to either crossings or cusps of IL,.(AL), or to II,.(A) N M. Whenever u has a
corner at a crossing, a neighborhood of the corner maps to a single quadrant of

the crossing.
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2. u has no positive corners (and any number of negative corners).

3. Exactly one segment of D? maps to M. This is called the dividing line segment.

Admissible disks are always considered up to reparametrization of the domain.

Let HE(i,7) denote the set of all admissible left-half disks whose dividing line
boundary segment is the portion of M between the points labeled i and j.

Given u € H%(i, j), define Ou to be the monomial in A” formed by reading off the
corners of u counterclockwise starting at the point labeled ¢ and ending at the point

labeled j.

Now, let £ : AM — AL be the map defined by first setting

and extending to all of AM by l(wz) = £(w)l(z).

Similarly, R : A" — A is defined by first setting

and R(q) = ¢ for all crossings and cusps ¢, and then extending to all of A® by
R(wz) = R(w)R(z).

Proof that ¢ and R are chain maps (Proposition 2.7 in [11]). Let v € H*(i,5), q a
factor in du, and v’ € D(g). This data gives one summand in d*(¢(c;;)). Gluing u
and v’ together, we may form a region which is a left half-disk with dividing boundary
segment 77, but having one non-convex corner. We may split this region up using the
other strand at the non-convex corner, and here there are two cases. If the other strand

exits the interior of u before the dividing line, then this splitting gives us another
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summand in d*(¢(«a;;)) which represents the same monomial in A”. Otherwise, if the
strand hits the dividing line while always staying inside u, then this splitting gives us
a summand in (d"(«a;;)). Either way, we see that terms in d”(¢(a;)) + (d™(cv;))
come in canceling pairs.

A similar argument shows that R is a chain map. O]

Proof of Theorem 3.1. We want to show that

AM L A

o]

AR —E 5 4

is a pushout square. First, we note that the diagram clearly commutes.

Now, suppose we have another DGA () together with a commutative diagram

AM Ly AL

b

AR —— Q

We need to construct a morphism h : A — @@ which makes the diagram

AM Ly A

commute.
Every generator ¢ of A can be written either as L(s) for a generator s € A" or as
R(s) for a generator s € AL,

We therefore define

28



This choice clearly makes everything commute. It remains to show that A is a

chain map.

Suppose ¢ = R(s) for s € A%. Then

h(dq) = h(d(R(s))) = h(R(d"(s))) = g(d"(s)) = d°(g(s)) = d?(h(R(s))) = d°(h(q))

The case ¢ = L(s) is similar.
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Chapter 4

Legendrian Rational Symplectic

Field Theory

In this section, we review the construction of Legendrian Rational Symplectic Field
Theory (LSFT) from [9]. LSFT incorporates genus zero curves with an arbitrary
number of positive ends into the differential. Unlike the Chekanov-Eliashberg DGA,
LSFT does not form a differential graded algebra, but rather a curved differential
graded algebra. However, the commutative version of LSFT is a (regular) differential
graded algebra. In [9], the theory is developed over Z, but here we consider only the
Zo theory.

Let A C R? be a Legendrian knot, and let II,,(A) be the Lagrangian projection
of A, as before. Choose two base points, ® and *, on A. For simplicity, we assume %
is immediately prior to e, i.e., there are no crossings of II,,(A) between * and e.

Label the self-intersections of II,,(A) as 1,...,n, and for each crossing, consider
two variables, p; and ¢;. Label the positive quadrants of the i** crossing as p; and
the negative quadrants as ¢;. Furthermore, consider two more variables, t and ¢,

representing all of A in its positive and negative orientations.
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Aspr is defined to be the associative algebra generated over Zsy by the elements
{t,t7/ Y p1,- -, Pu,q1, - - -, @} Which is free apart from the relation ! = ¢~ = 1.

The grading on Agpr is defined as follows. The grading of ¢; is the same as in
the Chekanov-Eliashberg DGA. For the other generators, we set |p;| = —1 — |¢],
[t| = —2rot(A) and [t71 = —|¢t].

The differential on Agpr consists of two terms - an SFT component which counts
genus zero curves, and a correction term coming from string topology.

We will also consider the cyclic complex A, and the commutative algebra

comm
SFT -

Definition 4.1 (Cyclic complex). Let A5, = Agpr/Z, where Z is the submodule
of Agpr generated over Zs by all commutators [z,y| such that either z or y has at

least one p factor in each summand.

Definition 4.2 (Commutative algebra). Let A" = Agpr/J, where J is the

subalgebra of Agpr generated over Agpr by all commutators [z, y].

4.1 String differential

In this section, we define the string differential, which is the correction term to the

SFT differential that accounts for boundary bubbling.

Definition 4.3. A broken closed string is a map v : S* — A which is continuous
except for the following type of allowed discontinuity: < is allowed to jump from
one end of a Reeb chord of A to the other. In other words, for finitely many points
so € S, we allow

lim v(t) = R*

S—)SO
or
lim ~(t) = RT

S*)SO
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where R* are the endpoints of a Reeb chord R. These discontinuities are called the
corners of . Broken closed strings are considered up to reparametrization of the

domain.

Definition 4.4. A based broken closed string is a broken closed string starting and

ending at the marked point e.

Based broken closed strings correspond to words in Agpr in the following way.
We can associate a word w(7y) € Agpr to a based broken closed string 7y by reading
off either p; if we encounter a corner of the form

lim v(t) = R

S*)SO

or ¢; if we encounter a discontinuity of the form

lim (t) = R
S—)S(j):
or t¥1 if 4 passes through the marked point * (with the sign of the exponent depending
on the orientation of 7).
Conversely, suppose we have a word w € Agpr. We may associate a based broken

closed string ~,, to w as follows.

e If w = p;, there is a unique path fy; from e to R;” which does not pass through
* and a unique path v, from R; to e which does not pass through *. Let 7,

be the concatenation of these two paths.

e If w = ¢;, there is a unique path 7[;; from e to R, which does not pass through
* and a unique path v, from R} to e which does not pass through *. Let 7,

be the concatenation of these two paths.

e Let v be the string looping around A once, in the orientation of A.
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e Let -1 be the string looping around A once, in the opposite orientation.

e For all other words w, we construct 7, by concatenating strings of the above

forms.

The map

{based broken closed strings}/homotopy — {words in Agpr}

is a bijection.

Similarly, there is a bijection

{broken closed strings}/homotopy — {words in AZrr}.

Definition 4.5 (Holomorphic corners). A corner of a based broken closed string -y
is called holomorphic if, in the Lagrangian projection, v makes a left turn at the
corresponding crossing. Note that any based broken closed string is homotopic to

one with holomorphic corners.
Now, we define the string differential.

Definition 4.6 (pq insertion into a based broken closed string).

Let « be a based broken closed string and let R; be an internal Reeb chord (that is,
v(tg) = R or y(ty) = R; at some point ¢, where  is continuous). Write w(7y) = w;jws
where wy = w(y|jo4)) and ws = w(y|p,,1). Furthermore, let s = p;g; if y(to) = R;
and ¢;p; otherwise. Then the word w’ = wysw, is called a pg-insertion into v at R;.
In other words, w’ is the word associated to a based broken closed string obtained

from ~ by inserting two discontinuities, across R; and back again, at t,.

Definition 4.7 (String differential).
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Let w € Aspr. Let v be a generic based broken closed string with holomorphic

corners representing w. Define

dstr(W) = Z pg-insertions into
See Chapter 6 for some example calculations.
Next, we outline the key properties of the string differential.

Proposition 4.8 (Prop 3.8 in [J]).

1. Og is well-defined, i.e. Og-(w) is independent of the choice of generic based

broken closed string v representing w.

2. (Sstr(llfy) = (5str($))y + x(éstr(y))'

3. 52

str

(x) =0.
4- Oser{w,y} = {0sr(2), y} + {2, 0str ()} + [o(2), 1],
where o is the function defined below (Definition 4.9).

Definition 4.9 (e map).

Let w be a word in Agpp. Define o(w) = n(w)w where n(w) is the sum of the
exponents of ¢ in w. For [w] € A5, define o([w]) = > , e(w’) where the sum
is taken over all representatives w’ of [w]| ending in a p or ¢. This defines a map

. cyc

4.2 SFT bracket

In this section, we define the SF'T bracket which will be used in the definition of the

SF'T differential.
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Figure 7: x contains a p factor and y contains a corresponding ¢ factor; we may glue
as shown to get a summand of {x,y}.

Let «v and ' be two broken closed strings, and suppose that we can write w(y) =
wip;we and w(vy') = wigw, (in other words, v and 4/ have corners at the same
crossing of IL,,(A), but in neighboring quadrants). Then we may glue v and 7' as
shown in Figure 7 to get a new broken closed string « % 4" whose associated word is

w(y *v') = wjwswhw;.

Definition 4.10 (SFT bracket).
Let {-,-} : Ader @ Adrr — Ader be defined by setting {w, w'} to be the sum of
wW(Yew * Yo ) Over all ways to glue v, and 7.

cyc

A similar definition can be made for {-, -} : AJ5rr ® Aspr — Asrr.

The following are the key properties of the SF'T bracket.
Proposition 4.11 (Prop 3.4 in [9]).

1. Ifx,y € Ader, then {z,y} = {y,x}.

2. {x,yz} ={x,y}z + y{x, z}.

3 Az Ay, 21} +{y, {z, 21} = {7, y}, 2}

4.3 Hamiltonian and SFT differential

Definition 4.12. An admissible disk is a map u : (D? 0D?) — (R? 11,,(A)) which

satisfies the following properties:
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1. w is an immersion apart from a finite set of boundary points, where it maps to

self-intersections of II,,(A). These points are called corners of w.

2. At each corner ¢ of u, a neighborhood of ¢ is mapped to precisely one quadrant
of q. Label a corner as positive or negative in accordance with the Reeb sign of

this quadrant.

3. u may have any number of positive and negative corners.

Admissible disks are always considered up to reparametrization of the domain.

Given an admissible disk u, let du be the word in Ay, formed by reading off the

corners of u counterclockwise.

In other words, an admissible disk in the context of LSF'T is the same as in the case
of the Chekanov-Eliashberg DGA (Definition 2.5), except that we allow for multiple

positive corners.

Definition 4.13. The Hamiltonian h € Adny is defined as

h = Z ou
where the sum is over all admissible disks.

Definition 4.14 (SFT differential). Let dspr : Aspr — Agpr be defined as

dSFT(x) = {h,l’}
Finally, the differential on Agpr is the sum of the string and SFT differentials:

Definition 4.15 (Differential on Agpr). d : Aspr — Agpr is defined as

d(x) ={h,z} + 05 (2)
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Theorem 4.16 (Quantum master equation, Prop 3.13 in [9]).
1
5str(h) + 5{}1, h} = 0

Theorem 4.17 (Prop 3.15 in [9]).

(Aspr,d) is a curved DGA with curvature o(h).

In other words, d satisfies the equation d*(z) = [e(h), z].
d descends to a differential on A5, and AZZ". In particular, (AZp", d) is a
(non-curved) DGA since [e(h),z]| vanishes after taking the commutative quotient.

Moreover, the differential on Ag 7" is independent of the base point e.
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Chapter 5

Bordered Legendrian Rational

Symplectic Field Theory

In this section, we construct the bordered version of Legendrian Rational Symplectic
Field Theory.

Let A C R? be a Legendrian knot, and let IT,.(A) C R? denote the front projection
of A. We assume the front projection of A is simple, i.e. all right cusps are at an equal
x-coordinate (this can always be achieved by repeatedly applying Type II Legendrian
Reidemeister moves to pull all the right cusps out; see Section 2.4.1). Cut II,.(A)
into two pieces by a vertical dividing line M in the front projection (the dividing line
is assumed to be chosen generically, so that it does not pass through any crossing or
cusp of the front projection). Let N denote the plane in R? which projects under I,
to M. Let A* and AT denote the left and right half-knots divided by the plane N.

In the front projection, label the left and right half-diagrams as II,.(AL) and
I1,.(A%) respectively, and label the left and right half-planes as R? and R% respec-
tively.

As a convention, we choose our two marked points * and e to be directly to the

left of the dividing line, on the topmost strand.
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Bordered LSF'T will associate to each half-diagram a differential graded algebra,
denoted A%y and AZ... Furthermore, there is a middle DGA A}, associated to

the dividing line itself. The result is the Seifert van Kampen-type theorem

Theorem 5.1. There exists a pushout square

M L
ASFT ASFT

| !

Afpr — AGH"
where AGE" is the commutative LSFT algebra of A with Zs coefficients [Chapter 4]

This generalizes Sivek’s construction of a bordered Chekanov-Eliashberg DGA.
[Chapter 3]

Remark 5.2. One may also construct noncommutative versions of A¥.,, A%, and
AL, which would then be curved DGAs, like the noncommutative Agpr [Chap-
ter 4]. However, it turns out that in the noncommutative case, we do not get a
pushout square. In fact, the maps involved in Theorem 5.1 fail to be morphisms in
general in the noncommutative case. For this reason, we restrict consideration to the

commutative case throughout this section.

5.1 The middle algebra

In this section, we construct the DGA ALY, associated to the dividing line of a front
diagram.

In general, A is associated to a finite set {1,...,n} equipped with two pairings
BE R of {1,...,n}.

Given a Legendrian knot A with a generic dividing line M, {1,...,n} is taken to
be the set of points in II,,(A) intersecting M. Since the dividing line is generic so

that it doesn’t pass through any crossings or cusps of II,,(A), it follows that n must
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T4

Figure 8: A diagram associated to a middle algebra. The thick line is the di-
viding line M, and the dotted curves represent the left and right pairings 8% =
{(1,3),(2,4)} and 8% = {(1,2),(3,4)}, respectively. The generators of this algebra

are {afy, 3, Oy, Oy, Oy, oy, b, afy, afy, agh, adh, o, By, By, BT, Bk}
be even. There is a natural choice of ¥ and g% {i,j} € BL if there is a strand of
I1,..(AL) connecting points i and j, and similarly for B% (see Figure 8).

Since we are only considering Legendrian knots (and not links with multiple com-
ponents), we require 3% and B% to satisfy the property that connecting the points on
the dividing line according to these pairings would yield a single connected loop. In

other words, representing 3% and B as involutions on {1,...,n}, we require that

{1.8%(1), BB (1)), BH(B"(B7 (1)), B (BR(B*(B™(1)))) .. } = {1,....,n}. (5.1)

Given the data above, we define A as follows.

Definition 5.3. A% is the commutative algebra over Z, freely generated by the

following elements:

° ozg for all 1 <i < j < n. (representing right half-disks with boundary on the

ij-segment of M)

. ozZ-Lj for all 1 < i < j < n. (representing left half-disks with boundary on the

ij-segment of M)
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o 31 for 1 <i < j < nsuch that {i,j} € " (representing a right strand of A

connecting points ¢ and 7)

° BiLj for 1 <i < j < n such that {4,5} € 8. (representing a left strand of A

connecting points 7 and 7)

The grading on AY.. is defined using an auxiliary Maslov potential function

w:{l,....,n} — Z. Set

|| = p(i) — p(j) — 1,
ot = pu(j) — pli) = 1,

|55 = —1.

5.1.1 SFT differential and SFT bracket on AY..

The differential on A% has an SFT component and a string topology component.
In this section we define the SF'T component of the differential as well as the SFT

bracket.

Definition 5.4 (d¥.;).

M :
dgpr is defined on generators as:

i d%FT(CYﬁ) = Zk>j O‘ﬁcafk + qu‘ O‘kRjaﬁi'
b dg/[FT(O‘iLj) = Zk>j OéiLkaﬁc + qu‘ aﬁjakRi-

o dipr( 5) =D ki agag + Zk>i,k;£j afafi + Zk<j,k;éi O‘ﬁjal@ + Zk>j O‘ijaﬁ;-
i dg/[FT( 5) = Zk<i O‘ﬁiakRi + Zk>i,k7éj O‘iLkO‘ﬁ + Zk<j,k7éi O‘ijafj + Zk>j O‘fkaﬁc-

Extend d¥., to a map AY.. — AM.. by linearity and the Leibniz rule.

See Chapter 6 for some example computations.

This definition can be rewritten using an SFT bracket, which is defined as follows:
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Definition 5.5 (SFT bracket).

Define {-,-} : A¥.p x A — ALY, Dy first setting

(

X N
ay J=k
X X _ .
d {aijaaké} =Yog = 12
0 otherwise

v gyn{k =1
° {a%7ﬁf£} =

0 otherwise

d { fj,ﬁ]fg}:().
o {g",n"} =0.

where z is either an L or an R superscript, and ¢* and h% are any generators with
an L or R superscript, respectively.

Now, extend {-,-} to a map A¥. x A — AM.,. by declaring that {z,y} =
{y, z}, by linearity:

{z,y+ 2} = {z,y} + {z, 2},

and by the Leibniz rule:

{r,yz} = {z,y}z + y{z, 2}

Lemma 5.6 (Jacobi identity).

The SF'T bracket satisfies the Jacobi identity

{r,{y, 2}} +{y. {2z, 2} } + {z,{z,y}} =0

Proof. By linearity and the Leibniz rule, it suffices to prove the identity when z, y, z

are generators.
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Suppose the superscripts of z, y, and z are not all the same (either not all L or
not all R). Then the Jacobi identity trivially holds, since all three terms will vanish.
So without loss of generality assume that x, y, z all have a superscript of L. There

are four cases according to the number of 5’s among x, vy, 2.

1. Each one of z,y,z is a [ generator:

In this case the identity is trivial since all terms vanish.

2. Two of z,y, z are § generators.

Without loss of generality, suppose they are z and y. Write z = %,y = f{;, 2 =

L

Odpq.

{855 {Brs g Y + {Bres L B3} + Ly, 1835 B} }
The first two terms cancel with each other, while the third term vanishes.

3. One of x, y, z is a 0 generator:

Without loss of generality, suppose it is 2. Write z = 87, y = af,, z = of,.

We must show

{5167 {a, azfq}} +{a {azeq’ 16}} + {Oéﬁq, i?” ot} =0

L

We now split into subcases according to the value of {aj, ol }.

(a) {aﬁz,aﬁq =0.
In this case, the first term vanishes. Furthermore, since {a , 8]} must be
either 0 or azgq the second term will vanish as well. Similarly, the third

term must also vanish.

(b) {a£27a£q :Oéi/q‘

This happens when ¢ = p.
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Let A={i,5}, B=Ak,(}, C={p,q}, D ={k,q}.

Now,

{ﬁ£7 {051557 Oég[;q}} + {05567 {a£q7 ﬁzljl}} + {a£q7 {/8167 aéé}}
= (|AN Dly)ag, + (|AN Cla)ag, + (AN Bl2)ag,

= (JANBla+ |[ANC|o+ |AN D) o,

where | - |5 denotes cardinality mod 2.

By the inclusion-exclusion principle one may check that
|ANBla+|[ANCls+|AN D]y =0.

(c) {Oéﬁbaﬁq :Oé;ge-

This is analogous to case (b).

: : _ L, _ L ._ L
4. None of x,y, 2 is a § generator. Write x = aj5,y = ay, 2 = .

{O‘z‘Lj’ {Oéﬁb aﬁq}} + {041557 {Oéﬁqu aZ}} + {a]’;“q, {aiLjv O‘ISZ}}

Suppose i, k, p are not all different. Then it is easy to see that all three terms

vanish.
Therefore we may assume without loss of generality that ¢ < k < p.

This implies that the middle term must vanish, while the outer two terms either

both vanish or both equal oziLq and hence cancel each other.

Now, define the Hamiltonian:
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Definition 5.7.

M ._ L R
h" = E ehtey

1<i<j<n
The SFT differential may now be rewritten using the SF'T bracket and Hamilto-

nian:

Lemma 5.8. dit.. = {hM-}.

5.1.2 String differential on A%;T

In this section we define the string component of the differential on A%Y.

Definition 5.9 (Paths in AY¥..).

Given any ¢ € {1,...,n}, Equation (5.1) ensures that by starting at 1 and alter-
nately applying % and B (starting with 8%), one will eventually reach i. Let I'; be
the set of the § generators used in this path from 1 to i. In other words, if i = 1,
I'; = @; otherwise

s = {B'snq), Banay sr(arays -+ 1

(ending at the first occurrence of 3;; or ;). Let 7; be the sum of the elements in
FZ', i.e.
R L
Vi = Bigray T Baraypraray T

Definition 5.10 (String differential).

5M

o 1s defined on generators as:

o O (aff) = (vi+vj)afl + D icke; O‘ﬁﬂl@

o oo (o) = (v +7)ads + X iche; QOE;
b 5%»( ij) = ( £)2
o 3M.(Bh) = (Bh)?
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Extend 6% to AM.; — AM., by linearity and the Leibniz rule.

str

The following is a useful property of the string differential.

Lemma 5.11 (6

is a derivation of the SFT bracket).

str

Ot {2, }) = {03 (2), 9} + {2, 05 () }-

Proof. 1t suffices to prove it when x,y are generators.

— * _ *
T = Dyjs Y = B

Both sides vanish so the formula holds trivially.

_ R . _ pL
T =0, y = B

Both sides vanish so the formula holds trivially.

z=of, y =B
{aﬁ str(ﬁk()} = {alj7 (/ka) } = 2{alj7ﬁk€}ﬁk€ =0

So it suffices to show

str ({azyﬂké}) = {6str( 13)7656}
Expand the RHS.

{6str z] Bké} = { i +7J Qz_y + Z azm mj’ﬁké}

<m<j

= { Vi +7] 51@@} azg + % ""7] {azpﬂkf} + Z {azm my’ﬁkf}
<m<j
The first term vanishes since ; and v; are both just a sum of 3 generators. We

now split into cases based on {k, ¢} N{i,j}.
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Case 1.

Case 2.

Case 3.

{k.0}n{ij} =@
Then the second term (v; 4 ;) {af}, 3} vanishes.

For the third term, for each i« < m < j, the only way {am mj,ﬁkg} might
be nonzero is if m € {k,¢}. But even then {afl ofl: g} = 2afl ot = 0.

Therefore the third term vanishes and

{5str< z])vﬁlljf} =0

Likewise,

str ({alj’ Bké})

{k 0} ={i,J}.

For each i < m < j, {alm Qi BM} = 2al = 0. Everything else also

im m]

vanishes as in case 1.

{3 n{i, g} =1
Assume ¢ = k and ¢ # j; the other possibilities are analogous.

Let i <m < j. If £ # m then

{ Ui, mj?ﬁké} - azm {amﬁﬁké} + {azmﬂﬁkf} am] =0 + azm 717%7,] = aﬁn&ij

If ¢ = m then

{agﬁ’ba’ﬁj? 55@} Uim {a j’BkZ} + {azm’ ﬁkf} amj - ’LI?TLO{’V]}LJ + 0= agnaﬁj
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Thus we have

{5str( zg)?ﬁlfz} = (/71 + 7])055 + Z agnarlzj

<m<j

= 0l (0)

= 5% ({am? 51@@})

as desired.

— AR — AL

str ({OZU, akﬁ})

{551‘,7"( 'Lj) ak€}+ {alj7 str(aéé)}

{mw DS o m],agg}+{ag,m+w>alsﬂ+ 5 }

<m<j k<m</{

= {% + V5 Oéﬁe} Oég' + {0457 Vi + %} gy
Introduce an ordering <’ of {1,...,n} according to the sequence
1< pR(1) < pE(BR (1) < BR(BH(B%(1))) <

(stopping just before 1 is reached again). If ij and k¢ are not interlaced with
respect to <’, then both terms above will vanish. If ij and k¢ are interlaced,

eg 1 <'k<'j<'{ then

{, @ée} =0; {%‘a aﬁz} = aég
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and

{al,wr=al; {al v} =0

Thus,

{,YZ + Vi O‘ﬁé} O(ﬁ + {af}”Yk + ’75} Oél%ﬂ = 07
as desired.

_ R _ R
o x =, Y= ap.

Similar to the previous case.

e All other cases are analogous to one of the cases above.
O

Now, the full differential on A}, is simply the sum of the SFT and string com-

ponents.

Definition 5.12. dM := d., + 0¥

str-

See Chapter 6 for some example computations.

5.2 dM is a differential

In this section we prove the following theorem.

Theorem 5.13. (AM, dM) is a differential graded algebra. In other words, d™ satis-

fies (dM)? = 0.

Lemma 5.14. (0¥

str

)2 =0.

Proof. Tt suffices to show that (6%

M)2(z) = 0 for all generators .

L

This is trivial for x = f} and x = b
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G (al) = 81 (m Cpall s 3 a)

i<k<j

= 5%‘(72 + ’Y])ag + (’VZ + 7])5%”( 5) Z (5%“( ’Lk‘)ak] + azkdstr(agj))

1<k<j
(st + 555 | kit () (ww% 5 )
BET; BeT; i<k<j
+ Y (¥ (af)af + alis (af)
i<k<j

=D B+ B af+ ity i+ (it Y afef

Ber; Bel; 1<k<j
+ § : 5str zk ak] + § : azkzést’r ak])
1<k<j i<k<g

=D B+ ) Bl + (el + (it ) Y ofiaf

BET; Ber; i<k<j

s (mwm% 5 )

1<k<j i<k'<k

£ al <(%+%)a£§~+ 5 )

1<k<j k<k'<j

The first two summands cancel, so we are left with
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= (Vi +75) Z ajrogs + Z ((’Yi+7k>aﬁg+ Z @ﬁ'agk> g

i<k<j i<k<j <k'<k
+ alf + )k + alft,af
(v + kj kk' X/ 5
1<k<j k<k'<j
(Vi + ) E 0%1«0%] + E (i + ) zk’akj + E T +7) 0%]
i<k<j <k<j i<k<j
R R _R R R _R
+ E g Qg O, Ot =+ E E Qg O O
i<k<ji<k'<k i<k<j k<k'<j

Now the first three terms cancel with each other, as do the last two terms. So,

(054 (ef}) = 0.
5M L

A similar computation shows that (03.)*(c;;) = 0.

‘ps M ._ R, R L L L R
Definition 5.15. hy' 1= Y7 i cicn QOGSO + D0 cicpc o QiR QGO

This is the analogue of ${h™ AM} or K™ — hM in the notation of [9] (See Chap-

ter 4)
Lemma 5.16. {h™M {hM z}} = {h) z}.
Proof. Note that this doesn’t follow directly from the Jacobi identity since we are

working over Zs.

L

o v = [

Let h){ = > agyon,, where the sum is over 1 < k < ¢ < n such that [{z,j} N

{k,£}| = 1. Clearly, {n™, 5]} = n}f

{hM7 {th 5}} - {th hy!

o L L R R R L
= E i O Oy + E oy Ol 0 Oty
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where both sums are over the set of 1 < k < m < ¢ < n such that |{k,¢} N
{Zij =1

Likewise,

M
h27

i E akm mfakf—i_ E akm m@aké

where both sums are over the set of 1 < k < m < ¢ < n such that [{k,(} N
{i,7} = 1.

_ AR
T = .
Similar to the previous case.

_ L
ZL’—Q{pq.

We may expand

(WM }—Zam qj—irZoza

q<j<n 1<i<p

Then

{RM {RM k) = {hM Z ala q]} {hM, Z afqaf},}

q<j<n 1<i<p
Vv - vV
A A’
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We first expand A.

_ L R R L L R
A= E QG+ g o i O+
1<i<p<qg<j<n 1<i<g<j<n
A ~~ ~~ J/
B c
2 : L R_R 2 : L L R
+ apkaqjajk + OéijéjkO!qk
q<j<k<n q<j<k<n
N NV - N NV 7
D E
A’ has a similar form.
r L R _R L L _R
A= Z Qi Qip X + Z Qg Qs X +
1<i<p<q<j<n 1<i<p<j<n
N ~~ J/ ~~ J/
B/ C/

L R R L L _R
+ E akqakiozipjt g Qi OGOy,

1<k<i<p

1<k<i<p
N

7 >

g

D/

Note that B = B’. Thus

{nM AWM, o, b}

On the other hand, if we write

(= >
1<i=q<k<j<n
()= ).
1<i<k=q<j<n
(s = )
1<i<k=p<j<n
(ha= >

1<i<k<j=p<n

g

E/

=C+D+E+C'+ D+ FE

R R L L R

QGO Qs+ E QO 0l
1<i=g<k<j<n

R R L L L R

QGO Qs+ E OGO 0G5
1<i<k=q<j<n

R R L L R

QG Qg5 Qs+ § QG005 Oy
1<i<k=p<j<n

R R L L L R

01,0505 + E O O O 5

1<i<k<j=p<n
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then

{3 o} = {(hy")1, o} + {(h2")a, 0} + {(B3")s, e} +{(3)a,

N J/ N

-~

TV
F G H 1

(all other terms vanish) and one may check that FF = E, G = C+ D, H =
C'+ D' and I = F'.

Similar to the previous case.

O
Lemma 5.17. 6 (hM) = pi!.
Proof.
5%‘(hM) = str ( Z azg z])
1<i<j<n
= > (@ah)af +aboli ()
1<i<j<n
= Z ((71 + ’YJ al]alj + < Z azkak]> 045 + azI}(ryl + ’73 Oé T+ Oé ( Z azkakj>>
1<i<j<n i<k<j i<k<j
= Z afkaﬁjaf} + Z agaﬁgaf}
1<i<k<j<n 1<i<k<j<n
= hd!
O

Proof of Theorem 5.185.
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Using Lemma 5.11, Lemma 5.14, Lemma 5.16, Lemma 5.17:

(d")*(x) = " ({h", 2} + 05, ()
= {WM AR ot + oG, (Y }) + {05 (2) ) + (05,)* (2)
= {hy" o} + {05 (W), 2} + (93)° (@)
= {hy" + 05 (W), 2}

str

=0.

]

Remark 5.18. A generalizes the (commutative quotient of the) DGA I, from

[11] (denoted AM in Chapter 3). Setting all 3%, and af equal to 0, one can check

L

that d§p, vanishes while 0}, reduces to 63 (af

_ L L
St str(Qi7) = D i e O, SO we Tecover the

differential on AM.

5.3 Definition of the left and right algebras: A%,

and A?FT

In this section, we define the DGAs associated to the left and right half-diagrams.

5.3.1 Generators of AL,

Consider first a left half-diagram II,.(A%) (Figure 9) Label the points on the dividing
line as {1,...,n}.

We require the auxiliary data of a single pairing 8 of the points on the dividing
line. Since we only consider Legendrian knots, we require [ to satisfy the property
that closing up A by connecting the points on the dividing line according to 3 would

yield a single connected loop.
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Figure 9: A left half-diagram. The dotted curves represent 8 = {(1,2),(3,4)}. The
generators of .AéFT in this case are: {p1, q1, a12, 013, A4, Q23, Aag, O34, F12, B34}

Definition 5.19. The algebra AL, is the commutative algebra generated over Zs,

by the following elements:

e Two generators p;, ¢; corresponding to each crossing and right cusp in IL,,(AF).
e A generator o;; for every 1 <1i < j <n. (representing a right half-disk)
e A generator §;; for every 1 < i < j < n such that {4,j} € 5. (representing a

right strand connecting ¢ and 7)

5.3.2 String differential on AQFT

The differential on A%, again consists of an SFT component and a string topology

component. In this section we define the string component.

Definition 5.20. A path in AY is a map 7 : (a,b) — A* which is continuous except

for the following allowed discontinuity:

lim v(t) = z; and lim (t) = z,

— +
t—ty t—td
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where x; and x5 are points that project in the front projection to paired points ¢ and
£(7) on the dividing line M. (in other words, at the dividing line we allow 7 to jump

from the endpoint of one strand of A* to another, according to the pairing 3).

There is always a unique (up to homotopy) path from e to any point in A, which

does not pass through .

Definition 5.21. A path in M is a map ~;; : [0,1] — M which is monotonic in the

z direction and which satisfies I1,,(v(0)) =i and I1,.(y(1)) = j.

Definition 5.22. A broken closed string in AL is amap  : S™\{tq, ..., tx} — (ALUN)
such that for each i, ¥|«, +,,) is either a path in A* or a path in M, and at the points
ti, 7 may have a discontinuity of the form lim, .+ y(t) = R* or lim, () = R,
where R* are the endpoints of a Reeb chord R (in other words, we allow v to jump

from one endpoint of a Reeb chord to the other).

We can associate a word w(y) € AL, to each broken closed string v by reading

off either

e p; if we encounter a discontinuity of the form

lim ~(t) = R},

+
t%tj

e ¢, if we encounter a discontinuity of the form

lim v(t) = R,

T 7
t%t].

e «;; if there we encounter a segment [t,,, ty41] C S such that vy, 1., is a path

in M between i and 7,

Conversely, we can associate a broken closed string to any word w not containing

any (3 factors as follows.
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e If w = p;, there is a unique path fy; from e to R} and a unique path Yy, from
R; to e. Let vy(p;) be the concatenation of these two paths, perturbed to have

holomorphic corners (see Chapter 4).

e If w = ¢;, there is a unique path ”y(z from e to R; and a unique path v, from
R to e. Let y(g;) be the concatenation of these two paths, perturbed to have

holomorphic corners.

o If w = a;j, there is a unique path ~; from e to 7, a unique path 75}7 C N from
i to j, and a unique path 7]71 from j to e. Let vy(c;) be the concatenation of

these three paths.

Finally, if w is any word not containing any § factors, let v(w) be an appropriate
concatenation of the strings described above.

The map
{broken closed strings}/homotopy — {words not containing 3's}

is a bijection.

Definition 5.23. Let
W := {words not containing 3's}

W represents the set of elements of A% which are representable as broken closed

strings.

L

o as follows.

Next, we define the string differential ¢

Definition 5.24 (pg-insertion into a broken closed string).
Let v be a broken closed string. For any internal Reeb chord R; along 7 (that
is, 7(to) = R and 7 is continuous at t,), we say that the monomial p;qsw(v) is an

insertion of a p;q; pair into 7.
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R
R

Figure 10: A broken closed string representing the element asy (left; drawn red and
slightly offset), and a pq insertion resulting in the element pgasy (right; drawn red
and slightly offset. At the crossing, the new broken closed string jumps across the
Reeb chord from the lower strand to the upper strand and back).

See Figure 10.

Definition 5.25 (a-insertion into a broken closed string).
Let v be a broken closed string. For any segment [t,,,¢;,41] for which v|g,. ¢,
is a path in NV between ¢ and j, and for any ¢+ < k < 7, we say that the monomial

w’ obtained from w(y) by splitting the corresponding «;; in w(7y) into a;,ay; is an

a-insertion into 7.
See Figure 11.

Definition 5.26 ([5-insertion into a broken closed string).
Let v be a broken closed string. For any discontinuity of v where v jumps from the
endpoint 4 of one strand of A" to 8(4) (see Definition 5.20), we say that the monomial

Bijw(y) is a B-insertion into 7.
See Figure 12.

Definition 5.27 (6% ).
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Figure 11: A broken closed string representing the element asy (left; drawn red and
slightly offset), and an « insertion resulting in the element aszasy.

Figure 12: A broken closed string representing the element ¢ (red, drawn slightly
offset). Because the broken closed string has a jump from strand 3 to 4, we can
perform a § insertion resulting in the element ¢34 (not pictured because ¢34 € W).
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First let w € W. Choose a broken closed string v representing w. Then
6L (w) = Z(pq—insertions into fy)—l—Z(a—insertions into 7)+Z(6—insertions into ),

(for independence of the choice of v, see Proposition 5.28)
Then define 6%,.(8;;) = 8.

Finally, extend 6%

str

to all of AL, by linearity and by declaring
Osir(2Bi3) = 05y (%) By + w053, (By5)

Proposition 5.28 (Properties of 0% ).

str

1. 6L is well defined, i.e. when w € W, 6% (w) is independent of the choice of ~y.
2. 6L satisfies the Leibniz rule
O (zy) = 03, (x)y + 205, (y)
Proof.

1. Suffices to check that 6%

or(w) doesn’t change when v changes by one of the local

moves in Figure 13, and this is clear in all cases.

2. It suffices to prove this when x,y € W.

Let v, and v, be broken closed strings representing x and y. Then the con-

catenation 7y, * 7, is a broken closed string representing zy. Any insertion into

L
str

L
str

Yz * 7y will have a corresponding term either in 0, (z)y or zdy,(y), depending

on where the insertion takes place.
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A Y A
A v A e
7
| L

A J A

A 7 A—rit-

—_— E
/ :

Figure 13: Local moves of broken closed strings.

5.3.3 SFT bracket and SFT differential on .AgFT

Definition 5.29 (SFT bracket).

{-,-} is defined on the generators of A%, by:

e {p;,z} = 0 for all generators = # g;.

o {z,q;} = 0 for all generators x # p;.

L4 {aijyakf} =

4 {aij7 ﬁkz} =

(

\

/

\

o {Bij, Bre} = 0.

ayg j=k

A 1=/

0 otherwise

i Hi, g} Nk, =1

0

otherwise

e {t,z} =0 for all generators =.
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Extend {-,-} to Akpr X Akpr — ALpr by declaring that {z,y} = {y,z}, by
linearity:

{z,y+ 2} = {z,y} + {z, 2},

and by the Leibniz rule:

{7, y2} = {z,y}z + y{wz, z}.

Lemma 5.30 (Jacobi identity). The SFT bracket satisfies

{z.{y, 2}} +{y, {z.2}} + {z. {z,y}} = 0.

Proof. 1t suffices to prove the identity when x,y, z are generators.

e Any one of x,y, z is a t: everything vanishes.

e Each of x,y, z is either an « or :

same as Lemma 5.6

e 1, y, and z are all either a p or ¢: same as Jacobi identity for LSFT (Proposi-

tion 4.11).

e Some of x,y, z are p or ¢ while others are a or §: everything must vanish.

]

Remark 5.31. When z,y € W, we can define {x, y} in terms of broken closed strings
as follows. Let v, and 7, be broken closed strings representing  and y. Whenever
7. has a corner at some p; and 7, has a corner at ¢; (or vice versa), we can glue 7,
and v, into a single broken closed string as depicted in Figure 14. Likewise, if v, has

an «;; segment and 7, has an «;; segment (or vice versa), we can glue them into a
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A g A K

S| {r )

\ j _— S \ j
EF('

’ y :/

' k ' k
— —

Figure 14: Top: = contains a p factor and y contains a corresponding ¢ factor; we
may glue as shown to get a summand of {z,y}. Bottom: x contains an «;; factor and
y contains an adjacent oy, factor; we may glue as shown to get a summand of {z,y}.

single broken closed string as also depicted in Figure 14. Let {z,y} be the sum of all

such possible gluings.

5.3.4 Hamiltonian on AQFT

In this section, we define the Hamiltonian on A% ... First, we define admissible disks.

Definition 5.32 (Admissible disk).

An admissible disk is an orientation preserving map u : (D? 0D?) — (R% 11, (A")U

M) which satisfies the following properties.

1. w is an immersion apart from a finite set of points {z1,..., 2} C dD? which

map either to crossings, cusps, or points in IT,,(AL) N M.

2. If z; maps to a crossing, then a neighborhood of z; is mapped to a single quadrant

of that crossing.
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u may have any number of positive and negative corners, and any number of
boundary segments on M.
Given an admissible disk u, we define du to be the monomial in A%y, defined by

the broken closed string associated to the boundary of u.

Definition 5.33 (Hamiltonian).

hE ::ZaquZpi,

where the first sum ranges over admissible disks u (considered up to domain
reparametrization), and the second sum ranges over the indices of the vertices which

are right cusps.

The second sum comes from the fact that the morsification of a front projection
turns a right cusp into a small loop, which adds a single holomorphic disk with one

corner at p; (see Figure 4).

Definition 5.34 (SFT differential).

déFT = {hL7 }

As before, the full differential on A%, is the sum of the SFT and string contri-

butions.

Definition 5.35 (Differential on AL.;).

dL — {hL,'}+5L

str

5.4 dL is a differential

In this section we prove the following.
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Theorem 5.36. (A%.r,d") is a differential graded algebra. In other words, d* sat-
isfies (dX)? =

Lemma 5.37. 6%

S 18 a derivation of {-,-}.

str{m y} = {58157"( ) y}—i-{.’ll', str( )}

Proof.

1. z,y e W.

Then {x,y} will be a sum of elements in W. Therefore, each term of 6% {z,y}

will be some insertion into a broken closed string ~ representing a summand of
{z,y}.
If the insertion takes place away from the gluing region, it will be canceled by

a corresponding term either in {65 (x),y} or {z,d0% (y)}.

The only remaining terms are the exceptional terms, where an insertion takes
place at the gluing region (see example in Figure 15). The ‘interior’ exceptional
terms (where the insertion/gluing happens in the interior of the half-diagram,
away from the dividing line) are the same as those for LSFT (see Figure 3.8 in
[9]). Now, the only remaining terms are those exceptional terms which interact
with the boundary. These are depicted in Figure 16, and are again seen to

cancel pairwise.

Z.xzﬁij,yEW.

{6L (Bi;),y} = 0, so it suffices to show

str{/8137y} {5”’ str( )}
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{Bij,y} = ¢yy, where ¢, is the number mod 2 of factors of y which are of the

form ayy satisfying |{7, 7} N {k, (}| = 1.
Therefore,

5557’{51']'7 y} = Cydér(y)

L

Then we can write d,

(y) = >_ w, where the sum ranges over all w that are

either pg-, a-, or (- insertions into y.
Thus

LBy} =) e

On the other hand,

where ¢,, is the number mod 2 of factors of w which are of the form oy, satisfying
i, j} 0 {k, 0} = 1.
Therefore it suffices to show that ¢, = ¢, for all insertions w.

Clearly this is true if w is a pg or 3 insertion. If w is an « insertion, then an
aye contributing to ¢, can be split into agmaume. But in this case, we must have
either [{7, 7} N{k,m}| =1 or [{i,5} N{m, £}| =1 (but not both). So either as,,

Or ayye (but not both) will contribute to ¢,,. Thus ¢, = ¢, in all cases.

3. x = Bij, y = Bre-

Everything vanishes so the identity is trivial.

Lemma 5.38. (05 )2 =0
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Figure 15: Top: an exceptional term in d{x,y}. Bottom: an exceptional term in
{x,dy}. The top and bottom terms give the same element in A%, and thus cancel.

M
A:
y

Figure 16: The boundary exceptional terms cancel pairwise as shown.
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Proof.
1. Let x = $3;;. Then (55Ltr)2(5’3) = 25{9}‘ =0.

2. Let z € W. Then each term in (6%

L )?(z) is the result of making two insertions

into . Reversing the order in which the insertions are made yields the same

element; therefore all terms cancel in pairs.

Definition 5.39 (z — y).
Define z — y as an asymmetrized version of {x,y}, i.e. only allow a p in z to glue
to a ¢ in y (but not vice versa), or an «;; in  to glue to an «j; in y (but not vice

versa).

Lemma 5.40.
{h* — h*, x} = {n" {h" z}}

(See Lemma 5.16).

Lemma 5.41.

ht — h" =L,

(h")

Proof. Consider the summands in h* — h* + 6L (h%). Some ‘interior’ terms cancel
pairwise in the same way as in the proof of Theorem 4.16 (see Figure 3.13 in [9]), but
here we also have to deal with terms involving the dividing line. These ‘boundary’

terms are depicted in Figure 17, and are seen to cancel pairwise as well. O
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M
A A A
/ ht — ; ht :\ h*
ht  h
A M M
K A A
| ,’/L g
3 : h ) Hlé(hL)
\ \ Z/L
M M
M M A A
l,\: /}— /’/hL -
/,/ L I’(;(h[/) ,I, 1 -
= 'k f ((( |l T s
\ L \ \\ k

Figure 17: The pairs of boundary canceling terms in (h* — hl) + §(hL).
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Proof of Theorem 5.56.

(d")?(z) = {h" {h", 2} + 6L, ()} + 0L, ({h", &} + 65, (x))
= {n" {n", 2}} + {h" 05, ()} + 6L, {n" 2} + (65,)%(x)
= {h* = n" z} + {6& (A1), 2}

str

= {ht — ht + 55 (hY), 2}

str

=0

Remark 5.42. A similar method shows that (d%)? = 0.

5.5 L, R morphisms

In this section, we will construct DGA-morphisms from A%, and A%, into AL,

Definition 5.43 (left/right admissible disk).
Define a right admissible disk to be a map u : (D? 0D?) — (R 1L,.(A) U M)

satisfying the following properties.

1. w is an immersion apart from a finite set of points {z1,..., 2} C dD? which

map either to crossings, cusps or points in I1,,(A) N M.

2. If z; maps to a crossing, then a neighborhood of z; is mapped to a single quadrant

of that crossing.

3. Exactly one of the intervals (2, 2y 1) C 0D? maps to M, and a neighborhood

of this interval maps to R%. Call this interval the “dividing line interval”

Let DE(i, j) denote the set of right admissible disks u such that the dividing line

interval is (i,7) C M.
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Figure 18: Left: a right admissible disk contributing to L(as4). Right: a left admis-
sible disk contributing to R(as4). Note that the left admissible disk may ‘loop back’
across the dividing line, but the same is not possible for right admissible disks, since
we have restricted consideration to simple fronts (Lemma 5.48).

Define a left admissible disk in the same way, except requiring a neighborhood of
the dividing line interval to map to R% instead.

Let D%(i,j) denote the set of left admissible disks whose dividing line interval
maps to (,7) C M.

Given any u € DE(i, j) or u € D%(4, §), let 9*u denote the boundary of u, exclud-

ing the dividing line interval, read off as a monomial in AZZY".

Remark 5.44. Any right admissible disk must in fact map entirely into R%. (see
Lemma 5.48). However, the analogous fact does not hold for left admissible disks

(Figure 18).
Now, we define a map L : AL, — AL as follows.

Definition 5.45. L : AL, — A% is defined on generators by setting:
o L(p:) = pi

o L(g:) = qi

[ L(O{z]) = ZuGDR(i,j) 3*u
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o L(Bij)=>_, 7 right strand PkQk; Where the sum is taken over the interior Reeb chords

along the ij strand of the right diagram A%.

Extend it to an algebra map by setting L(z + y) = L(z) + L(y) and L(zy) =

L(@)L(y)-
Definition 5.46. R : A% — AL defined similarly. On generators:
* R(pi) = pi
o R(q;) = a
o R(aij) = uepriy O u
o R(Bi;) = zij left strand Pkdk-

Extend it to an algebra map by setting R(z +y) = R(z) + R(y) and R(zy) =
R(z)R(y).

We now prove the following theorem.

Theorem 5.47. L and R are morphisms. That 1is,

doL =Lod",

and

doR= Rod".
Lemma 5.48. Any right admissible disk maps entirely into R%.

Proof. Suppose not. Then there must be at least two segments (a,b), (¢,d) C dD?
mapping into Af such that the points a, b, ¢, d all map onto the dividing line M. Con-
sider the points along (a, b) and (¢, d) at which the z-coordinate is maximized. This

must happen either at a crossing or right cusp of A. These maximal z-coordinates
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%

Figure 19: A right disk with two boundary components on the dividing line must
have a non-convex corner (marked with a dot).

cannot be equal, or else D? would not be immersed. It follows that the smaller
maximal z-coordinate must occur at a crossing (recall that we assumed the front pro-
jection was simple, so all right cusps have an equal z-coordinate). But now one can
see that near this crossing, D? must map to three quadrants and is thus inadmissible

(Figure 19). O

Proof of Theorem 5.47. Let d denote the differential on ALm™ and let d” denote the

differential on A%. We need to show do L = L o d*.

®T=p;:

do L(p;) = d(pi) = {h,pi} + dstr(pi)

Lod"(p;) = L({h", p:} + 6%.(p))

= L{n", pi}) + L(65, (p:)))

It is clear that &(p;) = L(6%, (p;)).

So it suffices to show {h,p;} = L({h¥, p;}).
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Let w = {w',p;} be a summand of {h,p;}. Write w" as D for an admissible
disk D. Let D be the portion of D in the left-half diagram, and D the right

half.

By Lemma 5.48, D* must be connected, though D may have multiple compo-
nents. Label the components of D® as DJ, and let the intersection of DIt with
the dividing line be (i, jk)-

L

- — apLapR T P R R - -
Write 0D = wywy®. .. Wi'wy y 1GiWyy 1 2Wiyy - - - Wy, , Where wy” is a word consist-

ing of only generators of the left half (similarly for w?).
Each wff = 0*(Df) is by definition a term in L(a;,j, ).

L _ L L L L R :
OD" = wy oy j Wy - - Qi Wil 1GiW 1 9iysyjigs - - - Wy, ON the other hand, is a

n’

term in h%.

Therefore, {h¥, p;} will contain a term of the form

L L L R
Wy Qiyji Wy - v+ Qiyp Wiy 1 W1 21y -+ - Wa

Therefore, L({h’,p;}) contains a term of the form

L, R L L L _
wl wl DEEIEY wk+171wk+172 ... wn — w-

Thus, any summand of {h, p;} cancels with a summand of L({h¥,p;}). A similar
argument shows that every summand of L({h*,p;}) cancels with a summand of

{h,p;}, and thus these are equal.

T = ¢;. Same argument.

I6)



e = = q;. In this case, {h, L(z)} # L{h* , x} and 6(L(z)) # L(0%,(x)) in general.

However, the terms of
{h, L(2)} + L{n", 2} + 6(L()) + L(d5, (v))

come in pairs which cancel, as depicted in Figure 20.

® l‘:ﬁw

Note that §(prqr) = (prqr)? for any pair py, g

5<L(6z‘j)):5< > pq)

ij right strand

= Y )

ij right strand

= > (m)’

ij right strand

2
< ] >
1) I‘lght strand

= (L(By))?
=L (67)

= (65 (Bi7)

For the SF'T portion, note that {h, prgx} = pe{h, qx} + {h, P }qx is just equal to
the sum of admissible disks that have an odd number of corners at the vertex

labeled k.

Thus, {h,L(B;;)} = {h, i right Smndpq} is equal to the sum of admissible
disks with an odd number of corners at some crossing along the ij strand. Each

such disk will be double counted in {h, L(5;;)} (as in Figure 21), unless the disk
76



L(Oéij> \ . L(Oz,ij) \ L<O‘ik) :' h :'
h | ’ L(Oé“) —
h Lo ) !
M M M M
\‘I % \\‘
L(Oé”) h " (s(L(Q”)) ,:
______ | R W
M M

Figure 20: Canceling pairs in {h, L(;;)} + L{h", c;;} + 6(L(cuj)) + L(6%, ().

crosses M as depicted in Figure 22. But these exceptional disks precisely cancel

with a corresponding term in L({h*, 8;;}).

A similar argument shows that R : A%, — AP is also a morphism.

5.6 [, r morphisms and commutativity of diagram

In this section, we construct DGA-morphisms from A, into A%, and A%

7



mlqg p2l Q@

-

Figure 21: Here, L(5;;) = p1q1 + p2q2 + . ... The disk labeled h contributes to both
{h,p1q1} and {h, paga}.

Figure 22: Here, L(B;;) = pg+ .... The disk labeled h contributes to both {h,pq}
and L({h, 6 }).

5.6.1 Definitions

Definition 5.49 (left/right admissible half-disk). Define a left admissible half-disk

to be a map v : (D? 0D?) — (R% TI(AL) U M) satisfying the following properties.

1. u is an immersion apart from a finite set of points {zy,..., 2.} C dD? which

map either to crossings, cusps or points in II(A*) N M.

2. If z; maps to a crossing, then a neighborhood of z; is mapped to a single quadrant

of that crossing.

3. There is at least one interval (2., 2pm11) C 9D? which maps to M, and one of
these intervals is distinguished. Call the distinguished interval the ”dividing

line interval”.
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Let HZ% denote the set of left admissible half-disks H such that the distinguished
dividing line interval maps to the interval (7, 5) C M.

Given any u € Hé, let 0*(u) denote the boundary of u, excluding the distinguished

dividing line interval, read off as a monomial in A%

Define a right admissible disk and Hf;” in the analogous way.

Remark 5.50. A right admissible half-disk is the same as a right admissible disk, by
Lemma 5.48. However, a left admissible half-disk is not the same as a left admissible

disk, in virtue of the fact that a left admissible disk need not map entirely into RZ.
Now, we define maps ¢ : AM.. — ALpr, r o AM — AL as follows:

Definition 5.51. ¢ : AM.. — AL, is defined on generators by setting

o fad) = ¥ e O
® é(aﬁ) = Q4.
® U(B]) = 2" teft strana Ped Where the sum is taken over the interior Reeb chords

along the ij strand of the left diagram A”.
o ((BF) = By
Extend ¢ to an algebra map by declaring ¢(z +y) = ¢(x) + {(y) and {(xy) = €(x)l(y).
Similarly,

Definition 5.52. r : A — A%, is defined on generators by setting

[ ] T(CM-L-) = Oéij.

. T(aﬁ) = ZueHg o*u.

o r(B]) = By

;)

i 7’( ij) — Zz‘j right strand Prgk.
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Extend r to an algebra map by declaring r(z+vy) = r(x) +r(y) and r(zy) = r(x)r(y).

The proof that ¢ and r are morphisms is similar to that of Theorem 5.47.

5.6.2 Commutativity of diagram

In this section we check that the diagram

M 4 L
ASFT — ASFT

o]

R R comm
AS FT AS FT

commutes. In other words, we must check that Lo/ = Ror.

o r— g
LB = LBy = Y, e
ij right strand
R(r(8})) =R ( > pqu> = >
ij right strand ij right strand
e I = L

i

Analogous to above case.



(recall from Remark 5.50 that right half disks are the same as right disks)

5.7 Pushout

We now have a commutative diagram

M 4 L
ASFT ’ -ASFT

I lL

R
Alpr —— AGH"
In this section, we would like to prove Theorem 5.1, which states that this is a

pushout square.

Proof of Theorem 5.1.

Suppose we have another DGA @) together with a commutative diagram

M 4 L
ASFT B ASFT

| s

g
AgFT — Q

We need to construct a morphism h : AZZ" — () which makes the diagram

M 4 L
ASFT E— ASFT

o]

R R
ASFT

commute.
Every generator z of AZZ™ can be written either as L(s) for a generator s € A%
or as R(s) for a generator s € Al

We therefore define
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and extend h to an algebra map AZ" — @Q by declaring h(z +y) = h(z) + h(y)
and h(zy) = h(x)h(y).

First we must check that the diagram commutes, i.e. we must check ¢ = ho R
and f =ho L.

We start with checking f = ho L.

e v =p € AL orx=¢q € AL

Then h(L(z)) = f(z) by definition.

_ L
o v =0y € Adpr.

By e AL, consists of terms only including p and ¢ generators,

Since r(a;;

h(R(r(ef}))) = g(r(ef)). Thus,

h(L(z)) = g(r(ag})) = f((a})) = f(asy)

.l':ﬂijE.AL.

h(L(x)) = ML(U(B)) = M(R(r(5;)))

Since () consists of terms only including p and ¢ generators, h(R(r(3[))) =

g(r( 5)) Thus,



Verifying g = h o R is similar.

Now we must check that h is a morphism.

o v =1L(s) for s € Apr.
d?(h(w)) = d°(f(s)) = f(d"(s)) = h(L(d"(5))) = Md(L(s)))

e v = R(s) for s € A%
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Chapter 6

Examples

In this section, we go over some example calculations of Bordered LSFT.

6.1 Example 1

Let A be the Legendrian trefoil depicted in Figure 23, with the dividing line chosen
as shown.
comm

First, we compute AZZ™(A).

%'()]?LTm 18 generated by the elements {pla q1,P2, 42, P3, 493, P4, 44, P5, Q5}

Figure 23: Legendrian trefoil.
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The string and SF'T differentials are computed below:

dstr(p1) =0 dspr(p1) =0
str(q1) = P11 dspr(q1) =1+ ¢5 + g3 + 43G445
Ostr(p2) = 0 dspr(p2) =0
Ostr(q2) = Q2D202 dspr(q2) =1+ g3 + g5 + 43G445

Ostr(P3) = (P5Gs + Paqa + P3G3)P3 dspr(ps) = p1 + P1gags + P2 + P2qags
Ostr(q3) = (@5P5 + qaP4)q3 dsrr(q3) = pa

Ostr(Pa) = (P55 + Paqa + P3q3)pa dsrr(pa) = P13qs + P2G3Gs

Ostr(qa) = (g5P5 + q3p3)da dsrr(qa) = ps + s

Ostr(P5) = (P5q5 + Paqs + P3q3)Ps dsrr(ps) = P1 + P1G3qa + P2 + Pagata

Ostr(q5) = (qaps + q3D3)G5 dsrr(qs) = pa

The Hamiltonian is

h = p1 + p1gs + p1g3 + P143qaqs + P2 + P2qs + P2qs + P2G3qaqs + P3pa + Paps

Now, we compute the middle algebra AY..

AM.. is generated by the elements

L [ L L L L R R R R R _R nL alL AR AR
{ozlg,ozlg,a14,0z23,a24,0434,0412,0413,&14,@23,a24,a34,613,ﬁ24,,612,534}
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(afy) = Bisady

(a1L3> = (5@ + 52L4 + Bﬁ)afg + 04{420453
(ary) = (815 + Bai) oy + afhagy + aaz)
(0453) = (52L4 + Bﬁ)aﬁs

(0454) = 52L4Q2L4 + a§3a§4

(a5)) = Baiozy

R _R
= B15015

(aff) = (B + B + B ads + afhad;
(afy) = (B + By)ath + afbas; + afyad

(g3) = (8o + i)

L R _R

R R
(qgy) = Bayaiyy + aipzorgy

(az) = Bsiosy

The string and SF'T differentials are computed below:

M . L\_ L R L R
dgpr(ayy) = ajzans + apyay,

dg/[FT(OélL:S) = 051L404§Z

dg/[FT(Oéle) =0

M LN __ L R L R
dSFT(a23) = Q30 + QgyQigy

dg/[FT(a§4) = aﬁag

M LN __ L R L R
dSFT(a34) = Q03+ gy iy

M Ry _ R _L R L
dSFT(am) = Q3093 + 00y

dg/[FT(a%) = O‘ﬁa?ﬁx

dg/[FT(aﬁl) =0

M Ry _ R _L R L
dSFT(a23) = Q3005 + Qg3

d%FT(O‘i) = 0‘{%4@%2

M ( Ry_ R _L R L
dgpr(azy) = ajyaqs + apyay;

= (51%)2 d§rr(Bly) = athath + afjafy + agags + agad
= (52L4)2 dyFT(ﬁ2L4) = O‘1L204f§ + 051L404{%4 + 0453045%3 + O4:?40431%4
oM (B) = (B8)° dspr(Biy) = atzas + afjaq) + agoens + agjog)
oM (B = (B5)° dspr(Bsi) = atzans + afjaf) + agens + agjag)

The Hamiltonian is
R L R

M _ L L R L R L R L R
h™ = apaghy + agzags + ajyany + agzang + agian + agyag

Next, we compute the left algebra AL, (AL).
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A§pp is generated by the elements { a1z, @13, 014, (23, a4, 34, 12, B34, P5, @5 - The

string and SF'T differentials are computed below:

55Ltr(0412) = [ra0u2 dép']‘(aw) = 13Ps5 + Q14
(55Ltr(0413) = (P12 + Psq5 + Psa) 13 + 2023 dépT(Oém) = (1445

6L (ana) = (Bia + Ps5qs)a1a + aipaay + agzasy  dipp(aiy) =0

0%, (aas) = (psqs + Bsa) o d§pr(ans) = 03qs + 2405
55Ltr(0424) = P5Q5Qi24 + Qiazizyg dépT(Om) = (1445
0% (ass) = Baausy d§pr(ass) = o1g + o2ups
55Ltr(512) = (512)2 déFT(ﬁm) = Qi3 + QagPs + Qiog
041 (Bsa) = (Bsa)? d§pr(B31) = aus + qosps + oz
55#(295) = P5q5Ds + [34P5 déFT(p5) = Q2 + (34
5sLtr(CI5) = 5195 déFT(CE) = Q23

The Hamiltonian is

hY = gsans + psaiaz + gsazs + a3 + oy

Next we compute the right algebra A%, (A%).

AL is generated by the elements

{0412, a3, (4, (93, Qg O34, 13, B2a, D1, Q1, P25 42, P35 G35 D4, Q4}-
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The string and SF'T differentials are computed below:

65 (a12) = (psgs + paga)an

65 (a13) = Basais + onpaas

0% (1) = (psgs + paqs + SBaa)ary
T Q2094 + (130034

05 (ans) = (Baa + D3as + paqa) oz

5ﬁr(a24) = Pagiag + Q230034

Oat(c3a) = (P3gs + paqa)asa

55%(513) = (513)2

08 (B1) = (Bas)”

5£r (p1) =0

5§r(611) = G1p1a

5£r (p2) =0

5§r(92) = q2P292

05 (p3) = Baaps + Paqups + P3qsps
65%(q3) = Boaqs + qupags

033 (P1) = Baapa + P3spa + Padapa

5ﬁr(CI4) = Boaqs + q3P3q4

d?FT(O‘H) = 13P4 + Q114P2G3
d?FT<O‘13) = a14(P2q3qs + D2)

dgFT(O‘M) =0

dpr(a2s) = a1s(p1gsqs + 1) + aa(P2gsqa + p2)
dpr(a21) = a1a(p1gsqs + p1)
d§pr(0sa) = a1ap1gs + 2P
dgFT(ﬁl?)) = (p1g3qs + p1)oua + pacias
+ (P2q3qs + p2)azy
dgFT(B%) = (P1G3qs + p1)ou2 + pacras
+ (P2q3qs + p2)azy
d?FT(pl) =0
dSpr(q1) = 1+ qsqaons + a1z + gsaus
d?FT(M) =0
dSpr(q2) = 1+ q3qa0iss + Qs + g3z
d§pr(ps) = Praaciia + Prans + Pagqucrss + Pacias
d?FT(Q?)) = D4
d$pr(p1) = P1gsanz + P2gsas

d?FT(‘M) = p3 + Q3
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The Hamiltonian is

hft = P1+ P2 +P1oio + P1G3qai2 + P1G3Qi3 + Paizg + P2q3GaQizs + P2q3Qiog + P3Ps + Patioz

Finally, we describe the maps forming the pushout square.

.AM L
l: ASFT — ASFT‘

U(a1y) = g5 ((ath) = aiy
(afs) =1 Uags) = auz
Uaty) = Uany) = ong
(o) = ps Uas) = o
agy) =1 (o) = ang
Uaz)) = gs /() = as
U(B15) = s U(B1y) = Pro
U(B31) = s (B55) = Baa
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. AM R

L:ALpr — A

r(afy) = ang
r (Oéfg) = Qi3
r (041L4) = Qu
r (0453) = Qa3
r (@54) = Q24
r (a§4) = Q34
7”(5%3) = i3
r(B31) = Bas

comm
SFT

L(aiz) = p1 + qagsp
L(ouz) = p1gs
L(ayy) =0

L(ag3) = pa

L(az4) = pags

L(ags) = pa + qugspe

90

r(aﬁ) = D1 + qaq3p1

r(aﬁ) = P14G3

r(aﬁ) =0
7”(0453) = P4

7”(0454) = P2g3

Ry __
r(aszy) = P2 + quqsp2
r(B1%) = p3gs + paga

7(B5%) = p3qs + paga

L(Br2) = p3q3 + paqa
L(B34) = p3q3 + paqa
L(ps) = ps

L(gs) = g5



R: Al — A

comm

SFT -

R(az) = g5
R(ay3) =1
R(a14) =0
R(ass) = ps
R(aay) =1
R(asa) = g5

3(513) = D545

R(B24) = D55
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R(p1) = p1
R(q1) = ¢
R(ps2) = p2
R(q2) = g2
R(ps) = ps
R(qs) = gs
R(ps) = pa
R(qs) = ¢a
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