
From the holdings of the Department of Special Collections , Princeton University Library,

Princeton, NJ

These documents are either in the public domain, or can only be used for educational and research

purposes (Fair use) as per U.S. Copyright law (text below). By accessing this file, all users agree that their

use falls in the public domain or within fair use as defined by the copyrightlaw. We do not charge any

permission or usage fees for the publication of images of material inour collections, including those provided

by Princeton University Library, via our website, catalog, or directly from staff.For more information

regarding copyright, credit, and citation please review the information onthe Copyright, Credit and Citation

Guidelines page of our website.

https://library.princeton.edu/special-collections/policies/copyright-credit-and-citation-guidelines. If you have

any questions, including how to order higher-quality images from the collection, contact Special Collections

Public Services via our Ask Us! Form. https://library.princeton.edu/special-collections/ask-us

Doctoral Dissertations, 2011-2026 Mathematics

2025

Bordered Legendrian Rational 

Symplectic Field Theory

Wlodek, Maciej Romuald

Princeton, NJ : Princeton University

http://arks.princeton.edu/ark:/88435/dsp011v53k1411

U.S. Copyright law: The copyright law of the United States (Title 17, §108, United States Code) governs the
making of photocopies or other reproductions of copyrighted material. Under certain conditions specified in the
law, libraries and archives are authorized to furnish a photocopy or other reproduction. One of these specified
conditions is that the photocopy or reproduction is not to be used for any purpose other than private study,
scholarship, or research. If a user makes a request for, or later uses, a photocopy or reproduction for purposes
in excess of fair use that user may be liable for copyright infringement. This institution reserves the right to
refuse to accept a copying order if, in its judgment, fulfillment of the order would involve a violation of copyright
law. https://www.copyright.gov/title17/title17.pdf



Bordered Legendrian Rational

Symplectic Field Theory

Maciej Romuald Wlodek

A Dissertation

Presented to the Faculty

of Princeton University

in Candidacy for the Degree

of Doctor of Philosophy

Recommended for Acceptance

by the Department of

Mathematics

Adviser: John Pardon

May 2025



© Copyright by Maciej Romuald Wlodek, 2025.

All rights reserved.



Abstract

In this thesis, we develop a bordered version of Ng’s Legendrian Rational Symplectic

Field Theory. Given a Legendrian knot Λ ⊂ R3 and a vertical line dividing the front

projection of Λ into two parts, we construct a differential graded algebra associated

to each half-knot. We then show that one may obtain the commutative algebra

from Legendrian Symplectic Field Theory as a pushout of the two bordered algebras.

This construction extends Sivek’s bordered Chekanov-Eliashberg differential graded

algebra by incorporating disks with multiple positive punctures into the differential.
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Chapter 1

Introduction

Let (R3, ξstd) be the standard contact R3, where ξstd = ker(dz − ydx). A Legendrian

knot is a knot Λ ⊂ R3 which is everywhere tangent to ξstd.

Two invariants of Legendrian knots have been known classically - the rotation

number and the Thurston-Bennequin number. More sophisticated invariants of Leg-

endrian knots come from the framework of Symplectic Field Theory (SFT), developed

by Eliashberg, Givental, and Hofer [5]. The simplest SFT-type invariant of Legendrian

knots is Legendrian contact homology, which counts rigid genus zero holomorphic

curves having precisely one positive puncture. Chekanov [3] provided a combinatorial

formulation of the differential graded algebra (DGA) underlying Legendrian contact

homology (called the Chekanov-Eliashberg DGA). Applications of Legendrian contact

homology and the Chekanov-Eliashberg DGA include, among many others, allowing

one to distinguish certain Legendrian knots that are indistinguishable with just clas-

sical invariants [3], and being used to relate the symplectic homologies or linearized

contact homologies of manifolds related by a Legendrian surgery [1].

In [9], Ng constructed Legendrian Rational Symplectic Field Theory (LSFT),

which is an extension of the Chekanov-Eliashberg DGA incorporating (genus zero)

holomorphic curves with arbitrarily many positive punctures. The phenomenon of
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boundary bubbling forces one to include correction terms coming from string topol-

ogy ([2], [4]) in the differential. The full invariant has the structure of a curved DGA,

though there is also an associated commutative complex. In further work of Ng,

LSFT was used to upgrade Legendrian contact homology to an L∞ algebra [10].

Going in another direction, suppose Λ has a simple front projection, and divide

Λ into two pieces by cutting it with a vertical line in the front projection. Sivek

[11] constructed a DGA for each half-knot, and showed that the Chekanov-Eliashberg

DGA may be obtained as a pushout of the bordered algebras, analogous to the Seifert-

van Kampen theorem for the fundamental group. Applications of this construction

include results about augmentations of the Chekanov-Eliashberg DGA for a connected

sum of Legendrians, formulae for relating the Chekanov-Eliashberg DGAs of knots

related by certain tangle replacements, and results about augmentations of Legendrian

Whitehead doubles.

In the present work, we consider the bordered case of Legendrian Rational Sym-

plectic Field Theory. We construct differential graded algebras ALSFT associated to a

left Legendrian half-knot (tangle), ARSFT associated to a right Legendrian half-knot,

as well as AMSFT associated to a dividing line. We then relate our algebras to the

commutative algebra from LSFT by proving the following Seifert-van Kampen type

theorem (see Theorem 5.1):

Theorem 1.1. Cut a Legendrian front Λ in two pieces ΛL and ΛR by a dividing line

M . The differential graded algebras AMSFT (M), ALSFT (ΛL), and ARSFT (ΛR) form a

pushout square

AMSFT (M) ALSFT (ΛL)

ARSFT (ΛR) AcommSFT (Λ).

Here AcommSFT is the commutative LSFT algebra from [9].
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Thus our construction extends both (the commutative version of) bordered

Chekanov-Eliashberg algebra and (the commutative version of) Legendrian Symplec-

tic Field Theory. The relationship may be informally summarized with the following

diagram:

CE DGA LSFT

bordered CE DGA bordered LSFT

include disks with
multiple positive punctures

bordered version bordered version

include disks with
multiple positive punctures

pushout pushout

The remainder of the present work is organized as follows. In Chapter 2, we

review the construction of the Chekanov-Eliashberg DGA. The construction of the

bordered version of the Chekanov-Eliashberg DGA is reviewed in Chapter 3. The

construction of LSFT is reviewed in Chapter 4. Chapter 5 contains the results of the

present work, namely the construction of the bordered LSFT algebras and the proof

of Theorem 1.1. Finally, some example calculations are provided in Chapter 6.
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Chapter 2

Chekanov-Eliashberg DGA

In this section, we review Chekanov’s construction of the Chekanov-Eliashberg dif-

ferential graded algebra [3].

Let Λ be a Legendrian knot. The Chekanov-Eliashberg DGA is a differential

graded algebra A(Λ) associated to Λ, whose stable-tame isomorphism class is an

invariant of Λ under Legendrian isotopy. It is generated over Z2 by the set of Reeb

chords of Λ, with its differential counting rigid holomorphic curves with one positive

end and arbitrarily many negative ends.

2.1 SFT formulation of the Chekanov-Eliashberg

DGA

Though we will be mostly concerned with the combinatorial formulation of the

Chekanov-Eliashberg DGA, we first briefly recall a special case of the SFT for-

mulation of the Chekanov-Eliashberg DGA [5], and relate it to the combinatorial

one.
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Let (M,α) be a contact manifold and Λ ⊂ M a Legendrian knot. Let N =

(M × Rt, d(etα)) be the symplectization of M and let J be a compatible almost

complex structure on N . Let L = Λ× R ⊂ N be the symplectization of Λ.

Assume for simplicity that the Reeb vector field Rα has no periodic orbits. Let C

denote the set of Reeb chords of Λ.

Definition 2.1 (Moduli spaces). Given a tuple (c1, . . . , ck) ∈ Ck of Reeb chords,

define the moduli space M(c1, . . . , ck) to be the space of J-holomorphic maps

u :
(
D2 \ {z1, . . . , zk}, ∂D2 \ {z1, . . . , zk}

)
→ (N,L)

where zi are boundary punctures (in counterclockwise order in ∂D2), such that u has

a positive end over the chord c1 at z1, and negative ends over ci at zi for i > 1.

u are always considered up to puncture-preserving reparametrization of the do-

main.

Definition 2.2. Let A be the free associative algebra generated by C. Define a

differential d : A → A by first setting

d(c) =
∑

# (M(c, c2, . . . , ck)/R) c2 . . . ck,

where the sum is over all tuples c2, . . . , ck such that the space M(c, c2, . . . , ck)/R is

0-dimensional.

Extend d to all of A by linearity and the Leibniz rule.

Theorem 2.3 (Proposition 2.8.1 in [5]). d2 = 0.

Now, further specializing to the case (M,α) = (R3, dz− ydx), we can reformulate

the above combinatorially as follows.
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Figure 1: Left: a Legendrian trefoil in the front projection. Right: a Legendrian
trefoil in the Lagrangian projection.

Consider the projection Π : N → R2
xy, (x, y, z, t) 7→ (x, y). This projects L down

to an immersed Lagrangian Π(L) ⊂ R2, and Reeb chords ci to self-intersections of

Π(L). Elements of M(c1, . . . , ck) are projected to immersed or branched disks in R2

with boundary on Π(L), and in particular elements of zero-dimensional moduli spaces

project to immersed disks. Conversely, each immersed disk in R2 with boundary on

Π(L) which is convex at each corner lifts uniquely to an element of a zero-dimensional

moduli spaceM(c1, . . . , ck). Therefore, we may reformulate the definition of A(Λ) to

be generated by self-intersections of Π(L), with a differential that counts immersed

disks with convex corners.

We now review the combinatorial formulation in more detail.

2.2 Combinatorial formulation of the Chekanov-

Eliashberg DGA

Let Λ ⊂ R3 be a Legendrian knot.

Let Πxy : R3 → R2 denote the Lagrangian projection, and let Πxz : R3 → R2

denote the front projection. We assume that Λ is generic in the sense that all the

self-intersections of Πxy(Λ) are transverse double points.

(See Figure 1 for an example of a Legendrian in front and Lagrangian projection.)

Note that self-intersections of Πxy(Λ) correspond to Reeb chords of Λ, since the

Reeb vector field of the standard contact structure on R3 is R = ∂z.
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+ +
−

−

Figure 2: Reeb signs at a crossing.

Label the self-intersections of Πxy(Λ) as q1, . . . , qn. At each self-intersection, label

the four quadrants with a + or − sign in accordance with the following rule: if the

overstrand is counterclockwise from the understrand in a given quadrant, we label it

+, otherwise − (see Figure 2).

Definition 2.4. The Chekanov-Eliashberg DGA A(Λ) is the free associative algebra

generated over Z2 by the elements {q1, . . . , qn}. The differential d : A → A will be

defined in Definition 2.6.

The grading on A(Λ) is defined as follows. For a generator qi, let γi be one of the

two paths in Λ starting at the overstrand at qi and ending at the understrand. Then

we define

|qi| = b2rot(γi)c ∈ Z2rot(Λ)

The differential onA(Λ) is defined by counting admissible disks, defined as follows.

Definition 2.5. An admissible disk is a map u : (D2, ∂D2) → (R2,Πxy(Λ)) which

satisfies the following properties:

1. u is an immersion apart from a finite set of boundary points, where it maps to

self-intersections of Πxy(Λ). These points are called corners of u.

2. At each corner c ∈ ∂D2 of u, a neighborhood of c is mapped to precisely one

quadrant of q = u(c). Label a corner as positive or negative in accordance with

the Reeb sign of this quadrant.

3. u has precisely one positive corner (and any number of negative corners).
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Admissible disks are always considered up to reparametrization of the domain.

Let D(q) denote the set of all admissible disks whose positive corner is at q.

Given u ∈ D(q), define ∂u to be the monomial in A(Λ) formed by reading off the

corners of u counterclockwise starting at q (but excluding q itself).

Definition 2.6. Define d : A(Λ)→ A(Λ) by first setting

d(qi) =
∑

u∈D(qi)

∂u

and extending the definition to A(Λ) by linearity and the Leibniz rule.

Proposition 2.7 (Theorem 3.1 in [3]).

d is well-defined; that is,
∑

u∈D(qi)
∂u is always a finite sum.

This follows from the following Lemma 2.9.

Definition 2.8. Given a crossing q of Πxy(Λ), define H(q) to be the height of the

Reeb chord corresponding to q. In other words, H(q) = |z2 − z1|, where zi are the

z-coordinates of the points of Λ projecting to the crossing q.

Lemma 2.9. Let u ∈ D(q). Let qi1 , . . . , qik be the negative corners of u. Then

H(q) >
∑
H(qij).

This lemma follows from an application of Stokes’ Theorem.

2.3 Proof of d2 = 0

In this section, we review the proof that d2 = 0. (Theorem 3.2 in [3])

Proof. Let u ∈ D(q), and let u′ ∈ D(q′), where q′ is a factor in ∂u. Since u has a

negative corner at q′ while u′ has a positive corner at q, it follows that u and u′ have

17



u u′

q q′

q′′

q′
u′′

u′′′

q

q′′

Figure 3: A disk with a non-convex corner may be cut in two ways.

a shared boundary segment with one endpoint at q′. Let q′′ be the other endpoint of

this shared boundary segment.

We claim that the figure u ∗ u′ obtained by gluing u and u′ along the shared

boundary segment must have a non-convex corner (that is, a corner which fills three

quadrants) at q′′ (Figure 3; left). Indeed, otherwise u and u′ would have to both have

a corner at q′′, with one being positive and the other negative. If it were u′ having

the positive corner at q′′, then we would necessarily have q′ = q′′, since u′ can have

only one positive corner. Then u ∗ u′ has a non-convex corner, filling three quadrants

at q′ = q′′. Otherwise, it is u with the positive corner at q′′; in other words, q = q′′.

But by Lemma 2.9, H(q) > H(q′) > H(q′′) = H(q), so this case is not possible.

Now, we may cut the glued disk u ∗ u′ in the other way at the non-convex corner

(Figure 3; right). This will yield a different decomposition u′′ ∗ u′′′ which comes

from another summand in d2(q) representing the same element in A. Therefore, the

summands of d2(q) all cancel in pairs.

18



Figure 4: Resolution of left and right cusps from a front projection to a Lagrangian
projection.

2.4 Resolutions, and the Chekanov-Eliashberg

DGA for front projections

In this section, we outline the procedure of resolution of front projections [8] and

review the properties of the reformulation of the Chekanov-Eliashberg DGA in the

front projection.

Given the front projection Πxz(Λ) of a Legendrian knot, define the resolution of

Πxz(Λ) to be the diagram in R2
xy given by smoothing out each left cusp, and replacing

each right cusp with a loop, as described in Figure 4.

Theorem 2.10 (Proposition 2.2 in [8]). The resolution of Πxz(Λ) is the Lagrangian

projection Πxy(Λ
′) for another Legendrian knot Λ′ Legendrian isotopic to Λ.

Using the resolution procedure, we may reformulate the Chekanov-Eliashberg

DGA in terms of the front projection.

In this reformulation, we let A(Λ) be the free associative algebra generated over

Z2 by the set of crossings and right cusps of Πxz(Λ) (since resolving a right cusp

introduces a new crossing in the Lagrangian projection). Label the crossings and

right cusps as q1, . . . , qn.

The differential again counts admissible disks, but we need to allow for addi-

tional types of singularities near right cusps in the front projection to account for the

resolution.

Definition 2.11. An admissible disk in the front projection is a map u : (D2, ∂D2)→

(R2,Πxz(Λ)) which satisfies the following properties:
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1. u is an immersion apart from a finite set of boundary points, where it maps to

either crossings or cusps of Πxz(Λ). These points are called corners of u.

2. Each corner of u is of one of the forms depicted in Figure 5 of [8].

3. u has precisely one positive corner (and any number of negative corners).

Admissible disks are always considered up to reparametrization of the domain.

Let D(q) denote the set of all admissible disks whose positive corner is at q.

Given u ∈ D(q), define ∂u to be the word in A(Λ) formed by reading off the

contributions of the corners of u (in the manner described by Figure 5 of [8]) coun-

terclockwise starting at q.

Definition 2.12. Define d : A(Λ)→ A(Λ) by first setting

d(q) =


∑

u∈D(q) ∂u q is a crossing

1 +
∑

u∈D(q) ∂u q is a right cusp

The reason for the extra 1 in the case of a right cusp is the additional disk with

one positive corner and no negative corners bounded by the small loop that comes

from the resolution of the right cusp.

It is clear that the differential in the front projection reformulation is the same

as the differential in the original Lagrangian formulation. In particular, d2 = 0 still

holds.

2.4.1 Simple fronts

The front projection formulation is especially useful for simple fronts:

Definition 2.13. A Legendrian front is simple if all of its right cusps are at an equal

x coordinate.

20



For simple fronts, some of the more complicated singularities from Figure 5 of

[8] become impossible. This in turn implies that every admissible disk is in fact an

embedding in its interior. Thus, the differential is greatly simplified in the case of a

simple front.

Using Legendrian Reidemeister moves [12], every Legendrian front may be trans-

formed into a simple front by simply pulling all the right cusps to the right until they

are on the ‘outside’ at an equal x coordinate.
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Chapter 3

Bordered Chekanov-Eliashberg

DGA

In this section, we review Sivek’s construction of the bordered Chekanov-Eliashberg

DGA [11].

As in Chapter 2, let Λ ⊂ R3 be a Legendrian knot, and let Πxy and Πxz denote the

Lagrangian and front projections, respectively. The bordered Chekanov-Eliashberg

DGA is formulated in terms of the front projection. We assume that the front pro-

jection of Λ is simple.

Cut Πxz(Λ) into two pieces by a vertical dividing line M in the front projection

(the dividing line is assumed to be chosen generically, so that it does not pass through

any crossing or cusp of the front projection). Label the left and right half-knots as ΛL

and ΛR respectively, and label the left and right half-planes as R2
L and R2

R respectively

(Figure 5 and Figure 6).

The bordered Chekanov-Eliashberg theory associates a differential graded algebra

AL and AR to each half-diagram, as well as a middle differential graded algebra AM

associated to the dividing line itself (or rather, to the intersection of the dividing line

with Λ). The result is the Seifert van Kampen-type theorem
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M

ΛL

R2
L

Figure 5: A left half-diagram.

Theorem 3.1 (Theorem 2.14 in [11]). There is a pushout square

AM AL

AR A

where A is the Chekanov-Eliashberg DGA of Λ.

3.1 Left algebra

Consider the left half-diagram Πxz(Λ
L). The left algebra, denoted AL, is the free

associative algebra generated over Z2 by the crossings and right cusps in Πxz(Λ
L).

The differential dL : AL → AL is defined in the same way as the differential for the

regular Chekanov-Eliashberg DGA (Definition 2.12). Every admissible disk whose

positive corner is in Πxz(Λ
L) must map entirely into R2

L, and thus dL is well-defined.

It immediately follows that d2 = 0.

Remark 3.2. This algebra is called the type-A algebra in [11], following the nomen-

clature of Bordered Floer Homology [7]. We rename itAL here so as to avoid confusion

with A.
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M

ΛR

R2
R

Figure 6: A right half-diagram.

3.2 Right algebra

Consider a right half-diagram Πxz(Λ
R). Since disks counted in the differential of

A whose positive corner is in Πxz(Λ
R) need not be entirely contained in R2

R, but

rather may cross over into R2
L, the right algebra AR will not be defined as merely a

subalgebra of A, unlike the definition of AL. Instead, AR is defined as follows.

Label the points in the intersection of Πxz(Λ) and the dividing line {1, . . . , n}. AR

is defined to be the free associative algebra generated over Z2 by the crossings and

right cusps in Πxz(Λ
R), as well as by elements αij for each i, j such that 1 ≤ i < j ≤ n.

The grading on AR is defined as follows. Choose a Maslov potential function

µ : {1, . . . , n} → Zk. Set |qi| = 1 when qi is a right cusp, |qi| = µ(a) − µ(b) when qi

is a crossing (where a and b are the points on the dividing line corresponding to the

over- and under- strands of qi), and |αij| = µ(i)− µ(j)− 1.

The differential counts admissible disks and admissible right half-disks.

Definition 3.3. An admissible right half-disk is a map u : (D2, ∂D2) →

(R2
R,Πxz(Λ

R) ∪M) which satisfies the following properties:

1. u is an immersion apart from a finite set of boundary points, where it maps

to either crossings or cusps of Πxz(Λ
R), or to Πxz(Λ) ∩M . Whenever u has a
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corner at a crossing, a neighborhood of the corner maps to a single quadrant of

the crossing.

2. u has precisely one positive corner (and any number of negative corners).

3. Exactly one segment of ∂D2 maps to M . This is called the dividing line segment.

Admissible disks are always considered up to reparametrization of the domain.

Let HR(q; i, j) denote the set of all admissible right-half disks whose positive

corner is at q, and whose dividing line boundary segment is the portion of M between

the points labeled i and j.

Let HR(q) denote the union of HR(q; i, j) over all 1 ≤ i < j ≤ n.

Given u ∈ HR(q; i, j), define ∂u to be the word in AR formed by reading off the

corners of u counterclockwise starting at q (excluding q itself) until we get to the

dividing line boundary segment, then reading off αij, and then continuing to read off

the corners of u counterclockwise back to q (again excluding q itself).

Also, denote by DR(q) the subset of D(q) (see Definition 2.11) consisting of those

u which map entirely into R2
R.

Definition 3.4. The differential dR : AR → AR is defined by first setting

dR(q) =
∑

u∈HR(q)

∂u+
∑

u∈DR(q)

∂u

if q is a crossing, or

dR(q) = 1 +
∑

u∈HR(q)

∂u+
∑

u∈DR(q)

∂u

if q is a cusp, and

dR(αij) =
∑
i<k<j

αikαkj

Then extend dR to all of AR by linearity and the Leibniz rule.
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Proposition 3.5 (Proposition 2.11 in [11]). (dR)2 = 0.

3.3 The middle algebra

The middle algebra AM is associated to the set of points on the intersection of Πxz(Λ)

with the dividing line. Label these points {1, . . . , n}. Then AM is generated over Z2

by elements αij for each pair i, j such that 1 ≤ i < j ≤ n.

We define the differential dM : AM → AM by setting

dM(αij) =
∑
i<k<j

αikαkj,

and extending to all of AM by linearity and the Leibniz rule.

Proposition 3.6. (dM)2 = 0.

3.4 van Kampen theorem

In this section, we define the maps involved in the pushout square in Theorem 3.1.

There is an obvious inclusion map r : AM → AR, αij 7→ αij.

Likewise, we have an inclusion L : AL → A.

The other two maps expand the αij placeholder elements to admissible left half-

disks.

Definition 3.7. An admissible left half-disk is a map u : (D2, ∂D2)→ (R2
L,Πxz(Λ

L)∪

M) which satisfies the following properties:

1. u is an immersion apart from a finite set of boundary points, where it maps

to either crossings or cusps of Πxz(Λ
L), or to Πxz(Λ) ∩M . Whenever u has a

corner at a crossing, a neighborhood of the corner maps to a single quadrant of

the crossing.
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2. u has no positive corners (and any number of negative corners).

3. Exactly one segment of ∂D2 maps to M . This is called the dividing line segment.

Admissible disks are always considered up to reparametrization of the domain.

Let HL(i, j) denote the set of all admissible left-half disks whose dividing line

boundary segment is the portion of M between the points labeled i and j.

Given u ∈ HL(i, j), define ∂u to be the monomial in AL formed by reading off the

corners of u counterclockwise starting at the point labeled i and ending at the point

labeled j.

Now, let ` : AM → AL be the map defined by first setting

`(αij) =
∑

u∈HL(i,j)

∂u

and extending to all of AM by `(wz) = `(w)`(z).

Similarly, R : AR → A is defined by first setting

R(αij) =
∑

u∈HL(i,j)

∂u

and R(q) = q for all crossings and cusps q, and then extending to all of AR by

R(wz) = R(w)R(z).

Proof that ` and R are chain maps (Proposition 2.7 in [11]). Let u ∈ HL(i, j), q a

factor in ∂u, and u′ ∈ D(q). This data gives one summand in dL(`(αij)). Gluing u

and u′ together, we may form a region which is a left half-disk with dividing boundary

segment ij, but having one non-convex corner. We may split this region up using the

other strand at the non-convex corner, and here there are two cases. If the other strand

exits the interior of u before the dividing line, then this splitting gives us another
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summand in dL(`(αij)) which represents the same monomial in AL. Otherwise, if the

strand hits the dividing line while always staying inside u, then this splitting gives us

a summand in `(dM(αij)). Either way, we see that terms in dL(`(αij)) + `(dM(αij))

come in canceling pairs.

A similar argument shows that R is a chain map.

Proof of Theorem 3.1. We want to show that

AM AL

AR A

`

r L

R

is a pushout square. First, we note that the diagram clearly commutes.

Now, suppose we have another DGA Q together with a commutative diagram

AM AL

AR Q

`

r f

g

We need to construct a morphism h : A → Q which makes the diagram

AM AL

AR A

Q

`

r L
f

R

g

h

commute.

Every generator q of A can be written either as L(s) for a generator s ∈ AL or as

R(s) for a generator s ∈ AR.

We therefore define
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h(q) =


f(s), q = L(s)

g(s), q = R(s)

This choice clearly makes everything commute. It remains to show that h is a

chain map.

Suppose q = R(s) for s ∈ AR. Then

h(dq) = h(d(R(s))) = h(R(dR(s))) = g(dR(s)) = dQ(g(s)) = dQ(h(R(s))) = dQ(h(q))

The case q = L(s) is similar.
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Chapter 4

Legendrian Rational Symplectic

Field Theory

In this section, we review the construction of Legendrian Rational Symplectic Field

Theory (LSFT) from [9]. LSFT incorporates genus zero curves with an arbitrary

number of positive ends into the differential. Unlike the Chekanov-Eliashberg DGA,

LSFT does not form a differential graded algebra, but rather a curved differential

graded algebra. However, the commutative version of LSFT is a (regular) differential

graded algebra. In [9], the theory is developed over Z, but here we consider only the

Z2 theory.

Let Λ ⊂ R3 be a Legendrian knot, and let Πxy(Λ) be the Lagrangian projection

of Λ, as before. Choose two base points, • and ∗, on Λ. For simplicity, we assume ∗

is immediately prior to •, i.e., there are no crossings of Πxy(Λ) between ∗ and •.

Label the self-intersections of Πxy(Λ) as 1, . . . , n, and for each crossing, consider

two variables, pi and qi. Label the positive quadrants of the ith crossing as pi and

the negative quadrants as qi. Furthermore, consider two more variables, t and t−1,

representing all of Λ in its positive and negative orientations.
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ASFT is defined to be the associative algebra generated over Z2 by the elements

{t, t−1, p1, . . . , pn, q1, . . . , qn} which is free apart from the relation tt−1 = t−1t = 1.

The grading on ASFT is defined as follows. The grading of qi is the same as in

the Chekanov-Eliashberg DGA. For the other generators, we set |pi| = −1 − |qi|,

|t| = −2rot(Λ) and |t−1| = −|t|.

The differential on ASFT consists of two terms - an SFT component which counts

genus zero curves, and a correction term coming from string topology.

We will also consider the cyclic complex AcycSFT and the commutative algebra

AcommSFT .

Definition 4.1 (Cyclic complex). Let AcycSFT = ASFT/I, where I is the submodule

of ASFT generated over Z2 by all commutators [x, y] such that either x or y has at

least one p factor in each summand.

Definition 4.2 (Commutative algebra). Let AcommSFT = ASFT/J , where J is the

subalgebra of ASFT generated over ASFT by all commutators [x, y].

4.1 String differential

In this section, we define the string differential, which is the correction term to the

SFT differential that accounts for boundary bubbling.

Definition 4.3. A broken closed string is a map γ : S1 → Λ which is continuous

except for the following type of allowed discontinuity: γ is allowed to jump from

one end of a Reeb chord of Λ to the other. In other words, for finitely many points

s0 ∈ S1, we allow

lim
s→s±0

γ(t) = R±

or

lim
s→s±0

γ(t) = R∓
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where R± are the endpoints of a Reeb chord R. These discontinuities are called the

corners of γ. Broken closed strings are considered up to reparametrization of the

domain.

Definition 4.4. A based broken closed string is a broken closed string starting and

ending at the marked point •.

Based broken closed strings correspond to words in ASFT in the following way.

We can associate a word w(γ) ∈ ASFT to a based broken closed string γ by reading

off either pi if we encounter a corner of the form

lim
s→s±0

γ(t) = R±i

or qi if we encounter a discontinuity of the form

lim
s→s±0

γ(t) = R∓i

or t±1 if γ passes through the marked point ∗ (with the sign of the exponent depending

on the orientation of γ).

Conversely, suppose we have a word w ∈ ASFT . We may associate a based broken

closed string γw to w as follows.

� If w = pi, there is a unique path γ+
pi

from • to R+
i which does not pass through

∗ and a unique path γ−pi from R−i to • which does not pass through ∗. Let γpi

be the concatenation of these two paths.

� If w = qi, there is a unique path γ+
qi

from • to R−i which does not pass through

∗ and a unique path γ−qi from R+
i to • which does not pass through ∗. Let γqi

be the concatenation of these two paths.

� Let γt be the string looping around Λ once, in the orientation of Λ.
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� Let γt−1 be the string looping around Λ once, in the opposite orientation.

� For all other words w, we construct γw by concatenating strings of the above

forms.

The map

{based broken closed strings}/homotopy→ {words in ASFT}

is a bijection.

Similarly, there is a bijection

{broken closed strings}/homotopy→ {words in AcycSFT}.

Definition 4.5 (Holomorphic corners). A corner of a based broken closed string γ

is called holomorphic if, in the Lagrangian projection, γ makes a left turn at the

corresponding crossing. Note that any based broken closed string is homotopic to

one with holomorphic corners.

Now, we define the string differential.

Definition 4.6 (pq insertion into a based broken closed string).

Let γ be a based broken closed string and let Ri be an internal Reeb chord (that is,

γ(t0) = R+
i or γ(t0) = R−i at some point t0 where γ is continuous). Write w(γ) = w1w2

where w1 = w(γ|[0,t0]) and w2 = w(γ|[t0,1]). Furthermore, let s = piqi if γ(t0) = R+
i

and qipi otherwise. Then the word w′ = w1sw2 is called a pq-insertion into γ at Ri.

In other words, w′ is the word associated to a based broken closed string obtained

from γ by inserting two discontinuities, across Ri and back again, at t0.

Definition 4.7 (String differential).
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Let w ∈ ASFT . Let γ be a generic based broken closed string with holomorphic

corners representing w. Define

δstr(w) =
∑

pq-insertions into γ

See Chapter 6 for some example calculations.

Next, we outline the key properties of the string differential.

Proposition 4.8 (Prop 3.8 in [9]).

1. δstr is well-defined, i.e. δstr(w) is independent of the choice of generic based

broken closed string γ representing w.

2. δstr(xy) = (δstr(x))y + x(δstr(y)).

3. δ2
str(x) = 0.

4. δstr{x, y} = {δstr(x), y}+ {x, δstr(y)}+ [•(x), y],

where • is the function defined below (Definition 4.9).

Definition 4.9 (• map).

Let w be a word in ASFT . Define •(w) = n(w)w where n(w) is the sum of the

exponents of t in w. For [w] ∈ AcycSFT , define •([w]) =
∑

w′ •(w′) where the sum

is taken over all representatives w′ of [w] ending in a p or q. This defines a map

• : AcycSFT → ASFT .

4.2 SFT bracket

In this section, we define the SFT bracket which will be used in the definition of the

SFT differential.

34



Λx

y

q
p

Λ{x, y}
q
p

Figure 7: x contains a p factor and y contains a corresponding q factor; we may glue
as shown to get a summand of {x, y}.

Let γ and γ′ be two broken closed strings, and suppose that we can write w(γ) =

w1piw2 and w(γ′) = w′1qiw
′
2 (in other words, γ and γ′ have corners at the same

crossing of Πxy(Λ), but in neighboring quadrants). Then we may glue γ and γ′ as

shown in Figure 7 to get a new broken closed string γ ∗ γ′ whose associated word is

w(γ ∗ γ′) = w′1w2w
′
2w1.

Definition 4.10 (SFT bracket).

Let {·, ·} : AcycSFT ⊗A
cyc
SFT → A

cyc
SFT be defined by setting {w,w′} to be the sum of

w(γw ∗ γw′) over all ways to glue γw and γw′ .

A similar definition can be made for {·, ·} : AcycSFT ⊗ASFT → ASFT .

The following are the key properties of the SFT bracket.

Proposition 4.11 (Prop 3.4 in [9]).

1. If x, y ∈ AcycSFT , then {x, y} = {y, x}.

2. {x, yz} = {x, y}z + y{x, z}.

3. {x, {y, z}}+ {y, {x, z}} = {{x, y}, z}.

4.3 Hamiltonian and SFT differential

Definition 4.12. An admissible disk is a map u : (D2, ∂D2) → (R2,Πxy(Λ)) which

satisfies the following properties:
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1. u is an immersion apart from a finite set of boundary points, where it maps to

self-intersections of Πxy(Λ). These points are called corners of u.

2. At each corner q of u, a neighborhood of q is mapped to precisely one quadrant

of q. Label a corner as positive or negative in accordance with the Reeb sign of

this quadrant.

3. u may have any number of positive and negative corners.

Admissible disks are always considered up to reparametrization of the domain.

Given an admissible disk u, let ∂u be the word in AcycSFT formed by reading off the

corners of u counterclockwise.

In other words, an admissible disk in the context of LSFT is the same as in the case

of the Chekanov-Eliashberg DGA (Definition 2.5), except that we allow for multiple

positive corners.

Definition 4.13. The Hamiltonian h ∈ AcycSFT is defined as

h =
∑
u

∂u

where the sum is over all admissible disks.

Definition 4.14 (SFT differential). Let dSFT : ASFT → ASFT be defined as

dSFT (x) = {h, x}.

Finally, the differential on ASFT is the sum of the string and SFT differentials:

Definition 4.15 (Differential on ASFT ). d : ASFT → ASFT is defined as

d(x) = {h, x}+ δstr(x)
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Theorem 4.16 (Quantum master equation, Prop 3.13 in [9]).

δstr(h) +
1

2
{h, h} = 0.

Theorem 4.17 (Prop 3.15 in [9]).

(ASFT , d) is a curved DGA with curvature •(h).

In other words, d satisfies the equation d2(x) = [•(h), x].

d descends to a differential on AcycSFT and AcommSFT . In particular, (AcommSFT , d) is a

(non-curved) DGA since [•(h), x] vanishes after taking the commutative quotient.

Moreover, the differential on AcommSFT is independent of the base point •.
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Chapter 5

Bordered Legendrian Rational

Symplectic Field Theory

In this section, we construct the bordered version of Legendrian Rational Symplectic

Field Theory.

Let Λ ⊂ R3 be a Legendrian knot, and let Πxz(Λ) ⊂ R2 denote the front projection

of Λ. We assume the front projection of Λ is simple, i.e. all right cusps are at an equal

x-coordinate (this can always be achieved by repeatedly applying Type II Legendrian

Reidemeister moves to pull all the right cusps out; see Section 2.4.1). Cut Πxz(Λ)

into two pieces by a vertical dividing line M in the front projection (the dividing line

is assumed to be chosen generically, so that it does not pass through any crossing or

cusp of the front projection). Let N denote the plane in R3 which projects under Πxz

to M . Let ΛL and ΛR denote the left and right half-knots divided by the plane N .

In the front projection, label the left and right half-diagrams as Πxz(Λ
L) and

Πxz(Λ
R) respectively, and label the left and right half-planes as R2

L and R2
R respec-

tively.

As a convention, we choose our two marked points ∗ and • to be directly to the

left of the dividing line, on the topmost strand.
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Bordered LSFT will associate to each half-diagram a differential graded algebra,

denoted ALSFT and ARSFT . Furthermore, there is a middle DGA AMSFT associated to

the dividing line itself. The result is the Seifert van Kampen-type theorem

Theorem 5.1. There exists a pushout square

AMSFT ALSFT

ARSFT AcommSFT

where AcommSFT is the commutative LSFT algebra of Λ with Z2 coefficients [Chapter 4]

This generalizes Sivek’s construction of a bordered Chekanov-Eliashberg DGA.

[Chapter 3]

Remark 5.2. One may also construct noncommutative versions of AMSFT , ALSFT and

ARSFT , which would then be curved DGAs, like the noncommutative ASFT [Chap-

ter 4]. However, it turns out that in the noncommutative case, we do not get a

pushout square. In fact, the maps involved in Theorem 5.1 fail to be morphisms in

general in the noncommutative case. For this reason, we restrict consideration to the

commutative case throughout this section.

5.1 The middle algebra

In this section, we construct the DGA AMSFT associated to the dividing line of a front

diagram.

In general, AMSFT is associated to a finite set {1, . . . , n} equipped with two pairings

βL, βR of {1, . . . , n}.

Given a Legendrian knot Λ with a generic dividing line M , {1, . . . , n} is taken to

be the set of points in Πxz(Λ) intersecting M . Since the dividing line is generic so

that it doesn’t pass through any crossings or cusps of Πxz(Λ), it follows that n must
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M

1

2
3

4

Figure 8: A diagram associated to a middle algebra. The thick line is the di-
viding line M , and the dotted curves represent the left and right pairings βL =
{(1, 3), (2, 4)} and βR = {(1, 2), (3, 4)}, respectively. The generators of this algebra
are {αL12, α

L
13, α

L
14, α

L
23, α

L
24, α

L
34, α

R
12, α

R
13, α

R
14, α

R
23, α

R
24, α

R
34, β

L
13, β

L
24, β

R
12, β

R
34}.

be even. There is a natural choice of βL and βR: {i, j} ∈ βL if there is a strand of

Πxz(Λ
L) connecting points i and j, and similarly for βR (see Figure 8).

Since we are only considering Legendrian knots (and not links with multiple com-

ponents), we require βL and βR to satisfy the property that connecting the points on

the dividing line according to these pairings would yield a single connected loop. In

other words, representing βL and βR as involutions on {1, . . . , n}, we require that

{1, βR(1), βL(βR(1)), βR(βL(βR(1))), βL(βR(βL(βR(1)))), . . . } = {1, . . . , n}. (5.1)

Given the data above, we define AMSFT as follows.

Definition 5.3. AMSFT is the commutative algebra over Z2 freely generated by the

following elements:

� αRij for all 1 ≤ i < j ≤ n. (representing right half-disks with boundary on the

ij-segment of M)

� αLij for all 1 ≤ i < j ≤ n. (representing left half-disks with boundary on the

ij-segment of M)

40



� βRij for 1 ≤ i < j ≤ n such that {i, j} ∈ βR (representing a right strand of Λ

connecting points i and j)

� βLij for 1 ≤ i < j ≤ n such that {i, j} ∈ βL. (representing a left strand of Λ

connecting points i and j)

The grading on AMSFT is defined using an auxiliary Maslov potential function

µ : {1, . . . , n} → Z. Set

|αLij| = µ(i)− µ(j)− 1,

|αRij| = µ(j)− µ(i)− 1,

|β∗ij| = −1.

5.1.1 SFT differential and SFT bracket on AM
SFT

The differential on AMSFT has an SFT component and a string topology component.

In this section we define the SFT component of the differential as well as the SFT

bracket.

Definition 5.4 (dMSFT ).

dMSFT is defined on generators as:

� dMSFT (αRij) =
∑

k>j α
R
ikα

L
jk +

∑
k<i α

R
kjα

L
ki.

� dMSFT (αLij) =
∑

k>j α
L
ikα

R
jk +

∑
k<i α

L
kjα

R
ki.

� dMSFT (βLij) =
∑

k<i α
L
kiα

R
ki +

∑
k>i,k 6=j α

L
ikα

R
ik +

∑
k<j,k 6=i α

L
kjα

R
kj +

∑
k>j α

L
jkα

R
jk.

� dMSFT (βRij) =
∑

k<i α
L
kiα

R
ki +

∑
k>i,k 6=j α

L
ikα

R
ik +

∑
k<j,k 6=i α

L
kjα

R
kj +

∑
k>j α

L
jkα

R
jk.

Extend dMSFT to a map AMSFT → AMSFT by linearity and the Leibniz rule.

See Chapter 6 for some example computations.

This definition can be rewritten using an SFT bracket, which is defined as follows:
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Definition 5.5 (SFT bracket).

Define {·, ·} : AMSFT ×AMSFT → AMSFT by first setting

� {αxij, αxk`} =


αxi` j = k

αxkj i = `

0 otherwise

� {αxij, βxk`} =


αxij |{i, j} ∩ {k, `}| = 1

0 otherwise

� {βxij, βxk`} = 0.

� {gL, hR} = 0.

where x is either an L or an R superscript, and gL and hR are any generators with

an L or R superscript, respectively.

Now, extend {·, ·} to a map AMSFT × AMSFT → AMSFT by declaring that {x, y} =

{y, x}, by linearity:

{x, y + z} = {x, y}+ {x, z},

and by the Leibniz rule:

{x, yz} = {x, y}z + y{x, z}.

Lemma 5.6 (Jacobi identity).

The SFT bracket satisfies the Jacobi identity

{x, {y, z}}+ {y, {z, x}}+ {z, {x, y}} = 0

Proof. By linearity and the Leibniz rule, it suffices to prove the identity when x, y, z

are generators.
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Suppose the superscripts of x, y, and z are not all the same (either not all L or

not all R). Then the Jacobi identity trivially holds, since all three terms will vanish.

So without loss of generality assume that x, y, z all have a superscript of L. There

are four cases according to the number of β’s among x, y, z.

1. Each one of x,y,z is a β generator:

In this case the identity is trivial since all terms vanish.

2. Two of x, y, z are β generators.

Without loss of generality, suppose they are x and y. Write x = βLij, y = βLk`, z =

αLpq.

{βLij, {βLk`, αLpq}}+ {βLk`, {αLpq, βLij}}+ {αLpq, {βLij, βLk`}}

The first two terms cancel with each other, while the third term vanishes.

3. One of x, y, z is a β generator:

Without loss of generality, suppose it is x. Write x = βLij, y = αLk`, z = αLpq.

We must show

{βLij, {αLk`, αLpq}}+ {αLk`, {αLpq, βLij}}+ {αLpq, {βLij, αLk`}} = 0

We now split into subcases according to the value of {αLk`, αLpq}.

(a) {αLk`, αLpq} = 0.

In this case, the first term vanishes. Furthermore, since {αLpq, βLij} must be

either 0 or αLpq the second term will vanish as well. Similarly, the third

term must also vanish.

(b) {αLk`, αLpq} = αLkq.

This happens when ` = p.
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Let A = {i, j}, B = {k, `}, C = {p, q}, D = {k, q}.

Now,

{βLij, {αLk`, αLpq}}+ {αLk`, {αLpq, βLij}}+ {αLpq, {βLij, αLk`}}

= (|A ∩D|2)αLkq + (|A ∩ C|2)αLkq + (|A ∩B|2)αLkq

= (|A ∩B|2 + |A ∩ C|2 + |A ∩D|2)αLkq

where | · |2 denotes cardinality mod 2.

By the inclusion-exclusion principle one may check that

|A ∩B|2 + |A ∩ C|2 + |A ∩D|2 = 0.

(c) {αLk`, αLpq} = αLp`.

This is analogous to case (b).

4. None of x, y, z is a β generator. Write x = αLij, y = αLk`, z = αLpq.

{αLij, {αLk`, αLpq}}+ {αLk`, {αLpq, αLij}}+ {αLpq, {αLij, αLk`}}

Suppose i, k, p are not all different. Then it is easy to see that all three terms

vanish.

Therefore we may assume without loss of generality that i < k < p.

This implies that the middle term must vanish, while the outer two terms either

both vanish or both equal αLiq and hence cancel each other.

Now, define the Hamiltonian:
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Definition 5.7.

hM :=
∑

1≤i<j≤n

αLijα
R
ij

The SFT differential may now be rewritten using the SFT bracket and Hamilto-

nian:

Lemma 5.8. dMSFT = {hM , ·}.

5.1.2 String differential on AM
SFT

In this section we define the string component of the differential on AMSFT .

Definition 5.9 (Paths in AMSFT ).

Given any i ∈ {1, . . . , n}, Equation (5.1) ensures that by starting at 1 and alter-

nately applying βR and βL (starting with βR), one will eventually reach i. Let Γi be

the set of the β generators used in this path from 1 to i. In other words, if i = 1,

Γi = ∅; otherwise

Γi = {βR1,βR(1), β
L
βR(1),βL(βR(1)), . . . }

(ending at the first occurrence of β∗∗,i or β∗i,∗). Let γi be the sum of the elements in

Γi, i.e.

γi = βR1,βR(1) + βLβR(1),βL(βR(1)) + . . .

Definition 5.10 (String differential).

δMstr is defined on generators as:

� δMstr(α
R
ij) = (γi + γj)α

R
ij +

∑
i<k<j α

R
ikα

R
kj

� δMstr(α
L
ij) = (γi + γj)α

L
ij +

∑
i<k<j α

L
ikα

L
kj

� δMstr(β
R
ij) = (βRij)

2

� δMstr(β
L
ij) = (βLij)

2
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Extend δMstr to AMSFT → AMSFT by linearity and the Leibniz rule.

The following is a useful property of the string differential.

Lemma 5.11 (δMstr is a derivation of the SFT bracket).

δMstr ({x, y}) = {δMstr(x), y}+ {x, δMstr(y)}.

Proof. It suffices to prove it when x, y are generators.

� x = β∗ij, y = β∗k`.

Both sides vanish so the formula holds trivially.

� x = αRij, y = βLk`.

Both sides vanish so the formula holds trivially.

� x = αRij, y = βRk`.

{αRij, δMstr(βRk`)} = {αRij, (βRk`)2} = 2{αRij, βRk`}βRk` = 0

So it suffices to show

δMstr
(
{αRij, βRk`}

)
= {δMstr(αRij), βRk`}

Expand the RHS.

{δMstr(αRij), βRk`} =

{
(γi + γj)α

R
ij +

∑
i<m<j

αRimα
R
mj, β

R
k`

}

=
{

(γi + γj), β
R
k`

}
αRij + (γi + γj)

{
αRij, β

R
k`

}
+
∑
i<m<j

{
αRimα

R
mj, β

R
k`

}

The first term vanishes since γi and γj are both just a sum of β generators. We

now split into cases based on {k, `} ∩ {i, j}.
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Case 1. {k, `} ∩ {i, j} = ∅.

Then the second term (γi + γj)
{
αRij, β

R
k`

}
vanishes.

For the third term, for each i < m < j, the only way
{
αRimα

R
mj, β

R
k`

}
might

be nonzero is if m ∈ {k, `}. But even then
{
αRimα

R
mj, β

R
k`

}
= 2αRimα

R
mj = 0.

Therefore the third term vanishes and

{δMstr(αRij), βRk`} = 0

Likewise,

δMstr
(
{αRij, βRk`}

)
= 0.

Case 2. {k, `} = {i, j}.

For each i < m < j,
{
αRimα

R
mj, β

R
k`

}
= 2αRimα

R
mj = 0. Everything else also

vanishes as in case 1.

Case 3. |{k, `} ∩ {i, j}| = 1.

Assume i = k and ` 6= j; the other possibilities are analogous.

Let i < m < j. If ` 6= m then

{
αRimα

R
mj, β

R
k`

}
= αRim

{
αRmj, β

R
k`

}
+
{
αRim, β

R
k`

}
αRmj = 0 + αRimα

R
mj = αRimα

R
mj

If ` = m then

{
αRimα

R
mj, β

R
k`

}
= αRim

{
αRmj, β

R
k`

}
+
{
αRim, β

R
k`

}
αRmj = αRimα

R
mj + 0 = αRimα

R
mj
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Thus we have

{δMstr(αRij), βRk`} = (γi + γj)α
R
ij +

∑
i<m<j

αRimα
R
mj

= δMstr(α
R
ij)

= δMstr
(
{αRij, βRk`}

)

as desired.

� x = αRij, y = αLk`.

δMstr
(
{αRij, αLk`}

)
= 0

{δMstr(αRij), αLk`}+ {αRij, δMstr(αLk`)}

=

{
(γi + γj)α

R
ij +

∑
i<m<j

αRimα
R
mj, α

L
k`

}
+

{
αRij, (γk + γ`)α

L
k` +

∑
k<m<`

αLkmα
L
m`

}

=
{
γi + γj, α

L
k`

}
αRij +

{
αRij, γk + γ`

}
αLk`

Introduce an ordering <′ of {1, . . . , n} according to the sequence

1 <′ βR(1) <′ βL(βR(1)) <′ βR(βL(βR(1))) <′ . . .

(stopping just before 1 is reached again). If ij and k` are not interlaced with

respect to <′, then both terms above will vanish. If ij and k` are interlaced,

e.g. i <′ k <′ j <′ `, then

{γi, αLk`} = 0; {γj, αLk`} = αLk`
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and

{αRij, γk} = αRij; {αRij, γ`} = 0

Thus, {
γi + γj, α

L
k`

}
αRij +

{
αRij, γk + γ`

}
αLk` = 0,

as desired.

� x = αRij, y = αRk`.

Similar to the previous case.

� All other cases are analogous to one of the cases above.

Now, the full differential on AMSFT is simply the sum of the SFT and string com-

ponents.

Definition 5.12. dM := dMSFT + δMstr.

See Chapter 6 for some example computations.

5.2 dM is a differential

In this section we prove the following theorem.

Theorem 5.13. (AM , dM) is a differential graded algebra. In other words, dM satis-

fies (dM)2 = 0.

Lemma 5.14. (δMstr)
2 = 0.

Proof. It suffices to show that (δMstr)
2(x) = 0 for all generators x.

This is trivial for x = βRij and x = βLij.
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(δMstr)
2(αRij) = δMstr

(
(γi + γj)α

R
ij +

∑
i<k<j

αRikα
R
kj

)

= δMstr(γi + γj)α
R
ij + (γi + γj)δ

M
str(α

R
ij) +

∑
i<k<j

(
δMstr(α

R
ik)α

R
kj + αRikδ

M
str(α

R
kj)
)

=

∑
β∈Γi

δMstr(β) +
∑
β∈Γj

δMstr(β)

αRij + (γi + γj)

(
(γi + γj)α

R
ij +

∑
i<k<j

αRikα
R
kj

)

+
∑
i<k<j

(
δMstr(α

R
ik)α

R
kj + αRikδ

M
str(α

R
kj)
)

=

∑
β∈Γi

β2 +
∑
β∈Γj

β2

αRij + (γi + γj)
2αRij + (γi + γj)

∑
i<k<j

αRikα
R
kj

+
∑
i<k<j

δMstr(α
R
ik)α

R
kj +

∑
i<k<j

αRikδ
M
str(α

R
kj)

=

∑
β∈Γi

β2 +
∑
β∈Γj

β2

αRij + (γ2
i + γ2

j )α
R
ij + (γi + γj)

∑
i<k<j

αRikα
R
kj

+
∑
i<k<j

(
(γi + γk)α

R
ik +

∑
i<k′<k

αRik′α
R
k′k

)
αRkj

+
∑
i<k<j

αRik

(
(γk + γj)α

R
kj +

∑
k<k′<j

αRkk′α
R
k′j

)

The first two summands cancel, so we are left with
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= (γi + γj)
∑
i<k<j

αRikα
R
kj +

∑
i<k<j

(
(γi + γk)α

R
ik +

∑
i<k′<k

αRik′α
R
k′k

)
αRkj

+
∑
i<k<j

αRik

(
(γk + γj)α

R
kj +

∑
k<k′<j

αRkk′α
R
k′j

)

= (γi + γj)
∑
i<k<j

αRikα
R
kj +

∑
i<k<j

(γi + γk)α
R
ikα

R
kj +

∑
i<k<j

αRik(γk + γj)α
R
kj

+
∑
i<k<j

∑
i<k′<k

αRik′α
R
k′kα

R
kj +

∑
i<k<j

∑
k<k′<j

αRikα
R
kk′α

R
k′j

Now the first three terms cancel with each other, as do the last two terms. So,

(δMstr)
2(αRij) = 0.

A similar computation shows that (δMstr)
2(αLij) = 0.

Definition 5.15. hM2 :=
∑

1≤i<k<j≤n α
R
ikα

R
kjα

L
ij +

∑
1≤i<k<j≤n α

L
ikα

L
kjα

R
ij.

This is the analogue of 1
2
{hM , hM} or hM → hM in the notation of [9] (See Chap-

ter 4)

Lemma 5.16. {hM , {hM , x}} = {hM2 , x}.

Proof. Note that this doesn’t follow directly from the Jacobi identity since we are

working over Z2.

� x = βLij.

Let hMij =
∑
αLk`α

R
k`, where the sum is over 1 ≤ k < ` ≤ n such that |{i, j} ∩

{k, `}| = 1. Clearly, {hM , βLij} = hMij .

{hM , {hM , βLij}} = {hM , hMij }

=
∑

αLkmα
L
m`α

R
k` +

∑
αRkmα

R
m`α

L
k`
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where both sums are over the set of 1 ≤ k < m < ` ≤ n such that |{k, `} ∩

{i, j}| = 1.

Likewise,

{hM2 , βLij} =
∑

αLkmα
L
m`α

R
k` +

∑
αRkmα

R
m`α

L
k`

where both sums are over the set of 1 ≤ k < m < ` ≤ n such that |{k, `} ∩

{i, j}| = 1.

� x = βRij .

Similar to the previous case.

� x = αLpq.

We may expand

{hM , αLpq} =
∑
q<j≤n

αLpjα
R
qj +

∑
1≤i<p

αLiqα
R
ip.

Then

{hM , {hM , αLpq}} =

{
hM ,

∑
q<j≤n

αLpjα
R
qj

}
︸ ︷︷ ︸

A

+

{
hM ,

∑
1≤i<p

αLiqα
R
ip

}
︸ ︷︷ ︸

A′
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We first expand A.

A =
∑

1≤i<p<q<j≤n

αLijα
R
ipα

R
qj︸ ︷︷ ︸

B

+
∑

1≤i<q<j≤n

αLiqα
L
pjα

R
ij︸ ︷︷ ︸

C

+

+
∑

q<j<k≤n

αLpkα
R
qjα

R
jk︸ ︷︷ ︸

D

+
∑

q<j<k≤n

αLpjα
L
jkα

R
qk︸ ︷︷ ︸

E

A′ has a similar form.

A′ =
∑

1≤i<p<q<j≤n

αLijα
R
ipα

R
qj︸ ︷︷ ︸

B′

+
∑

1≤i<p<j≤n

αLiqα
L
pjα

R
ij︸ ︷︷ ︸

C′

+

+
∑

1<k<i<p

αLkqα
R
kiα

R
ip︸ ︷︷ ︸

D′

+
∑

1<k<i<p

αLkiα
L
iqα

R
kp︸ ︷︷ ︸

E′

Note that B = B′. Thus

{hM , {hM , αLpq}} = C +D + E + C ′ +D′ + E ′

On the other hand, if we write

(hM2 )1 =
∑

1≤i=q<k<j≤n

αRikα
R
kjα

L
ij +

∑
1≤i=q<k<j≤n

αLikα
L
kjα

R
ij

(hM2 )2 =
∑

1≤i<k=q<j≤n

αRikα
R
kjα

L
ij +

∑
1≤i<k=q<j≤n

αLikα
L
kjα

R
ij

(hM2 )3 =
∑

1≤i<k=p<j≤n

αRikα
R
kjα

L
ij +

∑
1≤i<k=p<j≤n

αLikα
L
kjα

R
ij

(hM2 )4 =
∑

1≤i<k<j=p≤n

αRikα
R
kjα

L
ij +

∑
1≤i<k<j=p≤n

αLikα
L
kjα

R
ij
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then

{hM2 , αLpq} = {(hM2 )1, α
L
pq}︸ ︷︷ ︸

F

+ {(hM2 )2, α
L
pq}︸ ︷︷ ︸

G

+ {(hM2 )3, α
L
pq}︸ ︷︷ ︸

H

+ {(hM2 )4, α
L
pq}︸ ︷︷ ︸

I

(all other terms vanish) and one may check that F = E, G = C + D, H =

C ′ +D′, and I = E ′.

� x = αRij.

Similar to the previous case.

Lemma 5.17. δMstr(h
M) = hM2 .

Proof.

δMstr(h
M) = δMstr

( ∑
1≤i<j≤n

αLijα
R
ij

)

=
∑

1≤i<j≤n

(
δMstr(α

L
ij)α

R
ij + αLijδ

M
str(α

R
ij)
)

=
∑

1≤i<j≤n

(
(γi + γj)α

L
ijα

R
ij +

(∑
i<k<j

αLikα
L
kj

)
αRij + αLij(γi + γj)α

R
ij + αLij

(∑
i<k<j

αRikα
R
kj

))

=
∑

1≤i<k<j≤n

αLikα
L
kjα

R
ij +

∑
1≤i<k<j≤n

αLijα
R
ikα

R
kj

= hM2

Proof of Theorem 5.13.
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Using Lemma 5.11, Lemma 5.14, Lemma 5.16, Lemma 5.17:

(dM)2(x) = dM({hM , x}+ δMstr(x))

= {hM , {hM , x}}+ δMstr
(
{hM , x}

)
+ {hM , δMstr(x)}+ (δMstr)

2(x)

= {hM2 , x}+ {δMstr(hM), x}+ (δMstr)
2(x)

= {hM2 + δMstr(h
M), x}

= 0.

Remark 5.18. AMSFT generalizes the (commutative quotient of the) DGA In from

[11] (denoted AM in Chapter 3). Setting all β∗∗∗ and αR∗∗ equal to 0, one can check

that dMSFT vanishes while δMstr reduces to δMstr(α
L
ij) =

∑
i<k<j α

L
ikα

L
kj, so we recover the

differential on AM .

5.3 Definition of the left and right algebras: ALSFT

and ARSFT

In this section, we define the DGAs associated to the left and right half-diagrams.

5.3.1 Generators of AL
SFT

Consider first a left half-diagram Πxz(Λ
L) (Figure 9) Label the points on the dividing

line as {1, . . . , n}.

We require the auxiliary data of a single pairing β of the points on the dividing

line. Since we only consider Legendrian knots, we require β to satisfy the property

that closing up ΛL by connecting the points on the dividing line according to β would

yield a single connected loop.
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1

2

3

4

p1p1

q1

q1

Figure 9: A left half-diagram. The dotted curves represent β = {(1, 2), (3, 4)}. The
generators of ALSFT in this case are: {p1, q1, α12, α13, α14, α23, α24, α34, β12, β34}.

Definition 5.19. The algebra ALSFT is the commutative algebra generated over Z2

by the following elements:

� Two generators pi, qi corresponding to each crossing and right cusp in Πxz(Λ
L).

� A generator αij for every 1 ≤ i < j ≤ n. (representing a right half-disk)

� A generator βij for every 1 ≤ i < j ≤ n such that {i, j} ∈ β. (representing a

right strand connecting i and j)

5.3.2 String differential on AL
SFT

The differential on ALSFT again consists of an SFT component and a string topology

component. In this section we define the string component.

Definition 5.20. A path in ΛL is a map γ : (a, b)→ ΛL which is continuous except

for the following allowed discontinuity:

lim
t→t−0

γ(t) = x1 and lim
t→t+0

γ(t) = x2,
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where x1 and x2 are points that project in the front projection to paired points i and

β(i) on the dividing line M . (in other words, at the dividing line we allow γ to jump

from the endpoint of one strand of ΛL to another, according to the pairing β).

There is always a unique (up to homotopy) path from • to any point in ΛL, which

does not pass through ∗.

Definition 5.21. A path in M is a map γij : [0, 1] → M which is monotonic in the

z direction and which satisfies Πxz(γ(0)) = i and Πxz(γ(1)) = j.

Definition 5.22. A broken closed string in ΛL is a map γ : S1\{t0, . . . , tk} → (ΛL∪N)

such that for each i, γ|(ti,ti+1) is either a path in ΛL or a path in M , and at the points

ti, γ may have a discontinuity of the form limt→t±i
γ(t) = R± or limt→t±i

γ(t) = R∓,

where R± are the endpoints of a Reeb chord R (in other words, we allow γ to jump

from one endpoint of a Reeb chord to the other).

We can associate a word w(γ) ∈ ALSFT to each broken closed string γ by reading

off either

� pi if we encounter a discontinuity of the form

lim
t→t±j

γ(t) = R±i ,

� qi if we encounter a discontinuity of the form

lim
t→t±j

γ(t) = R∓i ,

� αij if there we encounter a segment [tm, tm+1] ⊂ S1 such that γ|[tm,tm+1] is a path

in M between i and j,

Conversely, we can associate a broken closed string to any word w not containing

any β factors as follows.
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� If w = pi, there is a unique path γ+
pi

from • to R+
i and a unique path γ−pi from

R−i to •. Let γ(pi) be the concatenation of these two paths, perturbed to have

holomorphic corners (see Chapter 4).

� If w = qi, there is a unique path γ+
qi

from • to R−i and a unique path γ−qi from

R+
i to •. Let γ(qi) be the concatenation of these two paths, perturbed to have

holomorphic corners.

� If w = αij, there is a unique path γi from • to i, a unique path γNij ⊂ N from

i to j, and a unique path γ−1
j from j to •. Let γ(αij) be the concatenation of

these three paths.

Finally, if w is any word not containing any β factors, let γ(w) be an appropriate

concatenation of the strings described above.

The map

{broken closed strings}/homotopy→ {words not containing β′s}

is a bijection.

Definition 5.23. Let

W := {words not containing β′s}

W represents the set of elements of ALSFT which are representable as broken closed

strings.

Next, we define the string differential δLstr as follows.

Definition 5.24 (pq-insertion into a broken closed string).

Let γ be a broken closed string. For any internal Reeb chord Ri along γ (that

is, γ(t0) = R±i and γ is continuous at t0), we say that the monomial piqiw(γ) is an

insertion of a piqi pair into γ.
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pp
q

q
pp

q

q

Figure 10: A broken closed string representing the element α24 (left; drawn red and
slightly offset), and a pq insertion resulting in the element pqα24 (right; drawn red
and slightly offset. At the crossing, the new broken closed string jumps across the
Reeb chord from the lower strand to the upper strand and back).

See Figure 10.

Definition 5.25 (α-insertion into a broken closed string).

Let γ be a broken closed string. For any segment [tm, tm+1] for which γ|[tm,tm+1]

is a path in N between i and j, and for any i < k < j, we say that the monomial

w′ obtained from w(γ) by splitting the corresponding αij in w(γ) into αikαkj is an

α-insertion into γ.

See Figure 11.

Definition 5.26 (β-insertion into a broken closed string).

Let γ be a broken closed string. For any discontinuity of γ where γ jumps from the

endpoint i of one strand of ΛL to β(i) (see Definition 5.20), we say that the monomial

βijw(γ) is a β-insertion into γ.

See Figure 12.

Definition 5.27 (δLstr).
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pp
q

q
pp

q

q

Figure 11: A broken closed string representing the element α24 (left; drawn red and
slightly offset), and an α insertion resulting in the element α23α34.

pp
q

q

Figure 12: A broken closed string representing the element q (red, drawn slightly
offset). Because the broken closed string has a jump from strand 3 to 4, we can
perform a β insertion resulting in the element qβ34 (not pictured because qβ34 6∈ W ).
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First let w ∈ W . Choose a broken closed string γ representing w. Then

δLstr(w) :=
∑

(pq-insertions into γ)+
∑

(α-insertions into γ)+
∑

(β-insertions into γ),

(for independence of the choice of γ, see Proposition 5.28)

Then define δLstr(βij) = β2
ij.

Finally, extend δLstr to all of ALSFT by linearity and by declaring

δLstr(xβij) = δLstr(x)βij + xδLstr(βij)

Proposition 5.28 (Properties of δLstr).

1. δLstr is well defined, i.e. when w ∈ W , δLstr(w) is independent of the choice of γ.

2. δLstr satisfies the Leibniz rule

δLstr(xy) = δLstr(x)y + xδLstr(y)

Proof.

1. Suffices to check that δLstr(w) doesn’t change when γ changes by one of the local

moves in Figure 13, and this is clear in all cases.

2. It suffices to prove this when x, y ∈ W .

Let γx and γy be broken closed strings representing x and y. Then the con-

catenation γx ∗ γy is a broken closed string representing xy. Any insertion into

γx ∗ γy will have a corresponding term either in δLstr(x)y or xδLstr(y), depending

on where the insertion takes place.
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Λ
γ

Λ
γ

Λ
γ

Λ
γ

Λγ

Λγ

Λ

γ

M

Λ

γ

M

Figure 13: Local moves of broken closed strings.

5.3.3 SFT bracket and SFT differential on AL
SFT

Definition 5.29 (SFT bracket).

{·, ·} is defined on the generators of ALSFT by:

� {pi, qi} = 1.

� {pi, x} = 0 for all generators x 6= qi.

� {x, qi} = 0 for all generators x 6= pi.

� {αij, αk`} =


αi` j = k

αkj i = `

0 otherwise

� {αij, βk`} =


αij |{i, j} ∩ {k, `}| = 1

0 otherwise

� {βij, βk`} = 0.

� {t, x} = 0 for all generators x.
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Extend {·, ·} to ALSFT × ALSFT → ALSFT by declaring that {x, y} = {y, x}, by

linearity:

{x, y + z} = {x, y}+ {x, z},

and by the Leibniz rule:

{x, yz} = {x, y}z + y{x, z}.

Lemma 5.30 (Jacobi identity). The SFT bracket satisfies

{x, {y, z}}+ {y, {z, x}}+ {z, {x, y}} = 0.

Proof. It suffices to prove the identity when x, y, z are generators.

� Any one of x, y, z is a t: everything vanishes.

� Each of x, y, z is either an α or β:

same as Lemma 5.6

� x, y, and z are all either a p or q: same as Jacobi identity for LSFT (Proposi-

tion 4.11).

� Some of x, y, z are p or q while others are α or β: everything must vanish.

Remark 5.31. When x, y ∈ W , we can define {x, y} in terms of broken closed strings

as follows. Let γx and γy be broken closed strings representing x and y. Whenever

γx has a corner at some pi and γy has a corner at qi (or vice versa), we can glue γx

and γy into a single broken closed string as depicted in Figure 14. Likewise, if γx has

an αij segment and γy has an αjk segment (or vice versa), we can glue them into a
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Λx

y

q
p

Λ{x, y}
q
p

Λ

y

x

M

i

j

k

Λ

{x, y}

M

i

j

k

Figure 14: Top: x contains a p factor and y contains a corresponding q factor; we
may glue as shown to get a summand of {x, y}. Bottom: x contains an αij factor and
y contains an adjacent αjk factor; we may glue as shown to get a summand of {x, y}.

single broken closed string as also depicted in Figure 14. Let {x, y} be the sum of all

such possible gluings.

5.3.4 Hamiltonian on AL
SFT

In this section, we define the Hamiltonian on ALSFT . First, we define admissible disks.

Definition 5.32 (Admissible disk).

An admissible disk is an orientation preserving map u : (D2, ∂D2)→ (R2
L,Πxz(Λ

L)∪

M) which satisfies the following properties.

1. u is an immersion apart from a finite set of points {z1, . . . , zk} ⊂ ∂D2 which

map either to crossings, cusps, or points in Πxz(Λ
L) ∩M .

2. If zi maps to a crossing, then a neighborhood of zi is mapped to a single quadrant

of that crossing.
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u may have any number of positive and negative corners, and any number of

boundary segments on M .

Given an admissible disk u, we define ∂u to be the monomial in ALSFT defined by

the broken closed string associated to the boundary of u.

Definition 5.33 (Hamiltonian).

hL :=
∑
u

∂u+
∑
i

pi,

where the first sum ranges over admissible disks u (considered up to domain

reparametrization), and the second sum ranges over the indices of the vertices which

are right cusps.

The second sum comes from the fact that the morsification of a front projection

turns a right cusp into a small loop, which adds a single holomorphic disk with one

corner at pi (see Figure 4).

Definition 5.34 (SFT differential).

dLSFT := {hL, ·}

As before, the full differential on ALSFT is the sum of the SFT and string contri-

butions.

Definition 5.35 (Differential on ALSFT ).

dL := {hL, ·}+ δLstr

5.4 dL is a differential

In this section we prove the following.
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Theorem 5.36. (ALSFT , dL) is a differential graded algebra. In other words, dL sat-

isfies (dL)2 = 0.

Lemma 5.37. δLstr is a derivation of {·, ·}.

δLstr{x, y} = {δLstr(x), y}+ {x, δLstr(y)}

Proof.

1. x, y ∈ W .

Then {x, y} will be a sum of elements in W . Therefore, each term of δLstr{x, y}

will be some insertion into a broken closed string γ representing a summand of

{x, y}.

If the insertion takes place away from the gluing region, it will be canceled by

a corresponding term either in {δLstr(x), y} or {x, δLstr(y)}.

The only remaining terms are the exceptional terms, where an insertion takes

place at the gluing region (see example in Figure 15). The ‘interior’ exceptional

terms (where the insertion/gluing happens in the interior of the half-diagram,

away from the dividing line) are the same as those for LSFT (see Figure 3.8 in

[9]). Now, the only remaining terms are those exceptional terms which interact

with the boundary. These are depicted in Figure 16, and are again seen to

cancel pairwise.

2. x = βij, y ∈ W .

{δLstr(βij), y} = 0, so it suffices to show

δLstr{βij, y} = {βij, δLstr(y)}.
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{βij, y} = cyy, where cy is the number mod 2 of factors of y which are of the

form αk` satisfying |{i, j} ∩ {k, `}| = 1.

Therefore,

δLstr{βij, y} = cyδ
L
str(y)

Then we can write δLstr(y) =
∑
w, where the sum ranges over all w that are

either pq-, α-, or β- insertions into y.

Thus

δLstr{βij, y} =
∑

cyw

On the other hand,

{βij, δLstr(y)} =
{
βij,

∑
w
}

=
∑

cww

where cw is the number mod 2 of factors of w which are of the form αk` satisfying

|{i, j} ∩ {k, `}| = 1.

Therefore it suffices to show that cy = cw for all insertions w.

Clearly this is true if w is a pq or β insertion. If w is an α insertion, then an

αk` contributing to cy can be split into αkmαm`. But in this case, we must have

either |{i, j}∩{k,m}| = 1 or |{i, j}∩{m, `}| = 1 (but not both). So either αkm

or αm` (but not both) will contribute to cw. Thus cy = cw in all cases.

3. x = βij, y = βk`.

Everything vanishes so the identity is trivial.

Lemma 5.38. (δLstr)
2 = 0.
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Λx

y
Λ

{x, y}
Λ

δ{x, y}

Λx

δy
Λ

{x, δy}

Figure 15: Top: an exceptional term in δ{x, y}. Bottom: an exceptional term in
{x, δy}. The top and bottom terms give the same element in ALSFT and thus cancel.

Λ

x

y

M

Λ

x

δy

M

Λ

x

y

M

Λ

x

y

M

Λ

x

y

M

Λ

x

y

M

Figure 16: The boundary exceptional terms cancel pairwise as shown.
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Proof.

1. Let x = βij. Then (δLstr)
2(x) = 2β3

ij = 0.

2. Let x ∈ W . Then each term in (δLstr)
2(x) is the result of making two insertions

into x. Reversing the order in which the insertions are made yields the same

element; therefore all terms cancel in pairs.

Definition 5.39 (x→ y).

Define x→ y as an asymmetrized version of {x, y}, i.e. only allow a p in x to glue

to a q in y (but not vice versa), or an αij in x to glue to an αjk in y (but not vice

versa).

Lemma 5.40.

{hL → hL, x} = {hL, {hL, x}}

(See Lemma 5.16).

Lemma 5.41.

hL → hL = δLstr(h
L)

Proof. Consider the summands in hL → hL + δLstr(h
L). Some ‘interior’ terms cancel

pairwise in the same way as in the proof of Theorem 4.16 (see Figure 3.13 in [9]), but

here we also have to deal with terms involving the dividing line. These ‘boundary’

terms are depicted in Figure 17, and are seen to cancel pairwise as well.
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hL
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Λ
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Λ

hL

hL

M

Λ

hL

hL

M

Λ

hL

hL

M

Λ

hL

hL

M

Λ

hL

hL

M

Λ

δ(hL)

M

Λ

hL

hL

M

Λ

δ(hL)

M Λ

hL

hL

M

Λ

δ(hL)

M

Figure 17: The pairs of boundary canceling terms in (hL → hL) + δ(hL).
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Proof of Theorem 5.36.

(dL)2(x) = {hL, {hL, x}+ δLstr(x)}+ δLstr({hL, x}+ δLstr(x))

= {hL, {hL, x}}+ {hL, δLstr(x)}+ δLstr{hL, x}+ (δLstr)
2(x)

= {hL → hL, x}+ {δLstr(hL), x}

= {hL → hL + δLstr(h
L), x}

= 0

Remark 5.42. A similar method shows that (dR)2 = 0.

5.5 L, R morphisms

In this section, we will construct DGA-morphisms from ALSFT and ARSFT into AcommSFT .

Definition 5.43 (left/right admissible disk).

Define a right admissible disk to be a map u : (D2, ∂D2) → (R2,Πxz(Λ) ∪M)

satisfying the following properties.

1. u is an immersion apart from a finite set of points {z1, . . . , zk} ⊂ ∂D2 which

map either to crossings, cusps or points in Πxz(Λ) ∩M .

2. If zi maps to a crossing, then a neighborhood of zi is mapped to a single quadrant

of that crossing.

3. Exactly one of the intervals (zm, zm+1) ⊂ ∂D2 maps to M , and a neighborhood

of this interval maps to R2
R. Call this interval the “dividing line interval”

Let DR(i, j) denote the set of right admissible disks u such that the dividing line

interval is (i, j) ⊂M .
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Figure 18: Left: a right admissible disk contributing to L(α34). Right: a left admis-
sible disk contributing to R(α34). Note that the left admissible disk may ‘loop back’
across the dividing line, but the same is not possible for right admissible disks, since
we have restricted consideration to simple fronts (Lemma 5.48).

Define a left admissible disk in the same way, except requiring a neighborhood of

the dividing line interval to map to R2
L instead.

Let DL(i, j) denote the set of left admissible disks whose dividing line interval

maps to (i, j) ⊂M .

Given any u ∈ DR(i, j) or u ∈ DL(i, j), let ∂∗u denote the boundary of u, exclud-

ing the dividing line interval, read off as a monomial in AcommSFT .

Remark 5.44. Any right admissible disk must in fact map entirely into R2
R. (see

Lemma 5.48). However, the analogous fact does not hold for left admissible disks

(Figure 18).

Now, we define a map L : ALSFT → AcommSFT as follows.

Definition 5.45. L : ALSFT → AcommSFT is defined on generators by setting:

� L(pi) = pi

� L(qi) = qi

� L(αij) =
∑

u∈DR(i,j) ∂
∗u.
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� L(βij) =
∑

ij right strand pkqk, where the sum is taken over the interior Reeb chords

along the ij strand of the right diagram ΛR.

Extend it to an algebra map by setting L(x + y) = L(x) + L(y) and L(xy) =

L(x)L(y).

Definition 5.46. R : ARSFT → AcommSFT defined similarly. On generators:

� R(pi) = pi

� R(qi) = qi

� R(αij) =
∑

u∈DL(i,j) ∂
∗u.

� R(βij) =
∑

ij left strand pkqk.

Extend it to an algebra map by setting R(x + y) = R(x) + R(y) and R(xy) =

R(x)R(y).

We now prove the following theorem.

Theorem 5.47. L and R are morphisms. That is,

d ◦ L = L ◦ dL,

and

d ◦R = R ◦ dR.

Lemma 5.48. Any right admissible disk maps entirely into R2
R.

Proof. Suppose not. Then there must be at least two segments (a, b), (c, d) ⊂ ∂D2

mapping into ΛR such that the points a, b, c, d all map onto the dividing line M . Con-

sider the points along (a, b) and (c, d) at which the x-coordinate is maximized. This

must happen either at a crossing or right cusp of ΛR. These maximal x-coordinates
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Figure 19: A right disk with two boundary components on the dividing line must
have a non-convex corner (marked with a dot).

cannot be equal, or else D2 would not be immersed. It follows that the smaller

maximal x-coordinate must occur at a crossing (recall that we assumed the front pro-

jection was simple, so all right cusps have an equal x-coordinate). But now one can

see that near this crossing, D2 must map to three quadrants and is thus inadmissible

(Figure 19).

Proof of Theorem 5.47. Let d denote the differential on AcommSFT and let dL denote the

differential on AL. We need to show d ◦ L = L ◦ dL.

� x = pi :

d ◦ L(pi) = d(pi) = {h, pi}+ δstr(pi)

L ◦ dL(pi) = L({hL, pi}+ δLstr(pi))

= L({hL, pi}) + L(δLstr(pi)))

It is clear that δ(pi) = L(δLstr(pi)).

So it suffices to show {h, pi} = L({hL, pi}).
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Let w = {w′, pi} be a summand of {h, pi}. Write w′ as ∂D for an admissible

disk D. Let DL be the portion of D in the left-half diagram, and DR the right

half.

By Lemma 5.48, DL must be connected, though DR may have multiple compo-

nents. Label the components of DR as DR
k , and let the intersection of DR

k with

the dividing line be (ik, jk).

Write ∂D = wL1w
R
1 . . . w

R
k w

L
k+1,1qiw

L
k+1,2w

R
k+1 . . . w

R
n , where wLi is a word consist-

ing of only generators of the left half (similarly for wRi ).

Each wRk = ∂∗(DR
k ) is by definition a term in L(αikjk).

∂DL = wL1 αi1j1w
L
2 . . . αikjkw

L
k+1,1qiw

L
k+1,2αik+1jk+1

. . . wRn , on the other hand, is a

term in hL.

Therefore, {hL, pi} will contain a term of the form

wL1 αi1j1w
L
2 . . . αikjkw

L
k+1,1w

L
k+1,2αik+1jk+1

. . . wRn .

Therefore, L({hL, pi}) contains a term of the form

wL1w
R
1 . . . w

L
k+1,1w

L
k+1,2 . . . w

L
nw

R
n = w.

Thus, any summand of {h, pi} cancels with a summand of L({hL, pi}). A similar

argument shows that every summand of L({hL, pi}) cancels with a summand of

{h, pi}, and thus these are equal.

� x = qi. Same argument.
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� x = αij. In this case, {h, L(x)} 6= L{hL, x} and δ(L(x)) 6= L(δLstr(x)) in general.

However, the terms of

{h, L(x)}+ L{hL, x}+ δ(L(x)) + L(δLstr(x))

come in pairs which cancel, as depicted in Figure 20.

� x = βij.

Note that δ(pkqk) = (pkqk)
2 for any pair pk, qk.

δ(L(βij)) = δ

( ∑
ij right strand

pq

)

=
∑

ij right strand

δ(pq)

=
∑

ij right strand

(pq)2

=

( ∑
ij right strand

pq

)2

= (L(βij))
2

= L
(
β2
ij

)
= L(δLstr(βij))

For the SFT portion, note that {h, pkqk} = pk{h, qk}+{h, pk}qk is just equal to

the sum of admissible disks that have an odd number of corners at the vertex

labeled k.

Thus, {h, L(βij)} =
{
h,
∑

ij right strand pq
}

is equal to the sum of admissible

disks with an odd number of corners at some crossing along the ij strand. Each

such disk will be double counted in {h, L(βij)} (as in Figure 21), unless the disk
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h

L(αij)
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L(αkj)

L(αik)

M

h
L(αij)

M

hL(αij)

M

δ(L(αij))

M

δ(L(αij))

M

L(αkj)

L(αik)

M

L(αij)

h

M

L(αkj)
hL

M

Figure 20: Canceling pairs in {h, L(αij)}+ L{hL, αij}+ δ(L(αij)) + L(δLstr(αij)).

crosses M as depicted in Figure 22. But these exceptional disks precisely cancel

with a corresponding term in L({hL, βij}).

A similar argument shows that R : ARSFT → AcommSFT is also a morphism.

5.6 `, r morphisms and commutativity of diagram

In this section, we construct DGA-morphisms from AMSFT into ALSFT and ARSFT .
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M

Λ

i

j

p1 q1 p2 q2

h

Figure 21: Here, L(βij) = p1q1 + p2q2 + . . . . The disk labeled h contributes to both
{h, p1q1} and {h, p2q2}.

M

Λ

i

j

p q

h

Figure 22: Here, L(βij) = pq + . . . . The disk labeled h contributes to both {h, pq}
and L({hL, βij}).

5.6.1 Definitions

Definition 5.49 (left/right admissible half-disk). Define a left admissible half-disk

to be a map u : (D2, ∂D2)→ (R2
L,Π(ΛL) ∪M) satisfying the following properties.

1. u is an immersion apart from a finite set of points {z1, . . . , zk} ⊂ ∂D2 which

map either to crossings, cusps or points in Π(ΛL) ∩M .

2. If zi maps to a crossing, then a neighborhood of zi is mapped to a single quadrant

of that crossing.

3. There is at least one interval (zm, zm+1) ⊂ ∂D2 which maps to M , and one of

these intervals is distinguished. Call the distinguished interval the ”dividing

line interval”.
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Let HL
ij denote the set of left admissible half-disks H such that the distinguished

dividing line interval maps to the interval (i, j) ⊂M .

Given any u ∈ HL
ij, let ∂∗(u) denote the boundary of u, excluding the distinguished

dividing line interval, read off as a monomial in ALSFT .

Define a right admissible disk and HR
ij in the analogous way.

Remark 5.50. A right admissible half-disk is the same as a right admissible disk, by

Lemma 5.48. However, a left admissible half-disk is not the same as a left admissible

disk, in virtue of the fact that a left admissible disk need not map entirely into R2
L.

Now, we define maps ` : AMSFT → ALSFT , r : AMSFT → ARSFT as follows:

Definition 5.51. ` : AMSFT → ALSFT is defined on generators by setting

� `(αLij) =
∑

u∈HL
ij
∂∗u.

� `(αRij) = αij.

� `(βLij) =
∑

ij left strand pkqk where the sum is taken over the interior Reeb chords

along the ij strand of the left diagram ΛL.

� `(βRij) = βij.

Extend ` to an algebra map by declaring `(x+ y) = `(x) + `(y) and `(xy) = `(x)`(y).

Similarly,

Definition 5.52. r : AMSFT → ARSFT is defined on generators by setting

� r(αLij) = αij.

� r(αRij) =
∑

u∈HR
ij
∂∗u.

� r(βLij) = βij.

� r(βRij) =
∑

ij right strand pkqk.
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Extend r to an algebra map by declaring r(x+y) = r(x)+r(y) and r(xy) = r(x)r(y).

The proof that ` and r are morphisms is similar to that of Theorem 5.47.

5.6.2 Commutativity of diagram

In this section we check that the diagram

AMSFT ALSFT

ARSFT AcommSFT

`

r L

R

commutes. In other words, we must check that L ◦ ` = R ◦ r.

� x = βRij .

L(`(βRij)) = L(βij) =
∑

ij right strand

pkqk

R(r(βRij)) = R

( ∑
ij right strand

pkqk

)
=

∑
ij right strand

pkqk

� x = βLij.

Analogous to above case.

� x = αRij.

L(`(αRij)) = L(αij) =
∑
D∈DR

ij

∂∗D

R(r(αRij)) = R

 ∑
H∈HR

ij

∂∗H

 =
∑
D∈DR

ij

∂∗D
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(recall from Remark 5.50 that right half disks are the same as right disks)

5.7 Pushout

We now have a commutative diagram

AMSFT ALSFT

ARSFT AcommSFT

`

r L

R

In this section, we would like to prove Theorem 5.1, which states that this is a

pushout square.

Proof of Theorem 5.1.

Suppose we have another DGA Q together with a commutative diagram

AMSFT ALSFT

ARSFT Q

`

r f

g

We need to construct a morphism h : AcommSFT → Q which makes the diagram

AMSFT ALSFT

ARSFT AcommSFT

Q

`

r L
f

R

g

h

commute.

Every generator x of AcommSFT can be written either as L(s) for a generator s ∈ ALSFT

or as R(s) for a generator s ∈ ARSFT .

We therefore define
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h(x) =


f(s), x = L(s)

g(s), x = R(s)

and extend h to an algebra map AcommSFT → Q by declaring h(x+ y) = h(x) + h(y)

and h(xy) = h(x)h(y).

First we must check that the diagram commutes, i.e. we must check g = h ◦ R

and f = h ◦ L.

We start with checking f = h ◦ L.

� x = pi ∈ ALSFT or x = qi ∈ ALSFT :

Then h(L(x)) = f(x) by definition.

� x = αij ∈ ALSFT .

h(L(x)) = h(L(`(αRij))) = h(R(r(αRij)))

Since r(αRij) ∈ ARSFT consists of terms only including p and q generators,

h(R(r(αRij))) = g(r(αRij)). Thus,

h(L(x)) = g(r(αRij)) = f(`(αRij)) = f(αij)

� x = βij ∈ AL.

h(L(x)) = h(L(`(βRij)) = h(R(r(βRij)))

Since r(βRij) consists of terms only including p and q generators, h(R(r(βRij))) =

g(r(βRij)). Thus,

h(L(x)) = g(r(βRij)) = f(`(βRij)) = f(βij)
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Verifying g = h ◦R is similar.

Now we must check that h is a morphism.

� x = L(s) for s ∈ ALSFT .

dQ(h(x)) = dQ(f(s)) = f(dL(s)) = h(L(dL(s))) = h(d(L(s))) = h(d(x))

� x = R(s) for s ∈ ARSFT .

dQ(h(x)) = dQ(g(s)) = g(dR(s)) = h(R(dR(s))) = h(d(R(s))) = h(d(x))
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Chapter 6

Examples

In this section, we go over some example calculations of Bordered LSFT.

6.1 Example 1

Let Λ be the Legendrian trefoil depicted in Figure 23, with the dividing line chosen

as shown.

First, we compute AcommSFT (Λ).

AcommSFT is generated by the elements {p1, q1, p2, q2, p3, q3, p4, q4, p5, q5}.

p1p1

q1

q1

p2p2

q2

q2

p3p3

q3

q3

p4p4

q4

q4

p5p5

q5

q5

1

2

3

4

Figure 23: Legendrian trefoil.
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The string and SFT differentials are computed below:

δstr(p1) = 0 dSFT (p1) = 0

δstr(q1) = q1p1q1 dSFT (q1) = 1 + q5 + q3 + q3q4q5

δstr(p2) = 0 dSFT (p2) = 0

δstr(q2) = q2p2q2 dSFT (q2) = 1 + q3 + q5 + q3q4q5

δstr(p3) = (p5q5 + p4q4 + p3q3)p3 dSFT (p3) = p1 + p1q4q5 + p2 + p2q4q5

δstr(q3) = (q5p5 + q4p4)q3 dSFT (q3) = p4

δstr(p4) = (p5q5 + p4q4 + p3q3)p4 dSFT (p4) = p1q3q5 + p2q3q5

δstr(q4) = (q5p5 + q3p3)q4 dSFT (q4) = p3 + p5

δstr(p5) = (p5q5 + p4q4 + p3q3)p5 dSFT (p5) = p1 + p1q3q4 + p2 + p2q3q4

δstr(q5) = (q4p4 + q3p3)q5 dSFT (q5) = p4

The Hamiltonian is

h = p1 + p1q5 + p1q3 + p1q3q4q5 + p2 + p2q3 + p2q5 + p2q3q4q5 + p3p4 + p4p5

Now, we compute the middle algebra AMSFT .

AMSFT is generated by the elements

{αL12, α
L
13, α

L
14, α

L
23, α

L
24, α

L
34, α

R
12, α

R
13, α

R
14, α

R
23, α

R
24, α

R
34, β

L
13, β

L
24, β

R
12, β

R
34}
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The string and SFT differentials are computed below:

δMstr(α
L
12) = βR12α

L
12 dMSFT (αL12) = αL13α

R
23 + αL14α

R
24

δMstr(α
L
13) = (βR12 + βL24 + βR34)αL13 + αL12α

L
23 dMSFT (αL13) = αL14α

R
34

δMstr(α
L
14) = (βR12 + βL24)αL14 + αL12α

L
24 + αL13α

L
34 dMSFT (αL14) = 0

δMstr(α
L
23) = (βL24 + βR34)αL23 dMSFT (αL23) = αL13α

R
12 + αL24α

R
34

δMstr(α
L
24) = βL24α

L
24 + αL23α

L
34 dMSFT (αL24) = αL14α

R
12

δMstr(α
L
34) = βR34α

L
34 dMSFT (αL34) = αL14α

R
13 + αL24α

R
23

δMstr(α
R
12) = βR12α

R
12 dMSFT (αR12) = αR13α

L
23 + αR14α

L
24

δMstr(α
R
13) = (βR12 + βL24 + βR34)αR13 + αR12α

R
23 dMSFT (αR13) = αR14α

L
34

δMstr(α
R
14) = (βR12 + βL24)αR14 + αR12α

R
24 + αR13α

R
34 dMSFT (αR14) = 0

δMstr(α
R
23) = (βL24 + βR34)αR23 dMSFT (αR23) = αR13α

L
12 + αR24α

L
34

δMstr(α
R
24) = βL24α

R
24 + αR23α

R
34 dMSFT (αR24) = αR14α

L
12

δMstr(α
R
34) = βR34α

R
34 dMSFT (αR34) = αR14α

L
13 + αR24α

L
23

δMstr(β
L
13) =

(
βL13

)2
dMSFT (βL13) = αL12α

R
12 + αL14α

R
14 + αL23α

R
23 + αL34α

R
34

δMstr(β
L
24) =

(
βL24

)2
dMSFT (βL24) = αL12α

R
12 + αL14α

R
14 + αL23α

R
23 + αL34α

R
34

δMstr(β
R
12) =

(
βR12

)2
dMSFT (βR12) = αL13α

R
13 + αL14α

R
14 + αL23α

R
23 + αL24α

R
24

δMstr(β
R
34) =

(
βR34

)2
dMSFT (βR34) = αL13α

R
13 + αL14α

R
14 + αL23α

R
23 + αL24α

R
24

The Hamiltonian is

hM = αL12α
R
12 + αL13α

R
13 + αL14α

R
14 + αL23α

R
23 + αL24α

R
24 + αL34α

R
34

Next, we compute the left algebra ALSFT (ΛL).
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ALSFT is generated by the elements {α12, α13, α14, α23, α24, α34, β12, β34, p5, q5}. The

string and SFT differentials are computed below:

δLstr(α12) = β12α12 dLSFT (α12) = α13p5 + α14

δLstr(α13) = (β12 + p5q5 + β34)α13 + α12α23 dLSFT (α13) = α14q5

δLstr(α14) = (β12 + p5q5)α14 + α12α24 + α13α34 dLSFT (α14) = 0

δLstr(α23) = (p5q5 + β34)α23 dLSFT (α23) = α13q5 + α24q5

δLstr(α24) = p5q5α24 + α23α34 dLSFT (α24) = α14q5

δLstr(α34) = β34α34 dLSFT (α34) = α14 + α24p5

δLstr(β12) = (β12)2 dLSFT (β12) = α13 + α23p5 + α24

δLstr(β34) = (β34)2 dLSFT (β34) = α13 + α23p5 + α24

δLstr(p5) = p5q5p5 + β34p5 dLSFT (p5) = α12 + α34

δLstr(q5) = β34q5 dLSFT (q5) = α23

The Hamiltonian is

hL = q5α12 + p5α23 + q5α34 + α13 + α24

Next we compute the right algebra ARSFT (ΛR).

ARSFT is generated by the elements

{α12, α13, α14, α23, α24, α34, β13, β24, p1, q1, p2, q2, p3, q3, p4, q4}.

87



The string and SFT differentials are computed below:

δRstr(α12) = (p3q3 + p4q4)α12 dRSFT (α12) = α13p4 + α14p2q3

δRstr(α13) = β24α13 + α12α23 dRSFT (α13) = α14(p2q3q4 + p2)

δRstr(α14) = (p3q3 + p4q4 + β24)α14 dRSFT (α14) = 0

+ α12α24 + α13α34

δRstr(α23) = (β24 + p3q3 + p4q4)α23 dRSFT (α23) = α13(p1q3q4 + p1) + α24(p2q3q4 + p2)

δRstr(α24) = β24α24 + α23α34 dRSFT (α24) = α14(p1q3q4 + p1)

δRstr(α34) = (p3q3 + p4q4)α34 dRSFT (α34) = α14p1q3 + α24p4

δRstr(β13) = (β13)2 dRSFT (β13) = (p1q3q4 + p1)α12 + p4α23

+ (p2q3q4 + p2)α34

δRstr(β24) = (β24)2 dRSFT (β24) = (p1q3q4 + p1)α12 + p4α23

+ (p2q3q4 + p2)α34

δRstr(p1) = 0 dRSFT (p1) = 0

δRstr(q1) = q1p1q1 dRSFT (q1) = 1 + q3q4α12 + α12 + q3α13

δRstr(p2) = 0 dRSFT (p2) = 0

δRstr(q2) = q2p2q2 dRSFT (q2) = 1 + q3q4α34 + α34 + q3α24

δRstr(p3) = β24p3 + p4q4p3 + p3q3p3 dRSFT (p3) = p1q4α12 + p1α13 + p2q4α34 + p2α24

δRstr(q3) = β24q3 + q4p4q3 dRSFT (q3) = p4

δRstr(p4) = β24p4 + p3q3p4 + p4q4p4 dRSFT (p4) = p1q3α12 + p2q3α34

δRstr(q4) = β24q4 + q3p3q4 dRSFT (q4) = p3 + α23
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The Hamiltonian is

hR = p1 +p2 +p1α12 +p1q3q4α12 +p1q3α13 +p2α34 +p2q3q4α34 +p2q3α24 +p3p4 +p4α23

Finally, we describe the maps forming the pushout square.

` : AMSFT → ALSFT .

`(αL12) = q5 `(αR12) = α12

`(αL13) = 1 `(αR13) = α13

`(αL14) = 0 `(αR14) = α14

`(αL23) = p5 `(αR23) = α23

`(αL24) = 1 `(αR24) = α24

`(αL34) = q5 `(αR34) = α34

`(βL13) = p5q5 `(βR12) = β12

`(βL24) = p5q5 `(βR34) = β34
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r : AMSFT → ARSFT .

r(αL12) = α12 r(αR12) = p1 + q4q3p1

r(αL13) = α13 r(αR13) = p1q3

r(αL14) = α14 r(αR14) = 0

r(αL23) = α23 r(αR23) = p4

r(αL24) = α24 r(αR24) = p2q3

r(αL34) = α34 r(αR34) = p2 + q4q3p2

r(βL13) = β13 r(βR12) = p3q3 + p4q4

r(βL24) = β24 r(βR34) = p3q3 + p4q4

L : ALSFT → AcommSFT .

L(α12) = p1 + q4q3p1 L(β12) = p3q3 + p4q4

L(α13) = p1q3 L(β34) = p3q3 + p4q4

L(α14) = 0 L(p5) = p5

L(α23) = p4 L(q5) = q5

L(α24) = p2q3

L(α34) = p2 + q4q3p2
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R : ARSFT → AcommSFT .

R(α12) = q5 R(p1) = p1

R(α13) = 1 R(q1) = q1

R(α14) = 0 R(p2) = p2

R(α23) = p5 R(q2) = q2

R(α24) = 1 R(p3) = p3

R(α34) = q5 R(q3) = q3

R(β13) = p5q5 R(p4) = p4

R(β24) = p5q5 R(q4) = q4
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