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Abstract

We give various methods of parametrizing sextic rings (rings of rank 6) seeking to
provide limited generalizations of Bhargava’s Higher Composition Laws.

Most of the parametrization methods take form of constructing sextic rings from
certain algebraic forms. For A € Z*> @ Z* ® Z° a 3 x 3 x 5 form, we construct a sextic
ring R4 whose multiplication coefficients are given as polynomials in entries of A.
The ring R 4 is constructed from hypercohomology of a minimal free resolution of six
points in P? determined by certain equations in A, and it can be realized as subring
of the ring of global functions on those six points. Similarly, we construct a sextic
ring from an element of Z? ® 72 ® Z* ® Z° from hypercohomology of a minimal free
resolution of six points in P! x P! determined by certain equations.

The parametrization method in the Chapter 5 takes opposite approach — it con-
structs a Segre cubic threefold from a sextic ring with nonzero discriminant. This
gives a one-to-one correspondence between primitive sextic nondegenerate rings and
Segre cubics with integral coefficients with ged of its coefficients 1 up to GL5(Z)-
equivalence. This method allows us to give a geometric interpretation for the Higher
Composition Law for quintic rings. For a form A € Z* ® A?Z5 which parametrizes a
pair (R, S) of a quintic ring R and its sextic resolvent ring S in the quintic Higher
Composition Law, one can construct a Segre cubic from A whose corresponding sextic

ring becomes a subring of S ® Q.
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Chapter 1

Introduction

In this thesis, we will discuss several methods of parametrizing sextic (rank 6) rings,
given in the form of maps between sextic rings and algebraic forms. For a represen-
tation of algebraic group (G,V) defined over Z (where G is group scheme defined
over Z and V is representation of G defined over Z) our parametrization methods in
Chapters 3, 4, and 6 take the form of maps V(Z) — {sextic rings}, constructing a
sextic ring from an integral form (which is considered as an element of V(Z)). The
parametrization method in Chapter 5 gives a map in the opposite direction from sex-
tic rings to forms: it attaches an integral cubic form in 5 variables to a given sextic
ring R.

A ring of rank n (n € Z~y) is defined as a ring with 1 whose Z-module structure
is isomorphic to Z" as Z-module. Any rank n ring comes with a unique invariant
called the discriminant (defined as the determinant of the matrix of the symmetric
bilinear form (x,y) — trg/z(zy)), and we call a ring nondegenerate if its discriminant
is nonzero. Nondegenerate rings of rank n can be considered as generalization for the
ring of integers of a degree n number field and its orders. More generally, one can
define arank n algebra over a ring R as an R-algebra with 1 that is locally free of

rank n. Over a scheme S, a rank n algebra over S is defined as an Og-algebra that is



a locally free Og-module of rank n ([49]).

For a ring R with rank n having Z-basis 1 = ag, aq, -+, ap,_1, its multiplication
coefficients with respect to the basis denotes the integral coefficients which appears
in representing «;a; as a a linear combination of basis elements, that is, numbers

k . .
ci; € Z satistying
n—1
_ Z k
Q0 = Cijak-
k=0

While a ring can be specified by listing all of its multiplication coefficients, it is
generally really hard to classify rings of rank n only using multiplication coefficients.

Parametrizing the rings of rank n can be roughly said to be any process of ex-
pressing a ring with numbers, that is at least simpler than giving the description of
all multiplication coefficients. For example, the so-called Levi-Delone—Faddeev cor-
respondence ([35], [19], [29]) establishes the following one-to-one correspondence be-
tween cubic (rank 3) rings and integral binary cubic forms (Sym®Z?)* = {ax® +bx?y+
cxy*+dy® : a,b,c,d € Z}. This correspondence f — Ry (f = ax®+br?y+cxy®+ dy®)

is given explicitly as follows:

Ry =7+ Zw + 76,

wh = —ad, w?=—ac+bw—ab, 6*=—bd+dw—cl

Here R = Ry is constructed as a free Z-module with basis (1,w,#), and the above
relations expressing wf, w?, 6% as a linear combination of basis elements suffice to
determine all multiplications on R;. If we consider the standard action of g € GLy(Z)
on the cubic form f, its effects on Ry can be described as follows. Denote @, 0 as
the images of w, 6 respectively under the map R — R/Z. Then g acts on a vector
(@, 0) as the standard action on Z? times determinant of g. As all Z-bases of R/Z
are GLg(Z)-equivalent, considering equivalence classes with respect to the GLq(Z)-

action induces a one-to-one correspondence between cubic rings and equivalence class



of binary cubics. In a series of works ([2], [3]) named as the “Higher Composition
Laws”, Bhargava established the parametrization of quartic rings (rank n = 4 rings)
and quintic rings (rank n = 5 rings) as one-to-one correspondences given in the
following form

{rank n rings} <> V(Z)/G(Z)

where (G, V) is a representation of an algebraic group defined over Z, and V (Z)/G(Z)
denotes the set of equivalence classes of integral orbits. The representations used are

given as follows.

(V(Z),G(Z)) = (Z* ® (Sym*Z?)*,SLy(Z) x GL3(Z) for quartic rings

(V(2),G(Z)) = (Z* @ N*Z°,SL4(Z) x GL5(Z) for quintic rings.

The formulas for multiplication coefficients of the corresponding ring are given as
explicit polynomials in the entries of V(Z), and the action of G(Z) acts as integral
coordinate changes for basis of the ring. As this action keeps the ring same, a G(Z)-
equivalence class of elements in V(Z) represents an isomorphism class of a rank n
ring.

These parametrization methods for rings of rank 3,4,5 led to a solution to the
problem of counting rings and number fields. The problem of finding asymptotic
growth for the number of number fields having bounded discriminant, that is, finding

the asymptotic growth of the number

N, (A, B) = #{number field F' of degree n

with its discriminant satisfying A < Disc(F) < B},

could be tackled using these parametrizations of the rings of rank n. Davenport

and Heilbronn [17] used the above Levi-Delone-Faddeev correspondence of the cubic



rings to find an asymptotic for N3(0,X) and N3(—X,0), by characterizing cubic
forms giving cubic maximal orders and counting the corresponding lattice points in
a certain fundamental region for the action of GLy(Z) on (Sym®Z?2)*. This approach
was refined and made more convenient to use in [5] such that one doesn’t need to
construct equations for explicit fundamental regions, and was applied to Ny(A, B)
and N5(A, B) in [6] and [7] respectively, each based on the parametrization models
in [2] and [3] respectively.

The exact asymptotic for the quantities N,,(0, X') and N,,(—X,0) is not known yet
for any n > 6, as there is no one-to-one correspondence known between rank n rings
and integral forms which is powerful enough to reduce the problem to lattice point
counting. To either tackle this counting problem, or provide generalizations for the
Bhargava’s Higher Composition Laws, there have been several attempts to construct
ring parametrization models for rank > 6. Instead of finding the strict one-to-one

correspondence of the following form as given in Bhargava’s model

{rank n rings} < V(Z)/G(Z),

one may still attempt the partial correspondence having the form of

{rank n rings with additional structure} <» V(Z)/G(Z).

This correspondence does not need to be one-to-one, and it can take the form of
either the maps from rings to forms (—) or the maps from forms to rings (<-). One
example is the construction of a rank n ring from a binary n-ic form f = foa™ +
fiz"ty 4+ -+ f,y", which appeared in [39] and was studied in more detail in [47].
The ring Ry constructed from a form f is given as a rank n ring whose multiplication
coefficients are given as polynomials in f; (explicit formula can be found in [47]).

Here the representation used here is G(Z) = GLy(Z) and V(Z) = (Sym"Z?)*, and the



standard action of G(Z) on V(Z) acts on Ry as a linear action on Z-basis elements
of Ry whose determinant is 1 (thus preserving the equivalence class of the ring Ry).
For n = 3 it is identical to the Levi-Delone-Faddeev correspondence, but for n > 3
the correspondence does not represent all rank n rings: there are rank n rings R that
are not isomorphic to Ry.

In this thesis, we suggest some new models for parametrizing sextic (rank 6) rings,
by combining several ideas from various works which addresses the generalization of
Bhargava’s ring parametrization models. Most of parametrization models in this
thesis (Chapter 3, 4, 6) can be described as above form of maps V(Z)/G(Z) —
{sextic rings} for different set of algebraic representation (G, V') which are integral
(defined over Z). Of course it might be possible to find parametrization models which
do not have this form. For example, one might consider a certain map from rings to
forms, and characterize which forms come from rank n rings. While parametrizations
in this form is also considered briefly (Chapter 5), generally we would like to focus on
maps from integral forms to sextic rings. We hope that this work can, in particular,

be applied in finding out asymptotic growth of sextic rings in author’s future works.

1.1 Paradigms of ring parametrizations

How can we find such correspondences between sextic rings and algebraic forms?
Before addressing this question and describing the results of this thesis, we would
like to discuss some common features which can be found in previous works on the
ring parametrizations. One of those common features is to relate rank n rings to
certain n points in some projective space, and this idea appears repeatedly in many
parametrization models including the Bhargava’s Higher Composition Laws. Once
geometry of those n points is identified, a construction using hypercohomology of

sheaves in Wood’s works (appearing in [47], [49], [48] etc.) can be applied to the most



of those ring parametrization models.

Those two ideas (n points in projective space and the hypercohomology construc-
tion) also become central in many of the parametrization models for sextic rings in
this thesis. We will first describe how those two ideas appear in previous works on
the ring parametrizations. Then we will move onto our parametrization models for
sextic rings, and describe how the most of the those models (Chapter 3, 4, 6) are
structured around them.

(1) Points in projective space
One of the occuring principle is that rank n rings can be related to some n geometric
points in projective space. For example, the ring parametrization models for rank
n rings in the Bhargava’s Higher Composition Laws all determine equations for n

geometric points in P72,

e Binary cubic forms ((Sym®Z?)*) parametrizing rank 3 rings ([19], [29]) : a
generic binary cubic form f(z,y) = az® + bz’y + cxy® + dy® cuts out three

points in P! via the equation f(x,y) = 0.

e Pairs of ternary quadratic forms (Z2 ® (Sym®Z3)*)) parametrizing rank 4 rings
([2]): two generic quadratic forms a(x,y, z), b(x,y, z) determine four points in

P? as their intersections a(z,y, z) = b(x,y, z) = 0.

e 4-tuples of 5 x 5 alternating bilinear forms (Z* ® A?Z°) parametrizing rank
5 rings ([3]): for a generic such 4-tuple (Ay, Ay, A3, Ay) (A; € A?ZP), the five
Pfaffians of the five 4 x4 principal minors of alternating matrix z1 A;+- - -+x444
cuts out 5 points in P2, This result will be discussed more in the Chapter 6 of

this thesis.

While this heuristic of relating n points in P"~2 to rank n rings was first stated
explicitly in the Higher Composition Laws ([3]), this idea can be linked to several

other works related to ring parametrizations. The above mentioned algebraic forms



determining equations for n points in P"~2 appear in a preceding work of Wright and
Yukie ([52]), which parametrizes nondegenerate algebras of rank n = 3,4, 5 over field &
of characteristic # 2, 3, 5 using those same algebraic forms. If we consider those forms
as suitable algebraic representations (G, V) (e.g. G = GLy x SL3, V = k? ® Sym?k?
for n = 4), then a generic form A € V (k) determines n geometric points in P"~? via
equations described above. The rank n algebra over k corresponding to a form A
is given as the global function ring of the k-scheme formed by the union of those n
points.

In general, a nondegenerate algebra R of rank n over a field k is equivalent to
a degree n étale cover Spec R — Speck. Casnati’s work [16] considers a degree n
Gorenstein cover of schemes p : X — Y over field k, and shows that such p can be
always factored into a closed embedding X — ]P”f/_2 and the natural map IP{L,_2 —Y.
When Y = k, the closed embedding X — P{ 2 corresponds to some n geometric
points in IP’Z’?

In [16], the structure of the minimal free resolution of the cover X — P2 is
also uniquely determined. In this context, [46] further considered the structure of
a minimal free resolution of n geometric points - especially the natural DG-algebra
structure, which could be used in constructing the global function ring. It also de-
scribed S,,-equivariance properties of the DG-algebra structure which allow ones to
describe the action of the Galois group on the global function ring of those n points.

While those examples so far all consider n points in P"2, it is also possible to
construct a rank n algebra over field k£ by considering n points in P™ for m < n — 2.
One simple example is a binary form f = f(z,y) of degree n, which cuts out n
distinct geometric points in P' when discriminant of f is nonzero. In this case, the
algebra associated to f simply becomes k[x]/f(z,1), provided that f(1,0) # 0. (If
f(1,0) = 0, then one can choose any binary form which is SLy(Z)-equivalent to f

and has nonzero x™-coefficient.) This algebra coincides with the global function ring



of the k-scheme formed by union of those n points. If we consider binary n-ic forms
(degree n binary forms) over Z and try to construct a rank n ring associated to it, the
ring Z[x]/ f(x, 1) does not become ring of finite rank in general, so one needs another
approach when we want to construct a intergal ring.
(2) Hypercohomology construction
Procedure for constructing a integral ring out of an algebraic form can be made rather
explicit, provided that an appropriate syzygy-like complex is given. The method of
constructing rank n ring via hypercohomology of a complex of sheaves was established
by Wood’s works ([47], [49], [48]) and was applied to several ring parametrization mod-
els. In this method, one first considers a complex of sheaves on P™ which resembles
minimal free resolution of n geometric points, then constructs a rank n ring from
hypercomology module of the complex. For example, for the case of a binary n-ic
form f and associated rank n ring, we consider the following sequence of sheaves on
PL:
O(-n) 2L 0, 0=0p.

If f # 0, this provides a minimal free resolution for the sheaf O/ f, which becomes
structure sheaf for the vanishing scheme V(f) C P! of f. One can show that its
hypercohomology module is free Z-module of rank n. Also the hypercohomology
module can be naturally embedded into the global function ring of V(f), and can
be given a ring structure enherited from the multiplication structure of the global
function ring.

In general, we consider a situation where a system of polynomial equations is
made out of our given algebraic form, and this system determines n points in P for
generic case. (For the above example, the equation was f(z,y) = 0 in P! made out
of a binary n-ic form f, and it determines n solutions for generic f.) Let Z be the
ideal sheaf for the system of equations, and consider a complex C consisting of locally

free sheaves on P which becomes a minimal free resolution of O/Z for generic case.



For C satisfying some mild conditions, it turns out that the hypercohomology module
HP°RI'(C) becomes a free Z-module of rank n and also can be given a natural ring
structure.

Wood applies this hypercohomology construction to parametrization models in-
cluding the ring parametrization using binary n-ic forms and the quartic ring parametriza-
tion. In [47], the hypercohomology construction applied to binary n-ic forms gives
the same rank n ring as the one given in [39]. Similarly, in [49], this construction is
applied to the Koszul complex associated to two ternary quadrics to produce the ex-
act quartic ring constructed out of those quadrics in the quartic Higher Composition
Law of [2].

Most of the sextic ring parametrization models in this thesis follow those two ideas
of considering n points in some projective space and computing the rank n ring via
hypercohomology of certain complex of sheaves. All parametrization models in the
Chapter 3, 4, 6, each coming together with a algebraic representation (G, V') defined

over Z, will all be discussed in the following order.

e Points in projective spaces: for each parametrization method with given rep-
resentation (V,G), we will first give a system of equations determined by an
element A of V' whose solution becomes six points in certain projective space

for generic case.

e Hypercohomology construction: we will first consider an ideal sheaf Z for those
six points in the ambient projective space, and build a suitable complex of
sheaves which behaves like minimal free resolution of O/Z for generic value of
A. The desired rank 6 ring is constructed out of the hypercohomology module

of the complex.

In constructing the rank 6 ring R(A) in above order, it will follow that all multipli-

cation coefficients of R(A) are given as integral poylnomials in coordinates of A € V|



and the discriminant of the sextic ring will become a polynomial in A which becomes
relative invariant with respect to the action of G.

We might also consider additional invariants of orbits in V(Q)/G(Q), which cor-
respond to a list of elements in sextic resolvent algebra of R(A) ® Q - a sextic algebra
constructed in a Galois-theoretic way using properties of outer automorphisms of Sg.
(The exact definition of sextic resolvent algebra will be discussed in the Section 3.4.)
One can construct such elements in many parametrization models of sextic rings,
including the ones appearing in Chapter 3, 4 and the sextic ring parametrization us-
ing binary sextic forms (special case of the parametrization using binary n-ic forms).
This is due to that geometric invariants of six points in various of projective spaces
(including P!, P2, and P! x P!) all can be constructed using properties of outer auto-
morphisms of Sg, ([33]) and properties of those invariants will be utilized extensively

in constructing elements in the sextic resolvent algebra.

1.2 Structure of this paper

Each chapter of this thesis is devoted to a parametrization model for sextic rings or
sextic Q-algebras, with two exceptions of Chapter 2 and Chapter 7. Chapter 2 func-
tions as a ‘preliminary part’ of the whole thesis, by describing the hypercohomology
construction technique which will be used extensively duringt the constructions of
sextic ring. Chapter 7 deals with a different topic, discussing several concepts re-
garding Z-schemes related to rank n nondegenerate rings. While the main results of
each chapters (except Chapter 2) are indepenent to each other, there are some com-
mon parts appearing in different chapters (such as descriptions for the Segre cubic
or the sextic resolvent algebras). To avoid redundancy, those common parts will be
described only once at their earliest appearances.

Chapter 2 generalizes the hypercohomology construction which appeared in Wood’s

10



works including [47] and [49], and provides statements which can be applied to a vari-
ety of parametrization models including the ones appearing in this thesis. After briefly
reviewing how hypercohomology appears in the cubic and quartic ring parametriza-
tions as described in [49], we will describe a class of complexes of sheaves on projective
spaces whose hypercohomology module can be given a structure of rank n ring. Then
we will illustrate how to explicitly compute the hypercohomology ring and discuss
how this ring relates to the n geometric points determined by the equations of the
complex. Results in this chapter will be used repeatedly in subsequent chapters of
this thesis.

Chapter 3 is about sextic rings associated to 3 x 3 x 5 forms: we have V(Z) =
72 @ 7° @ 75 acted by G(Z) = SLs x SLs x GL5(Z). For a 3 x 3 x 5 form A, we
describe a system of equations which determine six geometric points in P? x P? x P*
for generic A. Denote those six points X 4.

By using the descriptions for the complete geometry of 3 x 3 x 5 forms in [38],
one can show that a generic orbit in V(C)/G(C) corresponds to an PGLs-equivalence
class of six points in P? not on a conic, via the correpondence mapping A to the
projection of X4 onto P2. We will build two complexes consisting of sheaves on P?
and P, each becoming minimal free resolution of projections of X4 onto P? and P*
respectively for generic A € V(Q), and show that their hypercohomology rings are
isomorphic sextic rings. For A € V(Q), the set of invariants for the corresponding six
points in P? correspond to an element of the sextic resolvent algebra of the sextic ring
constructed, and this element can be used to further classify orbits of V(Q)/G(Q).

Chapter 4 is about sextic rings associated to 2 x 2x 2 x5 forms: V(Z) = Z*QZ*®
72 @75 acted by G(Z) = SLy x SLy x SLy x GL5(Z). A 2x2x 2 x5 form A describes
six points X4 in Pt x P! x P! x P* for generic A. Similar to the 3 x 3 x 5 case, One
can construct two complexes each giving equations for projections of X4 onto P* and

P! x P! respectively for generic case, and their hypercohomology rings turn out to be
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isomorphic sextic rings. By using properties of this sextic ring, we can further show
that show that a generic orbit of V(C)/G(C) corresponds to PGLy x PGLg-orbit of
six points in P! x P! not on single bidegree (2,1) or (1,2)-form. The invariants for
six points in P! x P! correspond to a pair of elements in the sextic resolvent algebra
of the sextic ring constructed.

Chapter 5 is about sextic Q-algebras and Segre cubic threefolds, and it takes a
little different approach from other parametrization models. A Segre cubic threefold
is degree 3 cubic of P* which has 10 nodes, and such cubics are all PGLs-equivalent.
(See [21]) It is also known that all automorphisms of Segre cubic can be realized
as PGLs-action on P* and they form automorphism group isomorphic to Sg. For
a Segre cubic, we will construct six geometric points which are invariant under its
automorphism group, and show that these points determine a sextic nondegenerate
algebra. Conversely, one can construct a Segre cubic from a nondegenerate ring,
providing its inverse correspondence. This shows that a sextic nondegenerate Q-
algebra corresponds to a PGL5(Q)-equivalence class of Segre cubics with rational
coefficients, though the explicit construction of the Q-algebra corresponding to Segre
cubic to Q-algebra is not yet known.

Chapter 6 provides geometric interpretations for the Bhargava’s parametrization
model for quintic rings in [3], and attempts to reproduce the construction using the
hypercohomology construction. The form (V, G) used in the quintic ring parametriza-
tion is given as V(Z) = Z* @ A*Z° and G(Z) = GL4(Z) x SL4(Z), and the 5 geometric
points in P? corresponding to the quintic ring R was already described. But for the
sextic resolvent ring S - constructed together with the quintic ring as part of the
complete correspondence V(Z)/G(Z) <> (R, S) (see [3] for the exact definition of the
sextic resolvent ring), the 6 geometric points corresponding to S were not discussed
so far. We will construct special 6 geometric points whose global function ring over

Q gives the sextic resolvent algebra S ® Q.
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Chapter 7 discusses several notions regarding Z-schemes associated to parametriza-
tions of rank n rings. While we considered n geometric points associated to rank n
rings in ring parametrization model, the inverse correspondence - constructing a rank
n ring ring out of n geometric points - can be rather confusing. We will look at
several scheme-theoretic notions involving n Galois conjugate points, such as scheme-
theoretic closure of n geometric points and maps SpecR — P™, and give examples

which illustrates their inconsistency with existing ring parametrization models.
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Chapter 2

Hypercohomology ring for

resolution of n points

2.1 Introduction

In this chapter, we describe a procedure of constructing a rank n ring using hyperco-
homology of a complex of sheaves on some projective space, which was first introduced
by Wood in [47], [49] etc. and was applied to the parametrization models of rank
3 and 4 rings. We will provide a generalized account of the hypercohomology con-
struction procedure so that it can be used to construct rank n rings in more various
situations. In particular, results of this chapter will be used extensively in sextic ring
parametrization models appearing in the later chapters of this thesis (Chapter 3, 4,
6).

In the parametrizations of rings of rank n = 3,4,5 given in [19], [2] and [3]
respectively, we mentioned that those models for rank n rings can be related to n
geometric points in P"~2 for each n = 3,4, 5. For an algebraic form which corresponds
to a rank n ring in those parametrization models, one can construct a certain system

of equations which determines n points in P*~2 for generic case.
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One way to associate those n points to a rank n ring is to consider the ring of
global functions of the subscheme cut by those equations. For example, for a binary
cubic form f = ax® + bx?y + cxy?® + dy? whose discriminant is nonzero, we consider
a subscheme X = V(f) C PL formed by an equation f(z,y) = 0. One can explicitly
compute its global function ring I'(X') as cubic ring of rank 3 (in the Section 3.2.2)
and this construction f +— I'(V(f)) from a cubic form to a cubic ring coincides with
the cubic ring parametrization of [19]. The construction of rank n rings associated to
binary n-ic forms in [39], etc. can be also explained using the ring of global functions.

Wood in series of paper ([49], [47], [50] etc.) established the method of using hy-
percohomology of a certain complex instead of the global function ring. For a scheme
X C P* whose ideal sheaf is Z, its global function ring T'(X) can be interpreted as
HY(O/I) (where O is the structure sheaf for P*). If one can construct a minimal free
resolution of O/Z as a complex C of sheaves on P*, then H°(O/Z) coincides with the
zeroth hypercohomology H°RI'(C) of C. The main idea of the hypercohomology con-
struction is to consider hypercohomology of a well-chosen complex C which becomes
minimal free resolution of O/Z for generic case.

One of the advantages of considering hypercohomology H°RI'(C) instead of the
global function ring is that it behaves more consistently. In the context of ring
parametrization, our algebraic form A is given as an element in the representation of
algebraic groups (G,V), and the equations are given as polynomials in entries of A
(more exactly, polynomials in linear functionals of V). If maps of our complex C can
be described in polynomials in A, then its hypercohomology ring has multiplication
coefficients which can be described in polynomials in A. One can show that H°RT'(C)
can be given a rank n ring structure for any values of A, including the cases where the
subscheme becomes degenerate and the global function ring is no longer a rank n ring.
For the example of a binary cubic form f = az® + bz?y + cxy? + dy?® corresponding to

a cubic ring, the hypercohomology construction can give cubic rings for all f, even
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including the case f = 0 where considering the global function ring I'(V'(f)) does not
work.

This consistency of hypercohomology construction even allows us to extended it
over general base scheme S and Og-modules. In this setting, we consider a locally
free Og-module V' and relative projective space P(V') over S instead of P%.

Our algebraic form is usually considered as a global section of F(V') for some
representation-theoretic functor F' - in the example of binary cubic forms we have
F = Sym® ® A? for locally free Og-module V of rank 2. We consider a complex of
sheaves C on P(V') whose maps can be described as polynomials in this algebraic form,
and the zeroth hypercohomology HY R, (C) of structure morphism 7 : P(V) — S can
be given a Og-algebra structure. In this way, Wood could generalize Bhargava’s cubic
and quartic ring constructions in the context of Og-algebras over general scheme S.

This chapter seeks to provide an account for this hypercohomology construction
appearing in [49] and [47] etc. in more unified way, with providing some additional
general results. Results in this chapter can be applied to more various complexes
which resembles resolutions of n points, and those will be used in constructing rank
6 rings in many sextic ring parametrization models coming in the later parts of this
thesis.

In Section 2.2 we will first discuss motivating examples of ring parametrizations
of rank 3 and 4, and introduce how those ring parametrizations can be intrepreted
and generalized to arbitrary base in the context of hypercohomology construction.

In Section 2.3 we discuss a certain class of complexes of sheaves on P* which has
shapes of resolution of n points, and show that hypercohomology of such complexes
become isomorphic to Z" as Z-module. (Theorem 2.3.3) We will suggest an explicit
expression of hypercohomology elements using the Cech cohomology for standard
cover for P*.

In Section 2.4 we discuss a natural ring structure on hypercohomology induced
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from differential graded algebra (DG-algebra) structure on the complex. We will
suggest an explicit method of calculating multiplicative structure on the hyperco-
homology module, which works consistently with the Cech cohomology expression
of hypercohomology elements. This method will be applied to the two examples of
Section 2.2 (the cubic and quartic ring parametrizations), to illustrate how one can
calculate the hypercohomology ring in practice.

In Section 2.5 we compare the hypercohomology ring HYRT'(C) with the global
function ring of scheme V(Z) when C ‘almost’ becomes minimal free resolution of
O/Z, in particular when Z cuts out n points for generic case. It follows that the
hypercohomology ring is isomorphic to global functions provided C is exact. For
certain complexes giving free resolution of n points in P"~2 generically, we show
the nondegeneracy of hypercohomology ring can provide a limited inverse to this
statement (Theorem 5.3). Results of this section will be applied to author’s later
works on ring parametrizations using 2 x 2 x 2 x 5 forms and 3 x 3 x 5 forms.

We will consider every equations and schemes over Z or QQ, except that in Section
2.6 we discuss the generalization to hypercohomology of complexes of sheaves on
projective spaces over arbitrary base scheme S. We will also discuss how can one

generalize some of our results to hypercohomology over spaces other than P* (notably

P* x P).

2.2 Motivating Examples

Before we discuss the general case, we review the case of the cubic and quartic ring
parametrizations, each first discussed in [19] and [2] respectively and both formulated

via the hypercohomology construction in [49] later.
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2.2.1 Binary cubic forms and cubic rings

For the rest of this section, let f = ax3+bx?y+cry?+dy® be a binary cubic form with
integral coefficients, a, b, ¢, d € Z. The so-called Levi-Delone-Faddeev correspondence
(appeared in [19] and formalized in [29]) constructs a cubic ring R(f) defined as a free
Z-module with basis 1,w, 8 whose multiplications are given by the following explicit
formulas:

wh = —ad, w?=—ac+bw—ab, 6*=—bd—dw+cl

One can check that an action of g € GLo(Z) on f transforms the basis w, 6 by det(g)
times the standard action (w’,6)" = g(w,#)". Also, one can construct an inverse
mapping of f — R(f): for a cubic ring R, a binary cubic form R/Z ~ Z? to N>R ~ 7
defined as o — 1 Az A 22 becomes one inverse. It follows that there is a one-to-one
correspondence between cubic rings and GLy(Z)-equivalence classes of binary cubic
forms Sym?®(Z?).

One geometric interpretation of the ring R(f) can be given as follows.

Proposition 2.2.1. Let f be a nonzero cubic form. The cubic ring R(f) constructed
by Levi—-Delone—Faddeev correspondence is isomorphic to the ring of global functions

of V(f) C PL.

A global function for a scheme X with an affine cover {U;} can be represented
as a set of functions on each U; which coincides on intersections U; N U;. For P}, =
Proj Z|x, y|, we consider two distinguished open sets D(z) ~ Spec Z[y/z| and D(y) ~
SpecZ|x /y] providing an affine cover. These also provide affine cover for V(f) C P},

such that

V(f) N D(x) = SpecZly/xl/ f(y/x), V(f) N D(y) = SpecZly/x]/f(x/y).

Here f(y/x) = f(z,y)/z® and f(z/y) = f(x,y)/y>. In this perspective, a global
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functions of V' (f) corresponds to polynomials hi(y/z) € Zly/x]/f and he(z/y) €
Zlz/y]/ f such that hy —hy =0 on Z[x/y,y/x]/f. To find such (hy, hs), consider the

following expression.

fymt- (ot
xin - (a(§)2 + bg + c) - (—d%)

In both lines, the right hand sides consist of differences between a polynomial in z/y
and a polynomial in y/x, each corresponding to functions on D(y) and D(x). And
the left hand sides suggest that those differences are equivalent to 0 modulo f. Thus
interpreting the right hand sides as hi(x/y) — ha(y/z) gives desired pairs (hy, ho)
representing global functions on V(f).

One motivation of thinking f/(z%y) and f/(zy*) can be given as follows. As
hi(z/y) — he(y/x) should be a multiple of f in Z[z/y,y/z|, it should be of form
f-g(x/y) for some Laurent polynomial g. If we split ¢ by monomials, one can express
hy — hy as a Z-linear combination of expressions of form f - zfy=* (k € Z). All

~k=3 (k € Z) split into polynomial in z/y and polynomial in

such expressions f - z*y
y/x. For all k except k = —1, —2 one of the split polynomial is zero and the split is
trivial modulo f, and choices of £ = —1, —2 give above nontrivial functions. One can
check that those two functions and 1 (1 on both D(x) and D(y)) form a Z-basis for

global functions, and satisfy the same multiplication rules as those of R(f) under the

identification

w:afz—b—cg—d(E)Q, Hza(§)2+b£+c:—dg.
y T T Yy y T

In the hypercohomology perspective, the above argument translates as follows.

Let O = Op: be the structure sheaf of P}. For f # 0, the ideal sheaf Z for V(f)
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consists of multiples of f and satisfies following exact sequence.
05 0(-3)5H0—-0/T-0

The global function ring T'(V'(f)) is isomorphic to H(P%, O/T).

The idea of hypercohomology construction is to consider the resolution O(—3) —
O of instead of O/Z and consider hypercohomology of the complex. If O(—-3) — O
is exact and therefore becomes a resolution of O/Z, then one can show the following

isomorphism of Z-modules
HY(O/T) ~ H'RI(O(-3) L 0).

One can also induce an algebra structure on right hand side deduced from DG-algebra
structure on the resolution, which turns out to be isomorphic to the natural algebra
structure on the global function ring. It turns out that this ring constructed from
hypercohomology behaves more nicely than the global function ring, in the sense that
it yields a well-defined cubic algebra even when O(—3) — O is not exact, including
singular cases like f = 0.

This perspective was suggested by Deligne in the letter [18], in the broader con-
text of parametrizing cubic Og-algebra over general scheme S. In this context, every
Z-modules and sheaves on P! are replaced by Og-modules and P(V) for V locally
free rank 2 Og-module. For a twisted cubic form f on V' (considered as element of
Sym?*(V) ® A?(V*)), one can consider the similar sequence O(—3) — O and con-
sider its hypercohomology of the pushforward H°Rm, of the structure morphism
7w : P(V) — S. This provides the correspondence between general cubic algebras
over any base scheme S and cubic forms over S.

Finally, we note that our construction of global functions using f/(x?y) and
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f/(x?y) can be explained through the following diagram:

'O, @ 0,)

Here the vertical complex comes from the Cech complex for cover P} = D(x) U D(y)
(note that O, = O|p())
0=-0, 90, = Oy — 0

and the horizontal complex is our resolution O(—3) — O. The elements 1/(x?y), 1/(zy?)
are elements of I'(O,,)(—3) which represent elements of H'(O(—3)). (If we calcu-
late H(O(—k)) using the Cech cohomology with cover D(z) U D(y), H'(O(—k))
can be identified with set of total degree —k elements in Z[z,y, 2!, y~!] modulo
(Z|x,y, v+ Z]x,y,y~']), thus it has Z basis x~ty=**+1 ... 27%*1y=1) The process
of splitting f/(x*y) into polynomials in x/y and y/x corresponds to ‘lifting along
diagonal’ - applying rightward map and taking any inverse image of the downward

map. This can be visualized as follows:

at — (=b—c¥ —d(%)?)

)
£
2y

S B
Yy

We will later establish that this lifting process actually gives hypercohomology module

for various complexes resembling resolutions of n points.

2.2.2 Pairs of ternary quadrics and quartic rings

The parametrization of quartic (rank 4) rings using pairs of ternary quadratic forms
was established by Bhargava in [2], and was later generalized by Wood in [49] to

arbitrary base scheme using the hypercohomology construction.
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This quartic ring parametrization corresponds a pair of ternary quadric forms
f=21cicjes@ijrizy and g = 1 ;i3 bijwix; (aiz, by € Z) to a quartic ring, whose
multiplication structure is described in the following formulas. Let 1 = ag, oy, as, ag
be the Z-basis of the corresponding quartic ring. For variables )\f} = aijbi — apbij,
multiplication coefficients of the with respect to this basis are determined by the
following formulas

W Sgn(ljk) ' 227

¢ — . = sgn(ijk) - )\;';,

where (i, j, k) is a permutation of (1,2,3) and sgn(ijk) denotes the signature of the

permutation (i, , k). To put it more exactly, all integers cF,

i; satisfying above are

equivalent up to the effect of change of shifting a; by integers «; — «; + C;, thus
giving the same ring with basis of R/Z specified. (In [2], those C;s are made explicit
through certain ‘standardization’ making some cjj zero.) The remaining coefficients
cgj are determined uniquely for such values of cfj given. In this correspondence, the
coefficients a;; and b;; of quadrics f and g can be interpreted as coordinates of certain
quadratic ‘resolvent map’ from our quartic ring to some cubic ring. This resolvent
map can be used to construct the inverse correspondence - recovering the pairs (f, g)
which gives a specific quartic ring.

In geometric perspective, the above quartic ring can be linked to the ring of
global functions of V(f,g) C P4. If f and g do not share common components, then
their intersection over Q becomes distinct 4 geometric points, and we can express the

resolution for those points as the following Koszul complex (here O = Ops is structure
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sheaf)

Kpy: O(—4) S22 022 Y2, 0,

It can be shown that the hypercohomology of Ky, can be given a ring structure
whose multiplication is induced from DG-algebra structure of Ky 4, and this ring is
isomorphic to the quartic ring constructed above. This hypercohomology ring can
be defined for any integral forms f, g (even including f = g = 0 case) although it
will no longer be isomorphic to the global function ring T'(V(f, g)). It is also possible
to generalize the whole process over arbitrary base scheme S to obtain complete
parametrization for quartic Og-algebra as in [49].

The explicit elements of the hypercohomology ring of Ky , corresponding to global

functions of V(f, g) can be described using the following diagram.

[(O2 @ On, ® Osy)

|

F((Omm S 0431363 S O$2$3)<_2)) — F(Omm S Owlza S OCEQZ?,)

l

F(O$1$2$3<_4)) B F(O$1w2w3(_2))

Similar to the diagram appearing in the cubic ring paramtrization case, the vertical
maps all come from the Cech complex for cover {D(x1), D(x3), D(x3)} of P2 and
horizontal maps come from Ky . We start from 1/(z120732;) € I'(Ogypyas(—4)) and
repeat the lifting process of applying rightward map and finding its preimage under

the downward map. The final element in I'(O,, & O,, ® O,,) has form of

(m(ﬂ, T9) hy(ZL, @mg(ﬂ,@)) € T(0,,) 3 T(0,,) & T(O,))

T Iy To T2 T3 T3

such that differences h; —h; are spanned by f and g: the image of (hq, ha, h3) under the
downward map is (hy — hg, hy — hs, ho — h3) and it is in the image of the rightward map
induced from O(—2)®> — O of K;,. Thus (hy, ho, h3) can be considered as a global
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function of V(f, g), where each h; describes the function restricted to D(x;) NV (f, g).
We will show this process actually gives hypercohomology of Ky ,, and revisit this

example again.

2.3 Module structure of hypercohomology

In this section, we consider a class of complexes of sheaves on P* which resemble free
resolutions of n points, and compute hypercohomology modules of such complexes.
This class is described in the statement of Theorem 2.3.3, and it includes many
complexes appearing in various ring parametrization models including the cubic and
quartic ring parametrizations of Section 2.2. Proving that the hypercohomology of
a complex in this class has Z-module structure isomorphic to Z™ only requires basic
properties of hypercohomology (including hypercohomology spectral sequence), which
we will first briefly review.

We also give an explicit description of hypercohomology elements using a list of
Laurent polynomials in projective coordinates x,--- , 2541 of P¥. We note that el-
ements of Cech cohomology of O(t) (t € Z) using a cover D(xy),--- , D(x441) of P
can be expressed in Laurent polynomials of xy,--- ,xy1. By considering the Cech
complex - a complex we will define soon - which can be used to calculate Cech coho-
mology in P*, we can adapt the method of calculating Cech cohomology to calculate
hypercohomology generally. For a complex M, whose entries consist of direct sums
of O(t), we will show its hypercohomolgy H°RI'(M,) is isomorphic to the total com-
plex of the tensor product of the Cech complex and M,, and describe its elements in

Laurent polynomials.
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2.3.1 Preliminaries: basic properties of hypercohomology

Descriptions for homological algebra and hypercohomology given here will mainly
follow that of [45]. We will use H'RF as notation for the ith hyper-derived functor
of F', adopting the notation for the total derived functor in derived category. (This
is to make our notation consistent with the Wood’s works.)

Hypercohomology is a natural extension of sheaf cohomology to complexes of
sheaves. It is defined as right hyper-derived functor - a natural extension of derived
functor to the complex of objects - of the global section functor I'(X, —). For general
base scheme S with structure map = : X — S, hypercohomology is given as right
hyper-derived functor H'Rm, of the direct image sheaf functor r,.

Similar to the construction of the right derived functor R'F of a left-exact functor
F - finding injective resolution I and taking the ith cohomology of F'(I), the right
hyper-derived functor is constructed from a Cartan-FEilenberg resolution of cochain
complex. A (right) Cartan-Eilenberg resolution of a complex A, is a double complex
of I, consisting of injective objects with an augmentation A, — I4o such that vertical
maps on coboundaries and cohomologies all become injective resolutions. It is known
that a Cartan-FEilenberg resolution always exists in categories having enough injectives
(including categories of R-modules and Og-sheaves). Then hyper-derived functor
H'RF(A,) of a left-exact functor F' can be defined as cohomology of total complex
H'Tot(F(I..)), and it does not depend on the choice of Cartan-Eilenberg resolution
Loe.

We list a few properties of hypercohomology, which all follow from general prop-

erties of hyper-derived functors. See ([45], Section 5.7) for more information.
Proposition 2.3.1. 1. If0 - A, — B, = Cs — 0 s exact, then we have the
following long-exact sequence
.-+ — H'RT(A,) — H'RT(B,) — H'RT(C,) — H' RT(A,) —
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2. If A, consists of single object A at degree zero, then H'RF(A,) = H (X, A).
3. If A, is exact, then H'RF(A,) = 0.
4. (Dimension shifting) H' RT'(Ae;;) = H™ RI'(A,).

5. If f: Ag — B, is a quasi-isomorphism (becomes isomorphism on cohomology),

then it induces isomorphisms H'RT'(A,) — H'RT(B,) for all i.

Proposition 2.3.2 (Hypercohomology spectral sequence). There is a convergent hy-

percohomology spectral sequence converging to H'T'(M,) with following E? term

EY = HY(X, H'(M,)).

If M, is bounded below, the following hypercohomology spectral sequence also con-

verges.

EY = H'(X,M;), Ej = H'(H'(X, M.))
Here H’ (X, M,) denotes the complex whose kth term is H? (X, My,).

Both spectral sequences are obtained from double complex I'(I,,) for a Cartan-
Eilenberg resolution I,, of A.

The theory of derived categoriess allow us to consider hypercohomology as de-
rived functor on derived categories. Roughly, derived category is defined as a cer-
tain quotient of category of chain complex (rigorously saying, localizations by quasi-
isomorphisms) such that quasi-isomorphism becomes equivalence between its objects.
Instead of giving the full explicit construction of the derived category, we will only
note the following universal property of derived category: any functor from the cat-
egories of chain complexes which maps quasi-isomorphisms to isomorphims can be
uniquely factored through the derived category. In particular, hyper-derived functors

can be defined over derived category. The notion of total derived functor allows us to
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extend any additive functor F' : A — B to its total derived functor D(A) — D(B),
and hyper-derived functor turns out to be cohomology of this total derived functor.
([45], 10.5.7) We will only need this notion of derived category when we construct

algebra structure on hypercohomology.

2.3.2 Hypercohomology for complexes with well-posed T'schirn-

hausan modules

We give our first main theorem of this chapter, which states that hypercohomology

of a complex satisfying certain conditions is isomorphic to Z™ as Z-module.

Theorem 2.3.3. Let M, be a complex of sheaves on P* having form of

My:0— M_jy— M_g—1)y— -+ — My —0

satisfying following conditions.
o We have My = O, where O is structure sheaf of P*.
e Fach M; is direct sum of O(—t) (t € Z=o),

e The cohomology of the sequence

0— HY(M_}) — H*(M_j4q) — -+ — H¥(My) — 0

vanishes at all places except the first leftmost place at H*(M_). Cohomology

module T at the first leftmost place is isomorphic to Z" !,

Then we have an exact sequence of Z-modules

0—Z— H°RT(M,) — T — 0.
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Also H'RT'(M,) =0 for 1 > 0.

Proof. First note that RT'(O(—t)) = H/(O(—t)) vanishes except for the two cases of
j=t=0and t>r+2j =k Thus the cohomology R'T'(M;) also vanishes except
when j =0 or j = k.

As length of M, is bounded and all R'T'(M;) vanishes over degree j > r, we can

use the convergence of hypercohomology spectral sequence with E{Z term given by

R'T(M;) = H)(M;) = H"™ RT(M,).

Terms R'T(M;) = H’(M;) of the E; page all vanish except j =i =0 or j = k, so

this page looks like follows.

0 e 0 > HO((’))
0 _— 0 5 0
H’“(M_k) — Hk(M_k+1) S o H’“(MO)

From the assumption, cohomologies for all maps of the E; page becomes all zero
except at the H°(O) place and the H*(M_;) place, each isomorphic to Z and T re-
spectively. So all terms in the Fy page becomes zero except at two places ES’O =7

and E, Rk — T, thus the spectral sequence is stablized at Fy = E ..
Now we want to figure out how does the filtration of this spectral sequence turn

out to be, which should give information on H'RT'(M,) ~ H'(E,). For | # 0, all

terms at FEZ! for i + j = [ vanishes, so H'(E,,) = 0 for this case. For [ = 0, then the
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filtration of the spectral sequence becomes

k

EXF
E% <= H(E,)
and it turns out to be exactly
T 770
Z — H°Rm.(M,)
which is equivalent to the following exact sequence
0—Z— H'RT'(M,) — T — 0.

]

This theorem can be applied to the two examples in the previous section - the
parametrizations of cubic and quartic rings. For the cubic ring parametrization using

a binary cubic form f, our complex of sheaves on P! is given as
0-3)5L0 (0=0m, k=1).

As HY(O(-3)) =~ Z? and H'(O) ~ 0 as Z-module, this complex satisfies all assump-

tions of the Theorem 2.3.3. Applying the theorem gives the exact sequence
0—Z— H°RT'(M,) — Z* — 0

showing that hypercohomology is isomorphic to Z3 as Z-module. Similarly, for the
quartic ring parametrization using a pair of ternary quadratic forms, the Koszul
complex on P? made by two quadrics f, g

’Cfg : O(—4) (=9, O(—2)2 (f.9) O

)
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also satisfies those assumptions, as H*(O(—4)) ~ Z* and H*(O(-2)) = H*(O) = 0.
In Wood’s work [49], its proofs of the properties that hypercohomology of those com-
plexes are isomorphic to Z" (n = 3, 4 for the cubic and quartic ring cases respectively)
uses long exact sequences repeatedly. Our proof of the Theorem 2.3.3 using hyperco-
homology spectral sequence can be considered as a generalization of those proofs.

The exact sequence of the form

0—7Z— H°RT(M,) =T =0, T =ker(H"(M_;)— H*(M_;,,))

can be linked to the notion of T'schirnhausen modules in algebraic geometry. For
a cover p : X — Y of schemes of degree n, its Tschirnhausen module is defined
as any locally free Oy-module isomorphic to cokernel of Oy — p.Ox. ( [36], [16])
For the case when Y = Speck for field k£ (so that Oy ~ k and p,Ox ~ I'(X)), its

Tsuchirnhausen module T of X — Spec k satisfies an exact sequence

0—=k—-IX)—>T—0.

Based on this similarlity of it and the exact sequence of the Theorem 2.3.3, we would

like to name our class of complexes in the Theorem 2.3.3 as follows.

Definition 2.3.4. Call the conditions of the Theorem 2.53.3 as Well-posed Tschirn-
hausen Module Conditions (WTM conditions).

The class of complexes of sheaves on P* satisfying WTM conditions includes many
complexes which are given as minimal free resolutions of some n points in P*. For
example, a minimal free resolution of n points in P"~2 in general position (no n — 1
points on a same hyperplane) over field satisfies WTM conditions, as its shape is

always of the following form

O(—n) = O(—n 4 2)'rm=s 5 ... 5 O(=2)"1 = O
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for

bmzn(nf2)—<,n )
’ ) 14+ 1

(See [46]) Complexes appearing in the examples of the cubic and quartic ring parametriza-
tions all fall in this category. In the sextic parametrization models appearing in the
Chapter 3 and 4 of this thesis, we will consider complexes having above shape for
n = 6 when constructing our sextic ring.

For cases k # n — 2, there are many minimal free resolutions of n points in P*
satisfying WTM conditions. A minimal free resolution of six points in P? which are

not on a conic has the following shape
O(—4)> - O(=3)* = O

and one can check that it satisfies the WTM conditions: as H?*(O(—4)) ~ Z3 and
H?(O(-3)) ~ Z, its Tschirnhausen module can be given as kernel of a linear map
7° — 7*. If six points are on a conic and are all distinct, those can be represented as
a complete intersection of a conic and a cubic in P? which has minimal free resolution

of form

O(=5) = O(—2) & O(—3) — O.

This complex also satisfies the WTM conditions.

2.3.3 Calculating explicit cohomology elements using Cech

complex

Let @1, @2, - -+ , 2341 be projective coordinates of P*. For a complex M, of sheaves on
P* whose entries are direct sums of O(t), we will describe a procedure of calculating
its hypercohomology, which is analogous to the calculation of Cech cohomology for a

covering {D(z1), -+, D(xy41)} of P*. For subsets I = {iy,--- ,4;} of {1, k+ 1},
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denote x; = x;, 4, - - - x;,. Denote O = O,, as restriction of O to the distinguished

open set D(x7) C P*.

Definition 2.3.5. We define Cech complex of sheaves as a complex having following

form.

CoP): 0 PO, - P Osy =+ P Ouy =0

1]=1 |1]=2 \I|=r
The maps O, — O,, are given in the following way. If J = I U{j} and j is kth

element of then it is (—1)*=t times the restriction map, and it is zero otherwise.

For any sheaf M which is direct sum of O(t), we note that
P(P(V), M ® 0,,) = T(D(z/), M)

so if we tensor the Cech complex with ®M and take global section functor I, it

becomes

0= P T(D(ar), M) - @ T(D(xr), M) — --- P T(D(ws), M) — 0
T|=1 T|=2 T|=r
and complex of this cohomology is exactly the Cech cohomology of M with respect

to the covering {D(x;), D(xs),- -+ , D(zg41)} of PE. Therefore we have:

Proposition 2.3.6. If M is direct sum of O(t), then cohomology of M & C4(P*) is

isomorphic to H'(M).

We show that one can apply the similar procedure for hypercohomology too -
tensoring with Cech complex, applying global section, and considering its cohomology

- except that we consider total cohomology of the double complex.

Theorem 2.3.7. Suppose that M, is a complex of sheaves whose summands are direct
sums of O(t) for t € Z. Then its ith hypercohomology H'RT'(M,) is isomorphic to
the ith total cohomology of the double complex T'(M, @ Co(PF)).
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Proof. We consider the spectral sequence coming from the double complex I'( M, ®
C,.(P¥)) obtained from filtration by columns, with dy starting from downward map.
By the above observation for Cech complex, its ' E¥ terms become H7(M;) and maps
Id, become complex maps of M,. Thus this page coincides with E; page of the
hypercohomology spectral sequence H’(M;), so by the mapping lemma ([45], 5.2.4)
those two spectral sequences become identical after the first page. This shows that
we can calculate H°RT'(M,) as total cohomology of the I'(M, ® C,(IP*)), regardless

of whether M, ® C’.(IP)’“) becomes a right Cartan-Eilenberg resolution for M,. ]

During the rest of this section, denote C’.(]P)k) by C, for simplicity. For M, sat-
isfying the WTM conditions, we can combine Theorem 2.3.3 and Theorem 2.3.7 to
obtain explicit elements in the total cohomology H'Tot(I'(M, ® C,)). We first note

that for any I C [k + 1] we have

['(O,,(t) ~ (degree t elements in Z[xy, -+, Tp11,7;"])

and calculation of Cech cohomology allows us to identify H*(O(t)) with degree ¢
elements in Z[zy, -, Tpe1, 270 ,x,;il] modulo the image of I'(Cy_1 ® O(t)) —

['(Cr ® O(t)). So we can pick unique representative of H*(O(t)) in the following set.

1
H*(O(t)) ~ (degree t elements in ————Z[z7 !, - - )
L1 Tg41

Suppose that we are given an element « of T = ker(H*(M_;) — H*(M_(_1)).
We give the following algorithm which constructs a preimage of o under the map

H°RT(M,) — T appearing in the following exact sequence of the Theorem 2.3.3

0—Z— H°RT(M,) — T — 0.

1. Let a'® be the representative of & € T in T'(M_, ® C_4).
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2. Repeat the following for i = k — 1,k —2,--- ,0: construct oY € T(M_; @ C_;)
satisfying
0, (D) + dy (a®) = 0,

Here d_,, d| are the complex maps of I'(M, ® C,)

d, :T(M; ® Cj) = T(M1, ® C))

dy : T(M; ® Cj) = T'(M; @ Cjya)

Those come from maps of M, and C, respectively, with additional factor of

(—1)2 for d¢.

3. Consider & = Y, a® as an element of the total complex Tot(T'(M, @ C.)).

Then d(a) = 0.

4. The cohomology element of H°Tot(T'(M, ® C,)) represented by & is one of

preimages of « € T in H'RT'(M,) — T.

Finding preimages of d; can be done using matrix operations, as maps of the Cech

complex simply act linearly on monomials.
Proposition 2.3.8. The algorithm described above produces a preimage of d, .

Proof. We need a more explicit description for converging entries of the spectral
sequence, and will use some notations and accounts from [44] for it. For a bounded
double complex with downward differentials d;, and rightward differentials d_,, we
consider a spectral sequence ! E2® obtained from vertical filtration. For F,, in the

explicit convergence formula for total complex

Egjl,qfl 41 " E&q " Eggl"”l "
P pTq P yprp+q pTq=n
0. . priigrtae =, pppgprte > ... [ ,
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terms FPHPT4 are given as 'closed (p, q)-strips’

P EPtHa :{(:L‘p*k’ﬁk)po c H ngk,qﬂc :
k
dyaP? = 0,d_a?” Itk = g gpm i hathiy,
We would like to consider this convergence formula for H° of I'(M, ® C,), which looks

like as follows. In Theorem 2.3.7 we already established that its spectral sequence

coincides with the hypercohomology spectral sequence after E; step.

PIr(M_ ;@ 0,,) b y TPM_1®0,) — PIr(0o,,)

DMy @ Oys;) oo » DIT(Mo1®0p)) —— DI(Os;)
> > —

D(M_t @ Oy, ... » DM ® Opyecay) — T(Ogyay )

We give their ‘coordinates’ for conveniences.

(_k70)7 R (_27())7 (_170)7 (070)7

<_k7 1)7 Tty (_2’ 1)7 (_17 1)7 (07 1)7

(—k, k), ,(=2,k),(—1,k), (0, k).

As we have E " = 0 except i = 0 and ¢ = k, the convergence formula for for H°

becomes

1770 B2 0170 1770 k1770 BN k0 0
0O=FH —FH =F"H=...=F H — s F"H° = H".
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We already noted that E%° ~ Z and E_** ~ T, so this reduces to the sequence of
Theorem 2.3.3
7 <5 H'RT(M,).

The explicit description of the above quotient
H'=F*H/JF "' H  ~ B FF =T
operates on element & € F~*H° as follows. If we represent

d:Za(t), a(t) EF(M—t®Ct)7
t

then the above map mods out a*=Y 4+ ... + a® part in F~*"'H° and maps to
a® e,
One can note that the above algorithm calculates a preimage of this map when o =

NO

is given, and the Theorem 2.3.3 guarantees the existence of one preimage. Kernel
of this quotient map F'H® ~ Z is by definition the kernel of C; — C}, which can be
identified with I'(O) ~ Z, and injects into I'(Cy) ~ &I'(O,,) via 1 — (1,1,--- ,1) for

1eT(0,,). 0

This algorithm is actually identical to the procedure for calculating global func-
tions in [49], although it was not explicitly noted that it actually produces hyperco-
homology for affine base case regardless of exactness of M,. In the next section, we
will discuss application of this algorithm to examples we mentioned in Section 2.2,

together with natural algebra structure given on hypercohomology.
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2.4 Algebra structure of hypercohomology

If a complex of sheaves is given a differential graded algebra (DG-algebra) structure,
then its hypercohomology module can be given a induced multiplicative structure.
Many complexes appearing in the ring parametrizations come together with DG-
algebra structure given, and they satisfy WTM conditions of the Theorem 2.3.3.
This allows us to construct a multiplication on hypercohomology module isomorphic
to Z", and we will show that this becomes a well-defined ring of rank n.

While the induced multiplicative structure on hypercomology is given from the
natural properties of the derived category and total derived functors, we show that it
can be described in rather explicitly way when our complex satisfies WTM conditions.
In the last section, we explicitly constructed hypercomology elements of H°RI'(M,)
as total cohomology elements of I'(M, @ C,(P*)), which could be expressed as lists
of Laurent polynomials with coefficients in M,. We give a procedure of explicitly
calculating multiplication between those total cohomology elements, by utilizing a

suitable DG-algebra structure on the Cech complex C,(P¥)).

2.4.1 Preliminaries: DG-algebra structure for double com-

plex

We review the construction of total tensor product of two chain complexes. ([45],
2.7.1) For complexes M, and N,, their tensor product double complex M, ® N, has
M; ® N; as (i, j)-entry, with horizontal differential d® 1 and vertical differential (—1)"
times of 1 ® d. The total complex of this double complex Tot(M, ® N,) is called
the total tensor product. Taking the total tensor product of chain complexes are

associative, that is, we have a following natural isomorphism

Tot(Tot(Me @ No) @ Le) =~ Tot(Me ® Tot(Ne ® La)).
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We also have a natural isomorphism regarding commutativity of the total tensor

product, which involves sign changes of (—1)%.

Tot(M, ® N.) ~ Tot(N. @ M.), M, ® N; 2% N, @ M,

Meanwhile, differential graded algebra (DG-algebra) structure on a complex is de-

fined as collections of multiplications M; ® M; — M;; satisfying following conditions

d(aB) = (da)B + (=1)'a(dB), «€ M;,3 € M,

A DG-algebra is called associative if it is associative as algebra, and commutative if

it satisfies the anticommutativity rule

af = (-1)"pa (o€ M;, B¢ M;).

One can observe that a DG-algebra structure is equivalent a the map of complexes

Tot(M, ® M,) — M.

Suppose that M, and N, have DG-algebra structures, each of those equivalent to
complex maps Tot(M, ® M,) — M, and Tot(N, ® N,) — N,. Then we can give a

natural map

Tot (Tot(M, @ No) @ Tot(Me @ N,))
~Tot (Tot(M, @ Tot(Ne @ M,)) ® N,) (associativity)
~Tot (Tot(M, @ Tot(Me ® N,)) @ N,) (commutativity)
~Tot (Tot(M, @ M,) @ Tot(M, ® M,)) (associativity)

—Tot(Me ® N,)
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which becomes valid map of complexes. The multiplicative structure coming from this
map can be written explicitly in the following way. For mq, ms € M, and ny,ny € N,

homogeneous elements, we have

(m1 (24 nl) . (mg (24 ’ng) = (_1)deg(mg)deg(n1)(ml . mg) ® (n1 . ng).

It is even possible to use following abusive notation

(mlnl)(mgng) = TN1M1MaNy = (—1)deg(m2)deg("1)m1m2n1n2

with the rule nm = (—1)de(mdeempn  We can call this tensor product of DG-
algebras, and one can check it satisfies the universal property of the tensor product.
Product of two associative/commutative DG-algebras is associative/commutative re-

spectively.

Proposition 2.4.1. Multiplication of DG-algebra restricts to give graded algebra
structure on graded module ®H'(M,) (with H'(M,) being its ith graded component).
If DG-algebra is associative/commutative, then this graded algebra is also associa-

tive/commutative respectively.

Proof. If a, f are homogeneous elements, da = df = 0 implies d(af) = 0. So the
product of two boundary elements is boundary element. If a = dv and df = 0, then
a- B =d(y- ). So the product of cycle and boundary is cycle. This shows the

multiplication can be restricted to cohomology

HY(M,) x H (M) — H™(M,).
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2.4.2 DG-algebra structure on hypercohomology

In ring parametrizations, our complex M, is often assumed to have a DG-algebra
structure which is associative and commutative. Complexes appearing in the exam-
ples of the Section 2.2 all fit into category of Koszul complexes, which comes with
a natural DG-algebra structure. A minimal free resolution of n points in P*~2 in
general position can always be given canonical DG-algebra structure (See [46]). In
the later chapters of this thesis, other cases of minimal free resolutions for n points
in P¥ having DG-algebra structure will be discussed.

If M, is given a DG-algebra structure, then one can naturally give induced alge-
bra structure on hypercohomology H°RI'(M,). The construction uses the theory of
derived functors, and can be found in ([49], Section 9). Before discussing this natural
construction, we want to find an explicit description of multiplicative structure on
H°RT'(M,) which is consistent with DG-algebra structure on M,. We remind the

Theorem 2.3.7 that if entries of M, are direct sums of O(t) for ¢ € Z, then we have
H'RT'(M,) ~ H'(Tot(I'(M, ® C,))).

We will construct an explicit multiplicative structure on the righthand side, and show
that it coincides with the natural construction.
Suppose that there exists a DG-algebra structure on the Cech complex Cy =

C,(IP*) such that the following map

0= EPO;— Cu(PF), 1 (1,1,--,1)
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is unit for the DG-algebra, that is, the two maps

Tot(O ® C,) — Tot(Ce @ Cy) — C,,

Tot(Ce ® O) — Tot(Ce @ Cy) — C4

are isomorphisms. Then we can construct a DG-algebra structure on Tot(M, @ C,)
through the tensor product of DG-algebras. As M; ® C)s are direct sums of sheaves
of the form M, ® O,,, which are coherent sheaves supported on affine subset, they are
flat for any 7 and j. Thus taking I" comutes with multiplication map of Tot(M, ® C,),
meaning that one can give DG-algebra structure on TotI'(M, ® C,) too. From this
DG-algebra structure one can give algebra structure on H° of this complex, the desired
multiplication on H°TotI'(M, ® N,).

Unfortunately, one can find such DG-algebra structure on the Cech complex only
when the base ring is Q. Thus this construction can’t be used in defining multipli-
cation universially. One can use the natural definition when defining multiplication,
and over base Q (we have shown that hypercohomology for M, commutes with base
change) natural definition coincides with explicit construction. This shows that the
explicit construction still can be formally used in explicit calculation of homology, and

should yield integral results regardless of choice of multipilcation on Cech cohomology.

Theorem 2.4.2. Let M, be a complex of sheaves whose summands are direct sums of
O(t). Suppose that the Cech complex C(P*) is given a DG-algebra structure such that
the natural map O — @, O; — Co(P*) becomes its unit. The induced multiplicative
structure on HYTotT'(M, @ C4(IP*)) coincides with the natural multiplication induced
on hypercohomology H°RT'(M,).

Proof. Throughout this proof, write C,(P*) as C, for simplicity.
We will first review the natural construction given in ([49], Section 9). Let

C (O — mod), D (O—mod) be the category of chain complexes of Opr-modules and its
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derived category respectively, and g be the ‘localization’ functor ¢ : C (O—mod) —
D (O—mod). A DG-algebra structure on M, corresponds to a map of complexes

Tot(M, @ M,) — M,, which allows us to construct a morphism
gM. ®" gM, — qTot(M, ® M,) — qM,

where gM, ®% M, denotes the total tensor product in category of derived functors
([45], 10.6) - the superscript ®* means it is formed as total left derived functor of
tensor product. The first map is obtained from the universal property of total tensor
product, and the second map is application of ¢ to Tot(M, ® M,) — M,. When the
total right-derived functor RI" is applied to this multiplicative structure on ¢M,, one

can obtain a map
RI'(gM,) ® RI'(qgM,) — RI'(¢M, ®" gM,)

by composing two maps obtained from the projection formula ([45], 10.8.1) and counit
of RT' (note I' is pushforward for the strucure map P*¥ — Z thus becomes right
adjoint). By applying H° on both sides, one can give multiplicative structure on
H°RT(¢M,), which coincides with the ordinary hypercohomology H°RI'(M,). (Here
HORT is the ordinary hypercohomology functor in C (O—mod).).

We would like to compare this natural construction with the our construction
described just above, and show that those two coincide indeed. Our construction
firstly considers the multiplicative structure on Tot(M, ® C,) naturally coming from
M, and C,, applies I" which commutes with tensor product, and induces multiplicative

structure on H° of Tot(T'(M,®C,)). We consider the following commutative diagram

Tot(M, ® M,) — M,

l l

Tot(Tot(M, ® C,) @ Tot(M, @ Cy)) —— Tot(M, @ C,)

42



whose vertical maps are induced from the unit O — C,. By universal property of ¢,

we can distribute ¢ to tensor product as above, and consider the following diagram.

qM, QL qM, ey qM,

l |

qTot(M, @ C,) @* ¢Tot(M, ® Cy) —— qTot(M, ® C,)

When we apply the total right-derived functor RI" to this diagram and compose the
horizontal maps with the natural maps of the following form (the bottom map is

obtained by replacing M, with Tot(M, ® C,))
RI'(¢M,) ® RI'(¢M.) — RI'(gM. ® qgM,),

we can induce a multiplicative structure on RI'¢Tot(M, ® C,), which commutes with
multiplicative structure on RI'¢M,. Meanwhile, we note that all entries M; ® C; of
M,®C,) are all I'-acyclic, so action of RI" on ¢Tot(M,®C,) is simply componentwise:
we have

RTqTot(M, ® C,) ~ qTot(T'(M, ® Cl)).

If we take its zeroth cohomology, we can obtain the following isomorphism using the

universal property of q.
H°RI'qTot(M, ® C,) ~ H Tot(I'(M, ® C,)).

Thus we have naturally constructed a multiplicative structure on H°Tot(I'(M,® Cy))
which commutes with multiplicative structure on H°RT'(¢M,) ~ H°RT'(M,). (The
RT on left side denotes total right-derived functor, and H°RI" on right side denotes
ordinary hypercohomology.)

If we explicitly track this multiplication on H°Tot(I'(M, ® C,)) by considering

all the maps described above, it turns out that the resulting multiplication coincides
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with the multiplication induced by componentwise multiplication in Tot(I'(M, ® Cs).
As entries M; ® C; of M, ® C, are direct sums of sheaves of form M; ® O,,, those
are I'-acyclic. Action of a right-derived functor on acyclic complexes is given compo-
nentwise and counit of RI" on acyclic complexes becomes isomorphism, allowing us
to check that multiplication on H°Tot(I'(M, ® C,)) becomes componentwise multi-
plication in Tot(I'(M, ® C,). We already established that maps between H°RIT'(M,)

and HTot(T'(M, ® C,)) are isomorphic, so this proves the theorem. O

2.4.3 DG-algebra structure for Cech complex

In this section, we will describe a DG-algebra structure on C,(P*) such that the

natural map O — C,(IP*) becomes unit.

Remark. It turns out that there exists infinitely many DG-algebra structures possible,
and all those choices do not matter when calculating multiplication in hypercohomol-
ogy (due to previous theorem). The DG-algebra structure constructed in this section
is symmetric with respect to the permutation of k4 1 variables, which allows simpler
description. Meanwhile, it is impossible to construct such DG-algebra with integral

coefficient, and we need to assume that everything here are defined over Q.

For I Clk+1]={1,--- ,k+ 1}, I # (), define ¢; as element 1 of Oy, and denote
our whole complex C, as @, 20 Ojcy. 1t suffices to define multiplications between
components Orc; and Ojcy.

We introduce some additional notations for conveinence. For I = {iy,--- ,i;} with

11 < iy < --- < 4; and a permutation o € S, define

clio(1yla() -+ io@)) = sgn(o)cr.

Also define ¢(j; - - - ji) = 0 if there are duplicate elements among j;. One can easilly

check the following.
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Proposition 2.4.3. For a list (iy,is,--- ,4;) € [k + 1] and o € S}, we have

c(io()io() - tow)) = sgn(o)c(ivia - - - ).

Also, in this notation, one can write differentials of the Cech complexes in the fol-
lowing convenient way. For any list I = (iy,--- ,4;) € [k+1]', denote It = (i1, -+ i, 1)

(t € [k + 1]) as concatenation of I and ¢.

Proposition 2.4.4. We have

where d is the complex map for C,.

Proof. If there are duplicates among elements of I, then both sides are zero. If
elements of I are all distinct, it suffices to assume that elements of I are sorted, as
permuting I changes both sides by signature of the permutation.

Let ¢t be the eth smallest element among [ Ut, such that 1y < --- <441 <t <

lj—e < --+ < 1;. Then
c(It) = clivig- - igt) = (=1)%(ir -+ p—eqrtize---0t) = (=1) e

Meanwhile, the map of Cech complex from Oy to Oyugy is (—1)¢7! times the identity.

So the description d(c(1)) = Zfill ¢(It) coincides with map of Cech complex. O

For example, when k + 1 = 5, we have
d(cqigy) = d(c(13)) = ¢(131) + ¢(132) 4 ¢(133) + ¢(134) + ¢(135)

= ¢(132) + ¢(134) + ¢(135)

= —Cr1.2,3y 1,34} T ¢{1,35)-
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Now we define our multiplication as follows. For I,.J be any sequences in whose

length is a, b respectively, and t € [k + 1], let

alb!

c(It) - c(Jt) = (—D“”m

c(1Jt).

And define ¢(I) - ¢(J) = 0 if the number of common elements of I and J are not
exactly 1. These conditions, provided that those are consistent, define multiplication
on variables ¢y in unique way. We show that this construction of multiplicative
structure on C, is indeed the DG-algebra structure we desired. Before stating the

explicit construction, we introduce a notation. For two disjoint subsets [, .J, define
ind(I,J) = (_1)#{(i,j)eli:j>z‘}'

This number can be interpreted as signature of the permutation which permutes the
concatenated list of I and J (by considering them as sequences which are already
ordered in ascending order) to list corresponding to I U J. This statement is simply

equivalent to saying
c(IJ)=1ind(I, J)cryy if I, J are both ordered.

Proposition 2.4.5. For I,J C [k+ 1], I,J # 0, define the multiplication on basis

elements of Cy = @Iﬂ Oicr as

(_1)(\I|—1)(m—1)%n([’ DNewy if|[INJ) =1
Cr-Cj=

0 otherwise

where n(I, J) is defined as follows: if INJ = {l} then n(I,J) =1ind(I \ [, J\ ). The
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multiplication Orcr x O c; — Opueryy is defined as

acry - bCJ = (alN))<C] : CJ) c O[UJC[UJ
where a € O; and b € Oy are mapped to @ € O,y and b € Oy, via the restriction

map. This multiplication rule extended over all Cy via distributivity gives a DG-

algebra structure on Cy which has the natural map O — @Z O; — C, as its unit.

Proof. Step 1) First we show that the multiplication map preserves grades on C,. The
component Ojcy is a summand of Cj7_y, so it has grade |I| — 1. If the multiplication
¢y - ¢y is nontrivial, then |[I N J| = 1, and it should follow that (|I| — 1)+ (|J| — 1) =
([ U J| —1). This implies that grade is preserved in the multiplication of form
cr-cg=keryy (ke€Q).

Step 2) We show that above mentioned rule

alb!

c(It) - c(Jt) = (—1)“b(a+b—+1)!

c(1Jt)

holds for any sequences I and J with lengths a, b respectively. It suffices to show when
I, J and t all consists of all distinct elements, because both sides are zero otherwise.
If it is the case, we can consider permutations on I and .J which sorts them, and those
actions will change signs of both sides in the same way. So we can only consider [

and J which are are ordered in ascending order. In that case, we have
c(It) = ind(I,t)crue, c(Jt) = ind(J, t) ey

and

c(1Jt) =ind(I, J)c(Kt) = ind(I, J)ind(I U J, t)crogu
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where K is the ordered sequence of /U.J. By calculating the multiplication, we obtain

c(It) - ¢(Jt) = ind(1, t)ind(J, t)epue - coun

1b!
= (-1 —

(a + b + 1)'111d(I, t)lnd(Jv t>1nd(la J)CIUJUt

so it suffices to show

ind(Z,t)ind(J,t) = ind(L U J, t).

This equation can be easily deduced from the definition ind(/,#) = [[;c;;.,(=1).
Step 3) We show that the condition for DG-algebra should hold for any homoge-

neous «, 3, that is, the following holds.

(- B) = (da) - B+ (—1)%8@q - (dp)

It suffices to verify this statement for (o, 5) = (¢(I),¢(J)), and the whole statement
follows from distributivity. That is, for any sequences I and J whose length is a and

b respectively, we want to prove
d(c(I) - e(J)) = d(c(D) - e(J) + (=1)*"'e(I) - d(c(J)).

We can assume that both I and J consists of distinct entries, otherwise all multipli-
cations above are zero.

Case 1) [INJ| >2
We have ¢(I) - ¢(J) = 0. Also d(c(1)) - c¢(J) = > ,c(lt) - ¢(J) = 0 and similarly
c(I)-d(c(J)) =0, so it holds.

Case2) INJ =10

The left side is zero. Let J = (jij2 - Jp) and J, = (j1 -+ Je---jb) be the list with j,
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omited. Then we have

d(e(I)) - ¢(J) = Z c(It) - c(J) =Y e(It) - c(J)

teJ

= Z c(Ije)e(Jeje)

—Z 1)a=D)g)(h D pyeee(rig)

(a+b)!
Dal(b—1)! —1)®=aqlb!
= Z o bg' ) o(1J) = ((CL)TC([J)

and similarly for I = (iyis- - -1,) and ff = (i - z} - +1,) be the list with i; omitted,

e(I)-d(c(J)) =Y e(I)-c(Jt) = c(I)-c(Jt)

t tel

= Z Te(Iyig)e(Jiy)

(a )b a_ A
= Z 1)|b' (—1)a7fC(IfJZ'f)

(a+b)!

(=1 e(lyigJ)

2L (=) b (g — 1))
1

= (a+b)!
= (=)l hi(g — 1)) _(=1)"ald!
— 3 TR (=1)be(1J) = NCED (1)
Thus we have
(RHS) = ((~1) 1 (~1)*~ (~1)*") (a%b!b)'c(m 0

Case 3) [INJ|=1

Both sides change sign in identical way when I and J are permuted, so we can assume
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I, J has form of I = Iyt and J = Jyt. Then

o(I) - () = e(Iot)e(Jot) = (—1)@ DO (a(a_i)é(iz)P!c(IoJot)

SO

el ) = (1o 00 32 =TSRt

For the right hand side, we have

Zc Iotl)e(Jot) Zc Iylt)e(Jot)

a(b—1) Ha'(b . 1)
= Z WD) (Il Jot)

a(b— 1)+b+1a|(b _ 1)!
Iy Jotl
; (a+0b)! (ToJotl)

and

(—1)“_10(])-d(c(J)):(—1)“_120(]0) (Jotl) = (=1)* > c(Iot)e(Jolt)
l l
(a— 1b+a( )]b]

(a+0b)!
(a—1)b+a— 1( )'b'

Z
— 1)lb!
; a i b) C(I()Jotl)

C(]()Jolt)

SO

d(C(I)) - C(J) +(=1)""e(I) - d(e(]))

_ Z " IGT;)“'(b g + 3 (—1)(“‘1);*:;)('@ = D%t
SESIEY (a(a_i)é(ﬁ _1)” c(lodotl) = c(I) - e(J).
l
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Step 4) Finally, we show that the map
0—-Poi—c,

becomes a unit in this DG-algebra. The image of 1 under this map is given as ) . ¢;,
and by noting that
ﬁC[ ifiel
Ci'CI:CI‘Ci:

0 otherwise

Remark. One can also see that the DG-algebra defined above is commutative, as one

Wwe call see

]

can show

er ey = (=)D

from observing the following (when I N J = {l})

ind(7\ 7, J\ Dind(I\ 1, J\ 1) = (=1)7=D0I=1),

It is not associative though: we have ¢;-¢; = ¢y and ¢;-¢12 = ¢12/2, 50 (¢1-¢1)-C12 F#

Ct - (Cl . 0172).

2.4.4 Example: binary cubic forms and cubic rings

We revisit the example of parametrization of cubic rings by binary cubic forms, and

interpret its construction using hypercohomology. Let f = ax? + bx?xy + cxyx3 + dxs
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be our cubic form. We first consider the complex
M,:0O(-3)— O

where its map is given as multiplication by f. Denote m; and my as basis elements
1 in M; and My respectively. Then the map of M, is basically given asd(m;) = fmy.

It becomes DG-algebra under the following rules
Mg -1y = M1 - Moy = My, mo - ™o = M.

This complex becomes a free resolution of O/(f) for generic f, and satisfies WTM
conditions. We note that the cohomology H'(M;) has Z-basis given as my/(z3x5)
and my/(1123).

Meanwhile, maps of the Cech complex in P! are given as
dcy = cia, dey = —c1a, deip =0

and the algebra structure we constructed in Section 2.4.3 is given by the rules (and

all other multiplications zero)

1
C1-C =C, C2-C =2C, C°C2=2C-Ca= 5012~

We consider the double complex M, ® Co(P') which has form of

M ® (01 @Og) —_— M()@(Ol @02)

l l

M, ® Oz — My @ O

Its maps d_, and d; correspond to maps of M, and C, respectively with some sign

change that d; : M, ® C; — M, ® Cy41 is (—1)P times the map C; — Cy 1. We have
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shown that T' (H°Tot(M, ® Co(P'))) is identified with hypercohomology H°T(M,),
with multiplication structure given as in the Theorem 2.4.2.

Denote 1, ¢ as preimages of the cohomology elements m; /(x3z5) and my/(x,23)
of H'(M;) under the map H°T'(M,) — H'(M;) respectively, and consider them as

elements in HTotI" (M, ® C,). We can write them as

i =M+ P er(M, @ C)

7

such that

d(p;) = d_ (o) + dy (V) = 0.

We start with letting

(1) _ MiCi2 (1) _ MiCi2
Y1 = 2 ) 2 2

Then

d (p(l) _ (ax? + bxiwy + cxial + das%)moclg
—¥1 -

1329

2
To ZTy T
b+ c— +d— | moci2 + a—mgcy2
T Ty i)

thus by picking

T x2 x
¢§0) =— (b +e2 4 d—Z) moc1 + a=—mocs
T xi X2

one can see that d_>g0§1) + digpgo) = 0. This choice of ¢§0) can vary by constant
times of moc; + mocy, and we will see that our particular choice yields the identical

multiplication table to that of the Levi-Delone-Faddeev correspondence. Let those
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choice of <p§”), <p§“) be

1 T9 x2 x
2 1
Y1 = 3 micCio — b +c— + d—2 moC1 + a—mgyCs
T1T2 T €Ty i)
1 To T x?
1
pg = 5Mic1y —d—mgcy + | ¢+ b— +a— | moce
L1y T i) Ty

together with identity element given as

Po = MpC1 + MpCa.

We show that the Z-basis (¢, —¢1, —¢2) of HYRT'(M,) has same multiplication
table as (1,w, #) of Levi-Delone-Faddeev correspondence. That is, we want to verify
the following multiplications formulas. (We already established that ¢y becomes

unit. )

P12 = —adpg
@1 = —acpy — b1 + aps

s = —bdpy — dp1 + cps.

The multiplication on Tot(M, ® C,) follows the same multiplication rules of M, and
Cl, together with sign changes involved in Tot(Cy® M,) — Tot(M,®C,): this simply
implies mc = (—1)d(mdee(©) e for homogeneous elements m € M, and ¢ € C,. For

example, we have

1

(mlclz)(mocl) = (—1)1'0m1(m001201) = §m1012-
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With that in mind, we can explicitly calculate above multiplications. For example,

1 T x3
2 2 2
0] =— b+ c— 4+ d— | (miciamocy + mocymycia)
x2x 2
122 X1 Xy
2 ar

5———(miciamocy + mocamicyz)
TiTo T2

2 2

) l‘% T

+|b+c—+ d—2 mocimoc; + | a— mopCaMoCo
T 7 i)

b To x2 T1
=———micia+b|b+c—+ d—g moc; — ba—mgca
T1T2 I €Ty T9

a

2

i) T Ty

+ 5MiC12 — ad—mgcy +a | c+b— +a— | moce
X135 T ) Ty

— acmapcCy — acmypcCs

c dx c dx
b (= 2 e+ ard + et + e+ dad) (5 + 22 )
Ty ry I

c dx c dx
= — b1 + aps —acpy + d, <(_3 + Tf)mlcl) +d, ((_3 + _42)7”101)
Ty Ty Ty L1

c dx
= — bgol + apy — acpg + dtot <<—3 + %)m161>
1 L1

and image of dy,; is zero in total cohomology. One can similarly calculate

9 1 dzs 1 T x?
0y = — 5 —M1iC12 + 5 | c+b—+a— | micio
T1T5 I T1T5 T Ty

2 2\ 2
x x x
+ (d—Q) mocy + (c +pt 4 a—;) e

T i) x5

d c b axr 79\ 2 T 22\
= (— + — + ~3 + %) miCio + <d£€_2) moCy + (C + b—l + a%) moCa

2 2

b azx
= —d(pl + Cpa — bngO + dtot <(F + x—;)ml@)
2 2
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and

1 dxs 1 1 x?
P12 = — —5—M1C12——MoC1 + —5—myC12 | ¢ +b— +a—5 | mocy
T1T2 T T1T2 T2 €y
1 T x% 1 axr
— 2TTL1C12 b +c— + d—2 moCy + 2m1012—m002
T1T5 T Xy X145 T
2 2
To x5\ drs ary T T
+ b+c—+d—§ —mgc1 + — c—i—b——ka—; moCa
X1 Ty X1 ) ) T
d a d a
= — ad(m()q + mlcg) + | ——+ — | micio + —fm001 + —fm002
x3 a3 x3 x3
1 2 1 2

d a
= —adpy + dior | —z3m1c1 + —5mac | .
51 Ly

2.4.5 Example: pairs of ternary quadrics and quartic rings

We also reexamine the example of the quartic ring parametrization. Let f = >, <i<j<3 WijTilj,
9 = D 1<icj<s bijzir; be two ternary quadrics. Then the multiplication coefficients
k

c;; (defined as integers satisfying a;o; = Zi:o cfjak) satisfy the following relations

o = sgn(igh) - X,

o, = sgn(ijk) - A,

Czj - Cij = sgn(ijk) - )‘j'];a
Ciz - CZ] - ka = sgn(ijk) - )‘ZC

for any permutations (i,7j,k) of (1,2,3), where )\f} = a;jby — aib;; and sgn(ijk)

denotes the signature of the permutation (7, j, k). We will illustrate how this ring

becomes isomorphic to the hypercohomology ring of the Koszul complex

M, =K, :O0(=4) — O(-2)* = O.
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Denote mag, mys, mg, mg as the unit element of O(—4), two copies of O(—2), and O

respectively, such that the maps of M, are given as follows.

d(myg) = fmo, d(mgy) = gmo, d(mgsrg) = fmy — gmy

The natural DG-algebra structure on M, is given as follows: we have ms-mgy = myn,,
mg behaves as unit, and all other multiplications are zero. We will additionally use
the notation f mgrr = my - myp = —mya,.

We describe the Cech complex for P2 with the algebra structure defined in Section

2.4.3. Its maps can be described as

dcy = ci1a 4+ c13, dcg = co1 + co3,  deg = c31 + c39

dcig = 13, dcoz = Co31,  dcg = c319.

Here we use the notation of Section 2.4.3 in the sense that ¢;; = c(ij): for example
we have co; = —c12 and ca31 = —c¢132 = ¢103. Its nontrivial multiplications consist of

permutations of the following formulas:

) 1 1 1

i =0C, C-Ca2= 5012, C1 - C123 = 50123, C13 * Co3 = 60123-

Similar to the cubic ring example, we identify hyprcohomology with the total
cohomology of T'(M,®C,). Denote @1, 9, 3 as preimages of the cohomology elements
Ming/ (T3T223), Mypg/(12523), Mpng/(X12223) in H?( M) respectively under the map
H°T(M,) — H?*(M,), and consider them as elements in H°T'Tot(M, ® C,). We can
write them as

i =P + oM 400 S er(m @)

such that

do (o) +dy (@) =0, do (V) + dy () = 0.
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For @52) = MyagC123/ (231223), one choice of @i’ and ¢ ) can be found explicitly

using above two rules. We start from

) fmg —gmy
do(p1) =—3 €123
T1T2T3
a11 Q12 Tol22 23 T3a33
= + +5)+ (5 +——+ —5—) | mycas
13 Ti1T3 l’l 1T T1T2

T3
b1 b12
- +
T2l3 X123

Tab b b x3b
22V (= + —— + 3;33)) M sCia3
€Ty T1T2 T1T2

313

One of its preimage can be taken as follows: (keep in mind that d; changes sign

compared to the complex map of C, at degree —1)

(1) a1 12 Ta022 a3 23 T3a33
= myC23 — ( —5—)mgc1z + ( — 5 )myci
Tl 173 TiT3 1T €Ty T1T2
b1 bio Tabgo bis bas 73b33
———myeo3 + (——— + 5 —)mycis — — + 5 )myc.
ToT3 T1T3 rir T1T2 Xy T1T2

_ g, .
As by f — apgg = Z1gigjg3 ATz, we have

N Y P
d (1) _ 11‘7;7‘1‘] 12ZEZZ‘] 22ZL’1[E]x2
Slpr) = (———mopca3 — ———moC13 — 5 0C13
1<ij<3 2T T1t3 T3
g Yoo U e
AN5TT A53Ti T Ag3 3T 23
———mycya + 5—MoC12 + 5 moci2)
T1T2 Xy T1T2

If we expand everything out then we can find one preimage as

)\ X )\ x
22 2 1242 13
)\12 mopCy

0) _ A3T3 | A3Taws >‘125U3
Y1 2 7+
Ty Ty I I T
iz Mg Mg )\ x
333 3 1341 A2l 1142
—f- +/\ m002+ mopcCs.
To i) T3 T3

We can obtain similar expressions for s and ¢3 by considering cyclic permutations

of 1,19, x3.
While one can verify that multiplications of elements ¢1, 9, @3 satisfy multipli-
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cation table of Bhargava’s parametrizations by fully calculating their products, we
would like to figure out multiplication coefficients with less computations. Suppose

that we want to find the multiplication coefficient ¢3,, that is, coefficient of @3 in

P1P2.
3

P11 P2 = Z PN
k=0

We have seen that the map H°RI'(M,) — H?*(M;) of Theorem 2.3.3 maps a total
element 1 = ¢ + M + @ (@ € T'(M; ® C;)) to image of ) in T'(My ® Cy) —
H?(My), so it maps g to zero and ¢; to mya,C123/ (2122237;). This implies that ¢,
exactly becomes the coefficient of mr,c123/(212223) in @1 - 2. We track such terms

in products of the form gogt)@gft) for t = 0,1, 2, which appears in the calculation of

Y1 - P2.

)

For ¢ = 0, in the product of ©\® = m,c105/ (222223) and

31,.2 11 11 21 31
0 A33T3 | Ag3TaT1 | Az A33Tz | Ayzls 21
P = (228 ZeTAT + + + A2 ) mocs
€y €Ty T2 ) )
)\22$ )\22ZE )\22SB )\3333
1141 212 22 2342 2243
+ + + A31 | mocs + + moCy,
€3 T3 Ty T1
. . m (& 3
the contribution of =222 term is
12275
22 22
M fagC123 )\11$1m o — )\11 mMyagC123
* O 3 -_— - a -
2393 T3 3 myxor?
Similarly for t = 2, we obtain
22 22
)\11$2m c MyfpgCl23 )\11 mygagCi123
0 3 e - 5.
T3 T17303 3 myxom?
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For t = 1, we consider product of

1) _ an ai2

Y1 = mgcas — (
TaZ3 13
b1 bio

— myCas + (
ToX3 173

and (a;; = aj; etc.)

1) a22 Q23

2 = mgcs1 — (
3T Lol
bao b3

— myCsy + (
T3y ToX1

T2a22 a13
—5—)Myc1z + (
T1T3 T1T2
Tobao bi3
2 Jmyers — (
T1T3 T1T2
Tr3a33 a21
5 )MgCar + (
T332 Tol3
x3b33 bay
5 )Mycar — (
Ty ToT3

and the coefficient of 1/(xz9x3) comes from

a11MgC23 — b11me23

(23 T3a33
+ 5 + Q—)mgclg
bas $3533)m c
—5 T 5 12
22 a2,
a3 r1a11
2 )mgCZS
b3 xlbn)m c
—5 23
22 2y T

A22MgC31 — b22mf031

T3

—a12myCi3 + biamycis

31

a12MgC23 — blsz023

T173 T2T3
$2(—a22mg013 + bzsz013) $1(a11m9023 - bnmf023)
313 313 '
We calculate above product using
o _ C123 - o o
023'031—013'623——6 yo My Mg =Mgrg, My =TMg =
and anticommutativity (we have mycos = —co3my etc. as all variables are of degree

. /\22 )\22 .
1) then we can see each terms above contribute =i, 0, “ times M frgCr23/ (T12273)

respectively. By summing up all those contributions for ¢t = 0, 1,2, we can see cj, =

A2 and we can recover rest of the Bhargava’s multiplication table using similar

argument.
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2.5 Comparing hypercohomology ring and global
function rings of n points

While our construction of the hypercohomology ring can be carried out for any com-
plexes with entries consisting of direct sums of O(—t) (t € Z-,) satisfying WTM
conditions, complexes of our main concern in the context of ring parametrizations are
those which become free resolutions for n distinct geometric points.

Suppose that a complex M, has entries consisting of direct sums of O(—t) and
has its maps given as integral polynomials of variables ai,as,---,a;. In the ring
parametrization context, those variables are usually given as coordinates of an alge-
braic form used to construct M,. We can say that M, has shape of generic resolution
over Z if M, considered as a complex over base of universal algebra Z[ai,--- ,a]
becomes minimal free resolution. If M, has shape of generic resolution, then there
is a Zariski open subset of Z[aq,- - ,q] such that M, is exact over QQ, because one
can consider intersection of all open subsets such that the rank of the each complex
map of M, is set to be maximum possible. It does not hold, however, that the subset
of Zlay, -+ , ] such that M, is exact over Z is Zariski open. For the quartic ring
parametrization example using two ternary quadrics f, g, the Koszul complex Ky, is
exact over Z if and only if f and g have ged 1 over integers, and the set of such (f, g)
is not Zariski open.

In this section we will compare the hypercohomology ring and the global function
ring, and show that nondegeneracy of rank n ring H°RT'(M,) is sufficient condition
for M, to be exact over Q for certain special classes of M, having shape of generic
resolution.

Let M, be a complex such that My = O, and let Z be image of M; — M,. One
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can consider a complex map M, — O/Z given as follows:

s M, s My —— O

Lo

y 0 y 0 —— O/T

One can check this map preserves DG-algebra structure, so it induces an algebra map
of hypercohomology HYRT'(M,) — T(O/Z). If we identify H'RT'(M,) with total
cohomology for I'(M, ® C,), then this map can be considered as the map induced
naturally from

I'M,®C,) = T((0/I)®C,)

so an element ¢ € HORT'(M,), represented as element in total cohomology

o= ¢ el (M®C)
is mapped to ¢©, the cohomology representative of p© € I'(My ® Cp) in [(O/ZT).
This corresponds to taking the part of ¢ in @;0,,, which can be considered as a
explicit expression of global function.

If M, is exact over Z, then the map M, — O/Z preserves all cohomology and
becomes quasiisomorphism. In this case it induces isomorphism on hypercohomology
so H'RT'(M,) ~ T'(O/Z). We discuss the case when the complex is only exact
over Q (M, ® Q exact) and show how we can compare global function ring with

hypercohomolgy in this case.

Theorem 2.5.1. Let M, be a complex satisfying WTM conditions with HORT (M,) ~
Z", and suppose M, ® Q is exact. Then the map H'RT'(M,) — T'(O/I) is injective

map between rank n rings. If M, is exact over integers, then this map is isomorphism.

Proof. We have shown that hypercohomology construction commutes with base change

when WTM conditions is satisfied. Meanwhile, M,®Q is exact, so the map H°RT'(M,) —
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['(O/I) is isomorphism when tensored with ®Q. This shows that H°RT'(M,) —

['(O/Z) is map of Z-modules of rank n which is injective. O

The index of inclusion HRT'(M,) < T'(O/Z) can be explicitly calculated if free
resolution of O/Z over Z is given. Let N, be a free resolution of O/Z. Then one can
find the map M, — N,. As T'(O/Z) ~ H°RT'(N,) and we know that it is rank n ring,
we can consider its Z-basis and construct corresponding elements in total cohomology
of T(N, ® C,). Meanwhile, the basis element of H°RI'(M,) can be described as total
cohomology element of I'( M®C,), so we can consider its image inside I'( Ne®@C,). The
index |I'(O/Z) : H°RT'(M,)| becomes the index of the Z-module by those elements
in I'( N, ® C,).

FExample. We consider the example of quartic ring associated to pair of ternary
quadrics f,g. If f,g has no common components and has ged 1, then Ky  is ex-
act and hypercohomology becomes identical to global functions. If f, ¢ has integral
ged d > 1, then Ky, is exact over Q but not over Z. In this case, the free resolution

for O/ = O/(f,g) is given as follows: (f = dfy, g = dgo)
’C/ . O(_4) (_907f0)t (9(—2)2 (fvg) O

The map from Ky, to this complex should be given that O(—4) — O(—4) is multipli-
cation by d. As both s, and K’ satisfies the WTM conditions, we can also consider

the exact sequence

0—Z— H°RT(K;,) — H*(O(=4)) = 0

0—Z— H°RT(K') — H*(O(—4)) — 0.

By comparing two sequences, we can see the map from H°RI'(K;,) to H°R['(K')

acts as multiplication by d on basis elements except 1. This shows that the index
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|HORT(K,,) : HORD(K')] is d*

How can we characterize conditions for M, to be exact? In the context of ring
parametrizations, we usually consider a family of complexes having the shape of
generic resolution of n points in projective space. If the complex becomes a resolution
of n geometric points over Q, then H°RI'(M,) ® Q is isomorphic to global functions
on n points, so it should be nondegenerate rank n algebra over Q. We would like to
show converse statement that nondegeneracy of H°RI'(M,) implies exactness of M,
for M, having certain specific shape of generic resolution, including n points in P2
in linearly generic position (no n — 1 points on a hyperplane). The following result is

first preliminary step in showing it.

Theorem 2.5.2. Let M, satisfy the WTM conditions, and assume that its hyperco-
homology ring H°RT'(M,) is nondegenerate. Then the map H°RT'(M,) — T'(O/I) is

mjective.
Proof.

Lemma. A rank n ring is nondegenerate if and only if it does not contain nonzero

nilpotent element.

Proof. (<=) If a ring R is degenerate, then there exists an element x € R such that
Tr(xy) = 0. In particular Tr(z*) = 0 for all k, so the matrix m, representing
multiplication 7 +— rz satisfies Tr(m%) = 0. This implies that all eigenvalues of m,,
should be zero so m, should be nilpotent. As m” =0 maps 1 to z", 2" = 0.

(=) Suppose z is a nilpotent element. If z € R is nilpotent element, then Tr(z) =
Tr(m,) = 0. Considering this for nilpotent element xy leads to that Tr(xy) = 0 for

all y € R. O

Suppose that map H°RL(M,) — T'(O/Z) is not injective. When we express

hypercohomology elements using the Cech complex, an element ¢ € HRT'(M,) which
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can be expressed as

p=> o D eT(M&C)

is mapped to ¢ in I'(O/T). If ¢ is mapped to zero in I'(O/Z), then p* € Cy = BO;
consists of functions in O; which is in O; ® Z. Thus w(o) is in image of d_, map
of My — O. Write ¥ = d_(u) for u € (I'(M; ® (p)), then we can consider
¢ — (d_, +dy)(u) as representative for o in HT'(M,), equivalent to letting ¢(©) = 0.

Meanwhile, the multiplication on I'(M; ® C;) works as
(M@ Cy) @ (M5 @ C5) = Myys ® Cys.

By considering this degree, ¢(®) = 0 implies that components of ©* in My®Cy, - - - , Mj_1®

M,y are all zero. This shows that o™ = 0 so H°RI'(M,) is nilpotent. O

2.5.1 Free resolutions of n points in P2

Theroem 2.5.2 shows that if H°RI'(M,) is nondegenerate then one can construct
rank n nondegenerate ring inside global function ring. Our argument will proceed as

follows:

e Use Nullstellensatz to construct n geometric points using the image of rank n

ring inside I'(O/I).

e Show that those n constructed points satisfy certain generic property regarding

their positions, by exploiting the explicit expression of global function.

e By comparing M, and free resolution of n points constructed, conclude that
M, itself should be free resolution, and V(Z) should exactly consist of those n

points.

In the rest of this section, we will prove those statements for n points in P*~2, and

the generic property of n points associated is that points are in linearly general
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position - no n — 1 points on a hyperplane. These arguments can be adapted to
other cases when the shape for free resolution is completely known. For example,
the ring parametrization model of Chapter 3 uses these properties for the case of six

points in P? not on a conic.

Proposition 2.5.3 (Minimal free resolution of n points in P"~2). Let X be a set of
distinct n geometric points in P"2 in linearly general position: no n — 1 points are

on a hyperplane. For n > 4, the minimal free resolution of X s of following form

(O - O]}Dn—Q)
O(—n) = O(=n 4 2)Prn=2 5 ... 5 O(=2)"2 - O

and for n = 3 it is of form O(=3) — O. Here the betti numbers B, are given as
n—2 n
Bk =n("y") — ”(k+1)'

See ([46], Theorem 138): it is stated that there are several potential proofs possi-
ble.

If M, is minimal free resolution of n points in P"~2, then H'RT'(M,) ~T(O/Z) =
['(V(Z)) is isomorphic to global function ring on n points, so it should be rank n

nondegenerate ring. I claim that converse of this statement holds.

Theorem 2.5.4. Let M, be a complex of sheaves on P2 having Betti numbers
of minimal free resolution of n points in P"=2 in linearly general position. If R =
H°RT(M,) is rank n nondegenerate ring, then for I the image of My — My, V()

consists of n points in P"~2 in general position.

Proof. Denote Z as image of the map M; — M, and denote X = V(Z). As R
is nondegenerate, we can find n distinct embeddings p1,---,pn : R — Q. Note
that M, satisfies WTM conditions, and its Tschirnhausen module is isomorphic to

H"2(O(—n)). Let pg = 1 € R, and denote ¢; as element of R whose image under
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the map R — H"2(O(—n)) in the sequence of Theorem 2.3.3
0—=7Z—R—H"?0O(-n)) =0

can be identified with 1/(z129 - - zp_12;). As R injects inside I'(X), we can consider
©; as a global function on X too.

We construct n geometric points on X using R C I'(X). In particular, we want
to show that for j = 1,--- ,n there exists a geometric point p; of X such that ¢;
takes value p;(;) at p;. Consider kernel of p; in R® Q. As R®Q C I'(X ® Q), one
can construct a maximal ideal I of I'(X ® Q) containing kernel of p;. By the weak
Nullstellensatz, there exists a point p; of V(I). Then ¢; — p;(¢;) € I vanishes on pj,
so we have ¢;(p;) = p;j(p;) for all i where ¢;(p;) denotes the evaluation of ¢; at point
pj.

Denote ¢;; as a representative of global function ¢; in the open subset D(x;) of
P22 If we identify ¢; with total cohomology element of T'(M, ® C,) and consider
representation @; = > gpgt) for t € I'(M; ® Cy), then ¢;, is the component of <,p§°) €
[(Cy) = &, I(Oy) in T'(Oy).

U and lift the

We remind that <p§t) is constructed via taking map of M, to ¢
element with respect to map of Cech complex, for t = n —1,---,0. For the case
of ¢;, we started from goin_l) = 1/(x1x9 - x,_17;), and all components of gogt) were
obtained from multiplying by polynomials and splitting the image into monomials
having specified denominators. This shows that all monomials occuring in compo-
nents of %@ should be polynomial multiples of 1/(xyzg---x, 12;). But we have

[(Oy) ~ Zlxy[xy, -+ 21 /4], 50 gO(t) € I'(O,) is of form

%

_ (polynomials in zy,- -+ ,2,_1)
Pit = k
Ly

for some k. From the condition of it being 1/(x1x9 - - - 2,12 )-multiple, it follows that
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k =1ifi #t, and we can write ¢;; = l;;/x; for some linear forms /;; in variables
Ty,-r 3 Tn—1-

We combine those two properties
* vi(pj) = pj(p;) for all 7, j, t
o v, =1l;;/xy for i #t, l;; linear forms

to show that points py,--- ,p, are in general position: no n — 1 of them on a hyper-
plane. Suppose on the contrary that pq,--- ,p,_1 are on a hyperplane determined by

a linear form [. We consier

@i =i — pi(pn) €eT(X)®Q

then ¢; vanishes on p,,. Let

v; = (Gi(p1), @i(p2), -+ Pi(Pn-1))-

Then
1 1 cee 1 1
(=1)" " det(vy, -+, v,_1) = det 1(p1) 1(p2) 1(Pn-i)
(1) (Pno1(P2) - Paa(Pa1) O
1 1 cee 1 1
ei1(p1)  wip2) 0 @i(Pac1)  Pi(pn)
= det
(Pn71<p1) Spnfl(p2> te 90n71<pn71) Sonfl(pn>

= det (pj((pi—l))i,jzl,...,n (900 - 1)

= /Disc(R) #0
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SO V1, V9, -+ ,Un_1 are linearly independent.

Consider the following n — 1 functions on D(z;) N X:

. . [
P2,y Pn—1, -
I

By considering ¢; ;+ = l; /1, we know all of those can be represented as (linear form)/x;
on X. If those n — 1 linear forms corresponding to those functions are linearly de-

pendent, then there exists constants cq, - - -, ¢,_1 such that
[ - .
G +cepa+ -t e1on1 =0.
1

Meanwhile, if we consider their evaluations at py,---,p,.—_1, then [ vanishes on all

those points, so we have

(02952(1%) +oe Cn—1805—1(?9k))k=1,m,n—1 =CUg + -+ + Cp1Up—1 = 0.

As vy, -+ ,v,_1 are linearly independent, we have ¢co = c3 =--- = ¢,_1 = 0, and this
implies ¢; = 0 as [ # 0. This is contradiction, so n—1 linear forms [, gox1,- -+ , ©n_ 171
are linearly independent. In particular those span any linear forms, so one can find

constants such that

al l ~ ~
l=—=a—+cp+ -+ capn
T T
If we consider their evaluations at py,ps,--- , pn_1, We have

(17 17 Tty 1) =CUg+ -+ + Cp—1Pn—1-

: : : : —n—1
Meanwhile, we have vy, - -+, v,_; linearly independent so they form basis of Q" so
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there exists unique dy,--- ,d,,_1 such that

(L,1,---,1) =dyvy + dovg + - - - + dpp—1Ppn—1

and the above observations show d; = 0. Similarly by considering @1, @3, - -+ , o1,/
and showing their linear independence, we obtain ds = 0. In this way one can show all
d; are zero, which leads to contradiction. Therefore we can conclude that p{,-- -, p,_1
are not on a hyperplane.

It finally remains to show that there are no additional points in X other than
D1, Pn. Suppose there is a point ¢ € X. We can consider a morphism R — Q
which is given as evaluation at ¢q. As evaluation of 1 is 1, this morphism is nontrivial
so it should be identical to one of p;. This implies ¢;(q) = pi(¢;) = @;(p;) for all
7=0,--- ;n—1.

Suppose ¢ # p;. We remind that ¢;, is of form [, /x; for some linear form [;;.
The dimension of linear forms [ such that [/z; takes same value at ¢ and p; is n — 2.
It follows that n — 1 linear forms x; and ly;,---,l,—11 are linearly dependent, so
Yo, P2, ,pn_1 are also linearly dependent, contrary to that they form basis of R.

Therefore we should have ¢ = p;, and X consists of exactly n points of py,--- ,p,. [

We will show that one can actually determine explicit coordinates of those n

points in P*~2 if more information on the hypercohomology ring is given. Let R be a

*

nondegenerate ring, and o, ay,- -+, 1 be its Z-basis. Its dual basis of, -+, a4

consists of elements af € R ® Q satisfying that

1 ifi=j
tI'R/Z(OéiOé;) = 51']' =
0 ifi+j.

If p1,--- ,pn : R — C are distinct embeddings of R into C, then those dual basis
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elements satisfy following two identities

n

Zﬂk(ai)f)k(a;) = 0yj, Zpi(ak)Pj(OéZ) = 0y

k=1

The second one follows from the first considering that

(pi(a;))ii(pi(ai))ig =1 = (pi(a]))ij(pi(a;))i; = 1.

Proposition 2.5.5. Let C be a complex of sheaves on P"~2 having form of reso-
lution of n points in P"2, and suppose R = H°RI'(C) is nondegenerate ring. Let
Pl pn be distinct embeddings R ® Q — C. Let oy, - , a1 be elements of R
which are preimages of 1/(xy -+ xp_12;) fori = 1,--- n — 1 respectively under the
map R — H"2(O(—n)) given in the Theorem 2.8.3. Then coordinates of the n points

determined by C are given as

pi = [pi(ad); pi(az); -~ 5 pilag, )]

Here af, -+ ,00_1 € R®Q s dual basis of 1 = ag, aq, -+, 1.

Proof. Let py,--- ,p, be points such that evaluation of global functions at p; is iden-
tical to the map p; : R®Q — C. As py,---,p, are in linearly general position, there

exists some affine coordinates satisfying

Pr = [yl,k:;yQ,k; T ;ynq,k], Zyzk =0,
k=1

and such choice of y; ; is unique up to constant multiplication to all y; .

For i,j = 1,--- ,n, denote ¢; ; be a global function on D(x;) corresponding to
1/(x12a -+ Tpo12;) € H"2(O(—n)). To put this more exactly, ¢; ; is the component in
D(Oy;) ~ Zlxy, -+ 2p_n, '] of a global function corresponding to 1/(zyxy - - - 2,_12;) €

J
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H"2(O(—n)) via the map

H°RI'(C,.4) = T(0/T) C @PT(O,)).

We know that for i # j, ¢; ; is represented as a linear form in x4, - - - , z,,—1 divided
by z;, and ¢, ; is represented as a quadratic form xy, - - -, x,,_; divided by 2?. So ¢; ;z;
becomes a linear form in zy,--- ,z,_1, either when i = j or 7 # j.

Claim. Fori # j, @;x; — @j;x; 15 equwvalent to a linear form modulo I, where I is

image of O(=2)bn2 — O.

Proof. We identify a; with a total cohomology element in I'(C ® Ceeer), and consider
@i ; as component of a; at I'(O,,) in I'(O ® @j O,,;). Then a; - z; can be identified

as a total cohomology element of the following sequence

CRO1):0(-n+1) = O(=n+3)""2 = ... = O(=1)"2 = O(1)

if we regard z; as a global section of O(1). Component of a;z; at I'(O,,(1)) is given
as i j - ;.

Meanwhile, if we consider the hypercohomology spectral sequence H'(M;) =
H™ RT(M,) obtained from the above sequence, its Fy page consisting of terms of

the form H'(M;) looks like

0 0 0 H°(O(1))
0 0 - 0 0
H™2(O(=n+1)) 0 --- 0 0

so the spectral sequence is stablized at FE,, and its filtering at degree 0 becomes
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equivalent to the following exact sequence
0— H°(O(1)) = H°RT(C® O(1)) — H" *(O(—n + 1)) — 0.

Now consider a;z; — ajz; in HYRT'(C® O(1)) and its image in H"?(O(—n+1)) with
respect to the above map. If we identify hypercohomology with the total cohomology
element I'(C ® O(1) ® Ceeen), then the above map into H" ?(O(—n + 1)) works by
simply taking O(—n + 1) ® O,,...,, _,-component of total cohomology element. As
O(—n)-component of «; has 1/(zy - x,—12;), oz, — ojx; is mapped to zero, so it
should come from global linear form H°(O(1)). This means that there exists a linear
form [ such that a;z; — a;x; — [ is zero in total cohomology. In particular, if we

consider the component at I'(O,,(1)), it implies
;% —pjjx; — 1 =0 (mod 7).
As we know that ¢; ; = ¢;;(mod Z), we have the desired conclusion
i iTi — 0575 =1 (mod Z).

[]

We substitute the coordinate of p; as x; = y; x, and add by all k = 1,--- ,n. By
the above assumption that >, v;x = 0, applying this for any linear form gives zero.

Additionally noting that

Dijlpe = prlas)

we have (i # j)
0= (pijr)lp = Y orlcs)yjk
P k
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and

0= (@i — 02 )l = > pr(0)yin — Y pi(0)yjn-
k k

k

Therefore we have

> pilan)yn = C -6

k=1

for some C. By comparing it with
Zpi<ak)pj(@;;) = dij,
k=1

we conclude that y; is C' times p;(«;), showing that

Pe = (Vi Yok s Un—1.k] = [pe(a)); pr(ad); - 5 pr(ad_1)];

2.6 Generalizations to arbitrary base and other
spaces

So far we considered complexes of sheaves on P consisting of of direct sums of
O(—k), and considered structure of their hypercohomologies H*RT'(M,). The first
motivation for the hypercohomology construction was to generalize this construction
for Og-algebras over base scheme S, and it served this purpose successfully in [47] and
[49] (precursor works including [36] and [16] can be also said to be in this spirit.) We
discuss how some of our above results can be generalized in this generalized setting.

Meanwhile, one might discuss degree n covers coming from bundles on spaces other
than P¥: for example, the ring parametrization model in the Chapter 4 will consider
some six points in P! x P!, One can consider hypercohomology of sheaves on space X

for such situations, if proper tools for calculating cohomology on X is provided. We
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will discuss how can construct a analogous complex to the Cech complex for a space

other than P*, in particular for P™ x P2,

2.6.1 Hypercohomology over base scheme

Let S be a scheme, and V be a locally rank n Og-module. We now consider a
complex of sheaves on P(V'), and its hypercohomology H' R, for structure morphism
m:P(V) — S. Note that for S = SpecZ we have Rm, =T

We consider complex of sheaves having similar form, now over base S. On P(V),

we can still think of sheaves O(k) = Op(y(k), and it also holds that

Symkv ifiZO,kZO
H'Rr,O(k) = { (Sym™*"V)* @ (\"V)* ifi=n—1,k< —n

0 otherwise

\

By applying the hypercohomology spectral sequence R/, (M;) = H™ I RIT(M,) to

complexes of same form in Theorem 2.3.3, one can show the almost identical result.

Theorem 2.6.1 (Theorem 2.3.3 over arbitrary base). Let M, be a complez of sheaves
on P(V') having form

My:0— M_j— M_g—1y— -+ — My—0

satisfying that

o cach M; is direct sum of O(—t) (t € Z~),
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o The cohomology of the sequence
0 — RFfr (M_p) = Rfm,(M_jp1) — -+ — RFr (My) — 0

vanishes at all places except the first place H*(M_y,). Cohomology module T at

: : n—1
first place becomes isomorphic to OF .

Then we have an ezxact sequence of Og-modules
0— Og — H°Rr,(M,) — T — 0.

Also H'Rm,(M,) =0 for 1 > 0.

This generalizes the procedures of [47] and [49]. Also, flat cohomology implies
cohomology functor commuting with base change, so we have the following result

too.

Corollary 2.6.2. The hypercohomology H°Rm,(M,) commutes with base change of
S: for 8" — S,

HOR(75)« (M ®0,,, Orvassy) = (H'Rm.(M,)) ©og Of.

(Here (mg)!, denotes image of m under base change functor ®gS".)

Also a DG-algebra structure on M, induces a Og-algebra structure on H° R, (M,),
and this algebra structure also commutes with corresponding base change. This base
change property also suggests that the Cech complex can be used in computing the
hypercohomology for nice complexes when the base is affine. Here the Cech complex

on P§ can be defined as Co(P%) = Co(P}) ®0,, Ops.
yA

Corollary 2.6.3 (Theorem 2.3.7 over affine base). Let S be affine, and suppose

that M, is a sequence of sheaves on P% whose summands are all direct sums of O(t).

76



Hypercohomology of H'RT'(M,) is isomorphic to the ith total cohomology of the double
complex m,(My @ Co(PE) of S-modules.

2.6.2 Hypercohomology over other spaces

It is also possible to apply the hypercohomology construction to complexes of sheaves
on a space X other than P*. For a complex of sheaves M, over a Z-scheme X,
we can consider the following analogue of Theorem 2.3.3 can be established under
rather mild condition. The same proof using the hypercohomology spectral sequence

HI(M;) = H"™RI'(M,) can be applied.

Proposition 2.6.4. Let M, be a complex of sheaves on X
My :0—>M_p —---— My—0.

Suppose that H'(M;) vanishes for all (i,j) except (i,7) = (0,0) and (i,5) = (k, —k)

and (i,7) = (k,—k +1). Then we have the exact sequence of Z-modules
0— H°(My) — H°RT'(M,) =T — 0

where T is kernel of H¥(M_y,) — H*¥(M_p41).

We also want to establish an analogue of the explicit construction given in Theo-
rem 2.3.7, which used the Cech complex for P*. Let Vi, Vs, -+, Vi be affine subsets
covering X, and denote Vi = N;e,V; for I C {1,--- ,k}. Denote Oy, as the pushfor-
ward of structure sheaf of V; by the inclusion V; — X.

We can define Cech complex for the cover (Vi,---, Vi) as the complex

C.(X;(Vi)i):O%@OVI%@OV,—%--@OVI—>0.

1|=1 |I]=2 \1|=k
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The maps Oy, — Oy, follows the similar rule as Cech complex above. (If J =
TU{j} and j is kth element of then it is (—1)*~! times the restriction map, and zero
otherwise.) It is also possible to give a DG-algebra sructure on Co(X;(V;);) which

follows the same formula as the one in Proposition 2.3.5.

Theorem 2.6.5. (1) (Generalization of Theorem 2.3.7) Suppose that a complex C,
of sheaves on X satisfies that H'T' (M @ C,) ~ H'(M) for any quasicoherent sheaf
M. Then for any complex M,, the hypercohomology H'RI'(M,) is isomorphic to
HTotI'(M, @ C,).

(2) (Generalization of Theorem 2.4.2) Assume that Cy has a DG-algebra structure
such that there exists a map O — Co which becomes unit. Also assume that all entries
M; ® C; of My @ Co are I'-acyclic. Then for M, having DG-algebra structure, the
multiplication structure naturally induced on H'RU(M,) coincides with multiplication

structure on H°TotT' (M, ® C,) induced by total tensor product.
Proof for both parts are carried out in identical way:.

Proposition 2.6.6. The Cech complex Cy(X; (V;);) with DG-algebra structure de-
fined in the Proposition 2.4.5 satisfies all assumptions of above theorem for any M,

consisting of quasicoherent sheaves.

Proof. Note that M ® Oy, is isomorphic to restriction of M on the affine subset V;.
As quasicoherent sheaf on affine subset has zero cohomology, M ® Oy, is I'-acyclic.

Also the complex I'(M & C,) has form

T(M&C,): 0 @rV, M) - Prv,M) —-- TV, M) -0

[7]=1 |I]=2 =

so its ith cohomology becomes isomorphic to the Cech cohomology H*(M). Properties
of the DG-algebra structure on Co(X; (V;);) can be shown by following the identical

proof to the Proposition 2.3.5. O]
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For the case of space X; x X5, one can use tensor product of two Cech complexes

instead. This result will be extensively used in Chapter 4 for the case of X = P! x P!

Proposition 2.6.7. Suppose C{V = Co(X1; (Vi)i) and c® = Co(Xo; (W;);) are Cech
complexes for open covers (Vi) and (W;) of X1 and X, respectively. Suppose that
M, on Xy x Xg consists of direct sums of form M X N for M, N sheaves on Xq, X5
respectively. Then the complex Tot(C’fl) X C’SQ)) of sheaves on X1 x Xy satisfies all

assumptions of above theorem for M,.

Proof. By the above proposition we have
H (X, M) ~ H'TotT' (M @ C\V), H(Y,N) ~ H'TotI'(N @ C{?.
According to the Kiinneth formula

H™X xY,MRN)~ @ H"(X,M)& H(Y,N),

ptg=m

we can deduce

P HY(X,M)® HY(Y,N)

ptrg=m

~ B H'TotI'(X, M @ C{V) ® H'TotT'(Y, N ® C{?)

ptg=m

~H™T(X x Y, Tot(M X N) ® Tot(C{V ® C)

as outer tensor product commutes with tensor product ((M; ® M) X (N} ® Ny) ~
(M; X Ny) ® (My X Ny)). Also the DG-algebra structures on ) and € induces
multiplicative structure on Tot(Cfl) X CP), and O — Tot(CY K CE) becomes unit.
To check all entries of M ® Tot(Cfl) X CSQ)) are I'-acyclic, we note that its entries
are direct sums of M ® (Oy X Oy ) for open affine subsets VC X and W C Y. As

Oy X O ~ Oyyw, M@ (O KOy ) are supported on affine subset V' x W so should
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be I'-acyclic. O

We particularly consider the example of X = P! x P!. Let 2,29 and ¥,
be the projective coordinates of first and second P! part respectively (so that X is
isomorphic to ProjZ[xy, z3] X Proj Z[y;, y2]). Denote O(my, my) as O(my) X O(my).
For mqy,my > 0 or my, ms < 0, its cohomologies can be calculated using the Kiinneth

formula as

HO(P' x P!, O(my,my)) = H*(P', Op1(my)) @ H(P', Op1 (my))

= (degree (my, my) part of Z[z1y1, T1Y2, T2y1, T21p)),
(degree my in 1, x5 and degree mo in yi,ys)

HY(P' x P!, O(my, ms))
= H°(P', Op1(my)) @ H' (P, Op1(my)) @ H* (P, Op1(my)) @ HY(P', Op1 (my))

=0
and

H2(P' x P, O(my, ms)) = HY(P, Opi (m1)) @ H (P, Op (n))

1
= (degree (mq,ms) part of ———Z[z7', 25 vt va ).
(degree (mq,ms) p—— [y ey )

As in the above proposition, we can also calculate the cohomology using the the total

tensor product of two Cech complextes Cy (P*; (D(z1), D(x3))) and Co(P; (D(y1), D(12))),
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which is given in the form of

0
_>OD(x1y1) ® OD(xlw) ® OD(myl) ©® OD(myz)
_>OD(901?J11/2) 57 OD(mylzn) D OD(x1x2y1) 2 O|D(:c1m2y2)

_>OD(x1w2y1y2)

—0.

When we take tensor product with O(my, ms) and take global section functor, its H?
can be identified with set of all degree (mq, m) Laurent polynomials in x;y; (corre-
sponding to I'(Op(a,zay142) (M1, M2)) modded out by terms having positive degree on
any of 1, s, y1,72. This coincides with the above description for H2. We note that
the above tensor product is slightly different from the Cech complex obtained from
the cover {D(x1y1), D(z1y2), D(x2y1), D(x2y2)} of P! x P! but one can show those

are chain homotopic anyway.
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Chapter 3

Sextic rings associated to 3 X 3 X 5

forms

3.1 Introduction

In this chapter, we suggest a method of constructing a sextic ring (an integral ring
of rank 6) from a 3 x 3 x 5 integral form A € V(Z) = Z* ® Z* ® Z°, where (G,V)
is a a representation of a algebraic group given as (G(Z),V(Z)) = (SL3 x SL3 x
GL5(Z),7? @ 73 @ 7).

Our construction of the sextic ring will provide explicit multiplication coefficients

for the sextic ring. For 1 = aq, ay,- -, a,_1 the Z-basis of rank n ring R, its multi-
plication coefficients are defined as integers cfj satisfying oo = Z;(l) cfjak. For a

form A € Z° ® Z* ® Z°, multiplication coefficients ¢};(A) of our ring R(A) will be
given as polynomials in entries of A which behaves well under the natural action of

G on A.

Theorem 3.1.1. For a form A € Z3QZ3QZ>, there exists a sextic ring R(A) with a
Z-basis such that its multiplication coefficients cfj(A) are given as integral polynomials

of entries of A.
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For an action of (g1, g2, 93) € G(Z) = SLg x SLg x GLs(Z) on A, c};(A) are invariant
under SLs x SLsz-action, and R(g3A) is isomorphic to R(A) in the following way: if
(1 =g, a1, ,a5) is basis of R(A), then R(gsA) is isomorphic to the ring having

basis 1,a, -+ , & where &; = det(gs) Z?Zl(gg)ijaj.

This result suggests that the discriminant of the sextic ring R(A) is a polynomial
in entries of A which becomes a relative invariant with respect to the action of G =
SL3 x SLs x GL5. Denote Disc(A) = Disc(R(A)) as this degree 60 invariant. We
also note that this construction can be generalized over any base ring S: for A €
V(S) = 5% ® S? ® S°, the same algebraic formulas for cfj can be used to define a
sextic S-algebra R(A).

The construction of R(A) can be linked to six points in P? determined by certain

system of equations arising from A. For A € V (k) over an algebraically closed field

k of characteristic zero, consider the scheme

5 T1Yy1 T1Y2 T1Ys

Xa=1 (,y.t) PP x P} Y A= | ooy zoys 7oy

- T3Yr T3Y2 T3Y3
where we consider A as a 5-tuple (Ay, Ay, A3, Ay, As) of 3 x 3 matrices A; € Z* @ Z3
and © = [z1;x9; 23],y = [Y1;¥2; y3),t = [t1;- -+ ; z5) denote projective coordinates. Let
X:a,%, 4, %X,4 be projections to X4 onto P2, IP’Z, P} respectively. By considering
classical geometry of the Segre embedding and its degree, we can expect that X4
consists of six distinct points for generic A. We will show that the condition for X4
to become six points is exactly given as Disc(A) # 0, and this construction gives an

interpretation of 3 x 3 x 5 forms as moduli space for six points in P2,

Theorem 3.1.2. Let k be an algebraically closed field of characteristic zero. For
A € V(k), X4 consists of distinct siz points if and only if Disc(A) # 0. For such

A, X; 4 consists of six points in linearly general position (no 5 on a hyperplane), and
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X, 4 consists of distinct siz points of P* not on a conic. If we denote Vpio C V as
open subset of V' satisfying Disc # 0, there is a one-to-one correspondence
siz k-points in P?

Vpzo(k)/G(k) < /PGLs(k)

not on a conic

gwen by X, 4.

Theorem 3.1.3. Let k be a field of characteristic zero. For A € Vpio(k), Xa is

isomorphic to Spec(R(A)).

Finally, we would like to consider how orbits in Vpo(Q)/G(Q) behave with respect
to the construction of R(A). While I could not find the exact arithmetic object which
exactly corresponds to Vpo(Q)/G(Q), I could construct an invariant element s in the
sextic resolvent algebra of R(A) which we will define later in this work, and show that

the pair of (R = R(A),s € §) can specify corresponding elements of Vpo(Q)/G(Q).

Theorem 3.1.4. Let R be a nondegenerate sextic Q-algebra, and S be its sextic
resolvent algebra (with respect to outer automorphism of Sg). For A € V(Q) such
that R(A) ~ R, one can construct s € S corresponding to A satisfying following two
properties.
(1) For iy, 9, -+ ;b : S — C be the distinct embeddings, [W1(s); - ;v6(s)] € P
becomes image of Y4 under the map W : (P?)8 — P° of relative invariants of siz
points in P? (defined in Section 2.3).
(2) We have

16trg/g(s!) — 4trg/g(s®)® = Disc(A).

For such A, the mapping A — s is exactly 2-to-1.

The construction of the sextic ring R(A) uses the method of the hypercohomology

construction, which are outlined in detail in the Chapter 2 of this thesis. Asin [47] and
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[49], we will consider complexes of sheaves on some projective space with DG-algebra
structure, and show that their hypercohomology rings with (its multiplication induced
naturally from DG-algebra structure) turn out to be rank 6 ring. We will consider
two complexes C, 4 and C; 4, which become minimal free resolution for X, 4 C P2 and
X; 4 C P respectively for generic A. It follows that H°RI'(C, ) and H°RT(C; 4) are
isomorphic sextic rings, so we can call both of them R(A).

Construction of C; 4 and C; 4 relies heavily upon the geometry of X4, which can
be studied in various perspectives. One possible approach is to consider X, as a

determinantal variety. By eliminating variables z,y in X 4, we obtain

Xoa={t € P rank(t;A; + - +154;5) < 1}

which can be interpreted as intersection of determinantal variety consisting of 3 x 3
matrices which has rank 1 and the hyperplane spanned by A;,---, A5. Lascoux in
[34] exhibited minimal free resolution for this degree 6 variety and named it ‘Scan-
danivian’, and Casnati in [14] generalized this construction to give degree 6 covers
of general integral scheme. The construction of C; 4 is also suggested, though it does
not give the explicit formula.

Meanwhile, one can consider 3 x 3 x4 forms instead via the castling transformation,
which establishes equivalence between generic open orbits of 3x3x5 forms and 3x3x4
forms. The equivalence classes of 3 x 3 x 4 forms over algebraically closed field of
characteristic zero were completely characterized by Ng in [38] using the property of
certain determinantal varieties. In this process, one can show a set of six points in P?
not on a conic corresponds to orbit of 3 x 3 x 5 forms over algebraically closed field
of char(k) # 0.

We can also look for the invariants of six points in P? and discuss how those invari-

ants of X, 4 and X, 4 behave. The invariants of six points in P? were fully discussed
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in [23] and [33], and they can be described in polynomials of coordinates whose con-
struction involves properties of an outer automorphism of Sg. This appearance of
outer automorphism indicates that those invariants of X, 4 should relate to the sextic
resolvent algebra of R(A) for outer autormorphism. This perspective also suggests
that X, 4 and X, 4 are in the Gale transform of each other (see [27] for the definition
of Gale transform), and one can view 3 x 3 x 5 forms as moduli space for two sets of
six points in P? which are in Gale transform.

Combining all of those geometric results to establish above main results on prop-
erties of R(A) will be the second original work of this chapter (with the first being
explicit construction of R(A)). We briefly describe the outline of this chapter as
follows. In the Section 3.2 we will first review earlier works regarding geometry of
3 x 3 x 5 forms and 6 points in P2, and formulate results which can be applied directly
to 3 x 3 x 5 forms. Those earlier results already suffice to prove some part of the
Theorem 3.1.2 - correspondence of certain generic 3 x 3 X 5 orbits and six points on
P2, In the Section 3.3 we construct R(A) either by providing an explicit description
of multiplication coefficients or by using hypercohomology construction. By using
the properties of R(A) and hypercohomology of complex for six points in P*, we can
show the open orbit corresponding to 6 points in P? not on a conic exactly becomes
Disc(A) # 0, completing the proof of Theorem 3.1.2. In the Section 3.4 we will explore
what happens when A € V(Q), and construct an irrational invariant of V(Q)/G(Q)
which sits inside the sextic resolvent algebra of R(A). We will prove the Theorem

3.1.4 that this invariant suffices to provide sufficient information for characterizing

orbit of V(Q)/G(Q).
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3.2 Geometry of 3 x 3 x 5 forms

We review our notation briefly before we start. Throught this chapter, denote (G, V)
as the representation of 3 x 3 x 5 forms of algebraic group G = SL3 x SL3 x GL5. We
represent an element A € V(Z) or V (k) (k: field) as a 5-tuple (Ay, Ag, A3, Ay, A5) of
3 X 3 matrices A; € Z> ® Z* (or k* ® k?). For such A, define

5 T1Y1 T1Y2 T1Y3

xA = (.’L',y,t) . ]P)i X ]P)Z X ]P);1 . ZtlAl = | xoy1 ToYo ToVYs
i=1

T3Y1r X3Y2 T3Y3

and denote X, 4, %,.4, X4 as its projections to P2, P2 P} respectively. Under the

following shorthand notation (x = (x1, x2,z3)" and y = (y1, 2, y3)" )

T1Y1 T1Y2 T1Y3

Alt) =ti A1+ -+ 1545, ' = | 2oyt 20ys Ty | -

T3y X3Y2 T3Y3

we can write

Xpa={reP?: Jy tst Alt) = oy}
%y,A = {y cP?: dx,t s.t A(t) = xyt}

Xia={teP" 3r yst Alt) = 2¢'}.

All matrices which can be represented as xy' for some z,y are exactly those
having rank 1, and the projective subset of all such matrices P® ~ P(Matsy3) can
be interpreted as the image of the Segre embedding P? x P2 — P®. As this Segre
embedding is of codimension 4 and degree 6, so intersection of its image and a generic

hyperplane {A(t) : t € k°} of projective dimension 4 becomes a set of six distinct
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points. Thus for such case X; 4 become six points in P*. As SLj x SL3 x GLs-action on
Aactson X4, Xg 4, Xy 4, Xia correspondingly as induced projective isomorphism on
P2 xP? x P* and its parts, properties of X 4 only depend on SL3 x SL3 x GLs-equivalence
class of A.

In this section, we would like to explore geometry of X; 4 for A € V (k) where k is
algebraically closed field of characteristic zero. We will prove the part of the Theorem
3.1.2 which does not involve properties of R(A), which would be equivalent to the

following statement.

Proposition 3.2.1. Let k be an algebraically closed field of characteristic zero, and

let Ae V(k). If X,.4 consists of distinct sixz points, then following properties hold.

o Siz points of X, 4 C P* are in linearly general position (no 5 of them on a

hyperplane).
e Siz points of X, a4 C P? and X, 4 C P? are not on a conic.

Denote V,.q.(k) as the subset of such A € V (k). Then there is a one-to-one corre-

spondence

_ _ six k-points in P? _
Vot (R)/G(E) & JPGLy(F)
not on a conic

given by A — X, 4.
The proof of the Theorem 3.1.2 will be completed after we construct an invariant

Disc(A) as discriminant of R(A) and show that V, 4 is actually given as Vp, the
set of A such that Disc(A) # 0.

For the proof of the Proposition 3.2.1, we will use the complete classification of
all 3 x 3 x 4 forms given in [38] up to SLs x SL3 x GLg4-equivalence, and utilize a

correspondence between certain generic 3 x 3 X 4 forms and 3 x 3 x 5 forms. While
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this correspondence does not lead to the complete classification of all 3 x 3 x 5 forms,
it should suffice to classify orbits of 3 x 3 x 5 forms in V,, 4. After figuring out what

Vy.a. 18, we can show the properties of X, 4, X, 4, X 4 using a explicit representative

of A in G(k)-orbit.

After its proof we will introduce the invariants of six points in P? in [33] and
show the correspondence involving these invariants as in Theorem 2.1, and suggest
some explicit calculations of forms which will be used in Section 3.3. Throughout this
section, all forms are considered over k, an algebraically closed field of characteristic

Zero.

3.2.1 Classification of 3 x 3 x 4 forms

We will discuss the Ng’s classification results in [38] of 3 x 3 x 4 forms over k, and
use this result to classify all 3 x 3 x 5 forms such that X4 becomes six distinct points.

First we note the correspondence between generic orbits of
+3 =3 =5 -
E®k ®Fk /SL3 X SLg X GL5(’C)

and

Eg ®E3 ®E4/SL3 X SL3 X GL4(E)

If we denote a 3 x 3 x 5 form and a 3 x 3 x 4 form as tuples of 3 x 3 matri-
ces A = (A1, Ay, A3, Ay, As) and B = (By, Bs, Bs, By) respectively, then the cor-

respondence between them can be described as follows. Consider the trace form

(M,N) — tr(M'N) for M, N € Matsx3(k). Tneh the forms A and B are in cor-
respondence if and only if span(A;, As, A3, Ay, As) and span(Bj, Bs, Bs, B,) are or-
thogonal complements to each other with respect to the trace form. As the trace

form is invariant under the action of SLg x SL3 on Matsy3(k), this correspondence

of forms reduce to a correspondence between SL3 x SL3 X GLs-equivalence classes of
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3 x 3 x 5 forms and SL3 x SL3 x GL4-equivalence classes of 3 x 3 x 4 forms. It can
be considered as an analogue for the castling transformation usually defined only on
prehomogeneous vector spaces.

Say that a 3 x 3 x 4 form B corresponds to a 3 x 3 x 5 form A in above corre-
spondence. In [38], one considers following determinantal varieties for B. (Notations

used here are different from ones in [38]).

%w,B = {UJ S P3 . det(Blwl + Bows + Byws + B4w4) = 0}
X, = {y € P? : rank(span(z' By, 2' By, #' B3, ' B,)) < 2}

X, 5 = {z € P? : rank(span(Byy, Bay, B3y, Byy)) < 2}.

If A and B corresponds via the above castling-like correspondence, then we can see

xa:,B = xw,Ay xy,B = xy,A

from following observations.

3t : xy' = A(t) < a2y’ € span(By, By, Bs, By)*
& Vitr(B;(zy')") =0

& (Vitr(Byyz') = 2" By = 0)

Both X, p and X, 4 are sets of x such that there exists y satisfying those equivalent
conditions, so those should be identical.

In [38], a 3 x 3 x 4 form B is called smooth if X, p is smooth cubic surface. The
set of all smooth forms is Zariski open in the space of all 3 x 3 x 4 forms, so smooth

forms can be considered as generic case. Following properties hold for smooth forms.

Proposition 3.2.2 ([38], Proposition 1 and Theorem 2). Let B be a smooth 3 X 3 x 4
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form.

1. X, B and X, p becomes distinct siz points in P? in general position: no three of
them on a line, and no six of them on a conic.
X..p and X, p are associated as follows. Let M, be the 3 x 6 matriz whose
column vectors are coordinates of points of X, g, and define M, analogously.
Then the three columns of M; form basis of null space of M,. This relation
determines X, p uniquely up to PGL3-action. (Generally this transformation is

called the Gale transform sending siz points in P? to siz points in P?.)

2. There is one-to-one correspondence

{smooth forms}//SLs x SLg x GLy4(k)
& PGL3(k)\\{siz points in P* in general position}//Ss
gwen as B < X, p.

The first part is classical and was established in works including ([22], etc.). Re-

garding the second part, for any set of six points in general position

1 00111
(piapl;u’pé): 01 01 N « 5

0011 u B

one can explicitly construct a 3 x 3 x 4 form such that Y52 becomes above six points.

For non-smooth forms, [38] gives a complete classification of orbits of 3 x 3 x 4

forms, using properties of X,, 5. Among all such cases, we list all cases where X, p
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becomes distinct six points as follows. ([Ng, Theorem 3|, cases #1, #3, #9, #20)

100 0 1 1
Ag(a): (5,05, p)=10 10 1 v =\
001 -1 -1 u

(We have (\,u,v) € (PY)3 with X # 0,1, p,—v, 0 — v + 1, uv, 00, pp # 0,—1,00,
v#0,1,00)

1 00 1 0 1
001 -1 -1 x

(A, ) € (PY)? with X # 0, u, 1+ 1,00, pp # 0, —1,00)

(AePH A#0,1,00)

100 1 1 0

)
—_
o
|
[

001 0 -1 -1

Remark. All above classes are included in forms of Duwval of type A", the cases where
X, B has ny Du Val singularities of type A;. For X,, g only having Du Val singularities,
[38] first classifies forms by singularity types of X,, 5, and same singularity types are
distinguished by labels a,b,¢,d, - -+ ,. (A}(b) etc.) For non-Duval forms, forms which

W2 have singularities of other type, X,, 5 never becomes distinct six points.
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We claim that those cases can be incorporated to equivalence classes of smooth

forms in the following way. Define V>>*(k) as the union of forms in four equivalence

classes of A!(a) and equivalence class of smooth forms.

Proposition 3.2.3. 1. For a 3 x 3 x4 form B, X, p and X, p becomes distinct
siz points if and only if SLs x SLg x GL4(k)-equivalence class B is in V.20 (k).
X, 5 and X, p are the Gale transforms of each other. (One has MxMé =0
for M, M, be 3 x 6 matrices whose column vectors represent coordinates.) Siz

points of X, p do not lie on a conic.

2. There is one-to-one correspondence

Via.(k)/SLs x SLg x SLy(k)

&PGL3(k)\\{siz points in P>, not on a conic}//Ss

gwen as B < X, p.

Proof. For the first part, one simply needs to verify the claims for each of A!(a) cases,
using the explicit representative 3 x 3 x 4 forms in the equivalence class (suggested
in ([38], Theorem 3)). For the second part, we can show that any six points not on a
conic is PGLg-isomorphic to either one of X, 5 for B € V> ’5’_’4@). If there are no lines
through three of those points, the set of six points are in general position and thus
they corresponds to smooth forms. If there are k£ distinct lines going through three of
those points, one can manually check that the point set corresponds to Af(a) type.
There can’t be four points pi, ps, p3, p4 on a line: if so, all six points are contained in
union of two lines (one going through pq, p2, p3, p4 and the other through remaining

two points) thus they lie on a conic. O

Remark. In ([38], Theorem 3), all Duval cases were obtained by all possible isomor-

phism class of zero-dimensional degree 6 subscheme of P? not on a conic, and A}(a)
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types were all obtained from distinct six points.

Now going back to 3 x 3 x 5 forms, we can define a set of forms V,, 4 C V (remind
that V (k) = %3®E3®E5, G (k) = SL3xSL3xGL5(k)) consisting of forms corresponding
to V>34 via castling-like correspondence. As we have shown that X, p = ¥, 4 and
Xy B = X, 4 , we can apply Proposition 3.2.2 to forms in V,, 4. For A not in V,, 4,
one can show there are no cases where X 4 consists of distinct six points when Y, and
Z 4 do not by examining all other equivalence classes of 3 x 3 x 4 forms. This should

complete the proof of the Proposition 3.2.1.

Remark. It is noted in [38] that for smooth forms B, we can construct X, 5 as a
blowup of P? at six points of X, 5. Over k, all smooth cubic surfaces can be obtained

in this way.

3.2.2 An explicit expression for forms representing six points

For A € V,q(k), let ty,--- |t € % be some affine coordinates of six points of X; 4

satisfying t; + - - - + t¢ = 0. Then matrices M; = A(t;) satisfy
rk(Ml):l, M1+M2++M6:0

Write M; = a;yt fori =1,--- ,6, then {a;}; = X, 4 and {y; }; = Xy 4. Asay, 20, , 26
are not on a same conic, they are not one a same line. By permutating My, --- , Mg,
we can let x1, zo, x3 be linearly independent. If y4, ys5, ys are linearly dependent, then

there exists nonzero u € k? such that yiu = ylu = ybu = 0. So we have

0= (M + -+ Me)u=z1(yju) + z2(yhu) + z3(yju) = 0.

As 1,29, 23 are linearly independent, this imples yiu = yhu = yhu = 0, so we

obtain the contradiction that v, - - - ,ys are on a same line. Thus y4, y5, yg are linearly

94



independent. Let G be the inverse of a matrix having 1, x9, 3 as column vectors,
and G, be the inverse of a matrix having y4, ys5,ys as row vectors. Then for N; =

G1M;G5, we can see that

*
*
*
o
(a]
(@)
o
(a]
(@)

(Ni,No, N3) = ([0 0 Of,|* = =|,]0 0 0])
000 000 x k%
and
* 0 0 0 = 0 0 0 =
(Na, N5, Ng) =(|% 0 0f.]0 = of.]0 0 =)
*x 0 0 0 = O 0 0 =

The condition Ny 4 - -- 4+ Ng = 0 essentially requires that its entries should be given

as

6 )\14(81 - 84) >\15(S1 - 35) )\16(31 - 86)
Z Nisi = | Aaa(s2 — s1) Aas(s2 — s5) Aag(s2 — S6)
i=1

)\34(83 - 54) )\35(53 - 85) )\36(33 - 56)

for some numbers \;;.
Proposition 3.2.4. For any A € V,, 4.(k), there exists g € G(k) such that the action

of g maps A to N = (N1, Ny, N3, Ny, N5) having form of

6 )\14(31 - 54) >\15(S1 - 85) )\16(31 - 56)
Z Nisi = | Aaa(s2 — s4) Aas(s2 — s5) Aag(s2 — S6)
i=1

)\34(83 - 54) )\35(53 - 85) )\36(33 - 56)
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In this expression, the six points of X, y and X, y are given as

1 0 O )\14 )\15 /\16
(71,22, 23,24,T5,%6) = | 0 1 0 Aaa Ao Aog

0 01 )\34 )\35 )‘36

and
A4 Aag Ay —1 0 0

(y17y27y3ay47y57y6): /\15 )\25 )\35 0 -1 0

A A Az 0O 0 —1

This expression illustrates more directly that those two sets are the Gale transforms

of each other. Six points of X; y are given as

{[1;0;0;0; 0], [0; 1; 0; 0; 0], [0; 0; 1; 0; 0], 05 0; 0; 15 0], [0; 05 0; 0; 1], [1; =15 —1; =15 = 1]}

in projective coordinate.

As six points of X, y are not on the same conic, we require

1 0 0 0 0 0
0 1 0 0 0 0
Aad2s A1adszg AagAsg
0 0 1 0 0 0
det =det | Ajshas Aishss Aoshss | 7 0

/\%4 )‘%4 )\§4 /\14)\24 )\14/\34 )\24/\34
9 9 9 )\16>\26 /\16)\36 /\26/\36
>‘15 )‘25 )\35 )\15)\25 >\15/\35 )\25>\35

)‘%6 >‘§6 )\56 >\16)\26 )\16)\36 )\26)\36

as a condition for \;; to satisfy. Denote F'(\) as the 3 x 3 determinant in the above

expression.
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3.2.3 Symmetric invariants of six points

For six points in P2, we can consider PGLs-invariants of those six points which were
discussed in [33]. We will calculate these invariants of six points of X, 4, and discuss
how it can be obtained from the expression constructed in the Proposition 3.2.4.

As those invariants are described by using an outer automorphism of Sg, we first

describe properties of outer automorphisms of Sg and some related objects to them.

Definition 3.2.5. Consier an outer automorphim ¢ of Sg. For 1 < i < 6, let
G, be the subgroup of S¢ which fizes the element i. We call six subgroups H; =
©(G;) as sextic resolvent groups of Sg. The set of the sextic resolvent subgroups

{Hi, Hs,- -, Hg} does not depend on the choice of .
Proposition 3.2.6. A sextic resolvent group H satisfies following properties.
1. H acts transitively on {1,2,3,4,5,6}.

2. For any g € Sg, gHg ™! also becomes sextic resolvent group. All sextic resolvent

groups appear as conjugations of H.

3. Denote (ay,aq,- -+ ,ax) as cycle class of a permutation having cycle decomposi-
tion into product of disjoint cycles of length ay,as,--- ,a. Then H consists of

permutations having cycle classes

1,(2,2),(4),(3,3),(5),(6),(2,2,2).

Under an outer automorphism H ~ G;, each class can be corresponded one-to-

one with the following cycle classes of G5 ~ Sy respectively

1,(2,2),(4),(3),(5),(3,2), (2).

In particular, H contains 10 permutations having cycle decomposition (ab)(cd)(ef),
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out of 15 such permutations in Sg.

We describe the invariants of six points in P? using these properties of the sextic

resolvent group.

Proposition 3.2.7 ([33], section 2.3). Let {Hy,---,Hg} be set of sextic resolvent
groups. For siz distinct points p; = [xs;y:; 2] (1 < < 6) in P2, consider the following

siz variables fort =1,2,--- ,6:

VI/’i - Z Nt,(a,b,c,d,e,f)xaxbycydzez‘f,
a7b7c7d’e7f

Here the sum is taken over indices satisfying {a,b,c,d,e, f} = {1,2,3,4,5,6} and

a<bec<d,e< f, and coefficients is defined as

2 if(ab)(cd)(ef) ¢ Hi

—1 if (ab)(cd)(ef) € H;.

Ni(apede.f) =

Also consider the following expression

2 2 2

Ty ) T3 Ty 5 g
2 2 2 2 2 2
Y1 Y Y3 Yy Ys Ys
2 2 2 2 2 2
21 25 25 23 2t 25

V = det
T1Y1 T2Y2 T3Y3 TalYs TslYs TelYs

121 ToZ9 X323 X424 I5R5 Tgle

Y121 Y222 Y323 YaZa Y525 Y6<6

which describes the condition whether py,--- pg lie on a conic. (V wvanishes if and

only if they lie on a conic.) Then



and

6 2 6
(Z Wf) —4) W+ 32477 =0,
=1

i=1
The variables W1y, -+ -, W,V are invariant under SLs-action on coordinates (z;,y;, ;).

Moreover, the map
(P?)® — Proj k[Wy, -+ We, VI/(O_ W22 — 4> Wi +324V?)
which maps six points into corresponding W1y, -+, Wg, V' under above equation, pro-

vides Geometric Invariant Theory quotient of siz points on P2.

As we are considering points over an algebraically closed field k, this means that

there is a one-to-one correspondence given as

PGL3(k)\\{six (ordered) points in P?, not on a conic}

e {(wr, o we,v) Y wi =0, wi)? =4 wl=-3240 £ 0}//k

where the action of ¢ € k£~ is described as multiplication by ¢ on w; and multiplication
by ¢ on v. We would like to connect this result to the correspondence between

equivalence classes of forms in V}, 4 and six points on P? we described.
Via.(k) < PGL3(k)\\{six points in P?, not on a conic}//Se

Let o be a permutation of Sg permuting six points of pq,--- ,ps. Then for W; =
Wi(p1,- -+, pg) corresponding to a sextic resolvent group H;, value of W; for permuted

points py(;) 18 given as
Wi(Do(1)s -+ s Pot6) = Wilpr, - -+, o)
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where W; corresponds to a sextic resolvent group H; = o H;o~'. This means that o
permutes W; in the way it permutes sextic resolvent groups via conjugation operation
H +— ocHo™!. Also one can see o acts on V as multiplication by its signature sgn(o) €

{—1,+1}. This establishes the correspondence

(wla"' ,WG,U)I

S =0, (Su)? 4T wf = 3207 £ 0

Via (k) & /Jk" x S

Meanwhile, we can look at the involution acting on 3 x 3 x 5 forms A which takes

transpose of each 3 x 3 slices as
A= (Ab AQ, Ag, A4, A5) — Al = (Aﬁ, AtQ, At3, AZ, Ag)

We have X; a4+ = Xy 4, X4t = Xy a and X, 4+ = X, 4. We calculate the invariants W;
and V for X, 4 and X, 4, using the representative example of proposition 2.3: one

can let N be a SL3 x SL3 x SLs(k)-equivalent element such that

6 )\14(81 - 54) )\15(81 - 85) )\16(51 - 56)
Z Nisi = | Aaa(s2 — s1) Aas(sa — s5) Aag(s2 — S6)
i=1

)\34(83 - 34) >\35(S3 - 85) )\36(33 - 86)

Calculating invariants for

1 O 0 )\14 /\15 /\16
(21,22, 23,24, T5,26) = [0 1 0 Aoy A5 Ao

0 01 )\34 )\35 >\36
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A4 Aag Ay —1 0 0
(y17y2,y3,y4,y5,y6) = )\15 )\25 )\35 0O -1 0
A A Az 0 0 —1

gives
(W17W27W37W47W57W6)t<x17x27x37x47x57x6>
2 -1 2 -1 -1 -1 A15A26A34
2 2 —1 —1 =1 —1| [ Merasss
-1 -1 -1 -1 2 2 )\14>\26/\35
-1 -1 -1 2 -1 2 A6 A25A34
1 =1 =1 2 2 —1] \Asdasdas
= — (W1, Wa, Ws, Wy, Ws, W) (Y1, Y2, Y3, Ya, Y5, Ys)
for a certain choice of sextic resolvent groups Hy,--- , Hg and

Aados A1adszs Aoadsg
V(ylay27y3>y4ay57y6):F<)\):det A1sA25  A15A35 AasAss

>\16 )\26 >\16 )\36 )\26 )\36

= V(zl, Z9, 23, 24, 25, Z6)-

This shows that the 'transpose’ operation A — A’ which acts on the X, 4 as the
Gale transform (equivalent to switching of Xz, A and X, 4), keeps (W7, --- , W) and
changes sign of V. In particular, this shows that A and A’ are in different SL3 x

SL3 x GLs(k)-orbits, and considering the equivalence A ~ A* in V,, 4 gives following
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one-to-one correspondence

(w17”' 7w67v):

STw; =0, > wH? — 4> w = —3240* £ 0

Voa(k)/{A~ A} & //k" x Sg.

This coincides with the description of [33] that on the GIT quotient space of six points

in P?
{(wy, -+, wg,v) : Zwi =0, (Zw?)z — 4211}? = —324v%}/ /K>

which can be considered as double cover over the Igusa quartic

Zwizo,(2w3)2—42w§120,

the Gale transform on six points acts as involution of exchanging two sheets.

We would like to summarize all the correspondences obtained so far.

Theorem 3.2.8. Let V, 4(k) be the set of forms A € 5 ® 5 ® % such that X4

becomes distinct six points.

1. There is a one-to-one correspondence between V,, 4. (E)/EX and

{(XCPLYCPETCPL o :T— X
X, Y, T are distinct 6 k-points,
T in a linearly general position,
X not on a single conic,

1 : one-to-one correspondence,

X and 'Y Gale transform to each other}.

The group action of G(k) (G = SL3 x SL3 x GL5) on A corresponds to PGL-
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action on'Y C P%, Z C P%2, X C IP* respectively. The transpose action A s Al
which takes transpose of all 3 x 3 slices of A, acts as switching Y and Z and

keeping X .
2. There is a one-to-one correspondence between V;, 4. (k)/SLs x GL3(k) and
{(XCPA TCPL o : T — X):
X, T are distinct 6 k-points,
T in a lineraly general position,

X not on a single conic,

©1 : one-to-one correspondence}

//PGLs (k)

where PGL3(k) acts on X C P2,

3. There is a one-to-one correspondence between Vi, 4.(k)/G (k) and
PGL3(k)\\{X C P? not on a single conic}//Ss

and set of invariants
{(wy,wa, -+ ,we,v) : Zwi =0, (Z w?)? — 42@03 = —3240% £ 0} /.

4. The transpose action is well-defined on V,, 4.(k)/G(k) and becomes involution
without fized points. It acts on X as the Gale transform, and on invariants it

acts as (wl, e ,wﬁ,v) — (w1, ce, We, _U>-

Proof. We only need the surjectivity proof of (1). Note that the for element N of the
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Proposition 2.3

6 Aa(81—54) Ais(81—85) Aig(s1 — S6)
Z Nisi = )\24(82 — 84) )\25(82 — 85) )\26(82 — 86) )
=1

)\34(83 - 34) >\35(S3 - 85) )\36(33 - 86)

six points of X, y are given as

1 00 Aa Ais s
(.%1,.1'2,33'3,1'4,335,.’136): 010 )\24 /\25 >\26

0 01 )\34 )\35 )\36

For any six points ¥ not on a conic, we can pick three points among them which are
not on a line, and let them 1, 2o, 5. Then a certain PGLs(k)-action can transform
X into X, . As one can check that Gale transform of X is PGLs(k)-equivalent to
both Y and X, 5, Y and X, v are PGLg(E)—equivalent. For X, any 6 points of P4

in general position are PGLs5(k)-equivalent to each other. This shows that any set of

(X,Y,T) in above class is PGL-equivalent to (X, n, X, n, X n) for some N. O

3.2.4 Cubic threefolds having six nodes

Here we discuss the alternative way of calculating the W;-and V-invariants out of
the 3 x 3 x 5 forms. This will later connect to Galois theory perspective for sextic

resolvent rings for integral case. First we note the following.

Proposition 3.2.9. Consider the cubic threefold f4(t) = det(A(t)). Ifrk(A(ty)) <1,

then fa(t) is singular at ty. If A € V,, 4(k), then siz points of X4 become simple nodes
of fa.

Proof. For any z € k°, we show that fa(to + €z) = det(A(xo) + €A(z)) has € factor.
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As rank of A(xg) is < 1, there exists G, Gy € SL3(k) and ¢ € k such that

c 00
G1A(zo)G2=|0 0 0

000

Then det(A(ty) + €A(z)) = det(G1(A(to) + €A(2))G2) can be represented as

C+ apl€ Qo€ a13€
det Q21€  A22€ QA93€

as1€ a32€ a33€

and when we expand out this determinant, all terms are divisible by 2. For the
second statement, it suffices to show for any element in the G(k)-orbit. We pick the

explicit representative of proposition 2.3.

Ma(ts —ta) st —ts5) Ais(th)
M(t) = | Aga(ty — t4) Aos(ta —t5)  Aog(ta2)

Asa(ts —ts) Ass(ts —t5) Ase(ts)
For Apgr = AipAggAsy, its determinant is
det(M(t)) = (Ause — Auss — Nsas + Asea + Noas — Nesa)titats + (Nesa — Asea)trtaty
+ (Augs — Agas)tatats + (Asas — Aeas)tatsts
+ (Nosa — Ause)tatsts + (Aeas — Agsa)tatats

+ (Aags — Ause)totsts + (Asae — Asea)tatsts

+ (Ases — Ages)totats + (Ause — Asae)tstats.

We show that the point ¢t = [1;0;0;0; 0] (t2 = t3 = t4 = t; = 0) of X; 5s becomes simple
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node of det(M(t)) = 0. t is simple node if and only if the following approximating

quadric near t

(Ause — Naes — Asa + Ases + Neas — Ngsa)tats + (Aesa — Asea)tots
+ (Augs — Agas)tats + (Asae — Neas)tsts

+ (Nosa — Ause)tsts + (Aeas — Nesa)tats

is nonsingular quadric form, that is, nonzero and not square. If it is zero, it imples

Nggg =+ = A654> 50
F ()\) = NuseAs64 + AseaNeas + NeasAase — NagsAsas — AsacAesa — AgsaNags = 0.

But F(A) is V-invariant for six points of Yy so should be nonzero. Thus it can’t
be zero. It also can’t be nonzero square form (by considering coefficient of forms

c(*ty + *t3 + *t4 + *t5)?) so the statement is proven. O

Remark. 1t is known that the converse holds: any cubic threefold having six nodes
which are in general position is isomorphic to form of det(A(t)) for some 3 x 3 x 5

form A. (See [21], Theorem 3.5.)

Suppose that a cubic in variables t1, to, {3, 14, t5 is singular at six points
[1;0;0;0; 0], [0; 1; 0; 0; 0], [0; 0; 15 0; 0], [0; 05 0; 15 0], [0; 0; 0; 05 1], [1;1; 15 1; 1.

The linear space of all such cubics has dimension 5, and we will exhibit some explicit
basis for this space. Let H be a sextic resolvent group. For tg = 0, consider the

expression

1
RH (th t27 t37 t4a t57 tﬁ) =+- Z Sgn(g)ta(l)tU(Q)tJ(3)'
6 oc€H
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For example, for H = ((14)(25)(36), (26345)), we have

Ry = H(titots + titaty — titsty — totsty — titats + titsts — tatsts — titats
+ totyts + tatats — titats — titste + totste + titat — tatate + tatate

+ t1t5t6 + t2t5t6 - t3t5t6 — t4t5t6).

One can check that Ry(x1, s, x3, 4, 5,0) is singular at above 6 points, and also

RH(t1+U, 7t6+u) :RH(tl) 7t6)'

The sign of Ry will be defined together when considering all other Ry, for all sextic
resolvent groups {Hi,---,Hg}. For o € Sy acting on the variables {tq,--- ,ts} as

standard permutation, we have

7€ H=7(Ry) =sgn(r)Rpy.

For o0 € S%\ H, one can see

O’(RH) = ZERUHUA

We want to define the sign of Ry,,--- , Ry, such that

o(Ry) = sgn(o)Rypro—1

holds for any sextic resolvent group H and any o € S°. As conjugation by o € Sg
acts transitively on six sextic resolvent groups, one can determine signs of all Ry

using above rule, and show that it is consistent with above rule. I used the explicit

107



example of

Ry, = titots + titaty — titsty — tatsty — titats + titsts — tatsts — titats
L totyts + tatats — titate — titsts - totsts + titats — totate - tstats
F tytste + totsts — tatsts — tatste

Ry, = —tilats — titaly + tilsts + lotsly + tilats + tatsls — talsts — tatals
I totals — tatats + titots — titsts + totsts + titats — totals — tatats
— tylsts — totsls + talsts + atste

Ry, = —titots + titaty — titsty + tolsty — titats + titsts + tatsts + titats
— lolyls — t3lals + lilale + ilsle — lalsle — Lilale — lolale + t3lals
— U1l5tg + totste — talste + Talsls

Ry, = —titots + titoty + titsty — totsty + titats — titsts + tatsts — t1tats
— lolyls + T3t4ls — titate + t1lste + Talste — T1tate + Talale — tatatls
+ t1l5tg — totste — t3tsle + Lalsls

Ry, = titats — titaty + titsty — tatsty — titats — titsts + tatsts + titats
Ftotats — tatals + titots — titsts — totsts — titate + tatats + tstats
L tytste — totste 4 tatste — tatsts

Ry, = titats — titaty — titsty + totsty + titats — titsts — tatsts + titats
— totats + tststs — tilots + titste — tatats + titats + tatate — tatate

— titste + tolste + tstste — tatste
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for the choice of sextic resolvent groups

(Hu, Ha, Hs, Hy, Hs, H)
=(((14)(25)(36), (26345)), ((16)(23)(45), (15436)), ((12)(34)(56), (16342)),

((12)(34)(56), (24365)), ((12)(34)(56), (15634)), ((12)(34)(56), (14362)))

Then one can verify

6 6
Z RHz (t) = Z RHz (t)S =0
i=1 i=1

One can also check any 5 of the 6 forms of Ry,, -, Ry,. So for any cubic form f

which is singular at six points
[1;050;0; 0, [05 15 0; 0; 0], [0; 0; 15 0; 0], [0; 05 0; 1; 0, [0; 0; 0; 05 1], [151; 15 15 1],

there exists number wy, wy, - - -, wg such that Y w; = 0and f = > w;Ry,. Meanwhile

if we let f = det(M(t)) for

Ma(ts —ta) A5t —t5) Ais(tr)
M(t) = | Moalta —ta) Das(ta —t5) Aas(t2) |

Asa(ts —ts) Ags(ts —t5) Ase(ts)

then we have

1
(w1;w27"' ;w(i) = 6(W17 T 7W6)(%ac,M)'

By applying suitable PGLs-action on six points, we can generalize this result to

arbitrary six points in general position and determinantal equations det(A(t)).

Proposition 3.2.10. For any siz points T C P* in general position, there exists

nonzero siz cubic forms Ry g, (x) satisfying following properties:
1. Ry, is singular at siz points of X.
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2. We have
6 6
Z Ry, (t) = Z Ry, (t)® = 0.
=1 =1

3. The automorphism group of six points, which sits inside PGLs5(k) and is iso-
morphic to Sg, acts transitively on the set of siz cubic forms Ry pg,(t) (up to

constant).

The list (Rr.m,)iz1,.. 6 i determined uniquely up to constant multiplication and per-
mutation, and any five of Ry, form basis for cubic forms which is singular at all
points of T

Proposition 3.2.11. For a A € V,, 4.(k), we have

det(A(t)) = CZ wi(Xz,a)Rx, 48,(t)

for some ¢ # 0.

We will use this description of w;(X, 4) in later in the Section 3.4.

3.3 Construction of the sextic ring

In this section, we will construct our ring R(A) for A € V(Z). We will first give
explicit descriptions of the multiplication coefficients cfj(A) in polynomials of A. By
considering how the action of G(Z) on A transforms those coeflicients, we can show
the isomorphism class of R(A) only depends on the G(Z)-equivalence class of A.
Then we will describe the construction of R(A) via hypercohomology construction
described in the Chapter 2. We will construct two complexes C; 4 and C, 4 of sheaves
on P* and P? respectively, each becoming free resolutions for X; 4 and X, 4 respectively
for generic A. It turns out that hypercohomology rings for both complexes are all

isomorphic to R(A). This property will be used to establish many properties of
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X4 including the proof of Theorem 3.1.2, which will be achieved by showing that
condition for V,, 4 (& X4 being distinct six points) is equivalent to Disc(R(A)) # 0.

Before start, we would like to point out how multiplication coefficients changed
when basis elements are shifted by integers. In a rank n ring, its multiplication

coefficients cfj depend on the choice of basis 1 = ag, aq, -+, a,,_1, and should satisfy

n—1
;0L = &
&y = ij Wk
k=0

If we shift each a; by integral constant C; (so that «; — «; + C;), then multiplication
coefficients change accordingly. Under those changes, only the following values are
invariant (here 1 <4, j,k <n — 1 are all distinct)

chyclocl— ., ch — o —

150 ) g i ij

Conversely, if we are given those values, one can recover all multiplication coefficients
by specifying n — 1 coefficients c3; and cfy, ¢}, -, ¢j;L,). Thus in constructing
R(A), we will only specify above invariant values, equivalent to specifying the Z-

basis of R(A)/Z. When this ambiguity is considered, the correct statement for the

Theorem 3.1.1 would rather take the following form.

Theorem 3.3.1 (Restatement of the Theorem 3.1.1). For a form A € V(Z), there

exists a sextic ring R(A) such that following values of the form

coclcl —ck o~ — b

179 “ii) g ik “ig ¥

(1 <i,j,k <5 are all distinct) are SL3 x SLg-invariants of A of degree 6.
For an action of g = (g1,92,93) € G(Z) = SL3(Z) x SL3(Z) x GL5(Z), R(gA) is
isomorphic to R(A) in the following way. If (1 = ag,aq, - ,a5) is basis of R(A),

then R(gA) has basis 1, &y, - -, &s where &; = det(gs) Z?Zl(gg)ijaj, up to shifting of
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a; — a; + C; by integer C.

Remark. The ring parametrizations in the Bhargava’s Higher composition laws ([1],[2],[3])

encounters the exact same problem. In there, a basis of rank n ring is called ‘stan-

dardized’ if it satisfies ¢y = ¢y = i3 = -+ = c’ll(;l_l) = 0. We will not use this notion

here.

3.3.1 Multiplication table

Before we give explicit expressions for the multiplication coefficients cf’j of R(A), we
define some SL3; x SLs-covariants for 3 x 3 matrices.

For X|Y € Matsyg, let adj(X) be a classical adjugate matrix

Xoo X33 — Xog Xgo  —X12X33 + X3 X302 X190 Xog — Xi3X9
adj(X) = —X01 Xz + X3 X31 X1 X33 — X3 Xg1  —X11Xoz + Xi3Xo
Xo1 X390 — X9 X351 —X11Xs0 + X12X31 X11Xo9 — X01 X9

and define
B(X,Y) =adj(X + Y)t - adj(X)t — adj(Y)t.

Then for any G, Gy € Matsxs we have

B(GLX G, GYY GY) = adj(Go) B(X, Y )adj(G,)".
This can be proved by noting that

adj(GX) = adj(X)adj(G@), adj(X") = adj(X)*
for any matrices X, G. Now for Xy, -, Xg € Matsys,

q)(Xb X27 X37 X47 X57 XG) = tI‘(B(Xl, X?)XéB(X?n X4)Xé)
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We can see that it is invariant under SL3 x SLg-action from the above property of B

as

O(GLX\Gy, -, G X6GY)
=tr(adj(G2) B(X1, X2)adj(G1)'(G1 XgG2)ad)(G2) B(X3, X4)adj(G1) (G1X5G2))
—tr(adj(Ga) B(X1, Xo)(det(Gy)T) XE(det(Go)I) B(Xs, Xy)(det(G1) ) XLGy))
=(det G1)*(det Go)tr(adj(Ga) B(X1, X2) XEB(X3, X4) XLGo)
=(det G1)?(det Go)tr(Gradj(Ga) B(X1, X2) XEB(X3, X4) X}E)

:(det G1)2(det G2)2(I)(X1, s ;X6)~

The invariant ® can be also interpreted as follows. In the following determinant of

block diagonal matrix

dot X1+ Xs X5 |
Xs X3+ Xy
collecting all terms whose degree in X; is 1 forall i =1,--- |6 gives ®.
Define
M(z) = M(xy, 9, %3, 24, T5, Tp)
Ma(r — 1) Mis(w1 — 25)  Aig(21 — 26)
= | Aaa(xa —24) Aas(w2 —5) Aag(w2 — 26)
Asa(w3 — 24) Ass(x3 — 25) Aze(w3 — 76)
Lemma. For x,y,z,u,w elements x = (x1,--+ ,x6) of the ring C° (with its multipli-
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cation naturally given as x -y = (x1y1, -+, TeYs) ), define

xl .’,EQ .. $6

Yi Y2 o Ys
Ind(z,y, - ,w) = det

w, w2 - We.

Then we have

(M (), M(x), M(y), M(z), M(u), M(w)) = ®(M(z), M(x), M(y), M(z), M(w), M(u))

=2F(\)(Ind(1, z,y, u, w, zz) + Ind(1, z, z, u, w, zy))
and

(M (), M(y), M(x), M(z), M(u), M(w)) = ®(M(z), M(y), M(x), M(z), M(w), M(u))

= F(\)(Ind(1,y, z,u, w, 2*) — Ind(1, 2, y, u, w, v2) + Ind(1, z, 2, u, w, vY))

where F'(X) is given as

AaAos A1adzs AogAsg
F()\) = det A1sA25  A1sAss Aoz Ass
A6A2s  AigA36  A2sA36

Proof. Explicit calculation. m

We are now ready to define R(A) for A = (Ay,---, As). Denote
[abcdef] = (I)(Aa, Ab, AC, Ad, Ae, Af)
for a,---, f € {1,2,3,4,5}. Define ¢, = ¢, (A) for p,q,r € {1,2,3,4,5} as any
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integers satisfying

ok = (fijtm) — [idjmi) /4
1 J 1L m k
. 12 3 4 5
cl, = ([itiklm] — [iiikml])/2
1 kIl m j
(%)
. (1234 5) N
i — = ([iijklm] — [iigkml])/2
T kIl m g
o (v 2345}
Chy — €y — Ciy, = ([igiklm] — [ijikml])
g kL m 3

123 45
for i, 7,1, m, k any permutation of {1,2,3,4,5}. Here the notation

3 L m k
means the signature of permutation. Remaining coefficients c%- of constant terms can

be determined by equations

5

C?j = Z(Cékci - Céjcfk) (%)

=1

fori,j € {1,2,3,4,5}. The number k can be chosen as any number in {1,2,3,4,5}\i.
This expression is obtained by comparing coefficient of a4, in (a;a;)ay and a;(ajay),

supposing that there exists a ring with Z-basis 1 = ayg, - - - , @5 whose multiplication

k

coefficients are c;).

Theorem 3.3.2. 1. For A € V(Z), there exist integral polynomials c;,,(A) in en-
tries of A satisfying (x) and (xx). Define R(A) as a free Z-module with basis

1=ap,ay,---,a5. The multiplication structure on R(A) defined as

5
Qo = Z cfj(A)ak
k=0
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establishes R(A) as well-defined rank 6 ring over Z. The choice of multiplication

coefficients and o is unique up to integer translations o; — «o; + C;.

2. If A€ V,4(Z), then R(A) is nondegenerate. Let of,--- ,ai € R(A)®@Q be dual
basis of ag, - -+ , a5, and p1,- -, ps : R(A)@Q — C be distinct ring morphisms.

Then siz points of X, 4 are given as
[pi(ad); piay); pi(es); pi(ag); pi(as)]

for1 <1 <6.

Proof. (1) As pointed out in the beginning of this section, one can recover all cfj
from (%) and (*x) after we specify (c2,, c3y, ciy, chy, ct,). Take them to be all zero, and
explicitly calculate all cfj One can explicitly check the resulting multiplication on
R(A) is well-defined by polynomial calculation. (I used computer algebra system.)

(2) To provide more motivation for the construction of R(A), we will construct
a ring whose multiplication coefficients become ¢}, (A) using another method, and
exhibit how this ring relates to coordinates of the points of X; 4.

Using the Proposition 2.4, we can find a 3 x 3 x 5 form N = (Ny, Ny, N3, Ny, N5)

which is SLz x SL3 x SL5(C)-equivalent to A and has form

s )\14(31 - 54) >\15(51 - 35) )\16<31>
Z Nisi = | Aaa(s2 — 84) Nas(s2 — 85) Aag(s2)
i=1

)\34(53 - 84) >\35(83 - 55) )\36<53>

We only consider the SLz x SL3(C)-action by the element (G7,G3) € SL3 x SL3(C).
Consider another set of coordinates (¢, - ,t5) satisfying that
5

5
=1

=1
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and represent s; as linear expression in ty, %o, 13,14, t5. Explicitly we can write s; =

Z?:l gi;t; for some (g;5);; € GL5(C). If we bring the notation of the previous lemma

)\14(21 - 24) )\15(21 - 25) )\16(21 - 26)
M(Zl, 22,23, 24, 25, ZG) = )\24(2’2 — 24) )\25(2’2 — 2’5) >\26(22 — 2’6) )

>\34(Z3 - 24) )\35(23 - 2’5) >\36(Z3 - Z6)

then we can see

GEAZ‘GH = M(gli:g2i7 T 5 950 O)'

If we think elements o, o}, - -+ , ok € C® defined as
046 - (]-7 17 17 ]-7 ]-7 1)7 Oé; = (gliagQia © 5 G5, 0)7
we can represent values of ® at A; as

labede f] = ®(Aq, Ab, Ac, Ag, Ae, Af)
= ®(GLA.Gy, -+ ,GLA;GY)

— ®(M(al), M(a}), M(al), M(a}), M(al), M(a}y)).

c

Meanwhile, as «f, - ,af are linearly independent, (which equivalent to that tg;;s
form 5 x 5 invertible matrix) there exist unique numbers d,, € C (1<p,qg<50<

r < 5) such that

5
/A k 1 6
o j—g di;ay in C°.
k=0
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We can use the preceeding lemma to show

iijjlm] — [idj jml]
=4F(\)Ind(1, o}, o, oy, 0y, cjed)

my =g

=4F(\)Ind(1, o}, o, oy, o, a;dfj + Z d;a)

t#k
123 4 5
=4F(\) Ind(1,0}, -, af) - dj;.
1 5 I m k
Denote h = F(A)Ind(ag, - -+ , a5). We can similarily show the following equations
hdi; = ([iigjtm] — [iiggml])/4
i 5 Il m k
. 1 23 4 5
hdl, = ([iriklm] — [iiikml])/2
kLl m j
j k 123 45 .. .
h(dij —dy) = ([iigkim| — [iijkml])/2
kIl m j
h(dy; — di; — di) = ([igiklm] — [ijikml]).
Jg kI m 1
Compare them with () to obtain
k k
hdij = ¢y
hdgz’ = Czjz
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Here we assume that we have chosen ¢, = ¢, (A) satisfying (*) and (+*) and
(f2s €21, €315 €115 €51) = (0,0,0,0,0).
Now define ag, ay,- -+ , a5 € C8 as follows.
ap=ap=(1,1,1,1,1,1), «a; = ha} + u;aq

(u; € C) As those are linearly independent in C°, we can similarly define e/, € C

(1 <p,q<5,0<r <5) satisfying

5

_ k. 6
a0 = E €;; 0 in C".

k=0
Then it follows
E _ k
hdi' = 632‘

h(‘ﬂj - dfk) = (6gj - efk)

h(dii - dgj - dfk) = (eii - eij - efk)
regardless of u;. We can pick u; such that e, satisfies
(€12, €31, €31, €15 €51) = (0,0,0,0,0)

: T __ T _ 0 0
then it follows €], = ¢, for all p,q,r € {1,2,3,4,5}. For r = 0, both ¢,, and e
should satisfy (x*), the equation which follows from associativity, so e}, = ¢, for any

p,q,r. This means that the Z-module

&OZ+(X1Z+"’+OZ5ZCC6
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forms a subring of C® which is isomorphic to R(A). In this perspective, R(A) allows
six embeddings into C given as composition of inclusion R(A) — C% and projection
C% — C to six coordinates. As ayg, --- , a5 are linearly independent, those morphisms
are distinct on R(A). This shows that R(A) is nondegenerate, and we can consider
dual basis elements of € R(A) ® Q. Also if we call those homomorphisms py, - - -, ps,

then we can write

a; = (pr(e), pa(i), -+ ps(u)).

Now we go back to description
where

)\14(21 - 2'4) >\15(21 - Zs) /\16(21 - 26)
M(Zh 22,23, %4, %5, ZG) = )\24(22 — 24) )\25(22 — 25) )\26(22 — 26)

>\34(Z3 - 24) >\35(2’3 - Zs) )\36(23 - ZG)

As M(1,1,1,1,1,1) = 0 and M(cz) = cM(z) for z € C® we have
M (o) = M(h - o + uey) = hGLAG.

Using this, we can finally show the following for any ¢ =1,--- , 6,

rk <i pi(a;)Aj> <1
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as

and it is clear that M(1,0,0,0,0,0), M(0,1,0,0,0,0),---,M(0,0,0,0,0,1) are all of

rank 1. Thus the following six points
[pi(aq); pi(es); piaz); pi(ad); pi(es)]

are all in X; 4. O

We describe how the natural action of G(Z) on A acts on R(A) and its basis in
covariant way. In particular, we show that the ring isomorphism class of R(A) is

invariant under this action of G(Z).

Proposition 3.3.3. 1. The ring R(A) and basis ay,--- ,a5 of R(A)/Z are in-

variant under the SLs X SLs-action and the transpose action A +— A?.

2. For G = (9ij)ij=1. 5 € Mats«5(Z) N GL5(Q), it acts on o; as standard action

times det(G). For aq,--- , a5 the basis of R(A)/Z, consider
5
af = Zdet(G)gijOZj.
=1

Then os form a subring of R(A) which is isomorphic to basis of R(GA).
The first part can be checked from invariance of ® under SL3 x SLsz-action and
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transpose, and the second part can be checked from explicit calculation. As G acts
on «; as standard action times det(G), one can see G acts on [p;(af);--- ; pi(al)] as

standard projective action by G~1. It is consistent with how Xica is related to Xy 4.

Definition 3.3.4. Define the discriminant of 3 x 3 x 5 form A as discriminant of

the ring R(A), and denote it as Disc(A).

From the above proposition and descriptions of ¢};(A), we can see that Disc(A) is
degree 60 homogeneous polynomial in entries of A which is SL3 x SL3 x SLs-invariant.
Theorem 3.3.1 shows that Disc(A) is nonzero for A € V,, 4(Z). We will soon prove

that the converse holds.

3.3.2 Hypercohomolgy ring of a complex on P*

We describe an alternative way of defining R(A) as hypercohomology ring of certain
complexes of sheaves on projective space. We will construct two complexes C; 4 and
Cz.4, each of them becoming minimal free resolutions for X; 4 and X, 4 respectively
for generic A.

The complex C; 4 will have the following form (O = Ops)
Cia: O(=6) = O(=4)? = O(=3)" - 0(-2)? = O.

The image of O(—2)? — O will become ideal sheaf Z; 4 for X; 4 for generic A. We
will first describe C; 4 geometrically, and apply the hypercohomology construction
established in the Chapter 2.

The condition rk(A(¢)) < 1 which defines X, 4 is equivalent to that adj(A(t)) = 0,
where adj denotes the classical adjugate. Write o;; = «;;(t) as (¢, j)-entry of adj(A(t)),
and define 7, 4 as the ideal sheaf spanned by quadrics c;;. Then Z; 4 becomes ideal

sheaf for X; 4.
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Our complex C; 4 will be constructed as minimal free resolution of Z; 4 over formal

variables. We give its description as follows:

Cia:0—=>0(-6)@N > O(—4) @A - O(-3) @ A3 > O(-2) @Ay - O =0
We define Ag, Ay, A3, As as free Z-modules of rank 1,9, 16, 9 respectively, and describe
their basis elements and their images under complex map of C; 4 as follows.

e A, has 9 basis elements Ly’ (1 <4,j < 3), and those elements are mapped to d

as Ly’ s ay;. If we write Ly as matrix having L5 as (i, j)-entry,

Lo v adj(A(t)).

e Aj is constructed as follows. Consider a free Z-module AL having 18 elements

Lg’fé, LQJT (1 <i,j <3) as Z-basis. Then consider a complex
Z— N —Z
where two maps are given as
3 .. .. .. ..
dl 1= Z(Lg; + L;’,Zr), d2 : Lg,l — 61’]’7 Lg,]r — —5”

=1

Define A3 as cohomology at the AL place, which becomes free Z-module of

rank 16. Denote Lgs;, L3, be 3 x 3 matrices having Lg’i, ngr as their (i,7)-
entries respectively. Under these notations, the complex maps d from A3 can
be described as

Lgyl — A(t)LQ, L3,r — LQA(t)

Here juxtaposition means the matrix multiplication.
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e A, has 9 basis elements L%’ (1 <i,j < 3). If we write L, as matrix having L}’

as (i, j)-entry, then image of d can be represented as

L4 — A(t)Lgm — Lg,lA(t).

e A4 has 1 basis element Lg, which is mapped to d by

LG — tr(L4adj (A(t))

We check that C; 4 is a well-defined complex. We first note the Cramer’s rule

adj(A(t)A(t) = A(t)adj(A(t)) = det(A(t))1.

Then we can calculate

d*(Le) = d(tr(Lsadj(A(t)))
= tr(A(t) L3 radj(A(1))) — tr(Ls A(t)adj(A(t)))
= tr(adj(A(t))A(t) L) — tr(Ls A(t)adj(A(t)))

= det(A(t))tr(Ly,) — det(A())tr(Ls,) = 0

and

d’Ly = d(A(t)Ls, — L3 A(t))

— A(t) Lo A(t) — A(t) Lo A(t) = 0.

For As place, we have

Ly, = d(A(t)Ly) = det(A(t)], d*Ls, = d(LaA(t)) = det(A(t))1.
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and this implies that d? is zero on As.
The complex C; 4 has form of minimal free resolution for 6 points in P* (See
Chapter 2, Proposition 2.5.4) so it satisfies the WTM conditions (Definition 2.3.4).

Thus we can apply the Theorem 2.3.3 to C; 4 to obtain the following exact sequence
0— Z — HRT(C; 4) — H*(O(—6) ® Ag) — 0.

The cohomology H*(O(—6) ® Ag) can be identified with free Z-module with basis

Le/(t1---t5t;) for i =1,--- ,5. Also by considering the Cech complex

C.(Pk) : @ Oti — EB Otitj — @ Ot1t2t3t4t57

we can identify HORT'(Cy ) with HTotI'(C; 4 ® Co(P*)) as in the Theorem 2.3.7,

especially using the algorithm in the Proposition 2.3.8. Consider the map
¢ : H'RT(C.) ~ HOTotD(C, a®CH(PY)) — HT(OREP O,) ~ P Zlt: /ti, -+ ,t5/ti].

For any wu, ¢(u) consists of 5 Laurent polynomials whose differences between them
are in ideal Z; 4. This follows from that the image of ¢(u) under the complex map of
C.(P*) sits inside image of the map O(—2)®@ Ay — O of C; 4. Fori=1,--- .5, denote
; as a preimage of Lg/(t - - - t5t;) under the map HRT'(C; 4) — H*(O(—6)® Ag) (so
that it can vary by integers). Then one can show that for some appropriate choice of

ai, - -+, (s, those satisfy the following relations

5

plai)p(ag) =) plar)e(A) +¢(1,1,1,1,1)  (mod T 4)

where cfj (A) are multiplication coefficients of R(A). This can be checked by some

explicit polynomial calculations.
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The right way to define ring structure on H°RT'(C; 4) is to use DG-algebra struc-
ture on C; 4. While we haven’t specified a DG-algebra structure for C; 4 explicitly, it
is possible to give it in indirect way so that it induces the multiplicative structure of

R(A) on hypercohomology.

Proposition 3.3.5. There exists a DG-algebra structure on C; 4 such that the induced

ring structure on HRT'(Cy 4) is isomorphic to R(A).

Proof. We first note that C; 4 becomes minimal free resolution for six points of X; 4
for A in generic subset of V, 4. Generally, a minimal free resolution is constructed
by repeatedly addding all lowest degree syzygies of previous map. If X, 4 consists of
six points in linearly general position, then C; 4 is constructed exactly in this way,
provided that all of its maps are exact at lowest degree. As it can be expressed as
the condition of matrices having maximal rank, the set of such A is Zariski open.
To show such set is nonempty, it suffices to pick one numerical element A € V(Z)
satisfying the condition (the example I used was of form Proposition 3.2.4, letting \;;
as some integers.)

Then we can apply ([46], Theorem 136) for sextic cover X; 4 over base of universal
variables Q[A], and it allows us to construct a DG-algebra structure on C; 4 with coef-
ficients in Q[A]. The hypercohomology ring H°RI'(C; 4) with multiplication induced
by this DG-algebra becomes rank 6 algebra over base Q[A].

When A takes an explicit numerical value of A = A, this ring specializes to
the ring structure HYRT'(C; 4,) naturally, as we showed that hypercohomology rings
for complexes whose entries consisting of O(k) behave consistently with the base
change. Meanwhile, in the Theorem 2.5.1, we showed that H°RI'(C, 4,) injects into
['(O/I)if C; 4, is exact over Q. The image of HORI'(C; a,) inside T'(O/Z) is described
exactly by ¢, so it follows that H°RT'(C; a,) is isomorphic to R(Ag) for generic Ay.
As multiplication coefficients of R(A) are given as polynomials in A, this shows that

HORT(C;,4) is isomorphic to R(A) over universal variables Q[A] (thus over Z[A]). O
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3.3.3 Hypercohomolgy ring of a complex on P?

We similarly define C, 4 of sheaves on P?, which is related to six points of X, 4 C P2
We will similarly first describe C; 4 from geometry of X, 4, and apply the hypercoho-
mology construction.

To find a system of equations for X, 4, we want to eliminate ¢ and y from the

relation A(t) = zy’, which is equivalent to

Zt A — y1(xel) — yo(zel) — yz(zel) = 0.

Here (eq,eq,e3) = ((1,0,0)(0,1,0)% (0,0,1)). Thus it is again equivalent to that
Ay, Ag xel, wel, xel are linearly dependent. We identify the space of 3 x 3 matrix

with k° and consider the following determinants
Vi; = det(Ay, Ay, As, Ay, As, wel, weh, wey, ezel).

It follows that the vanishing ideal of X, 4 is spanned by ;. Also we can find the

following syzygies between them:
3
det(Ay, -, As, zel, xel, vek, Ay) = Z(Ak)ijwij =0

ij=1

3
t t t t
det(Ay, -+, As, xel, xey, xey, xe)) = E 2y = 0.

We construct C, 4 using generators 1;; of the vanishing ideal and their syzygies

above. For O = Opz2, it has the form

0—=-0(-3)®@A32000(—4) @A > O(-3) A3 >0 =0
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where

Nsp=ZLyy ®ZL3, & - ®LLY, ~ 1,

Mo =ZL}, ®ZL%, ®ZLY, ~ 7°,

3
A =@Pzry ~7°.

ij=1

and its complex maps are defined as

Ly — i,

3
, ik
Lfl,2 = Zyk[’é )

k=1

3
Lio = > (A)yLy’.

ij=1

If we denote L3 as a length 9 vector identified with 3 x 3 matrix Lé’j, then we can

give simpler descriptions as follows:
Ly, (we}) - Ly, Li,— A - L.

One can also explicitly describe a DG-algebra structure on C, 4 where O becomes unit.
We only need to describe multiplications between L3, as all other multiplications are

trivial. For My, M5 length 9 vectors identified with 3 x 3 matrix with integral entries,
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multiplication between M - L3 and M, - M3 is given as

(M - Lg) - (Ms - Ly) = — det(My, Ay, As, Ay, As, wel, weh, wely, My)Li
— det(Ay, My, Az, Ay, As, ze, veb, zel, ]\42)[/;2
—det(Ay, Ay, My, Ay, As, wel, zely, xel, Mg)l}g2
— det(Ay, Ay, As, Ml,A5,xe§,xe§,xe§,Mg)L§,2
—det(Ay, Ay, Az, Ay, My, el zely, xel, Mg)Lg,2
— det(Ay, Ay, Az, Ay, As, My, wel, xel, MQ)L}L2
—det(Ay, Ay, Az, Ay, As, ze, My, zel, Mg)Li2

— det(Al,Ag,Ag,A4,A5,xe§,xe§, My, Mg)LiQ.
To check that this is well-defined DG-algebra, we note that
d(M - L) = det(Ay, Ay, Az, Ay, As, zet, xely, xel, M)
SO

d(My - L3)(Ms - L) — d(Ms - L3) (M - L3)
:det(Al, AQ, Ag, A4, A5, xeﬁ, :z:eg, xeg, M1)<M2 . LQ)

— det(Al, AQ, Ag, A4, A5, xei, xe’;, xeg, MQ)(Ml . LQ)
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and

d((My - L3) - (My- L3)) = — det(My, Ay, As, Ay, As, zel, xeh, xel, My)(A; - Ly)
—det(Ay, My, Az, Ay, As, zel, web, wel, My)(Ay - L)
—det(Ay, Ay, My, Ay, As, we, web, wel, My)(As - L)
—det(Ay, Ay, Az, My, As, we, web, wel, My)(Ay - L)
— det(Ay, Ay, Az, Ay, My, ze, wel, wel, My)(As - L)
— det(Ay, Ay, As, Ay, As, My, zeb, el M) (zel) - Ls
— det(Ay, Ay, As, Ay, As, zel, My, xely, My)(zel) - L

— det(Al, AQ, Ag, A4, A5, Ietl, .I‘Gg, Ml, MQ)(.Z‘G%) . L3.

Showing that their difference is zero can be interpreted as a special case of the Pliicker
relations.

Proposition 3.3.6. The hypercohomology ring H°RT(C,. 4) is isomorphic to R(A).

Proof. We would like to apply the Theorem 2.3.3 to C; 4. The complex C, 4 has form
O(=3°®O(-4)® - 0(-3)° -0 =0
so it satisfies the WTM conditions if the following Z-module
T = ker(H*(O(=3)° & O(—4)*) = H*(O(=3)%))
is isomorphic to Z°. We note
1 1 1

Z, H*(O(—4))~ VA Z® Z.

T 23was 12373 T1To3

HA(O(-3) ~ —

117973
More exactly, representatives of H%(O(—k)) can be considered as Laurent polynomials
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in xq, x9, x3 of degree —k whose degree in each y; is less than zero. A particular element

of H*(O(—3)° ® O(—4)?) of C, 4 can be described as

5 t 3 i
oL i Ly o
V= E + E —
T1XoT TjT1ToX
=1 T1le¥3 S TiT1Tals
and it is mapped to
3

5 3
1 - - 1 T »
— N Y LT S
dy = p— i; (,qu;g + g a(Ase; - e) L ) + TTats g g x-'uZ’JL?’

1 t=1 i,j=1 k#j ~ 7

and the later term vanishes in H*(O(—3) ® A3). To make da = 0 in H*(O(—3) ® A3)

we require

5
Hij = — Z i (A)ij
t=1

and this shows T is isomorphic to Z° as Z-module, with basis elements

3 A
1 t Lfm
L (L&? =D (Aei¢y) —], 1<t<s

ij=1 J

Thus Theorem 2.3.3 gives the following exact sequence of Z-module
0—Z— HRD(C,4) — T — 0.

One can apply the Theorem 2.4.2 to explicitly calculate the ring structure on HRT'(C, 4).
If we denote oy as a preimage of v, under HRI'(C, 1) — T, then together with oy = 1

they satisfy the relation

Qo = Z cfj(A)ozk

k=0

for appropriate choices of c;. This shows HRT(C,.4) =~ R(A). O
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3.3.4 Proof of the Theorem 3.1.2

We are now finally ready to prove that Disc(A) # 0 suffices to characterize forms

determining 6 distinct points.

Theorem 3.3.7. The discriminant Disc(A) is nonzero if and only if A € V4. In
that case, C; 4 @ Q and Cy 4 ® Q each becomes minimal free resolution of X; 4 ® Q

and X, 4 ® Q respectively.

Proof. We first apply the Theorem 2.5.5 on C; 4. As R(A) ~ H°RT(C; ) is nonde-
generate ring, V(Z, 4) = X; 4 consists of 6 points in P* in linearly general position.
This shows Disc(A) # 0 implies A € V,, 4. We have already shown that A € V4
implies Disc(A) # 0 in Theorem 3.3.1, so those two statements are equivalent.

It remains to show that C; 4 ® Q and C; 4 ® Q are minimal free resolutions of
X a®Qand X, 4 ® Q respectively. First we note it suffices to prove statement over
algebraically closed field Q. We use Proposition 3.2.4 to find an element N in the

same G(Q)-orbit of A having the following form

. Ma(ts —ta) Ms(tn —t5) et —te)
Z Niti = | Xaa(ta —ts) Aas(ta —t5) Aag(ta — t6)
=1

Asa(ts —t4) Ass(ts —t5) Ase(ts — ts)

As the actions of G' on C; 4 and C, 4 should be given as linear isomorphisms, proving
our statement for N will suffice. From now, we can simply assume that A = N takes
the above form.

We can observe that C; 4 has same Betti numbers as a minimal free resolution of

6 points in P* in general position. The minimal free resolution of P has form
Cp: O(—6) = O(—4)? = O(=3)'* - O(-2)? - O

where each map is given by a complete set of syzygies of lowest possible degree - map

132



from O(—3)1° given as all degree 1 syzygies of 9 quadrics, map from O(—4)? given as

all degree 1 syzygies of those 16 syzygies, etc.. Note that complex C; 4

O(—G) & AG — O(—4) ® A4 — O(—3) & A3 — O(—Q) ® A2 — O

has exactly same Betti numbers. Thus if one checks the maps O(—n;) ® A, —
O(—ng-1) ® \,,,_, are injective at degree ny for any k, it follows that the maps of C; 4
are also given as complete set of lowest possible degree syzygies. This shows that C; 4
is isomorphic to Cp via linear transformation and C; 4 should also become minimal free
resolution for P. Checking injectiveness of map O(—ng) @ A, = O(—ng_1) @ Ay, _,
at degree n, can be done in elementary way by calculating minors of matrices having
entries which are polynomials in A;; and showing some of them is nonzero.

We can proceed similarly for C, 4. The minimal free resolution of six points in P?

which are not on a conic has form

O(-4) - O(-3)* - O

where each map is given as complete set of syzygies of lowest possible degree. The

complex C, 4 given as

O<—3) X AS,Q S5 O(—4) (029 A472 — O(-?)) (12 A3 - O

is not minimal, because of linear relations between cubics coming from O(—3) ® Aj .
But if one can prove that O(—3)® A3 is mapped into injectively, then above complex

is homotopic to

Cron  O(—4) ® Ayo = O(=3) @ (Ag/d(As) — O
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which has same Betti number as minimal free resolution. Thus if we can show O(—4)®
A4 2 is mapped injectively at degree 4 and map from O(—3) ® A3 spans all vanishing
cubics, then C;, , becomes minimal free resolution for X, 4. Again those injectiveness
statements at finite degree can be verified from elementary calculation of matrix

minors. OJ

While the statement of the above theorem was about forms over Q or Q, the
same argument should hold for any algebraically closed field of characteristic zero.
As we have observed that HORm,(C; ) >~ T'(%;.4) if C; 4 becomes free resolution (for
A e V(k)and C; 4, X4 are all considered over k), Theorem 3.1.3 follows immediately

from the result of the Theorem 3.3.2.

3.4 Descriptions of the invariants

For this section, we will only consider forms over field £ = @Q, while most of the
arguments should also hold for any fields having characteristic zero. We want to

examine the behavior of the map
Vp0(Q)/G(Q) — {nondegenerate sextic Q-algebras}, A — R(A).

It can be checked that it is surjective, but there are infinitely many forms giving same
Q-algebras. One possible attempt to convert this map into a well-established corre-
spondence is to look for an additional arithmetic object corresponding to Vp.o(Q)/G(Q).
We remind the invariants of six points of X, 4 discussed in Theorem 3.2.1, which im-

plied the one-to-one correspondence between Vp(C)/G(C) and

{(wy,- -+ ,ws,v) € C":
6 6 2 6
Zwi =0, (Zw§> — 4Zw§ = —3240% # 0} /C*.
i=1 i=1 i=1
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The main goal of this section is to construct an element s in a sextic resolvent algebra
S of R(A) (which we will soon define) which can represent (wq,--- ,ws) and prove

the Theorem 3.1.4.

Theorem 3.4.1 (Restatement of the Theorem 3.1.4). Let R be a nondegenerate sextic
Q-algebra, and S be its sextic resolvent algebra (with respect to outer automorphism
of Sg). For A € V(Q) such that R(A) ~ R, one can construct s € S corresponding
to A satisfying following two properties.

(1) Let (wy, -+ ,wg) € C° be values of the relative invariants of Ya given via the cor-
respondence of Theorem 2.1. For 1,1y, -+ ;g : S — C be the distinct embeddings,

we have

[ih1(s); - -+ s1b6(s)] = [was - swe]  in PR

(2) We have
16trg/g(s!) — 4trg/g(s®)® = Disc(A).

For such A, the mapping A — s is ezxactly 2-to-1, up to G(Q)-equivalence.

3.4.1 Preliminaries: definition of the sextic resolvent algebra

For an outer automorphism ¢ of Sg, we remind the definition of the sextic resolvent
groups: we have H; = ¢(G;) where G; < S5 is a subgroup of Sy fixing element i
fori =1,---,6. As Gy, ---,Gg are conjugate to each other, Hy,--- , Hg are also
conjugate to each other. Also one can check that {H;,- -, Hg} does not depend on

choice of outer automorphism ¢. Throughout this section we will fix the choice of ¢
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and (Hy,--- , Hg) such that

(Hu, Ha, Hs, Hy, Hs, H)
=(((14)(25)(36), (26345)), ((16)(23)(45), (15436)), ((12)(34)(56), (16342)),

((12)(34)(56), (24365)), ((12)(34)(56), (15634)), ((12)(34)(56), (14362))).

We will use these explicit representatives when it comes to calculate the invariants of

six points in P2

If our sextic QQ algebra is a degree 6 number field having Galois group Sg, its sextic
resolvent algebra for a sextic resolvent group H can be constructed as a subalgebra
of the Galois closure of R consisting of elements fixed by H. In order to generalize
this construction to any sextic nondegenerate algebras, we need a notion called S,

closure, which can be found in [3] or [4]

Definition 3.4.2. Let R be a nondegenerate ring of rank n. The S,-closure of R is
defined as R = R®"/Ip. We define I} as ideal in R®" generated by elements of the

form (for x € R)

1@+ (1®rz--- 1)+ +(1®1® - ®x)

—trez(r) (191 - ®1)

and define Ir = (I @7 Q) N R®* as its Z-closure.
If R is Q-algebra of rank n, then its S, -closure is Q-algebra defined analogously as

R = R®"/Ip where I = I5° is Q-ideal of R®™ generated by elements of the form

2R1® @)+ (1l®z® @)+ +(101® Q1)

—trep@)(lel®---®1).
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It holds that S,-closure of a nondegenerate ring is ring of rank n!, with natural
action of S,, induced from its permutation action on R®". Also the fixed elements of
R under action of S,_; < S, (permutation group on {1,2,---,n} \ 4) is isomorphic
to R. The notion of S,-closure serves as an analogue of S,-Galois extension of R
defined for rings instead of fields.

Denote p; : R — R as composition of the projection map p; : R — R" defined as
pi(r) =1®- @r®---®1 (xlocated at ith component)

and R" — R™/Ig. Then the natural action of S,, on R permutes those p;: for o € S,
we have 0 o p; = p,(;y. For r € R, write r; = pi(r) for shorthand. Then we can write
or; = 1) for o € S,.

Also If we are given a ring homomorphism 1 : R — C, then 1 o p; becomes six
distinct morphisms of R into C. We will fix ¢» and abusively denote ¢ o p; : R — C

just as p;.

Definition 3.4.3. The sextic resolvent algebra of a sextic nondegenerate Q-algebra

R is defined as set of elements in R which are fized by action of outer automorphism

group.

As |Se 1 H;| = 6, a sextic resolvent algebra indeed becomes sextic algebra. Also six
sextic resolvent algebras for Hy,--- , Hg are all isomorphic to each other with respect
to S,-action on R.

We want to find some ‘resolvent map’ - a map involving R and S satisfying certain

invariance with respect to action of H. We remind the construction of

1
RH(x17 T2, T3, T4, Ts, ZEG) =+- Z Sgn(o-)xo'(l)xo'(Q)xU(3)'
6 oceH

in Section 2.4. For Hy,--- , Hg our given set of sextic resolvent groups, Ry, were all
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defined together so that

RH($U(1)7 ce 7%(6)) = Sgn<U)RUHo—1(x17 T ,556)

and those satisfied
6 6
> Ry = Yo <0
i=1 i=1

Those covariance properties of R; under Sg allows us to consider them as a resolvent

map as follows.

Proposition 3.4.4. Let R be an nondegenerate sextic Q-algebra. For r € R, denote

r; = pi(r) € R. For fived sextic resolvent groups Hy,--- , Hg, denote
(r) = — R )
resp g (1) = ———Rpg.(r1, - ,7
R,H; Dicc ( R) H;\T'1 6

\/W Z sgn 7’0 TU( )7’0(3)
occH

Here we consider 1/+/Disc(R) = (Disc(R))™'/? as an element of R such that
o(Disc(R))™1/? = sgn(o)(Disc(R)) ™1/

for o € Sg. Then we have:
(1) resgp m,(r) is in sextic resolvent algebra of R for H,;.
(2) Action of 0 € Sg on R permutes resp .. In particular, we have o o respy =

resgp oHo-1 for sextic resolvent group H.

Proof. By noting that action of o € S,, on r; is given as o(r;) = 7,(;), both statements

can be checked by explicit calculation. O]
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3.4.2 Construction of an invariant element

Going back to our form A € V(Q), we want to define the invariant element s in the
sextic resolvent algebra S of R(A) in case R(A) is nondegenerate. Let 1 = ag, -, as

be the basis of R(A) canonically defined together with cf;(A).

Proposition 3.4.5. Let A be a form such that R(A) is nondegenerate. Denote Sg,
as sextic resolvent algebra of R(A) with respect to H;. Let S = Sy,, and consider six

ring embeddings 1; : S — R whose image is Sy,

There exists an element s € S such that: for s; = 1;(s), the following expression

holds
6
det(ti Ay + -+ +t545) = Y (si-Tespi(tian + -+ + t505))
i=1
6
3=
i=1
forall xq,--- x5 € Q. Moreover, this s satisfies
6 6 2
16 Z s9—4 (Z sf) = 16trgg(s") — 4trg/g(s*)* = Disc(A).
i=1 i=1
For such s, image of (s1,- -+, Sg) € R mapped by C8 coincides with invariant (wy, - -+, wg)

of sixz geometric points of X, 4 (up to C-multiple).

This proposition is essentially the beginning part of the Theorem 3.4.1, which
states the existence of s € S. The main idea for its proof is to apply the Propo-
sition 3.2.8 and Proposition 3.2.9 for T' = X, 4, and observe that the special six
cubics Ry p,(x) of the Proposition 3.2.8 actually coincides with resp; we defined in
Proposition 3.4.1.

Let 1 = ag,---,as be the basis of R(A) canonically defined with ¢f;(A). If
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Disc(A) # 0, we can think distinct ring morphisms py,--- , ps : R(A) = R — C and
dual basis of, -+ ,af of ag, -+, 5. In Theorem 3.3.2, we have shown that the six

points of

Xoa={teP irk(ti A + - +t545) < 1}

are given as
pi = [pi(ai); piay); pilas); pilay); pilas)]

for 1 <¢<6.
We remind the statement of the Proposition 2.8: for T' = X, 4, there exists nonzero

six cubic forms Ry ;(x) such that

1. Ry, is singular at six points of X.
2. Yy Rrw (2) = Y0, Ry () = 0
3. The group Aut(7') C PGL;(k) isomorphic to Sg acts transitively on Ry g, (z),

and such list of six of Ry p,(z) is determined uniquely up to constant multiplication
and pemutation.

We want to show that those Ry py, can be given as resg;. The map
t— resRyi(tloq + -+ t5045)

is well-defined for ¢t € @Q® and can be represented as cubic polynomial in ¢;,--- 5
with C-coefficients. Denote oy = tiaq + - - - + tsas, and denote the above cubic form
as resg g, (o).

Proposition 3.4.6. For A nondegenerate and R = R(A), the siz cubic forms resg g, (o)
defined as above satisfies all properties of the Proposition 2.8 of the cubic forms

Ry, (t) corresponding to the point set

T= X0 = {lpai)i-spad)] i =1, ,6}.
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Proof. The forms resg;(a;) are obtained by first considering forms

1
RHi(’Zla T 726) = :l:g Z Sgn<0)20(1)za(2)za(3)
oc€H;
and applying the linear change of variable
zi = x1pi(an) + -+ + xspias)
to them. For forms Ry, we already showed that

RHi(Zlﬂ"' 726) = RHi(Zl — 26,%2 T %6, 1, %5 _3670)

and Rpy,(z1,- - , 25, 0) satisfies properties of Ry ; the Proposition 2.7 for X being the

following specific set

T = Tyq ={[1;0;0;0;0], [0;1;0;0;0], [0;0;1;0;0],

[0;0;0;1;0], [0,0,0,0,1], [1,1,1,1,1]}.
So it suffices to show that the coordinate change

(x1,$2,$3,x4,x5) — (Zl — 26, ,R5 26)7

zi = z1pi(ar) 4+ - - 4+ w5pi(as)

maps six points of X; 4 to Tyy. Indeed for a point pp = (pp(}))j=1,.5 € Xa, its
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coordinates are x; = pi(cjj) and corresponding coordinate change is given as

Zpk pilay)
(E pr(@))pilay ) — pr(0g)pil )

= 0jk — Pk(aé)

SO % — 26 = 0;; — 0. This corresponds to coordinate of kth point of T4, so Xy 4 is

mapped to Tgq. O

We can apply the Proposition 2.9 to obtain

6
det(t Ay + -+ + 1545) = > (cw;(Xqa.a))resp m, (o)

=1

for some ¢ € C nonzero. Let s; = cw;(X,.4). We claim that there exists s € S such
that s; = ;(s) are given as images of distinct embeddings v, : S — C. This can be
checked from the following argument. For any x € Q°, we have Zle siresg m, (a) €

Q. Note that resg g, (on) are conjugate images of resg g, (o) € S. So we should have

6
Z Siwi@eSR,Hl (az>> € Q
=1

If elements resg g, (a,) span set of trace zero elements of S over Q, it follows that
Z?:1 si;(u) € Q for any u € S, so we should have s; = 1);(s) for some s € S. Suppose
on the contrary that elements resg g, (o) do not span all trace zero elements. Then
there exists some ¢ € S with trg/g = 0 such that trg/q(t - resg.m, (a¢)) = 0. But it
implies

6
Z Yi(u)resg p, (o) =0,
i=1

which contradicts that six cubics resg g, (o) have only one linear relation that their
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sum is zero. Thus s; = 1;(s) for some s € S, and we can define such s as the element
of S corresponding to A. As > w;(Ya) = 0, we should have trg,g(s) = 0 too.

To complete the proof of the Proposition 3.4.2, we need to show
6 6 2
16 Z s;—4 (Z sf) = 16trgg(s") — 4trg/g(s*)* = Disc(A).
; i=1
Denote R = R(A).
Proof. Denote u; = t1p;(aq) + -+ + tspi(as), i = 1,- -+ ,6. Also denote
5
B;=> pi(a})4;, i=1,--- 6.

Jj=1

As the Theorem 3.3.1 states that [p;(af);--- ;pi(af)] € X4, the equation rk(t1A; +

- +1t5A5) < 1 has u; = p;(aj) as solution. This implies rk(B;) < 1. Also, one can

check ;
6 5
i=1 i=1 i=1
So we have
5 6 6
det (Z tiAi> = det (Z uiBi> = Z sivesp g, (o).
i=1 i=1 i=1

Meanwhile, we remind our construction in Proposition 3.4.1

1
resp g, () = mRH (w1, ug, -, ug)

where

1
Ryg(un, ug) = 22> sen(0) o tio(z) o)

ceH

and = sign are defined in explicit way as of Section 3.2.4. So we have

SiRH-(u17 e 7u6>'

3

6 6
1
e (il ! ) V DiSC(R) i=1
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By the Proposition 2.4, there exists (g1, g2) € SLs x SL3(Q) such that

6 )\14(U1 - U4) A1s(u1 — U5) Atg(u1 — U6)
91 (Z usz) g2 = )\24(U2 — U4) )\25(%2 — U5) )\QG(UQ — UG)
=1

)\34(U3 - U4) )\35(163 - U5) )\36(U3 - U6)

By expanding out both sides of

>\14(U1 - U4) >\15(U1 - Us) )\IG(UI - UG)
1

6
det | Nog(ug — us) Aos(uz —us) Aog(uz —ug) | = m Z siB (w1, - -+ ),
=1

/\34(U3 - U4) /\35(U3 - U5) >\36(U3 - Uﬁ)

we can express s; in terms of \,, as

S1 -1 2 2 -1 -1 -1 /\14)\25)\36
S9 2 —1 2 -1 -1 -1 /\15)‘26)\34
S3 1 2 2 -1 -1 -1 -1 >\16)\24)\35

so| OVDisc(R) | _1 —1 —1 -1 2 2 || Aadashss
S5 -1 -1 -1 2 —1 2 /\16)‘25)\34

Sg -1 -1 -1 2 2 —1 )\15)\24>\36

where

A1ad2s A1adsg AagAsg
F(\) = det AsA2s  A1sAss AasAss
A6A26 ANz A26A36

Thus showing that F'(\) = Disc(R)~/? would suffice.
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Let B = (Bl, BQ,Bg, B4, B5) € V(C) Using

6 >\14(U1 - U4) Ais(u1 — U5) Atg(u1 — U6)
91 (Z uzBl) g2 = )\24(’&2 — U4) )\25(“2 — U5) )\26(11,2 — UG)
=1

)\34(163 - U4) )\35(103 - U5) )\36(U3 - U6)

(g1, g2 € SL3(C)), we can explicitly calculate R(B) = R(¢g1Bg2). The multiplication

coefficients of R(g; Bgs) are given as

i F\) ifi=j=k
cii(g1Bga) = :
0 otherwise

Thus ring R(B) and its basis (1, a;(B), - - ,as(B)) is isomorphic as R(B) ~ C° and
(Oél(B)a o ,@5(3)) = F()\)(ela €2, €3, €4, 65)7

where e; € C° is the standard basis element (e; = (1,0,0,0,0,0), e, = (0,1,0,0,0,0),

etc.). Meanwhile, we note that
5 5
Bi=Y p(a))d; = Ay =" Bilpi(ay) — pslay)).
j=1 i=1

This GLs5 transform (By, -, Bs) — (Ay,- -+, A;) has determinant

(1) = ps(ar)  pr(az) = pe(az) (a5) = pe(as)
(1) = pe(an)  pa(a2) — pslaz) (as) — pe(as)
det [ pa(ar) = ps(ar) pa(az) —polaz) -~ pa(as) — ps(as)
(1) = pslaa)  palrz) — pe(az) (as) = po(as)
(1) = pelan)  ps(az) — pslaz) (as) — pe(as)
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so it acts on «;(B) as y/Disc(R) times standard action. If we apply this action in
the above identification R(B) ~ C® and (a;(B),- - ,a5(B)) = F(A\)(e1, e, €3, €4, €5),
we obtain
5

a(A) = FO\)v/Disc(R) Y _(pilaw) = polau))es

=1

= F(A)/Disc(R) - ((p1(ar), pa(ar), - 5 psar)) — pelax) - (1,1,1,1,1,1)).

But the elements «y(A) are should be same as the following image of oy in C° (via

embedding R(A) — C°)

ar = (pr(aw), palan), -+, pelaw))

up to shifting by constant times 1, so we should have F'()\))y/Disc(R) = 1. O
To complete the proof of Theorem 3.4.1, we show the following statement.

Proposition 3.4.7. Suppose A, B € Vp4o(Q) satisfies R =R(A) = R(B) and their

corresponding elements s € S are same. Then B is either in G(Q)-orbit of A or A'.

Proof. We have X4 = Xpg. Also Y, and Yg has same W-invariant, as WW-invariant of
Y4 can be determined by conjugate images of s. Thus the Theorem 2.1 shows that Yp
is either equivalent to Y or Yy, so either A, B or A*, B are SLz x GL3(Q)-equivalent.

We prove the following lemma.

Lemma. If A, B € V(Q) are GL3 x GL3(Q)-equivalent, then those are GL3x GL3(Q)-

equivalent.

Proof. Let X,Y be 3 x 3 matrices, and consider a system of equations
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If we consider it as a system of linear homogeneous equations on 18 variables of entries
of X and Y, its solution space will be some vector space over Q (as A, B were defined
over Q). The GL3 x GL3(Q)-equivalence of A and B suggests that there is a nontrivial
Q@-solution, so this vector space is nontrivial. On this vector space, we consider the
polynomial det(X) det(Y). As there are solutions in X,Y € GL3(Q), this polynomial
is not identically zero on the vector space, so there should be Q-solution such that

det(X) det(Y') does not vanish. This shows there exists X,Y € GL3(Q) such that
A X =YDB;foralli=1,---,5 s0o Y 1AX = B. O

]
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Chapter 4

Sextic rings associated to

2 %X 2% 2x5 forms

4.1 Introduction

In this chapter, we construct a sextic ring from a 2 x 2 x 2 x 5 form A € V(Z) =

7? @ 72 @ 7* ® 7°, where (G,V) is a representation of a algebraic group given as

(G(Z),V(Z)) = (SLy x SLy x SLy x GL5(Z),7Z* ® 7* ® Z* ® Z°). Similar to the case

of the Chapter 3 which constructs sextic rings from 3 x 3 x 5 forms, our ring R(A)
k

has its multiplication coefficients cfj = ¢;;(A) determined as degree 6 polynomials in

entries of A.

Theorem 4.1.1. For a form A € Z*  Z? @ 7> ® 7°, there exists a sextic ring R(A)

with Z-basis of R(A)/Z fized, such that its multiplication coefficients c};(A) are given

as integral polynomials in entries of A. Those cfj are SLy x SLo X SLay-invariant of
degree 6. Under the action of g € GL5(Z), R(gA) is isomorphic to R(A) in the
following way: if (1 =g, -+ ,as) is basis of R(A), then R(gA) is isomorphic to the

ring having basis 1,dy,--- ,ds where &; = det(g) Z?:l Gii 0.

Thus the isomorphism class of R(A) is invariant under the G(Z) = SLy x SLg x
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SLy x GLs5(Z)-action on A. Call the discriminant of this ring Disc(R(A)) as the dis-
criminant Disc(A) of the element A, which becomes a degree 60 relative G-invariant.
This construction can be generalized over any base ring S: for A € V(S) we can
construct R(A) as a sextic S-algebra using same polynomial formula for cf'](A)
Similar to the ring parametrization for 3 x 3 x 5 forms, construction of R(A)
is related to a certain Z-scheme which has six geometric points for generic A. For
A €V, write A as 5-tuple of (A, Ay, Az, Ay, As) for A; being 5 slices of Z? @ Z* ® Z*
forms, and write each coordinates of A; as A; = Z?,j,kd aijr16; ® €; @ ey, where e;s

are standard basis vectors (e, e2) = ((1,0),(0,1)). Our scheme will take the form
Xa o Asty + Aoty + Asty + Asty + Asts = (21, 22) @ (Y1, ¥2) ® (21, 22)

which is equivalent to that

5
Zaijwti = T;Y;2k, i,j, k¢ {1, 2}

=1

These equations can be considered as projective equations in P* x P! x P! x P*, where
[1; 2], [y1; yal, [21; 22], [t1; to; t3; ta; t5] are considered as projective coordinates of the
first three P! parts and P* part respectively. One can show that for generic choice of
A, the above equations cut out 6 geometric points in P* x P! x P! x P4, The set of
elements (1, 22) ® (Y1, y2) ® (21, 22) on the righthand side can be considered as image
of the Segre embedding P! x P! x P! — P7, which is degree 6, and the six points can
be considered as fiber of this image above generic hyperplane.

We consider the projection of X4 to P} and IP’; X IP’;, and denote them as X; 4 and

X (2,),4 respectively. (One can similarly think of X, .) 4, X(.2),4 too.)

Theorem 4.1.2. Let A be a2 x 2 x 2 x5 form over an algebraically closed field k of
characteristic zero. The condition Disc(A) # 0 is equivalent to X (5, a satisfying the

following condition: X, ) 4 consists of siz points of P! x P! satisfying that no single
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global section of O(1,2) and O(2,1) vanishes on all of those siz points. In that case,
In that case, X, o consists of siz points of P* in linearly general position (any 5 of
them not on a hyperplane.)

Conversely, for any distinct siz k-points in P* x P! such that no single global section
of O(1,2) and O(2,1) vanishes on all of those six points, there exists A over k such
that X (z,),4 becomes set of those six points, and such A is determined uniquely up to

SLy x SLy x SLy x GLj5(k)-equivalence.

The sheaf O(k,1) on P! x P! is defined as O(k) X O(I), and its global sections
consist of homogeneous polynomials of bidegree (k,[). The condition that six points
not on a bidegree (2,1)- or (1,2)-form will appear repeatedly.

One might ask the problem of figuring out which A € V(Q) gives R(A) ~ R
for fixed sextic nondegenerate Q-algebra R, and discuss the orbit of Vp4(Q)/G(Q).
Using the irrational invariants of six points in P! x P!, which can be obtained from
knowledge of six points in P! (see [33] etc.), we can construct the following invari-

ant element in the sextic resolvent algebra of R(A) which characterizes the orbit of

Vp20(Q)/G(Q)-

Theorem 4.1.3. Let R be a nondegenerate sextic Q-algbra, and S be its sextic re-
solvent algbera (with respect to outer automorphism of Sg), For A € V(Q) such that
R(A) ~ R, one can construct si,sy € S corresponding to A satisfying the following
property: for iy, --- psig : S — C be distinct embeddings, [11(s1);- - ;¢¢(s1)] and
[V1(52); -+ 3 6(s2)] provides invariants of X(z,).4 (as defined in Section 4.3.

For such A, elements sy, so are determined uniquely up to Q*-multiple, and the map-

ping A — (s1,52) € (S/Q*)? is injective.

The construction of R(A) relies on the hypercohomology construction we discussed
in the Chapter 2 of this thesis. We will construct a complex C; 4 of sheaves on

P*, which becomes a minimal free resolution of X; 4 C P* over Q for generic A.
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One can explicitly calculate HRT'(C; 4) and define it as R(A). Checking that the
multiplication coefficients cfj(A) of R(A) satisfy certain invariance properties under
the G-action will prove the Theorem 4.1.1.

The construction of C; 4 relies on the geometry of X, 4, which was studied in [15].
Casnati in [15] discussed sextic covers of an arbitrary Noetherian scheme T over a
field associated to a 2 x 2 x 2 x 5 global form, and named them ‘Anglo-American
covers’. It also provides the construction of C; 4 in terms of the Eagon-Northcott
complex (see [24]), though finding explicit formula is original work of the author.

We will construct a complex Cy ) 4 of sheaves on P* x P!, and calculate its hyper-
cohomology ring HYRI'(C(y,),4) and show it is isomorphic to R(A). Likewise, C ) 4
is related to the geometry of X(, ) 4, but the geometry of six points in P! x P! was
not studied as much as six points in P™. Other than using the property of invariants
of six points in P! x P!, properties of X(2,y),4 and six points in P! x P! will be proved
independently of other works.

We briefly describe the outline of this chapter as follows. In the Section 4.2 we
will start with showing elementary properties of six points in P' x P! and X, ) 4
using elementary methods, which will suffice to prove the first part of the Theorem
4.1.2. In the Section 4.3 we will construct C; 4 and C(, ) 4 and their hypercohomology
ring, and show our main theorems (Theorem 4.1.1, 4,1,2) using properties of R(A)
and hypercohomology. In the Section 4.4 we will construct the irrational invariant in
sextic resolvent algebra of R(A) from invariants of six points in P! x P!, and show

the Theorem 4.1.3 using their properties.

4.2 Geometry of 2 x 2 x 2 x 5 forms

In this section, we consider 2 x 2 x 2 x 5 forms overan algebraically closed field k of

characteristic zero (which includes the case of A € V(Z) when k = Q). Denote A as
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A = (Ay, Ay, Az, Ay, As) where each A; € k? ® k? ® k? is slice of A in k® direction.

Using the following the shorthand notation
A(t) = Aty + Aty + Astz + Asty + Asts, T @y ® 2 = (21, 72) @ (Y1, 42) ® (21, 22)
we denote our variety for six points as
Xa={(z,9,2,t) EP' xP' xP' xP*: A(t) =2 @y ® z}.

Denote X; 4, X(s,4),4 as the projections of X4 onto t-space of P* and onto (z,y)-space
of P! x P! respectively.

The variety X4 can be associated to the Segre embedding
P! x P! x P! = P7, (2,y,2) = 2@y ® 2.

As we know that image of the Segre embedding has dimension 3 and degree 6 in-
side P7, the generic intersection of the image and linear subspace of P7 spanned by
Ay, Ay, Ag, Ay, As becomes distinct six points.

Our goal is to characterize the exact condition for A for which X 4 consists of six
points, and to determine which six points of P* x P! can be represented as X ;) 4,
as discussed in conclusion of Theorem 4.1.2. In this section, we will focus on some
elementary geometric properties of six points in P! x P!, and show the later half of
Theorem 4.1.2. The rest of Theorem 4.1.2 will be proved in the Section 4.3, where

we will define a sextic ring R(A) and its discriminant as Disc(A) = Disc(R(A)).

4.2.1 Preliminaries: six points in P!

It is known that the moduli space of 6 points in P' can be described as a Segre cubic

threefold, ([33], [23] etc.) which is often described as a cubic threefold determined by
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the following equation
p1+...+p6:p?+...+pgzo.

Here we consider it as cubic hypersurface in ambient space of P4, here having form of
hyperplane p; + - - - + ps = 0. While we picked the most convenient form of equation
for Segre cubic, Segre cubic threefold includes all cubics which are PGL4-equivalent
to above form, and such cubics are exactly characterized by the condition that it has
10 nodal singularities.

The map from six points to p; can be described as follows. For six points x; =

[2i1; % 2], pi are the sextic resolvent maps having following form

Pr = Z i(mavlmb,lqu)(xd,zye,ny,Q)
{a,b,c}U{d,e,f}={1,--,6}

where H corresponds to one of six sextic resolvent subgroups of Sg. The exact

equation has following form (here ¢ € H C Sg is considered as permutation of

{1727... ’6})

1
pPH = T~ Z SEN(0)To(1),1%6(2)1Z0(3)1 Lo (4) 2% (5) 20 (6),2-
6 oceH

The signatures & of py are chosen such that Y py = 0 is satisfied. It turns out that
there are exactly two such choices of giving signs, and those two are equivalent under
py + —pg. Furthermore, with these choices of signs, it also follows that > p% = 0.
So the mapping from six points to a projective point [py,;- -« ; pu,] of Segre cubic is
well-defined. In the appendix section of Section 4.5, we will give the definition and
explicit descriptions of sextic resolvent groups H and explicit formula of all py.

For six points in P! having affine coordinates (0, 1, 00, oy, az, a3) (o € k is consid-

ered as point [k; 1] and oo is considered as [1;0]), then the six invariants py can be
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given as follows for some choice of sextic resolvent groups H;.

D, -1 -1 1 -1 1 1 o
DH, 1 -1 1 1 -1 -1 Qo
DH, 1 1 -1 -1 1 -1 Qs
DH, - -1 1 1 -1 -1 1 Qo0r3
PH; -1 1 -1 1 1 -1 103
DHg 1 -1 -1 1 -1 1 Q1o

If we have six points such that three of them are distinct, we can map those three
points to 0,1,00 by certain PGLy(k)-transformation, and calculate the invariants
using the above form.

If more than four of x;s are same, then all invariants vanish. This coincides
with Geometric Invariant Theory of n points in P™ stating that that more than n/2
identical points are in degenerate orbit ([37], Chapter 3). If three of x;s are same,
the six point set is mapped to one of 10 singular points of the Segre cubic (of form
[1;1;1; —1; —1; —1]), depending on which three points are same.

If two x;s are same, the image of all points x; = x5 form one of 15 planes of Segre
cubic, obtained by Sg-permutations of p; — ps = p3 — ps = ps — pe = 0, corresponding
to 15 synthemes. Those 15 lines are all planes contained in Segre cubic and they form
abstrct configuration (154, 10g) configuration with singular points. ([21], Proposition
2.2)

In conclusion, if we denote the subset S C (P')® of points such that no four of x;s

are same, then we have the correspondence

S//PGLy(k) ~ Seg = {[p1;- -+ ;pe] : Zpi = pr’ =0}.

154



Remark. The action of 0 € Sg permuting six points of z1, - - - , x4 acts on py as follows.

opr = sgN(0) P

Suppose that our six points x1,--- ,xg are Galois conjugates to each other - action
of Gal(k/k) permutes those six points - or equivalently, those points are cut out by
a binary sextic form f whose coefficients are in k. Those six points corespond to a
sextic k-algebra of global functions of those points Ry = I'(V/(f)) if we consider the
perspective of the parametrizations of rank n algebra using binary n-ic forms. In this
setting, the invariants py of x1,--- , g can be expressed as an element « of the sextic

resolvent algebra of Ry, in the sense that the following holds

[p1(); p2(@); -+ 5 ps(@)] = [prys -+ D)

where py,--- , pg are embeddings of the sextic resolvent algebra into k.

This is analogous to case of the parametrization model of the Chapter 3 using
3 x 3 x 5 forms and six points in P?, where we could find an invariant element in the
sextic resolvent algebra of the sextic ring parametrized which expresses all invariants
of the six points. We will soon see that we can similarly construct an element in the
sextic resolvent algebra in the parametrization model of this chapter which uses six

points in P! x P!

4.2.2 Six points in P! x P!

The space P! x P! has automorphism group Z/2 x PGLy x PGLy(k), with each copy
of PGLy(k) acting on each factor of P! respectively and Z/2 acting as switching two
P! parts. (This can be seen from considering that Pic(P* x P!) ~ Pic(P') x Pic(P!)
and that automorphisms should act on Picard group in the trivial way.)

Suppose that we have six geometric points (x;,v;) = ([zi1; Ti2], [Yi1;vi2]) € P! X
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P If (21, -+ ,26) and (y1,- - ,¥ye) are all in S, then we can define a map from S? to
the Seg® (Seg:Segre cubic) defined as pairs of (pi(x1,--- ,26)); and (p;(y1,--- ,ys)):
(for (p1,-++ ,ps) : P! — Seg defined above). This map PGLy x PGLy-equivalent, so if
we compose it with the quotient Seg® — Seg®//(Z/2) then it defines a map invariant

under Aut(P! x P') ~ Z/2 x PGLy x PGLy(k). In conclusion, the map
S? c (P* x PY)® — Seg?//(Z/2)

can be considered as Geometric Invariant Theory quotient of six points describing P! x
P!. By considering the Z/2-invariant functions on Seg?, we can see that all projective
invariants for {(z;, y;) }i=1,.. ¢ are homogeneous polynomials of p;(z)p;(y) +p;(z)pi(y)
(where = (21, ,26),v1 = (Y1, - ,Ys), (P1, - ,p6) : P* — Seg defined above).
The set S? is yet too large, and we want to impose stronger conditions on set of
six points. Let Py, be the set of lists of six points ((z1,v1), - - , (26, ys)) € (P* x P1)%)

which satisfies the following two conditions: the six points

2 ) 2 o2 . 2 5
[%,1%,17 Ti,104,2Yi15 Lj 2Yi,15 Ty 1Y4,25 Li1Yi,2Y4,2; %,2%‘,2] el

are not on a single hyperplane, and the six points

2 . 2 a2 . 02 5
[y1,1$1,1, Y1,1Y1,221,15 Y1 221,15 Y1 121,25 Y1,101,271 25 y1,2$1,2] el

are not on a single hyperplane. Those points can be considered naturally as images
of the six points under the composition of the Veronese map P* — P? of degree 2 and
Segre embedding P? x P! — P°.

For ((z;,¥:))i € Pyen, it follows that (x;,y;) are all distinct. Also we can show P,
does not contain lists satisfying x1 = x9 = x3, which implies P, C S?. (For such

case, the above six points are on hyperplane.) It is possible that x; = xs.
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We can consider an polynomial expression describing P,,. In coordinatewise, it

is

2 2 2 2
Ti1Y11 T11T12Y11 Ti9Y1a1 TiiT12 T11Y12Y12 T19Y12

x2 Lo 1l x2 2 x x x2
2,1Y2,1 2,1T22Y21 2,2Y2,1 2,172,2 2,1Y2,2Y2.2 2,2Y2,2

2 2 2 2
T31Y31 T31T32Y31 T32Y31 L31L32 T3,1Y3,2Y32 L32Y3,2

det

2 2 2 2
Ty1Ya,1 T4,1242Y41 Tyola1 Ty 1T42 T41Y42Ys2 TyoY4s2

x? 51T x2 22 T50 x?
51951 T51T52Ys51 T5oYs1 T51T52 T51Ys52Ys2  T59Ys2

2 2 2 2
Te1Y6,1 T6,1T62Y6,1 Tgole,1 L1762 T6,1Y6,2Y62 Tg2Y6,2

times

2 2 2 2
Y11711 Y1aY12711 Y111 YialYi2e Y1aT12%12 YioT1,2

2 2 2 2
Y2122,1 Y2,1Y22%21 Ys0T21 Yo1Y22 Y21T22T22 Ys9%22

2 2 2 2
dot Y31T31  Y3,1Y32%31 Y39T3,1 Y31Y3,2 Y3,1732%32 Y39732

e

2 2 2 2
Yi1Ta1 Ya1Y42T41 YioTal YiiYa2 Y41042%42 YioT42

2 2 2 2
Ys5.105,1 Y51Ys52T51 Ys0T51 Ys51Ys52 Ys51L52X52 Ys59T5,2

2 2 2 2
Ys,1%6,1 Y6,1Y6,2T6,1  YsaL6,1 Ys1Y62 Y6,1T62%6,2 Yg2T6,2

this polynomial D(z,y) becomes degree (18, 18)-polynomial in z; ;,v; ;, and one can
show it is SLy X SLy-invariant. As we have defined p;(z), p;(y) as degree 6 polynomial
in z; ; and y; ; respectively, we should be able to express it as degree (3, 3)-polynomial

in (pi(z),pi(y)), and indeed it becomes
A 6
D(x,y) = 64 Zpi(x)2pi(y) Zpi(ﬁ)lh(y)z
i=1 i=1

The first factor (E?:l pi(2)?pi(y)) /8 is same as first determinant (and so for second
t00).
We will later show that the set P, arises naturally when we consider 2 x2x2x5

forms and resolutions of six points in P! x P
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4.2.3 Free resolution of six points in P! x P!

We consider the free resolution of six points in P! x P!, especially those in P,.
In the space of P! x P!, let [Xi;X5] and [Y7;Y3] be the coordinates of the first
and the second component of P!, then all coordinates of P! x P! can be written

as X1Y7, X1Ys, XoY), XoYs. Explicitly, we can write

]P)l X ]Pl = Projk[Xl}/laXl}/Qa XQ}/la XQ}/Q]

~ Projk[ti1, tia, to1, tao] /(ti1tao — tiator)

where B = k[X1Y1, X1Y5, XoY), XoY5] is given a grading which gives z;y; grading 1.
Let B = k[X Y1, X1Ys, XoY7, XoYs] and let I C B be the vanishing ideal of given
six points in P! x P!, We want to find a free resolution for B/I, whose summand

consists of direct sums of B(—m).

Proposition 4.2.1. For siz points of P! X P! in P,.,, the vanishing ideal I for those

six points has free resolution of the form
0 — B(-3)* = B(-2)> = B — B/I — 0.

Proof. Let ([z;1; ®i2], [yi1;vi2]) be the some coordinate of those six points. By apply-
ing some PGL; x PGL;(k)-transform (k = k is our base field), we can assume none
of i1,%i2,Yi1,Yi2 are zero. (Note that P, is invariant under PGL; x PGL;(k)-

transform.) Under this condition, we can use the affine coordinate
u=X/Xa,0=Y1/Y,

on points of I. Let w; = x;1/x;2 and v; = y;1/yi 2, then u;, v; are nonzero in k.
As the six points are distinct (from the above observation on P, ) we can consider

the scheme X = V/(I) = Proj(B/I) as union of six points, and it follows that the global
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function ring I'(X, Ox) is isomorphic to k°. Also all those six points are contained in
affine subset X,Y5 # 0 which is isomorphic to Speck[X;/Xs, Y1/Ys], so for I’ be the

image of I C in k[u,v] we have
X ~ Specklu,v]/I', T(X,0%) ~ k[u,v]/I".

Denote By, I; as the set of all degree d forms in B and [ respectively. For f € By,
the rational function f/(X,Y5)? is well-defined on X, so it can be considered as global

function on X. If we consider this evaluation map

f
: B —)F%,O s — )
¢q : Bq (X,0x), f (X,75)

its kernel becomes I;. This map ¢, can be seen as composition of By — k[u, v] given
as [ — f/(X2Y5)? and the quotient k[u,v] — k[u,v]/I'.
Step 1) We show that ¢4 is injective when d = 1, and surjective when d > 2. As

['(X, Ox) ~ k°, showing these would imply
dlmk ]1 = 0, dlmk [2 =3.

The condition ([z;1;2; 2], [i1: Viz2]) € Pyen is equivalent to that the matrix having six

rows of

2 2 2 2
(%1%‘,17 Ti152Yi15 Ty 9Yi 1, Ly 1Yi,2, Li,1T4,2Y4,2, xi,2yi,2)

has rank 6 and the matrix having six rows of

2 2 2 2
(yi,ll‘z‘,l, Yi1Yi 224,15 Y; oT4,15 Y; 104,25, Yi,1Yi, 2042, y¢72$i,2)
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has rank 6. Those conditions are equivalent to that

det((U?Uz‘, U;V;, Uy, U?; Uiy 1)iz1..6) # 0

and

det((viui, viug, ug, 07, Vi, 1)iz1,... 6) # 0.

If we regard u,v as global functions of X, wu;,v; corresponds to their evaluations at

point 7. So above is equivalent to that

(u*v, uv,v,u? u, 1) becomes basis of I'(X, Ox)

and

(uv?, uv, u, v, v, 1) becomes basis of I'(X, Ox).

The map g maps the degree d monomial 2% 31 y2q87k2 to yF1pk2 for 0 < ky, ky < d.
So for d = 1, we have uv, u,v, 1 linearly independent in I'(X, Ox), so ¢4 is injective.
For d > 2, the list u*v* for 0 < ky, ko < 2 spans I'(X, Ox), so @, is surjective.
In particular, this shows that I; has dimension 0 and I has dimension 3. (B, has
dimension 9 and I'(X, Ox) has dimension 6.)

Step 2) As dimy I, = 3, there are three linear independent forms qi, ¢z, g3 € Is.
We show that [ is generated by ¢, g2, q3.

First we can show we can consider a particular form of ¢, ¢o, g3 as

41 2 2 i g
——— = UV E C1 ;U
(X2Ya)? " o

0<i<1,0<5<2

q2 2 i,.J
—— = uv E Co iUV
(X,Y5)? * e

0<i<1,0<5<2

ds 2 i,
e =u" + E 35UV
(X2Y3)?

0<i<1,0<)<2
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As elements {u'v? }o<ic10<j<o = {uv? uv,u,v?,v,1} can be considered as k-basis of
[(X,0%) ~ k[u,v]/I’, (I': image of I in B[(X5Y3)™!] =~ k[u,v]) there exist unique
c1,45S satisfying

u?v® = — Z crijuv’  (mod I').

S x>LUSJ >

This implies that

q1 = (X2Y2)2 <U2'U2 + Z clvijuivj>

0<i<1,0<5<2

= <X12Y12+ > Cl,inszz_inEQ_j) =

0<i<1,0<5<2

and ¢; is of degree 2, so q; € Is. We can similarly construct ¢; and ¢3. By considering

the u?v?, u?v, u’-coefficients in the equation of ¢;/(X,Y3)?, one can observe that

1, G2, q3 are linearly independent. Let ¢;(u,v) = ¢;/(X2Y2)% Then it suffices to show
that I’ is generated by ¢, ¢, G3.

For any polyomial f € k[u,v], we can reduce any monomials of form u*v! with

k > 2 with terms of lower degree in u modulo (i, ¢2, G3), by replacing u?v? by u?v? —

_ . Z ] . . . . _ .
g1 = 20§i§1,0§j§2 c1,4u'v? etc. Meanwhile it is also possible to find k-basis 1,79, 3

of I and 7; = r;/(X,Y5)? € I, such that

7:1 = ’U2U2 + E dLijUZU]

0<i<1,0<5<2

7:2 = U2U + E dLijUZ’LLJ

0<i<1,0<)<2

7y = v? + g dy 0",

0<i<1,0<5<2

and we can reduce any monomials which degree in v is > 2 with terms of lower degree
in v modulo (fl, fQ,fg). As both (Qh q2, q?,) and (7’1, T2, 7’3) are k-basis of _[2, fl,fg, 7:3

can be represented as k-span of ¢, Gz, g3 in I’. So modulo (1, Gs,G3), we can also
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reduce monomials of degree > 2 in v into terms of degree < 1 in v.
Suppose f € I'. We first reduce all monomials of degree > 3 in v into terms of

degree < 2 in v. So we can find polynomials fy, f1, f2 such that

flu,v) = folu) +vfi(u) +v*fo(u)  (mod (G, G2 Gs)).

2 ,,d

For d > 2, we can replace monomials of the kind u%v?, u®v,u? by span of u?1v?,

o, wdl w202 w20, u?? modulo (G, G2, G3). We repeat this procedure to

reduce all terms of righthand side into the form

flu,v) = Z fiu'v?  (mod (G1, Gz, G3))-
0<i<1,0<5<2
As we have seen that elements uv?, uv,u, v? v, 1 form basis of I'(X, Ox) ~ k[u,v]/I’,
f(u,v) € I' implies that f;; = 0, so f = 0(mod (§G1, G2, Gs)). This shows that I’ =
(G1, G2, G3), so I is generated by qi, g2, g3.

Step 3) We show that there are two linearly independent syzygies of degree 1
between ¢1, q2, g3 which span all syzygies between ¢y, g2, 3.

If we consider the linear map Iy x By — I3 (Bg, I; denotes degree d parts of B
and I respectively), this map is surjective linear map (as I is generated by I3) from
dimension 3 x 4 = 12 space to 10 space (dimy, I3 = dimy B3 — 6 = 16 — 6 = 10). Thus
there are exactly two linearly independent syzygies.

Linear syzygies between ¢1, g2, g3 are equivalent to syzygies between ¢y, ¢2, g3 with
coefficients g11uv + giou + go1v + g22. Suppose that

3

Z(gz‘,uuv + gin2U + gi21V + i2)Gi(u,v) = 0.
i1
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We remind that

~ 2.2 1,7
g1 = u"v” + E C1,i5U v/
0<i<1,0<5<2

Go = uv + E Co iUV’
0<i<1,0<5<2

~ ) o
gs = u” + E 037Z-juzvj.
0<i<1,0<j<2
We consider the coefficient of u3. The monomials in ¢ which degree in u is < 2 do

not contribute to coefficient of u?, so
(91110 + 91,12)02 + (92,110 + g2,12)v + (93,110 + g312) = 0.
Solving this gives
gi111 = g3;12 = 0, 9211 = —91,12, 93,11 = —G212-

We can consider the linear map from the set of linear syzygies to k? given as (g2 11, g3.11)-
We claim that this map is one-to-one correspondence. As we know that the dimension
of linear syzygy is 2, it suffices to show this map is injective. Suppose g2 11 = g311 = 0.

Then
3

Z(gi,ZIU + gi22)qi(u,v) = 0.

i=1

We consider the coefficient of u?, which becomes
(gr1,21v + 91,22)?12 + (92,210 + g2,22)v + (g3,21V + g322) = 0

so we have

g121 = g322 = 0, 9221 = —g1,22, 93,21 = —g2,22-
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Let g291 = @, g321 = B. The equation for syzygy becomes
v(ags + Bgs) — (agqi + Bg) =0,

We consider the coefficient of v®. As (ag;+/¢2) has degree in v < 2, only v?-coefficient
of (ags + Bgs) contributes to coefficient of v*, so it should be zero. This implies that

in the expression

agy + B3z = auv + Pu* + Z (acoij + Besij)u'v?

0<i<1,0<5<2

we have

ac 12 + Besia = acy e + Bes o2 = 0.

But this implies that ag, + (g3 is in linear span of w?v,u?, uv,u,v,1. As those six
elements form basis of k[u,v]|/I' and agy + g3 € I’, we should have o = § = 0 and
whole syzygy should be zero.

This shows that there are two linear syzygies such that (g211,9311) = (1,0) and

(g2.11,9311) = (0,1). Such two syzygies have form of

(u+hi1(v)G + (—uv + hi12(v))G2 + hi3(v)gs = 0
for (g2,11,9311) = (1,0) and

ho1(v)G1 + (u + ho2(v))G2 + (—uv + ha3(v))gs =0

for (g211,9311) = (0,1), where h;; are polynomials of form av + b. It remains to

show that any syzygy between ¢, G2, Gs can be generated over k[u, v] by those linear
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syzygies. Denote J as the set of all syzygies

J = {(fi(u,v), folu, ), fs(u,v)) € k[u,v]* : fiGi + faGo + fsGs = 0}

and

jl = (U + hl,l (U), —uv + hLQ(U), hl’g(v)), jQ = (h2,1<1}), u + hQQ(U), —uv + h2’3(1})).

We can consider

j3 = j1 +vja = (u+ h31(v), haa(v), —uv® + hz3(v))

where h3 1, hsa, hs 3 are some polynomials in v. For f = (f1, f2, f3) € J, suppose that
degrees of u in f; and f, are both < k. Let g;(v), g2(v) be the coefficient of u* in f;

and fy respectively (when we consider those as polynomials in u). We first subtract

W gi(v)gs = (Wi (v)+uF T g (v)hs 1, T g1 (V) Ry o (v), —uFvP gy (v)+u" T gr (V) s 3 (v))

from f. This operation makes u*-coefficient of f; zero, while leaving u*-coefficient of

fo same. Next we subtract

W ga(v) g2 = (W g2 (v) a1 (v), uF ga (V) +uF T g2 (V) ha o (v), —uFvga (V) +u* ' ga(v) ho3(v))

from f, and this operation leaves u*-coefficient of f; unchanged and makes u*-

coefficient of f, zero. Then for f' = f — u*gy(v)js — u*"gu(v)js = (fl, f4s J3):
degrees of u in f] and f} are both < k — 1. We repeat this process till £ = 0, and we

can find the following reduced form of f modulo (ji, jo):

f = (91(0), 92(v), hu, v)) - (mod (i, j2)).
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We claim that

91(0)q1 (u, v) + g2(v)Ga(u, v) + h(u,v)gs(u,v) =0

implies g1 = go = h = 0. We remind that

(jl = U2U2 + E cl,ijulvj
0<i<1,0<j<2

~ 2 i,
o = UV + E Co,ijU v/
0<i<1,0<5<2

R 9 o
gs = u” + E 037Z~juzvj.

0<i<1,0<5<2

Write h(u,v) = uhy(u,v) + g3(v), then the above sum is of form
g1 (V)@ + 92(v)G2 + g3(v)Gs = uhi(u, v) + (terms which degree in u is < 2)
so hi(u,v) = 0. We expand out the rest of the expression as

0= 91(0)G1(u, v) + g2(v) G2 (u, v) + h(u, v)qs(u, v)

= U2(U291 + vg2 + g3)

2 2 2
+u (Z 107 )91 + (Z €217 ) g2 + (Z 03,1jUj)93>

3=0 j=0 §=0
2 2 2
+ ((Z c1,0;07)g1 + (Z C2,0;07)g2 + (Z 03,0]‘“])93) .
Jj=0 J=0 3=0

If not all of g1, g2, g3 are zero, this implies

v? v 1
det 2 J 2 J 2 il =0
D im0 Criv? D g v Dz’ | =0

2 i 2 i 2 ;
1] 1] .1J
D im0 CL000 D250 C20507 3250 C3,050
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If we look at the coefficient of v% in this expression, we have

1 0 0
det ci12 C212 312 | =0,

C1,02 C2,02 3,02

so there exists dy, dy, d3 € k not all zero, such that

di(1, c112, c1,02) + da(0, €212, €2,02) + d3(0, €312, c302) = 0.

Consider

d1q1 + daGo + d3gs € 1.

Its v2-coefficient is

dy (U2 + c112u + ¢1,02) + da(Ca 2t + c202) + ds(cs 12w + c302) =0

20, uv, v, u?, u, 1).

so its degree in v is at most 1 and it should be contained in span(u
But those elements form k-basis of k[u,v]/I" ~ k®, so diGy + daGo + d3Gs = 0, therefore

d1 = dy = d3 = 0. This contradiction leads to that all gi, g2, g3 should be zero, so

f = (91792793> =0 (mOd (jl?j?))

for any f € J. Thus the set J of all syzygies between ¢; is generated by two linear
syzygies 7j1, J2, and similar properties should also hold for corresponding syzygies of
q;-

To summarize, we have shown that dim; I, = 3 and [ is generated by I, and

syzygies between forms in I, are generated by two syzygies of degree 1. Those two
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linear syzygies

J1=(u+h11(v), —uv + hi2(v), h13(v)), j2 = (ha1(v),u+ hoo(v), —uv + hoz(v))

are linearly independent over klu,v], so there are no syzygies between them. Those
three generators of I in I, and their two linear syzygies gives the minimal free reso-

lution of the form

0 — B(-3)> = B(—2)> = B — B/I — 0.

O

Let O = Opiyp be the structure sheaf, and denote O(a,b) as Opi(a) K Op:i(b).
Then B(—m) can be corresponded to sheaves O(—m, —m). For six points of P! x P*
which are in P, the above free resolution corresponds to following free resolution

of the ideal sheaf 7 of vanishing functions on those six points.

0— 0O(-3,-3)?2 = 0(-2,-2=0—-0/T -0

4.2.4 Six points in P! x P! associated to 2 x 2 x 2 x 5 forms

We would like to discuss which set of points (z;,y;) can be given as X(2,y),4 for some
2x2x2x5form A. We claim that the condition ((z;,y;)); € Pyen is sufficient to

guarantee the existence of such A. Later we will show this is necessary condition.

Proposition 4.2.2. For X = ((zi,y:))i=c1,-6 € Pyen (vi,y; € P'), there emists
(z)iz1.6 € (P8, 2 x2x2x 5 form A, and ty,--+ ,t¢ € P* over k = k such
that

(@i, Yir 2iy t;) € X4 fori=1,2,--- 6.

Such choice of (2;) is unique up to PGLy(k)-action on P
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Points tq, -+ ,tg are required to be in general position (no five of them on a hyper-
plane), and slices Ay, --- , As are linearly independent. The choice of such (t;); and

A is in one-to-one correspondence with choice of 6 points (t;); in general position.

Proof. Denote the coordinates of x; and y; as x; = [x;1;%;2] and y; = [y;1;Yi2]. For
the coordinate variables of the space P! x P! x P! use capital letters [X1; X], [V1; Ya], [Z1; Zo]
etc. Also denote p; = (z;, ;).

Before we start, we note that the condition X € P, implies the following two

properties.

e Any 5 points among X are not on a degree 1 form of Opiyp1(1,1)

11 X1Y1 + 12 X1Ys + 1 XoY) + 20 XoYo.

Suppose the above form vanishes at pi,---,ps. Then the following form in

Op1yp1(2,1) vanishes on all six p;, contradiction to X € Pp,.

(c11X1Y1 4 c12X1Y2 4 a1 XoY) + 00 Xo Yo ) (w6 2X1 — 261X0)

e Any 5 points among z; consists of at least three distinct points. If all of
X1, T9, T3, Ty, Ts are same as one of two points of [uy; o] and [A1; Ao, then the

following form in Opiyp1(2, 1) vanishes on all six p;.

(,U2X1 - M1X2)()\2X1 - )\1X2)(y6,2Y1 - ?/6,1Y2)

e None of three of x; are same. If 1 = xo = w3 = [u1; o], consider a linear form

h(X,Y) of O(1,1) vanishing on py, ps, ps. Then the form (o Xy — 1 X2)h(X,Y)

of O(2,1) vanishes on all six p;, contradiction to X € P,.
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Suppose there exists z;, A, t; such that
Xa={(zi,yi,2i,t;) 11 =1,2,3,4,5,6}.
Consider the following shorthand notation
T @Y © 2 = (Tijy Vi ja Zijs 1< jogs<z € K QK @ k2 ~ k.

Vi = QY = (TijyYiga) 1< jo<2 € K> ® k% = k™

Choice of those affine vectors can vary by up to constant multiple . For ¢; =

[ti,l; ti’g; ti’g; ti’4; ti’5], the condition (Ii, Yi, Ziy tl) c %A is equivalent to that

5
@Y @z =Alt) =Y ti;A

=1

for some appropriate choice of ¢;; (which can vary by up to constant multiple).
We also need to consider the condition that X4 does not contain points other than
(xh Yiy Zi tl)

Step 1) We start showing that following five elements are linearly independent.
T1 QY1 ®21,T2 QYs @ 22,73 QY3 @ 23,04 D Ys @ 24, T5 QY5 & 25

Suppose that

5 5
Zui(xi QY ® 2) = Zrl ® Y @ (uiz;) =0
=1

i=1

for u; € k, not all zero. For vectors

V; = (xi,lyz',h Xi1Yi,2, Li2Yi1, in,ZyiQ);

170



this equation is equivalent to that

5 5
E U210 = E Ui %5 205 = 0.
i=1 i=1

But we know that vy, - - - , v5 span k* so their linear independences form 1-dimensional
vector space. So (ujz11,---,us2s51) and (w3219, -+, Us2s52) are linearly dependent,
and there exists py, o not all zero such that w;(pez;1 — p12:2) = 0.

We can show that vy, v, v3 are linearly independent, provided that pairs (x;, y;)
are all distinct (as points of P! x P!, x1, 29,25 and y;, 92, y3 are not all same in
P!. (Those properties all follow from (p;) € P,e,.) Suppose 2?21 a;v; = 0. Then
Z?Zl a;(r; ® y;) = 0, when we consider x; and y; as some affine vector. If ag = 0,
then a(x1 ®y1) = —as(xe @ ys) implies that xo, yo are parallel to x1, y; respectively.

This means (21, y1) = (T2, y2) in P! X PL. So ay, ay,as # 0. In the expression

a1(z1 @ y1) + az(z2 @ yo) = —as(z3 @ y3),

the determinant of the lefthand side can be calculated as oo det(zy, z5) det(yy, ya).
As anay # 0, we have either det(zq,z2) = 0 or det(y;,y2) = 0. If z; and zy are
parallel to each other, it follows that x5 is parallel to them too and x; = z9 = 23
in P'. So we obtain contradiction and we can conclude vy, vy, v3 can’t be linearly
independent.

In the expression 2?21 u;z;1v; = 0, this suggests that at least four terms among
Uiz11, - ,Us%; 5 are nonzero. Without loss of generality, assume that uy, ug, us, uy are
nonzero. Then from w;(poz;1—p12i2) = 0, it follows that 21 = 20 = 23 = 24 = [u1; o).

But if z; = 29 = 23 = 24, we can show that the set

span(z1 @ Y1 ® 21,2 @ Yo ® 29,03 Q Yz @ 23, T4 Q Ys @ 24)
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contains an element of the form 2’ ® ¥ ® 2z, from (2/,y) distinct from all (z;,v;).
As 11 ® Y1, T2 ® Yo, v3 ® y3 are linearly independent, their span forms a subspace of
dimension 3, and its intersection with all vectors corresponding to elements of form
r®y is infinite. As z; ®y; ® z; = A(t;) is in span of Ay, -+, As, sois 2’ ®y' ®2;. This
implies that X 4 contains a point other than (z;, y;, 2;, t;), which is contradiction. Thus
five elements 7; @ 1, ® z; € K> @ k? @ k% for i = 1,2, 3,4, 5 are linearly independent.

Step 2) We show that we can pick coordinates for z; 1, 2; 2 such that

6

i=1
while z; = [21;2;2] i1s given. As six elements A(t;) (¢ = 1,---,6) are in span of
Aq,--+, As, those are linearly dependent. Suppose

6 6

i=1 i=1

By the step 1, we know that ug # 0. Similarly we have uy, us, us3, u4, us are all nonzero.

Replace (21, 2i2) to (u;2i1,u;2;2) then we obtain

6 6
in QY 2z = ZA(ti) = 0.
i—1 i=1

As A(ty),- -+, A(ts) are linearly independent elements which are in span of Ay, Ay, Az, Ay, As,
this implies that both A(t1),--- , A(ts) and Ay, - - - , A5 both become basis of span(Ay, - - - , As).
This shows that affine vectors corresponding to tq,--- ,t5 are linearly independent,

and from Y A(t;) = 0 we have t; + -+ + tg = 0. This shows that six points in P4
corresponding to tq,--- ,tg are in general position and Aj,--- , A5 are linearly inde-
pendent.

Step 3) We construct z; 1, 2,9 € k such that z; = [2;1; 2;2] defines points in P* and
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YT ®y;®2z=0. Then for A, =2, ®y; ® 2 (1 =1,2,3,4,5) and
t1 =[1;0,0,0,0],t, = [0;1;0;0;0], - - - , t5 = [0;0;0;0; 1], t¢ = [—1; —1; —1; —1; —1],

we have (z;,y;, zi, t;) € Xa.

The condition ), z; ® y; ® z; = 0 is basically equivalent to that

6

Z@ﬂ)i == E 2i2U; = 0.
i=1

NE

=1

(vi = (Ti1Yins TinYi2, Tialin, TigYiz)) We can naturally think of

L=A{(a1, -, ) Ek6:2aivi:0}.

As ((xi,¥i))i € Pyen, the above observation suggests that any five vectors among
v1,- -+, v span k*. In particular, six vectors vy, --- ,vg span k?, so L is of dimension
2. Let (#11,- -+ ,%,1) and (212, ,262) be two linearly independent vectors of L. If
211 = z12 = 0, then there are two linearly independent linear dependences between
Vg, U3, Vs, Us, Vg SO it contradicts that vs, v3, v4, vs, v6 span k* and therefore they have
1-dimensional linear dependences between them. So (z11,212) # (0,0) and z; =
[21.1; 212) is a well-defined point in P!. We can similarly show that z; = [2;1; 2; 2] are
well-defined for ¢ = 2, 3,4, 5, 6.

We show that this choice of (21, ,2) € (P')® is unique up to PGLy(k)-action
on P! when z; and y; are given. In the construction above, explicit affine coordinates
z;j depends on choice of basis vectors (211, ,261) and (z19,---,262) of L and
choice of affine coordinates x; ; and y; ;. Two basis vectors of L can be chosen up to
GLa(k)-action, and this action operates on each z; as PGLy(k)-action. Meanwhile,
the choice of x;1,%;2,¥:1,Yyi2 1s unique up to multiplications by nonzero constants

Tij > Cip¥;; and y; ; — ¢y = Y; ;. These operations change v; by ¢; »c¢;,-multiple
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and change z;; by (¢;.¢;,) '-multiple. It does not change z; = [2;1;2i2]. So the
choice of (z1,++,2) € (P1)% modulo PGLy(k)-action is uniquely determined when
x; and y; are given.

Step 4) So far, we constructed (z;);=1.. 6 € (P')° such that there exists A and
t; satisfying {(x;,ys, zi,t;)} € X4, and showed such choice of (z;); is unique up to
PGLy(k)-action on P'. Assume affine coordinates of z; was chosen such that > (x; ®
¥;®2;) = 0. From the condition z;®y;®z; = A(t;) and that 1@y, ®z21, - -+, T5QY5R2;
are linearly independent, we require ¢; to be in linearly general position and Ay, - - - , As
to be linearly independent. Conversely if tq,--- ,ts are picked as points in linearly
general position, we can pick affine coordinates for ¢; such that Y ¢; = 0 in affine

coordinates, and set A uniquely satisfying z; ® y; ® z; = A(t;). O

We will later prove that X exactly consist of six points and there is one-to-one
correspondence between set of points in Py, and PGL; x PGL; (E)—equivalenee class
of A, using properties of the sextic ring which we will define in the next section.

We note the following interesting relation.

Proposition 4.2.3. For (z;,y;, z;) constructed in proposition 4.2.2, we have

Z Pi(ﬂJ)Pi(y)Pi(Z) =0,

and

() o)
() ()
() ()

Proof. It suffices to show the statement for generic enough choice of (z;,y;, ;). Also
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p;s are relative invariants in PGLs-action, so the statement is equivalent when we
apply PGLy-action on either one set of (x;), (y;) or (z;). For the case of z =
(0,1,00, x4, 25,76), y = (0,1,00,94,Ys5,Ys) Where variables are generic enough, we
can explicitly calculate (z;) and check that above algebraic equations are satisfied.

Those representatives can cover generic enough PGLs-equivalence classes of points in

Pgen- O
We can use this to prove the following.

Proposition 4.2.4. For such x;,y;, z; constructed in proposition 4.2.2, we have ((z;, 2;))i=1... 6 €

Pyen and ((Yi, 2i))i=1,- 6 € Pgen-

Proof. First we can assume all x; ; and y; ; are nonzero, but applying suitable PGLo-

coordinate change. We note the relation

2 2 2 2

Ti1Y11 T11712Y11 Ti9Y11 T1iT12 T1aYi12¥12 T19Y12
2 2 2 2

Lo1Y2,1 T21X22Y21 ToolY21 T T22 T21Y22Y22 TyoY22
2 2 2 2

T31Y31 T3173,2Y31 T32Y31 T31032 X3,1Y32Y32 L32Y32
, 2 2 2 2

i=1 Ty1Y4,1 T4,1T42Y41  Tyols1 Ty T42 T4,1Y42Y42 Tyol42

2 2 2 2
T51Ys51 T51T52Ys51 T59Ys1 T51T52 T51Y52Ys52  L59Ys52

2 2 2 2
Te1Y6,1 T6,1T6,2Y6,1 TgoY61 Tg1T62 L6,1Y6,2Y6,2 Lg2Y6,2

So it suffices to prove

Yo pi@lpi(2), Y pi@pi(2)* ) piw) pi2), Y piy)mi(z)?

are all nonzero. From the proposition 2.3, one can see proving > p;(2)*p;(2), > pi(y)*pi(2) #

0 suffices, as

(> m@m22) (X pi@m)?) = (X pil@?pi() (X pw)?mi(2)) #0.
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Without loss of generality we only need to prove one of them. Suppose > p;(z)%pi(2) =

0. This implies

2 2 2 2

L1711 11212211 L1221,1 Ty1012 T1,121,271,2 L1271,.2
2 2 2 2

Lo 1421 X2,1T22221 L9221 Xg1T22 21222222 T39722
2 2 2 2
3,1<3, 143,223, 3,273, 3,143, ,1<3,2#3, 3,273,

T3123,1 T31T32231 T39231 T31T32 T3,123,223,2 T32%32

det | | ’ , —0,

2 2 2 2
Ty1”4,1 T41T42241 LTyoR4,1 Ty1X42 T41242242 Lyof42

2 2 2 2
T51451 L51T52251 L59251 L51T52 51852252 T59852

2 2 2 2
Tg1%6,1 L6,106,2%26,1 L5226,1 TLg1L6,2 L6,126,2%6,2 L5276,2

so there exists nonzero vector (ap, as,- - ,ag) in left null space. This implies
6 6 6 6
Z 2 Z 2 Z Z
AiT; 1241 = AiT; 1242 = Q;T;1T;27:1 = Q;T; 14,2242
i=1 i=1 i=1 i=1

6 6
Z 2 Z 2
= aixi’2zi,1 = ai$i’2Zi,2 = 0.
i=1 i=1
If we denote
_ 2 _ o 2
v = (ai$i,1)z‘:1,~-,6,v2 = (aiIi,lxi,z)z‘:l,.-~,6, V3 = (az’xig)izl,m,ﬁ,

then vy - (211, ,261) = vt - (212, ,22) = 0. Meanwhile, from the proof of
the Proposition 4.2.2, we know that two vectors (z;;)i=1,..¢ are given as basis of
orthogonal complement of space having basis (x;1yi1)i, (Ti1Yi2)is (Zi2Vi1)i, (Ti2i2)i-

So this implies

Uy € span ((%,1%,1)1‘; (%’,1%,2)1’; (%‘,2%‘,1)1‘7 (%,2,%,2)2-)
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for any t = 1,2,3. For t = 2 in particular, we have
(%%’,1%’,2)1 € span ((331‘,1%,1)1‘, (%’,1%,2)17 (l’z‘,zyi,l)i, (5171',23/@',2)2‘) .
Suppose that
(i1 0)i = c11(2i1Yin)i + c12(Ti1Yi2)i + co1(TioYin)i + oo (Ti2Yio)i-
Then from the assumption that all z; ;, v, ; are nonzero, we can express a; as
Yin Yi2 Yia Yi2

+ C12 + Co1 + C22 .
€52 X2 T T

a; = C11

We consider vy, which becomes

2 Yi1 Yi2 Yi1 Yi2
v = |77, - (cn=" +cio + ¢ +cp—")
L2 Ti,2 Ti1 i1/,

(2

2 2

- Tia L1

=\|cui—vyi1 + ClZ_x Yi2 + Co1T1Yi1 + C22%51Yi 2
02 02

This shows

72 72
(Cniym + C12Llyz',2> € span ((1'1,1%,1)1’, (%‘,1%‘,2)1, (371',23/@',1)1‘; (55123/12)@) .

X2 X2 i

If we multiply z; 2 at ith coordinate, we have
(0113712,13/@1 + 0121’12,13/1',2)1- € span ((%’,1%,2%‘,1)@'7 (%,1%,2%,2)1, (17?,2%,1)@'7 (1’1223%2)2) .

From the condition ((z;,y;)) € Py, implying no nonzero degree (2, 1) form on (z,y)

vanishes on six point, we should have ¢;; = ¢15 = 0. If we consider v3. we have

x? x?
U3 = (021ﬂyi,1 + szﬂym) € span ((fﬂi,lyi,l)i, (%’,1%,2)1‘, (xi,2yi,1)z', ($zzyz2)z)

Ti1 Ti1 i

177



so multiplying z;; at ith coordinate gives

(0211’12,23/1',1 + 0221312,23/1',2% € span ((x?,lyi,l)iy (%2,1?/1',2)1'7 (xi,lxi,zyi,l)z’7 (%,1%,2%,2)2‘)

which implies ¢g; = ¢99 = 0 similarly. Thus a; = 0 for all 7, which contradicts our

construction. Therefore we should have > p;(x)?p;(z) # 0. O

4.3 Construction of the sextic ring

In this section, we will construct a sextic ring R(A) associated to a 2 x 2 x 2 x 5 form
A € Z? ® 7* ® Z* ® Z° using the method of hypercohomology construction which was
discussed in the Chapter 2.

We will first construct a complex C; 4 of sheaves on P* which becomes minimal free
resolution of X; 4 C P* over Q for generic A. We can also construct C(a,y),4 of sheaves
on P! x P! which becomes minimal free resolution of X(zy),a C P! x P! for generic A,
and it turns out that the hypercohomology rings for C; 4 and C(, ) 4 are isomorphic
sextic rings. One can naturally correspond this ring R(A) to A, and denote its
discriminant as Disc(A) = Disc(R(A)). Under the G = SLg x SLy x SLy x GLs-action
on A, R(A) is SLy x SLg x SLo-invariant, and GLs5 acts on the basis elements of R(A)/Z
as standard action times determinant. Thus Disc(A) is SLy x SLy X SLg X SLs-invariant
polynomial.

Lastly we will show that the condition Disc(A) # 0 is equivalent to that X4

consists of distinct 6 points, and complete the proof of Theorem 4.1.2.

4.3.1 Complex for six points in P*

We will consider a complex C; 4 having form (O = Ops)

0=>0(-6) @A = O(—4) @A > O(-3)@A3 > O(-2) @Ay — O =0
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such that Ag, Ay, A3, As are free Z-modules of rank 1,6, 16, 9 respectively. As complete
description of C; 4 is rather lengthy, it will be given in the appendix section (Section
4.5). The following two properties are enough to characterize C; 4 up to isomorphism.

Denote o as (i, j, k)-entries of the cube A(t) =t1 A1+ -+ +t545 (4,5, k = 1,2)

e The quadrics of the image of O(—2)? — O are given as follows:

Q111122 — (112¢21, Q1110212 — Q112Ge211, (11100921 — (X121(0211,
Q11222 — (212221, (121229 — (X129(K291,  (X11200922 — (X122(¥212,

Q11100222 — (1120921, (1110222 — (12100212, (1110922 — (¥911(X122

The first six of them are determinants of six faces of the cube A(t), and the last
three are determinants of the rectangle formed by elements in two diagonals of

the cube.

e When we consider maps of C; 4 as polynomial maps by identifying O(I) with
graded module B(l) (B = Z[t1,--- ,t5] with degree shifted by [), those are
injective at their lowest nonzero degree for generic value of A. For example, the
map O(—3)' — O(-2)? can be considered as map B(—3)'% — B(—2)?, and
this map at degree 3 is injective. (Degree k elements of B(—3) are degree k — 3

homogeneous polynomials, 3 is lowest nonzero degree)

Remark. In [15], the above complex is constructed using the generalized Eagon-
Northcott complex (see [24]), although the explicit descriptions of the all maps of

Ci,a were obtained independently by the author.

The complex C; 4 has form of minimal free resolution for 6 points in P*, (Proposi-
tion 2.5.4) so it satisfies the WTM conditions (Definition 2.3.4). Thus we can apply

the Theorem 2.3.3 to C; 4 to deduce that hypercohomology is isomorphic to Z° as
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Z-module. In particular, we have an exact sequence

0—Z — H°RT(C;4) — H*(O(—6) ® Ag) ~ 0

where H4(O(—6) & Aﬁ) ~ ZS with Z-basis Lﬁ/(t1t2t3t4t5ti) (Z = 1, cee ,5)

Proposition 4.3.1. For generic A, complexr C; 4 ® Q is minimal free resolution for

distinct siz points of Xy 4.

Proof. As we pointed out, the image of the map O(—2)? — O of C; 4 is spanned by
9 quadrics - 6 of them given as determinants of six faces of 2 x 2 x 2 cube A(¢) and
3 of them given as differences of products of elements located at diagonals of A(t).
Suppose that all those 9 quadrics vanish at ¢t = t;. This implies that two vectors

(111, 112, 121, 192) and (ao11, Qa19, (ao1, Qage) are parallel; all 2 x 2 minors of

Q111 (112 G121 (122

Qo11 (G212 Qo211 (0222

are spanned by those 9 quadrics. Meanwhile

Q1110022 — Q12021 = Qig11 (g2 — Qia120t221 = ()

as those determinants are also in 9 quadrics. This suggests that «;j; should be of
form z;y;2;, for t = ty, so tyg € Xy 4. Conversely, one can check that ¢y € X; 4 implies
all 9 quadrics vanish at ¢ = ty, by substituting o;;r = x;y;2 and showing all quadrics
vanish. Therefore we have X; 4 = V(Z) for Z the image of O(—2)? — O.
Proposition 4.2.2 suggests that there exists a Zariski open subset consisting of
A such that X; 4 contains distinct six points in linearly general position. As we
established that maps maps of C; 4 are injective at their lowest degree for generic A,

we can pick Zariski open subset S which also satisfies this property. The condition
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O(—2)? — O being injective requires that X; 4 should not contain more than six
points: otherwise dimension of the vanishing quadric would be less than 9.

We show that the above condition that C; 4 is exact suffices to show it becomes
free resolution of C; 4. First we observe that the minimal free resolution of six points
in P* has same form as C; 4. The image of O(—2)? — O at degree 2 is of dimension
9 due to exactness condition, and is contained in dimension 9 quadrics vanishing on
six points of X; 4. So the map O(—2)? — O describes the first syzygy. The image of
O(=3)1 — O(—2)? at degree 3 is injective and sits inside dimension 16 syzygies of
quadrics in the map O(—2)? — O (provided by the Betti number of resolution), so
O(=3)¥ — O(-2)? describes the second syzygy. Similarly we can show that maps
of C; 4 describes third, fourth and fifth syzygy, and conclude that C; 4 is minimal free

resolution of X; 4. O

Corollary 4.3.2. The complexr C; 4 becomes minimal free resolution over ring of
universal variables Q[A], and has induced DG-algebra structure with coefficients in

rational polynomials in entries of A which is identitiy on zeroth entry O.

Proof. The above proposition states that the set of A where C, 4 is exact is Zariski
open. If C; 4 is not exact over Q[A], then there exists an nontrivial section in coho-
mology, and the condition that this section is not in the cycle is Zariski open. As
those sets should not intersect, C; 4 is exact over Q[A].

The construction of DG-algebra structure on C; 4 can be done using ([46], Theorem
136). We can view X; 4 = V(Z) universally as rank 6 cover over Spec Q[A] which has
C:.a over general variables Q[A] as minimal free resolution. One can observe that this
cover is Gorenstein having symmetric Betti numbers. Also, the previous proposition
shows that for generic value of A its fiber X; 4 becomes distinct six points, so this
cover is generically étale. Thus ([46], Theorem 136) can be applied to construct a

DG-algebra. O]
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I expect that one can give explicit DG-algebra structure on C; 4 which is defined
over Z[A], but I could not find elegant description yet. Anyway, we can define the
ring R(A) as H'RT(C; 4) with algebra structure induced from DG-algebra structure
on C; 4.

We apply the Theorem 2.3.7 to C; 4 to obtain explicit description of the hyperco-

homology element as global functions on X; 4. For the Cech complex

C.(Pk) : @ O, — @ Otitj — @ Ot totstats

Theorem 2.3.7 states that we can identify HORT(Cy 4) with HOTotI'(Cya ® Co(P¥)).

Consider the map
¢ : H'RT(C; 4) ~ H TotI(C; a®RC, (P¥)) — HOF(O@@ Oy,) ~ @Z[tl/ti, ot /).

By tracking how the multiplication on HTotT'(C; 4 ® Cs(P*)) given by Theorem 2.4.2
operates, we can observe this map should preserve multiplication. Meanwhile, if we
denote o as a preimage of Lg/(t; - - - tst;) € H*(O(—6)) under the map H°RT(C; 4) —
H*(O(—6)), then one can explicitly compute ¢(«;) as elements in @ Z[t; /t;,- - -, t5/ti],

and find some integral polynomials cfj (A) satisfying following polynomial equations.

ple) (o) =Y plag)cli(A) + ¢5(1,1,1,1,1)  (mod T, 4)
k=1

One needs to be careful that not all cfj(A) are uniquely determined, as choice of
@; and ;o can be shifted by integers. For distinct ¢,7,k = 1,---,5, the following
expressions are the complete invariant under the Z5-action of shifting basis elements
by integers @; — ¢; + C;

el — ko c—cl— k.

179 “ii) i ik “ig i
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This is because the action ¢; — ¢; + C; acts on multiplication coefficients as CZJ —
cgj +C; and ¢; = ¢;4+2C;. (cf; and ¢! are unchanged.) If one needs to fix the basis of

R(A), then one can standardize the basis by fixing some of the values ¢/, for example

15

k

el 1 1 1 2 : : : 0
letting ¢ = ¢35 = ¢y = ¢15 = 15 = 0. This choice determines all ¢j;, and all ¢;; from

the equation (obtained from associativity, coefficient of ay, in o (o) — (uiorj) o)

5
0o _ Ik Ik
Cij = E (Cjkcli - Cz‘jclk)'
=1

Proposition 4.3.3. The invariants from multiplication coefficients

el c —ck o~ —

179 Vi) i i ij

are degree 6 homogeneous polynomials in a;jr:, and are invariant under the action
of SLy x SLy x SLy on A. Under the action of g € GL5(Z), R(gA) is isomorphic
to R(A) in the following way: if (1 = g, ,a5) is basis of R(A), then R(gA) is

isomorphic to the ring having basis 1,ay, - -+ ,as where a; = det(g) Z?:l Gij ;-

It can be proven via some explicit polynomial calculations.

Remark. The GLs-representation spanned by elements

e~k o~ —

179 7410 1

is isomorphic to the irreducible representation of GL5 having highest weight (3,1, 1,1, 0).
Among all subrepresentations of SLy x SLy x SLo-invariants of degree 6, this represen-
tation is unique irredicubie representation having weight (3,1,1,1,0). This provides

one way to find explicit formulas for cfj (A) using computer algebra system.
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4.3.2 Complex for six points in P! x P!

The complex Cz )4 for Xz y).4 in Py x P} can be described more easily. Before we
give definition of the complex, we will show how one can obtain equations for X, ) a

in elemtary way. This is basically about eliminating z and ¢ from the equation of X 4
Arty + Aoty + Astz + Agty + Asts = (11, 12) ® (Y1, Y2) ® (21, 22).
It is equivalent to that
5
ZtiAi — 21 (21, 72) @ (Y1, 42) ® (1,0) — c22 - (21, 72) @ (Y1,92) ® (0,1) =0
i=1

so it is again equivalent to that seven 2x 2 x 2 cubes of Ay, -+, A5, (1, 22) @ (y1, y2) ®
(1,0), (1, 22)®@(y1,y2)®(0, 1) are linearly dependent. We identify the space of 2x2x2
cubes with £® and consider the following determinants ((e1,e2) = ((1,0),(0,1)) are

standard basis vectors)
Vi = det(Ar, Az, Az, Ay, As, (21, 22) ® (Y1, ¥2) @ e1, (21, T2) ® (Y1, Y2) @ e, 6@ € D ey)

for (4,7, k) € {1,2}3. Those eight 1;;xs all vanish if and only if Ay, -+, A5, (z1,22) ®
(y1,y2) ® (1,0), (z1,22) ® (y1,92) ® (0,1) are linearly dependent. Thus the ideal

I = (1)ijx) becomes vanishing ideal (over field) of six points in P, x P;. Denote

€ijk = € D ej D e, €1 = (T1,22) ® (Y1,12) ® €1, €2 = (T1,72) @ (Y1,Y2) @ ea.
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We can find the following syzygies between them:

2
det(Ar, -+, As, €ayt, €ay2, Ar) = Z (At)ijrtije =0

i k=1

2
det(Ala e 7A57 €xyl; €xy2, Emyl) = Z wijlxiyj =0

1,j=1

2
det(Aq, -+, As, €xy1s €xy2, €2y2) = Z Yijoriy; =0

ij=1

We construct C, ) 4 using generators 1;;; of the vanishing ideal and their syzygies

above. For O = Opiyp1, it has the form

0— O(—B, —3) & A3,2 ©® O(—Q — 2) X A272 — O(—2, —2) & A271 -0 =0

where Asg, Ago, Aoy are free Z modules of rank 2,5,8 respectively. Denote their

Z-basis as

k t i,5,k
{L5o =12, {Loot=12345 {L3T bije=12
and construct the maps of C, ) 4 as

2

k i7j7k

L3y — E Ty Ly
ij=1

2
t (N
Lyo— E ijkt Loy
ij k=1

1,3,k
Ly = Vi

If we denote Ly as length 8 vector identified with 2 x 2 x 2 cube L;jlk, then we can

simplify above notations to

k t
L3’2 —> emyk * LQ, L2’2 —> At * L2.
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One can explicitly describe a DG-algebra structure on C, 4y 4 where O becomes unit.
We only need to describe multiplications between Lo ;, as all other multiplications
are trivial. For M, M, length 8 vectors identified with 2 x 2 x 2 cube with integral

entries, multiplication between M - L, and M, - Lo is given as

(Ml . L2> : (M2 : LZ) = - det(Mh A27 A37 A47 A57 €xyl, €xy2, MZ)L%,Q

- det(Ala M17 A37 A47 A57 E:Ey17 633y27 MZ)L%’Q

—det(Ay, Ay, My, Ay, As, €441, €2, M2)L§,2
—det(Ay, Ag, A3, My, As, €441, €2, M2)L%,2
—det(Ay, Ag, A3, Ay, My, €441, €02, Mz)Lg,z
—det(Ay, Ag, A3, Ay, As, My, €40, MQ)L:%,,z

— det(Ay, Az, As, Ay, As, €gyr, My, Ma) L3 ,.
To check that this is well-defined DG-algebra, we note that
d(M - Ly) = det(Ay, Ay, As, Ay, As, €51, €y2, M)
SO

d(M;y - Lo)(Msy « Ly) — d(Msy - Lo)(M; - Ls)
- det<A17 A27 A37 A47 A57 Exyla 62y27 Ml)(MQ : L2>

- det<A17 A27 A37 A47 A57 €xyl, €xy2, MQ)(Ml : L2)

186



and

d((My - Ly) - (My- Ly)) = — det(My, As, As, Ay, As, €41, €xy2, M2)(Ay - Lo)
—det(Ay, My, As, Ay, As, €441, €22, M2)(Az - Lo)
—det(Ay, Ag, My, Ay, As, €41, €22, M2) (A3 - Lo)
—det(Ay, Ag, A3, My, As, €41, €22, M2)(Ag - Lo)
—det(Ay, Ag, Az, Ay, My, €441, €292, Ma) (A5 - Lo)
—det(Ay, Ag, A3, Ay, As, My, €442, M) (€gy1 - L2)

- det(Ab A27 A37 A47 A57 €xyl, M17 MQ)(E:cyQ : LQ)
Showing that their differences is zero can be interpreted as a special case of the Pliicker
relations.
Proposition 4.3.4. The hypercohomology ring H° RT'(Cy4),4) is isomorphic to R(A).

Proof. We would like to apply the Proposition 2.6.4. Note that the complex C(, ) 4
has form

0= 0(=3,-32320(-2,-2)° - 0(-2,-2) - 0 = 0.
We remind that for my, my < 0, we have H*(O(my, ms)) zero except when i = 2, and
1
H?*(O(my1,my)) =~ (degree (my, my) part of ————Z[x7 1, 251, vt v3].
T1T2Y1Y2
Thus one can apply the Proposition 2.6.4 to obtain the exact sequence

0— H'(O)=Z— H°RT'(Clzyp.a) = T — 0

where

T = ker(H*(O(—3,-3)* ® O(-2,-2)%) — H*(O(-2,-2))).
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A particular element in the cohomology

a € H*((Clay),a)-2) = H*(O(=3,-3)) @ A32 @ H*(O(=2,-2)) ® Az

can be described as

t 2 -1, -1
Zt 1O‘tL22 Z 32ﬂl,m,kxl Ym

T1T2Y1Y2 T1T2Y1Y2

a =
m,k=

We note that map of C, ) 4 was set to be

2
k imjvk
L3y E zY; Loy

',j—l

t 1,5,k
Ly ZamktL]

i,7,k=1

i7j7k

The image of a in H?*((Cy4),4)—1) can be calculated as

5 2 2
d = 1 Livjvk 1 L ,_],
o = ppe— Qi Qijg Loy . il Ly Mm e Ty ym
102812 2 e 102U1Y2 ;i kim=1
2 5
1 -
_ 1,5,k
= E Lyy § Qs + Hik
1elnlye S =1
ZiY; ij.k
+ E ————m kLz 1
L1T2X1Y1Y2Ym

(izj)7£(l’m)ak:1a2

and the later terms with —— 2 vanish in H*((Cipyy,a)-1) =~ H*(O(—2,-2))®
L1T2X1Y1Y2Ym

As 1. Thus in order to satisfy o € T" or dae = 0, we need

5
Hijk = — g QQijik ¢
t=1
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therefore we have

5 t 2 k
L2,2 almk,th%,z
o= E o | ——— — E — %7 .
=1 L1T2Y1Y2

Lkt T10221Y1Y2Ym
This establishes T' ~ Z° as Z-module with Z-basis

t 2 k
L2,2 almk,tLB.,z

T1T2Y1Y2 T1T2X1Y1Y2Ym

I,m,k=1

From those cohomology elements, one can obtain explicit description of the map
HRT(Clyy.a) — HToty(M, @ Tot(Cy(PH)V K C,(P1)?)))

which comes from the Theorem 2.6.5 and the Proposition 2.6.7, and compute the al-
gebra structure on H°RI'(C(, ) 4) using multiplication structure on right side induced

by total tensor product. For ay € H°RI'(Cy.),4) which is preimage of an element

t
L2,2

2 k
ket L
2y _Gmkie o op
T1Z2Y1Y2

T1T2x
Lt T1T2TY1Y2Ym

via HYRI'(C(y,y),4) — T, one can show that

5
o = Z cfj(A)ak + c?j(A)
k=1

for appropriate choice of «; (which can be changed up to translation by integer con-

stant). This shows H°RI'(C(zy),4) ~ R(A). O

4.3.3 Hypercohomology ring and geometry of six points

So far we constructed R(A) as hypercohomology ring for both C; 4 and C; ) 4. We are

ready to prove the Theorem 4.1.2 using properties of R(A) and those two complexes.
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In Proposition 4.2.2 we already established that for a set of z;,y; in P, there
exists A such that X, ,) 4 contains (z;,¥;), and such choice of A is unique up to

SLy x GLs-equivalence. We first show that we have Disc(A) # 0 for such A.

Proposition 4.3.5. Let x;,y;, 2, € C* (i =1,--- ,6) such that Z?:l QY ® 2z = 0.

Denote the invariant in Proposition 4.2.3 as

(Zm(@%&x)) (Zpi(z)Qpi(x)> = 8(z,y, 2).

Then for A; =2, @y; @ z; (i =1,--+,5), we have Disc(A) = —d(z,y, 2)°.

Proof. One can explicitly calculate multiplication coefficients of R(A) as

Va,y,2) ifi=j=k

=
0 otherwise
for some polynomial v(z,y,2) satisfying v(z,y,2)?> = —d(x,y,2). It follows that
Disc(A) = Disc(R(A)) = y(x,y,2)'" = —d(x,y, 2)°. O

Proposition 4.3.6. For ((x;,¥i))i=1,-.6 € Pgen, any A such that (x;,y;) € Xgy)a
should satisfy Disc(A) # 0.

Proof. We showed in Proposition 4.2.2 that such choice of A is unique up to GL;-
transform. As Disc(A) is relative GLs-invariant, Disc(A) # 0 for choice of above

Proposition implies Disc(A) # 0 for all such A. O
We show converse statements following from Disc(A) # 0.
Proposition 4.3.7. If Disc(A) # 0, then

1. X, 4 consists of distinct siz points in P* general position.

2. X(zy),a consists of distinct siz points in P x Pt in Py, (not on any bidegree

(1,2)-or (2,1)-form,).
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Proof. (1) We observed that C; 4 has form of minimal free resolution of 6 points in
P* in general position. For such complexes such that its hypercohomology ring has
nonzero discriminant, Theorem 2.5.5 implies that V(Z) consists of 6 points in P4 in
general position, where Z is image of O(—2)? — O. Meanwhile, in the proof of the
Proposition 4.3.1, we have shown that V(Z) = X; 4. So X, 4 consists of 6 points in
P* in general position.

(2) The idea is similar to Theorem 2.5.5, except that we need the following different

property regarding global function elements corresponding to R(A).

Lemma. Let
Ly,

Qimk tL3 2
ay = — E

T1T2Y1Y2 - $19€2$ly1?/2ym

be the basis element of the Tschirnhausen module of C(y,) a described in Section
4.8.2. One can choose ¢ € @ Oy, as representative of image of oy under the
map H°RT(Cizy.a) — T(O/I), such that for alli,j = 1,2, ¢, on Oy, has form of
1/(x2y;) times polynomial.

Proof. We remind

t 2 k
L2,2 almkytL3,2

oy = —— — —_—
Cmay L Temyiyaym
We can calculate the ¢, using the lifting algorithm described in Section 3.2, and one

can choose lifting such that ¢, is of above form. m

This implies that for /1 = x2/21 and yo/1 = y2/y1, @1 on Oy, is span of following

elements

1, T2/1, 353/1, Y2/1, L2/1Y2/1, $§/1y2/1-

As the map R(A) — I'(O/Z) is injective (Theorem 2.5.2), we should have 1, 1, - -, @5

linearly independent. So 1, ¢y, -+, @5 become Q-basis of Q-span of 1, z5/1, xg/l, Y2/1, T2/1Y2/15 xg/lyz/l
For distinct embeddings pi,---,ps : R(A) — Q, we can construct geometric
points py, - - -, pe such that ¢; takes value p;(y;) at p;, using same idea as Theorem
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2.5.3. Consider kernel of p; in R ® Q, which is ideal over Q. As R® Q C I'(X ® Q),
one can construct a maximal ideal I of I'(X ® Q) containing kernel of p;. By the
weak Nullstellensatz, there exists a point p; of X such that functions on I vanishes
on p;. Then ¢; — p;(y;) vanishes on p;, which implies ¢;(p;) = p;(¥i)-

Suppose that py, - - - , ps are on a bidegree (2, 1)-form F(z,y). Then F(z,y)/(z3y;)
is in span of 1,1‘2/1,ng/l,yg/l,xg/lyg/l,I'g/lyg/l, so it is spanned by 1,1, , 5. Let

F(z,y)/(z3y1) = co + Y. cipr. Evaluating this on p; gives

5 5 5
Co + Z cp(py) = co+ Z cepj(pi) = pjlco + Z cpi) =0
t=1 t=1 t=1

for all j, so co = ¢y = -+ = c¢; = 0. This implies F' = 0. By symmetry, we can also
show py, -+, ps are not on a bidegree (1, 2)-form.

It remains to show that there are no additional points in X, 4 other than
p1, -+, ps. Suppose that there is a point g. We can consider the morphism R(A) — Q
given as evaluation at ¢. It maps 1 to 1 so it is nontrivial morphism identical to one of
i, 80 ©i(q) = pi(¢;) = ¢;(p:) for all j. As ; and 1 spans 2,1 and y,1, this implies

q = Di- [
Combining those statements leads of proof of the Theorem 4.1.2.

Theorem 4.3.8 (Theorem 4.1.2, repeated). Let A be a2 x 2 x 2 x5 form over alge-
braically closed field k of characteristic zero. The condition Disc(A) # 0 is equivalent
to X(uy).4 satisfying the following condition: X, ) 4 consists of siz points of Pt x P!
satisfying that no single global section of O(1,2) and O(2,1) vanishes on all of those
siz points. In that case, In that case, X, o consists of siz points of P* in linearly
general position (any 5 of them are not on a hyperplane.)

Conversely, for any distinct siz k-points in Pt x P! such that no single global section
of O(1,2) and O(2,1) vanishes on all of those six points, there exists A over k such

that X, a becomes set of those siz points, and such A is determined uniquely up to
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SLy x SLy x SLy x GLj5(k)-equivalence.

We can establish the complete correspondence between forms and X4 over alge-
braically closed field of characteristic zero, together with the invariants of six points
in P! x P! coming from Geometric Invariant Theory interpretation.

Call a list of points x;,y;,2; € P' (i = 1,---,6) triply related if (x;,y;) € Pyen
and z; ® y; ® z; are linearly dependent. Proposition 4.2.4 suggests that this relation
is symmetric with respect to switching x,y, 2. The uniqueness of z; established in
Proposition 2.2 can be interpreted as that Gale transform of six points z; ® y; € P3

are z; € PL.

Theorem 4.3.9. Let k be algebraically closed field of characteristic zero. Let Vipo(k)
be the set of 2 x 2 x 2 x 5 forms such that Disc(A) # 0. There is a one-to-one

correspondence between Vpo(k)/k* and

{(zi,yi, zir ti)im1. 6 € (P x P! x P! x P*(k))° :
(@i, Yis 2i)iz1,.. 6 triply related,

(ti)iz1.. 6 in general position}.

If we consider group action of g = (gz, 9y, 92, 9:) € G(k) = SLy x SLy x SLj X
GL5(k) (92.9y,9. € SLa(k) and g € GL5(k)) on A, the correspoinding point lists
(i), (i), (z:), (t;) are transformed by g, gy, 9., g¢ Tespectively, according to natural
PGLy- or PGLs-actions. The Ss-symmetry of forms A switching x,y, z-azes (sym-
metry of the 2 X 2 x 2 cube) acts as switching the corresponding point lists (x;), (v:),
(i)

By considering equivalence classes by of A subgroups of G(k), one can obtain the

following correspondences.

Corollary 4.3.10. 1. There is a one-to-one correspondence between Vp_.o(k)/GLs (k)

and triply related lists of siz pooints.
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2. There is a one-to-one correspondence between Vp.o(k)/SLy x GLs(k) and lists

of k-points in Pye,.

3. There is a one-to-one correspondence between Vpo(k)/SLax SLyxSLy x GL5 (),
PGLy x PGLy(k)-equivalence classes of k-points in Py, and its relative invari-

ants

{((ulv'” 7u6>7(w17"' 7w6)) :

Youi=Y wt=> wi=> w =0, wuw)) wuw])#0}

T X kX

4.4 Descriptions of the invariants

Now let A be a 2 x 2 x 2 x 5 form with rational entries such that Disc(A) # 0, such
that R(A) becomes rank 6 nondegenerate Q-algebras. Similar to the work on 3x 3 x5

form, we want to examine how the following correspondence behaves:
Vp£0(Q)/G(Q) — {nondegenerate sextic Q-algebras}, A — R(A)

here G = SLj x SLy x SLy x GL5. For given nondegenerate sextic Q-algebra R, we
want to characterize which A gives R(A) ~ R.

To make this question precise, we first note that our construction R(A) for A €
V(Q) not only produces a Q-algebra, but it comes with with specified basis elements
ag, - a5 of R(A)/Q. We can say that two algebras with specified basis elements
are isomorphic if and only if specified basis elements correspond with respect to the

ring isomorphism. One can consider following questions:

e Given a nondegenerate sextic Q-algebra R, which A € Vpo(Q) satisty R(A) ®
Q~R?
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e Given a nondegenerate sextic Q-algebra R with basis elements 1 = ag, -+, as
specified, which A € Vpo(Q) satisfy R(A) ~ R (as algebra with specified basis

elements?)

e Given a nondegenerate sextic Z-algebra R, which A € Vp(Z) satisty R(A) ~
R?

The third question is out of our reach yet and will be the subject of author’s future
study. We will attempt to provide a partial answer for the first and second questions,
showing that there exists certain invariant elements in sextic resolvent algebra of R

which can be used to characterize such A.

Theorem 4.4.1. Let R be a sextic Q-algebra with specified basis element, and let S
be its sextic resolvent Q-algebra. Suppose A € Vp.o(Q) satisfies R(A) ~ R. There
exists s1, 89 € S satisfying following two properties.

(1) Let (uy,--- ,ug) and (wy,- - ,we) be values of the relative invariants of X, 4 and
Xy 4, projection of Xa to Py and P,. For iy, --- v : S — C be the distinct embed-

dings, we have

[W1(s1); - 56(s1)] = [uas - sugl,  [hi(s2); -+ 3 6(s2)] = v+ -+ 5 vg).

(2) We have

trg/o(s1) = trS/Q(si’) = trg/g(s2) = trS/Q(sg) =0, trs/@(s%SQ)trS/@(slsg) £ 0.

The choice of s1,S9 is unique up to multiplication by Q*. The mapping from A
such that R(A) ~ R to Q*-equivalence class of (s1,S2) is one-to-one, up to G(Q)-

equivalence in A.

We refer the definition and various properties of the sextic resolvent algebra to

the Section 3.4.1.
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4.4.1 Invariants for six points in P! x P!

Proposition 4.4.2. Let ay,-- - , a5 be the element of R = R(A) ~ H°RT'(C; 4) which
are preimages of 1/(tity - - - tst;) under R — H*(O(—6)), constructed in Section 4.3.1.
Suppose R is nondegenerate, and let py,--- , pg be distinct embeddings R @ Q — C.

Then coordinates of the six points of Xy 4 are given as
pi = [pi(aq); piles); -+ pilas)].

Here of, -+ ,0f € R® Q is the dual basis of 1 = ag, a1, , as.
This is basically application of the the Proposition 2.5.6 to C; 4.

Corollary 4.4.3. Let R = R(A) be nondegenerate, and let py,--- ,ps be distinct
embeddings R®Q — C. There exists elements uy, us, V1, Vg, w1, ws € RQQ such that

coordinates of X4 are given as

([pi(ua); pi(uz)], [ps(v1); pi(v2)], [pi(wr); pi(ws)] pi) € Pt x P! x P x P

where p; are points described in the above Proposition.

Proof. As pr = [pi(af);- -+ ; pi(ad)], the point of X4 above p; (under the projection

X4 — X:.4) has its coordinates satisfying the equation

5
TilYj 2 = Z/)t(a?)(z‘h)m, hJ k=12

=1

Denote ju;;, = >, af (Ar)ijr € R®Q. We show that there exists element uy, ug, v1, V2, Wy, wo €
R®Q such that p;;; = u;vjwy. As the coordinates of the point above p, is uniquely de-
termined by above question, our desired statement follows from noting that p;(p;;x) =

puls)pi(v;) pr ().

For fixed ¢, we consider the above equation z;y;z; = pi(pijx) for coordinates of
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the point above p; to deduce p;(u111)pe(p122) = pe(p112)pe(p1121). As this holds for all
t, we have pi11/t122 = fii2fi21 in R, Similarly, for all quadrics appearing in C; 4 -
determinants of the face and differences of product of diagonals - their evaluation at

fiji vanishes like

H211 222 — H212M221 = M111fM212 — H112M211 = H121 222 — Hi122M221
=111 221 — M121M211 = M112M222 — Hi122M212 = H111M222 — H112M4211

=111 222 — M121 212 = f111f222 — Mo11f122 = 0.

If R® Q is a field, then above equations are enough to show there exists u;, v;, wy €
R ® Q satisfying p;r = wvjwg. (Start from representing rank 1 2 x 2 slices as
piji = abj, pija = cid;, then deduce [ar;as] = [c1;¢2) and [by;bs] = [dy;ds] in P!
by considering other quadrics.) For the general case of nondegenerate R such that
R ® Q becomes direct sum of fields, solve the equation p;;, = u;vwy over each field

component of R ® Q and combine those results to obtain u;,v;, w, € R® Q. O]

This corollary shows that the coordinates of the six points of X4 are determined
by elements in R. (We will use abusive notation denoting R ® Q just as R, while still
specifing its basis elements.) If we calculate the relative invariant of six points in P!

we gave in Section 2.1 as
1
pa = *— Z Sgn(U)xau),l%m),1SEa(s),15170(4),2330(5),2%(6),2
6 oceH

when x; ; = p;(u;), we can expect py can be related to the resolvent map from R to

sextic resolvent algebra S corresponding to resolvent group H given as

res r S Il o ( o T)pPs ).
rRu(T) = &/WZ g1(0) po(1) (1) Po(2) (1) Po(3) ()
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Here py, - - - , pg are considered as embedings into the Sg closure R — R, and /Disc(R) €
R is generator of Ag-invariant algebra Q(,/Disc(R)) ~ R < R such that S5 ~
Gal(R/R) acts as o(1/Disc(R)) = sgn(o)y/Disc(R). If R is field and uy, uy # 0, then

we have

1
pr =+ > 580(0)po (1) (11) Po(2) (1) Pr(s) (1) Poa) (U2) pr(s) (112) Pore) (112)

oceH

= £ Niyau)g 3 580(0)rct) (/02 (11 /02) oo (01 )

cceH

= /Disc(R)Ngyq(uz)resg m(u1/uz).

Even if R is not field and wuy, us might be zerodivisors, it still holds that pg / \/W(R)
is invariant under action of 0 € H. If we consider other sextic resolvent subgroups
Hy, Hy,- -+, Hg together, action of 0 € Sg =~ Gal(R/R) maps py/+/Disc(R) to
Poto-1/ \/W(R) . This basically shows the existence of sy, s5 and their properties.

Proposition 4.4.4. Let R be nondegenerate. The relative invariants of six points
[pi(u1); pi(uz)] can be represented by an element s in sextic resolvent algebra S in the

sense that

[pEy ;- pEg] = [1(8); -+ 5 ¥6(5))]

where Y1, ,Yg : S — C are distinct embeddings. Also s satisfies

tI'S/Q(S) = tl's/Q(Sg) =0.

Such s is unique up to multiplication by nonzero rational number.

Proof. We showed that pg/v/Disc(R) € R is H-invariant and py,/+/Disc(R) are

all conjugate, which implies the existence of s. The second statement follows from
S~ pu = Y. p¥ = 0. The uniqueness of s up to constant follows from that [1)1(s); - - - ;6(s)]
is fixed in PS.
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Lemma. If[11(s);- -+ ;16(s)] = [1()); - -+ ;6(s")] and s,s" # 0, then s is Q-multiple

of .

Proof. As R is nondegenerate, R ® Q ~ &F} is direct sum of fields. If 1;(s") # 0 for
all 7, then s’ is invertible in all F}, so s itself is invertible. In this case, 1;(s)/1;(s") =
1;(s/s") does not change by i, so s/s’ € Q.

Now suppose that there exists ¢ such that ¢;(s’) = 0. The embeddings ¢y, - - - , 1
all has form of R ® Q — F; — C, first map being projection to F; and second map
being certain embedding of Fj.

If 4;(s") = 0 for some 4, then s’ is zero in F; where 9; is an embedding through
F;. Meanwhile 9;(s") = 0 implies ¢;(s) = 0 (provided that there exists j such that
1;(s") # O-follows from s’ # 0) so s is also zero in F;. We can consider sum of F

such that s,s’ are not zero in Fj, and show the statement for such nondegenerate

Q-algebra R’ where v;(s") # 0 for embeddings R — ;. O
O

This shows the first part of Theorem 4.4.1 regarding existence of s, s representing
invariant of six points of X, 4 and X, 4, some equations on their traces at part (2)
(trsyg(sisa)trs/g(sis3) # 0 follows from that X(,,) € Pyen), and uniqueness of s; and
se up to multiplication by Q*. It only remains to prove this construction of si, s is

injective.

Proposition 4.4.5. Suppose that A, B € Vp.o(Q) satisfies R(A) ~ R(B) as algebra
with specified basis element, and X4 4 and Xy p has same invariants. Then A

and B are G(Q)-equivalent.

Proof. Let ay, - - , a5 be the common specified basis elements for R = R(A) = R(B).

By Corollary 4.1, one can find u,v,w,p,q,r € R® Q such that

> aj Ay = (wvgwg)igrere, Y 0B = (pigirr)ije-1.2-
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As invariants for [p;(uy); pi(uz2)] and [p;(p1); pi(p2)] are same, those two sets of points
are GLy(Q)-invariant. If we apply GLo(Q)-action on A acting on z-direction, we can
assume that [p;(u1); pi(u2)] = [pi(p1); pi(p2)] for all i. As applying GLg-action on
z-direction alters basis of R(A) by multiplication by (det)?, any GLy(Q)-action on
z-direction can complement this effect, so we can both assume R(A) ~ R(B) and
[pi(ur); pi(uz)] = [pi(p1); pi(p2)], [pi(v1); pi(v2)] = [pi(a1); pi(ge)] by applying appropri-
ate G(Q)-operation on A and B.

We can also let p;(u2), pi(p2) # 0 by applying common GLs(Q)-operation on
both A and B. Assuming all of that, we have p;(u;/us) = pi(p1/p2) for all 7, so
uy/uy = p1/pe in R. Similarly we have vy/vy = q1/¢e. By replacing (u;, v;, wy) by
(pi, 45, (wivjwy)/(pigj)) we can let w; = p; and v; = ¢;. At this point, wy,ws € R
are set to be linearly independent elements satisfying tr(u;v;w) = 0, so both (wy, ws)
and (ry,ry) form Q-basis of this 2-dimensional vector space over Q. Thus there is a
GL2(Q)-operation transforming (w;, ws) into (rq,72), and applying this action on A

acting on z-direction produces A = B. ]

4.5 Appendix: explicit formulas

4.5.1 Descriptions of invariants py of six points and sextic

resolvent groups

Let ¢ be an outer automorphism Sg — Sg. Sextic resolvent groups of Sg are defined
as image of the six subgroups Sqi 2345y, S71,2,3.4,6), s Sf2,34,56) by ¢, and they do

not depend on choice of p. We give a following choice of sextic resolvent subgroups,
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which we will use in describing the invariants of six points.

(Hu, Ha, Hs, Hy, Hs, H)
=(((14)(25)(36), (26345)), ((16)(23)(45), (15436)), ((12)(34)(56), (16342)),

((12)(34)(56), (24365)), ((12)(34)(56), (15634)), ((12)(34)(56), (14362))).

To give the explicit description for following invariants of six points

P = Z i(xa’lxblem)(xd,2$e,2xf’2),
{a’b’c}u{dveaf}:{L"' 76}

one only needs to fix the choice of sextic resolvent groups, and choose the appropriate
signs + for each terms. Below we give one choice of py, as homogeneous degree 3
polynomials in x,1/%,2 = 1. The above form of degree 6 polynomial in z, ; is given

by multiplying 1 922923 924,075 276 2 to below expressions.

PH, = T1X2X3 + T1T2Ty — T1T3T4 — T2T3Ty — T1T2T5 + T1X3L5 — TaX3L5 — L1X4T5
+ XX T5 + T3T4T5 — T1T2T6 — T1T3T¢ + T2T3T6 + T1T4Te — T2X4Te + T3T4Tg
+ X1X5T6 + ToT5T6 — T3T5T6 — T4T5T6

PH, = —X1X9T3 — T1T2Ty4 + T1T3T4 + T2X3X4 + T1X9T5 + T1T3T5 — T2T3T5 — T1T4T5
+ ToxyX5 — T3T4T5 + T1T2Te — T1X3T6 + ToL3Te + T1T4Te — To2TaTe — T3T4T6
— T1T5%6 — T2X5T¢ + T3T5L + T4TsLg

PHy = —X1X2X3 + T1X9T4 — X1T3T4 + ToX3Ty4 — XL1X 2Ty + T1X3Ts + T35 + T1T4T5
— XoX4L5 — T3T4T5 + T1ToZLg + T1X3Lg — LoX3Lg — L1L4Tg — LoX4leg + T3TL4Tg

— T1T5Tg + ToX5Xg — T3T5Lg + L4Ts5Tg
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PH, = —T1T2X3 + T1X2T4 + L1234 — T2X3T4 + T1T2Ts — T1T3X5 + TaX3Ls — T1T4Ts
— T2X4T5 + T3T4T5 — T1T2Tg + T1X3Te + T2X3Ts — T1L4Tg + T2X4Te — L3T4Te
+ T1T5L6 — TaT5Lg — T3T5Lg + T4TsTg

PHs = T1X2X3 — T1T2X4 + T1X3L4 — T2X3L4 — T1T2x5 — L1T3T5 + TaX3Ts + T1T4T5
+ ToTyX5 — T3T4X5 + T1T2Tg — T1T3Lg — LaL3Lg — L1T4Tg + LoX4Tg + T3TL4Tg
+ X156 — T2X5%6 + T3T5L6 — T4T5L6

PHy = T1X2T3 — T1X2T4 — T1X3T4 + ToT3Ty + T1T2T5 — T1T3T5 — Tal3Ts + T1T4T5
— XoTyT5 + T3TyT5 — T1T2xe + T1T3%6 — T2X3L6 + T1X4T6 + ToT4Te — T3TL4T6

— 1T5%6 + T2T5X6 + T3T5L6 — T4T5L6

4.5.2 Descriptions of the complex C; 4
We give full descriptions of all maps of C; 4. Denote ;i as (i, j, k)-entry of A(t).

e A, term: basis elements are following 9 of them (i = 1,2,u = x,y, z)

Foui d,111 d,112 d,111 d,121 d,111 d,211
Ly Ly — Ly ", Ly — Ly ™, Ly — Ly

?

Maps are described as

f7x71 f7y71

Ly Q1022 — 120021, Ly = Q110212 — Q112211
f7271 f,$,2

Ly™" = aqpiooo — aqaioenr, Ly = Qro110i222 — (212921,
f7y72 f,Z,2

Ly  Qro1Qaoa — Qii2aQiaor, Ly ™% = ariaiage — QrigaQiarn

d,111 d,112 d,121 d211
L, 110022, Ly 120021, Ly 910212, Ly = Q01100122

We introduce following auxillary variables for convenience.

d222  rdl11 d221 _ pd,112 d212 _ rd121 d,122 _ pd211
L, =Ly ", Ly =Ly ", Ly =Ly, Ly =L,
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e A3 term: basis elements are following 16 of them (7, j,k = 1,2)

ijk,x ijk,y ijk,x ijk,z
L3 - L3 ) L3 - L3

and their images are described as

111,z d,211 foa,l 111,y d,121 fy,1
Ls — a111L5 — oo Ly, Ly = 1Ly — a1 L™,

111,z d,112 foz,1 112, d,212
Lj > a1 Ly —oanely™, Ly 12l — 912

112,y d,122 fay,l 112,z d,111
L, > a2l —ooaly”, Ly — 12l — gL

121

d,221 foa,1 121,y d,111 fy,2
3 o1 Ly ™ —aon Ly, LT anon Ly — agn Ly

7121 122,%

d,122 fz,1 d,222
3 > a1 Ly —ouly™, Lj 9oLy — (g9 L

122,y 4,112 Fu,2 122, d,121 £,2,2
L3 —> 04122.[/2 — 04112.[/2 s L3 —> 01122[/2 — 01121[/2 ,

211,z d,111 fox,2 211,y d,221 foy,l
L; > o11Lg —on Ly, Lj > 11 Lg — o1 Ly,

211,z d,212 foz,1 212,z d,112
L > a11Lg —oo2ly™,  Lj — 12 — a2l

212,y d,222 fy,l 212,z d,211
L; > 12l —aely”,  Lj — 12l — Q11

2212 d,121 fz,2 221,y d,211
L; > 991 Ly — o Ly™®, Ly > Qig91 Ly — 0211

221,z d,222 foz,1 2222 d,122
L; > 991 Ly — ugaly™,  Lj > 9oLy — oL

222,y d,212 fy,2 222,z d,221 f
L; > (299 Ly — 9Ly, Lj > 9oLy — 1Ly

e A, term: basis elements are following 9 of them (i = 1,2,u = x,y, 2)

foui d,111 d,122 d,212
Ly™, Ly Ly Ly

Y ?
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and their images are described as

Li‘,z,l N 04111(Lé22’y _ L§22,2) X a112<LZ1))21,y _ Lé?l,Z)
I a121(L§12’y - Léu’z) I a122(Lé11,y _ Léll,Z)’
L{,m,Q N agll(L§22’y _ L§22,z) i a212<L§21,y _ L§21,z)
I a221(L§12,y - L§12,z> n 04222(L§11’y B Lgn,z)’
Li”,y.l . Oé111(L§12’Z B L§12,m) I QHQ(L?L,Z - Lgn,z)
+ 04211(L:13127Z o LélQ,:ﬂ) + O[212(L:1)’11,z . Léll,z)’
Li,y,Q — 04121(L§227Z . L§22,a)) + a122(L§21,z o Lng,m)
n a221(L§22,z _ Lé227m) n OZQQQ(L§217Z B L§21’$),
Li”,z,l N @111(L§21’x B L§21,y) n a12l(L§11,x _ Lgn,y)
+ 05211([4:1321’30 _ L§217y> + Qo1 (Léle o Z—Jil))ll,y)7
Li‘,z,? — a112(L§227x _ L§22,y) + 04122<L§12’x - L§12,y)

and

Li,nl N a112(L§21,x _ Lgm,y) X &121<L§12,z _ L§12,x) 4 04122(L§11’Z _ Lgll,y)
1 agll(Lém’y _ LéQZ,Z) 4 a212(L§21,x _ LéQl,Z) X a221<L§12,y _ Léu’x)
LZ’HQ N 06111(L§22’Z _ L§22,y> X 04112(L§21’Z _ L§21,x> 4 a12l(L§12,x _ Lgm,y)
X a212(Lé21,y _ LéZl,m) 4 04221(1/;,12’:” _ L§12,2) +4a222(L§11,y _ Lzl))ll,z>
LZ,212 N 04111([/322’36 _ L§22,z) X a112(L§21,y _ L§21,Z) 4 a122(L§11,y _ Lgn,m)
4 04211(L§22’m _ L§22’y) n a221(Li1))12,Z _ Lém’y) X a222(L;’11,Z _ Lén’x)
LZ,221 N 06111(L§22’y _ ngz,m) X Oz121(L§12’y _ L§12,z) n QIQQ(L?))H@ - L§11,Z)

+ oo (L7 = L") + aoa(L™ — L) + o (LY — L31)
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4221 . : s : Cfos 111 d,122
Here Lj;“*" is considered as an auxiliary variable satisfying L, + L, °° +

212 221
L2124 1322 —

e Ag term: there is a single basis element Lg, whose image under the complex

map is

d111 d,122 d,212 d,221
Le — aq1100992L + aq200911 Ly + ao1200121 Ly + ao1q12L,

fiz,1 frz,2
+ (0421104222 - 0421204221)[/4 - (041110é122 - a112a121)L4

fy,1 f9,2
+ (a121a222 - 0412204221)L4 - (0411104212 - 0411204211)[/4

f7z71 f7z72
+ (0411204222 - 0412204212)L4 - (0411104221 - CY12104211)L4 .
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Chapter 5

Sextic algebras associated to the

Segre cubic

5.1 Introduction

In this chapter, we will construct a cubic threefold in P* assocated to a nondegenerate
sextic ring R from this construction. The cubic threefold constructed is Segre cubic
threefold, a set of cubic surfaces of P* which are characterized by the condition that

it should have 10 singularity points. Our main result takes the following form.

Theorem 5.1.1. 1. There is a one-to-one correspondence between primitive non-
degenerate sextic rings over Z and GLs(Z)-equivalence class of primitive Segre

cubic forms with Z-coefficients.

2. There is a one-to-one correspondence between nondegenerate sextic Q-algebras

and GL5(Q)-equivalence class of Segre cubic forms with Q-coefficients.

We note that a rank n ring R is primitive if there is no sextic subring R’ C R
satisfying R ~ Z + nR' with n > 1. Meanwhile, a primitive Segre cubic form can be
defined as a Segre cubic which becomes primitive polynomial (ged of all coefficients

is 1).

206



Segre cubics has been studied extensively in classical algebraic geometry (see [21]
and [20]) and many properties are known. It is known that all Segre cubics are
isomorphic under GL5(C)-action, and the automorphism group of single Segre cubic
is isomorphic to Sg and it sits inside PGL5(C) of automorphis group of ambient P*
space. This suggests that all Segre cubics with Q-coefficients are GLs5(Q)-equivalent.

Thus for a particular Segre cubic Fp, any Segre cubic F' can be written as F' = gFj
for g € GL5(@) which is determined uniquely up to multiplication by nonzero constant
and automorphism group Sg of Fj. The correspondence of the Theorem 5.1.1 relies
on the construction of six points in P4 related to a Segre cubic, which determines
the choice of g. Those six points - which we will name as pivot points - can be
characterized by the property that the set consisting of those six points is invariant
under automorphism group of the Segre cubic. While pivot points do not lie on
the Segre cubic, those fit into the hyperplane configuration constructed from ten
singularity points of Segre cubic.

Finding a sextic algebra corresponding to six pivot points uses the explicit con-
struction of n geometric points in P"~2 from rank n nondegenerate ring. This con-
struction which we call as canonical points was already described in [3], and the
general idea of associating n points in P"~2 to rank n algebra was considered in [52]
and [1], [2], [3] as one of the main ideas for parametrizing rank n rings and algebras
for n < 5. In such models parametrizing rings of rank n < 5, nondegenerate rank
n algebras correspond to orbits V'(Q)/G(Q) for some prehomogeneous vector space
(G, V) specified by the parametrization model. (Here V' denotes the single nonde-
generate open orbit, which exists uniquely in any prehomogeneous vector space.) Our
parametrization of sextic algebras can be considered as an extension of this idea, in
the sense that it considers rational orbits of certain variety of Segre cubics which form

a single orbit with respect to the PGL5(Q)-action. Unfortunately, the subvariety of

Segre cubic forms is not well understood yet, and the explicit construction of the
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multipication table of the sextic ring is beyond our reach.

We give the outline of this brief chapter as follows. In Section 5.2 we will describe
the property of the Segre cubic coming from classical algebraic geometry. In Section
5.3 we will construct a Segre cubic associated to rank 6 sextic ring or Q-algebra, and

show this construction is consistent with the canonical point construction.

5.2 Preliminaries: Properties of Segre Cubic

In this section, we define the Segre cubic and briefly review its properties established
in classical algebraic geometry of surfaces. Then we will define six pivot points, and
show that those six points in P* uniquely characterizes the Segre cubic. Throught
this section and the next section (section 5.3), we will only consider equations over
C. For more detailed information on the Segre cubic, one can consult [21] and (]20],
Section 9.4.4), both of them providing extensive coverage for the Segre cubic.

The Segre cubic (called Segre cubic primal in [21]) can be defined as cubic

threefold on P4, which are GLs-isomorphic to the following equation
Fozxzi_i—_i_xg_(xl_i__i_xg))?’

The most used form for Segre cubic is given as following symmetric expression, which

was found by Richmond ([41])

Here Fjy is considered as a cubic surface sitting inside ambient space of hyperplane
>~ ; = 0 which is isomorphic to P*. This description allows us to observe the following

properties of Fy more easily.

Proposition 5.2.1. (1) Any Segre cubic has 10 nodal singular points. On Fy, they

208



appear as all Sg-orbits of the point (x1, xe, T3, x4, x5, 26) = (1,1,1, -1, —1,—1).

(2) Any irreducible cubic form in 5 variables having 10 nodal singular points should
be Segre cubic.

(3) Automorphism group of Segre cubic surface F'' = 0 is isomorphic to Sg, and all
such automorphisms appear as element of projective coordinate change PGL5(C). In

particular, automorphism group of Fy operates as permutations on (xq1,- -+ ,Zg).

Proof. (1) Singularity points of Fy can be calculated from explicit equation of Fp, and
singularities of general Segre cubic should be GLs-transformations of those points.
(2) See ([21], Proposition 2.1).

(3) As any two 10-nodal cubic hypersurfaces are PGL5(C)-isomorphic, it follows that
automorphism group of Segre cubic should sit inside PGL5(C). We can explicitly
compute all matrices of GL5(C) which fix 10 singular points, and show only the

permutations of x,- -, xg give valid automorphism of Segre cubic. m

A general Segre cubic F' allows the expression

6 6
F=>"y > =0, (41,923 v ys) linearly independent
=1 i=1

where y; are linear functionals: if ¢ is coordinate change transforming Fj to F', then we
can let y; = px;. Under ¢, automorphism group of Fy = 0 acting as permutation on
(21, -+ ,x6) corresponds to automorphism group of F' = 0 acting as permutation on
(y1,--- ,Ys). We can also see (yi,- - ,yg) are determined uniquely up to permutations

and constant multiplication. We can consider six projective points determined by

209



linear forms

P1:Y2=Ys =Ys = Y5 = Yo

P2 Y1 =Ys =Ys = Ys = Yo

Pe Y1 = Y2 =Yz = Ya = Y5.

Call those points {p1,--- ,ps} pivot points of F. For Fy, six pivot points are given as
Sg-orbits of [x1 1 xe i w3 xy s g =[=H:1:1:1:1:1]. As Sg-orbits of a point
other than pivot points always points consist of more than 6 points, pivot points can
be characterized as points whose orbit under Aut(F')-action consists exactly 6 points.
(I couldn’t find literature discussing those points, probably because they are not on

the Segre cubic itself.)

Proposition 5.2.2. Pivot points give one-to-one correspondence between Segre cubics
up to constant multiples and siz points of P* in linearly general position (no 5 of them

on a hyperplane).

Proof. For two sets of six points in general position, there is unique projective trans-
form mapping one set to another. Thus for any {p;,---,ps} in linearly general po-
sition, we can consider a projective transform ¢ mapping pivot points of Fj to those
six points. Then image of Fj under ¢ becomes Segre cubic having {pi,--- ,ps} as set
of pivot points.

Suppose F}, F, are two Segre cubics having same pivot points. As both Fi, F3
are some GLjs-transform of Fj, there exists projective transform ¢ mapping F} to
F5. Then ¢ preserves set of pivot points, so it should act as their permutation. But
automorphisms of F; = 0 are exactly projective transforms which permutes pivot
points, so ¢ should be automorphism of F; = 0. That means F; = cF; for some

C. O
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Remark. Pivot points can characterize singular points of a Segre cubic as follows.
Intersection of two planes going through pq, ps, p3 and py, ps, pg becomes a singular

point, and Sg-permutations of those 10 points become full set of all singular points.

5.3 Sextic ring over Z and th associated Segre cu-

bic

Let R be a nondegenerate sextic ring over Z. Let (1 = ag,aq,- - ,as5) be a Z-basis
of R, and let (of,--- ,af) be its dual basis in R ®z Q, i.e. elements satisfying

1 ifi=j
TI'R(OQ'()[;> = 6ij = .

0 i#y
Let pi,---,ps : R ®z Q — Q be distinct ring embeddings. Define the following six

projective points of IP’%

pi = [pi(a])  pi(as) o2 pi(ag)]

as canonical points for base (1,4, -+, a5). (This construction was considered in [3]
first without the name.)

Canonical points do not change under shifting of a; by integers, so they only
depend on Z-basis of R/Z corresponding to (aq,--- ,as). Under the standard action
of G € GL5(Z) on (v, ,as), canonical points change by PGLs- action of (G™1)".
We remind that the primitive ring is defined as ring R such that no sextic ring R’

satisfies R ~ Z + nR' with n > 1.

Proposition 5.3.1. (1) Two nondegenerate rings with basis (Ry, (a;)) and (Ra, (5;))

give same canonical points if and only if Ry ® Q ~ Ry ® Q and there exists ¢ € Q
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such that B; = cay; in Ry @ Q/Q.

(2) For any six distinct Galois conjugate points, there exists a sextic ring with Z-basis
which has those siz points as canonical points.

(8) Canonical points give one-to-one correspondence between primitive sextic rings R

with basis of R/Z and sets of six distinct Galois conjugate points.

Those properties of canonical points hold for all rank n nondegenerate rings and
can be proven in elementary way, but their proofs can be rather lengthy. We cover
the proof of these properties in Chapter 7 (Section 7.2.5 in particular).

For a sextic ring R and its canonical points given, we want to look for a Segre cubic
having those canonical points as pivot points. Let y1,ys, -,y be six functionals

satisfying following conditions:

b yQ(pl) = 3/3<p1) == ?/6(]91), y1<p2) = ys(p2) = = y6(p2), ---,etc. In

other words, for 4, j, k all distinct, p; is in plane y; — yi.
ey ty2t+---+ys=0.

Then y? + y3 + - - - + yg becomes the desired Segre cubic having p; as pivot points.
Let

2 = pi(ar)xy + piag)ws + - + pias)zs

and
6
Yy = 62; — Z 2.
=1

We claim that those y;s satisfy above condition. As ) y; = 0 follows almost immedi-
ately, we only need to show (y; — yi)(pi) = 6(2; — zi)(p;) = 0. As trace Trp is given
as

Trp(z) = pr(@) + - + ps(z),
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the condition for dual basis is equivalent to

and we can write it as following matrix form

pi(ao) pa(ao) - pslan) | [pilag) pr(ai) - pi(a3)
pr(ar) pa(ar) - pelar) | | p2(ag) palai) - pa(a3) _
pilas) pa(as) - pelas) ) \pslag) ps(ai) - pelaz)

We switch two matrices
pi(ag) pi(ai) o pi(az) ) [pi(ao) pa(ao) - pe(ao)
pa(ag) pa(ay) oo pa(ad) | | pr(aa) palar) - pelaa) g
pe(ag) pe(ai) - pelaz)) \pilas) palas) - pslas)

to obtain .

Zpi(ak)Pj(aZ) = 0y

Thus for ¢ # j, we have

zj(pi) = pjlar)pi(ay) + pjlaz)pi(ay) + -+ + pjlas)pi(az)
= <Z pj(ozk)pi(oz}';)> — pjlao)pilag)

= —pi(ag)

as ap = 1 = p;(ap) = 1. This implies that (z; — 2x)(p;) = 0 for ¢, 7, k all distinct, so

Y1, ,Ye satisfies above conditions for y5 +y3 + - - - + y§ to be Segre cubic having p;
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as pivot points.
We want to express yi + y3 + -+ - + yg more explicitly. If we let z1,--- , x5 be

rational numbers, then we can write
z; = pilon)xr + pi(ag)ze + - - + pilos)as = pi(aizy + -+ + asxs).

If we denote () = > ayx;, this can be shortened as

zi = pila(x)),  yi =6pi(a(z)) — Trr(a(z)).

Thus

ny’ = Zm (6a(z) — Trp(a(z)))’

6
=Y pi ((6a(z) — Tra(a(x)))?)
i=1
= Trp ((6a(z) — Trr(a(z)))?)
and this expression makes clear that this cubic form has integral coefficients. To
summarize, we obtain:

Proposition 5.3.2. For nondegenerate sextic ring R with Z-basis (1,04, -+ ,as), the

integral cubic form

Fr(an(x1,- -+ 25) = Trg ((6a(z) — Trp(a(2)))’)  (a(z) = Z ;)
becomes a Segre cubic, and its six pivot points coincide with the canonical points for
ring R and basis (aq,- -+ ,as5) of R/7Z.

Conversely, for a Segre cubic I with integral coefficients, we can correspond a

ring which has its six points as canonical points, as those six pivot points should be
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Galois conjugate. We claim that those two correspondences give desired bijections.

Proposition 5.3.3. There is one-to-one correspondence between
%1 = { Nondegenerate sextic ring with basis (R, (1, aq, -+ ,a5))} /R

(Z = {(R1, (a;)) ~ (Ra, (8:))|F1 ® Q= Ry ® Q, s = ¢fB; in R® Q/Q})

and

©y = {Segre cubic with integral coefficients}/{ constant multiple}.

The correspondence of €1 — 65 is given as
D191 R Fp oy (z) = Trr(6aw — Trr(ax))?, ax = Za T;
and correspondence of €5 — € is
®yy : F' — (ring whose canonical points are same as pivot points of F).

Proof. We first check ®,5 and ®4; are well-defined on equivalence class. For &5, we
have FR,(cai)<x> = A3Fg (o) and Fg (,,) does not change under shifting o; — a; + ¢
(c € Q), 50 Fg (q,) is determined uniquely up to constant for each equivalence class of
%,. For ®,q, it is enough to note that two Segre cubics differing by constant multiple
have same pivot points and equivalence relation Z is essentially equivalent to that
two rings with basis have same canonical points.

We have established that pivot points of Fg () is identical to canonical points of
(R, (cv;)), so ®g1 0 Py is identity. Meanwhile, ®q; is injective, as determining pivot
points of the Segre cubic determines cubic uniquely up to constant multiple. This
establishes @91 0 @15 0 Py = Py; = P15 0 Py = id. So Py, Poy are bijective inverses

to each other. ]
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We can consider Fg (q,) for any linearly independent elements o;; € R ® Q/Q, not
only Z-basis. In this perspective, we can discuss action of G € GL5(Q) on («;). For

G e GL5(Q) and (ﬁl; ce ,65)t = G(Oél, ce ,Oé5)t, we have

5 5 5 5
j=1 i=1

i=1 \j=1

for (y1, -+ ,y5) = (@1, -+ ,x5)G", so we have

Frgy(x1, - 25) = Fran (1, 5 ¥5)-

Thus GLs-action on basis (aq, -+ ,as5) of R®Q/Q corresponds to coordinate change
in Fg(a,). By considering GLs(Z) and GL5(Q)-equivalence respectively in above

proposition, we can obtain the following.

Corollary 5.3.4. 1. There is one-to-one correspondence between primitive nonde-
generate sextic rings over Z and GLs(Z)-equivalence class of integral primitive

Segre cubic forms.

2. There 1s one-to-one correspondence between mnondegenerate sextic extensions

over Q and GL5(Q)-equivalence class of rational Segre cubic forms.
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Chapter 6

Geometric interpretations for the
quintic ring parametrization and

sextic resolvent ring

6.1 Introduction

In this chapter, we seek to provide new a geometric interpretation of the Bhargava’s
parametrization of quintic (rank 5) rings in [3], particularily regarding construction
of the sextic resolvent ring of the quintic ring. In the Bhargava’s parametrization of
quintic ring, we consider a form A € V(Z) = Z* ® N*Z° with G(Z) = GL4 x SLs(Z)

acting, and is given as follows.

Theorem 6.1.1. (/3], Theorem 8) There is a natural bijection between between the
set of nondegenerate GLy(Z) x SLs(Z)-equivalence classes of elements A € Z* @ N*Z5
and the set of isomorphism classes of pairs (R, S), where R is a nondegenerate quintic
ring and S is a sextic resolvent ring of R. Under this bijection we have Disc(A) =
Disc(R) = +=Disc(9)"3.

The definition of a sextic resolvent ring of a nondegenerate quintic ring is described
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in ([3], Section 5).
The construction of (R(A),S(A)) = (R, S) from a form A can be given as explicit
formula for the multiplication coefficients. The multiplication coefficients cfj(A) of
R(A) and df;(A) of S(A) can be described as degree 5 and 12 integral polynomials in
entries of A respectively, and they satisfy certain covariance properties with respect
to the action of G. Under G(Z)-action, isomorphism classes of R(A) and S(A) are
kept same. (Note: multiplication coefficients correspond to the choice of Z-basis
1,1, ,a,_1 of the ring, but basis elements «; can be changed by shifting by
integer constants «; — a; + C for C' € Z. So they can vary by this change, and we

are considering following invariants under these actions
ood, do - d

j k
59 ) ij i Cl?j — Cik

for distinct 7,7,k =1,--- ,n — 1.)

For the quintic ring R(A) = R parametrized, one can consider five points in P3
determined by certain equations in A - Pfaffians of the 5 principal minors of 5 x 5
alternating matrix x1A; + - - - + 2444, where A; € A%2Z? is ith ‘slice’ of A in direction
of SL, and x1,---x4 are coordinates of P3. Construction of those five points was
already described in [52] and [3], and construction of R(A) was inspired by those
Pfaffian equations. We will use the hypercohomology construction from the Chapter
2 to give a geometric construction of the R(A). To put more explicitly, we will
construct a complex C, 4 of sheaves on P? with DG-algebra structure such that it
becomes minimal free resolution of 5 points over universal variables Q[A], and show
its hypercohomology ring H°RI'(C, 4) is isomorphic to R(A).

For the sextic resolvent ring S(A) = S, it is natural to ask: can we construct
6 points in P* associated to S(A)? We will attempt to approach this question by

exploring the geometry of 4 x A?5 form (Z* ® A%Z%) in more detail, and associating a
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Segre cubic threefold we discussed in the Chapter 5. The 5 Pfaffians of 14, +--- +
x4 A4 can be used to define a quadratic map P? — P4, and it is classically known that
the image of this map becomes isomorphic to a Segre cubic for generic A. ([21], [20])
By considering the transformation of GLj-action on A, one can deduce that those
six points should be the ones corresponding to S(A). While we could not succeed in
obtaining the ring S(A) itself via hypercohomology yet, we could instead construct
a complex C, 4 and a sextic ring H°RT'(C, 4) out of it which is isomorphic to S(A)
over Q.

Our application of the hypercohomology construction to the quintic ring parametriza-
tion can be seen as generalization of Wood’s works in [49], where the quartic ring
parametrization of [2] is generalized as a parametrization model for rank 4 S-algebras
for arbitrary scheme base S. It was conjectured that quintic ring parametrization
should have similar generalizations into arbitrary base. Results in this chapter are
yet insufficient to obtain such results, as it would require that the sextic resolvent ring
S(A) to be given a natural definition (which works for arbitrary base) with explicit
construction. Our construction of H'RT'(C, 4) at least would allow constructing S(A)
over the domain where 60Disc(A) is invertible. Our attempt to generalize quintic ring
parametrization into arbitrary base can be also considered as a generalization of [12],
a work which considered degree 5 covers of varieties over a field of characteristic zero.

This chapter is constructed as follows. In Section 6.2 we will briefly review the
construction of 5 points in [52]. In Section 6.3, we will introduce the complex C, 4
immediately with its DG-algebra structure, and calculate that its hypercohomology
coincides with R(A). In Section 6.4 we will start discussing additional properties
of A and explore the geometric meaning of the sextic resolvent ring S(A). When
interpreting this sextic ring, we will bring classical perspective of the Segre cubic
threefold, and suggest geometric constructions of certain Segre cubic and associated

six points in P* related to 4 ® A%5 form. In Section 6.5, we will construct a complex
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Cy 4 and show its hypercohomology ring

6.2 Review of the quintic ring parametrization

In this section we summarize geometric results on 4 ® A2%5 forms and associated 5
points in P? established in [52]. Before starting, we would like to point out that the
representation k* ® A2k° of group G = SL; x GLjs is prehomogeneous vector space
([42]), i.e. a representation having one Zariski open orbit. Its ring of invariant is
generated by a single G-invariant of degree 40 in entries of A, which we call the
discriminant Disc(A). The semisimple elements are exactly those with Disc(A) # 0,
and all semisimple elements are in single G(k)-orbit. The explict calculation of the
discriminant can be found in [53], or one can compute the discriminant using the ring

R(A) we will discuss soon. For the rest of this section, we consider all forms over an

infinite field k of characteristic # 2, 3, 5.

6.2.1 Five points in P3

Let A € k*®@A%k5, on which G = SL, x GL5 acts standardly. For z = (1, x9, 73, 24) €
(k*)*, on which GLy4 acts as dual representation, denote A(x) = Ayz; + Aszo+ Aszs+
Ayzy € N*KS. Then we consider A(z) A A(x) ~ A*k®. When viewed as vector in
(k5)* ~ A'KP, its entries are 5 quadrics which are exactly the Pfaffians of five 4 x 4
principal minors (minors obtained by deleting ith row and ith column fori =1,--- | 5)
of alternating matrix A(x). Denote I5(A) as the ideal formed by those 5 entries of
A(z) N A(x).

As A(z) A A(x) vanishes if and only if A(z) has rank 0 or 2, such A(z) can be
regarded as intersection of Grassmannian Gr(2,5) C P(A?k®) (more exactly, image
of Grassmannian under Pliicker embedding) and codimension 4 hyperplane going

through Ay, As, Az, Ay. This embedding of Gr(2,5) has degree 5, so we can expect to
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have 5 distinct solutions for generic A. In [52], it is established that all semisimple
A satisfies this condition, and those five points gives the desired correspondence of

A € k* ® A%k® and quintic extension of k.

Proposition 6.2.1. (1) An element A € k*®@ A?k® is semisimple if and only if I5(A)
cuts out five distinct geometric points. In that case, those five points are in general
position (no 4 of them in same codimension 1 hyperplane).

(2) Consider a correspondence mapping A to the global function ring for five points of
I5(A). This gives one-to-one correspondence between equivalence classes of semisim-
ple elements up to SLy x GL5(k)-action and degree 5 separable k-algebras up to iso-

morphism.

For the rest of this section, let A be semisimple.

6.2.2 Effects of the permutations of 5 points

For n points pq,--- ,p, in P*~2 in general position, we can consider n affine vectors
vy, -+, v, € k"1 such that projective image of v; (under A"~! — P"~2) coincides
with p; and > v; = 0, and such choice of (vy,---,v,) is unique up to constant

multiplication. We consider those such affine vectors for five vanishing points of
I5(A), and denote the corresponding A(x) as By, -+, Bs. Then B;s become matrices

which are all in linear span of Ay, --- , A4, and satisfy

The set { B;} is uniquely determined up to multiplication by same constant, and invari-
ant under GL4-action. Moreover, we can show that there exists vector f1,---, f5 € E

such that

Bi = fiN(fic1 + fix1) (fo=f5.f6 = f1).
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It can be verified in the following way. As any semisimple element A is in single
G(k)-orbit, we can let A = gF for g = (g1,92) € SLy x GL5(k) and a particular
element £ = (E4, Ey, E3, E,) defined as

Ei :ei/\<€7j—l+€i+1)7 L= 1727374

where ¢;s are standard basis vectors

€1 = (17()’07070)762 - (07 1a07070)763 = (OvOa 17070)764 - (ana 07 170)7

€p = €5 = (0,0,0, O, 1)

Let f; = go€;, then we have A = ¢; B for B = (Bj, By, Bs, By) defined as B; = f; A
(fio1+ fix1). We will keep this notation B; and f; for semisimple form A € k* @ A2k5
over k.

We consider permutations of 5 zero points of I5(A). For any two sets of 5 points
in P3 each in general position, there exists unique PGL,-automorphism mapping
one set to the other one. Thus we can think S5 — PGLy4(k), which correspond to

permutations of B;.

6.2.3 Multiplication table for the quintic ring

We briefly describe the formulas for multiplication coefficients of the Bhargava’s quin-

tic ring in ([3], Chapter 4). For i, j, k,l,m € {1,2,3,4}, denote

{ijklm} = (Ai NAj)" - A AN (AN AT

Here * denotes the Hodge star operator A*k® — k5 and (X A Y)* becomes the
symmetric bilinear form corresponding to the Pfaffian form we discussed above. Then

the multiplication coefficients cf’j of the quintic ring is given by the following formulas
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(formula (21) of [3])

cf, = £{iiljj}/4,
cl. = +{liiik},
cl; — b, = £{jklii} /2,

Cii — CZ] — ¢y = £{ijlki}.
Here {i,j, k,l} are chosen as distinct elements of {1,2,3,4}, and the + sign denotes
the signature of the permutation (i, j, k, 1) of (1,2, 3,4). Any integers satisfying above
formula (with cgj defined appropriately) determine a quintic ring, and the quintic ring
is unique up to translation of basis elements by integer constants. Call this ring R(A).

We point out that multiplication coefficients (more exactly, invariants of the multi-
plication coefficients with respect to translation of basis element by integer, all listed
in above formulas) are degree 5 polynomials in A which are SLs-invariant. Under
GL4-action, they form an representation isomorphic to the irreducible representation
of highest weight (3,1,1,0). This property is consistent with that GLs-action acts on
Z-basis of R(A)/Z as determinant times standard action (of GL4 on Z*).

The formulas for multiplication coefficients of the sextic resolvent ring S(A) are
given in ([3], Chapter 8), and is more complicated to describe. We will only note
that multiplication coefficients df;(A) (more exactly, invariants of the coefficient with
respect to translation) are of degree 12 polynomials in A which are SLj-invariant,
and under GLs-action they form an representation isomorphic to the irreducible rep-
resentation of highest weight (6,5,5,5,3). The GLs-action on Z-basis of S(A)/Z is
given as (det)® times dual action (of GLs on Z°), and discriminant of S(A) is given

as Disc(S(A)) = 22 - Disc(R(A))>.
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6.3 Hypercohomology construction for the quintic
ring

In this section we would like to construct a complex C, 4 of sheaves on P3? with a
DG-algebra structure, which becomes the minimal free resolution for ideal of five
points I5(A) over field. Then we will see its hypercohomology ring H°RT'(C, 4) with
ring structure given by our DG-algebra structure is isomorphic to the ring R(A)
constructed in [3]. While the complex C, 4 itself can be obtained as a special case
of the resolution constructed in [12] and [11], constructing an explicit DG-algebra
structure on it (while [46] suggests that such DG-algebra structure should exist) and
calculating its hypercohomology ring is original work of the author.

Let O = Ops be structure sheaf for P* ~ Proj k[x1, T2, 3, 24]. Our complex C, 4

is of following form
Coa: O(=5)@A; - O(-3) @A = O(—2) @A — O

where Aj, A3, Ay are free Z-modules of rank 1,5, 5 respectively. Denote ther Z-basis

as

{L5}7 {Lé}izl,---,En {Lé}izl,---,&

and let (used * to denote column vector)

Ly = (L%’LguLng;Lg)tv Ly = (LéngvL;L%?Lg)t
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for following descriptions for the map of C, 4.

Ly — pf(A(x)),
L3 — (A(x)) Lo,

Ls = pf(A(z)) - L3

Here pf is defined as length 5 vector of Pfaffians of principal minors, whose i-th entry
is (—1)""! times of Pfaffian of principal minor with ith row and column eliminated.

Or equivalently we can write
pf(B) = BA B ~ N'E° ~ (K)*.

Also A(z)Ls means multiplication of the alternating matrix A(z) and length 5 column
vector Lo, and pf(A(z)) - Lz means dot product when considering both as length 5
vectors. It is possible to describe a DG-algebra structure on C, 4 such that the map
O — C, 4 (simply given as mapping O into the rightmost entry O of C, 4 via identity)
becomes unit of the algebra. The multiplication rules for this DG-algebra are given

as
. , Ly ifi=jy
0 ifi#j

for any ¢ and j and
L - Lg = Oijpgr (A(@)gr L + A(x)p L3 + A()pg L3)-

for i # j (for i = j one should have LY - L} = 0). Here p,q,r are indices satisfying
{i,7,p,¢,7} = {1,2,3,4,5}, and 0yjp, is signature of the permutation (i, 7,p,q,7)

(signature of (1,2,3,4,5) is 1). Those rules can be also expressed in the following
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abusive notations

L2 ® L3 = L5I5, L2 N L2 = (A(LU) AN L3)*

where Ly ® Ly = (L - L});; is 5 x 5 matrix, Ly A Ly = (L} - L4); ; is 5 x 5 alternating
matrix, and the Hodge star * operates as A3k® — A2ES. This notation allows us to

check consistency of this DG-algebra more easily.

Proposition 6.3.1. (1) The complex C, 4 provides a minimal free resolution of I,
over formal variables. In other words, C, a is exact over k(A)[z] (except at rightmost
place).

(2) If we pick A as an explicit element which is semisimple (nonzero discriminant)

element, then C, 4 becomes a minimal free resolution for I4.

Proof. First we note the following property for the Pfaffian vector pf.

Lemma. For B a 5 x 5 alternating matriz of rank 4, a vector pf(B) spans both left

kernel (set of vectors w'B = 0) and right kernel (set of vectors Bv =0) for B.

(1) First we consider Q4 over fraction field k(A)(xz). As A(z) is of rank 4, the
above lemma suggests that the map of L, and L5 each corresponds to right and left
kernels of A(z) respectively. Thus Q4 is exact over k(A)(x).

To show that Q4 is exact over k(A)[x], one needs to show that (need to fill in,
shouldn’t be that hard).

(2) We pick particular choice of A, for example, the

Ei :ei/\<€i71+€i+1)a 1= 1,2,3,4
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where ¢;s are standard basis vectors

e1 = (1,0,0,0,0),e2 = (0,1,0,0,0), e3 = (0,0,1,0,0), e4 = (0,0,0,1,0),

€p = €5 = (0,0,0, 0, 1)

and work out with numerical calculation to show the claim. We have shown that

all semisimple elements are in same SLy x GL5(k)-orbit, so the general result follows

from covariance this particular case of Q4 under SLy x GLs-transformation. O

We observe that C, 4 has shape of minimal free resolution for five points in P?

O(=5) = O(=3)° = 0(-2)° = 0.

Thus we can calculate the hypercohomology ring using the algorithm given in the
Chapter 2 (Theorem 2.4.2), and check that multiplication coefficients coincide with
R(A).

Proposition 6.3.2. The hypercohomology ring HORT'(C, ) is isomorphic to R(A).

Corollary 6.3.3. Let 1 = ag,aq,--- , a5 be basis of nondegenerate R(A). The five
points determined the Pfaffian equation A(zx) N A(x) = 0 are canonical points for
ay, -+ a5 for embeddings piR(A) — C and dual basis elements of € R(A) @ Q for

()i (elements satisfying tr(a;aj) = d5), those points are given as

pi = [pi(al); pias); pi(as); pi(al); pi(ag)).

Over field k, the closed subscheme V(Ia) has global function ring isomorphic to
R(A) ® Q.

Proof. Apply the Theorem 2.5.6 and the Theorem 2.5.1 to C, 4. m
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6.4 Geometric interpretation for sextic resolvent

Now going back to geometric discussion, we would like to consider semisimple forms
in V(k) = k* ® A%k5 and explore their geometric properties on the space P4 Let k

be an infinite field of characteristic # 2, 3,5, and let A be a semisimple element.

6.4.1 Geometry for P* space

We would like to consider equations of I5(A) together with k® space too. The condition
rk(A(x)) < 4 is equivalent to that dimker(A(x)) > 1, or linear equation (A(x))y = 0
(matrix multiplication) in y has more than unique solution in P* of (k°)*-space. In

this perspective, it is natural to think the scheme

{(z,y) € (k)" x (k)" : (A(z))y = 0}

which can be really thought as subscheme of P? x P*. Let this subscheme be X = X4
and consider the fiber of the projection onto z-space. As A is semisimple, A(z) can’t
be zero, so rank of A(x) is either 2 for five vanishing points of I5(A) or 4 for all other
points. Thus the fiber over z given as {y : A(x)y = 0} consists of one point for all =
except five vanishing points of I5(A). On those points fiber becomes hypersurface of

codimension 2, thus isomorphic to P2. These observations tell us the following.

Proposition 6.4.1. For A semisimple element in k* x A2kP, let {p1,--- ,ps} be ge-
ometric points of the scheme of vanishing Pfaffian pf(Az) = 0. Then X4 C P3 x P4

is a blowup of P? at those five points.

Meanwhile, we can also consider the projection of X4 to P* of y-space. For generic
point z, solution for A(x)y = 0 is given uniquely as y = A(z) A A(z) € AK® ~ (k5)*.
In classical setting of k = C, the following is known:

Proposition 6.4.2. (/21], proposition 9.4.15) Let py, p2, p3, pa, ps be points in P* in
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general linear position. The linear system of quadrics through these points defines a

rational map P? — P* whose image is isomorphic to the Segre cubic primal.

Although this was stated over C in Dolgachev, we will soon prove the statement

for over k£ using other method.

6.4.2 Properties of the Segre cubic

The following properties are known for cubics over C:

e Define Segre cubic as cubic form on 5 variables which are GLj-isomorphic to
FO:x?+...+x§_<x1+...+x5)3‘

The following symmetric expression is used more often.

6 6
F0:Zx§, in:O
i=1

i=1

e Automorphism group of a Segre cubic surface F' = 0 is isomorphic to Sg, and
all automorphisms appear as PGL5-coordinate change. On particular F above,

it operates as permutation on (xy,--- , g).

e Any Segre cubic has 10 singular points. On Fp, they appear as all Sg-orbits of

the point (z1, 9, 3, x4, x5, 76) = (1,1,1,—1,—1,—1).

e Any irreducible cubic form in 5 variables having 10 singular points should be

Segre cubic.

We claim that those properties also hold over infinite fields & of characteristic
# 2,3,5. (I plan to discuss it in my other work regarding Segre cubic and sextic

fields.)
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A general Segre cubic F' allows to be expressed as

6 6
FZZZJ?; Zyi:o
=1 =1

for linear forms vy, ys, -+ , e such that yi,ys, ys, y4, y5 are linearly independent, and
choice of (y1,--- ,yg) is unique up to permutations of y; and multiplications of the
same constant to all y;. We can consider six projective points determined by those y;

given as

P1:Y2=Ys =Ys = Y5 = Yo

P2 Y1 =Y3=Ys = Y5 = Ys

Pe Y1 = Y2 =Yz = Ya = Y5.

Call those points {p1,--- ,pg} pivot points of F'. Those six points are not on the Segre
cubic itself, but can be characterized as points in P* whose orbit under Aut(F) C

PGL;-action consists of exactly 6 points.

Remark. The 10 singular points and 6 pivot points of a Segre cubic form are related in
the following way. Suppose that we divided our 6 pivot points into two sets {q1, ¢2, g3}
and {ry,re,r3}. Let a and 8 be dimension 2 hyperplanes each going through ¢, g2, g3
and rq, 79, r3 respectively. Then « and [ intersects at a point which becomes a singular
point of the Segre cubic. All singular points of the Segre cubic can be obtained in this
way, for each of 10 different ways of dividing 6 points into two sets of 3 points. To
prove these statements, one can manually work for the case of F' = F, and consider

PGLy-transform to prove for the general case.
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6.4.3 Explicit construction of Segre cubic and its pivot points

We go back to the equation A(z)y = 0, and now try to eliminate x to find equations

in y. Expanding it in the form of
(Ary)z1 + (Asy)wz + (Asy)zs + (Aay)zs = 0,

we can see it has solution if and only if Ay, Aoy, Asy, A4y are linearly dependent.
Thus we can naturally think of Ay A Aoy A Asy A Ayy € A*KS, which is given sur-

prisingly as follows.

Proposition 6.4.3. For y € (k°)* and z € k°, suppose that we identify N°k® ~ k.
Then we have

Ay AN Asy N Asy N Agy A\ z = F(A,y){y, 2)

for some homogeneous cubic F(A,y) iny. ({y,z) is natural pairing (k°)* x k°, here
given as normal dot product > y;z;.) Coefficients of F(A,y) in y are degree 4 poly-
nomials which are SLy-invariant (under action on (Ay, Ay, Az, Ag) ), and the cubic as

a whole is invariant under SLy x SLs-action.
Proof. Explicit calculation. O]

We remind the existence of elements Bj, By, Bs, By, By in span of Ay, Ag, A3, Ay
satisfying

5
rk(B;) <2, ) Bi=0
i=1

and vectors f; € % such that

Bi = fi N(fic1 + fix1) (fo=f5.f6 = f1).

Those elements will be used in describing singular points of F'(A,y).
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Proposition 6.4.4. The cubic F(A,y) is Segre cubic, having ten singular points

y=B;AB; (1<i<j<5)

Proof. The expression Ajy A Asy A Asy A Ayy is invariant under the SLy-action on
(A1, As, Az, Ay), so F(A,y) is constant multiple of F(B,y) (B = (B, By, Bs, By))

and we can only consider F(B,y).

Lemma. For My, My two 5 X 5 alternating matrices of rank 2, we have

My (My A Ms) = My(My A Ms) = 0.

Proof. Let M, = pAq and My = r A s for some p,q, 7,5 € k®. As the matrix

multiplication of M and functional (or dual vector) (M; A My) is really the natural

pairing (p A q)¢ = ¢(p)q — ¢(q)p, we have

(pAQ)-(PAgATAS)=(PADANGATANS)g—(@APAGATAs)p=0

so our claim is proven. O

This lemma implies B;(B; A B;) = Bj(B; A B;) = 0 for any ¢, j. In the following
expression

Bly/\B2yABgy/\B4y/\Z = F(B7y)(y Z)?

we take directional derivative D,, in y. The lefthand side can be expanded according

to Leibniz rule as

Biyw A Boy AN By A Byy N\ z + Biy A Bow A Bsy A Byy N 2

+ Biy A Boy A Bsw A Byy N\ z + By A Boy A Bsy A Byw A z
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while the righthand side is

(y-2)DuF(B,y) + F(B,y)(w - 2).

By substituting y = B; A B;, the lefthand side vanishes, and F'(B,y) = 0 is also
immediate. Therefore we have D, F(B,y) = 0 for any w, so y = B; A B, should be a

singularity point of F'. O]
From this result for singular points, one can obtain the following description for
pivot points.

Proposition 6.4.5. The pivot points of F(A,y) are given as projective points corre-

sponding to following affine vectors

f1=DB1ANBy+ ByABs+ B3sABy+ By A Bs+ Bs AN By
P2 =By AN By+ By A By+ By A Bs+ Bs A Bs+ Bs A By
B3 =B1 N By+ By N\ Bs + By A\ B3 + Bs A\ By + By N\ By
By =DB1NBs+ B3\ By+ By N Bs + Bs N By + By N\ By
Bs = Bi1 N B3+ B3\ By+ By \ By + By A\ Bs + Bs N\ By

56:Bl/\B4+B4/\BQ+BQ/\Bg+Bg/\B5+B5/\Bl.

Proof. One can prove that > 8; = 0 and

B1+ B2+ B — Bs— Bs — Bs = 6(B1 A Ba)

by using the property Y B; = 0 and symmetricity B; A B; = B; A B;. This shows
that

By A By =3(81+ B2+ B3) = =3(Ba + B5 + B6)
is in two hyperplanes each going through 31, B2, 83 and B4, 85, 8¢ respectively. One can
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show similar statements for any B; A B; for ¢ # j, by represent B; A B; in the form of
By By+ By — Bs— Br— By for some suitable partition {p, ¢, 7}U{s, t,u} = {1,2,3,4,5,6}.
By comparing this phenomenon to the remark at the end of the Section 6.4.2, we can
conclude that six projective points represented by ;s should coincide with the six

pivot points of F(A,y). O

Each choice of f3; corresponds to one of six of 5-Sylow subgroups of Ss. For
a 5-Sylow subgroup H < S;, pick any ¢ € H \ {1}. Then for 0 = (iyiaizisis),
corresponding 3 is given as Y, (B;, A B;,,,). Value of 3 stays same for picking o*
instead, and changes sign for picking 0 and 0® (as 3, ;(B; AB;) = 0). So this process
of associating 5 to an element of ¢ € H does not depend on thte choice of o, and we

can say that six f3; correspond to six 5-Sylow subgroups of Ss.

We can find similar expressions for six pivot functionals of F'.

For a 5-Sylow subgroup H < Ss, pick any o € H \ {1} and let vy = ~,. It does not
depend on choice of o. Let By be the element 3; according to correspondence described

above. Then we have

5 if H, = H,
By, i) =2(/i N2 AN fs A fa A fs5)?

—1 otherwise.
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We can list them as follows.

v = (B1 A B3)By+ (By A By)Bs + (B3 A Bs)By + (By A B1)Bs + (Bs A\ By) By
v2 = (B1 A By)By + (By A Bs)By + (B4 A Bs)Bs + (Bs A B1)Bs + (B3 A\ By) By
v3 = (B1 A Bs)By + (By A B3)Bs + (Bs A By)Bs + (Bs A B1) By + (By A\ B2) By
74 = (B1 A B3)B3 + (B3 A Bs)By + (By A By)Bs + (Bs A B1) By + (By A\ B3) By
vs = (B1 A By)Bs + (B3 A By)By + (By A Bs)By + (By A B1)Bs + (Bs A\ B3) By

Yo = (Bl AN BQ)B4 + (B4 A\ Bg)BQ -+ (BQ A B5)Bg + (Bg A Bl)B5 + (B5 A\ B4)B1.

Remark. The coefficient of Segre cubic F/(A,y) can be considered in following repre-
sentation theoretic way too. If we view A as SL, x SLj-representation, all degree 4
SL,-invariant forms of A form SLs-representation A*(A?k®). By calculating charac-
ter, we can see A*(A%k®) splits into two irreducible representations of highest weight
(3,2,2,1,0) and (4,1,1,1,1). Representation corresponding to (4,1, 1,1, 1) is isomor-
phic to (A°k®) @ (Sym®k®), and coefficients of F(A,y) can be interpreted as elements
in this subrepresentations.

Meanwhile, one can also show that V°(V3k®) contains exactly 1 copy of SLs-trivial
representation. This degree 10 invariant of a quinary cubic F(A,y) is SLy x SLs-

invariant of degree 40 in A, so it should be constant multiple of the discriminant.

6.5 Resolution for 6 pivot points and its hyperco-
homology

We constructed the Segre cubic Fa(y) = F(A,y) as cubic defining following property

Ay N Asy N Asy AN Agy A z = Fay)(y, 2)
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where y € (k%)%, 2 € k%, and calculated its six pivot points in terms of solution for
quintic equation A(x) A A(x) = 0. We can expect the global function ring for pivot
points relate to S(A) in ring-theoretic perspective too. But what are the equations
determining 6 pivot points of Fia(y)?

In this section we would like to construct the a complex which becomes a minimal
free resolution for six pivot points of F4 when A takes generic value, and construct a
sextic algebra from hypercohomology of this complex. In this section we will describe
a certain complex C, 4 in terms of coefficients of A, which is covariant under GL4 X SLs-
action on A and z. Then we show that C, 4 becomes minimal free resolution for six
pivot points of F)4 under certain condition on k (including char(k) = 0 and separable
case). Finally we will compute its hypercohomology ring and show it coincides with
Bhargava’s explicit construction of sextic resolvent multiplication table.

Before we start, we would like to introduce several abusive notations for our conve-
nience. We abuse the notation (ej, 9, €3, €4) to denote irreducible SLy-representation
of highest weight (ey, €9, €3, 4). We also denote standard SLy-representation of k% as
4, and standard SLs-representation of k° as 5.

For expression h on which S, x SLs acts upon, and for SLs-representation (or
character) A and SLs-representation u, the notation h € (A, u) means that represen-
tation V} spanned by SL4 x SLs-orbit of A is isomorphic to A ® p. We will also say
that H is SLj-covariant with A\ and SLj-covariant with p. For example, we can say
that

A€ (4,A%5), z€(1,5%.

We also identify A*4 ~ k and A®5 ~ k, as we are dealing with SL-representation.
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6.5.1 Description of the complex

Let O = Op+ be the structure sheaf of P* ~ Proj k[yi, y2, y3, Y1, ys]. Our complex has
the following form:
Cy7A ZLQSO(—G)
4 5
=P Li;0(—4) & @ Ly, O(—4)
i=1 i=1

5 5
P L,0-3)e P Lio(-3)e P L0(-3)
=1 i=1

1<i<j<4
5 4

— P Lio(-2) & P L}, 0(-2)
=1 =1

—0.

Here L,, denotes formal variables of degree zero, so if we don’t distinguish them the

above complex is just
O(—6) = O(—4)? = O(=3) = 0(-2)° = O

which is the shape of minimal free resolution of six points in general position. We
would like to consider L, as collection of variables L! having degree m in entries of

A, which behaves under SL4 x SLs-action as follows:

Ls = (Lg)i=1,- 5 € (1,5%), Ly = (Liy)i=1,. 4 € (4%,1),
L1y = (L}y)iz1,. 5 € (1,5), L1y = (Li])1<icjca € (A*4,1),
Lig = (Lig)iz1,.. 5 € (1,5"), Lz = (Li7)iz1.- 4 € (4,1),

Log = (L30>i:17"',5 S (1,5), Log € (1, 1)
For the rest of the section we will describe the maps for C, 4, and show that those
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are covariant maps under SL; x SLs-action.

e Some intermediate covariants and covariant maps Denote the duality pairing as
bracket:

(—, =) 15 x5 = k.

For u,v € 5* and A; € A5, we can consider the natural map

which can be described in terms of basis elements as

(aNb) @ur— (a,u)b— (b,u)a.

If we represent A; as alternating matrix and u as column vector, A;u is repre-
sented as column vector whose coordinate is given by matrix multiplication on

right. Similarly we denote

vV A = (A, v) = — (A, u)

which can be interpreted as matrix multiplication on both left and right side.
Upon identifying A*4 = 1 and A%5 = 1, we can also identify A*5 ~ 5* from the

pairing A : A5 x 5 — k. We define

aij,l(@/) = A, A Aj A\ Aly € A5 ~ k.

as a map from 5* to 1 ~ k. It is symmetric in ¢, j, and we can check a;;; = 0.
So if we consider «;; as trilinear form on 1, j, [ place, with respect to SL4 action

those elements form subrepresentation of V24 ® 4, as « is symmetric in i, j.
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Meanwhile we have
V4 ®4~(3,0,0,0) D (2,1,0,0)
and those two factors can be described as image and kernel of natural map
Vi ®4 — VP4 =(3,0,0,0), (aVb)®cr (aVbVe).

From ay;; = 0, we can see o;;; are mapped to zero by this symmetrization, so
this implies

aij,l(y) € ((27 L0, 0)7 HOII](E)*, 1))

Of course it can be checked from direct computation too.

For uy, us, us, us € 5*, define

iy lp 13 g4
Q(Ul,UQ,U3,U4) = Z (Az-lul /\Ai2U2 /\AiSU3 /\A14U4)
i1 ,i,i3,14 1 2 3 4

One can check that this form is symmetric in u;, and SL,-invariant with re-
spect to action on A;. Thus we can consider ) as SLj-invariant element of

Hom(V*5*,5). This really comes from Segre cubic, as we have

Qy,y,y,y) = 24Fa(y)y.
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e Construction of degree 8 quadrics Lg For uy, us € 5*, define the quadratic form
1 it i3 U | [J1 J2 J3 Ja
uw) =g 2 2
i1i2,i8,04 j1od2,dsda \ L 2 3 4 1 2 3 4

(Ai4 A Aj4 )ailjl,js (ul)O‘iQJ'z,is (u2)

One can check that it is symmetric in w1, us, and invariant under SLj-action.
So it can be considered as SLy-invariant element of Hom(\V?5*,5*). Using it, we
give the map of C, 4

1
Lg §\I’(y,y)-

This is covariant with specified SL; x SLs-action of Lg € (1,5%), and degree in
A coincides as 8. We can check that both W(uy,us) and V(y,y)/2 are integral

polynomials (in y, uy, coefficients of A;) and primitive.

We can think of following motivation for construction of . The set of all forms

D (Ad A A)ae s () ten o (1)

form SL4-representation of weight
(VZ4) ® V3(2,1,0,0)

and this representation contains exactly one copy of trivial representation (2, 2, 2, 2).
It should come with the pairing of (V?4) = (2,0,0,0) with unique subrepresen-
tation of (2,2,2,0) in V3(2,1,0,0) by V24 x V24* — 1. Indeed the expressions
of form ) (ee e(U1)eeo(t2), Which are multiplied to (A;, A A;,) in formula of

U, are set to form SLy-representation of weight (2,2,2,0).

The formula for ¥ can be obtained from the symbolic invariant method.
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e Construction of degree 11 quadrics Li; There exists four quadrics ¢1, @9, @3, ¢4

in y which is suitable sum of terms of form

G =Y ((Ae A A A(Ad A AL)) Qas o (Y) ae (1),

and (¢1(y), d2(y), ¢3(y), P4(y)) has SLy-weight 4*. Here we consider (As A A,) €
A*5 as element of 5*, and juxtaposition means matrix multiplication on left and
right we described earlier. (It is same as the 5-term map introduced by Bhargava
when giving the multiplication table for quintic HCL) As those elements are

SLs-invariant, we can give the map of Cy 4

Liy = (¢1, d2, @3, ¢4)

which is covariant map of (4*,1). In particular, the following expression its
image

4 4

(L1 - A) = ZLGAi = Z¢z‘Ai

i=1 i=1
are SLy-invariant, thus is in (1, A?5).
The explicit formula for ¢; can be given as follows.

4

Sod=s XYY

i=1 11,82,83,%4 J1,J2,73,74 K1,k2,k3,k4
1l 13 14 Ji J2 J3 Ja ki ke ks Ky
1 2 3 4 1 2 3 4 1 2 3 4

Qi1 1,43 (y>ai2j2,i3 (y) ((Ai4 A AkQ)AkS (Aj4 A Ak4)) Akl‘

The parts o, j; (¥)iyss.is (Y) are basis elements of subrepresentation (2, 2,2, 0)

of V#(2,1,0,0), same as ones used in constructing ¥. Those parts should be
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paired with basis elements representation (3,1,1,1) to give SLy-invariant ele-
ment. Meanwhile, The space of all forms (A, A A,)As(As A A,) appears as

subrepresentation of

N (V4) @ 4~ (4,1,0,0) @ (3,2,0,0) @ (3,1,1,0)

as the form is antisymmetric in two entries (A, A A,) which are symmetric. One
can check that its representation corresponds exactly to (3,1,1,0). Then one

needs to find formula for basis elements of

(3,1,1,1) € (3,1,1,0) ® (1,0,0,0)

and pair those elements with basis elements of (2,2,2,0).

The explicit formula can also be obtained from certain symbolic invariant method

for this case too.

Construction of degree 12 syzygies Lo We use the SL,-invariant map €2 €
Hom(V*5*,5*), and consider its restriction Q(y, Lg, —, —) € Hom(V?5%,5%). As
we have

Hom(V25*,5%) ~ (V?5")* ® 5* ~ V5 ® 5,

composing it with the natural map

VI5®5* =5, (aVbh)®w— (a,w)b+ (b,w)a

gives element of 5, which we denote . If we want to put that in explicit form,
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pick basis {e;} of 5 and its dual basis {ef} of 5*. Then we can identify

Q<y7 L8a R

[\:Jlr—l

5
Z e Vey) ®Qy, Uef,el) € V5 @ 5*
thus applying the above natural map gives
5
Z ei, Uy, Ls, €7, 7)) e;.
Our Cy 4 map which maps Lis to degree 12 syzygy is given as
1~
L12 — gQ + (LH . A)y € (1,5)

Even with constant 1/8, the right hand side is integral. (Can be checked from

explicit calculation.)

Construction of degree 14 syzygies L4 We consider the following six elements
(L A) A (A AN Ajy — Aj N Ay)

fori < j. As (L1 A) is SLy-invariant and (A; AA;y—A; A Ay) is antisymmetric
with respect to 4, j, those six elements form representation of weight A%4. In

SLs-action those are invariant, thus it is of weight (A?4,1).

Meanwhile we also want to look for weight (A%4,1) covariant made from Lsg.

We first consider space of all forms

which are alternating in uw and v. Those forms form SL,-representation of
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A%(2,1,0,0). As we have
A%(2,1,0,0) ~ (3,3,0,0) @ (4,1,1,0) @ (3,2,1,0) ® (2,2,1, 1),

we can pick six forms which form SLs-representation (2,2,1,1). Their explicit
formulas can be given as
1 g ko1
Fpq(u,0) =) (i (W) rgr,i(v) — agij (W) apr(v)))
igki\1l 2 3 4
Our Cy 4 map which maps L4 to degree 14 syzygy is given as difference of those

two expressions.

Ly~ Fij(Ls,y) — 5(Lay - A) A (A A Ajy — Aj A Agy)

Construction of degree 16 syzygies Lig For u,v € 5*, we consider the following

forms
Bpgrs (1, v) = (Apu A Agv) (A A Ag) — (Agu A Apu) (A, A Ayg)

where (A,u A\ Av) € A?5, (A, A As) € 5*, and juxtaposition is matrix multipli-
cation. We can show that they are symmetric in u,v. As SLy-representation,
those elements form representation V24 ® A%4, and it contains a single subrep-
resentation of highest weight (2,1, 1,0). We will construct the basis element for
the (2,1, 1,0) subrepresentation explicitly. For elements

1 g k1

Vil = (Bijik — Bikij + Bikii)
1 2 3 4
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for {i,j,k,1} ={1,2,3,4}, and

Yi,1 = —Baz1a + Poarz — Baarz
Yo,2 = Bis2a — Prazs + Psaiz
V3.3 = — 1234 — Baarz + Biazs

Va4 = Bozia + Pi2za — Pisoa,

consider the linear map which maps trace zero 4 x 4 matrix to
4
M = (mij)i<ijea = Y VigmMij.

1,7=1

If G € SLy acts on M as M — (det G)GMG™!, it is representation of highest
weight (2, 1,1,0). The SLy-action on ~; ; operates exactly in this way, such that
above map becomes isomorphism of SL-isomorphism. If we view (2,1,1,0) as
subrepresentation of 4 ® 4*, we can pair Ly; € (4%,1) and A € (4, A?5) with v; ;

to give following SL4-invariant form

h(u,v) = 24: Ly, (i (u,v) A Aj) € Hom(V?5%, A5).
ij=1
We pair h € Hom(V25*, A35) and = € 5* with the series of mapping
Hom(V25*, A%5) @ 5% ~ V25 @ A*5 @ 5* — 5 ® A®5 — A5 ~ 5*
where the first map is
VIE®5 =5, (aVb) @wr {(a,w)b+ (bw)a

and the second map is wedge product. In explicit form, we can pick basis {e;}
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of 5-space and its dual basis {ef} of 5* to identify

5
1 * * *
h:§ E (e,-\/ej)®h(ei,ej)€\/25®/\35

i.j=1

and it becomes
) 5
h="> (ye)(hle],€]) Nej) € A*5 ~ 5",
ij=1
Our Cy 4 map which maps L to degree 16 syzygy is given as

Ly — h— U(y, Lg) € (1,5%).

Construction of degree 17 syzygies Li7 We remind that
Lis € (1,5), Ly € (/\24, 1), L € (1,5*)

We will look into contribution of Lqg, L14, L1 in that order.

For Lig, we have Lig,y € (1,5%). We give following form using matrix multipli-
cation.

UlY = (LigAry, Ll Asy, LigAsy, LigAsy) € (4,1).

For Ly, € (A%4,1), we first note that the following sum

1 1 g o
Z_l Lll’i (Aku N A — Au A Akv)
igki\1l 2 3 4
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(u,v € 5*) is SL-invariant. We tensor it with (A;, A, A3, A4) to obtain

1 1) k1 -
I > Lo (Agu N A — Aju A Ago) A A,
ikl \1l 2 3 4

1<t<4

which is of SLs-weight 4, and of SLs-weight Hom(A?5%,5%). We substitute
u = y to give form Hom(A?5*,5*) and take trace with respect to v. In explicit
coordinates, it is given as

° 1 i

Eol\
Ul = Z-Z L (Apy A Arer — Ay A Age?) A Ay Aey)

5:14i,j,k,l 1 2 3 4
1<t<4

For L5 € (1,5), we reuse the elements 7;;(u,v) € Hom(V?5* 5) I defined in
construction of mapping of Lig. As those formed a SL-representation of highest

weight (2,1,1,0), we consider the following four elements

4
(Z Viej (1w, v) A Aj) € Hom(Vv?5*, A%5)*
k=1, 4

j=1

which is of SLy-representation of highest weight (2,1, 1,1). We substitute u = y

and take wedge with L5 to give

(Z Vi (Y, v) A A; A L12> € Hom(5%, A*5)* ~ Hom(5*,5%)*

k=1, 4

and taking its trace over v gives

=1 i=1

4 5
Ui = (ZZ Yy, €f) A A; ALMeQ) e (4,1).
k=1, 4
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Our Cy 4 map which maps L7 to degree 17 syzygy is given as

Lz = 3Uy7 + Uy + 3057

e Construction of degree 20 syzygies Loy Starting with Lig, we bring the SLy4-
invariant form Q : V45* — 5* again. The form Q(y, Lig, u,v) as map of u,v is

in Hom(V?25%,5%). We map this to element of 5 by the following map
(V35*)* @ 5% ~ V25 ® 5* — 5.

If we express that in explicit coordinates, we obtain

5
UQI(? - Z <€i7 Q(% Llﬁu 6:7 6;)>6J

ij=1
For L4, we reuse the form

ikl
Fpq(u,v) = (i j(u)agra(v) — agij(u)apr(v))
ikl \1 2 3 4

which are in (A%4, Hom(A?5%,1)). Thus the following form in v

1 1 7 k1 hy
Ly Fra(y,v)

4i,j,k,l 1 2 3 4

is SLy-invariant form in Hom(5*, 1) ~ 5. In explicit basis it can be represented

as
5 i g k1Y
U2161 - Z sziFk,l(ya 6:) e € (17 5)
1 2 3 4

t=1 \ ikl
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For L5, we reuse bilinear form W¥. The form
u €5 — U(y,u) €5

can be considered as linear map from 5* to 5, so we take transpose of this map

and cosider image of L1y € 5. In explicit basis it can be written as
5
Usd = (Liz, Uy, €]))es.

i=1

The degree 20 syzygy can be described as

15
Log — —15U52 — 2Uss + gUz,lg c (1,5).

Again the form is integral even with constant 15/8.

Construction of degree 28 syzygy Losg

The map for last syzygy is given as

(y,y)

5 )€ (1,1).

4
Log 5 Z Lio¢s + (Lo,
i1

The covariance is justified from L7 € (4,1), ¢; € (4%, 1), ¥(y,y) € (1,5%), and
Lo € (1, 5)

6.5.2 Properties of the hypercohomology ring

Proposition 6.5.1. Let A be a semisimple element of k* @ N?kP.

(1) The complex C, 4 is well-defined and covariant under SLy x SLs-action (with above

specified rule for L;).

2) If k 1is field of characteristic zero, then C, s is exact, and it provides minimal free
y?

resolution for siz pivot points of Fa(y).
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Proof. For A being a particular explicit element (the example I used was
A1 261/\(€5+€2), AQIGQA(€1+€3), A3:€3/\<€2+€4), A4:€4/\(€3+65)

which has discriminant 1), one can show that the nine quadrics coming from the map
O(—2)? = O of C, 4 all vanish on six pivot points and are linearly independent. Also
one can show that all maps of the C, 4 consist of linearly independent syzygies of
lowest possible degree. As C, 4 has shape of minimal free resolution for six points in

P4, this suggests that C, 4 should be minimal free resolution for six pivot points. [

As C, 4 becomes minimal free resolution of six points for semisimple A, it should
be minimal free resolution over universal variable Q[A]. Thus one can construct a
DG-algebra structure on C, 4 ([46], Theorem 136) with coefficients in Q[A]. (I expect
that this DG-algebra structure actually has coefficients in Z[A].)

Now we apply the hypercohomology construction of the Chapter 2 to C, 4 to

calculate the explicit ring structure. First we have the exact sequence
0— Z — H°RL(C, 1) — H*(O(-6)) = 0

and H*(O(—6)) has Z-basis 1/(y1y2y3yaysy;) for i = 1,--- .5, so the hypercoho-
mology is isomorphic to Z° as Z-module. To compute the ring structure, we use
the identification of H°RI'(C, 1) with total cohomology of I'(C, 4 ® Ce(P*)) (Co(P*):
Cech complex for P*) established in the Theorem 2.3.7, and its consistency with the

natural multiplication structure on H°RI'(C, 4). If we consider the map
¢ : H'RT(C.4) ~ HOTotT(C,a®CH(PY)) = HT(ORED O,) ~ P Zlt: /ti, -+ ,t5/1]

which can be computed explicitly by following the algorithm in the section 2.3, this

map becomes injective ring homomorphism for semisimple A. Thus if we denote «; as
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a preimage of 1/(y192y3y4y5y;) under the map HYRI'(C, 1) — H*(O(—6)) described

above, then multiplication coefficients associated to «; should satisfy
5
plan)plag) = D el(A)plar) + e (A)(1,1,1,1,1).

Solving ths linear equations in ef; with Z(A)-coefficients should yield ej;(A). One
can expect that efj are polynomials in Q[A], as those can be also calculated from
DG-algebra structure on C, 4. If we look at the construction of p(«;), one can see
those consist of Laurent polynomials in yy,--- ,y5 of degree zero having polynomial
coefficient of degree 28 in A. This suggests that all efj(A) are degree 28 polynomials in
A. One can check efj(A) are indeed integral polynomials through explicit calculation,
and thus the natural multiplication structure on H°RI'(C, 4) becomes the integral
ring. Denote this ring by R(C,,4).

Meanwhile, if we consider how SLj action affects the ring R(C, 4), we note y € 5*
and H°(O(m)) is isomorphic to Sym™(y). By considering the covariance of the pairing
of Serre duality

HY(O(=6)) x HY(O(1)) = H(O(=5)) ~ Z,

we can deduce that SLs-action on H*((O(—6)) is dual to action on H°(O(1)). So
H*(O(-6)) € 5. We would like to compare R(C, 4) with the sextic resolvent ring
S(A) Bhargava constructed in the quintic higher composition law, which behaves as

5% in SLs-action.
Proposition 6.5.2. For a nondegenerate element A € 4 ® A?5, we have
R(Cya) ®@Q~S(A)®Q.

Moreover, let oy, --- , a5 be trace zero basis of (R(Cya)/Z) @ Q, and let By, -, Bs

be trace zero basis of S(A) ® Q which was constructed in Bhargava’s quintic higher
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composition law. Then we have
Tr(oziﬁj) = 21605%] : DlSC(A)

Here Disc(A) denotes the discriminant of R(A) (or equivalently, the degree 40 invari-

ant generator of the prehomogeneous space Z* @ N*Z5)

Proof. We consider dual basis o] of «;, and show elements 2160Disc(A)q; with 1
form Z-basis of a ring which is isomorphic to a ring with Z-basis 1, 81, -+, 5. We
can first check the statement holds for one case of A taking some specific value,
through explicit calculations.

As Z*®@ A?Z? is prehomogeneous, showing that the action of SLy x GL5 transforms
2160Disc(A)af and f; in identical way should suffice for our proof. We already have
shown that «a; is of SLy x SLs-character (1,5%), so dual basis elements o} should
have character (1,5). Meanwhile, all 3; were constructed using SLy-invariants so that
SL5 acts as standard representation on space 5. Finally, under GLs-action, both
2160Disc(A)a} and f; has degree 12 in entries of A, so the group SLy x GL5 acts on

them in identical way. [l

Remark. The proposition above suggests that one needs to consider six points dual to
pivot points in order to obtain the ring behaving covariantly with S(A). For a Segre

cubic F', one can consider the pivot functionals as linear functionals [; satisfying

6

6
F=>"1} Y lL=0
=1

=1

Those [y, - - - ,lg are uniquely determined up to constant multiplication. By using the
dual relation between R(C, 4) and S(A) and the fact that six pivot points of Fy4
are canonical points of R(C, ) (Theorem 2.5.6), one can show that six points in P*

represented by pivot functionals are the canonical poins of S(A).
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Chapter 7

Schemes over Z related to n points

in projective space

7.1 Introduction

This chapter takes a different approach on ring parametrizations from our earlier
chapters. We would like to examine various scheme-theoretic objects occuring in the
ring parametrization models, which can be considered as generalizations of the notion
of n geometric points in P™ over integer base SpecZ. We will discuss how those
objects exhibit properties different from n geometric points, mainly by examining
explicit examples including the case of n distinct Q-points of P™.

In many previous works on parametrizations of rank n rings and algebras, rank
n rings and their parametrization methods were related to certain n points in P™.
Wright and Yukie ([52]) considered certain systems of equations determining n points
in P"2 for n = 4,5 and used them to parametrize rank n algebras over a field, and
this perspective was generalized to the Bhargava’s Higher Composition Laws ([2], [3])
which could construct rank n = 4, 5 integral rings from the same system of equations.

In [52], a rank n Q-algebra is constructed as the ring of global functions on the union
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of those n points.

This perspective of considering global functions of n points was further made
explicit in Wood’s works including [47], [49] (from [51]), where the hypercohomol-
ogy construction of rank n ring could produce global functions corresponding to
its elements which are expressed as polynomials in local coordinates of projective
space. In the example of [49], which generalizes the quartic ring parametrization
of Bhargava in [2], a ring corresponding to a pair of ternary quadrics (f,g) =
(D i< @ijTiTj, D e bijzins) is constructed as hypercohomology of the Koszul com-
plex Ky 4 associated to f, g. For the generic case where two quadrics f and g intersect
at four points in P2, one can express any element of this hypercohomology ring as an

expression of form

(]’Ll(l’g/xl, .%'3/(131), hg(])l/l'g, ZE3/.I2), hg([L’l/ZEg, .Tg/xg))

where hy, ho, hs are polynomials satisfying that all differences h; — h; between them
are in the ideal (f, g). Then this element can represent a global function on a scheme
V(f,g) In the Chapter 2 of this thesis we discussed a generalized version of the hy-
percohomology construction which works for a broader class of complexes of sheaves.

There are other geometric perspectives which relate n geometric points to a rank n
ring in a way different from the perspective of using global functions. In the Section
2 of [3], an explicit construction of n geometric points out of a basis of a rank n
degenerate ring R is described. Those n points, which we name canonical pointsin this
thesis, will be further discussed in the Section 7.2.4 of this chapter. Canonical points
only depend on numerical values of the n distinct embeddings py,---,p, : R — C
and can be constructed easily, but its inverse correspondence - finding a ring R whose
canonical points become n points already given - is hard to compute.

The construction of [16] decomposing any degree n Gorenstein cover X — Y of
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integral schemes over field k into an embedding X < P72 x; Y and the natural
map IP’}}‘2 X, Y — Y can be considered as generalization of this canonical point
construction, as those coincide when Y = Spec Q. It suggests that notion of ‘n points
in P"~2’ might be generalized over arbitrary base: the rest of [16] is devoted with
n = 3,4 case to give a ‘parametrization’ of those Gorenstein covers in terms of a
global section of locally free sheaves (corresponding to global forms parametrizing
rings) This is further generalized in [49] which provides parametrizations of cubic and
quartic algebras over an arbitrary base scheme.

However, things do not go well when one tries to generalize those results over inte-
gral base Z. It is possible to consider several objects which generalize the notion of n
points in P*, but they all seem to be inconsient with well-behaving ring parametriza-
tion models established. For example, in the quartic ring parametrization of [2] which
corresponds a quartic ring to a pair of two quadrics a(z1, za, x3), b(x1, 22, x3) in three

variables, the following rings turn out to be all different even for generic a and b.

e The quartic ring given in correspondence of [2], which was obtained from hy-

percohomology of the Koszul complex (see [49])

Kap: O(=4) = O(=2)* = O

e The global function ring of V(a,b), vanishing scheme for homogeneous ideal

(a,b)

e The global functinon ring of the smallest Z-scheme having 4 geometric points

in P? determined by the quartic ring

Among those, only the last ring can be made into a morphism Spec R — P2 such
that its geometric points coincide with the solution of a(x1, za, x3) = b(21, 9, x3) = 0.
This example illustrates that many of those objects arising naturally from algebraic

geometry over Z are not consistent with ring parametrization models.
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Another examples of properties no longer satisfied by objects over integral base
7, would be finiteness properties stating that there are finitely many objects up to
the bounded invariant. Classical results on the finiteness of nondegenerate rings
with bounded discriminant and finiteness of its ideal class groups are examples of
those. Birch and Merriman’s work [9] suggests that binary n-ic forms with bounded
discriminant (on a number field except finite places) are finite, and this implies there
are finitely many embeddings Spec R — P! up to PGLs-equivalence of a rank n
ring R. It is not hard to show, however, that there are infinitely many PGL,,1(Z)-
nonequivalent embeddings Spec R — P for m > 2. This infinitude of embeddings
implies that Z-schemes in P related to n geometric points contain more information
than underlying rings and ideal classes. What does this additional information consist
of, which might help classifying maps of Spec R into a projective space? Is it possible
to establish analogue of Birch-Merriman finiteness result for some suitable limited
class of embeddings? At this point we are not ready to give satisfactory answers for
those kind of questions yet. In this chapter, we would like to consider various objects
one can possibly relate to n geometric points in P™, and explore their behaviors
different from geometric properties. This chapter is structured as follows.

In Section 7.2 we define several notions which generalizes n Galois conjugate
Q-points, including Z-subschemes and maps Spec R — P™. We will establish the
condition when those two coincide, which allows us to provide a limited classification
for those objects. Those all turns out to be different from the hypercohomology
construction for ring parametrization models and the canonical point construction.

Section 7.3 will discuss particular example of n Z-valued points in P, or maps
SpecZ" — P7' equivalently. Those maps are easiest to classify among all maps
Spec R — P7'. and one can even give a criterion for such maps to be closed em-
bedding. They are, however, still enough to provide many counterexamples to naive

generalizations of properties of n geometric points. In particular we will show there
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are infinitely many nonequivalent closed embeddings SpecZ"™ — P7' for m > 2 and

2 <n < 2™ — 1, contrary to the finiteness of embeddings Spec R — P! shown in [9].

7.2 Various notions related to n points in P

We can consider the following objects as generalizations of notions of n points in P

over integral base.

e Subschemes X C P7' such that X has n geometric points, and global functions

I'(X)
e Maps Spec R — P}

e Canonical points with respect to Z basis 1,ay, -+, a,_1 of R (will be defined

in Section 7.2.4)

e Complex C having form of free resolution of n points, and its hypercohomology

ring (as given in Chapter 2)

Over the rationals (when we consider base change ®Q for schemes and maps and we
consider rank n QQ-algebras instead of rank n rings), those objects all can be identified
with n distinct Q-points in P™ which are Galois conjugate. We will first briefly review

properties of those geometric points over Q, and move on to each notions listed above.

7.2.1 (Geometric points

Proposition 7.2.1. For the set {p1,ps,--- ,pn} of distinct Q-points in PJ', the fol-

lowings are equivalent.

1. Those n points are Galois conjugate. That is, for o € Gal(Q/Q), o acts as

permutation on the set of points.
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2. There exists a nondegenerate Q-algebra R of rank n and elements ag, aq, -+, Qi
of R such that, for distinct embeddings p1,--- ,pn : R — Q, coordinates of p;

are given as

pi = [pi(ao); pilan); - 5 pilam)].
3. There exists a closed embedding Spec R — gy such that its image has Q-points
Of {plv e 7pn}

Proof. ((1) = (2)) Denote the projective coordinates of the points as p; = [0} -+ ; Tim]-
We can assume that all points have their first coordinates nonzero by applying some
coordinate change by GL,,+1(Q), and let z;y = 1.

We construct R as subset of Q. First define the following m + 1 elements in Q"
Q= ('Iliaina"' 737»,”‘)7 OSZSm

Especially we have ag = (1,1,--- ,1). Define R = Q[ag, a1, - , ] C Q" as subring

of Q". We show that R is rank n nondegenerate algebra over Q in two steps.

e The dimension of R as Q-vector space is at most n:
First we note that Galois group acts on elements of F' as permutation. Suppose
o € Gal(Q/Q) acts on points p; as permutation 7, that is, op; = p,). If we

consider explicit coordinates of p;, we have
opi = o([Laas -3 im] = [Laps-- 5 5m] (5 =7(0)
so it follows that o(x;;) = 2,¢;) and
U(Oék) = U(iUli, Loy 7xni) = (537(1)1‘, T ,$T(n)i)-

Thus we have ooy, = Pray, where P, is the permutation of n coordinates by 7.
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As P is ring homomorphism, cv = P,v should hold for every v € R.

We show that any n + 1 elements of R are linearly dependent over Q. For

elements vy, vy, -+ ,v,41 € R, consider the Q-linear subspace

L=A(c1, - ,cny1) : chz’ = 0}.

Then for any o € Gal(Q/Q) we have

oY i) = olc)o(v) =Y olc)Pr(v) = P olci)vy)

so if Y cv; = 0 then Y- o(c;)v; = 0 for any o € Gal(Q/Q). This shows that
L is Gal(Q/Q)-invariant. As L is nonempty (n + 1 elements in Q" should be

linearly dependent over Q), L contains at least one rational element.

There are distinct n ring homomorphisms p; : R — Q:
Define p; as composition of the inclusion R — Q" and the projection to ith

coordinate. We have p;(a;) = x;;, therefore

pi = [1; pilan); -+ pilanm)].

As p;s are distinct, p;s should be distinct too.

Those imply dimgR = n. Also R is nondegenerate, as we have n distinct ring

homomorphisms p; : R — Q.

((2) = (1)) For ¢ € Gal(Q/Q), the composition of p; : R — Q and 0 : Q — Q is

another embedding p;. Thus o maps p; to p;.

((2) & (3)) Represent R as direct sum of number fields R = @F;. Then Spec R

259



consists of disjoint union of Spec F;, and closed embedding Spec R — P{ corre-
sponds to disjoint union of Fj-valued points of Pgy. Meanwhile, an Fj-valued point
of Pg is form of [ag; ay;- -+ ;] for a; € Fj, and its Q-valued points are of form
[p(a); plar); -+ 5 p(auy)] for embeddings p : F; — Q. As all embeddings p1,--- , pn
of R embeddings of F; for some 4, one can see the union of those Q-valued points

exactly become points of the form [p;(ap); pi(a1); -+ ; pi(am)]- O

Maps Spec R — P are in one-to-one correspondence with its set of Q-points
described as p; = [pi(ao);- -+ ;pi(am)] for a; € R, and this map becomes closed
embedding if and only if all p; are distinct. In particular, if p;s are all distinct, then

their union as Q-scheme is affine.

7.2.2 7Z-subschemes containing given geometric points

For the set {p1,--- , p,} of Galois conjugate Q-points of P™, denote I,,, = L, (p1,- - , Pn)
as a homogeneous ideal of Z|xg, - - , z,,| generated by all homogeneous polynomials
vanishing at py,---,p,. It is clear that any closed subscheme V(1) whose Q-points
include pq,--- ,p, satisfy I C I, as elements of I should be evaluated as zero at
points of V(I). This suggests that V(1,,) is the smallest closed Z-subscheme of P7'
whose Q-points include pq, - - , pp.

Meanwhile we just observed that there exists a closed embedding of Q-scheme
Spec R — P{ whose image consists of points py,- -, p,, for some nondegenerate Q-
algebra R. If we denote Ig as vanishing homogeneous Q-ideal for image of this closed
embedding, then I, = Io N Z|[xg, - -+ , ;] and I, ® Q = I holds, and it follows that

V(I,) ® Q C Py is isomorphic to Spec R.

Definition 7.2.2. Call I,,(p1, - ,pn) as vanising (Z-)ideal for py,--- ,pn, and de-
note V(I,,) as smallest (Z-)scheme containing py,--- ,pn. Call the global function

ring for V(I,,) as global (Z-)functions for py,--- , pn.
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One can also think of homogeneous idelas [ satisfying I, ® Q ~ I ® Q. In this
case it also holds that V(I) ® Q ~ V(I,,) ® Q ~ Spec R. Call any such ideal I as
integral ideal for p1,--- ,pn, and write & (py,--- ,p,) as set of all integral ideals.

The correspondence from .# to subschemes given as I — V(I) is not one-to-
one. If Iy, I, are homogeneous ideals such that their degree d components are all
identical for large enough d, then we have V(I;) ~ V(I3). For example, two ideals
(zy), 2zy, 2%y, zy*) € Z([1;0],[0; 1]) have identical components for degrees d > 3, so
V(zy) = V((2zy, 2%y, zy*)) follows. It is not even clear that V(I) for I € & gives
all Z-scheme X such that X ® Q ~ V(I,,). For these reasons, integral ideals for
p1,- -+ , P may not be suitable for representing all such Z-schemes. Nevertheless they

appear often in ring parametrization models together with their vanishing schemes.
Proposition 7.2.3. Let I,1' be elements of . (p1,--+ ,Dn)-

1. For R be the nondegenerate Q-algebra of global functions at py,--- , p,, we have
F'V(I)®@Q~F and I'(V(I)) C F is nondegenerate ring of rank n.

2. If I C I, then T'(V(I)) is subring of T'(V(I')) of finite index. In particular,
L(V(I)) is subring of T'(V (1,,)) of finite index.

Proof. (1) We have already seen that V(1) ® Q ~ V(I,,,) ® Q ~ Spec F'. As taking
global function commutes with flat base change, I'(V(/)) ® Q ~ F. We only need
to show that I'(V(I)) has no torsion. As it sits inside I'(V'(Z,,)) (shown below), it
suffices to show I'(V'(1,,)) has no torsion. A torsion element u € I'(V (1,,)) should be
evaluated as zero at every Q-points p;. But I,,, contains any homogeneous polynomials
which vanishes on every points, so if u is expressed as u = g/x¥ on affine open cover
D(x;) (9: homogeneous polynomial of degree L) we should have g € I[x;'] and u is
equivalent to zero on D(x;). Therefore u should be zero.

(2) If I C I, then the induced map V' (I3) — V/(1;) is closed embedding, so the map
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of global functions I'(V(I;)) — I'(V(I3)) is inclusion. As both rings have rank n,

inclusion should be of finite index. ]
The global function ring for I,,, can be found using the following criterion.

Proposition 7.2.4. Let p1,--- ,p, be Galois conjugate n Q-points in Py. Consider
amap ¢ : T(V(IL,)) — Q" whose jth coordinate is given as evaluation at p;. Then ¢
15 1njective ring embedding whose image is dimension n lattice with its volume equal
to /Disc(D(V (I,,,))).

An element (uy, -+ ,u,) € Q" is in image of v if and only if it satisfies the following

condition for all j = 0,--- ,m; there exists a polynomial f; in xo/x;, - , Ty /x; such

that: evaluation of f; at py coincides with uy if x;-coordinate of py is nonzero. (*)

Proof. Note that V(I,,,)®Q ~ SpecR is reduced, so global function which is evaluated
as zero at all points is zero. Therefore ¢ is injective. If we consider the base change
V(I,) ®Q ~ SpecQ", then I'(V(I,,,)) ®Q ~ Q", and the isomorphism can be given
in the way that its jth coordinate corresponds to evaluation at p;. This shows that
Z-basis elements of I'(V'(I,,)) are mapped by ¢ to linearly independent elements of
Q" (otherwise T'(V'(I,,,)) ® Q do not span all Q"), so image of I'(V/(1,,)) form lattice
inside Q". For the statement regarding volume of the image, it is known that the
discriminant of subring of Q" forming lattice is same as square of volume of the lattice.

The condition for (uy,- - ,u,) € Q" to be in image of © is the equivalent statement
for that global function on X comes from set of global functions f; € I'(X N D(x;))
coinciding on intersections of domain. Global functions of

V(I,) N D(x;) ~ Spec Zlxg/x;, - - - ,xm/xj]/(fm[x-’l])o

J

can be represented as a polynomial in xo/z;,- -,z /z;. If fo,---, fi determines
global function taking values (uq,--- ,u,) at points py,-- -, p, respectively, then the

condition (*) is automatically satisfied. Conversely we show that (*) is sufficient: we
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should show that (*) implies that f; — f; € Ly[z; ", :z:;l] for any i, j. Pick integer M
such that zM f;, xé‘/f f; both becomes polynomial in xg, - - , z,,. We claim

wa @} ) — 2} (1) f) € L.

This can be proven by showing xl:zrjw T aM ) —a) (ajj‘/f f;) vanishes at p;, for every
k. If either one of x;-or x;-coordinate of p, vanishes, then it vanishes regardless of
the polynomial z f; and xé” fj- If both z;-and x;-coordinate of p, does not vanish,
M+1, M+1

X

we can divide by z; J on p; and see its evaluation at py vanishes due to the

condition (*). O

For the case when all p;s have nonzero z;-coordinates for all 7, we can describe

the image of ¢ as intersection NL;, where L; is the image of

-n

@i - Z[$O/xi7 e 7$m/x2] — Q

whose jth coordinate is given as evaluation at p;.

Ezxample. We calculate the global Z-function ring of two Q-points (p1, p2) = ([1;0], [a; b])
of P, = ProjZ[z,y]. (a,b: coprime integers) Consider the evaluation map ¢ :
rvl,)) — @2 as above. As evaluations of integral polynomials in z;/x; at Q-
points should be rational, image of ¢ sits inside Q2. Also evaluations of global func-
tion elements should be integral, so the image of ¢ is subring of Z?. Call this image
R.

A global function on D(x) can be represented as form f(y/x) for polynomial f,
and its evaluations at p; and p, are given as f(0) and f(b/a) respectively. Then
f(b/a) — f(0) is divisible by b in Z[a"']. As f(b/a) and f(0) are both integers
and ged(a,b) = 1, f(b/a) — f(0) is divisible by b in Z. Therefore R is subset of

{(u1,uz) € Z* : blug—uy }. Meanwhile the pair (0, ) is in R, as polynomials f; = ay/x
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and fo = 0 can give these evaluations on D(z) and D(y) respectively. This shows
R = {(ul,ug) S Z2 : b|U2 — Ul}

and its discriminant is b>. One can also check I,, = y(bx — ay), and applying the
hypercohomology construction following the generalized Gauss composition procedure

in [51] gives same results for I'(V(I,,)).

Ezample. The four Q-points [1;0; 0], [0; 1; 0], [0; 0; 1], [1; 1; 2] are Q-points of the scheme
cut out by two quadrics 2zy — xz,x2 — yz. Let I = (2zy — xz, 2z — yz). It turns out
that the ring of global Z-functions on those four points is isomorphic to Z*. For the
following elements of @ = (uy, ug, us, uy) € Z*, we can give fi, f2, f3 as representatives
for global functions on D(z), D(y), D(z) respectively such that their evaluations at

p1, -+, pa (if evaluation can be defined) give 4.

_):<1707070)7 f17f27f3 (1

(o 2

’ZZI<O,O,1,O), fl,fg,fg - 0 )

HI@
=

ﬁ:<0,1,070)7 f17f27f3

<1a17171) (f17f27f3) (1a1;1

As global function ring should be subring of Z* (evaluations of global functions should
be integral), this shows the global function ring is exactly Z*.

Meanwhile V(1) can be calculated from the hypercohomology of the Koszul com-
plex obtained from 2xy — xz,xz — yz, which gives the quartic ring corresponding to
two quadrics according to the quartic Higher Composition Law of [2]. This quartic
ring is different from Z*. This is because I, is (2xy — 22,z — yz, 2%y — xy?) and

V(I) is not isomorphic to V(I,,).
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7.2.3 Maps from Spec R to P7

Our discussions so far were about schemes in P7' having n geometric points and its
global function ring. For such schemes, for R = I'(V/ (1)), natural maps V(1) — SpecR
can be induced from ring map R — I['(V(I)). Now, we consider maps in opposite
direction SpecR — IP7'. By combining two perspectives on maps in two direction, we
would like to consider when these maps become isomorphism.

In general, maps from scheme X to P’ correspond to line bundle .# and sections
S0, , Sm having no common zeros, up to isomorphism of line bundles. If X = Spec R
for R nondegenerate ring of rank n, line bundles on X correspond to R-module M.
which is locally of rank 1 over R, and we would like to classify all such R-modules.

Let R ®; Q ~ @F; for F; number fields. As M ®7z Q is R ®z Q-module, we
can write M ®z Q ~ @V, where V; is Fj;-vector space. Above the infinite prime of
R above F; (explicitly given as kernel of R — R ®; Q — F;), the residual part
of M on it is V;, and it should be isomorphic to F; (by locally rank 1 assump-
tion). So M ®; Q ~ &F; ~ R ®z Q follows. As locally freeness implies flatness,
M is flat thus torsion free, so we can identify M as subset of R ®7 Q via inclusion

M— M®;,Q~R®zQ.

For the general case when R is not a maximal order of a number field, there are
R-submodules M C R ®z Q having Z-rank n which are not rank 1 over some places

of R. We give the following characterization for locally rank 1 R-modules.

Definition 7.2.5. A R-submodule M C R ®z Q having Z-rank n is invertible ideal

if there exists another R-submodule N having Z-rank n which satisfies MN = R.

Proposition 7.2.6. Let R be a rank n nondegenerate ring. A R-submodule M C

R ®7 Q is locally free of rank 1 if and only if M is invertible ideal.

Proof. (<) Suppose if M is invertible ideal and let M N = R. Pick a; € M,b; € N
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such that 1 = > a;b;. For any prime p of R there exists a;b; which is not in p,
thus invertible in R,. The maps between M, and R, given as x +— (b;z) and r —
((aib;)~'r)a; respectively become inverse on p.

(=) Take N = {r € R®z Q : M C R} and observe it is R-submodule. We claim
MN = R. Suppose M N # R, and pick a maximal ideal p containing M N. As both
M and N are of full rank, p has finite residue field.

Let a be the image of 1 € R under the identification of R, ~ M,, and let a4, -- - , a, be
Z-basis of M. Then each a; are R,-multiples of a. Write a; = (b;/s;)a for s; ¢ p and
set s = 5159+ 8,. Then sa™'a; € Rfor alliso sa™* € N, s=a(sa™') € MN C p so

contradiction. O

Analogous to the case when R is order, invertible ideals form a group under
ideal multiplication, and we can define invertible ideal class group as its quotient by
principal invertible ideals. This group is naturally isomorphic to the Picard group of
Spec R.

Let M C R ® Q be an invertible ideal, and let sy, sy, -+ ,s,, € M be global
sections. The ’zero’ of section s can be considered as a prime ideal p C R such that
s is zero on M ® (R/p), or equivalently (M/Rs) ® (R/p) # 0. Thus the common
zeros of sg, - -+ , S, are points on which M/(Rsg+ - - - + Rs,,) is nontrivial. Therefore
the condition that sg, s, , s, having no common zeros is equivalent to that M is
generated by sg, -, s, over R. Thus the morphism from SpecR to P%' correspond

to the data

{(M7 (307 e 73m)) :

M : ideal class of R, (sq,S$1, "+ ,Sm) : R — generators of M.}

Two M isomorphic as R-module give the same morphism, and changing (s;) by

GL,4+1(Z) action would have same effect on P by PGL,,.1(Z) action.
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Proposition 7.2.7. Suppose we are given a morphism Spec R — P7' from an invert-
ible ideal M and its sections (So,- -+ ,Sm) generating M as R-module. Let X be its

scheme-theoretic image. Then the vanishing ideal for X is given as

I =(¢€Zxy, - ,xm]: ¢ homogeneous, P(sg, 1, ,8m) =0 in M Q7 Q).

For n morphisms p; - R @z Q — Q, X has Q-points

pi = [pi(s0); pi(s1); -+ 5 pi(Sm)]-

Those points, distinct or not, are all Q-points of X. And X is the smallest Z-scheme

having those Q-points.

Proof. We first consider the case M = R. In this case the map is factored as

Spec R — SpecZ[zg, -+ , x| = ProjZlxg, - -, Ty

where the map Spec R — Z|xg, - -+ , T,,] given by x; — s;. Thus the scheme-theoretic

image is naturally obtained from homogeneous ideal

I ={¢ €Zxgy, - ,xn]: ¢ homogeneous, ¢(sg, 1, - ,5m) = 0}.

For the general case, the vanishing ideal is obtained by combining all local informa-
tion. On the open subset SpecR[s™!] C Spec R where M is trivial, we can consider
isomorphism 1 : M[s™!] ~ R[s7!]) and the map SpecR[s™!] — P% is given by com-

position of

SpecR[s™ '] — SpecZ[zg, - -+ , Tpm] — ProjZzg, -+, Tm
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where g + 1(s;). Thus the image of SpecR[s™!] is given as

{6 € Zlzo, -+ . m] : & homogeneons, G(t(so), t(s1), -+ s ¥(sm)) = 0 in Rls™]).

But if we regard M as subset of R ® Q, the isomorphism ¢ : M[s™!] ~ R[s7!]
should be given as multiplication by invertible elements in R ® Q. So the condition
A((s0),¥(s1), -+ ,¥(sm)) = 0 is equivalent to ¢(sp, - ,sm) = 0 in R[s™] @ Q.
Taking union for all such subset Spec R[s™!] covers Spec R, so the image of SpecR is

given as their union

I =(¢€Zxy,- - ,xm]: ¢ homogeneous, ¢(sg, S1, - ,5m) =0in M ®z Q).

We can note that [ is the vanishing ideal for points py,--- , pa. ]

We would like to discuss when a map ¢ : Spec R — P7' becomes closed embed-
ding. If it is closed embedding, its scheme-theoretic image X would be isomorphic
to Spec R via ¢. Composing ¢ : Spec R — X with X — Spec'(X, Ox) gives a map
SpecR — Spec'(X, Ox), which induces ring homomorphism I'(X, Ox) — R. If it is
isomorphism, then ¢ should be isomorphism. Therefore ¢ is closed embedding if and
only if I'(X, Ox) ~ R.

If subscheme X = V/(I) is affine, then we have isomorphism SpecI'(X,Ox) — X
and its composition with X — P7 is closed embedding. Thus X = V() is affine if
and only if there exists a map Spec'(X,Ox) — P%' whose scheme-theoretic image
is X. In particular, affine schemes should only be those which can correspond to
vanishing ideal I,,. Conversely for X = V(I,,), we can take R = I'(X,Ox) and
M = Ox(1) and give a map Spec R — P7' using generators of M. One can check

that its scheme-theoretic image is X.

Proposition 7.2.8. For a set P of n Galois conjugate points and the vanishing ideal
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I, for those points, let I be integral ideal such that [ ®;Q ~ I,,®7Q. Then X =V (I)
is affine if and only if X ~ V(I,,). In general, T'(X) is subring of T'(V({,,)), and
equality holds if and only if X ~V (I,,).

We give another criterion for a map to become closed embedding.

Proposition 7.2.9. For an invertible ideal M and its sections (s, - , Sm) of a rank
n ring R, let X be a scheme-theoretic image of the map ¢ : Spec R — P73 formed
by M and (Sg,--- ,Sm). Consider M as a subset of R ®z Q, and suppose that the
following criterion

Rcz[s—o,ﬂ,--- S—’”} in (R®zQ)[s; "]

S;  S; Si
holds for all v. Then ¢ is closed embedding and X is isomorphic to Spec R.

Proof. For any r € R we can pick polynomials f;(s;/s;) such that it represents r in
(SpecR)s,, so that f; and f; glue over (SpecR),,s,. The set of f; determines a global
function which coincides with . Thus we can give inclusion R — I'(X, Ox), where
X is the image of the map SpecR — P7'. But the composition SpecR — X —
Spec(I'(X, Ox)) gives I'(X,Ox) — R, so it should follow that I'(X,Ox) = R and

the map SpecR — X is isomorphism. O]

7.2.4 Canonical n points in P" 2

There is a special correspondence of associating n Galois conjugate points in P2
(for n > 3), which was first suggested in [3]. The correspondence does not involve
any algebraic geometry and can be carried out only using numerical calculations.
For a nondegenerate ring R of rank n and its basis (1 = ag, a1, ag, -+, 1, We
can construct its dual basis o] in R ® Q with respect to trace pairing - elements

satisfying Trp(a;a) = d;5. Let p1, pa,- -+, pn be distinct embeddings R — Q. Then
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we can associate n Galois conjugate Q-points in P*~2 as follows.
pi = [pi(e); pi(az); -+ 5 pilag,)]

Call this canonical points of R associated with basis 1, aq, -« , q,_1.

Proposition 7.2.10. For canonical point associated with basis 1,4, -+, qp,_q, we

have the following.
1. The canonical points do not change if we replace o; by o; + k for k € Z.

2. If a matriz G € GL,_1(Z) acts on (a1, ,a,_1)" as left multiplication, its

*

* )b is left multiplication by (G™1)t, and canonical points

action on (af, -+, «

are mapped by the PGL,_1-action induced by (G~1)*.

3. Canonical points are in linearly general position (no (n — 1) points lie on a

hyperplane).

Proof. (1), (2) would be simple. For (3), we additionally prove the following (for

future reference). For ’affine’ points

zi = (pi(aq), pilaz), -+, pilag_y))

we claim
n

Zzi — 0’ det(ZQ,ZE},"' 7Zn) :DiSC(R)_l/Q.

=1

The first part follows from that Tr(af) = Tr(apa;) = 0. For the second part, note
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that det(zq,-- ,2,) is (1, 1)-principal minor of a matrix

pi(ag)  p2(ag) o palag)
M = (ps(al_ )i, = p1(ar) pa(ai) - pa(ad)
pilas_1) palan_q) -+ palan_q)

But M has inverse (p;(;_1));; with determinant Disc(R)'2, and its (1, 1)-entry has

value 1. So the result follows from the Cramer’s rule. O]

The first two properties imply that canonical points only depend on the choice of
Z-basis of R/7Z, and the GL,,_;-action on basis of R/Z translates to the PGL-action
on canonical points. Thus the equivalence class of canonical points up to PGL,,_1(Z)-
action is uniquely determined for a ring R.

We show that its converse holds for primitive rings. Recall that a ring R of
rank n is primitive if there are no rings R; of rank n and integers m > 1 such that
R ~ 7Z 4+ mRy,. A primitive closure of a rank n ring R is a unique primitive ring

containing R.

Proposition 7.2.11. Two rings have same canonical points up to PGL,_1(Z)-isomorphism

if and only if their primitive closures are isomorphic.

Proof. Suppose that 7' is primitive closure of R. Let («;) be the basis of T' (ap = 1),
then basis of R can be given as (1,cay, -+ ,cq,) where ¢ = ¢(R) is content of R.
Then the dual basis corresponding to (1,cay,---,cay) is (B,a5/c,--- ,al/c), so R
has same canonical points as T'.

It remains to prove two primitive rings with same canonical points are isomorphic.
Suppose Rp, Ry are primitive and has same canonical points. As we can represent
coordinates of the points using both R; and R,, proposition 3.2 shows that Ry ® Q ~
Ry ® Q. If we identify R; and Ry as subset of Ry ® Q, we can let G € GL,_1(Q)
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be a matrix transforming Z-basis of R; (including 1) to Z-basis of Ry. As the PGL-
transformation G' induces on canonical point is identity, G should be multiple of
identity.

Let G = (p/q)I for p,q coprime, and let Ry and Ry have basis {1,pf1, -+ ,pBn_1}
and {1,¢f1, - ,qBn—1} respectively. For 'multiplication coefficients’ ;3; = c?j +

doe cf’j Br which belong to in Q, R; has pcfj and pzc?j for its multiplication coefficient,

so pcy;, p°cd; € Z. But we also have qcf;, ¢*c); € Z, so cf;,c); € Z and Z-span of
{1,4P1, -+ ,qBn_1} become subring inside it. As both R; and R, are primitive, the
only possibility is p = ¢ = 1. O

Proposition 7.2.12. Let py,--- ,p, be Q-points in IP’Z’2

which are Galois conjugate
and are in general position. Then there exists a rank n ring R such that its canonical

points are exactly {pl, s ,pn}-

Proof. Let X be union of py,--- ,p, as Z-subscheme. For Ry = I'(X,Ox), we can
expect our desired ring to sit inside Ry ® Q. Let p; (i = 1,--- ,n) be distinct homo-
morphisms p; : Ry ® Q — Q.

Let ap = 1,04, ,a,—1 be basis of Ry, and let ¢; = [pi(a}); - ;pi(al_;)] be
canonical points for Rg. As X and union of ¢; are isomorphic over Q, there exists
automorphism G € PGL,_1(Q) which transforms union of ¢; to X. Regard G as
matrix in GL,_1(Q) and let (1, , Bn_1)! = Glaq, -, a,_1)b).

Let dfj € Q be such that 3,6, = dejﬁk (Bo = 1), and choose M such that Mdfj Y/
for all 4,7, k. Then (1, M3y, MBs,--- , MB,_1) form a basis for a ring, and canonical

point of R coincides with X. n

Those two propositions show that the construction of canonical points gives a cor-
repondence between a set of n Galois conjugate geometric points in P*~2 and rank n
primitive rings R with Z-basis of R/7Z. 1f we consider equivalence classes by GL,,_1(Z)-

actions on Z-basis of R/Z, it gives a correspondence between an PGL,,_;(Q)-equivalence

272



class of n Galois conjugate geometric points in P2 and an isomorphism class of rank
n primitive rings. This correspondence here, however, does not relate to scheme the-
oretic perspective directly. The global function ring corresponding to the vanishing
ideal for canonical points of R usually differ from original R, and it may have different
primitive closure than R too.

We give another justification on how those ‘canonical’ points arise naturally. For

a nondegenerate rank n ring R, one can define its inverse different I L as

95" ={r € R®;Q:Vy € R Trp(zy) € Z.}

Its Z-basis can be given as any dual basis o, - - - ,a,_;. When R is a ring of integers of
a number field, this coincides with the classical definition of inverse different. However,
for general R, inverse different may not be invertible ideal of R (so that we can’t define
the different in this case, which is usually defined as inverse of the inverse different
when R is a ring of integers).

If inverse different is invertible, one can consider a mapping Spec R — IP’%’2 using

the elements of,--- ,a_;, provided that those span .@Igl as R-module. Considering
elements af,--- , ), are equivalent to considering Z-basis of trace zero elements of
25", so different choice of af,--- ,a’_, changes the mapping only by PGL,_;(Z)-

action on IPZ_%

Claim. If 95" is invertible, then (25", (o}, ,a%_,)) gives a well-defined closed

n—1

embedding Spec R — P2 whose Q-points are same as canonical points.

Proof. We need to show: (1) Well-definedness of embedding: of, a3, -, af | gen-
erate 95" (as R-module). (2) It suffices to show that Z[aj/af, - ,af_,/ai] = S

contains R[(af)™!], viewed as subset of (R ® Q)[(af)™!].
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(1) We first note that

n—1 n—1 n—1
_ * x *\ ok N
r = E Trr(ajr)a; = o) = E Trr(iaraj)ag, = ) clag.
j=0 k=0 k=0
i * * n—-1 1 _ «
We have cjy = 1, so oy = aqa] — ), €10

(2) For € 25" we can utilize the identity

n—1 *

Sl TI"(ZL'Oék;)% + Tr(x)% SO i* — Tr(x)“—g es.

*

k=1 1 1

Substitute © = afq;. For i # 1, its trace is zero, so x/aj = «; € S.
Substitue z = adas. As ay € S, x/aj € S. Meanwhile Tr(z) = 1, so of/af € S.

It follows that Z/a; C S, so (aj)™' € Sand R C S. O

By the claim above, one can call canonical embedding as the embedding de-
scribed above, provided that .@gl is invertible. Canonical embedding is unique up to

PGL,,_1(Z)-action, and its Q-points are canonical points.

Remark. It generally holds that the global function ring of canonical points contain
R. By observing that the proof of the above claim did not use any assumptions
on Z5', one can see Z[aj/af, -+ ,af_,/ai] contains R[(af)7!] for any R. So any
r € R can be represented as polynomial in af/of,--- ,af_;/af for any . This
implies that r identified with (py(7),--- pn(r)) € Q" is in image of the evaluation map

L(V(In) — Q"

Remark. Inverse different can be also naturally identified to the dual R-module
Homy(R,Z) by considering the trace pairing trg : R X Zr — Z. In geometric
perspective, inverse different corresponds to the dualizing sheaf of Spec R, and the

invertibility of Zg is equivalent to that Spec R is Gorenstein.
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7.3 Examples: Q-points in Py}

We consider the case where our Galois conjugate Q-points are all Q-points. A Q-
point of P having the coordinate [qo;q1;- - ;qm] (¢; € Q) has unique coordinate
of the form [ag;aq;--- ;a,] for a; € Z,ged(ag, aq, -+ ,a,) = 1. Thus every Q-point
is included in the unique Z-point SpecZ — P}’ constructed from line bundle and
generator (Z, (ag, - ,am)), and it gives one-to-one correspondence of Q-points and
Z-points. As SpecZ™ is isomorphic to disjoint union of n SpecZ, maps SpecZ"™ — P!
simply correspond to n points (which may not be distinct) in P7'. Thus an ordered
list of n Q-points in P bijectively correspond to a map SpecZ™ — P7'. We observed
that this map is closed embedding if and only if the global function ring for those
points is isomorphic to Z".

We would like to give a criterion for the global function ring to be Z", and use this

result to obtain many examples of closed embeddings SpecZ"™ — P7'. For k points

P1, D2, , Dr whose coordinates is p; = [a;o; as1; -+ ; Gim), the ged of all k x k minors
of matrix

ajp @11 - Gim

Qg0 Q21 - Q2m

ago Akl - Akm

is invariant under GL,,(Z)-action on coordinates. Call this determinantal invariant of
p1,- -+, pg. (Define it as zero if £ > m+1.) This is a temporary notion for this section
and will be only used for set of Z-points. (One might possibly find its analogue for

F-valued points for some other number field F.)

Proposition 7.3.1. Suppose n < m+1 n Z-points in P} have their determinantal in-
variant 1. Then they are PGL,,(Z)-isomorphic to [1;0;--- ;0;---;0],[0;1;---;0---;0],-- -,
00+ ;1;--- ;0]
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Proof. We use induction on n. For n = 1, one point can be always mapped to
[1;05---;0].

For inductive step, the determinant invariant for first n — 1 points is also 1, so one
can map those points to [1;0 : ---;0],[0;1;---;0],---. Let p=lap : ay : - : ap] be

the coordinate of the remaining one point. As determinant invariant is 1, we should

have ged(an_1,an, -+ ,an) = 1. GL(Z)-action on those entries a,_1,--- ,a, can
transform p to [ag : -+ ;an_2;1;0;--- ;0] while keeping other points same. Lastly,
applying the transform z; — x; — a;x,—1 (1 = 0,-+- ;n —2) on [xg;- - ;x,,] gives
[1;0;--+;0;--+ ;0] 0515+ 50+ ;0] -+, [0; 0+ 15+ ;0] u
As we can calculate the global function ring of the n points [1;0; - - - ; 0], [0; 1;- - - ; 0],

-+, 10;0; -+ ;1] as Z™ (we will observe it as result of the criterion below), this tells

that n < m + 1 points having determinantal invariant 1 have global Z" as their
function ring. For n = 2, we can show that the converse statement holds (closed
embeddings Spec Z? — P%' should have determinantal invariant 1), but it is not the
case for n > 3.

We give the necessary and sufficient criterion for a map Spec Z" — P7 to be closed

m+4d\ _
embedding. Denote the Veronese embedding vy : P' — IP’; i) of degree d as
va(lag; ar;- -+ ;am]) = [ad; - - - ; (all degree d monomials in a;);--- ;a%].

Proposition 7.3.2. For Z-points py,- -+ ,p, in P}, their global function ring is Z™ if
and only if there exists d such that their degree d Veronese embeddings vg(p1),- - , va(pn)
mn ]P’gﬂdﬁ)_1 have determinantal invariant 1.

Proof. (<) Suppose that points py, - - - , p, have their global function ring Z". Denote
their coordinates as p; = [a;0; @i1; -+ ; Gim), gcd(aio, - -+, aim) = 1. Let f; be the global
function which takes value 1 at p; and 0 at other points. In the subset D(xy), f; can

be represented as polynomial in xg/xg, - , T, /xk. We pick L as an integer greater
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than degree of the denominator of f; in D(zy) for any 4, k. Then one can write

. x « e x .
filwo, -+ xpm) = a O’xL ) Dy, filajo, s ajm) = 0y
k

for homogeneous polynomials g;;, of degree L. Then we have
gir(ajo, -+ 5 Ajm) = i,

Claim. For any integers ty,--- ,t,, there exists polynomial h of degree L such that

h(ajo, aji, -+ an) =t; for all j.

Proof. Assume that our desired polynomial has form h = """ | >~ | ¢ixgir. Then we

have
n m m
_2 :§ : L _ Z L
h(a,j(), tee ,CL]'n) = Cikéijajk = Cjkajk = tj.
i=1 k=0 k=0
As ak ak . - al are coprime, the equation S 7" . c.rak = t. has integral solution
1§00 i1 » Wim P ) q k=0 “jk%jk J
for any ¢;. So we can find integers c¢;;, satisfying the condition. O
y iy y

The projective coordinates of the image of p; under v, are given as

_ [,L. . €0 €1 em . . L
or(pi) = laj; - sagagy - agns-- ],
where (eg, e, -+, ey,) ranges over all nonnegative solutions of ey + -+ + e, = L. If
we denote the vector
_ (oL eo el e L
v = (aio, L aggag; - agn e agn)

and denote the coefficient of h (of previous claim) and corresponding vectors as
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our claim tells that the system of equations ¢-v; =t; (j = 1,--- ,n) always has an
integral solution for ¢. For the n x n matrix M having vy, --- , v, as its row vectors,
Mc = (t1,--- ,t,)" can take any value in Z", so the Z-span of column vectors is whole
7Z". As the determinantal invariant can be interpreted as the index of column space
inside Z", this claim proves points vy (p;) have determinantal invariant 1.

(=) The property of points v (p;) having determinantal invariant 1 is equivalent to
the claim, so we can construct homogeneous polynomials g;;. of degree L satisfying
gie(ajo, -, ajm) = 0ijaly,. Then we can define f; as gix/xf over Dy, : the only require-
ments for consistency of those sections is that their valuations at points p; coincide,
and it follows from conditions on g;. It is immediate that f; takes value 1 at p; and

0 at other points, so we can embed Z" in global function ring. O]

Ezxample. In the example after the Proposition 2.3, we observed that the global func-
tion ring four points [1;0;0], [0; 1;0], [0;0; 1],[1;1;2] is Z*. Their degree 2 Veronese

embeddings have coordinates
[1;0; 05 0; 0; 0], [0; 0 0; 1; 0; O], [0; 05 0; 0; 05 1], [1; 15 2; 1; 2; 4]

so their determinantal invariant is 1. Meanwhile, if we pick any three points among
those, their determinantal invariant is also 1. This implies that the global function
ring for three points [1;0; 0], [0; 1; 0], [1; 1; 2] is also Z3, while the determinantal invari-
ant of original points in P? is not 1.

More generally, consider the following n = m + 1 points in P™.

p1=10;1;0;---;0],p2 = [0;0;1;---;0],- -+ ,pm = [0;0;--- ; 1],

Pm+1 = [a; by;by; - - ;bm]-

If we consider their images in degree 2 Veronese embedding, their determinantal
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invariant is given as ged(a, bibe, bibs, -+, by—_1by). So if ged(a,biby) = 1 then the
global function ring for pi,--- , ppme1 is Z™ and those points determine a closed
embedding SpecZ™ ™! — P7. Meanwhile, those points have determinantal invariant
a. As determinantal invariant does not change by GL,,.1(Z)-action, we can produce

infinitely many embeddings SpecZ™*! — P™ which are PGL,,,1(Z)-nonequivalent.

By considering the natural inclusion P — P™ for m’ > m, we can see the

following.

Proposition 7.3.3. Let m > 2 and 3 < n < m+1. There are infinitely many closed

embeddings Spec Z" — PT' which are not equivalent up to automorphism of P7.

In usual projective spaces over field, any m + 2 (or less) points were isomorphic
under automorphism of P}*. But in PJ’, even three points (with rings isomorphic)

can have different configurations!

Ezxample. The above proposition does not work for n = 2 points, where maps are
defined uniquely by the determinantal invariant of two points. Let pi,ps be two
points in P%. By GL,,1(Z)-coordinate change, p; can be set to [1;0;0;--- ;0] by
coordinate change. If determinantal invariant of p; and py = [ag;a1;- -+ ;a,] is f,
then ged of ay,- -, a,, is f. By applying GL,,(Z)-change on last m coordinates, one

can assume two points are PGL,, 1 (Z)-equivalent to

p1=[1;0;0;---;0],po = [e; £;0;- - ;0].

Thus {p1, pa} isomorphic to X = [1;0]U[e; f] in P}. We claim that X has Z[v]/(v? —
fv) as ring of global function. It is subscheme of P, = ProjZ[xy, z;] cut out by

To(exs — fx1), so we have (x;/;, = x;/x;)

F(XHD(I'O), O) = Z[l’l/o]/(l‘l/o(el’l/o—f)), F(XﬁD(l’l), O) = Z[[Eo/l]/(e—fxo/l).
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The global section of X should consist of a pair of functions on D(zg) and D(z4)
which coincide on D(zox1). Suppose f(x1/0) € D(xo) and g(zo/1) € D(zx1) coincide
on D(zoz1). Then on D(xoxy), f — g should be Z[xy 9, xo/1]-multiple of e — fxo,;.
Therefore we can assume that ¢ is constant. Anything in f which is equivalent to
zero when modded out by ex;,o — f should be generated by 1 and ex;,0 — f mod

r1(exy — fxo), and exq o — f follows multiplication law

(6131/0 - f)2 = exy(ex; — fxo)ﬂlfa2 - f(€I1/0 -f)= _f(€$1/0 — f).

So we have ['(X, O) ~ Z[v]/(v? — fv).

From this example, one can show that there are no closed embeddings SpecZ™ —
P for m > 2 and n > 2™, We consider (ged 1) coordinates of all points in modulo
2. For [ag;- - ;a,] with ged(ag, -+ ,a,) = 1, there are 2™+ — 1 possibilities for
(ag, "+ ,a,) mod 2, so among 2™*! points there are two points with all coordinates
equivalent in mod 2. Then the determinantal invariant for those two points is divisible
by 2.

If Spec Z" — P! is closed embedding, then the composition of Spec Z? — Spec Z" —
IP7' should be also closed embedding, so for any pair of points the global function ring
on those should be Z2. Thus such embeddings can’t exist for n > 2™+,

For n < 2™*! — 1, we construct such embedding using the following example.

Example. In P, the following set of n = 2™*! — 1 points

S={leg:e1; - :em] e €{0,1}, (eg, -+ ,em) # (0,---,0)}

has global function ring isomorphic to Z™.

Proof. First note that Z[x]/x(x — 1) ~ Z?. By taking tensor product of k-tuples of

Z[x]/z(x — 1), we can see that 2¥ Z-points {(e1, e, -+ ,ex) 1 ¢; € {0,1}} in A% has
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global function ring isomorphic to 72"
On the cover D(z), SND(xy) is isomorphic to affine 2™ points inside D(zg) ~ A7,

so D'(S N D(xg),0) ~ Z*". This holds similar for D(z;), D(z;xz;) etc., so the exact

sequence
0—T(8,0) = [[T(SND(z:),0) » ][] T(SND(xiz;),0)
i=0 0<i<j<m

takes the form

0—T1(S,0)— HZ|SQD(QH)| N H Z/SnD ;)|

i=0 0<i<j<m

with each Z' having basis as function taking 1 at single point inside correponding

subset. This shows I'(S, O) also contains elements taking 1 at single point of S and

0 otherwise, so I'(S, Q) ~ Z". O
Ezample. Now replace [1:1:---:1]to[ap:ay:---:ay]in S, and call the altered set
T. We show there are infinitely many integers (ao, a1, - , a.,) such that (m + 1)-th

power Veronese embedding of 7" has determinantal invariant 1. By the criterion we
established in proposition 7.3.2, this will show that T" has global function ring Z" for

n=2mt _1,

For a nonempty proper subset A C {0,1,2,--- ;m}, we can correspond a point
pa=leg:ep:--:ey] wheree; =11if i € A, e; = 0 otherwise. These points and the
point ¢ = [ag : ay : -+ : a,,) consist T

Let M be the matrix consisting of n rows, corresponding to projective coordinate
of (m + 1)-power Veronese embedding of points in 7. Each columns correspond to
degree (m + 1) monomial consisting of zg, z1, -« , Tp,.

For a monomial ¢, we can consider a set of ¢ such that x; is involved in ¢. Call

this set 'base’ of t. If ¢ has base B, then t-coordinate of v,,1(pa) is 1 if A C B and
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0 otherwise.
Order all nonempty subsets {0,1,2,---,m} by number of elements and denote
them (A, As, -, Ay). Then we have A; C A; = i < j. Now consider monomials

such that ¢; has base A;, then consider the following n x n submatrix of M

ti(pa,)  tapa,) 0 ta(pay)
tl(pAz) tQ(pAz) e tn(pA2>
ti(pa,_,) ta(pa,_,) - ta(pa,_,)
ti(q) talg) o ta(g)

Here t;(pa,) means t; evaluated at pu,. As t; has base A;, for i > j we have A; 7 A;
s0 ti(pa,) = 0. Thus the matrix above is lower triangular and its diagonals are all 1.
So its determinant is t,(q) = apay - - - a,, for only possible choice t,, = zozy - - .
Let A, 1 = {1,2,--- ,m}, and just switch ¢, to monomial having base A,,_;. Now
then the matrix above is lower triangular except (n—1, n)-entry whose value is 1. Thus
the determinant becomes determinant of rightmost lower 2 x 2 part, which is ¢,,_1(q) —
tn(q). As t,_; and t, were set to be monomial with basis A, 1 = {1,2,---,m},
determinant can be ajas - - - a;(a; —a;) for all 1 <i < j < m. We can also let A,,_; =
{0,1,--- ,m} \ k and in that case determinant becomes aga; - - - dy - - - ap(a; — a;) (ay
missing in the product, 7, j, k all distinct)

From these we can see that determinantal invariant of M should divide agaias - - - a,,
and apay - - - dy, - - - am(a; — a;). We can choose infinitely many ao, - - - , a,, such that
their ged is 1 (for example one can choose a; to be primes within [N,2N]), and in

that case determinantal invariant of M is 1.

Proposition 7.3.4. Let m > 2 and 3 < n < 2™t — 1. There are infinitely many

closed embeddings SpecZ™ — PT' which are not equivalent up to automorphism of P7'.
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Proof. We covered 3 < n < m+2 case above. For m+3 < n < 2™l choose n points
from above example T including m + 3 points [1: 0:---:0],[0:1:---:0],---,[0:
O:---:1],[1:1:---:1] and [ag : a1 : -+ : a,,). Note that those m + 3 points are
not geometrically equivalent (under PGL,,1(C)), so for any finite set of m + 3 point
sets one can set ag, - - -, a,, as coprime integers such that those are not geometrically
equivalent with any previous sets. This means that one can construct infinitley many

n-point sets whose global function ring is Z" and are not geometrically equivalent. []

We expect to have infinitely many nonequivalent embeddings of a n-ic ring into
P} even for n > 2™+ 00, in case of m > 2. This result does not hold for m = 1
however. Instead, the following contrary phenomenon holds for all ring, implied by

the result of Birch-Merriman.

Proposition 7.3.5. Let R be a nondegenerate ring of rank n. There are finitely

many closed embeddings SpecR — PL which are not equivalent up to automorphism

of Py

Proof. Suppose that a map SpecR — P}, is closed embedding. Let I,, be the vanishing
ideal for its scheme-theoretic image. Then we have SpecR ~ V (1,,). If Q-points of the
embeddings are given as [a;; b;], then any polynomial vanishing on all those points is
multiple of [[(a;y —b;x). We can let this binary n-ic form have rational coefficients by
considering the choice of a;, b; as [a;; b;] = [pi(1r1); ps(r2)] for r1, 79 € R® Q. Therefore
we have I,,, ® Q = (f) for some rational binary n-ic form f. If we pick f as primitive
integral form by taking Q-multiple, then I, = (f) N Z[x,y] = (f): if g € Z]x,y] is
divisible by f in Q[z,y| then it is divisible by f in Z[x,y] by the Gauss’ lemma.
The global function ring of V(I,,) = V(f) can be found using the minimal free
resolution of V(f), given as O(—n) — O where the map is multiplication by f. Its
hypercohomology ring was given in [39] and [47] etc. an its discriminant is same as the

discriminant of f. So we have Disc(R) = Disc(I'(V(f))) = Disc(f). Meanwhile, [9]
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shows that there are only finitely many binary n-ic form with bounded discriminant,

so there are finitely many forms f satisfying the condition. ]
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