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Abstract

We develop and utilize p-adic Hodge theory in families in the context of local-global aspects
of the Langlands program.

Our first result allows one to interpolate Hodge-Tate and de Rham periods when some
Hodge-Tate-Sen weights are fixed. This is a common generalization of results of Kisin in
the case where one weight is fixed and of Berger-Colmez where every weight is fixed. Our
main technique is to systematically prove interpolation results for the first cohomology group,
where it is possible to obtain base change results regardless of the geometry of the family, and
then use algebraic methods to deduce results for periods. We also obtain vanishing for higher
cohomology. Varma has applied the main result to show that the Galois representations
constructed by Harris-Lan-Taylor-Thorne are de Rham.

Our second result concerns the transfer of regular cuspidal automorphic representations
on unitary similitude groups to general linear groups. We build on work of Morel, Shin,
and Skinner by proving compatibility at places where the unitary group is ramified. We
first obtain compatibility up to monodromy by purely automorphic methods. By applying a
crystalline period interpolation result of Kisin and Nakamura to a family constructed using
Urban’s eigenvariety, we are able to improve this to full compatibility. Two subtleties that
arise are (1) the construction of a suitable p-stabilization in the ramified setting, which uses
work of Reeder and Lusztig, and (2) the placement of a suitable finite slope representation
into a p-adic family, which requires studying the Eisenstein cohomology of the unitary group.
We obtain new cases of the generalized Ramanujan conjecture and produce the first examples
of strong functorial transfers to generalized linear groups for cuspidal automorphic represen-
tations on unitary similitude groups. These strong transfers are used by Skinner-Urban in

their work on the Bloch-Kato conjecture.
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Chapter 0

Overview

The Langlands program predicts a relationship between certain automorphic representations
on reductive groups and motives. There has been a staggering amount of progress on this
conjecture in recent years, thanks in part to the successful efforts of many mathematicians to
realize a strategy of Langlands to use the cohomology of Shimura varieties as an intermediary
between the automorphic and motivic worlds. In moving from an automorphic representation
to a motive, one uses a comparison of geometric and automorphic trace formulas to relate the
action of Frobenius on the cohomology of a suitable Shimura variety to the action of a Hecke
operator. To achieve this requires a precise understanding of all the terms contributing to
these formulas, including the so-called “stabilization” of the trace formula.

This approach as described thus far ignores some structure present in the automorphic
side of the picture as well as in each p-adic Galois realization of the motivic side. Namely,
there is a rich theory of p-adic congruences between automorphic representations and between
Galois representations. Since the work of Deligne-Serre on attaching Galois representations
to weight 1 modular forms, many mathematicians have exploited these congruences to access
some “fringe” representations that are just out of the range of accessibility of the preced-

ing strategy. These congruence-based, or “p-adic”, methods do not produce new cases of



Langlands from nowhere — rather, they interpolate known cases in order to obtain new ones.

In fact, such p-adic strategies have been pushed even further recently. One direction is in
the work of Harris-Lan-Taylor-Thorne [27] and Scholze [64], where non-self-dual automorphic
representations and even torsion classes have had Galois representations attached. Another is
in the program of various authors, including Ribet, Mazur, Wiles, Skinner-Urban [76, 75, 83],
and Bellaiche-Chenevier [3], to obtain cases of the Iwasawa main conjecture and Bloch-Kato
conjecture by utilizing the p-adic structure of both automorphic representations and Galois
representations.

In this work we are interested both in expanding the toolset of available p-adic techniques
in light of these developments, and also proving new cases of Langlands functoriality that
are critical for enabling these p-adic approaches to succeed.

One step towards characterizing the image of the Galois representation construction of
Harris-Lan-Taylor-Thorne [27] is to establish their expected p-adic Hodge theoretic proper-
ties. Thanks to work of Varma [84], one understands in a precise p-adic analytic sense just
how these representations are realized in the “fringe” of the locus of Galois representations
whose p-adic Hodge theoretic properties are understood; namely, half the Hodge-Tate-Sen
weights are moving while the other half remain constant. Families of this sort also arise in
the work of Skinner-Urban [75], who refer to them as “finite slope families”. One of our goals
is to study the variation of Hodge-Tate and de Rham periods in this situation. Bellovin [4]
has independently given an another approach to understanding this variation using different
methods; see Section 1.1 for a brief discussion of the similarities and differences between our
works.

Skinner-Urban [76, 75, 83| study certain non-semisimple p-adic Galois representations
that are constructed using p-adic families of cusp forms on unitary similitude groups of non-
compact signature degenerating to an Eisenstein series at a point. Bellaiche-Chenevier [3]

consider similar constructions as well. These non-semi-simple representations correspond



to nontrivial cohomology classes inside a very large cohomology group H'(Gq,V). For
applications to the Bloch-Kato conjecture, one is interested only in classes that satisfy local
conditions at each place, which form a Selmer group denoted H}(Gq, V). In order to check
containment in H}(GQ, V'), one must apply strong local-global compatibility results between
cusp forms in the family and their associated Galois representations. Therefore it is essential,
especially in the most recent results [83], to know strong compatibility between cusp forms
on unitary similitude groups and their p-adic Galois representations, at least for the generic
members of a p-adic family. This is our second motivating goal.

The main obstruction to obtaining strong compatibility actually lies in understanding
the transfer of this cusp form to an automorphic representation on G,, x GL,. Such a
transfer has been constructed by Morel [49], Skinner [73], and Shin [71] — see Theorem 2.2.2
for a statement of their result. If E is the imaginary quadratic field used in the definition
of the unitary similitude group, Shin proves local-global compatibility at split places of E
as well as unramified places of E where 7 is also unramified. Since E always has a place of
ramification, this result never produces a strong base change. Obtaining compatibility for
7w that are as unramified as possible at p serves as the focus of Chapter 2, and allows one
to produce strong base changes as needed for the arguments above. The main ingredient is
Urban’s construction of eigenvarieties for reductive groups that have discrete series [82].

The recurring theme in both these works is that in order to best take advantage of the
extra structure granted by the relevant eigenvariety, one should develop and utilize p-adic

Hodge theory in families.

0.1 Interpolating periods in a p-adic family

If a p-adic family of Galois representations has some number of fixed integral Hodge-Tate-Sen

weights, it is plausible that there are the same number of Hodge-Tate, de Rham, semistable,



or crystalline periods that vary over the family. In Chapter 1, we study the variation of
Hodge-Tate and de Rham periods. We prove a kind of interpolation result: if there is a
dense subset of points possessing the requisite periods, then they must vary over the whole
family. Our results are stated precisely in Main Theorems 1, 2, and 3 in the introduction,
but we highlight part of these results here. Let K/Q, be a finite extension. If X is a rigid
space and 9 is a finite locally free coherent sheaf over 901 with a continuous action of G,
we prove that for integers i < j and r € {0,1}, dimy,) H" (G, t'Bir /t! Biz®q,M.) is a
lower semi-continuous function with respect to the Zariski topology, where 9t, denotes the
Galois representation over the residue field x(z) at .

Varma [84] produces a family 9t over X as above where a dense set of points have half
their Hodge-Tate-Sen weights in a fixed range [, j] and are de Rham, while the other weights
can be assumed to lie outside this interval. Moreover, the sum of p and its conjugate dual
appears as the specialization 9%, at some point = € X. Applying this semicontinuity result
to this situation immediately establishes that p @ p° has n de Rham periods, where n is
the dimension of p, and by calculating the Hodge-Tate-Sen weights of p and p®’ she deduces
that p itself possesses n de Rham periods.

We also mention some of the ideas that go into the proof of the semicontinuity mentioned

1th

above. In the following, Hy denotes the kernel of the p — 1'® power (or 2°¢ if p = 2) of the

cyclotomic character.

e In Section 1.2.6, we use some basic results from the p-adic functional analysis of LF-
spaces to relate the cohomology of Bar with that of ¢'BJ, /t/ Bj; this reduces us to

the study of bounded periods.

e We interlace many of our results with induction on 57 — ¢ in order to reduce ourselves

to statements about C,-periods. This induction usually takes the form of examining



6-term exact sequences obtained in a simple manner from ones of the form
0 — ¢ Big/t"Bir = t'Bi/t"Bix — t'Bir/t' Bix — 0

for i < j < k. For instance, see Sections 1.2.4 and 1.2.5. At one point (Lemma 1.2.25),
we need to use a result of Berger-Colmez [5, Lemma 4.3.1] generalizing Sen’s work to

the de Rham case.

e We apply Sen’s theory to the study of C, periods. One key application (Lemma 1.2.24)
is to show that the tensor product (C,®R)7x ®x I is complete for a finite R-module

NT. Also see Section 1.2.3.

e In Section 1.2.5, the aforementioned completeness and some additional results of Sen
allow us to prove base change statements for Hg-invariants with respect to a map
R — R with R’ a finite Noetherian QR-algebra. The cyclicity of Gk /Hy allows us to

deduce base change statements for H'(G, C,®-) as a consequence.

e Passing from the above to global semicontinuity and base change results uses standard
methods from commutative algebra and algebraic geometry. See Proposition 1.2.26

and Section 1.3.3.

We also study higher Hg-cohomology and base change for G g-invariants; see Main Theorem

3, which is proved in Section 1.4, as well as Section 1.5.2.

0.2 Constructing strong base changes

The first step — compatibility up to monodromy — is a purely combinatorial exercise using
properties of y-factors proved in other works; the argument is based on one of Skinner [73].

Approaches based on looking at traces have difficulty seeing the monodromy of a represen-



tation, so it is difficult to improve on this using purely automorphic methods. Previous
approaches in other settings have used intricate studies of the geometry and cohomology
of Shimura varieties, such the works of Taylor-Yoshida, Clozel, or Caraiani. We have the
benefit of being able to rely on these works as an input, but also have to deal with a difficulty
not present in other cases: ramification of the group.

The output of the y-factor argument shows that if the cuspidal representation 7 on the
unitary similitude group is unramified but does not satisfy local-global compatibility at p,
there must be two Satake parameters, a and 3, that are related by a = p*3, where k is a
positive integer depending only on the group. The key idea is to exploit two observations

about this relation.

1. The quotient «/f has a p-adic valuation that, roughly speaking, can only occur infre-

quently in an eigenvariety.

2. The quotient «/f has an archimedean valuation larger than 1, which one expects

should only occur for very special cuspidal automorphic representations.

The first of these says that for most points in a suitable family, we must have compatibility.
The second of these gives us a hope of finding a contradiction using the purity of the attached
Galois representation. This is where p-adic variation comes in — if we can construct a
crystalline period at the dense set of points where compatibility holds, we can use work of
Kisin [36] and Nakamura [50] to construct one in the Galois representation p, attached to
our original representation 7. See Sections 2.6 and 2.7.

For the aforementioned argument to produce a period contradicting the purity of p,, we
need to carefully choose a p-stabilization of 7; this choice relies on a trick of Lusztig [44] to
deal with the ramification and work of Reeder [58] to understand the structure of unramified
representations of a related split group. This is carried out in Sections 2.4 and 2.5.

To produce a family, we work with the multiplicities that appear in Urban’s construction



of eigenvarieties [82] in Section 2.8. The key is to use twists appearing in non-classical
weight and to eliminate the possibility that 7 arises from an Eisenstein class attached to an
overconvergent form on a proper Levi subgroup.

For a precise statement of the main result, see Theorem 2.2.5, which is an enhancement

of the previously known Theorem 2.2.2 to include compatibility at ramified places.



Chapter 1

Interpolating Periods

1.1 Introduction

1.1.1 History and motivation

Fontaine introduced period rings such as Byr, the ring of Hodge-Tate periods, and Bgg,
the ring of de Rham periods, in order to algebraically detect and study geometric properties
of p-adic representations. Let B be a ring of periods. If K is a finite extension of Q, and
V' is a finite dimensional vector space over Q, with a continuous linear action of Gk, one
defines Dp(V) = H(Gg, B ®q, V) to be the B“%-vector space of B-periods of V. For the
ring B = Bgr, we have BY< = K. The dimension dimg Dp(V) is conjecturally involved
in detecting whether V' may be a restriction of a global Galois representation “arising from
geometry,” i.e., appearing inside the étale cohomology of a variety over a number field. It is
therefore important to be able to calculate dimg Dg(V'). A result of Tsuji achieves this for
V' arising from geometry, but in many cases, the representation V' is constructed via the use
of congruences. In such situations, V' can often be realized as the specialization of a p-adic
family.

In this paper, we investigate the variation of periods in a p-adic family. In particular, we



will work with a Q,-Banach algebra JR and a finite free module 9t over it, equipped with
a continuous R-linear action of Gi. We study Dg(IM) = H*(Gk, B&q,M), which has the
structure of a module over B¢% ®q, R. (Here ® denotes completed tensor product.)

The first understanding of Dg(90t) was achieved for B = Byt in the seminal work of Sen
(67, 68]. Sen attaches p-adically varying Hodge-Tate-Sen weights to the family 9t. These
are generalized eigenvectors of an endomorphism ¢, called the Sen operator, which acts on
a finite R-module €. Since ¢ is not necessarily semi-simple, a continuous G g-representation
on a Q,-vector space V with a multiple integral Hodge-Tate-Sen weight £ need not have a
multiple Hodge-Tate weight k.

The vanishing locus of the m lowest order coefficients of the characteristic polynomial of
¢ is a closed subspace of Spec R corresponding to the existence of m Hodge-Tate-Sen weights
of weight 0. Intersecting over weights in a bounded range, we obtain a “Sen stratification”
of Spec’R.

We can ask the following questions about Dg(90) in the more general setting where I
is a coherent locally free sheaf with a continuous G-action over a rigid space X. In the
“bounded” case, we mean B = th;R teB;rR, whereas in the “unbounded” case, we mean

that B = BdR'

1. Is there a refinement of the aforementioned Sen stratification of X, where one can find
closed analytic subvarieties & C X corresponding exactly to existence of (at least) a

certain number of Hodge-Tate or bounded de Rham periods for the specialization of

M at x € &7

2. For bounded periods, is it possible to decompose X into a disjoint union of locally
closed strata mg : £ < X so that Dp(miIN) is a coherent locally free sheaf of known

rank? How does the formation of this sheaf behave with respect to change of X7

3. Can one construct unbounded periods at all geometric or even thickened geometric



specializations?

In Theorems 1.3.19, 1.3.20, and 1.3.21, we answer these questions when X is reduced. In the
most important setting, when a de Rham period is interpolated for every fixed Hodge-Tate-
Sen weight, we even provide an answer for (2) and (3) in the non-reduced affinoid case. In
Section 1.4, we also prove vanishing results for higher cohomology of B ®Qp9ﬁ.

The primary impetus for this study is a growing need for methods to prove properties
of p-adic representations constructed by congruences. Our main results are suited to, for
example, studying the Galois representations recently constructed by Harris, Lan, Taylor,
and Thorne [27] — this application has already been carried out by I. Varma [84], who puts
their representations into p-adic families with very nice properties. Another application is
to extensions constructed by specializing a p-adic family; these arise, for example, in the
work of Skinner and Urban [76]. We develop a method for proving potential semi-stability
of an extension of a representation V' by a twist of its dual when this extension arises as the
specialization of a p-adic family (see Theorem 1.2.40).

We are also interested in the geometry of families, including the global eigenvariety of a
reductive group G over Q. The structure of the eigenvariety is central, for instance, to the
work of Bellaiche-Chenevier [3]. One interpretation of the Hodge-Tate-Sen theory is that
the weight space for X is intrinsic to the Gx-representation on 9. Our results refine this
statement, implying that for each choice of some fixed Hodge-Tate-Sen weights, there is a
stratification of the corresponding subspace of X defined entirely in terms of existence of de
Rham periods.

Interpolation results of this sort have already been essential to work on the Langlands pro-
gram. Berger and Colmez [5] interpolate periods when all of the Hodge-Tate-Sen weights are
fixed. Their work is used by Chenevier and Harris [15] to establish local-global compatibility
of the Langlands correspondence at p for p-adic Galois representations that are constructed

via p-adic interpolation rather than in the cohomology of a Shimura variety. Kisin [36] proved

10



an important and widely applied interpolation result for a single Hodge-Tate, de Rham, or
crystalline period of fixed Hodge-Tate-Sen weight, where the remaining weights are required
to vary. Recently Liu proved an interpolation theorem for multiple semistable periods using
different methods, which implies the interpolation of the corresponding de Rham periods in
that setting [42]. However, this result does not allow one to interpolate de Rham periods
that do not come from semistable periods, except in the aforementioned bounded weight
situation of Berger and Colmez [5].

An earlier version of this paper had a slightly weaker form of Lemma 1.2.25, which was
not quite strong enough in the de Rham case to apply to Proposition 1.2.26. The stronger
form follows easily from the original argument once one applies the result [5, Lemma 4.3.1]
of Berger-Colmez on Dyg;r to the situation under consideration.

After posting the first version of this paper, we learned that Bellovin [4] independently
proved related work in her dissertation. She proves base change results on the (¢, I')-module
side that include a statement analogous to Proposition 1.2.26 below, and uses these to
stratify the base as in Theorem 1.3.19 and study its properties as we do. Our result is based
on a p-adic analytic observation (Lemma 1.2.24) whereas hers are based on calculations
with Tor groups and spectral sequences. Unlike our Section 1.3, her work applies in a
nonreduced setting (using a freeness assumption at all Artinian specializations), though we
prove a slightly less general result in the nonreduced setting under a less stringent density
hypothesis in Theorems 1.2.13 and 1.2.19. We work with Galois representations rather than
(¢, ')-modules, so there is little direct intersection between her results and the results and

methods of Section 1.2, and Section 1.4 is entirely distinct.

1.1.2 Statement and discussion of main results

For the finite flat interpolation of Hodge-Tate and bounded de Rham periods, our work

generalizes both Kisin’s work and Berger-Colmez; we allow any number of fixed Hodge-
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Tate-Sen weights and any number of varying weights. More precisely, in Theorem 1.3.20,
we provide for any bounded interval [i, j] a decomposition X = [] £ of the reduced space X
into locally closed strata mg : £ < X so that Dp(7mE9N) is a coherent locally free sheaf if
B is bounded in this range. If X is a non-reduced affinoid and we interpolate a de Rham
period for every fixed Hodge-Tate-Sen weight, we obtain finite flatness after localizing to fix
multiplicities (as Kisin does).

We also study specializations of the family. This presents some serious difficulties in
general. For example, Mazur and Wiles [47] have studied cases where a family of de Rham
representations specialize to one that does not even have a semisimple Sen operator; it is
this kind of behavior that we avoid by localization in the result just mentioned. However, in
Theorem 1.2.27, we construct Hodge-Tate and de Rham periods at every specialization that
was originally removed by this localization. Mazur and Wiles’ example demonstrates that
our construction gives an optimal bound on the number of periods of the specialization in
both the Hodge-Tate and de Rham cases.

The first main result of this paper is Theorem 1.2.19. We provide here a simplified
statement of this result as well as Propositions 1.2.36, 1.2.37, and 1.2.38. See Definition
1.2.11 for the notion of stable density, which generalizes Zariski density to the setting of
non-reduced rings. See Remark 1.2.30 for the definitions of the topology on Byqr and of ®q,
for non-Fréchet spaces. Note that much of the following holds even if R is only a Noetherian

Q,-Banach algebra; see Section 1.2 for precise statements.

Main Theorem 1. Fix positive integers n and k and a multiset {wy, ... ,w,} of integers
in the interval [0,k — 1]. Let S(T) = [[;_,(T + w;). Let K be a finite extension of Q,, let
R be an affinoid Q,-algebra, and let M be a finitely generated free R-module equipped with
a continuous G -action. Suppose that the Sen polynomial P(T) of M factors as P(T) =
Q(T)S(T), and define Q) = Hf;ol Q(—=7j). Assume that {&;},.; is a set of maps § : R — R,

of Qp-Banach algebras, where R; is local Artinian of finite dimension over Q,, with the
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following properties.
(i) Forie I, dimg H(Gk, Big /t"Biz ®q, (M ®x R;)) = ndimg, R;.
(ii) Fori € I, the image of Q in R, is a unit.

(iii) The collection {&;} is stably dense in R.

We then have the following.

(a) Forr € {0,1}, the K ®q, R, -module H" (G, Bix /t* Bir®q,M)q, is finite flat of rank

n.

(b) For a map & : R — R of affinoid Q,-algebras, the kernel and cokernel of the map
H (G, B/ B, 30) 0 9V — H (G, B 1 By, (M )

are killed by a power of £(Qx) for r € {0,1}. If &(Q(—j)) is a unit for j ¢ [0,k — 1],
then H" (G, Bir®q, M @xR')) and H' (G, Bi&q, (M @xR')) are finite flat of rank
n over K ®q, R’ forr e {0,1}.

Let & : R — R’ be a map of Q,-Banach algebras with R’ local Artinian of finite Q,-
dimension. If either R’ is a field or £ (Qy) is a unit, then for B € {BdR,B:{R, B /t"Bin

we have

dimK HO(GK, BdR ®Qp (gﬂ ®m 9{/)) Z dimK H0<GK, B:{R ®Qp (Qﬁ ®m fy“t/))

Z dlIIlK HO(GK, B(TR/th(TR ®Qp (i)ﬁ ®m %/)) Z n dime %/

and dimg H°(Gk, B ®q, (M @x R')) = dimgx H' (G, B ®q, (M @x R)).

To illustrate a possible application of this result, we comment further on the aforemen-

tioned Galois representations p, : Gr — GL,(E) associated to regular cuspidal algebraic
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automorphic representations m on GL,,/p by Harris, Lan, Taylor, and Thorne [27], where F
is a CM field and E is a finite extension of Q,. I. Varma [84] has constructed a family I
with a dense set of specializations to de Rham representations as well as a specialization
to the Galois representation p, @ pS(k), where (-)(k) denotes a Tate twist and ¢ denotes
complex conjugation. Moreover, in 9, she is able to fix the Hodge-Tate-Sen weights as-
sociated to the factor p, and have k be such that the weights of p¢¥(k) are negative while
those of p, are nonnegative. (Our convention is that Q,(1) has the Hodge-Tate weight
—1.) In this setting, Theorem 1.2.19 applies, and using Proposition 1.2.36, one shows that
dimp Dpe (pr @ pSY (k) = n[E : Q] has exactly the expected dimension.

If R is reduced, one can think of Main Theorem 1 as showing that if there are n fixed
Hodge-Tate-Sen weights, having n de Rham periods defines a closed condition on Spm fA.
Requiring that these are the same number turns out to be unnecessarily restrictive; one
could imagine trying to interpolate m Hodge-Tate periods of weight 0 even though n > m
Hodge-Tate weights 0 are fixed, or a similar statement in the de Rham setting.

To achieve this, we define a de Rham datum D = (2, A) in Section 1.3.1, where Q :
Z — Z>yand A : Z X Z — Z>( keep track of the number of fixed Hodge-Tate-Sen weights
and the generic dimension of HO(G, t* Bl /t‘Bi; ®q, M, ), respectively. (We write I, =
M, R, , K(x), where Ox is the structure sheaf, the subscript  on a sheaf denotes localization
at x, and r(z) is the residue field.) The definition encodes the natural conditions that are
satisfied by these quantities. We say D > D’ if this inequality holds pointwise for €2 and
A. We show that on an irreducible rigid space X with a coherent locally free module 9
equipped with a continuous G action, there is a naturally associated de Rham datum that
can be detected locally.

Associated to D are the Hodge-Tate dimension in the interval (k, ¢), given by dnge )(D) =
SYTUA(,i 4 1), and the de Rham dimension, given by dyr(D) = max ez A(k, £). We

also write Supp(D) for the smallest interval containing the support of Q. A summary of
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Theorems 1.3.19, 1.3.20, and 1.3.21 appears below. We write Doy , for the de Rham datum
of the representation 9, over the base Spm x(z). By “thickened geometric point”, we mean

a local Artinian Q,-Banach algebra of finite Q,-dimension.

Main Theorem 2. Suppose that X is a reduced rigid space over Q, and I is a coherent
locally free sheaf of Ox-modules equipped with a homomorphism G — Endg, 9 that s
continuous when restricted to any affinoid.

For any de Rham datum D, the points x € X such that Dop, > D form a closed analytic
subvariety &p. If D > D', then &p C Spr.

For any interval [i,j] C Z, there is a decomposition of X into a finite disjoint union
of locally closed subspaces W][;j] : S%j] — X indexed by de Rham data D = (Q,A) with
Supp(D) C [i,j]. Let zm%ﬂ = w%j]*zm. Ifi <k < (< j+1, there is a coherent locally free
sheaf 557(“,{75)(9)?@]) such that for any affinoid subdomain U C S%ﬂ, there is a canonical iso-
morphism ﬁ€k7£)(9)?%j])(ﬂ) ~ H"(Gg,t*Bix tZB:{R@)K,JEDT%ﬂ (L0)). Moreover, the formation
of ﬁfkje)(i)ﬁ%j]) 15 compatible with pullback along any morphism m : ) — S%j] of reduced
rigid spaces.

For any thickened geometric point § : x — £%ﬂ, where ¥ = SpmR,, we have
(a) H"(Gk,t"Biip/t'Bfir ®q, f*Qﬁ%ﬂ) is flat over K ®q, R, of rank d%ﬁa (D),
(b) H"(Gk,t*Biz /t*Biz ®q, 5*93?%”5 is flat over K ®q, R, of rank A(k, (), and
(¢) dimg H™(Gx, Bar ®q, &MY > dimg H™ (G, 11 B, ®q, EMET) > dgr (D) dimg, R,
foralli <k <(<j+1andrrte{0,1}.

We can recover the reduced case of Main Theorem 1 by setting D to be a full de Rham
datum, which is one for which Q(i) = A(i,7 + 1) and A(i, k) = A(i,5) + A(j, k) for all

i<j<kel
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In Section 1.4, we prove strong vanishing results for higher continuous Galois cohomology
of modules of Hodge-Tate or de Rham periods in a family. The key ingredient, Theorem
1.4.1, generalizes a result of Sen [67, Proposition 2|. The main result, Theorem 1.4.6, is the

following.

Main Theorem 3. Suppose that K is a finite extension of Q,, R is a Noetherian Q,-Banach
algebra, and the finitely generated R-Banach module M is equipped with a continuous R-
linear action of Gi. Then forn > 2, k <{ € Z, and B € {Bur,t"Bjy /t'Biz,t* Bix, Bar },

we have H" (G, Bq, M) = 0.

1.1.3 Method of proof

Berger-Colmez [5] use an approach very different from ours; they use the theory of (p,I')-
modules while we work directly with the Gg-module itself. Moreover, there is a series
of works using the (¢, I')-module point of view that obtain strong results regarding the
interpolation of crystalline (and even semistable) periods [41, 29, 35, 42].

Our approach to Theorem 1.2.19 is similar to Kisin’s work in [36, §2]. Kisin shows that
in any family of representations with a single fixed Hodge-Tate-Sen weight 0, the C,-periods
form a finite flat module of rank 1 after localizing to remove possible multiplicity of this
weight. However, if a Hodge-Tate-Sen weight occurs with multiplicity or if one has distinct
Hodge-Tate-Sen weights and would like to study de Rham periods, this property is no longer
automatic. One needs to use the existence of Hodge-Tate or de Rham periods at a dense set of
points. To interpolate these periods, we devise an algebraic situation in which finite flatness
of Dp(9M) will follow from the density of the given specializations. Since the formation of
Dg(9M) is not always compatible with specialization, we use Sen’s theory to study a simpler
module € associated to 9t instead [67, 68].

Another consideration is that in attempting to pass to unbounded de Rham periods, the
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direct approach requires one to localize at all integral weights above the fixed range. For
thickenings of geometric points, we control the dimension of the space of periods as one
passes to the limit. This requires some functional analysis.

We also need to retain information when multiplicities change. For this, we study the
behavior of a morphism under base change in Section 1.2.5. The series of lemmas proved there
use Sen’s theory to show that certain tensor products of Banach spaces are already complete,
allowing us to apply homological algebra. By various arguments that allow us to switch from
1-cocycles to 0-cocycles, we are able to show existence of periods at specializations anywhere
on the base.

For the stratification result, we apply the same techniques, but since we no longer have
fine control over the localization needed to make the module of periods finite flat, we need
a slightly different approach. In order to globalize in this setting, we first study the affinoid

case, and then apply those interpolation results to analytically continue across intersections.

1.2 Interpolating de Rham and Hodge-Tate periods
and 1-cocycles

We study the interpolation of Hodge-Tate and de Rham periods over a Noetherian Banach
algebra. We prove some useful lemmas in commutative algebra, and then summarize the
work of Sen [67, 68] and Kisin [36, §2] on the construction and properties of the Sen operator.
We proceed to the proofs of Theorem 1.2.13 in the Hodge-Tate setting and Theorem 1.2.19 in
the de Rham setting for periods over an open set SpecRq, . We then study specializations
on all of SpecR under the additional assumption that R is affinoid, pass from bounded

periods to the full ring Bgr, and give an application to essentially self-dual specializations.
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1.2.1 Commutative algebra

All rings are commutative. When we say a module is finite, we mean that it is finitely

generated.

Lemma 1.2.1. Suppose that G is a finite group, K is a field of characteristic 0, and M 1is

a module over a K-algebra R equipped with an R-linear G-action.
(a) If M is finite (resp. flat, projective), then M is finite (resp. flat, projective).
(b) For any R-module N, the natural map o : N @z MY — (N ®p M)% is an isomorphism.

Proof. There is a functorial decomposition M = M @ M%* as the sum of the image and
kernel of the projection ﬁ > geq 9 M — M. Part (a) follows, as well as that ¢ is injective.

For any K[G]-module P, the image of ﬁ S o ceg: P — Pis P and the image of this map

geG
for the module N ®z M lands in the submodule N @z M%. Thus ¢ is also surjective.

]

We will use the next lemma to decompose a module into finite flat summands. We state

it in a slightly more general form in case it may be helpful in other contexts.

Lemma 1.2.2. Suppose M is a module over the ring R. Letry,...,r, € R, let ky,... k, €
Zsy, let S(x) = [ (x —ri)*, let Q(x) € R[], let P(x) = Q(z)S(x), and assume that
r=1[;Q(ri) [[;«;(ri — ;) is a unit in R. Let ¢ : M — M be a morphism of R-modules
such that P(p)M = 0.

Define Si(x) = [z — ri)ki and Pi(z) = Q(x)Si(x) for 1 < i < n. We define
the following submodules of M: My = ker Q(p), M® = S(p)M, M; = ker(¢ — r;)*, and
M = Pj(p)M. Then we have M; = M* for 0 < i < n and a p-compatible splitting M =

oM = &L M.
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Proof. Given a factorization U(x) = (z — r)*T'(z), where U, T € R[z] and T(r) is a unit,
T(x) is a unit in R[z]/(z—7) and thus in R[z]/((x—7)*). So T(z) and ((z—r)*) are coprime,
and

Rlz]/U(x) = R[z]/T(x) x Rlz]/(z —r)*

by the Chinese remainder theorem. Setting U(z) = Q(z) [["_.(x — ;)% , r = r;, k = k;, and

J=1 J

T(x) = Q(z) [1}_;1(x — ;)" for each i, we deduce

Rlx)/P(x) = Rlz]/Q(x) HR[x]/(m — 7)™

————

Since P(p)M = 0, M can be regarded as an R[z]/P(x)-module with x acting as ¢. All
claims above follow from the observations that each P;(x) (resp. each (x — r;)*) is a unit
multiple of the idempotent projecting onto R; (resp. Ry X [[,; Ri), and S(z) (resp. Q(z))

is a unit multiple of the the idempotent projecting onto Ry (resp. [[I_, R;).

We will also use the following easy lemma.

Lemma 1.2.3. Let M be a flat module over a ring R equipped with an endomorphism
v M — M. If ¢ has flat cokernel, then it has flat kernel and image. Moreover, the
formation of ker, im ), and coker ) commutes with taking the tensor product with an R-
module N. If M is also finitely generated, and R is Noetherian, then the kernel, image,
and cokernel of 1 are finitely generated, with the rank of the kernel equal to the rank of the
cokernel on each connected component of Spec R.

If we drop the hypotheses that M is flat and 1 has flat cokernel, but instead ask that the
R-module N is flat, then tensoring with N again commutes with formation of ker ), im ),

and coker 1.
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Proof. We have exact sequences
0—kerty - M —-imyp -0 and 00— imey — M — cokery — 0. (1.1)

It follows that if coker) is flat, so are im and ker. The finite generation claim is clear,
and equality of ranks follows from examining the localization of (1.1) at a prime of R in each
connected component.

Let N be an R-module, and assume that either M and coker ¢ or N are flat. By tensoring
(1.1) with N and using the flatness of either coker 1) and im or N, we obtain a commutative

diagram

0——(kery)) ®p N —> M @g N — M ®r N — (coker¢) ®p N —0

! I [ |

0——=ker(¢y g N) —= M @ N — M @ N —— coker(y) @ g N) —0

with both rows exact. By the 5-lemma, we obtain isomorphisms
(ker)) @p N = ker(v) ®z N) and (cokerv)) @ N = coker(i) @ N)
via the natural maps. The last part of the claim follows similarly from the exact sequence
0— (imy) ®g N - M @ N — (cokerp)) @g N — 0

and the isomorphism (coker 1)) @z N = coker(¢) @ N) above.

We can say more in the case of the cokernel.

Lemma 1.2.4. Suppose ¢ : M — N is a map of R-modules and P is an R-module. Then

the natural map (coker ) @ P — coker(¢ ®g P) is an isomorphism.
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Proof. Tensor products commute with colimits.

]

We will need an explicit description of continuous Z,-cohomology for certain nice mod-

ules.

Lemma 1.2.5. Suppose that I' is the additive topological group Z,, and write v for the
topological generator 1 € Z,. Let M be a continuous I'-module with the property that there
exist I'-invariant submodules M; for i € Zsy such that M; C M;_,, M = l&mZ M /M; with
the inverse limit topology, and each M/M; is a discrete p™-torsion module, meaning that
each m € M/M; is killed by a finite power of p. Then there is an isomorphism H'(T', M) =

coker(y —1: M — M).

Proof. 1t suffices to show that for any m € M, there is a continuous 1-cocycle ¢ : I' = M with
©(v) = m. The cocycle relation forces p(y*) = Zf;é v'm for k € Z-g. Since a continuous
¢ : ' = M is determined by ¢|z.,, we need only check that this has a continuous extension
to I'. In fact, we need only check that ¢|z_, : I' = M, has a continuous extension for each
1; these are automatically compatible and give ¢ : I' — M by the universal property. This

is proved in [51, Proposition 1.7.7].

1.2.2 Some results of Sen and Kisin

Fix a separable algebraic closure Qp of Q, and denote by C, its completion. For any finite

extension K C Qp of Qp, let Gk = Gal(Qp /K) be the absolute Galois group of K, and let

" (or X% if p=2)

by Hg, and write I'xy = G /Hg. Note that 'k is isomorphic to Z,. We define K, = QfK

Xk : Gg — Z; denote the cyclotomic character. Denote the kernel of XI;;
and K, = CHx,
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Let K/Q, and E/Q, be finite extensions such that E contains the normal closure of K.
Define ¥ = {0 : K — E} to be the set of embeddings of K in E. Let R be a Noetherian Ba-
nach algebra over E and let 2 be a free $R-module of finite rank equipped with a continuous
G k-action.

We denote the completed tensor product of Banach spaces or modules by &, and we
always require any map between topological algebras or modules to be continuous. In this
paper, rings are always commutative (except for endomorphism rings of modules) and coho-
mology is always continuous cohomology. We never regard a cohomology group H" (G, M)
for » > 1 as having a topology, even if it is possible to do so by virtue of it being a finitely
generated module over a Banach algebra. (But we do equip H°(G, M) with the subspace
topology when M is topological.)

Using the work of Sen [67, 68|, after a base change in K, Kisin relates the study of G-
cohomology of C,@ 9 to the action of a linear operator on a finite free module € over .
Kisin works under the hypothesis £ C K, but we have instead reformulated his results for
E containing the normal closure of K, and a choice of embedding ¢ : K — E. To deduce
the forms of his results given below, one sets Kisin’s £ to be K and regards the F-algebra
R as a K-algebra via the choice of o. In this paper, we will always fix o and regard R as a

K-algebra in this way. We also fix a choice of topological generator v € I'k.

Proposition 1.2.6 ([36, §2]). We have the following facts regarding the H-invariants of
C, &k M.

(a) After replacing E and K with sufficiently large finite Galois extensions, the IA(OOGA@K,USR-
module (Cp&x MUK is free with a basis e = {ei, ..., e,} such that the free R-module

& generated by e is stable by I'k.

(b) We may define a map ¢ € Endx € by ¢ = (logx(77")) ™! - log(7*" |¢) for any sufficiently

large integer r, where log(v*" |¢) is defined using the standard series expansion in 47" —1.
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(¢) Denote also by ¢ the extension of scalars to (C,@5 9% and call the characteristic
polynomial of ¢ on this module P,(T) € I?OO®K,USR[T]. Then in fact, we have P,(T) €
RI[T], even before increasing E and K. Moreover, this polynomial is canonically attached

to IN.

(d) The preceding constructions are all compatible with base change along a map of Noethe-
rian E-Banach algebras R — R’, without requiring a further extension of K. In partic-

ular, we have
Qfm/ = QE ®9’1‘ 9‘{/ and (CP®K’UW)HK®{R9%/ :> (Cp®K,U(9:n ®iﬁ m,))HKa

and these are equipped with the Sen operator pRQxMR’.

(e) If R = E' is a finite extension field of E, then ¢QnE' coincides with the Sen operator
of [66].

We check that the kernel and cokernel of the Sen operator calculate G'x-cohomology of

C, @k oM.

Proposition 1.2.7 ([36, Proposition 2.3]). Write
77/) =5 — 1: (CP®K7USJT)HK — (CP®KVUW)HK.

After replacing E and K with finite extensions, we have ker(v)) = ker(¢|e) and coker(¢) =
coker(¢|e). Moreover, if R — R’ is a map of Noetherian E-Banach algebras, the same is

true for R without a further extension of K.

Proof. In the proof of [36, Proposition 2.3], Kisin shows that after increasing K beyond that

used in Proposition 1.2.6 if necessary, the kernel and cokernel of ¢|g are equal, respectively,
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to the kernel and cokernel of v —1 on all of (C,&x ,9M)7% so we are left to check the change
of ring.
Kisin uses a construction by Tate of a topological isomorphism K s = K @ Xy such that

X is I'g-stable and 1 — v : Xy — X is an isomorphism [77]. We then find that
(Co&k MK 2 K Qg €= €D X, €.

Kisin shows that on the first factor, —1 = 1 — exp(log(x(7))®) = log(x(7))pG(¢), where
G(¢) € GL,(R) for sufficiently large K (which replaces v by 77"). A base change will not
alter this property.

On the second factor, Xo® ,€, Kisin rewrites the action of —1) =1 — v as

l—7@y=01-7)"01=7)+1)((1-7) 1),

and shows that if we replace K by a sufficiently large extension, the action of 1 — v is
topologically nilpotent on €. This calculation then implies that 1 —~ acts as an isomorphism
on Xo®k,€. For a ring extension of Noetherian E-Banach algebras, 1 — v will remain an

isomorphism, so there is no need to extend K further.

Corollary 1.2.8. For E and K sufficiently large, we have
HO(GK, CP®K’09,R) = ker(q§|@) CLTLd H1<GK, CP®K709JI) = coker(gzﬁ]@).

Proof. The first follows from Proposition 1.2.7. For the second, by Proposition 1.2.7, the
inflation-restriction exact sequence, and the vanishing H'(H, C,®x ,9M) = 0 [67, Proposi-
tion 2], we are reduced to checking that H'(T'x, (C,® ,9N) %) = coker(y—1). This follows

from Lemma 1.2.5.
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]

Remark 1.2.9. For the remainder of this paper, we always use ¢ for the map on €. We also
use ¢ only when K is large enough so that the conclusions of Proposition 1.2.6, Proposition
1.2.7, and Corollary 1.2.8 hold. However, we make use of P,(7T) more generally, since it is

defined as an element of R[T.

Let P,(T') € R[T] denote the Sen polynomial of 9.

Proposition 1.2.10 ([36, Proposition 2.3|). Fiz o € ¥. Then the R-modules

H(Gr, Cp®@k M) and H (G, CpRr o IN)

are finitely generated and killed by det(¢) = P,(0) € R.

1.2.3 C,-periods in families

Kisin [36, Proposition 2.4] considers a family with a single fixed Hodge-Tate-Sen weight 0 of
multiplicity 1, localizes to fix this multiplicity, and shows that the C,-periods form a finite
flat module of rank 1 that is compatible with base change. We generalize this result, though
we require an extra hypothesis on the family if the multiplicity is greater than 1: there exist
a dense set of specializations with m Hodge-Tate weights equal to 0. On the open set where
the weight 0 has fixed multiplicity m, we show that both the C,-periods and 1-cocycles
interpolate in a finite flat module and are compatible with base change.

In order to interpolate periods over F-Banach algebras that are possibly non-reduced,
we will need to define a robust version of density that generalizes Zariski density. For
specializations & : R — QR;, we want the map SR — [], JR; to be injective. When each fR; is
a finite field extension of F, this is Zariski density of {ker &;}. Limiting ourselves to this case

would force R to be reduced. However, when the R; are permitted to be local Artinian rings
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of finite E-dimension, the condition that 98 — [[. 9, is no longer stable under localization.

This motivates the following definition.

Definition 1.2.11. For a local Artinian algebra R with maximal ideal m, we define the
breadth of R, br(R) € Z>1, by br(R) = min{n : m"” = 0}. We say that a set {¢;} of special-
izations & : R — R; of a ring R to local Artinian rings R; is stably dense if R — [[. R; is

injective and {br(R;)} is bounded above.
The term “stable” is justified by the following observation.

Lemma 1.2.12. Suppose that {§;} is a stably dense set of specializations of the ring R to

local Artinian rings R;. Then for any f € R, the localizations {&; s} are stably dense in Ry.

Proof. Let m; be the maximal ideal of R;. Let f be an element of R, and suppose that
+r € ker(Ry — [[; Riy). Then a is also in the kernel. We have R;; = 0 if &(f) € m; and
Ry = R; if &(f) ¢ m;. Write [[, R = H{i:&(f)emi} R; x H{i:&(f)gmi} R;. Then the image
of a is 0 in the second factor, while the image of f is nilpotent in the first by the bounded
breadth condition. Therefore f’a = 0 for b = max {br(R;)}, so a = 0 € R;. The bounded

breadth condition remains satisfied, so we conclude that {¢; s} is stably dense.

We proceed to the proof of the main theorem of this section.

Theorem 1.2.13. Maintain the notation of Section 1.2.2. Fiz o € ¥. Suppose that P,(T) =
T"Q,(T). If m > 2, assume that there exist maps & : R — R; of Banach E-algebras for

1 € I, where R; is local Artinian of finite E-dimension, such that the following hold.
(i) For each i, dimp H°(Gg, C, QKo (M @x R;)) = mdimg R;.
(ii) For each i, the image of Q,(0) in R; is a unit.

(iii) The set {&;} is stably dense in fR.
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Then we have the following. We use subscripts to denote localization.
(a) Forr € {0,1}, the R, o) module H" (G, Cp&K ,IM)o, (o) is finite flat of rank m.

(b) For any map & : R — R’ of Noetherian E-Banach algebras, the cokernel and kernel of
the map H"(Gr, Cp@5 ,IM) @ R — H"(Gr, CpRk o (M @ R')) are killed by a power
of £(Q,(0)) if r =0, and vanish if r = 1.

Remark 1.2.14. Whenever we localize a ring R or Yi-module, we do so in the categories of

G

o, we always

rings and their modules, with no topology or norm structure. When we write (-)

mean the localization of (-)¢ at a.

Remark 1.2.15. The rings R; will usually be geometric points, or possibly thickened geometric

points of the form 9R/m".

To apply the results of Section 1.2.2, we will need the following.

Lemma 1.2.16. For a finite Galois extension E' of E, a profinite group G, an integer r > 0,

and a continuous E[G]-module M, we have a natural isomorphism

H'(G,M)®p E' S H' (G, M ®5 E'). (1.2)

For a finite Galois extension K' of K whose normal closure is contained in E, a fized

choice of extension o' : K' — E of o, and r € {0,1}, we have a natural isomorphism
H"(Gk,Cp@K M) = H (Ggr, CpRpr o IMN). (1.3)
Proof. Let C"'(G, M) denote the complex of continuous cochains. The natural map

~

C(G,M)®pE' S C(G,MegE)
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is an isomorphism since there is a topological isomorphism E' = E* for some k. The
isomorphism (1.2) follows from this and Lemma 1.2.3, using the flat E-module E’ for N.

By inflation-restriction and the vanishing of finite group cohomology in characteristic
0, we have for any finite Galois extension K’/K contained in F and r € {0,1} a natural
isomorphism

H' (G, Cp@rcoM) = H' (G, Cp@ o) S,

where Gal(K'/K) acts on both C, and 9.

For clarity, we write K’ for the field with its usual Gal(K’/K) action and K, for K’

triv

with the trivial action. We claim that for any o’ : K{;, — F extending o, we have

riv

Cr0xoR = G0k (KO, o R) = (Cp@ K ) O

tr

R CgT‘TEGal(K//K)}®Kérivyo_l%’
(1.4)
where the action of Gk on the right acts on each copy of C, as well as by permutation
via its quotient Gal(K’/K) on the factors, and acts trivially on 8. In particular, o sends
(¢r)r to (6(co-17))s. The last map is obtained from the Gx-equivariant map C,&x K/, —
ClTIeCAE IO} Qefined by ¢ ® k +— (c - 7(k)), (where 7(k) denotes the usual action of T

on k). It follows from independence of characters that if {k;} are a K-basis of K’ and

{r} = Gal(K'/K), the matrix (7;(k;));; is invertible, so this is an isomorphism. We deduce

HT(GK’, CP®K,UW)Gal(K'/K) ~ HT(GK’; C;T‘TEGal(K//K)}@)K/ o.lm)Gal(K,/K)

triv?

~ [HT(GK/, Cp®K’ olm){T\TEGal(K’/K)}]Gal(K’/K) ]

triv?

The second map is induced by the natural G'x-equivariant Banach space isomorphism

C})TEGaI(K//K)}@ngriV,a’m ~ (Cp®K§,iv,a’im){TEGal(K,/K)} (1.5)
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defined by sending (c;), ® m to (¢, ® m), and extending by continuity.

We construct an isomorphism
H" (G, Cp@xr . oM) = [H (Grer, Cpp o) TGl EO} Gal(K/K)

by mapping the cocycle 1 to (74),cqar’/k)- Combining the above, we obtain (1.3); we

write K’ on the right in that expression since there is no Gal(K’/K)-action. O

Proof of Theorem 1.2.13. We claim that may replace the pair K, F with any Galois exten-
sions K', E' such that E’ contains the normal closure of K’. More precisely, if we replace
R with R®g E', M with M g E', F with £, and K with K’ in Theorem 1.2.13, the old
conditions (i)-(iii) imply the new conditions and the new conclusions (a) and (b) imply the
original (a) and (b). In fact, for all these conditions and conclusions, the ability to swap K
for K’ and vice-versa follows immediately from (1.3), so we need only check the change in
L.

If we replace R; ® E' with the set of its local Artinian factors, the claims regarding E
and conditions (ii) and (iii) are clear. For (i), we apply Lemma 1.2.16 to calculate the new
E-dimension for the base change to R; ®g E’. We will obtain (i) for each local Artinian
factor by showing in Claim 1.2.17 below that no Artinian local R ®p E’-algebra R’ of
finite £’-dimension with unit image of Q,(0) can have dimg H°(Gk, C,®k » (9 @x R')) >
mdimg PR'. Note that will not make use of condition (i) before proving this claim.

Suppose that £’/ E is a finite Galois extension and M is a R-module. By Lemma 1.2.1.(b),
(M ®@p B /E) = M| where Gal(E'/E) acts only on E'. If M ®@p E' is finite flat (when
viewed as a R ®@g E’-module), it is finite flat over MR, and so by Lemma 1.2.1.(a), M is

finite flat over R as well. Moreover, we have rankw M = rankwg,m M ®g E'. We set
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M = HT<GKycp®K,Um)QJ(O)- By (12),

HT(GKv Cp®K709ﬁ)Qa(0) ®p B’ = (HT(GKv CP®K,09:R> KE E,)QU(O)

~ H" (G, Cp@ro(M @5 E))q.0)-

The reduction of Theorem 1.2.13.(a) from E to E’ follows.
For the reduction of Theorem 1.2.13.(b), we suppose a change of ring R — R’ is given,

and consider the exact sequence

0— kerw — HT<GK, CP®K70(9,R XE E/)) ®9‘i®EE’ (9{/ XRE El) (16)

B H (G, Co@ro (M @p B @nepr R @5 E')) — cokerth — 0.
For any JR-module P, there is a natural identification
(P®EE') Quepe (R @p L) =(PoxR) @ F, (1.7)
so by using this and (1.2) we may rewrite v as
(H"(Gk,CpRx M) @x R') ®p E' — H' (Gk, C,@k.,(Mex R)) ®p F'.
Take Gal(E'/E)-invariants of (1.6) and apply Lemma 1.2.1.(b) to obtain

, ¢Ga1(E//E)

0 — (ker )SE/E) 5 0™ (Gre, Co@roIM) @x R 7 — ' H' (G, Cp@r.o(M @p N))
(1.8)

— (coker 1)) SUEE) ¢,
By vanishing of cohomology in characteristic 0, the sequence remains exact. Finally, if a
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finite power of £(Q,(0)) kills ker ¢ and coker ¢, it kills their Gal(E’/E)-invariants.

Replace K and E by extensions so that we may use Proposition 1.2.6 and Corollary 1.2.8.
We have a map ¢ : € — € of finite free R-modules such that ker ¢ = H(Gf, C,@5 ,IN)
and coker ¢ & H' (G, C,&x ,MM). Moreover, the operator P,(¢) annihilates €.

By Lemma 1.2.2, there is a ¢q, )-compatible splitting

€q,(0) = ker(dg, () @ ker(Qo(dq,(0))); (1.9)

so both of these modules are finite flat over the (non-topological) ring Rq, (o).-

For any SR-module P and PR-algebra SR’, we have natural identifications
P, 0) @96, Ra.0) = P @0 Ro,0) @, Ro,0) = P 0 Re, o) (1.10)
In particular, for S8 in which @,(0) is a unit, we have
¢ R 9{/ = GQU(O) ®g{Qa(0> 9‘{' and ¢ Rn ER/ = (ng(O) ®9;Q0(0) 9{/. (111)

We will use this to switch between the specialization of the localized module (which allows
us to use its flatness) and the specialization of the original module (for which the properties

in Proposition 1.2.6 hold).

Claim 1.2.17. We have rankgy ker((¢ ®gn R')™) = m for any R-algebra R’ such that Q,(0)

15 a unit in R,

Proof. For each connected component of SpecRq, (o), fix one of the specializations :R; whose
spectrum maps to it and consider the further specialization & : R — E; to its residue field,
which is a finite extension of E. By Proposition 1.2.6.(e), the specialization ¢ ®g F; is

the classical Sen operator, and has Sen polynomial &/(P,(T)) € E;[T]. By condition (ii),
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&(P,(T)) has aroot of order exactly m at 0. Therefore the generalized eigenspace of ¢ @x E;
with eigenvalue 0 has dimension exactly equal to m, so dimg, ker((¢ ®x E;)™) = m. By
Lemma 1.2.2, coker(gbgo(o)) is flat. Applying Lemma 1.2.3 to the base change 95,0 D%, )
E; = ¢m ®@n F; of gbg‘a ) for the chosen E; in each connected component of SpecRq, o), we
find ranks,, , ker(¢p o)) = dimg, ker((¢ ®x £;)™) = m. We apply Lemma 1.2.3 again with

M = €q,(0), ¢ =95, (0)» and N = R’ to obtain the claim.

Claim 1.2.18. The inclusion ker(¢q, (o)) C ker(ég, ) @s an equality.

Proof. This is tautological if m = 1, so assume m > 2. Let N = ker(<bga(0)) and let
N' = ker(¢g,)) By ¢q,-equivariance of (1.9), we obtain a map ¢y : N — N by
restricting ¢g, ) to N. Moreover, we have N’ = ker ¢, since ¢80(0)|ker(Qa(¢Qg<o))) is an

isomorphism by Lemma 1.2.2 and therefore ¢g_ (0)|ker(q, ( ) is one as well.

$Q0 (0))
Since N is a locally free Rg, o)-module, we can pick fi,..., f, € Rg, (o) such that the
Zariski opens Spec Rq, (o), cover Spec Rq, (o) and Ny, is free for each j. Write ¢y, = (On) ;-

Then ¢ Ny, can be written as an n x n matrix over Rq, (o)s;- Let m; be the maximal ideal of

M, and let [; = {i : &(f;) ¢ m;}. Fix j and ¢ € I;. We have identifications

ker(¢ ®x R;) = ker(dq,(0) @ng, o, Ri) = ker(dq, o) @y, (o %i|ker(¢80(0)®ng(o)mi))

= ker(nga(o) QRe. (o) %i|(ker¢8g(0>)®mQa(o)%i) = ker(¢Qa(0)|ker(¢$0(o>) O%Rq, 0 %9
(1.12)

where we use (1.11) for the first identification, Lemma 1.2.3 with M = €g_(0), ¢ = ¢q, (0)
and N = fR; for the third, the fact that ¢q_ () is an isomorphism on the second factor of the

$q, (0)-compatible splitting (1.9) for the fourth, and (1.10) for the sixth.
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By Proposition 1.2.6 and Corollary 1.2.8, ker(¢ ®@x R;) = H°(Gk, C,Qx., (9 @x R;)).
We have ker(¢ @x R;) C ker((¢ ®x 2R;)™), and the latter has dimension exactly m dimg R;
by Claim 1.2.17. By condition (i) above, we must have ker(¢ @ R;) = ker((¢ @ R;)™), so
by (1.12) the specialization of ¢y ;, to 9 vanishes.

By Lemma 1.2.12, there is an injection Rq,0)5, — [[;c;. R We deduce that ¢ij =0

S

for each 7 and thus that ¢ = 0.

We therefore have &g (o) = ker(ég, ) @ ker(Qs(0g, (0))) and, using Lemma 1.2.2,

im(dq, () = im(¢g, o) = ker(Qo(¢q,(0))-

We deduce that ker(¢g, o)) = coker(¢q,)) and obtain Theorem 1.2.13.(a) from Claims
1.2.17 and 1.2.18.
For Theorem 1.2.13.(b), we observe that if /& — 9’ is a map of Noetherian E-Banach

algebras, Proposition 1.2.6.(d) and Corollary 1.2.8 imply that
ker(qﬁ@miﬁ’) = HO(GK, CP®K7U(M®9{%/>) and COkGI‘((ﬁ@mm/) = HI(GK, CP®K’U(W®9Q%/)).

The r = 1 case of Theorem 1.2.13.(b) follows from Lemma 1.2.4, so we are left to check the
r = 0 case.
Using Theorem 1.2.13.(a) with Lemma 1.2.3 for ¢ = ¢q, o) and N = R, ), we have a

natural isomorphism

ker((bQo(O)) ®9ng(0) %/QJ(O) = ker(¢Qa(0) ®9'{Q(,(o) E)%20(0))' (1'13>

33



Using Lemma 1.2.3 with the flat R-module N = Rq, (o), we obtain a natural isomorphism

ker(0)q, 0) @, ) R, 0) — ker(¢Q,0) @0 R, 0): (1.14)

Composing (1.13) and (1.14) and reasoning as in (1.10), we obtain
ker(¢) ®n Ry, ) — ker(d @n Ry, (0))- (1.15)

Using Lemma 1.2.3 again with ¢ = ¢ @x R and N = R, , on the right-hand side of (1.15),

we have a natural isomorphism

ker(gzﬁ Rn 9{’)@0(0) =5 ker(gb R SR/QU(O))' (1.16)

The composition of (1.15) with the inverse of (1.16) gives Theorem 1.2.13.(b) for » = 0 by

the finite generation in Proposition 1.2.10.

1.2.4 Bounded de Rham periods

After localizing the modules (B, /t*Biz®x 9% and (C,@x,M)“" to disallow all in-
tegral Hodge-Tate-Sen weights up to £ — 1, and also localizing to force multiplicity 1 at
weight 0, Kisin [36, Proposition 2.5 and Corollary 2.6] proves an isomorphism between these
modules, which reduces a rank 1 de Rham version of Theorem 1.2.13 to the Hodge-Tate case.
This is possible only in families with a unique fixed Hodge-Tate-Sen weight of multiplicity 1.
Our results will require a dense set of points with de Rham periods for the fixed Hodge-Tate
weights.

Let B be equipped with its canonical topology, and let ¢ € B, denote the usual choice

of uniformizer. Fix a positive integer n, an element o € 3, and a multiset {w; ,,..., Wy}
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of nonnegative integers. We require that the Sen polynomial of 9 factors as P,(T) =
S (T)Qo(T), where So(T) = [[=(T + w;,) € Z[T] and Q,(T) is arbitrary. Define Q, 5 =
Hf;é Q,-(—7). Notice that localization at ), fixes the multiplicity of each integral Hodge-

Tate-Sen weight in the interval [0,k — 1].

Theorem 1.2.19. Fiz a positive integer k and let d, = # {w;,|w;, < k}. Suppose that
there ewists a collection {&;},.; of maps & : R — R; of E-Banach algebras, where R; is local

Artinian of finite dimension over E, satisfying the following properties.
(i) Forie I, dimp H'(Gg, Bix/t"*Bix ®K.o (M @x R;)) = dp dimp R;.
(ii) Fori e I, the image of Qo in Ry is a unit.
(iii) The collection {&;} is stably dense in R.
Then we have the following.
(a) Forr e {0,1}, the R, ,-module H (G, Bip /t*Biz @k oM)q, , is finite flat of rank dj,.
(b) For any map & : R — R’ of Noetherian E-Banach algebras, the cokernel and kernel of
the map

H"(Gg, Bjp /" Bin@k.oM) @ R — H"(Gk, Bip /t"Bir @Kk (M ox R))  (1.17)

are killed by a power of £(Qq ) for r € {0,1}.

Proof. We prove Theorem 1.2.19.(a) and (b) by induction on k; we will also need the k case

of (a) to prove the k case of (b). If £k = 1, the results follow from Theorem 1.2.13.

Claim 1.2.20. We have H'(Hg, By /t* Bz ®x ,90) = 0.
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Proof. This follows from the result of Sen [67, Proposition 2] mentioned in Corollary 1.2.8

and induction using the exact sequence
0= Cp(k — 1)@k M — Bin /" Bin@k.oM — Bl /tF ' B &Kk .9 — 0. (1.18)

]

Remark 1.2.21. We record for future reference that a continuous additive section to the

surjection in the exact sequence (1.18) exists by [30, Remark 3.2].

Fix a topological generator v € I'x. The diagram

0= (Cplk — D@k, M) = (Bl /t* B Ok oIM) K = (BIp /1" B Ok o IM) K =0
o o i

0— (Cpuf - 1)®K,am>HK - (BJR/thIR(}E’K,am)HK - (BJR/tk_chJ{R@K,om)HK -0

has exact rows by the vanishing of H!(Hy, C,(k—1)®f ,9). By inflation-restriction, Claim
1.2.20, and Lemma 1.2.5, the exact sequence associated to the above diagram using the snake

lemma is

0= (Cplk — D@k ,IM)E — (Bl /t" Bir®r ., M) (1.19)
— (Bip/t" ' B @k oMK B HY (G, Cy(k — 1)@ ,M)

— HY Gy, BIz /" Bir®r oM) — H (G, Bjr /" ' BIz®k ,M) — 0.

Claim 1.2.22. The map vq,, s 0.

Proof. Consider the 6-term exact sequence associated to

0 = Cp(k—1)®k »(MRRR;) — Bin/t" Bir @0 (M@0R:) — Bir/t" ' Bii @ . (M@xR:) — 0
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by the method that produced (1.19). Dimension counting over E using condition (i) above,
(Bin/t"Bin @k (M @n R:)S — (Bip/t" ' Big k.0 (M @n Ry))S
is surjective, so
(Bin/t" ' Bl ®x.0 (M @0 R))O% X HY (G, Cplh — 1) @ (M @ R))

is the 0 map.

The commutative diagram

R YQ
_ G o,k
(Bir/t" ' Bir®@x MK,

(Bin /t* 1 Bia @k M) x @p R; HY Gk, Cplk — 1)@k , M) @n Ri
) )

(Bir/t" ' Biz @Ko (M @5 R;))CK s H'(Gk,Cu(k — 1) @k, (M @x Ri))

HY(Gk,Cpk — 1)Qk,eM)q, ,

g,

has the marked downward isomorphisms by the inductive hypothesis and Theorem 1.2.13.(b).
By Theorem 1.2.13.(a), the Rq, -module H' (G, Cy(k —1)®k M)q, , is locally free, so we
may pick elements f; € Rq_, such that H (G, Cy(k — 1)@k M)g, s, is free for each j,
and such that the SpecRq, s, cover SpecRq,, .

Let i be such that f; ¢ m;, where m; denotes the maximal ideal of fR;. Looking at the dia-
gram localized at f; (which only affects the top row), the image of ¢y, , lies in the submod-
ule ker &+ H' (G, Cp(k—1)®k M), - By Lemma 1.2.12, there is an injection R, , 5, —
[Liis,¢miy Ri- By this and freeness, (N ; gmy ker & - H (G, Cy(k — D&k M)y0,, =0, so

Y10, =0 for all j and thus @mek =0.
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From the claim, we have exact sequences

0= (Cplk = DBk M)GE, = (Bl /t" Bir®roM)GE, (1.20)
= (Bip/t" ' Bip®r M)GE, — 0
and 0 — H'(Gg,Cylk — 1)®k,M)q,, — H' (Gk, Biy /" Bin®r,.M)o, , (1.21)

— H' (G, Big /t' ' Blh®k .M)g, , — 0.

The k case of Theorem 1.2.19.(a) follows immediately from these, Theorem 1.2.13.(a), and
the inductive hypothesis.

For Theorem 1.2.19.(b), we begin by observing that by Proposition 1.2.10, the fact that
R is Noetherian, and induction using (1.18), both sides of (1.17) are finitely generated, so it
suffices to prove that (1.17) becomes an isomorphism after localization at £(Q,.x)-

We have a natural map between 6-term complexes of finitely generated SR-modules

0= (Cplk — DRk ,IM)E @x R — (Bip/t* Bir @k oM)CF @0 R (1.22)
s (Bip /' Bl ®rc M) @0 R B HY (G, Cplk — 1)&0M) @ N

— HY(Gr, Bl /t" Bjn® K »IM) @3 R — H' (G, Bip /" ' Bir @K M) @1 R — 0
and

0= (Cplk — D&k (M @x R)) K — (Bfp/t* B @k .0 (M @53 R')) (1.23)
— (Bl /1" ' Bli® o (M @ )% B HY (G, Cplk — 1)k o (M @3 R))

— HY(Gr, By /t" Blo®k o (M @5 R)) = H (G, Bip/t" ' Bir @ .o (M @5 R')) — 0,

where the second complex is exact. Localizing at @, and applying part (a) and (1.10),

the first complex becomes exact as well, and by Claim 1.2.22, the map ¢y q_, is 0. By the
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inductive hypothesis, the first, third, fourth, and sixth downward maps are isomorphisms.

It follows that 5 q , = 0, and by the 5-lemma, we obtain (1.17).

1.2.5 Geometric specializations

We can improve Theorem 1.2.19.(b). The key step is to show that the formation of the
cohomology group H' (G, Bip /t"Biz®Kk,OM) is compatible with finite base change. We

need the following lemma.

Lemma 1.2.23. Maintain the notation of Section 1.2.2. If R is an Artinian E-Banach

algebra of finite dimension over E, then for any k,
dimg H* (G, Bir/t"Biz @Ko M) = dimg H' (G, Bz /t" Biz @k, M). (1.24)

Proof. If k = 1, using Lemma 1.2.16, we may replace E, K with finite Galois extensions
E', K’ so that Corollary 1.2.8 holds and deduce the original result. After doing so, we have
H(Gk,C, @k o M) = ker ¢ and H'(Gg,C, Rk, M) = coker ¢ for a map ¢ : € — € of
finite dimensional E-vector spaces. Lemma 1.2.3 implies that dimg ker ¢ = dimg coker ¢ as
needed. We obtain (1.24) by induction on k using (1.19) and dimension counting over E.

O
In the remainder of this section, we will always assume that R is an affinoid E-algebra.

Lemma 1.2.24. Maintain the notation of Section 1.2.2, and assume that R is E-affinoid.

For any finite R-module N, the tensor product (C,@x ,IN) % @i N is already complete.

Proof. By Proposition 1.2.6, if E and K are sufficiently large, (C,®x )% is a finite

IA(OO®K709%—module. We claim that the same holds for the original £ and K. Using (1.2)
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and Lemma 1.2.1.(a), one sees that finiteness holds over the original F if it holds over an
extension F'.

Assume that K’ is a Galois extension of K and ¢’ : K/ — FE extends 0. Observe that
C,QK M CJ{DT‘TEG&I(K//K)}@)KéﬁV,U/Q)T by (1.4), where the action of Hgs on the right is
trivial on the 7, so

(C,& e MK 2 ((C g, 9 it i/ it o2 ((Q {TITEGAI KD} gy,

triv?

lm)HK/>HK/HK/
(1.25)

= (((Cp®K’ ,i)ﬁ)HK/){T\TEGal(K’/K)})HK/HK,
triv’a .

One may similarly identify I?OO®KJ§R with ((f?éo®K{riv,o’%){T‘TEGaI(KI/K)})HK/HK'- It now
follows from the finiteness of (C,® Kériwo-/m)HK/ over K I ® k.. oA and thus finiteness (by
Lemma 1.2.1.(a)) of ((Cp®y; o) ) {rIreCall/) gyer Koo®r oM that (CpR ,I0)Hx
is a finite [A(oo@) Ko R-module.

We have a presentation R" SRm 9 0, Writing ¢ = (C,®x M) 7% Qg 1y, the
morphism ((C,® ,M)Hx)" LN ((C, &k, M)Hx)m s strict, since it is a K@ R-lincar
homomorphism of finite lA(oo® K oR-modules, where the ring [A(oo@) Ko is Noetherian since

R is affinoid [8, Proposition 3.7.3/5 and Corollary 6.1.1/9].

By right-exactness of the tensor product, the top row of the diagram

((Cpore M) 2 ((Cpoe e M) i)™ = (Cpfo e M) 233 N0

i A Il |

(Cp® oMY 2 ((Cpo oI )™ — (C, & o IM) i @y — 0

is exact. We just checked that the first map of the top row is strict, and the second is strict
by [8, Proposition 2.1.8/6]. The bottom row is exact by [8, Corollary 1.1.9/6], giving the

needed isomorphism by the 5-lemma.
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We use this to prove a base change result for Hg-invariants.

Lemma 1.2.25. Maintain the notation of Section 1.2.2, and assume that R is E-affinoid.
Let R’ be a finite R-algebra. We have a natural T i -equivariant isomorphism of topological

R -modules
(B:{R/th:er@K,om)HK K R — (BchrR/thchrR(gK,U(m K m/))HK~ (126)

Proof. By using the analysis of (1.6) in the proof of Theorem 1.2.13 with G’k replaced by Hy

and r = 0, we can replace E by any finite Galois extension and deduce the original result.
We may therefore replace K by a sufficiently large finite Galois extension K’, equipped

with an extension of o to ¢’ : K/ — FE, so that Proposition 1.2.6 holds. By Proposition

1.2.6.(d), we have an isomorphism
(Cp®Kériv70/9ﬁ)HK' ®mm/ 5 (Cp®Kériv7g,(m R %’))HK’.

Using Lemma 1.2.24, we can replace the left hand side by (C,& KériV,U/Dﬁ)HK " Rx R, We take

a direct sum over 7 € Gal(K’/K) to obtain a Gk-equivariant isomorphism
((Cp®Kériv,0/m)HK/ Ron %/){TGG&I(K’/K)} 5 ((Cp®Kériv’J/ (ﬂﬁ Qn m/»H;«){TGGal(K'/K)}‘ (127)

We define a G g-equivariant isomorphism

~

((Cp®K’ U/m)HK/){TEGal(K’/K)} R R ((Cp®K’A U/m)HK/ Qn %/){TEGal(K’/K)} (128)

triv? triv?

as in (L5). By (1.25), (CpRk IMM)"x = (((Cy: o)t )rireGallk! /K ) Hic/Hier - e

finish the descent to K using Lemma 1.2.1.(b) on the Hy /H . invariants of the composition
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of (1.27) and (1.28).

Let Hj denote the intersection of Hx with the kernel of the cyclotomic character and
write Ll = (B:R)H}( . For general k, there is a construction (after replacing K with a suffi-
ciently large finite Galois extension, which in the notation of [5, Lemma 4.3.1] corresponds
to taking L and n sufficiently large) of a finite free module D, (9M) over K[[t]]|@x MR such

that

(D () QK&K B:R®K,am)H}( = Dj(MM) QK&K o R (Lir®k.oR)

Here the first equality uses the fact that D3 (90) is free and has no Hj; action to move
the Hj; invariants to B ®x .0 and a standard Schauder basis argument (c.f. [34, Lemma
2.6]) to move the H} invariants onto Bjz. For simplicity, we have dropped the n from the

notation of [5, Lemma 4.3.1] and substituted K for L,. In particular, (Bjg /t* Biz ®x ,9N) &

is identified with
D (9M) /t* D, (9m) O Koo [t]/ () .0 % (L /t" L&k oR).

The construction of D.(90) is compatible with base change along any morphism R — R’ of
affinoid algebras with respect to taking completed tensor products (as follows, for instance,

from [34, Theorem 3.11.(4)]). We obtain an isomorphism
(Bir/t" Bin®r.oM) T @R — (Bfp /1" Bz @0 (M @ R)) i, (1.29)

which by descent arguments as before holds for the original K and Hp.

We now show that (1.26) is an isomorphism by induction on k. Consider the natural
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morphism of complexes between

0= (Cplk — DRk M) @x R — (Bli/t" Bl @ o M) 5 @0 R
— (Bip/t" ' Bir @k M) @1 R — 0
and 0 — (C,(k — 1)@k, (M @0 R)) X — (Bl /t" Bir@ k.o (M @1 R)) 5

— (Bip/t" ' Bl @ k.o (M @x R)) 5 — 0.

The first row is right exact and the second is left exact by Claim 1.2.20 and right-exactness
of the tensor product, and the outer maps are isomorphisms by the inductive hypothesis and
k = 1 case above. The middle map is an algebraic isomorphism by the 5-lemma. By the
universal property of completion, the middle map factors through the isomorphism (1.29).
Since the map from a space to its completion is homeomorphic onto its image, the map
(1.26) is also a topological isomorphism.

O

We get the de Rham case of Lemma 1.2.24 as a corollary. We use these to obtain a base

change result for cohomology.

Proposition 1.2.26. Maintain the notation of Section 1.2.2, and assume that R is E-

affinoid. Let R’ be a finite R-algebra. The natural map

HY (G, Big/t* Blr @k o) @ R — HY (G, BIp/t* Bir @5 o (M @5 R)) (1.30)

is an isomorphism of (non-topological) R-modules.

Proof. Write ¢ = v — 1 : (Biz/t"Biz @k, M5 — (Bl /t"Biz &Kk, M) 5. We have a

natural isomorphism coker(z)) ®@x R’ = coker() @x R') by Lemma 1.2.4. The 9R'-module

43



isomorphism

(B;R/thﬁLR@’K,am)HK On R = (B:R/th:fR@K,o(m ®n R))HE

of Lemma 1.2.25 takes 1 to the natural action of v — 1 on the right hand side. Using the
inflation-restriction exact sequence, Lemma 1.2.5, and Claim 1.2.20, we obtain (1.30) from

the isomorphisms

coker(1)) @x R =2 H' (G, Biz /1" Blz®@ Kk » M) @ R’

and  coker(¢ @x R') = H'(Gk, Bir /t" Bir@r.. (9 @0 R)).

We obtain de Rham periods at all geometric specializations.

Theorem 1.2.27. Maintain the notation and hypotheses of Theorem 1.2.19 and assume that
either k = 1 or R is E-affinoid. If £ : R — E’ is a specialization to a finite field extension

of E, then we have dimg H" (G, Bl /t" Biz ® k.o (M @x E')) > dy. for r € {0,1}.

Proof. Let m = ker{ and p € m be a minimal prime. By Proposition 1.2.26 (or Theorem

1.2.13.(b) if k£ = 1), we have identifications

HY (G, Bjp /t" Bix @ oM) @1 R/p = H' (G, Bix/t* Bir®x .MM/pMM) (1.31)

and H'(Gg, Bii/t" Bl®@K . IM/pM) @n/p B = H (G, Bix /t" Bix®K .. (M @5 E')).
(1.32)

Picking f in every minimal prime of R except p, we obtain injections R/p — R; —
[T f¢my P by condition (iii) of Theorem 1.2.19. By condition (i) of Theorem 1.2.19, the

image of @, in R/p is nonzero, so H* (G, B;R/thiR(ﬁéK,Uﬁﬁ/pmt)Qm is finite flat of rank
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dy by Theorem 1.2.19.(a), (1.10), and (1.31). Let L = Frac(:/p) = Frac((R/p)m/p)- It
follows that

dimy H' (G, Big /t" Bir @ k.o M/ pM)mp @00, 0 L = dic-

m/p

By Nakayama’s lemma, H'(G g, Biy /t* Bix @1 oM /pMN)w/p can be generated by
dimp H' (G, Big /t" Biz®x oM /pIN) Qo B’

elements, so this dimension must be at least dj, giving the desired bound for » = 1 by (1.32).

Lemma 1.2.23 implies the r = 0 case.

1.2.6 Unbounded periods

To pass from bounded to unbounded de Rham periods, we will use exact sequences ex-
changing projective limits with cohomology. Proposition 1.2.28 has the appearance of [51,
Theorem 2.7.5], but their result makes a profiniteness assumption on the module. We instead
consider a module M that is the projective limit of topological modules M/M; such that
the transition maps M/M; — M/M,_; have continuous topological sections. The category
of topological abelian groups is not abelian, so we cannot use the spectral sequence for a
composition of functors as they do. We instead work with the groups of cochains, cocycles,

and coboundaries “by hand” to obtain a similar result.

Proposition 1.2.28. Let G be a profinite group. Let M be a continuous G-module, and
suppose that there exist G-submodules M; C M such that M = an M/M; as topological

G-modules, and such that there ezist continuous sections M /M; 1 — M/M;. Then forn > 1
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there exists an exact sequence
0— r&an“—l(G, M/M;) — H™(G, M) — lim H"(G, M /M;) — 0. (1.33)

Remark 1.2.29. Note that Bjz = lglk Bii/t"Bir, where the left-hand side has the inverse
limit topology [31, Remark 1.1]. As mentioned in Remark 1.2.21, sections to the transition
maps exist. We will primarily use Proposition 1.2.28 to pass from modules over B(‘IR th(‘fR

to modules over B;R.

Proof of Proposition 1.2.28. We first note that there exists an exact sequence
0= (2" 4G, M/M,)); — (C" (G, M/M,)); % (B™(G, M/M,)); — 0 (1.34)

of projective systems of abelian groups. Here Z"!,C"! and B™ denote the usual groups
of continuous cocycles, cochains, and coboundaries. By the hypothesis that continuous
sections exist, the transition maps of the middle term and therefore (by commutativity) the
last term are surjective, so they satisfy the Mittag-Leffler condition. Moreover, it follows

from the definition of the cochains and cocycles that
@C”(G, M/M;) = C"(G, M) and @Z”(G, M/M;) =Z"(G, M). (1.35)
Passing to the limit in (1.34) and using (1.35) to simplify the expressions, we obtain
0— 274G, M) = C" (G, M) % lim B"(G, M/M;) = lim' 2" (G, M/M;) = 0,

where the 0 on the right is by the Mittag-Leffler property of (C"~Y(G, M/M;));. If we define
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(C/zZ)y~1G,M)=C"YG,M)/Z" (G, M), we deduce an isomorphism
(lim B"(G, M/M))/d((C/2)" (G, M)) = 1im' Z" (G, M/M;). (1.36)
By (1.35), the limit of the exact sequence
0— (B"(G,M/M,;)); — (Z"(G,M/M,)); — (H"(G,M/M;)); = 0 (1.37)
of projective systems of abelian groups is
0— @B”(G, M/M;) — Z"(G, M) — @(H”(G, M/M,)); — 0,

where we have used the surjectivity of the transition maps of (B"(G, M/M;)); to see that

the last term vanishes. We obtain an exact sequence

0 — (lim B™(G, M/M;))/d((C/2)" (G, M)) — Z"(G, M) /d((C/Z)" (G, M)

which can be rewritten by (1.36) and the definition of cohomology as
0 — lim'Z" (G, M/M;) — H"(G, M) — lim H"(G, M/M;); — 0.

By [51, Proposition 2.7.4], the (not very) long exact sequence of (1.37) for n — 1 in place
of n gives an isomorphism @3 Z" NG, M/M;) = @J H" Y@, M/M;), which yields (1.33)
above.

[]

Remark 1.2.30. In this paper, we equip Bgqgr with the locally convex final topology as the
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strict inductive limit of its K-locally convex subspaces t* B, [63, §1.5.E2]. By definition, the
topology on Bgg is induced by the seminorms Bgg — R with continuous restriction to each
t*BI;. (Also see the equivalent definitions in [55, Theorem 11.1.1].) With respect to this
topology, Bgr is K-locally convex, complete (with respect to Cauchy nets), bornological,
barrelled, and Hausdorff (63, Proposition 5.5.(ii), §6, and Lemma 7.9]. Moreover, t* B, is
closed in Byr and inherits its original topology from that of Bgr [63, Proposition 5.5.(i) and
(iii)]. It follows from the definition that the Gx-action is continuous. Although the t*Bj;
are Fréchet spaces, this topology on Bgg is likely not metrizable; see the discussion in [55,
§11.2].

We always use 2l @ B to denote the inductive tensor product of two locally convex K-
vector spaces, which is induced by those seminorms p : J ® x B — R such that the induced
map 2 x B — R is separately continuous, i.e. continuous when restricted to {a} x 9B or
A x {b} for any a € A or b € B. It follows from the definition of this topology and the
universal property of completion that if 2 and B are equipped with continuous actions of
G, then A @ B and AR B are as well [63, Proposition 7.5].

Note that since t*Bj, is a Fréchet space, by [63, Proposition 17.6] the inductive and

projective topologies coincide on t* B, @ 9 for any K-Banach (or even Fréchet) space 9.

We use the following observation to work with ordinary tensor products in several of the

results that follow.

Lemma 1.2.31. Maintain the notation of Section 1.2.2, and suppose that R is Artinian of
finite dimension over E. For B € { Bar, t" By, t! Biy /t'Biy }, where k < { € Z, the natural

map B Qo M — B®K7aim s an isomorphism.

Proof. Fix a K-basis {m;} of the finite dimensional K-vector space 9. Note that B is a
complete Hausdorff locally convex K-vector space. Then by [63, Lemma 5.2.(ii)], the usual

product topology on B Qg , M = @,,, B is also the locally convex direct sum topology. By
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(63, Lemma 7.8], ®,,, B is complete and Hausdorff.

We will need the following fact.

Lemma 1.2.32. Let K be a finite extension of Q,. Suppose that U is a strict inductive
limit of locally convex K -vector spaces 2U; for i € Z>y and B is any locally convex K -vector
space. Then the natural map @l(ﬂz Rk B) — ARk B, where the left-hand side has the

locally convex final topology, is an isomorphism of locally convex K -vector spaces.

Proof. Note that the map is an isomorphism of K-vector spaces, so we need only check that
it is a homeomorphism.

The topology on @z(%z Rk B) is defined by all seminorms p such that the composite
map A; Vg B — ARk B — R is continuous for all 7. By definition of the inductive
topology, this holds if and only if for each i € Z>(, a € 2;, and b € *B, the composite maps
{a} xB - A, R B — R and A; x {b} - A; ®x B — R are continuous.

The topology of A ®x B is defined by those seminorms p such that for any a € 2 and
b € B, the induced maps {a} x B — R and A x {b} — R are continuous. By definition, the
latter is equivalent to saying that for each b € B and i € Z>, the induced map 2; x {b} - R
is continuous, which matches the second condition on p for h_ngll(QlZ ®k B). For every i and
a’ € ; mapping to a, there are maps {a’} x B — {a} x B 5 R, where the first map is a
homeomorphism. In particular, the composite map is continuous if and only if the second
map is continuous.

Since p needs to satisfy the same conditions for continuity in either case, we deduce that

the topologies are the same.

]

As a consequence, we can identify the topology on Bar®x 9 with a strict inductive

limit topology.
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Lemma 1.2.33. Maintain the notation of Section 1.2.2. There is a natural isomorphism
of locally conver K -vector spaces I'Lmk(thiR®Kﬂim) 5 BdR®K,09ﬁ. Moreover, the limit is

strict with closed subspaces thIR®K,Uﬂﬁ.

Proof. The inclusion t*Bj; @k, M — " 1Bl ®x, M is strict by [63, Corollary 17.5.(ii)
and Proposition 17.6]. We obtain strict injections t*"'Bj; ®x, M — t" 1 Bi &k , MM and
tF 1B @k oM — tF "1 B @k .M from two applications of [63, Proposition 7.5]. The image
of the latter map is closed [63, Remark 7.1.(v)]. The second claim now follows from [63,
Proposition 5.5.(iii)].

By Lemma 1.2.32, there is a natural isomorphism (T&lk(thJR Qo M) = Bir®@ M
of locally convex K-vector spaces, where A denotes completion. By the universal property,
we have a continuous map T&nk(th:{R QKo M) — T&nk(thJR@)K,aim). Since the range is
complete and Hausdorff by [63, Proposition 5.5.(ii) and Lemma 7.9], this uniquely extends to
a continuous map 1 : (@k(th;R QKo M) — @nk(th;R@éK,gm) by [63, Lemma 7.3]. For
each k, we have a map t* Bf; ®x , 9 — (ﬁlk(thiR@K,a o))", where the image is Hausdorff
and complete, so this extends to a map t* Bi; @, — (@k(thjR R M))". Using the
universal property again, we obtain a continuous inverse to 1. The needed isomorphism

follows.

To calculate higher cohomology of Bggr, we will use the following observation.

Lemma 1.2.34. Maintain the notation of Section 1.2.2. For r > 0, the natural maps

th:{R®K709ﬁ — BdR®K’J§)ﬁ mduce an isomorphism
hg HT(GK7 thiR(gK,o'mt) — HT(GK7 BdR®K,Um)
k

Proof. We claim that every continuous map v : G% — Bar®x ,9 has image contained in

tk BT, for some k. Both injectivity and surjectivity will follow from this.
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A bounded subset of a locally convex K-vector space V' is one such that for any open
lattice L C V, there is a € K such that B C aL. Any finite set is bounded [63, §1.4]. It
follows that for any open lattice L, each point of ¢(G% ) is contained in some aL. Since
(G ) is compact, it is contained in a single aL, so (G ) is bounded.

By Lemma 1.2.33, the completed tensor product Byr® Ko is the strict inductive limit
of its closed subspaces t* Bi; @ ,9. The result now follows from [63, Proposition 5.6], which

shows that any bounded subset of Byr® Ko is contained in some th;R® KoM

We can deduce the following result.

Proposition 1.2.35. Maintain the notation of Section 1.2.2. If R is an Artinian E-Banach
algebra of finite dimension over E, then for { < k € Z and B € {BdR,th:{R,thgR/téBgrR

we have

dimp H(Gy, B @k, M) = dimp H' (Gk, B @k, MN). (1.38)

Writing d(B) for this common dimension, we have inequalities

d(Bar) > d(t*Bj,) > d(t* Bl /t'Biy). (1.39)

The first is an equality if k is sufficiently small, as is the second if € is sufficiently large.

Proof. Using Lemma 1.2.31, we may work with ordinary tensor products. Let x(9R) denote
the residue field. The image of P,(T") in x(2R)[T] has finitely many roots. For j sufficiently

large or small, we deduce from Proposition 1.2.10 that for r € {0, 1}, we have

dlmE HT(GK, Cp<]) ®K,a ?)ﬁ) = 0. (140)
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For k < ¢, we have exact sequences

0— C,(¢) —» t* B/t Bz — t*Biz /t'Biz — 0, (1.41)
0 — t*Bio/t'Biy — t" "B /t'Biz — C,(k—1) =0 (1.42)
and 0— t"Bl, =" 'Bf, — C,(k—1) — 0. (1.43)

For k sufficiently small in (1.45) and (1.46) and ¢ sufficiently large in (1.44), the natural

maps

H" (G, t"Bin /1™ Bis @Ko M) — H (G, t" Bl /t'Biz @Ko M), (1.44)
H" (G, t*Bii /t'Big ®Kk.0 M) — H' (G, t" ' Bl /t'Bii @0 M), (1.45)
and H"(Gg,t*Bly @k, M) — H (G, t" ' Bz @x.0 M) (1.46)

are isomorphisms for » € {0,1} by (1.40) and, for (1.44) and r = 1, the existence of a
continuous section from Remark 1.2.21.

Now suppose k < ¢ € Z are given. By Lemma 1.2.23,

dimg H(G g, Bir /t'Big @0 M) = dimp HY (G, Biz/t'Bix @1, M).

We induct using the 6-term exact sequence similar to (1.19) obtained from (1.42) to find

dimg H(G g, t* B /t' Biz @k o M) = dimpg HY (G, " Bl /t'Bix @1, M).

This is (1.38) for B = t* B, /t* Bi;.
Fix ¢ large enough so that (1.40) holds for all j > ¢. Also note that by right-exactness
of the tensor product, t* Bi, /t'Bix Q.o M = (t* B @k, M) /(' Bz @k, M). Using the

isomorphisms (1.44) with both » = 0 and r = 1, we see that in the exact sequence (1.33) with
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n=1 M =1"Bl; ®Kx, M, and M/M; = t*B; /t' Biz @, M, the left-hand term vanishes
and the right-hand term has dimension equal to dimg H' (G, t* Bl /t* Biz @k, M). Using
the isomorphisms (1.44) with 7 = 0 and the B = t* B} /t‘ B case of (1.38), we deduce the
equality (1.38) for B = t"B};.

Choose k so that (1.40) holds for all j < k. Beginning with the B = t* B, case of (1.38),
we form the inductive limit over k, and use that (1.46) is an isomorphism for r € {0,1} and
J < k together with Lemmas 1.2.31 and 1.2.34 to deduce (1.38) for B = Bgg.

We obtain the first inequality in (1.39) for 0-cocycles by applying left-exactness of G-

invariants to the injection t* Bi; ® k., M < Byr Q@ M. For the second, we observe that

HY Gy, t" B, /"' B ®k.0 M) — HY (G, t* B /t* BI, @k, M)

is always surjective by the sequence similar to (1.19) obtained from (1.41), so we have
d(t* B/t Biy) > d(t*Bi/t*Bjy). If we apply this inequality ¢ — ¢ times, where ' is
large enough for (1.40) to always hold, we obtain d(t*Bjg /t* Biz) > d(t*Bjs /t*Biz). It now

follows from the proof of (1.38) for B = t* B} that

d(t"Bly) = dimp H (G, t* Bl @k, M) = d(t* B}y /t" Biy) > d(t* B, /t'Bi).

]

We use Proposition 1.2.28 with Theorem 1.2.19 to deduce the existence of de Rham
periods for certain base changes of a family. We remark that in the Berger-Colmez case (i.e.

when Q,(T) is a unit), we find that H" (G, Bir®x ,IN) is finite flat of rank n for » € {0,1}.

Proposition 1.2.36. Maintain the hypotheses of Theorem 1.2.19. Suppose that R’ is a
Noetherian Banach R-algebra such that the image of Qo is a unit in R’ for all k > 0.

Then for r € {0,1}, the R'-module H" (G, Bix @ - (I @x N')) is finite flat of rank n and
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HY(Gg, Bir®K (M @i R')) has a finite flat R’ -submodule of rank n.
If, in addition, Q, (k) is a unit in R’ for all k > 0, then H"(Gk, Bir®k.o (M @x R')) are
finite flat of rank n for r € {0,1}.

Proof. By [23, Proposition 1.1.29], we have a natural isomorphism
Bz @50 (M @5 R') 2 lim (B /t* Bir @0 (M @ R)). (1.47)
k

It follows that H°(Gy, Bjz®x.-(MeaR)) = lim, HY(Gr, Bz /t"Biz @Ko (M@xR')). The
discussion of the exact sequences (1.22) and (1.23) in the proof of Theorem 1.2.19 implies
that the transition maps on the right-hand side are surjective maps of finite flat modules.

For k sufficiently large, combining Theorem 1.2.19.(a) and (b),
rankgy H?(G, B;“R/thgR@K,U(m R R)) =dp,=n

is independent of k, so the transition maps are isomorphisms and the limit is finite flat of
rank n as well.

From Proposition 1.2.28 and (1.47), we have an exact sequence

0 — lim' H%(Gr, Bip/t* Bip®x,o (M @0 R)) = H' (G, Bir@x o (M @ R))

— lim HY(Gx, Big/t* Bip @i (M @5 R')) — 0.

By the aforementioned discussion of (1.22) and (1.23), the transition maps of the first and
third terms are surjective maps of finite flat SR’-modules, so the first term vanishes. As

before, we have
rankyy H' (G, BIz/t* Bir@r o (M @x R)) = dp =n

o4



for k sufficiently large by Theorem 1.2.19.(a) and (b), so the transition maps are eventually
isomorphisms and the limit is finite flat of rank n over R’.

We take G g-invariants of the natural injection B @k »(M@nR’) — Bir@k o (M@xR)
to deduce that H(Gx, Bir® k.o (M @x R')) has a finite flat rank n submodule.

If Q,(k) is a unit in R’ for all £ > 0, then the isomorphisms (1.46) hold. We deduce the
final claim from Lemma 1.2.34.

]

If we no longer ask for flatness, we can relax the strong hypothesis on ), 5. Observe that

the bound dj dimg R’ below is compatible with the expectation of dj, interpolated periods.

Proposition 1.2.37. Maintain the hypotheses of Theorem 1.2.19. Suppose that we are
given a local Artinian Banach R-algebra R of finite E-dimension with structure morphism

ER—>NR. Fixk >0, and suppose that {(Qox) s a unit. Then for r € {0,1} we have

dlmE HT(GK, BdR ®K,0' (Dﬁ ®9{ %/)) 2 dlmE HT(GK, B(—ii_R ®K,0' (Dﬁ ®9{ %/)) 2 dk dlmE 9{'.

Using Theorem 1.2.27, we can also prove a result without the hypothesis that @), van-

ishes, but we need to assume that R is E-affinoid.

Proposition 1.2.38. Maintain the hypotheses of Theorem 1.2.19, assume that R is E-
affinoid, and let W — E' be a map to a finite extension E' of E. Then for r € {0,1} we

have

dimE/ HT(GK, BdR ®K,a (‘J)? ®m El)) 2 dlmE/ HT(GK, B(YR ®K70 (‘J)? ®9{ El)) 2 dk

Proof of Propositions 1.2.37 and 1.2.38. Proposition 1.2.37 follows from Theorem 1.2.19 and
Proposition 1.2.35. For Proposition 1.2.38, we apply Theorem 1.2.27 to the specialization

R — E’ and use Proposition 1.2.35.
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1.2.7 Essentially self-dual and decomposable specializations

We study specializations V' that are essentially self-dual in the sense that V' = VVY(s) for
some s. Examples of such representations include polarizable representations with trivial
complex conjugation. In the Hodge-Tate case, we will be able to recover 2m periods of
weight w of V' from just m fixed periods of weight w in a family, except for when the weight

w satisfies w = s — w.

Theorem 1.2.39. Maintain the notation and hypotheses of Theorem 1.2.13. Assume that
a morphism of E-Banach algebras & : SR — E' is given, where E' is a finite extension of E.

Let V.= M ®@n E', and suppose that there is an isomorphism V = VV(s) for some s € Z.
Then for r € {0, 1},

diHlE/ HT(GK, Cp ®K,U V) + lelE/ HT(GK, Cp(—S) ®K7g V) Z 2m. (148)

Proof. The module 9 & 91" satisfies the same hypotheses as 9. We apply Theorem 1.2.27
(with £ = 1) to this module and the map ¢ to derive the conclusion.

]

To study the de Rham case, we will impose stronger hypotheses. We will be interested
in specializations that decompose as an extension of a representation V' by its twisted dual

VV(s) or vice-versa, for s > 1. We will also need to know the determinant of V.

Theorem 1.2.40. Maintain the hypotheses of Theorem 1.2.19. Assume that rankg 9 = 2d;,.

Let £ : R — E' be a map of E-Banach algebras, with E' is a finite extension of E. Suppose
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that there is a short exact sequence

0=V ->MIx B —VV(s) =0 (1.49)

or 0=VY(s) > Mex B =V =0, (1.50)

where s € Z>y and V is an E'-vector space equipped with a continuous action of Gx. Assume
in addition that det(C, @k, V) = C, (=D, wiy) ko E', where C, ®k, V is viewed as a

module over C, @k, E'. Forr € {0,1}, we have

dimE/ HT(GK,B:{R ®K,o V) :dk, dlmE/ HT(GK,BdR ®K,O’ V) = dk, (151)

and, in the case of (1.50),

dimE/ HT(GK,BdR ®K,O‘ (ﬂn ®m E/)) == 2dk (152)

Proof. With respect to the fixed 0 : K — E, let V have Sen polynomial P, (T") € E'[T].
We will use the subscript £’ to denote the specialization of an element of R[T] to £’. Then
from (1.49) or (1.50), the Sen polynomial of M ®w E’ satisfies P, g/ (T) = Sy 5 (T) Qo (T) =
P,y(T)P,v(—s — T). Since the w;, are nonnegative, w;, # —s — wy, for any i,7. The
zeros of P,y (T)P,yv(—s —T) must be the multiset ]_[j {wi s, —s —w;,}, so we must have
Qo (T) = Sop(—s—T).

The determinant condition ensures that P,y (1) = Sy g/ (1) and P,y (—s—T) = Qo.p (T).

For any vector space V' over E' equipped with a linear G g-action,

dimg H(Gr, Bir @K, V') < dimpg H(Gk, Biip @Ko V).

From this and our identification of P,y (—s — T, dimg HY(Gg, Big ®kx.» VV(s)) = 0. By
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Proposition 1.2.36, dimp H(Gk, Big ® k.o (M % E')) > n. Tensoring (1.49) or (1.50) with
B and using the exact sequence in G g-cohomology, if V' is a submodule, we are done. If

it is a quotient, we have an exact sequence
0 — H(Gk, Bz Oxo (M®@n E')) = H(Gk, Biz ®x0 V) = H (Gk, Big @0 V' (3)).

By Proposition 1.2.35, the last entry in the exact sequence vanishes, giving dimp/ (Bj; Q@ »
V') = dj and thus (1.51). For the case (1.50), we obtain (1.52) from [11, Example 6.3.6] and

Proposition 1.2.35.

1.3 Stratification by de Rham data

Given a reduced rigid space X with a Gi-representation on a coherent locally free sheaf 91
of Dx-modules, we are now interested in constructing closed subvarieties Gp C X indexed
by de Rham data D. Such a datum consists of lower bounds for the dimensions of bounded
de Rham periods in all intervals of weights at geometric specializations of Gp. Moreover, we
want to decompose the entirety of X into locally closed strata over which sheaves of bounded
de Rham periods in a fixed range are locally free. In the terminology of this section, Section
1.2 is a study of the interpolation and specialization properties of a full de Rham datum for
possibly non-reduced bases.

We will make use of the methodology of the previous sections. Our approach is as
follows. We define the notion of a de Rham datum in Section 1.3.1 and study their existence,
specialization, and interpolation on integral affinoid algebras R in Section 1.3.2. In Section
1.3.3, we do the same for a reduced rigid space X. In Section 1.3.4, we state and prove the

main theorems using the previous results.
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1.3.1 Definition of a de Rham datum

We describe all of the terminology we will use to describe a de Rham datum.
We define a de Rham datum D = (Q, A) as a tuple consisting of functions Q : Z — Z,
and A : Z x Z — Z>, such that

(i) the function € is finitely supported,
(ii) we have A(i,7) =01if i > 7,
(ili) we have min(Q(¢),1) < A(z,i + 1) < Q(i) for i € Z, and

(iv) we have the inequality max(A(z,7), A(j,k)) < A(i, k) < A(4,7) + A(j, k) for all i <

j<kez

Remark 1.3.1. One should think of (i) as keeping track of the number of Hodge-Tate-Sen
weights equal to i and A(i,7) as keeping track of the dimension of de Rham periods in
the weight range [i, j) of a representation. The conditions (i)-(iv) encode the relationships

among these values implied by properties of the Sen operator and the structure of Byg.

We say that D is full if A(i,i+ 1) = Q(i) and A(i, k) = A(4,5) + A(j, k) for all i < j <
ke Z.

We say that D is a Hodge-Tate datum if max(A(i, ), A(j,k)) = A(i, k) for all i < j <
k € Z. We say that D is a Sen datum if A(i,7 + 1) = min(€(i),1) and it is Hodge-Tate.
For a de Rham datum D, we define its associated Hodge-Tate datum HT(D) = (wut, Aur)
by Qur = Q and Agr(7,j) = max;<p<; A(k, k + 1) and its associated Sen datum Sen(D) =
(Wsen, Agen) by Qgen = @ and Age, (7, j) = max;<<; min(Q(k), 1).

Remark 1.3.2. A Sen datum is determined by €2, which as mentioned above keeps track of
the Hodge-Tate-Sen weights, and a Hodge-Tate datum is determined by A(i,i+1) for i € Z,

which keeps track of the Hodge-Tate weights.
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For a de Rham datum D, we define
e the Sen dimension by dsen(D) = >, .7 (1),

e the Hodge-Tate dimension by dyp(D) = > .., A(i,4 + 1) and its bounded variant
diyy) (D) = S0y A(i,i + 1), and

o the de Rham dimension by dar(D) = max; jez A(, j).

Remark 1.3.3. The sums defining the first two are finite by conditions (i) and (iv), and
satisfy dgr(D) < dsen(D). Observe that for any 4, j, A7, j) < Zf;i A(i,i+ 1) by (iv), so
dqr(D) < dyr(D).

We define the n'' twist of D = (Q,A) by D(n) = (2, A’), where /(i) = Q(i +n) and
A'(i,7) = A +n,j+n).

We define the lower and upper bounds of D by
L(D) =min{i: Qi) >0} and U(D) = max{i : Qi) > 0},

respectively. By conditions (ii), (iii), and (iv), D is determined by Qi) and A(7, )
for L(D) <i < j <U(D)+ 1. We write Supp(D) = [L(D),U(D)] C Z for the support of
D.

We define a various notions of ordering on de Rham data D = (2, A) and D' = (', A’)

[4,4]

as follows. The definition of < is the most important, but < ; will be used in Theorem

1.3.20 to study flatness of period sheaves.
o We write D < D' if Q(i) < /(i) and A(i,j) < A'(i,5) for 1,5 € Z.
e We write D < D’ if D < D’ but not D’ < D.

e We write D <[ D" if D < D’ with Supp(D’) C [, j], and write D <BV D1 i there is

min

additionally no de Rham datum D” with D <[] D” <] D/
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We also define the [i, j]-truncation D! = (QF9] Alb]) of a de Rham datum D by Q7] =
X2 and A (k) = A(max(k, ), min(¢, j + 1)), where x; ; is the characteristic function

of [i,7]. Note that D is a de Rham datum and D! < D.

1.3.2 The de Rham datum of a family

We attach a de Rham datum to any Gg-representation on a free module over an integral

affinoid F-algebra, and study its specialization and interpolation properties.

Remark 1.3.4. The properties of affinoid F-algebras R we will need are that they are Ja-
cobson, Noetherian, compatible with analytic field extension, and that their residue fields at

maximal points are finite extensions of E.

We will need the following.

Lemma 1.3.5. Maintain the notation of Section 1.2.2. If R is an integral Noetherian FE-

Banach algebra with fraction field L, then for any k < { € Z,

dimy, H*(G, t* Bii /t' Bir @KoM @n L = dimp H' (G, t* Bii /t' Bin®x »MM) @ L. (1.53)

Proof. First assume ¢ — k = 1. By symmetry we can just assume k£ = 0 and ¢ = 1. As
before, using Lemma 1.2.16, we may replace F, K with finite Galois extensions F’, K’ so
that Corollary 1.2.8 holds. Extending E might cause R to no longer be integral, but if
we prove (1.53) for L replaced by the localization at each minimal prime of R ®pg E’ the
conclusion for R follows from (1.2) and (1.7).

So assume Corollary 1.2.8 holds, but that PR is only reduced, and let p be a minimal

prime of R. We have ¢ : € — € with € finitely generated over *R,

H°(Gk,Cpk M) 2 ker ¢, and H' (G, Cp@5 ,IM) = coker ¢.
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Localizing at p, we obtain (1.53) with L = 9, for £ — k = 1 by dimension counting. The
equation (1.53) for general k follows by induction from the sequence similar to (1.19) but
instead constructed from (1.41) and localized at p.

]

Proposition 1.3.6. Suppose R is an integral affinoid E-algebra with L = Frac(R) and M is
a free \M-module equipped with a continuous Gg-action. Let P,(T) € R[T] be the associated
Sen polynomial. We define Qon(i) = max {n : (T +)"|P,(T)} and

A(i,§) = dimp HY(Gg, t' Bl /t! Bl @Kk M) @n L

fori,j € Z withi < j. Ifi > j, we set Ag(i,j) = 0. Then Doy = (Qom, Aon) is a de Rham
datum.

We have Danny = Don(n) and Am(i, j) = dimp, HY (G, ' Bii /t! Bin®@ Kk .»IN) @ L.

Proof. The (T + i)™ are coprime for distinct 4, so condition (i) is clear and (ii) is true by
definition. The modules H" (G, t* Biy /t' Biz @Kk o) for r € {0,1} are finitely generated by
induction using Proposition 1.2.10 and the 6-term exact sequences constructed as in (1.19)
from the sequences (1.41) and (1.42). Condition (iv) follows from tensoring L with the long

exact sequence similar to (1.19), but constructed from

0 — ! Bi/t* B — t'B; /" Biy — t'Bir /' Bir — 0

instead of (1.18). The equality Doy(,) = Don(n) is clear. The last claim follows from Lemma
1.3.5.
We check condition (iii). We may let i = 0 by symmetry. We write P,(T) = S,(T)Q,(T),

where S, (T) = []..o,(T + 1)@ By Proposition 1.2.26, for any maximal ideal m C R with

1€Z
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residue field x(m), we have an isomorphism
H1<GK, Cp®K,0'm) R /{(m) = HI(GK, Cp®K,a(9ﬁ R /{(m)))

Since H' (G, C,@x ,IMN) is finitely generated, there exists a nonzero element f € R so that
HY(Gg,Cp&K M)y is free. By definition, Q,(0) # 0, so by the Jacobson property, fQ,(0)

is nonvanishing in x(m) for some m. By (1.10) we have an identification
Hl(GK, Cp®K,Um) ®e K(m) = Hl(Glﬁ Cp®K,am)an(0) %R0, 0) r(m).

In particular, dimym) H' (G, Cp®x.o (M g £(m))) = Agn(0,1) < Qor(0) by Lemma 1.2.23
and compatibility of the Sen polynomial with specialization. If the bound gy (0) > 1 holds,
then dimym) H(Gr, CpQk o (MRnr(m))) > 1since T divides the image of P,(T') in k(m)[T],
so Ag(0,1) > 1.

We study the behavior of a de Rham datum under specialization.

Proposition 1.3.7. Suppose that R, M, and Doy are as in Proposition 1.3.6. Then for any

prime ideal p C R with quotient R' = R/p, Dangoov > Don.

Proof. The inequality Qopg,0v > 2oy is clear. For any k, ¢ € Z we have an isomorphism
HY Gy, t* Bl /t' Biz &k oM) @ R =2 H (G, t" BIi /' Bla@k .o (M x R))  (1.54)

by Proposition 1.2.26 (and twisting). Let L = Frac(fR) and x = Frac(fR’). By (1.54) and
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(1.10) we have

dim, H' (G, t* Bl /t' Bl QK oM)y @, £ = Aomagov (K, £)

and dimy, H' (G, t* Bl /t' BIz® .o IM), @, L = Agy(k, €).

We deduce the inequality Agggov (k, ) > Am(k, £) from Nakayama’s lemma.
]

We prove a converse to Proposition 1.3.7. Taken together, they form an interpolation

result for de Rham data. If z € Spm R has residue field x(z), we write Do, for Dopggw(z)-

Proposition 1.3.8. Maintain the notation and hypotheses of Proposition 1.5.6. Let X =
Spm R, let D = (Q,A) be a de Rham datum, assume that = C X is Zariski dense, and

assume that Don, > D for all x € Z. Then Doy > D.

Proof. To see that Qg > 2, write the Sen polynomial P, (7") of 91 as a function of 7'+ ¢ and
observe that the images of the lowest Qoy(7) coefficients vanish in ([], .z #(x))[T].
By generic freeness (and the finite generation from the proof of Proposition 1.3.6), there
is a nonzero element f € R such that H' (G, t* Bi; /t* Bz &k -OM) is free of rank Agy(k, ().
By Proposition 1.2.26 and (1.10), for any = € Spm 9\ V((f)), we have a natural isomor-

phism
H'(Gk, thiR/teB:fR@K,am)f O, k() = H'(Gk, th(—ii_R/tzB;R®K,U(m O £(2))

By picking € 2N (Spm R\ V((f))), it follows that Agp(k,?) = Ag . (k,€) > A(k, L).

We can deduce the following.
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Corollary 1.3.9. Maintain the hypotheses of Proposition 1.3.6. Suppose & : R — R is a
finite map of integral E-affinoid algebras, and let M = M Ru R'. Then Doy > Doy. If
= C Spm R is Zariski-dense in the image of §&* and D is a de Rham datum with Dey, > D

for x € =, then Doy > D.

Proof. We may factor our map as 8 — R” — PR', where the first map is surjective and
the second is injective, so in particular SR” is also integral. We apply Proposition 1.3.7 to
R — R’ to obtain Dypgy,or > Dop and use the definition of the de Rham datum to find
Dogyor = Donggov, since Frac(R') is just a field extension of Frac(R”) and the equality
Qomggor = Qoegev is clear. For the second claim, we apply Proposition 1.3.8 to Si” and the

first claim to the map RR” — R’

1.3.3 Globalization

Specialization of a de Rham datum is a local phenomenon, but one may ask for a global
version of the definition and interpolation of a de Rham datum.

For a rigid analytic space X, we use Ox to denote the structure sheaf, Ox , for the stalk
at x € X, and k(z) for the residue field. For a coherent sheaf 9t on X, we write 9, for the
stalk at = and define 90, = M, ®oy, k(). We define Dop, = Dy .

If X is a rigid analytic space and )1 is a coherent locally free sheaf on X, we say that a
continuous G g-representation on M is a map Gk — Endp, (9) such that the restriction to
any affinoid is continuous with respect to the canonical topology.

Since the Sen polynomial P,(7") attached to a finite free module 9t over an E-Banach
algebra R and o € ¥ as before is canonical, if 9 is instead a coherent locally free sheaf over
a rigid space X, one can patch together locally defined Sen polynomials on a sufficiently fine

admissible affinoid cover to obtain P,(7) € Ox(X).
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We will use the notion of an irreducible component of a rigid analytic space X [20].
Following Conrad, we say that a closed analytic subvariety 3 C X is nowhere dense in X if
it contains no non-empty admissible open of X. Equivalently, dim Oy, > dim O3, for all
z € 3 ]20, §2]. This local definition implies that the finite union of nowhere dense closed
analytic subvarieties is again nowhere dense. If X is irreducible, then every proper closed
analytic subvariety is nowhere dense [20, Lemma 2.2.3].

We attach a de Rham datum to any reduced, irreducible rigid analytic space X and a
Gk-representation on a coherent locally free sheaf 9t. We begin with the case where X is

normal.

Proposition 1.3.10. Let X be a reduced, normal, irreducible rigid analytic space and let
M be a coherent locally free sheaf equipped with a continuous Gg-action. Then there is a
naturally associated de Rham datum Doy such that for any connected (thus integral) affinoid

subdomain t C X with M(LU) free, we have Doy = Dap.

Proof. Tt suffices to check that if connected affinoid subdomains 4,0 C X have 9t(4) and
M(Y) free, then Dop(yy = Dap(). Fix an admissible covering {£(;},; of X by connected
open affinoid subdomains over which 9t is free. We claim that there exists a sequence
o, 8, oo 4 of affinoid subdomains from the covering such that SN, # 0, th; N # 0,
and 4;, Nl # 0 for each v € [0,n — 1]. Indeed, observe that the union Xy of all &l; for
j € J such that {; can be reached in finitely many steps by such a sequence starting from 4l
is closed, since it either contains or does not intersect each &;. Since Xy contains an affinoid
and X is irreducible, we must have Xy = X.

By the existence of such a sequence, we are reduced to the case where N U # 0. Write
= Spm MR, and U = SpmR,. Fix any connected affinoid subdomain Spm R =207 C UNY.
As in the proof of Proposition 1.3.8, there exist nonzero f € Ry and g € R, so that the lo-
calizations HY (G, t* Big /t' Bin @ x ML) s and HY (G, t8 Big /t' Biz @k ., IM(V)), are free.

The proof of Proposition 1.3.8 also shows that for any x € L\ V((f)), we have Agy . (k, () =
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Aoy (K, £), and similarly for « € U\ V((g)). Both f and g define nonzero elements of fA.
Since R is integral, we may choose x € 20\ V((fg)). This gives the equality Aoy = Do)

By irreducibility of 4 and U and by examining the vanishing locus of the lowest order
coeflicients of P,(T)|y and P,(T)|y on 20, we find Qo) (0) = Qo) (0); Qany = Qo)

follows similarly.

We obtain the general case by applying Corollary 1.3.9 to the normalization of X.

Proposition 1.3.11. Let X be a reduced, irreducible rigid analytic space and let M be a
coherent locally free sheaf equipped with a continuous G -action. Then there is a naturally
associated de Rham datum Dgy such that for any irreducible component (with the reduced
structure) 0 of any affinoid subdomain L C X with M (L) free, if we write M for the pullback

to S0, we have Doy = Dyy.

Proof. Let m : X — X be the normalization of X. Let £ and 2 be as in the statement
of the proposition. The restriction 7|1y : 4 — 4 is a finite map of reduced affinoids.
Let B — R’ be the corresponding map of reduced affinoid algebras. The map factors as
R — Hp R/p — Hp 9‘{’(p), where p ranges over the minimal primes of R and f)f{’(p) denotes
the normalization of R/p. Choose p corresponding to 2U. The proof of Corollary 1.3.9 shows
that Dopyemmn/p = Dm(u)(gmm/(p). By Proposition 1.3.10, D‘Jﬂ(ﬂ)@)m%;p) = D.,+9n, which we take

to be Dyy.

O

We now globalize the interpolation of a de Rham datum. We will assume Zariski density
for our interpolation result, which has the following definition for a general rigid analytic

space.

Definition 1.3.12. We say that a subset S C X of a rigid analytic space is Zariski dense if

every closed analytic subvariety 3 C X containing S is equal to X.
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Proposition 1.3.13. Suppose that X, M, and Doy are as in Proposition 1.3.11. Let D =
(Q,A) be a de Rham datum, assume that = C X is Zariski dense, and assume that Doy, > D

for all x € =. Then Doy > D.

Proof. Write P,(T') for the Sen polynomial of 9t. To see that Qg > €2, observe that the
vanishing locus of any of the first (i) coefficients of the Sen polynomial P,(7") expanded
around 7"+ ¢ includes = and is closed.

We claim that the locus 2) of points # € X such that Dgy, > D is closed. To see this,
pick an admissible cover of X by connected affinoid subsets 4 small enough that Dt(Ll) is free,
and let 9),, denote the Zariski closure of ) N 4. We apply Corollary 1.3.9 to each irreducible
component )’ — ), to deduce that the pullback 9 of M(U) to Y’ satisfies Doy > D. By
Proposition 1.3.7, we deduce that ) N = ;.

Thus ) is closed and contains the Zariski-dense subset =, so 2) = X. The result now
follows from applying Proposition 1.3.8 to any affinoid of X small enough that (L) is free

and the dense set consisting of all of its points.

We deduce the following globalization of Corollary 1.3.9.

Corollary 1.3.14. Suppose 7w : ) — X s a finite map of reduced, irreducible rigid spaces
and M s a coherent locally free sheaf on X equipped with a continuous G g -action as before.
Let M = 7M. Then Doy > Dgy.

Moreover, if = C X is Zariski-dense in the image of ) and D is a de Rham datum with

Dog, > D for x € E, then Doy > D.

Proof. For the first claim, pick an affinoid open 4 C X so that (L) is free, and let U C ) be
its preimage. By [8, Corollary 9.4.4/2], 0 is an affinoid open. Pick an irreducible component

3 C 4, pick an irreducible component 3’ C 7~1(3), and write £ : 3 — X and ¢’ : 3’ — 2) for
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the inclusions. Apply Corollary 1.3.9 and Proposition 1.3.11 to the map 3’ — 3 to find that
Doy = Dermgw > Degrgp = Do

For the second claim, the image of ) is an irreducible closed analytic subvariety |8,
Propositions 9.6.2/5 and 9.6.3/3|, so we may factor our map as Q) — 3 — X, where the
second map is a closed immersion. We then apply Proposition 1.3.13 to 3 and the first claim

to the map %) — 3.

1.3.4 Stratification of families of Galois representations

We collect the results of this section into a simple statement. The motivating case is where
X is the global eigenvariety on a group and 91 is the associated Galois representation over
X. A discussion of the importance of understanding the geometry of X can be found in, for
instance, Bellaiche-Chenevier [3].

We will use the following flatness criterion.

Lemma 1.3.15. Suppose that R is a reduced Noetherian ring with total ring of fractions K
and M is a finitely generated R-module. Suppose that M Qg K is free of rank r and that
dimym) M ®r k(m) = 1 for every mazimal ideal m C R, denoting the residue field of m by

k(m). Then M is locally free of rank r.

Proof. 1t suffices to check that M, is free of rank r for all maximal m C R by [9, Theorem
I1.5.2.1]. Also note that by hypothesis M, has dimension r for any minimal prime p of R.
Let L = Hp R, be the total ring of fractions of R, where p ranges over the minimal
primes of R,,. Using Nakayama’s lemma, let ¢ : R, — M, be a surjection, and suppose that
a is a nonzero element of its kernel. Since R, — L" is injective, there is some p so that a is
nonzero in Ry. Localizing ¢ at p, we obtain R, — M,. By dimension count, this map is an

isomorphism, so a cannot have been nonzero. In particular, 1 is an isomorphism as needed.
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]

We will use the following to reduce checking flatness and base change to the study of

1-cocycles.

Lemma 1.3.16. Maintain the notation of Section 1.2.2. Let [i,j] C Z be a fized interval,
let f € R, and suppose that H (G, t* B, /t*Bir @Kk M)s is flat for i < k < < j+ 1.

Then the following hold.
a e Ry-module Kt t OK .o is flat fori <k </l <j+1.
The R-module HO(Gre, t* Bi /t* Bix®r o IM); is flat f k<t 1

(b) If & : R — R is a map of Noetherian E-Banach algebras, the natural maps

H" (G, t" Bl /t' Bir @k .oM) @ R — H' (G, t" Bin /' Bir @ k.0 (M @5 R'))  (1.55)

have kernel and cokernel annihilated by a power of £(f) for r € {0,1}.

Proof. For a fixed interval [i, j|, we prove both results by induction on ¢ — k. If £ — k = 0,
after increasing £/ and K, both parts follow from Corollary 1.2.8 and Lemma 1.2.3. The
reduction to the original £ and K at the beginning of the proof of Theorem 1.2.13.(a) applies
here for both parts, giving the base case.

For part (a), observe that if Risaring, 0 > A—- B —>C D —FE—F —0isa
6-term exact sequence of R-modules, and A,C, D, E, and F are flat over R, then B is flat
as well. For the inductive step, we localize the 6-term exact sequence similar to (1.19) but
starting instead with (1.41) at f to reduce to a case with smaller ¢ — k.

For part (b), first note that as in the proof of Theorem 1.2.19.(b), it suffices to check
that the map is an isomorphism after localization at £(f). We consider the map between
two rows of 6-term complexes as in (1.22) and (1.23), except beginning with the exact
sequence (1.41). In particular, the downward maps have the form of (1.55). The lower row

is exact, while the top row becomes exact after localizing at £(f) by (1.10) and the flatness
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of H" (G, t" Bl /t' Bix @ ,9M) s from part (a). By the inductive hypothesis, after localizing
at £(f), the first, third, fourth, and sixth downward maps are isomorphisms, which gives the

result by the 5-lemma.

]

We also check a finiteness property of de Rham data. In fact, what is useful here is not

the finiteness but the somewhat explicit description of the D’ with D <l py

min

Lemma 1.3.17. Let D = (Q, A) be a de Rham datum. For a fized interval [i, j] 2 Supp(D),

there are finitely many de Rham data D' with D <l py,

min

Proof. 1t suffices to define de Rham data D,, = (Q,,A,) for w € [i,j] with D <le]1]1 D,
and the additional property that if D’ = (€', A’) satisfies D’ > D and Q'(w) > Q(w), then
D > D,,. Indeed, for any D’ with D <][;nd]1 D', either ¥ = Q or D’ = D,, for some w. There
are only finitely many possibilities for D’ in the former case.

We define Q,(i) = Qi) for i # w and Q,(w) = Qw) + 1, and for k < ¢, we set
Ay(k, 0) = max(A(k,0),1) if K <w < £ and Ay, (k,0) = A(k,l) otherwise. It is clear that
D, is a de Rham datum and has the needed properties.

]

We denote the set of such D’ by Min(z, j). If D is a full de Rham datum, then the proof

shows that {D,,} = Min(4, 7).

weli,j]
We will use the following gluing result to globalize the construction of sheaves of periods

and 1-cocycles.

Lemma 1.3.18. Let X be a rigid analytic space over E, let O be a coherent locally free
sheaf of Dx-modules equipped with a continuous G g -action.

Let 0 C A be a pair of affinoid subdomains of X such that M) is free, and let 4 =
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Spm Ry and B = Spm Ry. Assume that for any such pair (U,0), the natural map
H" (G, t" By [t Bl @1 o MU)) @, Ry — H™ (G, t* B /' Bl © o M(WV))  (1.56)

s an isomorphism.
Then there are locally free coherent sheaves ﬁ’gu)(i)ﬁ) on X forr € {0,1} such that for
any affinoid subdomain 20 with M(W) free,

N (W) = H (G, t* Bl /' BIa®k ., IM(W)). (1.57)

Proof. Let {4l;} be an admissible affinoid cover of X such that M(Ll;) is free for each j. We
claim that if we define 557@"“")(9)2)|uj to be the sheaf on {l; associated to the module in (1.57)
for each j, then these naturally patch together on the intersections to form a coherent sheaf.
So let U C 4l; N4l;,, where all of these are affinoid, and write 20 = Spm R and 4; = Spm R,
for v € {1,2}. Our hypothesis (1.56) implies that the restrictions of each sk (O) [y, toV
are naturally identified with the sheaf associated to H" (G, t* Bl /t*Bix ©x ,I(T)). We
pick an admissible affinoid cover of {; M 4l;, to define the gluing via this identification, and
it is clear from the hypothesis (1.56) that these are compatible on the triple intersections
(by again restricting to affinoids).

If 20 = SpmfR is any affinoid subdomain of X with 9(20) free, then we claim that

(k,0)

£ (9N |gy is naturally isomorphic to the sheaf associated to the module in (1.57). This
can be checked locally, so we pick an admissible affinoid cover that refines the cover {20 N 4L;}.
For any member U of this cover, we again use the hypothesis (1.56) to obtain the needed

compatibility.
O

We break the main theorem up into three parts, which respectively discuss the closed
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subvarieties of the base associated to de Rham data, behavior of periods on the corresponding
stratification, and specializations. We maintain the same notation and hypotheses through-

out.

Theorem 1.3.19. Suppose that X is a reduced rigid space over E and N is a coherent locally
free sheaf equipped with a continuous homomorphism Gk — Endg, M.

Then for any de Rham datum D, the points v € X such that Doy, > D form a closed
analytic subvariety Sp, which we give its reduced structure. If D > D', then &p C Gp.
We write mp : ©p — X for the inclusion and define Mp = 7M.

If we range instead over the various Sen data or Hodge-Tate data, we obtain coarser
stratifications. For any Sen datum D, the various Hodge-Tate or de Rham data D' with
Sen(D’) = D give stratifications of Sp, and the same holds for a Hodge-Tate datum D and
the de Rham data D" with HT(D') = D.

Proof. Let &p be the Zariski closure of the set of x € X with Doy, > D, let 3 be any
irreducible component of &p, and let 3’ be any irreducible component of X containing 3.
We apply the second part of Corollary 1.3.14 to the closed immersion of 3 into 3’ to deduce
that Dop, > D, where 93 is the pullback of 9 to 3. Using Proposition 1.3.7, we deduce
that for any « € 3, Doy, > D. The containment &p C Gy is clear, as is the second claim.

[]

We next study flatness and base change. Note that the proof of Lemma 1.3.17 gives a
somewhat explicit description of the possible S%ﬂ below. Moreover, dse,(D) is constrained

by the rank of 9.

Theorem 1.3.20. For any interval [i,j] C Z, we define Zariski open (in &p) subvarieties
Q%’j] = Gp \ Unemin(,j)Opr for D with Supp(D) C [i, j]. These are locally closed in X, and
s S%ﬂ = X. We write W][gj] : E%ﬂ — X for the inclusion. Let im%j] = Wl[g’j]*fm. Then we

have the following.
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(@) Ifi <k < ¢ <341, r € {0,1}, and D = (2,A) has Supp(D) C [i,j], then
there exists a coherent locally free sheaf $ M)( ) of rank A(k,?) such that for any
affinoid subdomain U C E%’J], there is a canonical isomorphism S’JEM)(W%J])(H) &

H (G, t* Bl [t Bl @ oM (10)).
(b) Suppose thati <k <l <j+1,re€{0,1}, and7:Q — Q%j] is a map of reduced rigid

]

spaces. Then for any y € ), D[” S = D and the natural map 75y , (im%j]) —

Neo (W*ﬁﬁg]) is an isomorphism.

Proof. 1f x € £ N g7, then DYV > D and D{Y) > D/, s0 by definition of the £, we
must have Dg’ﬂ D = D’. Moreover, for any z € X, x € ol JZ]”, so [Ip Q%j] =X

To prove (a), first let 4 = Spm R be any affinoid subdomain of S%ﬂ such that im%’j ] ()
is free. We define

M" = H"(Gre, " Bl /t' Bin@r »MEN (80)) and M7 (z) = H (G, t* B/t Bl © oMoy ),

for x € 4 and r € {0,1}. We claim that for i < k < ¢ < j+ 1, M is finite flat of rank
A(k,¢). Tt will then follow from Lemma 1.3.16.(a) that the same is true for M°.

For any z € U, M'(z) & M' ®x x(x) by Proposition 1.2.26. By the bound i < k < £ <
7 + 1 and the definition of S%j], we have D/ = D for each z. By Proposition 1.3.11, for
every irreducible component 3 of U, if 3 is equipped with the pullback of zm%ﬂ, it has de
Rham datum D. Thus the module M! satisfies the hypotheses of Lemma 1.3.15, so it is
finite flat of rank A(k, (). It now follows from Lemma 1.3.16.(b) that the hypothesis (1.56)
of Lemma 1.3.18 holds for 557 9t/ and the pair (k, ), which gives (a).

For (b), we pick an admissible affinoid cover {{{;} of S%j] with zm%ﬂ (U;) free. For each
y € %), pick j so that y maps to ;. We obtain Difgn[f)’j],y = D from the restriction of 7 to

y — il;, part (a), and Lemma 1.3.16.(b). We use this and the construction of part (a) to
define $(;, ) (w*mgﬁ;ﬂ).
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For each j, we pick an admissible affinoid cover {U;;} of 7~ *(4l;) for each j. These form
an admissible cover of Q) by (G3) of [8, §9.1.2]. We now apply Lemma 1.3.16.(b) to each
il; and U;;, using the flatness in part (a), to deduce that the restriction of the natural map
T k.0) (mt%j]) — 537("k7é)(7r*931%j}) to each 2;; is an isomorphism, as needed.

]

Theorem 1.3.21. Suppose that we have an interval [i, j] C Z and a map & : ¢ — S%j], where
r = Spm R for a local Artinian E-algebra R of finite dimension over E and Supp(D) C [i, j].
Then fori <k < ¢ < j+1 we have ranky H" (G, t" B/t By Q@Ko E9N) = dﬁ“’T@(D) and
ranky H" (G, t" Big /t'Big @Ko &M) = A(k,0) for r € {0,1}, where these modules are

finite flat. Moreover, for r,rt € {0,1},
dlmE HT(GK, BdR ®K,U f*i)ﬁ) Z lelE ]’ITJr (GK, tzBiR ®K7o’ €*m> Z ddR(D) dlmE 9{ (158)

Proof. The first two claims follow from Theorem 1.3.20.(b). We deduce (1.58) from Propo-
sition 1.2.35.

1.4 Higher cohomology

The strategy for proving vanishing of higher cohomology of Bar® KoM and Bur® KoM (in
the notation above) is to first prove vanishing of Hg-cohomology and I' x-cohomology in the
bounded setting, and then use a continuous cohomology version of the inflation-restriction
exact sequence to obtain vanishing of G g-cohomology. We apply Proposition 1.2.28 and

Lemma 1.2.34 to pass to thérR and then Bgg.
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1.4.1 Higher Hg-cohomology

We begin by proving a higher dimensional variant of a vanishing result of Sen [67, Proposition

2]. Sen proves the n = 1 case of the following result.

Theorem 1.4.1. Let M be a Banach space over C, on which Hg acts continuously by

semilinear automorphisms. Then H"(H, M) =0 for n > 0.

Proof. For a continuous function ¢ : Hp — 9, define |¢| = maxp,cm, || (h1, ..., h)]|-
Fix § > 1. Given €,¢ > 0, and a normalized cocycle ¥ : Hit — 9 such that |[¢| < ¢,
we will produce a normalized cocycle ¢ = 1) — df where [¢)'| < €’ and df is a normalized
coboundary such that |df| < de. (Recall that a normalized cocycle has the property that
¥(hy,...,h,) = 0 if any h; = 1. Every cocycle is equivalent to a normalized cocycle [22,
Lemma 6.1], and the coboundary of a normalized cochain is normalized.)

Assume that such a construction is possible. By compactness of Hg, any cocycle ¢ = 1
(which we may assume is normalized) has a bound €. We choose a decreasing sequence
¢; — 0, and in iterating the construction, we set € = ¢;, € = ¢;.1 at each stage. We obtain
Wi, dBi—1 with 1, = ;1 — dfB;_1 with |1);] < ¢ and |df;_1| < d€;_1. Then the coboundary
>;dp; is defined and ¢, = — ). df;, as needed.

Now suppose ¥ : HE — 9%, ¢ > 0, and ¢ > 0 as above are given. We claim that there
exists an open normal subgroup H' C H such that ||¢(hy, ..., k)| < % for hy,..., h,_1 €

Hy and h,, € H'. Using [51, Proposition 1.1.3], let { H;},_; be a set of open normal subgroups

iel
of Hyg such that N;H; = 1. The images 9M; = ¢ (Hg,..., Hg, H;) satisfy NN, = {0}
(because 1 is normalized and continuous and 9 is Hausdorff) and are compact. Let Y; =
(M B%/) N M;, where B% denotes the open ball of radius %/. Since 9t \ B%/ is closed, Y; is
compact. We have N;Y; = (). By compactness, some N;crY; is empty with I’ C I finite, so
we may set H' = N;ep H;.

Let S be a set of coset representatives of Hx/H', and as in [67, Proposition 2|, we define
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an element z € Cf/ such that |z| < dand Trz =) _¢s(2) = 1.

We define a normalized cochain 3 : Hy ' — 9 by

B(hl,... -1) = Zhl . n 15 ¢(h1,...,hn,178>.

seS

Note that we have the bound |df| < de. In the following calculation, we write O(r) to denote

any element m € 9 such that ||m| < r. Since ¢ is a cocycle, we have

hth(ha, . P s) =Y (=17 0(ha, o bbby s) 4+ (=)™ (ha, . By (1.59)
j=1
We have
(& —dB)(h,... hy) =W(hi,... hy) — ( )" ha... (h2,...,hn,s)>

seS

— (—1) <(—1)" > hio o has(2)(ha, . Bihyg, B, s)>

+ (-1 <<—1>" D hnas(@) (s, S)> |
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By (1.59) and semilinearity of the Hg-action, we have

(¥ —dB)(hi,...,hy) =(hy,..., hy)

D™ hihy .. hys(2)

sES

: <Z(—1)j+1w(h1, Bl s) 4 (1), ,hn)>

j=1
n—1
+) (=1t ( )"y (hl,...,hjhj+1,...,hn,s)>
7=1 sES
_Zhl . n 18 ¢(h17"'7hn—1as)
seS
=¢(hi, . ha) = Y hihy o has(2) (ke hy)
SES
D™ " hihy o hys(2) (1) (b, B, )
sES
_Zhl . n 15 "Lp(h,l,...,hnfl,S).
seS

Note that > o hihy ... hys(2) = Trz = 1. We are left with

Zhl (hl,... n— 1,h S Zhl . n 18 ¢(h1,...,hn_1,8).

seSs seSs

Let s'(hy,s) and h'(h,,s) be the unique elements of S and H’, respectively, such that

hn,s = s'h’. Then by H'-invariance of z, this expression becomes

Zhl . n 18 )’l/)(hl, n 1,$h Zhl . n 18 @Z)(hl,...,hn_l,S),
seS seS
which we may rewrite as

> by hya8(2) (b, By, SB) = (b, B, )

s'eS
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since the s’ are a permutation of the s. We use the cocycle relation

1/}(h1,...,hn_1,8/h/) ( )n—i—l[ 1@/J(h2,...,hn_1,8/,h/)
n—1

+Z(_l)j¢(h17"'7hjhj+17"'7h"n—1a8,7h'/) ( )n+1,¢)(h1a"'7h’n—1asl)}

J=1

= ¢<h17 R hn—lasl) + O (%) .

Therefore

> haohaas'(2) (Wha, o by, B = (b, By, )

s'es
/

=S i hai8(2)0 (%):0(6')

s'eS

as needed, using |z| < 4.

1.4.2 TI'y-cohomology and inflation-restriction

We now use Proposition 1.2.28 to find sufficient conditions for vanishing of higher continuous

I' x-cohomology.

Proposition 1.4.2. Let M be a continuous Z,[I'k|-module, and suppose that there exist
Z, I k|-submodules M; C M fori € Zso such that M; C M;_y, each M /M, is a discrete p™-
torsion module, and M = lim, M/M; as topological Z, [T k]-modules. Then H"(I'x, M) =0

forn > 2.

Proof. Observe that H"(I'x, M/M;) = 0 for n > 2 and all ¢ by [51, Proposition 1.7.7]. For
n > 3, the claim follows from (1.33). For n = 2, we find instead that anll HY T, M/M;) =

H?(T'g, M), so we need only show that (H'(T'x, M/M;)); has surjective transition maps. But
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we have (H' Ty, M/M;)); = (M/(M; + (y — 1)M)); by Lemma 1.2.5, so the result follows.
[l

We prove the inflation-restriction exact sequence for continuous cohomology of profinite

groups acting on a special class of modules.

Proposition 1.4.3. Suppose that H C G are profinite groups, with H closed and normal
in G. Assume that M is a continuous G-module with H*(H, M) = 0 for 1 <k <n — 1.
Moreover, assume that there exist open G-submodules M; C M for i € Z>o such that M; C
M;_1 for each i and M = 1&1z M/M; as topological G-modules. Then the inflation and

restriction maps induce an exact sequence
0— H"(G/H,M*") — H"(G,M) — H"(H, M). (1.60)

We use dimension shifting, so we need to construct an induced module for continuous

cohomology.

Lemma 1.4.4. Let G be profinite, and let M and M; be as in Proposition 1.4.53. De-
fine Ind® M to be the set of continuous maps & : G — M equipped with the G-action
(g6)(g") = &(g71g) for g,g € G and the projective limit topology coming from the iden-
tification Ind% M =2 Jm, Ind®(M/M;), where Ind®(M/M;) has the discrete topology. Then
H™(G,Ind“ M) =0 forn > 1. If H C G is a closed subgroup, then H"(H,Ind” M) =0 for
n > 1. If H is also normal, H*(G/H, (Ind® M)#) =0 for n > 1 as well.

Proof. By Proposition 1.2.28 we have an exact sequence
0 — lim' H"~ (G, nd“(M/M;)) — H"(G,Ind® M) — lim H"(G, Ind®(M/M;)) — 0.

The usual vanishing of cohomology of induced modules implies that H"(G, Ind® M ) =0 for
n > 2. If n = 1, the same follows from H(G,Ind“(M/M;)) = M/M,;.
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Consider the exact sequence
0 — lim' H"~(H, Ind®(M/M;)) — H"(H,Ind® M) — lim H"(H, Ind(M/M;)) — 0.

By [51, Proposition 1.3.6.(ii)], Ind®(M/M;) is also an induced H-module, so we obtain van-
ishing of H"(H,Ind® M) for n > 2. (The definition of induced module in [51] has the
action (¢€')(¢') = g€'(g~'¢g’) instead, but we can construct a G-equivariant isomorphism be-
tween these two definitions by mapping & with (¢€')(¢') = g€'(¢g7'¢’) to the function £(g) =
g '€ (g).) If n = 1, we need to show that the transition maps H°(H,Ind®(M/M;.,)) —
H(H,Ind®(M/M;)) are surjective. Note that (Ind®(M /M, 1))" just consists of the func-
tions that factor through H\G, so since any map H\G — M /M, can be lifted (by discrete-
ness) to a map H\G — M /M1, the surjectivity is clear.

If H is normal, we may identify (Ind® M)# with Ind“/# M, so H"(G/H, (Ind® M)7) = 0

for n > 1.

Proof of Proposition 1.4.3. For n = 1, this is well known, so assume n > 2.

There is a closed G-equivariant embedding M; — Ind“ M; taking m to g — ¢ *m, and
similarly for M and M/M;. (To see that the embedding is closed, recall from the proof of
Lemma 1.4.4 that if we define the induced module using (¢g¢')(¢') = g&'(g7'¢’), the resulting
module is isomorphic to the original. The G-equivariant embedding into the new module
takes M, M;, or M /M; into the constant functions, which are easily seen to form a closed
subspace.) Write M! = (Ind® M;)/M; and M’ = (Ind® M)/M with the topologies induced

from Ind“ M; and Ind® M. Equip M’/M! with the discrete topology. The commutative
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diagram

0 0 0
| / |

0 M; Ind®(M;) M! 0
| / |

0 M Ind“(M) M’ 0
J / l

0 — M/M; —Ind®(M/M;) — M' /M —0
V b b
0 0 0

has first and third column exact by definition. The horizontal maps are continuous, as are
the vertical maps in the left two columns. The map M/ — M’ is continuous and open, since
the composite map Ind(M;) — Ind“(M) — M’ is continuous and open and M/ has the
topology induced from the surjection Ind®(M;). It follows that every map is continuous.
To see that the second column is also exact, note that since M/M; is discrete, there is a
continuous section to M — M/M;, so any continuous map G — M /M, can be lifted to
one into M. The first two rows are exact by definition of M/ and M’, so the third row is
exact by the 9-lemma. If we take H-invariants of this diagram, left-exactness shows that
MM /MHP | (Ind®(M)® /(Ind®(M;)), and MM /M are discrete. The system M /M; has the
Mittag-Leffler property, so if we look at the morphism from the middle row of the diagram
to the limit over ¢ of the third row, we find that M’ = Jim, M'/M].

We have an exact sequence of G-modules
0— M —Ind°M — M — 0. (1.61)

We construct a continuous section to Ind“ M — M’ by choosing a compatible family of
sections M’ /M! — Ind®(M/M;). By the assumption H'(H, M) = 0, we also have an exact
sequence

0— M7 — (Ind“ M)* — M — 0. (1.62)
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We claim that there is again a continuous topological section to the surjection. For this,
observe that by the above, (Ind” M;)? (resp. M/™) is open in (Ind® M)¥ (resp. M'"), and
M;(Ind“ M)H = 0 (resp. N;M™ = 0). Since (Ind® M)¥ (vesp. M'™) is closed in Ind“ M
(vesp. M'), we have (Ind“ M) 2 lim (Ind“ M)" /(Ind® M;)" (vesp. M == lim, M"™ /M)
We pick compatible sections M /MM — (Ind® M) /(Ind® M;)* to construct a continuous
section.

From vanishing of cohomology in Lemma 1.4.4 and the exact sequences (1.61) and (1.62),

we obtain isomorphisms

H™(G, M) = H™ (G, M), H"(H, M") = H™'(H, M),

and H"(G/H, M) = H"(G/H, M™)

for n > 1.
To obtain (1.60), we induct on n; the base case is the usual inflation-restriction sequence

for 1-cocycles. If we assume the result for n, the upper row of

0——= H"(G/H, M"Y —— H"(G, M’) — H"(H, M")

|2 |2 |2

0—— H""Y(G/H,M") —= H"*(G, M) — H"*'(H, M)

is exact by the inductive hypothesis using the isomorphisms H*(H, M') = H*(H, M) =0
for k =1,...,n — 1. The downward maps are isomorphisms, so the lower row is exact as

well.
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1.4.3 Vanishing of cohomology for bounded and unbounded peri-

ods

We may now prove a vanishing theorem for continuous cohomology of Hodge-Tate and

bounded de Rham periods.

Theorem 1.4.5. Suppose that E and K are finite extensions of Q, such that E contains
the normal closure of K, R is a Noetherian E-Banach algebra, and the finitely generated
R-Banach module M is equipped with a continuous R-linear action of Gx. Fix o € ¥ as
before. Then for any n > 2, we have H" (G, t* Bl /t*Biz@k M) = 0 for k < [ € Z,

including the special case H"(Gr, Cp(k)®p M) = 0 for k € Z.

Proof. Note that C,(j)®x,9M is an Hy-semilinear C,-Banach space. We write N =
(C,(j) Pk MK for any fixed j € Z. Let N; be the open ball in N of radius p~* cen-
tered at 0. Then N = @Z N/N; and each N/N; is a discrete p-torsion module.

By Theorem 1.4.1, H"(Hg,C,(j)®K M) = 0 for n > 1. It follows from Proposi-
tion 1.4.3 that H"(G g, C,(j)®k M) = H"(T'k, N). By Proposition 1.4.2, H*(Tg, N) =
H"(Gg,Cp(j)®xoM) = 0 for n > 2. This handles the C,(j) case, which is also the k—¢ = 1
case for bounded de Rham periods. For larger k& — ¢, we obtain the result using induction

via the long exact sequence in cohomology associated to
0 — Cplk — )@k M — t'Bis /1" Bir@k oI — t' Bl /P ' B &k .M — 0.

As noted in Remark 1.2.21, a continuous section to the surjection exists.

We pass to the limit using Proposition 1.2.28 and Lemma 1.2.34.
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Theorem 1.4.6. Maintain the hypotheses of Theorem 1.4.5. We have
H" (G, " Bip@k.oM) = 0 and H" (G, Br®k M) =0

form>2 and k € Z.

Proof. Note that t* By @M = lim (t*Bip /t'Biz @k ,M) by (1.47). By Proposition 1.2.28

and the continuous sections from Remark 1.2.21, we have short exact sequences

0 = lim' H" NG, t* B /t' Bip@xoM) — H" (G, 1" Bir @ o)
¢

— lim H"™ (G, t* Bl /t* Bir @, »MM) — 0.
l

For n > 3, the vanishing of the middle term follows from Theorem 1.4.5. For n = 2, we use
the exact sequence (1.19) to see that the transition maps of the left-hand term are surjective.

The result for Bar follows from Lemma 1.2.34.

1.5 Conditional base change for invariants

In this section, we describe an alternative approach to the results of the preceding sections by
replacing the base change result Proposition 1.2.26 with a weaker statement for invariants.
For convenience, we will restrict ourself to the Hodge-Tate setting. The main motivation
is that the results on vanishing of higher Hg-cohomology are unavailable in other settings
(such as the rings of semi-stable or crystalline periods, whose topologies are quite subtle),
and so if one were to ask similar questions for these kinds of periods, it would be helpful
to have an approach to base change that only uses group invariants (and thus involves less

topology). Section 1.5.1 contains purely commutative algebraic results that we hope find
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other applications.

1.5.1 Base change and invariants

If¢: M — N is a morphism of R-modules and P is an R-module, the map ¢ : (ker )@z P —
ker(1) ® g P) may be neither surjective nor injective. Moreover, if R, M, N, and P, are finite
dimensional over a field k, dimy (ker¢)) ® g P can be strictly greater than dimy ker(¢) @ P).

We illustrate these behaviors with the following examples.

Example 1.5.1. Let k be a field, let M = N = R = k[0, €]/ (62, d¢, €), let ¢ be multiplication
by €, and let P = k be the residue field. Then (kery) ®p P — ker(y) ®@g P) is the 0 map
from ke @ ko to k.

Observe that € is a zero divisor on N. The map (kervy) ® g P — ker(¢) g P) can be a

strict inclusion, as can be seen in the following example.

Example 1.5.2. If M = N = R = Z,, v is multiplication by p, and P = Z/pZ, then
(kerv)) @ g P — ker(y) ®g P) is the map 0 — Z/pZ.

It turns out that the obstruction to injectivity of ¢ is related to the observation about

zero-divisors above. In particular, we have the following lemma.

Lemma 1.5.3. Suppose that R is a commutative ring, 1 : M — N is a morphism of R-
modules, 1, ...,x, is an N-sequence in R, and P = P'/(xy,...,x,)P’, where P' is a flat

R-module. Then the natural map (kery) @g P — ker(¢) ®g P) is injective.

Proof. Since kernels commute with flat extension, it suffices to check that if x is a non-zero

divisor on N, then (ker) ®pg R/x — ker(y) ®g R/x) is injective.
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The diagram

0 0 0

l l !

ker ) —— ker ¢ —— ker(v) @ R/x)

l l !

M—= M M/zM —0
lw lw lw@mR/m
0 N z N N/zN 0

has exact columns and the lower two rows are exact. To see that the top row is also exact,
observe that if m € kerv C M maps to 0 in ker(y) ®g R/z), there must be m' € M with
am’ = m. Then 0 = ¢(zm') = xp(m'), so ¥(m’) = 0 by our hypothesis on x. Thus
m’ € ker(¢)) as needed.

]

Definition 1.5.4. We say that P as in the statement of Lemma 1.5.3 is an N-admissible

module.

We now give an application to group invariants. We first note using an example that if
M has an action by a group G, we cannot expect M% @ P — (M ®p P)% to be surjective

in general.

Example 1.5.5. Let M = N = R? let ¢ : R — R be given, and let the action of G = Z
be defined by letting n € Z map (ry,r3) to (r1,n(r1) + r2). Now let M, N, and 1 be as in
Example 1.5.1 or 1.5.2. The G-invariants in this case are given by the kernel of 1 — 1,,, or

ker ¢ @ R. Now the lack of injectivity in those examples applies again here.
Under the admissibility condition, however, we obtain a positive result.

Proposition 1.5.6. Suppose that M has an R-linear action of a group G. If P is M-

admissible, then the natural map M® @r P — (M ®@g P)% is injective.
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Proof. Observe that if 1 : M — [[,co M sends m to ((g — 1)m)geq, then keryp = M¢. Note
also that a regular sequence for M is also a regular sequence for [[, M, so P is [[, M-
admissible. Write P = P'/(x1,...,x,)P' = P"®g R/(x1,...,x,) with P’ flat and z1,...,z,
an M-sequence. Then M @ R/(x1,...,7,) = M ®@r R/(x1,...,1,) is injective by Lemma

1.5.3. By flatness of P’ we deduce that M% @r P — M ®p P is injective.

We give an application to arithmetic invariant theory.

Corollary 1.5.7. Let V' be a free R-module equipped with an R-linear action of a group G.

Then G acts on the polynomial ring S = Sym (V). If the ideal I C R satisfies depth I =

codim I, then S¢ @r R/I — (S ®r R/I)Y is injective. In particular, if X = SpecR,

Y = SpecS, and Z = Spec R/I, then the natural map (Y xx Z2)/G — (Y/G) xx Z is

dominant.

Proof. We apply Proposition 1.5.6 to obtain the injectivity of S ®z R/I — (S ®g R/I)C.
O

We mention two more examples to indicate limitations on control over the dimension of

the kernel of a morphism before and after base change.

Example 1.5.8. Let k be a field, let M = R = k[e]/(€?), let N =k, let ¢ be the quotient
by (€), and let P = k be the residue field. Then (ker1) ® g P — ker(¢) ®g P) is the 0 map

from the ideal (¢) C k[e]/€? to 0.

Example 1.5.9. Let M = R = Z,, let N = Z/pZ, let ¢ be the quotient by (p), let
P =7Z/pZ, and let L = Q,,. Then (kerv¢)) @z P — ker(¢) ®g P) is the 0 map from the ideal

(p)/(p*) to 0. In particular, dim, ker(y) @ k) < dimp ker(v) @z L).

Recall from Example 1.5.2 that at best we can hope that

dim,, ker(¢) @ k) > dimy ker(¢) ®g L)
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even if M and N are finite flat and R is a Noetherian domain. Examples 1.5.8 and 1.5.9
illustrate that this inequality can fail if N is not flat. In a positive direction, if R is a

Noetherian domain, NV is finite flat, and M is finite, we have the following.

Proposition 1.5.10. Let R be a Noetherian domain with fraction field L and let : M — N
be a map of finitely generated R-modules with N flat. Moreover, let p C R be a prime ideal
with residue field k. Then dim, ker(¢ ®pg k) > dimp, ker(¢ ®p L).

Proof. We have an exact sequence

0—=ker( g L) > M ®r L — N ®p L — coker(¢ ®g L) — 0.

It follows that dimy ker(y) ®g L) = dim; (M ®g L) — dim (N ®g L) 4+ dimy, coker(y) @g L).

By flatness of localization, the sequence

0 — (kerv), — M, = N, — (coker¢), — 0

is exact, and by Nakayama’s lemma, the R,-module (coker ), (resp. M,) can be generated
by d = dim,(cokert) @g k elements (resp. d = dim, M ®g k elements). It follows that
d > dimy coker(¢) ®g L) and d" > dim; M ®g L. Since tensor products commute with

cokernels, d = dim, coker(¢) ®g r). Using the exact sequence

0— ker(¢y @gp k) > M ®gk — N ®r k — coker() @g k) — 0
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and the flatness of N, we have

dim, ker(¢) @ k) = dim, (M ®g k) — dim, (N ®g ) + dim,, coker(¢) @ k)
> dimy (M ®p L) — dim (N ®g L) + dimy, coker(¢) @g L)

= dimy ker(¢ ®g L).

1.5.2 Application to Hodge-Tate periods

In this section we approach the lower semicontinuity aspect of the Hodge-Tate case of The-
orem 2 via invariants as opposed to 1-cocycles. The reason for mentioning this alternative
approach is that although we are able to approach the theory of bounded de Rham periods
via 1-cocycles, it is very difficult to imagine how our arguments could apply to semi-stable
or crystalline cases due to the subtle topologies on those period rings.

The techniques in this section show that if one is willing to desingularize the base of
the family (via a result of Temkin, Theorem 1.5.16 below), one can avoid any discussion of
the topology beyond a decompletion (which we proved in Lemma 1.2.24) of the underlying
module. We stick to the Hodge-Tate case and affine families for simplicity.

We maintain the notation R, 9, Gk, o, and E from Section 1.2.2; assume fR is integral.

Then we have the following extension of Theorem 1.2.13.

Theorem 1.5.11. Suppose that € : R — E' is a specialization to a finite field extension of
E. Let L = FracR. Then

dimE/ HO(GK, Cp®K,U(9ﬁ ®gﬂ E/)) 2 dlmL HO(GK, Cp®K,am) ®g{ L. (163)

The argument of Theorem 1.2.13 produces an open subset where (1.63) is an equality.
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(Replace Q,(0) in the argument there by any f # 0 such that ¢ : € — & has flat cokernel
using generic flatness.) This immediately implies the semicontinuity of the dimension of
Hodge-Tate periods by dévissage.

We will first give a proof under an additional hypothesis.
Proposition 1.5.12. Suppose that R is Cohen-Macaulay. Then Theorem 1.5.11 is true.

Proof. Let m = ker{. By Lemma 1.2.24 and Proposition 1.2.6, we have an isomorphism
(Co@r MK @x B 5 (Co®5 (M @x E'))x. We deduce an isomorphism between the
kernel of a generator v € I'j¢ (which we will denote by ker,) acting on (C,® ,IM) 7% @p E’
and H°(Gk, Cp®k.o(9MM @x E')). The ideal m has depthm = codimm by the condition on

R, so by Lemma 1.5.3 we have an injection

HO(GK, CP®K709:R) ®§R El = kerw((Cp®K,Ufm)HK) ®§R El

— ker, ((Cp@p M) @n E') = H*(Gr, Cp@r.o(M @ E)).

But dimg H(Gk, Cp®k M) ®x E' > dim;, H(Gk, Cp&k M) @x L by the argument of
Theorem 1.2.27.
]

For the general case, we will use some facts concerning blowups. The universal property
for blowups is the same as in the schemes case; in particular, 7 : X’ — X is the blowup along
the coherent ideal sheaf J if it is universal for the property that 771(J)Ox is an invertible

Dx/-sheaf.

Proposition 1.5.13 ([21, Definition 4.1.1]). Let J be a coherent sheaf of ideals on a rigid
analytic space X. Then there exist a rigid analytic space X' and a proper map m : X' — X,

such that X' and m satisfy the universal property for the blowup of X along J.

As explained by Schoutens [65], one can deduce from this the following properties.
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Proposition 1.5.14 ([65]). Let 7 : X' — X be the blowing up of an irreducible rigid space X
along the ideal sheaf J of a nowhere dense closed analytic subvariety 3. Then 7 is proper and
surjective, and X' is irreducible. Moreover, 7='(3) is nowhere dense in X' and w|xn-1(3) is

an isomorphism.

Proof. Although Schoutens works over an algebraically closed field, the results [65, Propo-
sition 1.4.4 and Corollary 1.4.5] use only the universal property of the blowup, and [65,
Corollaries 3.2.2 and 3.2.4] use only the properness and universal property. While Schoutens
is using a weaker notion of nowhere density than Conrad, [20, Lemma 2.2.3] shows that the

stronger definition holds.

The following is an immediate corollary.

Corollary 1.5.15. Suppose X,, — --- — X1 is a sequence of blowups, each along a nowhere
dense closed analytic subvariety, and denote by 7 : X,, — X the composite. Then there exists
a nowhere dense closed analytic subvariety 3 C Xy such that |x,\-1(3) is an isomorphism

and 71(3) is nowhere dense.

The following resolution of singularities result is a very special case of what Temkin [80]
proves, and not all of the good properties of this construction are listed here, but we will

only need this statement.

Theorem 1.5.16 ([80, Theorem 5.2.2]). Suppose that R is a reduced affinoid algebra over
E, and let X = Spm*R. Then there exist a reqular rigid analytic space X' over E and a
proper birational morphism w : X' — X. Moreover, w is the composition of at most finitely

many blowups with nowhere dense center.

We may now return to the proof of Theorem 1.5.11.
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Proof of Theorem 1.5.11. Write X = SpmfR and let 7 : X’ — X be the map given by
Proposition 1.5.16, so that X’ is regular. Then 7*9 is finite flat of the same rank on
X’. Pick an integral affinoid neighborhood of a point y over m = ker{ and let R’ be the
resulting R-algebra. Note that the pullback of 7*91 to y is just an extension of coefficients
of M ®x R/m, so it suffices to prove the inequality (1.63) for y instead. By Proposition

1.5.12 we are reduced to checking that

dimL HO(GK, CP®K709JI) ®m L= dimL/ HO(GK, CP®K7J(SUI ®9}, 9%’)) ®m L,, (164)

where L' = Frac .

By Corollary 1.5.15, the map Spm*fR’ — X is an isomorphism on the complement of a
closed analytic subspace, so by picking an affinoid subdomain in the complement it suffices
to check that the equality (1.64) holds instead for a map S8 — SR’ where R’ is the coordinate
ring of an affinoid subdomain of Spm fR. But in this case, B — R’ is flat, so the formation of

ker ¢ : € — €& commutes with base change along 8 — R’ and the required equality follows.

]
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Chapter 2

A p-adic approach to local-global

compatibility

2.1 Introduction

Let F/F* be the compositum of a totally real field F'* with an imaginary quadratic field
E and let G = GU(J)/q denote the unitary similitude group acting on the Hermitian space
(£, J) with similitudes in Q, where .J denotes the Hermitian pairing. If J = J,, = ( La _Olb ),
where a,b are nonzero positive integers, and F* = Q, then Skinner [73] and Morel [49]
associate to a regular cuspidal automorphic representation m on GG a weak base change 7 to
Resg G, x Resg GL, and a Galois representation p, : Gp — GLn(Qp) with compatibility
at any ¢ such that 7, is unramified and ¢ does not divide the discriminant dg. For general
J and F™, Shin [70] gives a similar construction that also generalizes work of Labesse [39]
for the case [F* : Q] > 1. Moreover, his weak base change 7 has full compatibility with =
at every place of Q that splits in E.

We improve on these results by proving cases of local-global compatibility for 7 with 7

and p, at primes p|dg with p > 2. We require that p is unramified in F*. We study the

94



situation where G(Q,) is quasi-split and 7, is spherical with respect to a certain special
maximal compact subgroup K C G(Q,), which is defined as follows. (See Section 2.4 for
more details.) By our hypothesis that G is quasi-split at p, the group G/q, is isomorphic to

the unitary similitude group over Q, stabilizing the form

—1 w

—1 —w

in the case where n is odd or even, respectively. Here w is a uniformizer at the place of E
over p such that w?® € Q,. Then K is the group of integral matrices in the group defined
with respect to the form J.

The first step, carried out in Sections 2.2 and 2.3, is to establish compatibility up to
monodromy at p. This uses the theory of y-factors, and follows the strategy of the afore-
mentioned work of Skinner [73]. The key ingredients are the classical theory of v-factors
on GL, via the doubling method of Piatetski-Shapiro and Rallis [56, 24], Lapid and Rallis’s
adaptation of the doubling method [40] to construct y-factors for unitary groups and prove
their fundamental properties, and the stability of v-factors on unitary groups and on GL,,,
proved by Brenner [10] and Jacquet-Shalika [32], respectively.

To improve this to full compatibility, we introduce a new tool: variation in a p-adic

family. Loosely speaking, the argument is three steps.

1. By assumption, 7, has trivial monodromy, so we have compatibility if 7 has trivial

monodromy. If instead, 7 has non-trivial monodromy, the Satake parameters of 7 are
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of a particular form. We use this to construct in Sections 2.4 and 2.5 a pathological

p-stabilized overconvergent automorphic representation o attached to 7.

. We show in Section 2.6 that if ¢ moves in a family of full dimension over weight space
(or, more precisely, in a family that moves in a particular direction in weight space),

we can construct a crystalline period in p, that violates its known purity.

. In Section 2.7, we explain how to construct a suitable family using Urban’s eigenvari-
eties [82] under a non-criticality hypothesis on o. Then in Section 2.8, we substantially
weaken this hypothesis using a closer examination of the automorphic multiplicities
appearing in Urban’s work. We first show that whenever there exists w € W, where
W is the Weyl group of GG, such that a certain overconvergent cuspidal automorphic
multiplicity mao (o™, w = \) is nonzero, the argument of Section 2.7 applies. We then
check that such a nonvanishing multiplicity exists using a combination of the regularity
of 7, the temperedness of 7w at unramified places, and the existence of an inductive
formula for the classical multiplicity in terms of twisted overconvergent Eisenstein mul-
tiplicities. We also give a simpler argument for the case [F' : Q] > 2 using a trivial

bound on the defect of the Leopoldt conjecture.

A precise statement of the main theorem is given in Theorem 2.2.5 below. As a conse-

quence of this result, one can produce the first examples of strong base changes 7 of cuspidal

automorphic representations m on G. (Since E/Q always has a place of ramification, there

is no way to produce a strong base change by even applying, for instance, Shin’s result [70].)

To obtain such examples, one selects E so that it is split at places of ramification of F' and

selects the form J so that G(Q,) is quasi-split at all p ramified in E. One then considers

cuspidal automorphic representations m with level K at each ramified place of E, hyperspe-

cial level at each inert place of E, and arbitrary level at split places. Then a strong base of

T exists.
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In practice, one often is able to choose E and the form J of the unitary group, so it is not
too difficult to satisfy the hypotheses above. One key application is to constructing elements
of Selmer groups using the strategy of Skinner-Urban [76, 75]. Since these elements are
constructed as extensions of Galois representations and must satisfy local conditions at every
place, it is essential to have a strong base change. In fact, our result is applied in their recent
work [83]. Another application is to the generalized Ramanujan conjecture for the group G.
This conjecture states that any globally generic cuspidal automorphic representation should
be everywhere tempered (up to the central character); we prove temperedness at p under
the hypotheses above.

Our arguments apply without modification to cuspidal representations = on G that are
possibly irregular discrete series at infinity if they satisfy two additional hypotheses. Namely,
we require that the classical Euler-Poincaré characteristic of 7 is nonvanishing and that the
weak base change 7 of m constructed by Shin [70] is tempered at finite places. (See Remark
2.2.6.) We hope to relax the latter hypothesis in future work. Using the lifting from unitary
groups to similitude groups!, compatibility for unitary groups follows in the limited setting
F = EF* considered above; see Corollary 2.2.7.

The strategy to use interpolation results for crystalline periods in order to prove local-
global compatibility for Galois representations is due to Skinner [74], and our method can
be seen as a higher rank generalization of his strategy. Jorza [33] and Luu [46] have also
used strategies based on Skinner’s for GSp, and GL,. Three differences in our work are as

follows.

e Instead of constructing a crystalline period in order to identify a Satake parameter or
show a representation is crystalline, we use the interpolation in a negative way — we
assume a representation fails local-global compatibility and use that failure to construct

a crystalline period that we know cannot exist.

T learned about this lifting from Stefan Patrikis.
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e Since we are working on a ramified group, a substantial part of the argument deals

with the local theory required to produce a suitable family.

e We are considering completely general unitary groups (rather than ones that are
anisotropic over Q), which makes it more challenging to produce a suitable family

due to the presence of Eisenstein cohomology classes.

In the remainder of this introduction, we sketch some of the ideas that go into the proof.
For compatibility up to monodromy, first write 7y for an irreducible subrepresentation of the
restriction of 7 to the unitary group Gy = U(J),q and write 7, for the restriction of 7 to Hy =
Resg GL,,. Then 7y is tempered at p [71]. Skinner shows that the ~y-factors of m, and 7o,
are equal. We check that if 7, o is a subquotient of the unramified principal series, the Satake
parameters are of a particular form, and then 7, is the unique tempered representation that
agrees with 7, ¢ up to monodromy; this uses a numerical invariant attached to the ~-factors
and the Bernstein-Zelevinsky classification.

If 79, has non-trivial monodromy, then for step (1) above we need the action of a certain
Hecke operator U on the p-stabilized overconvergent automorphic representation o to have
an eigenvalue that is too large for a tempered representation. We require a very precise
understanding of m, to produce such a 0. Since Go(Q,) is ramified, its structure theory
is somewhat sophisticated. However, it turns out that the Iwahori-Hecke algebra of Go(Q,)
can be identified with that of a split group G{,(Q,).> This observation is a case of a technique
employed by Lusztig [44] to reduce the study of unipotent representations of certain possibly
ramified groups to unramified cases, and was used to study Steinberg representations of
Go(Qp) by Clozel-Thorne [17, 18]. To study the representation 7, of G,(Q,) corresponding
to o, we apply results of Reeder [58] that translates the structure of 7, into questions

about orbits on a certain prehomogeneous vector space.

21 learned of this identification from Jack Thorne.
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Assuming that o can be p-adically deformed in a suitable family, in step (2) we construct
a crystalline period in p, that violates its known purity. For this, we apply a result of Kisin
[36] and Nakamura [50] to analytically continue a period from points of very regular weight

to pr. We need to carefully choose a line such that

e it contains a dense set of points with arbitrarily regular algebraic weight,
e the eigenvalue of U varies analytically over the family,

e the eigenvalue of U is equal to a crystalline Frobenius eigenvalue in very regular weight,

and

e the attached Galois representations have a fixed Hodge-Tate weight.

Finally, in step (3), to actually produce the required family of Galois representations,
we apply the technique of pseudorepresentations due to Wiles [85] and Taylor [78] to the
p-adic families constructed by Urban [82]. See Sections 2.7 and 2.8 for the subtleties involved
here. Urban’s main theorem applies when the multiplicity mgo (o,\) # 0, which is true if o
has non-critical slope and regular weight. To construct the p-adic families in critical slope
cases, we first study overconvergent automorphic multiplicities and look at avatars o*- of
classical representations in non-dominant weight w * X\ in Urban’s eigenvariety, where w € W
is an element of the Weyl group of G and * is a normalized action on the weights. To our

A can be

knowledge, this is the first time such a technique has been applied. If any of these c*
p-adically interpolated in Urban’s eigenvariety, the same argument as in the non-critical case
applies. If all of their automorphic multiplicities vanish, we use Urban’s work to produce a
finite slope form on a proper Levi subgroup of GG such that 7 is a subquotient of its parabolic
induction to G. This Levi subgroup must have at least one GL;,r factor. Although this
form may not be classical, we check that the restriction to any of its GL,,r factors is a Hecke

character, and use a comparison of the weight of that character with the weight enforced by

the temperedness of 7 at a split place to find a contradiction.
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Our technique is not special to unitary groups, though many of the calculations here are
only carried out for such groups. In subsequent work we will give many additional cases of

local-global compatibility.

2.2 Weak base change, L-functions, and v-factors

In this section, we use an approach similar to Skinner [73, §3] in order to compare the local

Langlands parameters at a finite place of m and its weak base change 7.

2.2.1 Unitary groups and base change

Let F'* be a totally real field, let E C C be a quadratic imaginary field (regarded as having
a fixed embedding into C), and let F' = EF*. Let J be a Hermitian form on F”. We define
G = GU(J),q as follows. For a Q-algebra R,

G(R) = {9 € GL.(R®q F)|gJ'g = pu(9)J, u(g) € R*},

where we use ~ for the action of the nontrivial element of Gal(E/Q). This also defines a
homomorphism of Q-groups u : G — G,,. Let Gy denote the kernel of this homomorphism;
it is precisely the restriction of scalars to Q of the usual unitary group of J over F*. We
define H = Resg/q G,k and Hy = Resg/q Go/k.

If R is an E-algebra, we may identify R ®q £ with R x R by sending r ® e +— (er,er).
We use this to identify G, with G,, x Resp/g GL,, as follows. For any FE-algebra R, we
send an element g = (g1,92) € G(R) C GL,(R® F) =2 GL,(R® F) x GL,(R® F™)
to the element (u(g),g1) € R* x GL,(R ®q F*). Since J = 'J, the conditions in each
factor for g = (g1,¢92) € G(R) are equivalent to one another under transposition, and the

condition on the first factor is ¢1J'gs = u(g)J, or g = “(J g u(g)J), so the (g1,92)
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are in bijection with the (u(g),g1). (We have p(g) € R* by definition.) Thus we have
H = Resg/q Gy, X Resp/q GL, and Hy = Resp/q GL,. Using this identification, we define
amap 0y : H(R) — H(R) by

On((z.9)) = (@77 ). (2.1)

We also write 0, for the restriction to Hy.

It follows from the preceding discussion that we have an identification G = C* x
IL.7+ g GL,(C), where G denotes the dual. Define an action of the nontrivial element
c € Gal(E/Q) to be the unique outer automorphism preserving the standard splitting; its
action is given by

(x, (g0)) = ([ det g, (275, @n)0),

where the n X n-matrix ®,, is defined by (®,);; = (=1)""0; .41, and §;; is the Kronecker
d function. There is also an action of Gg by precomposition on the v : F* — R, so that
it permutes the GL,(C) factors. This action commutes with that of ¢. Then Ggq acts by
the product of the action via its quotient Gal(£/Q) and its permutation action on the v.
We similarly define an action of Gq on Gy = IL.r+_r GL.(C) by the same product of
actions, but where ¢ € Gal(E/Q) now acts by ¢((g,),) = (®,'g,'®,),. We then define
LG =G Wq and 1'Gy = @0 x Wq, where Wq acts by its quotient Gq. There is a natural
L-homomorphism “G — LGy defined by (x,g) x 0 — g x 0.

Since H = Resg/q G /g, we have H = G x G with the action of ¢ € Gal(E/Q) given by
c(g,h) = (c(h),c(g)), and the action of Wq again factoring through Ggq and equal to the
product of the Gal(E/Q) action just given with the permutation action in each factor. A
similar definition holds for Hy. This defines “H and © Hy, and the diagonal embeddings (using
the identity map on Wq) yield L-homomorphisms BC : “G — *H and BCy : *Gy — “H,. In
the usual way, these global Langlands dual groups give rise to local Langlands dual groups

using the embeddings Wq, — Wq.
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Example 2.2.1. We discuss one particular case for G(.J) that served as the focus of Morel’s

work [49]. Let a + b = n with a < b and define J,; by

Then G(J,;), sometimes called GU(a, b), is an example in the class of unitary groups under
consideration. In the following, we write everything with respect to the form J,;. We fix a

maximal torus defined by

Alxn == Aaxb—‘rl
T(R) = € GL,(R®q F)

= Xt hat1 = - = NNy

An

A maximal Q-split subtorus of T is

A®@1)diag M ®1,..., 02 L1®1,..., 1L\ '®1,..., A '®1)

S(R) = b—a

€ GL,(R®q F)

if b>a or

S(R) = {diag(M1 ®1,..., A0 @1, A,'®1,...,\' ®1) € GL,(R®q F)}
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if b =a. We let B,, denote the standard Borel subgroup of GL,. Then a minimal parabolic

subgroup of G is given by

M1 *
P(R) = M, S G(R) M17M3 S Ba(R ®Q F),MQ S GLb_a(R ®Q F)
M3
For any my,...,my € Z-o with my + --- + my = m < a, we obtain a standard parabolic of

G by intersecting G inside Resp/q GL, with the standard parabolic of type (m,...,my, b+

a—2m, my,...,m).

2.2.2 Weak base changes and (Galois representations attached to

automorphic representations of ¢

It is a conjecture of Langlands and Clozel that certain automorphic representations — those
that are algebraic — should be attached to motives (and thus compatible families of Galois
representations). In this work we will be concerned only with cuspidal automorphic represen-
tations m on G that are regular discrete series at infinity. Such 7 satisfy Clozel’s hypothesis.
In fact, the Galois representation attached to 7 is the one attached to its weak base change
7 to H. Since the Galois representations p, attached to such a 7 have been constructed
thanks to the work of many mathematicians, and nearly all the expected properties of p,
are known, the relationship between 7 and 7 is the main focus of this article.

When the unitary group is noncompact at infinity and F* = Q, it is only possible to say
anything about the group G because of the intricate study of the intersection cohomology of
the Shimura variety attached to G by Morel [49], who attaches a very weak base change 7 to
amon G. (By very weak here, we refer to the indeterminacy of the set of places where 7 is

compatible with 7.) This case is the most important one for applications to the Bloch-Kato
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conjecture and Iwasawa theory for elliptic curves over Q.

Using different methodologies, Skinner [73] and Shin [70] describe additional compati-
bility for 7, yielding a weak base change, i.e. a base change that has compatibility at an
explicit set of places including all the ones where the data is unramified. The former work
requires '™ = Q, ab # 0, and gives a slightly weaker form of compatibility than the latter
work at places of Q that split in E. For this reason, the statement below is based on Shin’s
result [70]. However, in what follows, we largely follow the notations and conventions of
Skinner’s paper [73]. Skinner and Shin have opposite conventions for the L-packet attached
to the algebraic representation V) of weight A — namely, Skinner asks for nonvanishing of
the cohomology of 7y, ® VY while Shin uses 7., ® V instead (as does Morel’s work [49]).
We later rely on Urban’s work [82], which uses Skinner’s convention as we do.

We write BC(m,) for the representation of H(Q,) with L-parameter BC o ¢, where
Yy, denotes the Langlands parameter of 7,. If 7 is an irreducible admissible representation
of H(Aq), then by using the identification of H with Resg/q Gy, X Resp/q GL, in Section
2.2.1, we can think of 7 as being a pair (¢, 7y) of representations of Resg/q G,(Aq) and
Hy = Resp/q GL,(Aq).

Recall the involution 0y defined in (2.1). We say that a 7 as above is fy-stable if 797 = 7,
which is equivalent to 7y = 7§ and ¢ = x5, where V denotes the contragredient, x, is the
central character of 7y, and ¢ denotes the conjugate, i.e. the composition with the involution

on Resg/q Gy, X Resp/q GL, induced by the non-trivial element of Gal(£/Q).

Theorem 2.2.2 ([49, 73, 71, 70]). Let F't be a totally real field and let F/F* be the composi-
tum of F™ with an imaginary quadratic field E. Let J be a Hermitian form on F", suppose
that w is a cuspidal automorphic representation on the unitary similitude group G = GU(J),
and let Go, H, and Hy be defined as in Section 2.2.1. Recall that via Weil restriction of
scalars we regard all of these groups as being over Q. Moreover, assume that there exists an

algebraic representation Vy of Gp such that w7 is a reqular discrete series representation
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inside the L-packet attached to V. Then there exists a possibly non-cuspidal automorphic

representation T = (1, 19) on H with the following properties.

1. We have 1, = BC(m,) for any prime p of Q that either

(a) splits in E, or

(b) is inert in E with m, unramified and p not a prime of ramification of F.

2. The infinitesimal character of T is associated to the algebraic representation V@ V¥
of H,p, where this is regarded as a representation of Hp via the identifications (from
Section 2.2.1) of Gy with Gy, X [[,,.p+ g GLn and H;p with G/p x G p via the map
R®q E — R x R (also defined in Section 2.2.1).

3. The representation T is Oy-stable. Moreover, 1v = X< and X., = Xx/X%, where X

denotes the central character of .

4. The representation 1y is tempered at all finite places.

Shin requires only that m., is discrete series, and the resulting 7 is an isobaric sum of
discrete conjugate self-dual representations (rather than cuspidal ones). However, since we
are assuming m,, is regular discrete series, these discrete representations are cuspidal and 7
is tempered — this is proved in [72, Corollary 4.16].

We can be more precise about the possibilities for the representation V) mentioned above.
If ' C G is the diagonal torus, then T)p C G is identified with G, x [+ g G- Writing &
for [F*: Q]and v, i = 1,..., k, for the distinct maps F'™ — R, we can identify the character
group X(T) with Z'**" as follows. We write ¢ = (¢,¢,,,...,¢,) € Z'""", where ¢, =
(Cits- s Com). Then M) € X(T) is given by (t,diag(tis, ..., tin)) — t°[I, [T tffji’j,
where the group of elements of the form diag(¢;1,...,t,) is the torus of the factor G,

indexed by v;. Using the upper-triangular Borel, the dominant characters are exactly those

satisfying ¢,, 1 > -+ > ¢,,, and regular dominant characters have strict inequalities. Then
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a algebraic representation V) = V() as considered in Theorem 2.2.2 is determined by such
a c.

We will also need to know what the representation V ® V9§ is in this context. Letting
Ty C H be the usual maximal torus, we have X (Ty) = X(T) x X(T'), where the first
factor corresponds to the chosen embedding £ C C and the second is the conjugate. So an
algebraic representation of H/p = G/p X G is determined by a pair (c,c') of data in the
format of ¢ above. For V), ® VY, ¢; = c¢. The algebraic representation V§ = Vs can be

calculated by examining the effect of 0((z, g)) = (Z,7'g ') using the explicit form of A on the

torus. In particular, for each ¢, we have (¢, diag(t;1,...,ti.)) s (t, diag(tt; 1 1, cottin 1)),

so that ¢, corresponds to the map

k n
(t,diag(tin, . tin) = &[] [T7%%.

i=1j=1

Also note that 6 takes the Borel to its opposite, so we need to conjugate by the longest element

of the Weyl group, which interchanges #; with #,,1_;. We deduce that ¢, = (¢, ¢},,...,¢,),
where ¢ = ¢+ Y1, > i1 Cug and ¢, = (=Cuny -, =€y 1). We note that if ¢ is dominant

or regular dominant, so is ¢,.

Definition 2.2.3. Suppose that A = A(c). We define the weight of the algebraic representa-
tion Vi to be ¢+ ¢ = 2¢+ Y05, > 71 Cu;j- This can alternatively be defined as the weight

of the induced algebraic representation of the center of G.

We now describe the Galois representation attached to 7 (which is just the one attached
to 7 = (¢,7)). Its construction is the culmination of works of many authors, including
Shin [71, Theorem 1.2]. We note that usually one only attaches a Galois representation to
7o; following Skinner [73, Theorem 10] we simply tensor that representation with the one

attached to . For the entire paper we will fix an isomorphism ¢+ : C — Qp.
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Theorem 2.2.4. Suppose that 7 and 7 = (Y, 79) are as described in Theorem 2.2.2. Then
there is a continuous semi-simple representation p, : Gp — GLn(Qp) satisfying the following

properties.

1. At places v|p, px|ay, is potentially semi-stable at v. The Hodge-Tate weights are given
in terms of the aforementioned data (c,,c,) attached to Vi ® VY as follows. For an
embedding v : F* — R (which then maps to Qp via L), there is a set of Hodge-Tate
weights attached to the chosen embedding E C C and a set of weights attached to its

conjugate. This ordered pair of sets is given by
HT,(prlas,) = {—c+j—1—c} A= +i =1+ conpai})-

2. The representation WD(px|ay, ) is pure of weight n —1 — w for every place v € F,

where V has weight w, and moreover
Fr—ss 1-n
WD (prlap, )"~ = tRecy (1, @ thy| - |2 ).

Here WD denotes the Weil-Deligne representation and Fr — ss denotes Frobenius semi-

simplification.

For the meaning of WD(px|c, ) when v[p (at least in the semi-stable case, which is all
we will use), see Section 2.6.1. We also remark that the weights in each of the two sets in
HT,(pr|ay, ) are all distinct when the data of ¢ is dominant.

We now state our main theorem, which is an improvement to Theorem 2.2.2. It also

follows that 7 has better compatibility with its Galois representation.

Theorem 2.2.5. Maintain the notation of Theorem 2.2.2. Assume that the odd prime p
ramifies in B but not in F', G q, s quasi-split, and 7, is K-spherical for the special mazimal

compact subgroup named in Section 2.4.4 or 2.4.5. Then in addition to the compatibility
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described in Theorem 2.2.2, we also have 1, = BC(m,) and m, is tempered (up to its central

character).

In fact, our argument can apply to certain irregular 7 as well.

Remark 2.2.6. If 7, is discrete series but not regular, Shin still proves Theorem 2.2.2 but
without the temperedness of 7y at all finite places. If we instead take this temperedness as an
additional hypothesis and also assume that the classical Euler-Poincare characteristic of 7
is non-vanishing (which is automatic in the regular case), then the entirety of our argument

here applies without modification.

We can deduce unitary cases as well.

Corollary 2.2.7. Suppose that E, F*, F, and J are as in Theorem 2.2.2, but consider the
unitary group Go in place of the unitary similitude group G. Then given an automorphic
representation my on Gq, there exists a base change 1o to Hy with compatibility as described

in Theorems 2.2.2 and 2.2.5.

Proof. The work of Langlands-Labesse [38, §6] shows that since G/Gj is a torus, there exists
an extension of the central character of my to G and a lifting 7 of 7y to G with that central
character. The precise construction of such an extension of the central character is given
by an argument of Patrikis [54, Proposition 3.1.4]. Then we just apply Theorems 2.2.2 and

2.2.5 and read off the compatibility between my and 7.

2.2.3 A relation between Satake parameters

We now regard Gy and Hy (as defined in Section 2.2.1) as F'*-groups. Suppose that we are in
the situation of Theorem 2.2.2. To avoid cluttering the notation, we let 7 denote the cuspidal

automorphic representation of Gy(Ap+) given by choosing an irreducible subrepresentation
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of the restriction of the 7 of Theorem 2.2.2 to GGy and write 7 in place of 75. Then 7 is a
weak base change of m to Hy. We write g, for the size of the residue field of F,. Note that
if we study the base change properties of these F'* groups in place of the Q-groups, the
effect on the Langlands dual group is only to ignore the permutation action of Gq on the
v: F™ — R, which is harmless.

Suppose that the rational prime p ramifies in £ and that F'* is unramified at p. Fix a
place v|p of F*. We also assume that G, is quasi-split and that 7, is a subquotient of the
parabolic induction of an unramified character x of the maximal torus of Gy,.

Looking ahead, in Section 2.3 we will classify possibilities for 7, and m,. A consequence
of the main result there is the following, which asserts compatibility as long as a special
relationship between the Satake parameters of x does not occur. We give a short, self-
contained argument for this result at the end of the section. See Definition 2.2.9 for the

definitions of Satake parameters and unramified principal series representations used below.

Theorem 2.2.8. Let 7 be a cuspidal automorphic representation of Go(Ap+) and let T be a
weak base change of m to Ho(Ap+). Suppose that the rational prime p ramified in E, v|p is
a place of F*, and Go,, is quasi-split. Moreover, assume that m, is a subquotient of Indgo X,
where x is an unramified character of the diagonal maximal F*-rational torus of Go. Let
{O‘i}ie{L...,n} be the set of Satake parameters of m,, and write ¥, and 1., for the Langlands

parameters.

1. Suppose that 7, is an unramified principal series representation. Then if a; # g0 for

i,j€{1,...,n}, we have ¢,, = BCy o ty,.
2. Suppose that o; # o and o; # quoy fori,j € {1,...,n}. Then we have 1, = BCyot),, .

Our first task will be to calculate the standard local L-factor of w, X w,, where =, is
assumed to be an almost unramified principal series representation and w, is an unramified

character of the group R,, where R = Resk, G,,. We will then use a result of Skinner [73]

109



to compare the y-factors of 7, and 7,. Skinner’s work employs results of Godemont-Jacquet
[32], Lapid-Rallis [40], and Brenner [10] on the construction, properties, and stability of

~-factors for unitary and general linear groups.

2.2.4 Local L-factors for tori

Let w|v be the place of F' over v. Yu [86] calculates the local Langlands correspondence for

an induced torus T" = Resp, -+ F] to be the composition

Hom(E), C*) 5 Hom(Wp,, C*) 5 HY (W, Indﬁg C*) = H' (W, T),

where the first map is via local class field theory and the second is the isomorphism of
Shapiro’s lemma. (We use geometric normalizations, so a uniformizer in F* maps to a
geometric Frobenius element.) Note that the inverse of this second map is restriction to
Wk, followed by evaluation at 1y, . (See, e.g., [69, Proposition 10, §2.5]).

The image of the unramified character y, : F,;; — C* sending a uniformizer @ to o € C*
is, under the first map, the unramified character sending Frobg, to o, where Froby, denotes
a geometric Frobenius element. We obtain this upon restriction to Wy, and evaluation at

1WF . of the homomorphism

0o Wiy — Ind&i C*
defined as follows. Let I+ denote the inertia subgroup and set ¢o(Ip+) = 1, so that o,
factors through Wi+ /I+. Then define ¢, (Frobf ) = a™ on W, /Ir,, where m € Z and o
denotes the constant function o — « for 0 € Wy+. The homomorphism ¢, is an element
of H'(Wp+, Indgii C*) since Wi+ acts trivially on the constant functions in Indxg C*.
Thus, x. and ¢, correspond to each other under the local Langlands correspondence for 7'
We also note that for the torus 7' = U(1) over F,, there is only the trivial unramified

character, so the local Langlands correspondence takes this character to the trivial element
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of HY(Wg,, “T).

2.2.5 Unitary groups over p-adic fields

We summarize some basic facts regarding unitary groups over p-adic fields. One reference
for these is an article of Minguez [48]. We define a unitary group U for a quadratic extension
L/L" of p-adic fields in the same way as the global case. However, in the p-adic case, if
the dimension n of the Hermitian space is odd, there is only one possible unitary group U
up to isomorphism, and it is quasi-split. (There are two non-isomorphic Hermitian forms,
but the associated unitary groups are isomorphic.) If the dimension n is even, there are two
possibilities for U, but only one is quasi-split. In both cases, the quasi-split unitary group
can be given by the Hermitian form defined by A, above. In Section 2.4, we will use a
different choice of form in order to simplify the discussion of the finer integral structure of
U, but for now A, will suffice.

Let G = U(A,)/+. The maximal torus 7" and Borel B of (¢ can be defined by requiring
i1(g) = 1 in the formulas in Example 2.2.1 for 7" and P, where we set a = bor a+1 =05
depending on whether n is even or odd. The description of parabolics containing B is also the
same as in the global case with these values of @ and b. If n = 2m is even, T' = (Resy .+ L*)™,
whereas if n = 2m + 1 is odd, T" = (Resp;+ L*)™ x U(1). The spherical Weyl group is
isomorphic to S,, x (Z/2Z)™, where S,, permutes the matrix entries Aq,..., A\, and their
inverses in the description of 7" in Example 2.2.1, and the " cyclic factor switches \; with
—1

\,

)

The L-group is defined using the same action as provided in the global case.
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2.2.6 Local L-factors for ramified unitary groups

Let T, be the aforementioned maximal torus in Gy, over F,. We are assuming G, is

quasi-split, so

T, HRest/FJ Fx or T, = (H Resp, /p+ Fg) X U(l)/F;u.

i=1 i=1

In particular, we have dual groups

N~ W ~ W
T,=[[mdy™ ¢ o T, (H Indy, " CX> x C*.
i=1 =1

This defines the L-groups: the action of Wp, factors through Gal(F,,/F."), and the action
of the nontrivial element ¢ € Gal(F,,/F,") inverts the U(1) ..+ factor and acts in the usual
way on the induction spaces.

Let 8 = (B1,...,8n) € (C*)™. Under the local Langlands correspondence calculated
in Section 2.2.4, the unramified character X, defined by sending uniformizers in each non-

U(l)/FJ factor to (1, ..., B, respectively, maps to

((B1,81)s- -, (B B)) €T, and  ((B1,81)s- -+, (B Bn): 1) € T,

in the respective cases above. Here, we have denoted an element of Indzzj C* by the ordered
pair giving the values of a function at Lw, + and an arbitrary fixed lift of ¢ to Wip+.

In order to calculate the local Langlands parameter Wp+ — LGy, of the corresponding
unramified principal series representations, we need to determine how these tori embed into

the L-group of Gy,. We find that the morphisms T, — @0,1; given by

((tl, tg), ey (tmel, tgm)) — diag(tl, t3, . ,tgmfl, t;ﬂlw C.. ,t;l)
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and

((tb t2)7 ety (tQm—37 t2m—2)7 t?m—i—l) — diag<t1a t3a oo 7t2m—1a t2m+17 tQ_wlu s 7t2_1)

give embeddings “T, < Gy, in the even and odd cases, respectively, since these maps are
Wg,-equivariant.

If K is a special maximal compact subgroup, these calculations and unramified functo-
riality determine the local Langlands parameter ¢g : Wy+ x SLy(C) — CAJO,v attached to a
K-spherical subquotient of the normalized induction Ind% X to be the map that kills SLy(C)

and sends any f € W+ lifting Frob];+ to

(diag (B, .-, B, Bty BE)F < f and  (diag(Bu, ..., By 1, B0, BT))F x f,

respectively. The map ¢g : Wi+ — L@y, is nearly unramified in the sense that the projection
of ¥(Ip+) to G is trivial.

Let R = Resp/p+ Gy, so that R = C* x C* with the action of the nontrivial element
¢ € Gal(F/F") defined by ¢(a, 3) = (8, ). The standard representation rg.q, : “Go Xw,,

LR — GL2,(C) is defined by

ag 1,
Tst,Go(g X 17 (Oé,ﬁ) A 1) - 7rst,G0(1 X c, 1x C) =
BO gD, 1,

The standard representation r g, : ©Ho XW, LR — GLs,(C) is defined by

agi L
r5t7H0((glng) X 17 (aaﬁ) A ]-) = 7Tst,H0(]- X c, 1 x C) =
B, Mgy ' D, 1,

We have 74 ¢, = Tst., © (BCo X 1rg).
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Let 7, be the K-spherical subquotient of IndY Xxg as before and let w, be an unrami-
fied character mapping uniformizers to 8. We consider the representation 7y ¢, (¥, Yu,) :
Wg, — GL2,(C). (We may ignore the SLy(C) factor.) Observe that the image of Ip, is
the two element subgroup generated by (ln 1"), so that we are interested in the action of
Frob,+ on the subspace V'rE of vectors of the form Y(v,v), v € C". Correspondingly, the

image of Frobp+ has the form

diag(ﬁﬁl: cee aﬁﬁma/ﬁﬁrzlv ce aﬁﬁl_176ﬁ1a s 75677175577_11’ s 7561_1)

or

diag(ﬁﬁh s 7657717 17ﬁB;L17 ce 7ﬁﬁ1_175617 s 7B6m7 1;667;17 te aﬂﬁl_1>

We calculate in the even rank case

L(m, X wy) = det(1 — g, *re.qo (Vs (Frobg+ ), Q/JWU(FrobF+))| - )
= det<dlag(1 - qv_sﬁﬁla SR 11— qz)_sﬁﬁma 1 - qv_sﬁﬁn_zlv ) 1 - qgsﬁﬁl_l))_l
(1= q,"86)" (1 —q,"B6,) ",

—:

1

-
Il

or, in the odd rank case,

L<7Tv X wv) = det(dlag(l - q;sﬁﬂl, ceey 1— qu_sﬂﬁma 1— qv_sﬁ>

1= q,°B8," ., 1= q,°BB ")~
(1—q,*8) " [J(0—a,°88) (1 +q,°85) "
=1
Definition 2.2.9. Suppose that x is an unramified character of the maximal torus. Then

if 7, is any subquotient of Ind% X, we say that the Satake parameters of 7, are the multiset

{ Bi, B 1} or {67;, 1,8, 1} in the even or odd case, respectively. If additionally m, is the K-
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spherical subquotient for a special maximal compact K, we say 7, is an unramified principal

series representation with Satake parameters {a;}.

Using the same approach as above, once can carry out the calculation of L-factors for
an unramified principal series representation 7, with Satake parameters {71, ...,7,} and w,
sending a uniformizer to 5. (By unramified principal series, we again mean that it is the
subquotient of the relevant parabolic induction that is spherical for a hyperspecial maximal
compact.) Using the diagonal torus, the embedding

m
Wt ~
HIndWFj; C* — Hy,

=1

sends

diag((tl, t2>, cey (tgnfl, tgn)) —> (dlag(tl, t3, RN ,tgnfl), dlag(tgnl, e ,t;l))

Thus 1,, sends Frobg, to (diag(vi, 72, .-, V), diag(v: %, ..., v 1)). In particular, the image

of Frobg, under the composite map r g, (¢r,, Yuw,) : Wk, — GLa,(C) is given by

diag(ﬁﬁ)/b s 767717 571? s >B7n)7

which yields the L-factor

n

L(7, X wy) = H(l — ¢ 5 B) "t
i=1

The observation above that ry.q, = rs.m, © (BCo X 1cp) implies that L(s,m,) = L(s,7,) if

BCy o v, = 1,,. We can give a converse to this as follows.

Proposition 2.2.10. Suppose that 7, and T, are unramified principal series representations.

Then if L(s,m,) = L(s,T,), we have BCqy o1, = 1, .
Proof. Indeed, the image of the map 1, defined above under the base change map BCy
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sends Frobp, to

(dia‘g<ﬂ17"'7ﬂma ;7,17"'761_1)adiag(61a"'7677% ;117"'a51_1)) Gﬁ

or

(diag(B1, ..., Bm, 1, 824, .. BTY), diag(Br, ..., B, 1, B2Y, . B7Y)) € H

in the respective cases. If

{717"'7771}:{617-"767717 77117"'a61_1} or {/81""76771717/87:1,17"‘7/81_1}7

respectively, then BCy o 1, is immediately seen to be equivalent to ;. O

2.2.7 ~-factors

Lapid and Rallis [40] define y-factors (s, m, X wy, ¥,), where v is a place of F' and 1, is an
additive character of F,. We fix 1, to be the standard additive character of F},, denoting
the corresponding ~-factor by (s, m, X wy).

Skinner [73, §3] proves the following result using the results of Lapid and Rallis [40,
Theorem 4] on v-factors of unitary groups, their analogues in the general linear case [25],

and stability of ~-factors in both the general linear [32] and unitary [10] cases.

Lemma 2.2.11. Let m and 7 be as in the statement of Theorem 2.2.8, ignoring the condition

on Satake parameters. Then (s, m, X wy,) = (8, Ty X wy) for all v and w.

We may now prove Theorem 2.2.8. We use various facts about the Bernstein-Zelevinsky

classification that will be introduced in greater detail in Section 2.3.1.

Proof of Theorem 2.2.8. For now, assume only that m, is a subquotient of the induction of

an unramified character. We write v(s,0) = 7(s,0 x 1) for any admissible representation o
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of a local group, and we let {o;}._, denote the multiset of Satake parameters of m,. (This
multiset has the form {8;} U {8; "} or {8;} U {B; '} U{1} in the notation above.) We first

note that
L(l - S,%U) _ H?:l(l - QJSOCZ')
L(s,m)  TIL (1 =g )

by multiplicativity of y-factors [40, Theorem 4.2]. Let

(s, my) =

The hypotheses of the proposition imply that this function has n roots and n poles as a
function of s in €2, counted with multiplicity, and moreover, these roots and poles determine
the function (s, m,).

There exist {ni}le such that n = ), n; and supercuspidal representations 7; on GL,,
such that 7, is a subrepresentation of Indg0 ®;7;, where P is the parabolic subgroup asso-
ciated to the decomposition (ng,...,n,). By multiplicativity and additivity of 7 factors,
(s, Ty X wy) = [[; 7(s, 7 X wy).

Observe that

L(1—s,7;)

v(s, ) = We(s,n)

where €(s,7,) is holomorphic and nonvanishing as a function of s. In particular, Lemma
2.2.11 implies that

L(1—s,7,)

Lls.m) = (s, )e(s,7,) "t = (s, m,)e(s, 7,)

has n roots and n poles as a function of s in 2. Each v(s,7;) has at most one root and
one pole in I', as follows, for example, from the calculations in [25, Proposition 5.11]. Thus
k =n and 7, is a subrepresentation of the parabolic induction from a Borel of the character

defined by the 7;. In fact, (s, 7;) is holomorphic for a ramified character 7; [25, Proposition
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5.11], so each 7; must be unramified. As a consequence,

v(s,m) =] L(Ll 7)ol eV
i1 (s, 7i) [T (1 =gty )
where the multiset {7;},_, is the set of Satake parameters of 7;. In this situation, the Satake
parameters of both 7, and 7, are determined by the poles and roots of their vy-factors in €2,
so this shows that {v;} = {a;}. Finally, 7, is an unramified principal series representation
by Theorem 4.2 of [7] and the condition «; # ¢,a; of the proposition, which now applies to
the v;. Thus, if 7, is an unramified principal series representation, by Proposition 2.2.10,
the Langlands parameter of 7, is the base change of that of ,, proving part (1).

For part (2), it suffices to show that 7, is an unramified principal series representation
under the additional hypothesis that a; # «; for all 4,j. For this, we first note that 7,
is a tempered unramified principal series representation by Theorem 2.2.2, so that the ~;
have complex absolute value 1. In this situation, since the character xz is both unitary
and regular, we may apply Bruhat irreducibility [14, Theorem 6.6.1] to see that the full
parabolic induction with Satake parameters {a;} is already irreducible. It follows that , is

an unramified principal series representation.

2.3 Possibilities for 7, and 7,

In this section we use the Bernstein-Zelevinsky classification of automorphic representations
and the calculation by Godemont-Jacquet of their L-factors in order to derive consequences
for m, and 7, in case the conditions of Theorem 2.2.8 fail to hold. In particular, we prove

the following result.

Theorem 2.3.1. Let 7 be a cuspidal automorphic representation of Go(Ap+) and let T be a
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weak base change of m to Hy(Ap+). Suppose that Go(Q,) is quasi-split and ramified, and we
assume that m, is a subquotient of the parabolic induction of an unramified character of the
Borel. Then the multiset of Satake parameters of w, are the disjoint union of any number of

sets of the form

—_
[y

m—

nﬁ {qff 517} U H {qi_mT_l'y’l} v € 8T\ £1,

1= 1=

m

any number of sets of the form

[y

Tﬁ{qi_m;} or ﬁ{—qi_m;l} (2.4)

with m even, an even (if n is even) or odd (if n is odd) number of sets of the form

—_

m—

]_[ {qffmgl} (2.5)

1=

with m odd, and an even number of sets of the form

m—1

]_[ {—qffmgl} (2.6)

1=

with m odd.

2.3.1 Local L-factors and v-factors of representations of GL,

In this section, we state some results that calculate local L-factors for representations of
GL, (L), where L/Q, is a finite extension. Let ¢ denote the order of the residue field of
L. The essential facts regarding the classification of representations are due to Bernstein
and Zelevinsky [6], while the results on L-factors we need were originally computed by
Godemont and Jacquet [25]. We will use as our primary reference a recent paper of Cogdell

and Piatetski-Shapiro [19].
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For P C GL,(L) a parabolic subgroup of type (ni,...,nx) and representations p; of
GL,, (L), we write IndgL”(L) (p1 X + -+ X pg) for the normalized induction. By the Bernstein-
Zelevinsky classification, every irreducible admissible tempered representation p can be ex-
pressed as the unique irreducible quotient of IndgL"(L)(pl X -+ X pi), where each p; is
square-integrable. We write p = Q(p1 X - -+ X pg), where the right hand side denotes the

unique irreducible quotient of the normalized induction.

Theorem 2.3.2 ([19, §4]). Let p = Q(p1 X -+ X px) be any irreducible admissible tempered

representation of GL, (L), and let w be any character of GLy(L). Then we have

k k
L(s.pxw) = [[ Lls,ps xw)  and (s, px w) = [ (s 0 x w):
=1

i=1

Now let p be any irreducible square-integrable representation, and let v denote the de-

terminant character | det | on GL, (L) for any n. Then

p — Q(pllj_m;l > p/y—%-i—l X oo X p/I/T),

where p’ is a supercuspidal representation of GL%(L).

Theorem 2.3.3 ([19, §4]). Let p = Q(pv= "7 x plv="2 T x -+ x plv™) be any square-

integrable representation of GL, (L), and let w be any character of GLy(L). Then we have

—1
L(s,pxw)—L<s+mT,p xw)

Lemma 2.3.4. In the situation of Theorem 2.3.3, we have

(s, p X w) nyspy wa).

Proof. Let P be the parabolic used in the induction defining p, and let p” be the represen-
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tation of the Levi factor given by the ordered sequence

Using Theorem 4.2 of [40], we find that

[y

m—
/g m—1

Y(s,pxw) =7(s,0" xw) =[] 7(s,0V"" T xw),
=0

as needed.

We are reduced to L-functions and ~v-factors for supercuspidal representations.

Theorem 2.3.5 ([19, §2]). Let p be a supercuspidal representation of GL,(L) and w a
character of GLi(L). Then ifn > 1, L(s,pxw)=1. Ifn=1,

Ls,pxw) = [[(1—ag™) ™,

(e}

where the product is taken over o = ¢*° such that p = wv®, where ™~ denotes the contragredi-

ent.

In the case where w is unramified, the calculation is the familiar one used above. In
particular, L(s,p X w) = 1 unless p also unramified, and if p(w) = a and w(w) = F, then
L(s,pxw)=(1—afqg*)"'. We also have

L(1—s,pxw) 1—aBq s

7(37P X UJ) = L(S,p % w) = 1 — OéflﬁfqulJrs'
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2.3.2 Roots and poles of y-factors

We are interested in the roots and poles of the function

H?:l(l - q, °a;)

[T (1 — g e h)

V(s my) =

where {a;} is the multiset of Satake parameters of m,. We always consider values of log,,
in the region 2 defined in the proof of Theorem 2.2.8. The denominator vanishes when

_ o —14s,-1
1= qv ai

,or s =1+log, «;, while the numerator vanishes at s = log, «;. Let Sy and
Sp denote the multisets of zeros of the numerator and denominator, respectively, counted

with multiplicity. Observe that
Zs—Zs:n, (2.7)

and that this quantity depends on the function ~(s,m,) only up to multiplication by a

nowhere vanishing holomorphic function.

H?:1 (1_‘]1)_50%')
—1 —1
H?:l(]-*qv +Sai )

We have some additional information coming from the fact that

v(s, Ty), where 7, is tempered. Suppose that 7, = Q(p1, ..., pm), where

m;—1 m;—1

pi=Qpv % XX pwz)

Then (s, 7,) = [ 1=, 7(s, pi), and (s, p;) is holomorphic unless p} is an unramified character.
So let J C {1,...,m} denote the set of indices j € J where p; is an unramified character,

and write 7; for p;(w). Then |y;| = 1 by temperedness, and we may compute the y-factor as

122



follows, using Fi(s) and Fi(s) to denote nonvanishing holomorphic functions of s. We have

mj—1 et nw—l s p k+n% 1)
vs,m) =Fs) [ ] T 7(s: o () ]] H /jkfmk 1
jeJ k=0 jeJ k=0 SPJ )
mjfl 787k+mj271
O e
—1+s+k— _
jeJ k=0 1 —gq qy
1—gq Jilv o R
- Fl(s) H . mg— ! - —1 :
iy 1 - q71+87 -1 b1 1 . q*1+s+k7 1
v J J
1 —S—mj71 mj—l .
— Qv 7 1—s— k+
= Fl(s) H 1t 7mj-71 ] H ( ryqu )
jed \1— qu T 'yj_l k=1
—s—mj71
I —qv e/
- FQ(S) s =1 2
jeJ 1 —qy 2 'yj_l

Note that in the fourth equality, we pulled out the & = m; — 1 term of the numerator
and the k = 0 term of the denominator, shifting the indices appropriately. The roots of the

numerator (With multiplicity)

7; for j € J, and the roots of the denominator

7;. Using the equality v(s,m,) = (s, 7,) and the quantity calculated in

(2.7), we calculate

B ((27)-(25) g

JjeJ JjeJ

From this we immediately deduce that J = {1,...,m}, so that in fact 7, is a tempered

representation appearing as a subquotient inside an induction from a character of the Borel.

2.3.3 Possibilities for 7,

Using the calculations above, we observe that the roots and poles of (s, 7,) completely

determine all of the Satake parameters of ,, since for each j € {1,...,n} and each factor
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of the form )

M

1 —q T Vi

'rnjfl 717
2 ,yj

each value (taken with multiplicities across different j)

mj—l
2

m; — 1
+1+10gq”}/j,..., ]2 +10gq’7j

mj—l

5= —

+ 1qu fY]a -

must appear as a root of the numerator of (s, m,).
If 7, is a unitary principal series, we cannot have o; = g,«; for some ¢ # j (and so
compatibility follows from Theorem 2.2.8. Otherwise, we have the following constraint on

the Satake parameters «a;: the set

-1 -1 -1 -1
{al,...,am,al ,...,am} or {al,...,am,l,al ,...,am}

(if n is even or odd, respectively) is equal to

! (i
Observe that the inverses of [[;% ! {qv 2 7]} are [[,2% ! {qv 2 yj_l}. No Satake pa-
. mj—l

rameters of the form g, > 7; can be inverse to one another unless the m;’s have the same
parity, so we may consider them separately, grouping the extra Satake parameter 1 into the
odd m; case if n is odd.

i—

_ mj—t
In either case, each [[;% ! {qv 2 %} is either exactly equal to its set of inverses (if

v; = £1) or is disjoint from its set of inverses. Now fix a Satake parameter v # £1, |y| = 1.

Claim 2.3.6. We can pair up each j withv; = v with a j' with v; = v~ such that m; = m;,

1

using each j" € {1,...,m} with yj» =y exactly once.
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Proof. The key observation is that for j with v; = v, if we consider the term of largest

Land mj > m;.

absolute value, we see that there must be a j’ such that v; = ~;

Now note that by considering C/g%-equivalence classes, the number of Satake parameters
of the form q§+k7j or ¢*v;, k € Z (depending on whether m; is even or odd), is equal to
the number of the form qé +k’yj’ Lor q1137;1’ respectively. Let j; be such that m;, is maximal
among those j; with v;, = %j-ﬂ. By the key observation and maximality, there exists j; with

mj = my, and vy = 7{11- We now throw out these values and find js, 75, js, j5, . . . iteratively

in this way, yielding the claim.

We may now complete the proof of the main result of the section.

Proof of Theorem 2.3.1. The classification of Satake parameters associated to j with ~; #

+1 follows. Namely, these Satake parameters are the disjoint union of sets of the form

m/—1 . m'—1 o
I1 {qi_m2 17} u Il {qi_ : 171},
i=0

=0

again with even m/; the latter use two of the values j.

Now consider j such that 7; = £1. Note that each set of the form H:io {qim;lfy}
with v = +1 for even m’ has each element matched to a distinct inverse, and if m’ is odd,
each element is matched to a distinct inverse except for v itself. We may thus include any
number of sets of this form if m’ is even. If m’ is odd, and n is even, we require that there
be an even number of sets of this form with v = 1 and an even number with v = —1. If n

is odd, we require an odd number of sets of this form with v = 1 and an even number with

v=—1.
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2.4 Iwahori-Hecke algebras of quasi-split ramified uni-
tary groups

In this section, we perform some calculations to identify the Iwahori-Hecke algebras of quasi-
split ramified unitary groups with those of split groups. None of the results in this section
are novel. Iwahori-Matsumoto and Bernstein have given different presentations of these
algebras. Recently Rostami has generalized these constructions so that they are valid for
any reductive group [62]. The identification with algebras for split groups is based on an
observation of Lusztig [45, §10.13]. This technique was also used by Clozel and Thorne
[17, 18] to study the same unitary groups we consider here in their proof of a case of Thara’s
lemma, and it is from Jack Thorne that we learned of this identification. The purpose of our
writing out these calculations is to make the identification precise, which will be needed in
the next section.

In his survey of the theory of Bruhat-Tits buildings, Tits calculates the building of a
quasi-split special unitary group of odd rank in great detail [81, §1.15, §2.10, §3.11]. We will
write out the calculations to determine the apartment and affine Weyl group in one additional
case (the even rank ramified unitary group) and quote the results of the calculations in split
cases from the classification [81, §4]. Both of these cases are also treated in a paper of Pappas
and Rapoport [52, §2.d]. We will also calculate the Kottwitz homomorphism for the split
special orthogonal group. In the next three sections, we will recall the theory of the Kottwitz

homomorphism following [37, §7] and of Iwahori-Hecke algebras following Rostami [62].

2.4.1 The Kottwitz homomorphism

Let F'/Q, be a finite extension and let G be a connected reductive group over F. We define
the Kottwitz group Q¢ to be equal to X*(Z(G)!)F*", where G is the complex reductive

dual of G and [ is the inertia group. The Kottwitz homomorphism is a surjective map
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ke @ G(F) — Qg. One defines this homomorphism by first passing to the completion P of
the maximal unramified extension of F'; then the group is quasi-split over F' and becomes
split over a totally ramified extension. In fact, one can alternatively use a finite unramified
extension over which the group becomes split. One then defines the homomorphism for such
quasi-split groups, and then takes invariants of the resulting map by Frobenius. We give this
definition following Kottwitz [37, §7] and work out some key examples to be used later. In
what follows, we always assume that G splits over a totally ramified extension.

Induced tori: If G = T is a torus, there is an identification X, (T'); with X*(T7) using
the restriction map X, (7)) = X*(]A“) — X*(fl). If, moreover, G = T' = Resg/r G,, where
E/F is totally ramified, there is a natural map T'(F) — X,.(T); given as follows. X,(T) is a
free Z-algebra with basis permuted by I, so X, (T); = Z. Then we simply send the element
e € T(F)= E* to ordy e, where w is a uniformizer in FE.

General tori: If G =T is a torus, there is a presentation
R—>S5S—-T=—1

of T" where R and S are induced tori, meaning that they are of the form [, Resg,/» Gl for
some choices of F; and n. Then there is a unique way to choose T'(F) — X,.(T'); making
the associated diagram of Kottwitz homomorphisms commute.

Simply connected derived subgroup: If G has a simply connected derived subgroup G4,
T = G/G%" is a torus and X*(Z(@)I) = X*(fl), so we define the Kottwitz homomorphism
to factor through k.

General case: We pick a z-extension

15T 5G =G —1
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with Gder simply connected. (Such a sequence is a z-extension if 7" is an induced torus that

is central in é) Then k5 determines kg uniquely.

Example 2.4.1. Suppose E/F is a tamely ramified extension of degree 2, G = U(1) is the
unitary group associated to the form J = (1), and w is a uniformizer in £ with w? € F.

Then G(F) consists of the norm 1 elements of E. There is an exact sequence

(e)/e

1 — F* = Resgyp E* " U(1) — 1,

where ¢ is the nontrivial element of Gal(E/F'). Note that X,(U(1)) = Z with ¢ acting by
multiplication by —1, so X,(U(1)); = Z/2Z. We identify X,(F*) = Z with trivial action
and X, (Resp/r £*) = Z* with I interchanging the factors. Then the exact sequence of

cocharacters is given by
X (F¥) 787 X, (Respyp BX) VS5 X, (U(1)),

and upon taking coinvariants we find that the element o(e)/e maps to the nontrivial element
of Z/2Z = X, (U(1)); exactly when e has odd valuation in E*. For instance, taking k = w,
we find that rxyy(0(w)/w) = kya)(—1) maps to 1 € Z/2Z. Tt follows that an element of

U(1) is sent to 1 € Z/2Z exactly when it is —1 modulo w.

Example 2.4.2. For either even or odd ramified quasi-split unitary groups G = U(n,n) or
G = U(n,n+1), the determinant gives a map G — U(1) with simply connected semi-simple
kernel. We deduce that the Kottwitz homomorphism factors through the determinant map

and is given by the previous example.

Example 2.4.3. Let F//Q, be a finite extension with uniformizer w. Let G = SOg,+1 be
a quasi-split orthogonal group of odd rank over F'. Then G is semi-simple but not simply

connected, so we need to find a z-extension of it. The dual group of G is Sp,,,, so it is
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promising to consider the exact sequence
1 — Spy, — GSpy, & G, — 1,
where p is the similitude. Indeed, the dual exact sequence
1 = Gy, = GSping, ; — SO2,41 — 1

gives the needed z-extension. Since SOs, .1 is split, I acts trivially, so the Kottwitz group
X*(Z(S@l)) is isomorphic to Z/2Z. The map GSpin, ,; — Qaspin,,,, factors though
the quotient GSpin,, ,/Spiny, ; = G,; this map is the spinor norm. Then the map
Q(;Spin%+ . — $250,,,,, which must be surjective, can only be reduction modulo 2. So to
calculate the image of an element of SOq, 1, we pick any lift to GSpin,,  ;, compute the im-
age under the spinor norm, and take ord,, of the result, reducing modulo 2. More directly,
we can use the spinor norm SOy, 1 — F*/F*? followed by ord, modulo 2. By definition,
the spinor norm on SOy, is the restriction of the unique map on the orthogonal group

Os,+1 that sends reflection along a vector v to the element (v, v) modulo squares.

2.4.2 Extended affine Weyl groups

The notion of an extended affine Weyl group is somewhat subtle. There are several differ-
ent definitions in the literature; the definitive reference on this topic is the aforementioned
preprint of Rostami [62]; we give here a summary of his results.

For this section only, let G be any connected reductive group over F, let A be a maximal
F-split torus, let S O A be a maximal F"-split torus (where F™" denotes the maximal
unramified extension of F), let 7" be a maximal torus containing S and defined over F', and

let M = Zg(A). We also fix an alcove a corresponding to the Iwahori subgroup 1.
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The main role of the extended affine Weyl group is to act as a system of representa-
tives for G\I/G. From this point of view, the extended affine Weyl group is the quotient
W = Ng(S)(F)/T(F)1, where the notation H(F'); means to take the kernel of the Kottwitz
homomorphism H(F) — Qg [37, §7]. Rostami [62, Lemma 3.1.1] and Richarz [60, §1.2]
showed that Ng(S)(F)/T(F); is isomorphic to Ng(A)(F)/M(F);.

Tits [81, §1.2] defines the group W' = Ng(A)(F)/M(F)! instead (which he denotes
W), where H(F)' D H(F); is the kernel of the Bruhat-Tits homomorphism vy : H(F) —
Home,s(X*(H)p,Z). Here, X*(H)r denotes characters defined over F' and the map vy
sends h to the map x — — |[x(h)|p. Then W’ is naturally a quotient of W and the kernel is
identified with M (F)'/M(F);, which is precisely the torsion subgroup of Q. There is also
a root system W naturally associated to G, to which Lusztig [44] associates another group
W (¥). Rostami shows [62, Lemma 3.4.1] that this is naturally isomorphic to W'.

Finally, there is the actual affine Weyl group W2 associated to the affine Dynkin diagram
of G, which is a subgroup of W’ and of W. Asa subgroup, it is generated by the reflections in
the walls of a. Thus there are three different groups in play. The key point to keep in mind is
that W2 is the basic object that is being extended (non-canonically, as one must choose a),
and W' is as far as one can reach using the very natural construction of an extended affine
Hecke algebra by Lusztig; for these algebras, the representation theory can be translated

into that of a related graded algebra [43]. For some ramified groups, one must consider the

larger group W to fully understand the representation theory at Iwahori level.

Example 2.4.4. In the case of a ramified unitary group of odd rank, one finds that W’ =
W and W is an extension of W by Z/27Z. We will check in Section 2.4.5 that in the case

of a ramified unitary group of even rank, W = W' is an extension of Waff by Z/27Z.

Remark 2.4.5. In our study of odd rank unitary groups later, we will restrict ourselves (as

Clozel-Thorne do [18]) to the study of representations with vectors fixed under a special
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maximal compact subgroup rather than a special maximal parahoric subgroup. As a conse-
quence, we will be able to enlarge the Iwahori subgroup under consideration to one whose

associated Weyl group is the ordinary affine Weyl group of the unitary group.

2.4.3 Iwahori-Hecke algebras

Given a reductive group G over a local field F' with Iwahori subgroup I, one may ask what
information about G' determines the Hecke algebra of its Iwahori subgroup. Fix a maximal
split F-torus A and a maximal F-torus S containing A split over P as before, and assume
that the alcove a corresponding to I is in the apartment of A. Rostami [62] shows that this

data is

1. the local affine Dynkin diagram (ignoring orientations), which determines the Coxeter

system (W2 3),
2. the Kottwitz group Q¢ together with its action on W2, and

3. the characteristic dimensions d(v) attached to vertices v of the local affine Dynkin

diagram.

The first two determine a presentation of the extended affine Weyl group as the external
semi-direct product

W = WA % Q. (2.8)

Given our choice of I, we can identify subgroups of W with W2 and Q¢. In particular, Waff
is embedded as the subgroup of w generated by the reflections across the walls of a. The
map W — Q¢ is induced by the Kottwitz homomorphism. The subgroup of W that fixes a
gives us a splitting of this map.

Remark 2.4.6. The ¥ in the pair (W2 ) can always be taken to be reduced, and we make

this choice. To be more precise, 3 should be the reduced root system so that the set of root
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hyperplanes of the affine root system ®*" of G are the same as the set of root hyperplanes
of the functions in aX + Z for some scalar «. The relative root system of G' with respect to
A has roots that are proportional to the roots in ¥, but may be a different root system (and

can be non-reduced). In fact, this issue will occur for the unitary groups we consider below.

One presentation of the Iwahori-Hecke algebra is based on determining the relations
between a set of generators corresponding to (2.8). Let ¢ : W — N denote the trivial
extension of the length function of W2, Also let ¢ : W — N be defined by q(w) = [Jwl : 1]
and write A*" for the simple reflections. The Iwahori-Matsumoto presentation [62, §1] has

for a basis elements T,, for w € W and relations
1. TyTy = Tyw if l(w) +L(w') = L(ww),
2. T,T, = (q(s) — )Ty + q(s)T} for s € A and
3. T,T, =T, =T,T,-1,, for all w € W and 7 € Qq.

Note that the ¢(s) are determined by the numbers d(v).
Another presentation of the extended affine Weyl group is given by the external semi-

direct product
W = Qy x W°, (2.9)

where M is the centralizer of the maximal F-split torus and W° is the finite rational Weyl
group of G. We write A° C A*® for the Coxeter generating set of W°. The map Q5 — w

is induced by the natural inclusion
N (S)(F)/T(F)1 = Na(S)(F)/T(F)1.

The map W — W° is obtained by taking the vector part of the action on the apartment

of S, but it will be useful to choose an explicit splitting. This splitting will depend on the
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choice of a special maximal parahoric subgroup K associated to a vertex of a. Then an
embedding of W° in W is given by (Ng(S)(F)NK)/T(F); C W: that the vector part maps
isomorphically to W*° is proved in [26, Lemma 5.0.1]. In the following, we refer to (2.9) as
the Bernstein presentation of w.

The Bernstein presentation of the Iwahori-Hecke algebra, based on (2.9), has basis ele-
ments 0,7, for A € Q); and w € W°. Here O, is defined by representing A\ as a difference
Ao — \p of elements \,, A, in the positive Weyl chamber and setting 0y = [IN\ ][I\ I]7! (cf.
the discussion in Section 2.5.1). We refer to [62] for the details and the relations in general,
but we explain them in a special case. In general, we have ©,0,, = ©,4, for A, n € Q). In
the cases we consider below, all of the numbers d(v) will be equal to 1. If this is the case,

the remaining relation takes the form

(a(s),A)r—1
Ts@)\ = @s(A)Ts + Z <Q(S) — 1)@)\—ja(s)v (210)

j=0

for s € A° and A € ), where a(s) denotes the root of ¥ corresponding to s.

2.4.4 Ramified unitary groups in odd dimension and symplectic
groups

This section is brief for two reasons: the discussion in [18] is nearly sufficient for our purposes
and the main result here is substantially simpler in this case than in the even case because
we will not consider the full Iwahori-Hecke algebra, but instead a subalgebra built from a
normal subgroup W2 of W, which has of index 2. Accordingly, we will be interested in
K-spherical representations where K is a special maximal compact subgroup rather than a
special maximal parahoric.

Let F'/F* be a ramified extension of local fields of residue characteristic other than 2, and

let @ be a uniformizer of F such that w? € F*. Denote the residue field by xp+. Following
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Clozel-Thorne, we will let J be the (2m + 1) x (2m + 1)-dimensional Hermitian form

-1

J_ (2.11)

—1

and write U = U(J) for the unitary group. We assume m > 1.

In this section, we prove the following result.

Proposition 2.4.7. The Iwahori-Hecke algebra of U s isomorphic to the lwahori-Hecke
algebra of a split symplectic group over F acting on a space of dimension 2m. Moreover, we

may explicitly identify the Bernstein presentations by sending

. 1
[Tu;I] = [Idiag(1,...,1, @ ,1,...,1, p- 1. DI
Af <~
to
. 1
Tu;gpl] = [I diag(1,...,1, @ ,1,...,1, — 1. DI
—i ~~

1

forie{1,...,m} and identifying the rational Weyl groups compatibly.

Remark 2.4.8. In order to identify a representation of U (or Sp,,,) with a representation
of the Bernstein presentation of the Iwahori-Hecke algebra we need to choose a splitting
of the presentation of the extended affine Weyl group as described in Section 2.4.3, which
corresponds to a choice of special maximal parahoric subgroup of U. Whenever we apply

Proposition 2.4.7 or the later Proposition 2.4.10 in the even rank case to identify a repre-
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sentation of U with one of a split group, we will do so with respect to the special maximal
parahorics given by the integral matrices with respect to the various forms J, Jg,, or Jso
defined in Section 2.4.4 and Section 2.4.5, except in the odd rank unitary group case of
this section, in which we need to consider the index 2 subgroup K’ of the group of integral

matrices described below.

We write e_,,, ..., e, for the corresponding basis of the Hermitian space so that the

pairing is given by (e;,e_;) = (—1)""*!. Then a maximal F-split torus is given by
S(F) = {diag(s—n,.-.,5-1,50,51,---,5n)|% € F,s;5_; = 1,50 =1} .

Let T' D S be the diagonal maximal torus. The full Iwahori-Weyl group has a presentation
of the form Q7 x W°. Here, one can show that Qp = Z™ x Z/2Z; the second factor comes
from the subgroup U(1) C T given by matrices of the form diag(1,...,1,t,1,...,1). The
integral points of U give a special maximal compact subgroup K, whose reduction modulo w
lands in an orthogonal group O(kp+). Since O is disconnected, the usual Borel subgroup (i.e.
maximal connected solvable subgroup) consists of upper triangular matrices of determinant
1, and accordingly, there is a special maximal parahoric subgroup K’ C K of index 2 that is
given by the preimage of SO(kp+) C O(kp+). In the definition of the affine Weyl group, we
replace the true Iwahori subgroup I by the preimage I’ of the full group of upper triangular
matrices in O(kp+), which contains I as a subgroup of index 2. Then the modified Weyl
group W’ used to define the Iwahori-Hecke algebra of I’ is given by Q). x W*° where . is

the group generated by the elements

w; = diag(1,...,1, @ ,1,...,1, — ,1...,1).

1
~— o
i ~~

7

We would like to give an explicit splitting of W° into this group by restricting the one
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for the usual Iwahori-Weyl group W, following Section 2.4.3. In particular, we consider
(Ng(S)(F)N K')/T(F);, which realizes 0 € W° = S,, x (Z/2Z)" as the usual permutation
matrices on {—n,...,n} but multiplied by the scalar sign(c) to fix the determinant. We
now observe that the Kottwitz homomorphism (which is defined as the determinant modulo
w) is trivial on both W*° and on u; — this is why using I in place of I gives us an ordinary
affine Weyl group.

We can identify the affine Weyl group of U with that of a symplectic group G of rank

A
2n over F. Let us use the form Jg, = , where A,, is as in (2.3), for the

_Am

symplectic group. Note that 2¢ = 1. The diagonal maximal torus Ts, has Qr a free

Z-algebra generated by the matrices

wigp = diag(1,...,1, @ ,1,...,1, — ,1....1),

1
Fhhe
and the isomorphism between W#T for the unitary group and the presentation Qr, < WS,
of the symplectic affine Weyl group Wsaf is the obvious one.

One can check (by examining the extra affine root in each case) that the associated
Coxeter systems (W*T %) and (W§F, Xg,) are the same, as well as the numbers d(v), which
in this case are all 1 for both groups as they are residually split. We summarize the result of
the calculation; a more detailed discussion can be found in [81, §1.15], [18], or [53, §2.d.2].
Let S be the maximal split torus consisting of diag(s_y, ..., s,) with s_,s, =1, s = 1, and
each s; € F*. We define generators

ai(t):diag(l,...,1,\1;/,1,...,1,6,1,...,1)

—1 %

of the group X,.(S) and let {b;} be the dual basis to {a;}. Then the affine root system of
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the unitary group is given by

1 1 1
Ppaft — {ibiibj+§z} U{ibi+§Z}U{i2bi+§—l—Z}. (2.12)
i

i#j

By rescaling of the first and third set of affine roots by 2 and the second by 4, this has
the same set of root hyperplanes as {£2b; +2b; + Z},,; U {+4b; = Z}. But setting ¥ to
be the root system C,,, this is 2¥ + Z. We see directly that this identifies the Bernstein

presentations by noting that (2.10) depends on ¥ and not the rational root system.

Remark 2.4.9. 1t is interesting to see what is going on at the level of affine Dynkin diagrams.
If G is a ramified special unitary group of odd rank 2m 4 1 > 5, then the affine Dynkin
diagram associated to G is

0&0—+--—0<«o0 (2.13)

(o5} a2 am  Om41

and the split form of Sp,,, has a similar-looking diagram

0O=0—:-+—0 <« oO. (2.14)

aq (%) Am  Qmt1

The rescaling of roots to obtain ¥ for the unitary group corresponds exactly to the switching
of the orientation of the leftmost arrow; the root on the left in each diagram corresponds to
the extra affine root. This can be seen in Tits’s calculation of a basis for the root system of
G [81, §1.15]. This basis is {al, A — A1y vy Gy — A1, 200, + %}, where the ordering aligns
with the numbering of diagram (2.13). Then if we halve the aforementioned rescaling of
(2.12), this corresponds exactly to rescaling a; by a factor of 2, which explains the orientation

change.
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2.4.5 Ramified quasi-split unitary groups in even dimension and

odd special orthogonal groups

We study the case of a ramified quasi-split group in even dimension 2n. A discussion of
this case is already available in [17, §2.1], though our primary goal here is to identify the
Bernstein presentation of the Weyl group slightly more explicitly than in that paper, while
also giving an exposition of some of the notions discussed in earlier sections. As before, let
F/F* be a ramified extension of local fields, and let w be a uniformizer of F' such that

w? € F*. Let U be the unitary group preserving the Hermitian form defined by

where A,, is as in (2.3). Note that this is different than the matrix J,, ,, defined in (2.2);
we will explain the reason for this choice shortly. Note that J = C’Jmmt@ where C' =
diag(w,...,@,1,...,1). In particular, an isomorphism from the unitary group U(J,,,,) to
U is given by the map v — C~'uC. Since C' commutes with the diagonal matrices, the
maximal torus remains unchanged, and thus the entire discussion of Sections 2.2 and 2.3 as
well. Also note that U is also the group stabilizing the anti-Hermitian form

J A

_Am

Then the goal of this section is to prove the following result.
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Proposition 2.4.10. There is an isomorphism between the Iwahori-Hecke algebra of U and
the Twahori-Hecke algebra of the split odd special orthogonal group over I acting on a space

of dimension 2m + 1. Moreover, this isomorphism identifies the operator

1
[[w;I] = [Idiag(1,...,1, @ ,1,...,1,—— 1...,1)]

~~ w
i ~~
with
. 1
[Tu;sol] = [ diag(1,...,1, w ,1,...,1, p 1., DI
] ~~

)

forie{1,...,m} and identifies the rational Weyl groups correspondingly.

We will describe the apartment and local Dynkin diagram for U. We write H for the
underlying anti-Hermitian space, with ordered basis e_,,...,e_1,€1,...,€,. Then (e;, e;) =
sign(j)d; —;, where 6.. denotes the Kronecker ¢ function and sign(j) = 1 if 7 > 0 and
sign(j) = —1if j < 0.

A maximal split torus is given by
S(F) = {diag(s_m, ..., 5-1,51,...,5m)|s; € F" and s;5_; = 1} .

(In this case A = S in the notation of Section 2.4.2.) Moreover, the centralizer of S is a
maximal torus T, given by the diagonal matrices in U. For i € {1,...,m}, let a; : G,, = S
be defined by
(#) = di -1
a;(t) =diag(1,...,1, ¢ ,1,....1, ¢t 1,...,1).

A basis for X,(S) is then given by the a;. We write b; for the dual basis. Moreover, we write
b_; = —b; for i € {1,...,m}. Then a relative root system for U is given by
¢ = {bi + bj}i,je{fm ..... —1,1,...,m}i#—j
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The basis associated to the upper-triangular Borel consists of the roots b_; + b_;,1 for i €
{1,...,m — 1} together with 2b_;. For each of these roots, we define the associated space
in U(FT) as follows. We write these as a map u, of either F* or F into U(F*) for o € ®.
First assume o = b; + b; with i # +j. In this case, define u, : F' — U(F") by u,(f) =
Lom + (f)—ji + (f)—ij, where (-);; denotes the matrix with - in entry ij and 0 elsewhere,
using the modified labeling of the basis in terms of e;, i € {—m, ..., —1,1,...,m} as above.
If o = 2b;, then we define u, : T — U(FT) by ua(f) = Lom + (f)—is-

The extended affine Weyl group W of U is the quotient N (F)/T(F)y, where T is the
diagonal maximal torus and T'(F'); is as defined in Section 2.4.2. In fact, T(F); = T(F)!
in this case since T' is induced. In particular, the group W' of Section 2.4.2 is also equal to
W. We would like to compute the Bernstein presentation of 1% explicitly. Before that, we
remark that the group K of matrices with integral entries form a special maximal compact
subgroup (which is also a special maximal parahoric) and that an Iwahori subgroup I is
given by those matrices that are upper triangular modulo w. The reduction modulo w lands
in a symplectic group over the residue field kr of F; this is easy to see by thinking of U as
U(J"). This convenient definition is the reason for our choice of the form J' above rather
than Jy, .

The group €27 is a free Z-algebra of rank m. The embedding into W mentioned in Section

2.4.3 is generated by the matrices

w; = diag(1,...,1, w ,1,...,1,—— 1...,1)
~~ (ov)
— \‘/
for i € {1,...,m}. Corresponding to our choice of K, we obtain a splitting of the Bernstein

presentation of W as in Section 2.4.3. The embedding of W*° associated to K is via the usual
permutation matrices representing the Weyl group S, x (Z/2Z)™, except with certain signs

changed to ensure they are unitary. To be precise, the reflections associated to the roots b_;+
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b_ir1,1 € {1,...,m — 1}, have positive signs on all entries, while the reflection associated to
2b_1 has a —1 on the upper off-diagonal entry; the other matrices are determined by these.

Our choice of Iwahori earlier also gives a splitting of W — Qu. In the Bernstein presen-
tation just described, the image of the nontrivial element of €2y under the splitting is given
by (—tm,wy) € Qr x W, where w,, is the element of the Weyl group that switches the
sign of u,, and fixes everything else. One can check that this element stabilizes the Iwahori
subgroup; in carrying out this calculation, it is important to notice that the lower left corner
entry of a matrix in the Iwahori subgroup lies in ' N wQOx = w?Or. We can also describe
the Kottwitz homomorphism Q27 x W° — €y, using the chosen splitting of W° to see this
as an internal semi-direct product decomposition of W. The Kottwitz homomorphism is
simply the determinant modulo w, valued in £1. Then every u; maps to —1, while all of
W maps to 1, as can be seen from the description of the matrix representatives above.

We now identify the Iwahori-Hecke algebra of U with that of the split orthogonal group
G = SOg41/F; we use the form Jso = Agpi1 to define the latter group. Let Tso be the

maximal torus and define

. 1
uiso = diag(1,...,1, @ ,1,...,1, — 10001,
— ~~
where the basis of the underlying orthogonal space is indexed by e_,,, ..., ¢e,. Then we get

an obvious isomorphism between (p,, x Wg, and Qp x W°. We also note that the matrices
used for the even unitary group on e_,,,...,e_1,e1,...,€,, but enlarged to act trivially on
eg, are the representatives for the splitting of W° associated to the hyperspecial maximal
parahoric K given by the integral matrices. Let I be the preimage of the upper-triangular
Borel in SO(kp).

In terms of Q27 x W°, we calculate the Kottwitz homomorphism and the splitting asso-

ciated to the Iwahori I. The subgroup W*° automatically maps to 1 under the spinor norm,
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since the Kottwitz homomorphism is trivial on parahoric subgroups. (See Definition 1 of the
appendix to [52].) By definition, the spinor homomorphism maps the reflection w; through

the vector pe_; — e; to —p for any ¢. This reflection sends

2 <Z]~ fiej,pe—i — 6i>

> (pe—z' - 61')

Z fiej — ijej -

— Zf]e] f z(pG_Z' — €i) = __f—zez +pfze— + Z fjej

J#Ei

pe—i — €, Ppe_; — €

The spinor norm of the reflection through e_; — e; is —1. Composing, we deduce that the
Kottwitz homomorphism sends u; to —1 for all ¢, which matches the description for the even
unitary group.

Moreover, we can check that the choice of Iwahori I gives the same splitting of the
Kottwitz homomorphism. Indeed, if one conjugates by the matrix (—u, so0, Wm.so0), where
W so switches the sign of u,, so, one can check that I is sent to itself. The key observation is
that for a matrix (a;;) € I to be orthogonal, @, mm,—m+Gmm—10m —m+1+- -+ m —mGm.m =
0. By the Iwahori condition, we deduce that 2a,, ,@m —n = 0(mod 7%). Since U 1S
invertible and p is odd, 72|, —m.

As in the odd rank case, after consulting the classification of affine diagrams [81] and
checking the remaining simple affine root and its pairings with the other simple roots agree
up to the orientation of an edge, one deduces that the Iwahori-Hecke algebras are isomorphic.

In particular, at least when m > 3, the affine diagram for the unitary group is

Oas
O—O0—0 — — 0 => O
aq Q2 Q4 Am  Om41
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while SOs,,,+1 has the diagram

a3

O— 0 —0—:+++— 0 <=0,
aq a9 [e 7} Qm  Om41

We also describe the calculation of ¥ for any m. The affine root system of the unitary group
is given by

1
{ibi +b; + 5z} U {+2b; + Z} .
i#]

(See [52, §2.d.1].) If we rescale this by multiplying the first set by 2 we obtain
{£2b; £2b; + Z},,; U {£2b; + Z}.
This is precisely 2X + Z, where > = B,,.

2.4.6 Similitude groups and restriction

We would like to understand the relation between the unitary groups considered above and
the unitary similitude groups described in Section 2.2.1.

Let F/Q, be a ramified quadratic extension, and let F."/Q, be an unramified field
extension for each 7. We set F}; = F;FE and form a Hermitian space H; of dimension m for
each ¢ using the form in Section 2.4.4 or 2.4.5. We then consider the unitary similitude group
G of @, H; over Q,, with similitude lying in Q,; an element g € G is a tuple of matrices g;
that stabilize the form on H; up to the same similitude u(g).

We first compute . We observe that () is the same as )y, where U is the quotient of
G by its simply-connected derived subgroup. This subgroup is cut out by the intersection of

two conditions, namely that the determinant (which is the natural map G — [], Resgp G.)

and similitude are both trivial. Thus U is a subgroup of G,, x [[. Resgip G,,. Recall that
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by the definition of the similitude group, ¢g; and g, are related by ¢;J'g, = u(g)J. It follows
that

det g; - detg; = u(g)" (2.15)
for all 7, where n is the dimension of the Hermitian form.
Proposition 2.4.11. The condition (2.15) defines U.

Proof. Tt remains only to check that G surjects onto U. Suppose first that n is even. Given
a choice of u(g) € Q, and detg € [], Resgp G, satisfying (2.15), we observe first that
Nm?}((det ) - 1(g)~2) = 1. By Hilbert’s Theorem 90 it can be written in the form «a; '@;

for some «; € F;. Then the element g = (g;); with

gi = dlag(u(g)a;lnu’(g)7 s 7/“”(9)7 17 teey 17az>
—— e N——

w3
|
—
0|3
|
—

lies in G and has determinant det g and similitude p(g).

If n is odd, we instead use the matrix

diag(pu(g). ..., ulg), u(g) =" det(g;), 1., 1).
—1 n—1
2 2

O

We define an isomorphism U — G,,, x []; Resgp U(1) by sending the element (x, (y;)) €
G, <[, Resgp G, to (z, (y;z~™)). It follows that for unitary similitude groups of either
odd or even rank, the Kottwitz group Q¢ is of the form Z x (Z/QZ){FZ'+}, and the Kottwitz
homomorphism is the product of ord,, 44(-) with the sign of det(-) - (-)~™ mod w. These are
compatible with the previously calculated Kottwitz homomorphisms for unitary groups, in

line with the known functoriality of this construction.
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It follows immediately from this and the fact that the affine diagrams only depend on the
derived subgroup that if we use the product of the usual Iwahori-Matsumoto presentations
of the Hecke algebras of U(H;), there is a very natural embedding of this product into the
Iwahori-Hecke algebra of G corresponding to just looking at the subalgebra generated by
elements whose 2 component is 0 in the Z factor. Moreover, if we take the quotient of the
Hecke algebra in the odd rank case by all of the Z/2Z-factors of {)g, we obtain a natural
embedding for the Hecke algebra corresponding to the replacement I’ for the Iwahori chosen

in Section 2.4.4. We set up some notation that will be used in subsequent sections.

Definition 2.4.12. We define u; ; to be the element of G that is equal to the matrix u; of
Section 2.4.4 or Section 2.4.5 for the factor over F;', and for every other place ', uy ; is the
identity matrix in that factor.

Recall that @ is a uniformizer in £ with @? € Q,, and that  was used in the definition
of u,, above. We write w1l,, to denote the element of the unitary similitude group whose F;

factor is wl,, for all 7.

Since the unramified representations of the Hecke algebras under consideration are finite-
dimensional representations on C-vector spaces, it follows from Schur’s lemma that the action
of the central subalgebra generated by Z C (g is via a multiplicative character, and thus
the restriction of an irreducible representation of Iwahori level of the similitude group to the
unitary group remains irreducible, and the exact data lost in this restriction is captured by
the scalar action of a Hecke operator corresponding to a generator of Z C ;. We can use the
operator Iwl,I for this purpose. Moreover, since Iwl,I = Iwl,, the action of this Hecke
operator is in fact the image of w1, under the central character of the representation. Since
the transfers described in Section 2.2.2 are compatible with central characters at all places,
establishing the local Langlands correspondence at primes over p requires only understanding
the restriction to the ordinary unitary group, allowing us to utilize, for instance, Theorem

2.2.8 in this endeavor.
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2.5 Weight structure of almost unramified representa-
tions of p-adic unitary groups

We study principal series of unitary groups corresponding to the sets of Satake parameters
appearing in Theorem 2.3.1. The results of this section are simply calculations of special
cases of general theorems of Reeder on the structure of unramified principal series of split
groups [58]. In fact, the case we will need later is essentially the most trivial case of Reeder’s
results. We briefly summarize Reeder’s work as it pertains here in Section 2.5.1, and perform
the calculations using the classification determined in Section 2.3 in Section 2.5.2.

The main theorem of this section is as follows.

Theorem 2.5.1. Let ™ and 7 be as in the statement of Theorem 2.2.8. Moreover, assume
that , is K-spherical for the group K defined either in Section 2.4.4 or 2.4.5. Let {a;},c;
be the multiset of Satake parameters of m,, which must be of the form described in Theorem
2.3.1. Assume that o; = g, for somei,j € I. In the odd rank n = 2m+1 case, let I be the
subgroup called I' in Section 2.4.4, and in the even rank n = 2m case, let I be the Iwahori
subgroup chosen in Section 2.4.5. Then there exists a vector & € m, thatl is an eigenvector
for the weight space and upon which the action of [Iu,,I] is by multiplication by a number

with complex absolute value strictly greater than q%, where u,, is the element of the affine

Weyl group defined in Section 2.4.4 or 2.4.5.

In fact, Reeder’s results allow one to give a complete description of all the eigenvectors

for the weight space and their eigenvalues.

2.5.1 Weight spaces of unramified representations of split groups

We summarize work of Reeder giving a criterion for non-vanishing of weight spaces for an

unramified principal series representation of a split group [58, §1-5]. We warn that while
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Reeder uses ~ for the p-adic group and ordinary letters for the dual groups, we largely
maintain the notation used in earlier sections.

Let F' be a non-archimedean field with uniformizer w, ring of integers O, and residue
field kp of order ¢q. Let G be a split connected reductive group over Or and let G be its
dual group over C. Write K for the hyperspecial maximal compact G(Op). Fix an F-split
maximal torus S and Borel subgroup B of GG, and write N for the unipotent radical of B
(all over Op). Also write 0 for the modulus character of B and I for the Iwahori subgroup
given by the preimage of B(kp) in K. Write W for the Weyl group Ng(S)/Cq(S). We write
So = S(Ok). Then Qg = S(F)/Sy is called the weight space of G, and we write A, for the
coset of s € S(F) in Qg. (This notation is consistent with the discussion of the Kottwitz
homomorphism in Section 2.4.1.)

Let S~ C*® X*(S) be the group of characters x : Qg — C*. Write CA?, E, and N for
the dual group, dual Borel, and unipotent radical of B , respectively. We also write d for
the root system of G and ®* for the positive roots with respect to B. There is a natural
isomorphism between X*(S) and the lattice S(F)/Sy, given by A € S(F)/Sy — ey € X*(S),
where

ex(z @ p) = 2 nA)

Via this identification, we realize S(F)/Sy as a lattice inside the dual * of the Lie algebra
§~ C®X*(S) of S. Also let § denote the Lie algebra of G. We write 8 = R ® S(F)/So,
which sits inside s*.

For x € 3 , which may also be viewed as a character of S(F')/Sy, we now define
Wy={weW: xw=x},S={acd:e.x)=q"}, and@iz{&é@*’:ea(x):l}.

We also define

X

sz{wewxzwiizaﬁ},
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which is always 1 if G is simply connected. Each y defines a principal series representation

1(0) = nd§ x = { € C=(G) : f(bg) = x(p)Iu(b)} f(g) for all be B,g € G},

where we’ve used the normalized induction. We write =(x) for the Iwahori invariants of the
unique K-spherical irreducible subquotient of I(x).

For any y we consider, we will always require
lea(x)] < 1 for all o € B, (2.16)

This can always be arranged by changing y within its W-orbit. Already under the weaker
requirement S, C C/ISJF, the K-spherical subquotient of () is the unique quotient of a certain
summand of I(x) (which is all of I(x) in the case where R, = 1). See [58, §1.2] or [57] for
more details on this point.

We want to understand the action of a certain subalgebra © of the Iwahori-Hecke algebra
on E(x). For any u € Qg, we may write u = uaugl, where u, and u, pair nonnegatively
with every positive root (meaning that a(u,),a(u,) € Op for each positive «). Then we
can associate to u the element [[u,I][lu,I]™' in the Iwahori-Hecke algebra of G; this is
independent of choices. We define © to the C-subalgebra of the Iwahori-Hecke algebra
generated by the elements [[u,I|[Iupl]™' for u € Qg. Given a character x : Qg — C*,
there is a unique extension to a homomorphism © — C compatible with the homomorphism
S(F)/Sy — ©, which we call yo. We work out the case of the trivial representation in
Example 2.5.3 to illustrate this construction.

There is a natural ©-module decomposition Z(y) = @wewx\w =(x, w), where the Z(x, w)
are generalized eigenspaces of Z(x) with eigenvalue ((xw) - 6;%)@ on ©. Reeder’s work

[58] proves many interesting properties about this module as well as the Iwahori invariants

of other subquotients of I(x); we will be only be interested here in identifying elements
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w € W, \W such that Z(x,w) # 0. If this holds for a suitable choice of w, then any
eigenvector £ € Z(x,w) for © will meet the conclusion of Theorem 2.5.1 via the translation
from a split group to a ramified unitary group in Section 2.4.

The main geometric object of interest is
q= {a: e glad(x)r = q_lx} Cu.

Note that the containment in u follows from Sy C d+. We will be interested in the action
of the group M= Cg(x) on q via the adjoint action. In fact, the action of M on q makes
q into a prehomogeneous vector space with finitely many orbits [59]. We denote the open
orbit by qo.

We can now state the criterion for whether Z(y,w) is nonvanishing. We remark that
Reeder [58, Corollary 5.13] actually determines a criterion directly for a similar question
about the Steinberg subquotient of I () instead. However, he uses a duality proved by Rodier
[61] to deduce a nonvanishing criterion [58, Corollary 5.15] for the spherical representation

as well.

Theorem 2.5.2 ([58, Corollary 5.15]). Let u°? denote the unipotent radical of the Borel

opposite to B. We have E(x,w) # 0 if and only if qo N ad(w)u°P # .

We remark that this theory is related to a comparison result between the Jacquet module
and Iwahori invariants of a representation. The general result, is that for a smooth repre-
sentation V' of a split group G as above, with S the integral points of the maximal torus as

before, there is a natural isomorphism
VI — (VN)SO & ((5;1)@ (217)

of ©® modules. Here Vy = V/V(N), where V(N) = span {v — nv|n € N,v € V} and (Vi)
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is given the natural action of © induced by that of S(F')/Sy as prescribed above.

N

Example 2.5.3. We give one example to illustrate these result. If y = 052, then I(y)
contains the trivial representation as a subrepresentation. It is trivial to calculate the Jacquet
module of this subrepresentation in this case; it is just the trivial representation. Then (2.17)
implies that the Iwahori-Hecke algebra should act on the trivial representation by d5'. Since
the action of [[ul] in the Iwahori-Hecke algebra on a vector v in the trivial representation
is simply multiplication by [[ul : I], (2.17) is essentially the claim that if u = u,u, ', where
these elements are in the positive Weyl chamber, then the measure of [Iu,I] divided by the
measure of [[u]] is given by 65" (u). This calculation can be found in [14, Lemma 1.5.1].
Now we apply Theorem 2.5.2 to this setting. We modify x by the longest Weyl element
so that it meets condition 2.16; this yields x = 6%3. Then the space q is the product of the
simple root spaces, and qq consists of points of g that are nonzero in each root space. If the
intersection ad(w)u°P is nontrivial for an element w € W, then ad(w)u°® must include all of
the root spaces for simple positive roots. Since U°P is a subalgebra, it is closed under the
Lie bracket, and so is ad(w)u°?. Therefore ad(w)u°® = u and yw = 5];%. In particular, the
action of © on the unique nonzero weight space is given by ((yw) - 5;%)@ = (65" )e. This is

exactly what we calculated above.

2.5.2 Proof of Theorem 2.5.1

Let G be either SOs,,11 or Sp,,,, and let S be the diagonal maximal torus. Also let B be
the upper triangular Borel subgroup. Assume that the character x : Qg — C* is identified
with one of the characters of the relevant unitary group classified in Theorem 2.3.1 using
Proposition 2.4.7 or 2.4.10. Then possibly after changing y within its W-orbit, we can
assume that the image of u; is ¢~ for k; € %Zgo and v; € S' C C, and moreover that

the k; are non-decreasing as i decreases from n to 1. (Recall that w; is the matrix whose
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nonidentity diagonal entries are closest to the center, rather than u,,.) Then it is easy to see
that the condition (2.16) is met.

Let w = wp be the longest element of W. We have ad(wg)u® = u. It follows trivially
that qo Nu # (. By Theorem 2.5.2, Z(x, wp) is nonzero. Let & € Z(x, wp) be an eigenvector
for ©. Then since u,, is in the positive Weyl chamber and wy acts by inversion on y, [[u,!]
acts by %jlq*km(SB(um)_% on £. Some k; must be nonzero by the hypothesis that o; = g,
for some i, 5. Therefore we have k,, < 0, since k,, is the smallest of the k;. One calculates

n—1

that 65(um)"2 = ¢z, where n = 2m or 2m -+ 1 is the rank of the underlying Hermitian
space.
Using the isomorphisms of Iwahori-Hecke algebras given in Section 2.4, we can translate

this result immediately into the desired one for unitary groups.

2.6 Crystalline periods in families of Galois represen-
tations

We investigate the variation of crystalline periods in families of Galois representations. We
will use this to construct a period in the filtered ¢-module of the Galois representation
attached to . Then certain results on purity, combined with the bound found in Theorem
2.5.1, will give the contradiction needed to show that m, is tempered and that compatibility
with base change holds. We first introduce some of the needed ingredients in Section 2.6.1 and
2.6.2. Then we formalize the properties of the desired p-adic family of Galois representations
in Section 2.6.6. In the process, we will connect our discussion to the automorphic context

in preparation for Section 2.7, where we describe the construction of these families.
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2.6.1 Purity

Fix an isomorphism Qp = C. Let £ C Qp be a finite extension of Q, and let F' be a
number field. We define an algebraic p-adic Galois representation p : Gp — GL,(F) to
be one that is ramified away from a finite set of places and is de Rham at places above p.
The Fontaine-Mazur conjecture predicts that such representations arise from geometry. A
consequence is that one expects such a p to be pure at all places, which is a condition on the
interaction between the Frobenius action and monodromy of p. For Galois representations
attached to regular algebraic conjugate self-dual cuspidal automorphic representations on
GL,, over a CM field, this is now known by the deep work of many mathematicians, including
Deligne, Clozel, Harris, Taylor, Yoshida, Shin, Barnet-Lamb, Gee, Geraghty, and Caraiani
28, 79, 71, 16, 1, 2, 12, 13]. We will need to utilize their results, so we review what this
purity means, closely following the exposition of Taylor and Yoshida [79, §1].

Let L be a finite extension of Q, with residue field x;. The basic object of study is a
Weil-Deligne representation, which is given by a triple (V,r, N). Here V is a vector space
over an algebraically closed field of characteristic 0, r : W, — GL, (V) is a representation of
the Weil group with open kernel, and N € End(V) satisfies (o) Nr(o)™! = |Art; ' (0)|LN,
where Art denotes the Artin map, and | - |, is normalized to take uniformizers to #r; .
(Recall our requirement that the Artin map take uniformizers to geometric Frobenius lifts.)
We say (V,r, N) is Frobenius semi-simple if 7 is semi-simple.

For ¢ € R.g, a Weil g-number is an element o € Q such that the image of o in C
has absolute value q% under every embedding. The Frobenius semi-simple representation
(Vir,N) is strictly pure of weight w € R if N = 0 and r(¢) has Weil (#r)"-numbers as
eigenvalues for any lift ¢ of the geometric Frobenius. We say (V,r, N) is mized if there is an
exhaustive, separated increasing filtration F; C V such that the i*" graded piece gr, = F;/Fj 4
is strictly pure of weight i. Note that N(F;) C F;_5. For w € R, if (V,r, N) is mixed with

weights in w + Z and if for every ¢ € Z-o we have N* : gr,,., V = gr, ;, V, we say (V,r, N)
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is pure of weight w. We can make the following simple observation.

Lemma 2.6.1. If (V,r, N) is pure of weight w € Z, the eigenvalues of a geometric Frobenius

element in ker N are at most (#rr)2 in absolute value.

Proof. If (V,r, N) is pure of weight w, then for any i € Z-, the map N|g,,, : Fioys = gy V
has kernel exactly Fi,;_1, so any element of F,; \ F,y;—1 cannot be in the kernel of N.
Therefore ker N C F,,. But if we pick a basis of F,, consisting of geometric Frobenius
eigenvectors and consider the purity condition, we find that any Frobenius eigenvalue on

ker N must be at most (#kr)2 in absolute value. O

Pure Weil-Deligne representations satisfy a number of interesting properties. For in-
stance, purity is stable under finite extensions of the ground field L, and corresponds to
temperedness under the local Langlands correspondence. Also, given (V,r), there is at most
one N making (V,r, N) pure.

We are particularly interested in purity for a Galois representation p : Gp — GL,(FE)
as above, but restricted to places above p. At other places, there is a very simple way to
associate a Weil-Deligne representation to the restriction. At places above p, one uses p-adic
Hodge theory. We describe how this process goes in the special case where p is semi-stable,
since this is all we will need. See [79, §1] for the general case; we follow the conventions
of that paper. Also recall that we have fixed an isomorphism ¢ : C — Qp. Using this
isomorphism it makes sense to talk about the complex absolute values of a number lying in
Qp, though of course we will only do this for Weil numbers.

Let v|p be a place of F' and write p, for the restriction of p to Gp,. Also write W for
the underlying vector space of p. Let F, ., C F, be the maximal subfield of F, that is

unramified over Q,. Also denote by ¢ : By — By the crystalline Frobenius endomorphism,

which is semilinear with respect to the action of a geometric Frobenius element. Then for
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any embedding v : F, , — Qp we define

Dyio(W) = (W @q, Ba) ™ ©(q,0q, w100 Q-

In this notation, there is a natural action of ¢ on Dy, (W) induced by its action on the By
factor; although ¢ is not invertible on By, it is on Dy (). We define a representation
r: Wg — GL(Dg,(W)) by setting r(g) = @™l Fsl where the action of g on the residue
field is by Frob'. (Recall that we use Frob,, for the geometric Frobenius.) We also obtain
an action of 1 ® N from the operator N on Bg. The triple (Dg (W), r®,1 ® N) gives a
Weil-Deligne representation (via ¢), where r** denotes the semi-simplification, as one can

check. Moreover, it follows from the definition that the kernel of N is exactly

Dcris,u(W) - (W ®Qp Bcris)GKv ®(6p®QpF'U,UY)71®V Q_p

Thus the action of a lift ¢ € Wy of the geometric Frobenius is given by @l F»] on D yis,, (W).

Fp)

Therefore, by Lemma 2.6.1, if Dy, (W) is pure of weight w, the eigenvalues of ¢[“Fv are
bounded by (#kp,)2 in absolute value. In addition, the Weil-Deligne representation is

independent of the choice of v. We summarize this discussion as follows.

Proposition 2.6.2. Suppose that F,/Q, is a finite extension. The eigenvalues of the [k, :
F,|" power of the crystalline Frobenius on a pure semi-stable p-adic Galois representation

of G, of weight w are bounded by (#kr,)2 in absolute value.

It is known that tensor products of pure representations are pure. In an earlier version
of this work, we needed to show that exterior powers of representations also preserve purity.

For future applications, we provide the (trivial) argument here.

Proposition 2.6.3. Suppose that (V,r, N) is a pure Weil-Deligne representation of Wg of

dimension n, where F' is an p-adic local field. Then for any Schur functor ¢y € C[Sn], A a
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partition of m, c\V s a pure Weil-Deligne representation.

Proof. Since V™ is pure, it suffices by [79, Lemma 1.4.(5¢)] to show that

yem @ C,\V®m
A

as an internal direct sum of Weil-Deligne subrepresentations. For this, we simply need
that each ¢ \V®™ is preserved by Wr and N. But both of these actions commute with the
permutation action by S,, and thus the entire group algebra C[S,,], so they leave ¢, V®™

invariant.

2.6.2 Interpolating crystalline periods

We discuss how to interpolate a single crystalline period, which a technique initiated by
Kisin [36]. Nothing in this section is original. The form we will need uses an enhancement
by Nakamura [50, §3] to Kisin’s results that allows one to work with a representation of G,
for a finite extension L/Q, instead of Gq,. We reword Nakamura’s arguments in a form
that is similar to that of the proof of [36, Proposition 3.14]. We also mention a lemma due
to Luu [46, Lemma 2.10] that will be very useful for applying the main result; this lemma is
based on one proved by Kisin [36, Lemma 6.7].

In the approach taken by Kisin and Nakamura, one must bound the amount of variation

allowed for the crystalline period over the family.

Definition 2.6.4. If R is an E-affinoid algebra and Y € SR, then 93~ is called Y-small if
there exists A € (R@pE')* for some finite Galois extension E’ of E such that E'|\| C R gL’

is an étale £’ algebra and YA~ — 1 is topologically nilpotent.
Given a point of Spm R, we can find an open affinoid neighborhood such that the restric-
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tion of Y is Y-small, which will be sufficient for our application.

Remark 2.6.5. Liu [42] has proven a substantially more general version of the crystalline
period interpolation used here using finiteness results for cohomology by Kedlaya, Pottharst,
and Xiao [35]. Liu allows one to interpolate multiple crystalline periods in a single family with
multiple fixed Hodge-Tate-Sen weights, while previous results only allowed one to interpolate
a single period. Moreover, he removes the Y-smallness hypothesis. However, we will only

need the simpler interpolation result stated below.

Let L/Q, and E/Q, be finite extensions such that E contains the normal closure of L.
Define ¥ = {0 : L — E}. Let R be an affinoid algebra over £ and let 9t be a finite free
PM-module equipped with a continuous G p-action. Fix Y € 8™ such that R is Y-small. Let
the Sen polynomial with respect to the embedding o be denoted Py ,(T") € R[T]. We write
f = [kr : F,], where kp, is the residue field of L. We refer to Nakamura [50, §3.1] for the
definition of By, ;. We remark that Nakamura makes requirements for all o € ¥ and draws
conclusions for each o; however, his proof works on one ¢ at a time, using the decompositions
(from the proof of [50, Lemma 3.11)) (B:laX7L®ng{)<pf=Y = @UeZ(B:wX’L@LVU%)Wf:Y and
B /t"Bir®q,R = @D, cx, Bin/t* Biz®1,R. In our application, in any case, we will have a

fixed Hodge-Tate weight for each o.

Theorem 2.6.6 ([50, Proposition 3.14]). Fiz o € ¥. Assume that there is a factorization
P,,(T) = TQ(T), and define P(k) = H;;B Q(—j). Suppose that there exists a collection
{Ri}ie, of affinoid R-algebras such that for each k > 0 there exists a subset I, C I with the

following properties.

1. Fori € I, every R;-linear, G -equivariant map

MY @x R; — Bl /t"Bih®r R
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factors through
mv QOn ERZ — (B;aX’L®LJ§)‘ii)“"f:Y.

2. For each i € I, the image of P(k) in R, is a unit.

3. The map R — [[;c;, Ri is injective.

Suppose that ' C C, is a closed subfield containing E, and g : R — F is a continuous

homomorphism. Then we have a nonzero, F-linear, G -equivariant homomorphism
Vv + of=g(Y
MR — (Bmax,L ®L:<7 F) ( )

In particular, we have

D+

cris

(MM ®o F)safzg(Y) £ 0.

We will first need to study the relationship between the crystalline and de Rham period
rings. By Proposition 3.7 of [50], for sufficiently large k, there exists a G'p-equivariant short

exact sequence of orthonormalizable J3-Banach spaces

0= (B, &r.R)¢ = 5% Bt /" BE&p R % Uy — 0. (2.18)

max,

Moreover, for any continuous homomorphism R — R’ of affinoid algebras, the formation of

this sequence commutes with taking a completed tensor product with HR’.

Lemma 2.6.7. For k such that (2.18) holds, any R-linear G 1-equivariant homomorphism
Y IMY — Bl /"Bl R (2.19)

factors through (B, &p ,R)# =Y.

max,L
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Proof. Fix an integer k as in the statement of the lemma. We set h = hy, g = gx, and
denote by h;, g;, and 1; the results of applying the functor ®xR; to the morphisms h, g, and
1. Orthonormalizability of the JR-Banach spaces in (2.18) shows that the completed tensor
product of each term of (2.18) with the homomorphism R — []

iel, R; is injective. From

this and the compatibility of (2.18) with base change we obtain a diagram

0 (B ®roR)# = —L Bir/ thﬁRééL,o% g Uf 0
A f—y [ihi - I 9: A
00— HiEIk (B:ﬁax,L®L,ami)<p Yo HiEI}c B;R th;R®L,ami - HiGIk Ur®xR; —0
(2.20)

with exact G'r-equivariant rows. By hypothesis, the morphism [, v; factors through the

submodule [ [, (B:laX’L@)L,g%i)wf:Y, so the composite map

M’ MY on [[ R[] B/t Bixbro — [[ Urdat,
i = i€l
vanishes. Since the rightmost downwards arrow in (2.20) is injective, the image of ¢ lands
in (B} ®r0R)? = as needed.

]

Define H C R to be the smallest ideal of R such that any homomorphism ¢ as in Lemma

2.6.7 factors through B, /t* Biz®r . H.

Lemma 2.6.8. The Zariski-open set Spm(R) \ Spm(R/H) is scheme-theoretically dense in
Spm(R).

Proof. We claim that HR; = ;. Suppose otherwise. Regard R as a L-algebra using the

assumption L"" C E. By [36, Corollary 2.6], setting £ = L in Kisin’s notation, the map

(Bin/t* Bip@LoM)5h) @n (Ri/ HR,) = (Bl /1" Biz@r,0 (M @ (%) HR)))Fh,
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is an isomorphism of finite free (R;/HR;)-modules of rank one. However, this is the 0 map

by definition of H. Thus Spm(R/H) does not meet the image of [[._; Spm(%R;), which is

i€l

dense by the third condition of the theorem. In particular, Spm(R) \ Spm(R/H) must be

scheme-theoretically dense.

We can now use these to prove the main theorem.

Proof of Theorem 2.6.6. Define Rp = R Qg F, Hp = H ®p F' = HRp, and m = ker(Rp —
F). By Lemma (2.6.8), together with stability of scheme-theoretic density under flat base
change (see [36, §5.1]), Spm(Rr) \ Spm(Rr/Hr) is scheme-theoretically dense in Spm(Rp).
In particular, we may choose n such that Hr € m”™ but Hr C m™ !, Let ¢ be chosen so
that the image of the base extension ¢r in Bi, /t"Biz &1 ,RF is not contained in m”. (This
is possible, as otherwise we could replace H with H Nm".) From this and our choice of k we

obtain a nonzero homomorphism
M 5 (B 1OraH)7™ = (B Orom™™ /m")e=.

By a suitable choice of map m™~! /m™ — F, we obtain a nonzero homomorphism
m" — (B;ax,L®L,amn_1/mn)¢:Y — (B;ax,L(gLﬂF)p:Y

as needed.

]

In order to check the first condition in Theorem 2.6.6, we will use the following lemma of
Luu, with notation slightly modified to match with that of Nakamura’s result. We state the
result here with respect to a chosen embedding o; the proof is identical once one replaces

tensor products over Q, with tensor products over L with respect to ¢ : L — E. Note
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also that Luu uses the opposite of our convention with respect to Hodge-Tate weights; our
weights are the negatives of the roots of the Sen polynomial, so that the cyclotomic character

has Hodge-Tate weight —1. For this reason the inequalities below are reversed.

Lemma 2.6.9 ([46, Lemma 2.10]). Let L, E be finite extensions of Q,, let « € E*, let
k € Zsy, and let ¥ = {0 : L — E} as above. Fix 0 € 3. Let Gy act continuously on a
finite dimensional E-vector space V' with Dcrisyg(VV[KL:Fp]:O‘ # 0. Assume moreover that V
is Hodge-Tate with respect to the embedding o, with weights {0, ko1, ..., ken-1} such that

0<kpo<--  <kgn1 and kyo > max(k, [L: Qplv,(a)). Then the natural map
Deris o (V)?™"'= & (B Jt* B @1, V)"
18 an isomorphism.

2.6.3 Hecke algebras and slopes

Let m be a cohomological automorphic representation on a reductive group G over Q such
that G(Q,) is quasi-split, and let the dominant algebraic weight A of G be the weight of 7.,
which we recall means that 7., ® VY has nonvanishing cohomology. (The restriction to Q is
only for convenience; groups over more general fields can be treated by restriction of scalars.)
In this section, we discuss the notion of the slope of 7. When putting 7 in a sufficiently
small (in the rigid geometric sense) p-adic family, the slope will be constant in the family.
Everything in this section is taken from Urban [82, §4], and we use similar notation when
possible.

We introduce a modified global Hecke algebra of G. We fix a finite set S of finite places
of Q and let K? =[], -, I, be a product of open compact subgroups of G(Q,) such that for
v ¢ S, K, is a hyperspecial maximal compact subgroup. At p, let T' be a maximal torus, let

B be a Borel with Levi factor T, and let N be the unipotent radical of B. Fix compatible
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integral structures for G(Q,),7, N, and B, and let I be an Iwahori subgroup compatible

with the choice of B. Let
T ={teT(Q,) :tnt™" € N(Z,) for n € N(Z,)} .

Note that the condition ¢ € T~ is equivalent to asking that ¢ pair nonnegatively with every
positive root, which is the notion used in Section 2.5.1. We also write T~~ for the subset of
t € T~ that pair strictly positively with every positive root; we could also use the condition
Nit'N(Z,)t™" = {1}. We also write A~ = IT~I. We then define 4, = C>*(I\A~/I,Q,).
This is an abelian algebra isomorphic to the subalgebra Z[T'~/T(Z,)] of the weight space
© of Section 2.5.1. We define the commutative algebra Rg, = U, ® va s 9k,, where g,
denotes the Hecke algebra C°(K,\G(Q.)/ Ky, Qp). We define §,(K?) = U, ®@ [],, 9x,,
which unlike R, is not abelian in general. We finally define ), = C(G(A%), Q,) @ Uy;

this is the union over all g, .

Remark 2.6.10. In the above, one can replace I with the deeper Iwahori subgroup I,, of
elements of G(Z,) lifting those in B(Z,/p™Z,); however, we will not concern ourselves with

D ..
K? nontrivial for some m, we can

this here. For an automorphic representation 7 with 7/m
always define an associated representation of £,(K?). However, the representation of i,
might send an element of T~ to 0. If this happens, we say that = has infinite slope and
otherwise we say that m has finite slope. In the cases we consider, 7= will automatically
have finite slope by construction. In either case, the reason why we use £, as opposed to

the full Iwahori-Hecke algebra is because the operators outside £, cannot act on the larger

distribution spaces considered in the p-adic context.

Definition 2.6.11. A finite slope admissible representation o of level K? is an absolutely
irreducible admissible representation of £,(K?) defined over a p-adic field E satisfying two

conditions.
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e The action of 4, is of finite slope.

e There is a Op-lattice in o/™5" that is stable by the action of the Z,-valued Hecke

operators in $,(K?).

Note that it makes sense to consider the trace of any element of §, on o; we denote this

function by J,.

Recall that 7 itself is not directly placed in a p-adic family. Instead, we associate to w
a finite slope admissible representation o, of the Hecke algebra $,(K?) as follows. Using
the identification ¢, we can think of 7w via the associated representation of the Hecke algebra
on a Qp—vector space. Away from S U {p}, the action of g, is just the natural one on
the K,-spherical vector. At p, if 7r£ # 0, we obtain a representation of &l, by making an
additional choice of an eigenvector £ € 7T]€ for 0,. This is all the data we need to produce
the finite slope admissible representation attached to 7.

For the remainder of this chapter we fix a multiplicative section

v T(Q,)/T(Z,) = T(Qy). (2.21)

If the group G(Q,) is unramified, it is possible to define v to have the property that
Aatg(V(t)) = [Xaig(t)], " for every algebraic character Aug on G. (Recall that X is the algebraic
weight associated to 7., and so can be evaluated on an element of the chosen maximal
torus of G(Q,).) In ramified cases such as ours, this is not always possible. To see why it
is necessary to make such a choice, see the proof of [82, Lemma 4.6.2]. We define v to send
every Uy, m, to u,,, and to take wl,, to itself in the notation of Definition 2.4.12. This choice
will be important in the proof of Theorem 2.2.5 given in Section 2.7.3.

Now we return to the situation of 7 of algebraic weight A and chosen vector &. We twist

the &0, action on ¢ by multiplying it by A(v(t)). This completely determines a character

162



0. of Rg,. To obtain the finite slope admissible representation o, one simply takes the

irreducible $,(K?)-constituent of w7~

containing &.
An intermediate step in constructing a p-adic family is to piece together various finite

slope admissible representations in a natural way.

Definition 2.6.12. Let §), be the ideal of §), generated by f ® u; € C*(G(AY),Q,) ® 4,
for t € T-~. If E is a finite extension of Q,, an E-valued virtual finite slope character
distribution is a Q,-linear map J : §), — [E such that there exist finite slope admissible

representations o; and integers m; with the following two properties.

1. For all t € T, s € Q, and KP, there are only finitely many ¢ with m; # 0,
vp(0,,(uy)) < h, and o0& £ 0.

2. Forany f e, J(f) =22 miJs,(f).

We drop the word “virtual” if m; > 0 for all 7, and sometimes refer to this as effective. In that
case we can form the direct sum of 0;" and complete with respect to the supremum norm
to form a p-adic Banach space over C,. The elements of §);, act completely continuously.
Later we will consider a rigid analytic weight space X, and a certain ring of rigid analytic
functions Ax q, € Ox(X) on X. Then an analytic family of finite slope character distributions
is a function J : 55;, — Ay q, that specializes to a finite slope character distribution at every

point of X.

We finally come to the topic of the slope of a representation. Suppose that the homo-
morphism 6 : 4, — Q; is of finite slope. Also let F' be an extension of Q, over which T

splits. Then we define the slope gy to be the element of X*(T/F)Gal(F/QP) ®z Q such that

(t0, 127) = vp (0w (p)))
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for all 4V € X, (T)p)H@F/Q0) where we normalize the valuation v, by v,(p) = 1. Here
X (Typ)TC2lF/Qr) refers to the dual of the cone generated by the positive roots.

If 0 takes integral values on &l,, pp will lie in the subset X*(T)1q C X*(T) ®z Q
consisting of the Qx>o-linear combinations of the simple roots. We define a renormalized
action * of the Weyl group on an algebraic character A by w* A = w(A + p) — p. Now
suppose A is a dominant algebraic weight. Then we say that 6 is noncritical with respect to

ANif g — A+ wx A ¢ X*(T), q for all nontrivial w.

2.6.4 Slopes on ramified unitary similitude groups

Suppose that G is now one of the unitary groups of Section 2.2.1, and we identify G q, with
a similitude group as described in Section 2.4.6.
For illustration purposes, we first check a standard fact about slopes explicitly in this

case.

Proposition 2.6.13. Suppose that p is any slope lying in X*(T)y q. Then there exists
N € Z>, such that if X is any algebraic weight whose pairing with any positive simple coroot

1s at least N, then p is non-critical with respect to \.

Proof. By definition, y is non-critical with respect to A if p—A+w=A does not lie in X*(T) 1 q,
which consists of all weights of the form Zj ay,;0,; where oy = t,;/t, ;41 and a; € Qxo.
We first note that the multiple of the similitude in p is 0 since it lies in X*(7")1 q, and this
similitude is unchanged by —A+w * A since the w action does not change the similitude of .
Thus we may assume that ¢ = 0, where A corresponds to c¢. Similarly, we may translate every
¢, by an element of Q so that Y | ¢,; = 0 without affecting —A +w  \; this does not affect
the pairings of A with the positive simple coroots. We may now write A = ¢ = Zj Ay Ol
with every a,; > £. We observe that if w is nontrivial, the usual action of w on A (rather

than the normalized one), which we write w - A, produces w - kA = k). ay v, ; where at
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least one a;); = —a, j; fix such a j. The difference between the normalized and usual actions
is constant, so for N taken sufficiently large, the multiple of a,; in —A 4+ w * A becomes
arbitrarily negative, so there is some N,, such that p — kX +w * kA ¢ X*(T); . Now we

just take N to be the largest of the N,,. O]

We need slightly more precise information about the interaction between slope and

weight. We will calculate two quantities.

1. The first is the slope of the character uw; +— A(v(t)) for A the algebraic character
attached to the data ¢ = (c, (c,,)). This is exactly the renormalization term used in
order to produce a finite slope admissible representation from a p-stabilization of an

automorphic representation.

2. The second is the slope of a character of 4, corresponding to an ordered (for each ) list
of Satake parameters (5, (@ —p, ..., ®iy);) in Qp (via ¢) obeying the symmetries o; _,, =

o} and a;o = 1 if n is odd. These Satake parameters correspond to the unramified

character x of the torus of G, where (o —p,...,q;,) are the Satake parameters of
the factor corresponding to the field F;, and § is the image of w1, under the central

character, where w € F is a uniformizer with @?® € Q,,.

Let F'*' be the normal closure in Qp of the compositum of the F;", which by the hypothesis
that p is unramified in F* is linearly disjoint from E, and let F' = EF*. Given any
character A € X*(T)p), the naturally defined function A : X, (T} )G/ Q) — Q is equal

to the function \g, defined by

1
o= Feairra,) 2 7

oeGal(F'/Qp)

since the pairing is Galois equivariant. Moreover, the element Ay, € X*(7)p) ® Q is Galois

invariant. By definition of v we have ord,(A(v(u,v(p)))) = ord,(A(uuv(p)), so since by defi-
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nition the slope of A(v(t)) is equal to the element of X*(7)r)%l(F"/Q) @ Q which calculates
ord,(A(u,v(p)) when paired with p, the slope of X is Agp.

This makes the first calculation above very direct. Let A be attached to ¢. We want to
calculate m > ocGal(F/q,) O(A). We first average over the action of Gal(F™'/Q,).
For each orbit of the action of Gq, on the embeddings v : F* — R, this simply averages over
the relevant ¢, with v in that orbit. The action of Gal(£/Q,) interchanges ¢, ; and —c¢, ,11-;
and sends ¢ to ¢ + Zyﬂ. Cvi, SO the resulting average replaces ¢ with ¢ + %zw ¢y; and the
data (c,) is proportional to > .. (¢cvi— cynt1-i). Observe that the result of the averaging
is not necessarily a weight (for integrality reasons), but still satisfies the inequalities defining
strict dominance.

The second calculation requires passing through a series of definitions. First, we write
Ui, - -, Uiy for the matrices such that on the F; factor u; ; is the u; defined in Section 2.4.4
and 2.4.5, but at every other F; factor, u,; is the identity. We pick x within its conjugacy
class so that x(u;;) = a;_;. Now suppose that £ is a p-stabilization corresponding to the
orderings (@ —n, - .., q; ), meaning that it is an eigenvector of © acting on the space Z(x, 1)
for the y just defined, using the notation of Section 2.5.1. Then © acts on & with eigenvalue
(x - 5;,%)@, where B’ is the Borel on the associated split group as in the proof of Theorem
2.5.1, which means in particular that for any ¢ € T, the action of [It]] is given by (X-(SJ;%)(L‘).
Recall that 4, is the algebra generated by [/tI] for ¢ € T, so this completely determines
the character of L[,

According to Urban’s definition, the slope is determined by the pairing of this character
with elements p"(p) € T~—, where p" is a cocharacter. One such element is, in the odd
case, diag(p®™,p*™2,...,p% 1,p~2,...,p~?™) in the factor corresponding to every Fj, or
diag(p*™,...,p%, p~2,...,p ?™) everywhere in the even case. Let u;;, denote the cocharacter

1
such that ;. (p) is equal to this element. If y is the slope of the character (x - d52)(t), we
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have

(e 1Y) = ordy (X6 (1Y (P))- (2.22)

Now let 4;/; be such that

i (p) = diag(1,...,1, p ,1,... 1),
—

) ]‘7 p_l Y ]‘7 *
~—
—Jj J
in the F; factor and is the identity on every other factor. Then up to a diagonal matrix
with unit entries, this is the same matrix as ugj (in the notation of Definition 2.4.12), where

2 =ord,(w). (We happen to have d = 2 in fact.) Then iy + pf; € X, (T)p) T4/ Q) even

though 4/ is not, so

(e, Nivnit + ij) = Ordp((X(SE/)((#i\fnt + sz])(p)))

Subtracting (2.22) from this equation, we find (¢, 11;/;) = ord,((xd3/)(1;(p))). Moreover,

1
since x and d3, are unramified, we have

(e 11Y,) = ordy (0% (1Y, (p))) = ord,(x03,)(uc))

mj—1
dord,(a; ;g 2 ) neven

dordp(ai,,quTﬂ) n odd.

It follows that ord,(c; ;) and thus ord,(a; ;) is determined entirely by its slope . One can

also relate 3 to pe by using a central cocharacter; the calculation is identical so we omit it.

Proposition 2.6.14. There exists an M € Zs( so that if the absolute value of the pairing of
e with every positive coroot is at least N, the condition of Theorem 2.2.8 that o j # qicv; jr

and o, j # o o for j # j' must hold. (Here q; is the size of the residue field of F;.)

Proof. We observe that ord,(a; jq; 'a;

1 . .
.;) and ordy(a; ja; ;) are related in a precise way to
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(t1e; i’ — 11 52), if neither j nor 5" is 0, so a sufficiently large lower bound on |(ue, 11)'; — ;)|
makes this relationship impossible. For the case where n is odd and j or j' is 0, we just use

| (e, p';)| instead. O

It is easy to see that the hypothesis of Proposition 2.6.14 is satisfied for pe + kA as in

Proposition 2.6.13 for some lower bound on k in terms of M.

2.6.5 Behavior of finite slope automorphic representations with

very regular weight

We have explained how to attach a finite slope admissible representation o to a p-stabilized
classical automorphic representation 7. There should be a sense in which ¢ can be thought
of as automorphic. In particular, there should be a class of finite slope automorphic repre-
sentations, generalizing the notion of classical overconvergent modular forms. We refer to
Urban [82, §4.3.4] for the definition of this class of representations, but mention only that
by definition, they appear as subquotients of the representation of £, on the cohomology
of certain distribution spaces ®, that generalize the construction of Stevens in the modular
symbol case. Here X is an analytic weight, which is the product of an algebraic weight A,j,
and a finite order character at p; see [82, §3.2.4] for more details. We will only need to
consider weights where this character is trivial, though there are points of the eigenvariety
under consideration that have a nontrivial character. The p-stabilization of classical regu-
lar cuspidal automorphic representations of non-critical slope, renormalized as described in
Section 2.6.3, give examples of finite slope automorphic representations. In this section we
consider the converse direction. We will utilize the observations made in Propositions 2.6.13
and 2.6.14 to study the existence and behavior of such forms when they appear in a family.

Suppose that 7 is a cohomological automorphic representation on one of the unitary

groups G of Section 2.2.1 and has Iwahori level at a prime p that ramifies in E. Also let
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Gy, H, and Hj be defined as in Section 2.2.1. Let A be the algebraic character of 7,. Write
mo for a constituent of the restriction of m to G; note that the underlying space m, = m, by
the results of Section 2.4.6. We also write 1y for the Hy-part of the base change of 7; then
7o is a weak base change of m. Let 0 : Rg, — Q; and the finite slope representation o be
associated to a p-stabilization & of 7 as in Section 2.6.3. (We do not assume that £ is the
p-stabilization constructed in Theorem 2.5.1.) Write gy for the slope of  as defined above.
We have a ordered list of Satake parameters of my, (a_p,,...,q,), associated to . Then
fo = e + Asip, Where pie is the slope of 6 before the twist by A(v(-)).

Now assume ¢’ is another finite slope admissible representation of the unitary group G,
with associated Rg, character #" and of analytic weight \'. If ' is p-adically close to 6, then
in fact we have py = pg. This holds for all points sufficiently close to € in a p-adic family
of Mg ,-characters (or of finite slope representations). A natural way to produce from Ay
a large class of very regular weights is to fix a regular dominant weight A\, and consider
(p — 1)kAreg + Aaig for the elements k € Zsy C Z, that lie in a small neighborhood of the
origin in Z,. The benefit of this construction is that in “weight space”, which we define
later, these points all lie on a line. Then one can look at forms above these chosen points.

One consequence of non-criticality (see Theorem 2.8.3) is that an automorphic finite slope
representation of non-critical slope that has nontrivial overconvergent Euler-Poincaré char-
acteristic (in a suitable sense — see Section 2.8.1) is classical of the same (usual automorphic)
multiplicity. Using that result, the preceding discussion shows that in a suitable family of
finite slope forms mapping to a suffiently large weight space, classical points should be dense
in a very strong sense.

We are interested not only in knowing whether o’ as above is classical, but, assuming that
it is classical and that A;lg is sufficiently regular, that it satisfies local-global compatibility

for the transfer to a general linear group.

Proposition 2.6.15. Let G be a unitary group as in Section 2.2.1. Fix p where G, is
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ramified and quasi-split and an element p € X*(T,)q+. Then for all sufficiently regular
weights N (where the bounds depend only on p and the dimension of the Hermitian space,
and the meaning of sufficiently reqular is in terms of its pairing with the positive simple roots
as in Proposition 2.6.14), any automorphic finite slope representation o of Twahori level at p,
weight A\, slope i, and nontrivial overconvergent Euler-Poincaré characteristic on the unitary
group G 1s attached to a p-stabilization & of a classical representation w. Moreover, the base
change T of ™ to H satisfies local-global compatibility at p and the functorial restriction of

to Gy is tempered.

Proof. The existence of 7 for sufficiently regular A\ follows from Proposition 2.6.13 and The-
orem 2.8.3. Let my be an irreducible component of the restriction of 7 to Gy and let 75 be
the weak base change given by the GL,, component of the representation provided in Theo-
rem 2.2.2. After possibly increasing the regularity bound, Proposition 2.6.14 shows that the
hypotheses of Theorem 2.2.8 hold, which then implies that the o;; are in fact unitary and
local-global compatibility at p holds between 7y and 75. Since Theorem 2.2.2 also matches
up the central characters, by the results of Section 2.4.6 we get full compatibility at p.

O

We now need to understand the p-adic Galois representation associated to the sufficiently
regular finite slope representation ¢ examined in Proposition 2.6.15. More precisely, since
these o will be the “nice” elements of our p-adic family, we would like to know of the
existence of a suitable crystalline period in the associated Galois representation, and that
this crystalline period allows us to check the first condition of Theorem 2.6.6.

In the following, u,,, and wl,, are as defined in Definition 2.4.12.

Proposition 2.6.16. Let o satisfy the hypotheses of Proposition 2.6.15, let m be the associ-
ated automorphic representation of G, and let p, : Gp — GL(V') be the Galois representation

associated to m by Theorem 2.2.4, where V is an L-vector space of dimension n for a finite
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extension L of Q,. Also let v|p be a place of F'* over p, let w|v be the place of F' over v,
fix an embedding v : F, — L, and let « be the eigenvalue of the Hecke operator [Iu, ,I] on
the p-stabilization & of w corresponding to o. (Here we mean the eigenvalue of this operator
before the twist by A(v(-)).) Also let B be the image of wl, under the central character.
Then Dcris,,,(V)‘Pf:aﬂ # 0, where f is the degree of the residue field extension of F,,/Q,.

Now assume that we have a set {V;} of Galois representations attached to o; as in

JEZ>,
the preceding paragraph, with corresponding eigenvalues «; and ;. However, assume the

slope of every oj is . Assume that the weights \; have the following properties.
e The Hodge-Tate weights of V; with respect to v are of the form 0 < ky2; < -+ < kyp ;.
o The quantity \;(v(wu,,m,)) is independent of j.

o The weights \; are increasing with j with respect to the usual partial order and the
Aj become arbitrarily reqular in the sense that for any N there is some j so that the

pairing of A\; with any positive simple coroot is at least N .
Then for j sufficiently large, V; satisfies condition 1 of Theorem 2.6.6 with Y = «of3.

Proof. Showing Dcris,,,(V)“’f:aﬁ # 0 is just a matter of tracing through the definitions to
determine what the crystalline eigenvalues of V' should be. If « is the eigenvalue of [y, /]
on &, then by the results of Section 2.5.1, « is related to a Satake parameter o/ of m, by
o = quila’ . Then « is a Satake parameter of 7, by local-global compatibility. Now one
refers to Theorem 2.2.4 to examine the Weil-Deligne representation associated to p, = p,,
which is independent of the choice of v. It follows from this and the discussion of Section
2.6.1 that p, has crystalline Frobenius eigenvalues ¢" o' B, where o” ranges over the Satake
parameters of 7, including o'.

To see that V; satisfies condition 1 of Theorem 2.6.6 for sufficiently large j, we apply

Lemma 2.6.9, whose hypotheses are satisfied for a sufficiently regular weight A, (which is
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directly related to the Hodge-Tate weights as explained in the statement of Theorem 2.2.4).
We can calculate the p-adic valuation of a;3; by dividing the eigenvalue of Iwu, I by the
renormalization factor A;(v(wu,,,)). Since this normalization factor is assumed constant
and the slope is constant, so is ord,(c;/3;). Then sufficient regularity is enough to ensure the
bound k, 5 ; > max(k, [F, : Qp] ord,(a;5;)) holds for sufficiently large j.

O

The last part of Proposition 2.6.16 is only useful if it is possible for ord, A(u, @) to
be constant while A becomes very regular. We will see that this is the case for the family

considered in Section 2.7.3.

2.6.6 Properties of a suitable family

The results of Section 2.6.5 tell us that for a Zariski-dense set of points in a suitable p-
adic family, there is an associated p-stabilized automorphic representation whose Galois
representation has a crystalline period whose eigenvalue is related to the action of [Iwu, 1]
We will construct a family of suitable Galois representations in Section 2.7.3. In this section,
we describe the properties we will need of this family and prove the compatibility as a

consequence.

Theorem 2.6.17. Suppose that X is a reduced affinoid rigid analytic space over a finite
extension L]/Q,, M is a free coherent sheaf over X equipped with a continuous action of G,
and U is a function in Ox(X). We assume that X is U-small. Suppose that E contains
the normal closure of L and fix an embedding v of L into E. Suppose, moreover, that there
is a Zariski-dense set ¥ of points of X such that the reduction M, = M, Roy, k(T) to
the residue field at x is a Galois representation p, that is crystalline at the place v|p with
Dy7cris(px|gpv)¢f:U(m) # 0 and that meets Condition 1 of Theorem 2.6.6 with respect to U(x).

We assume that there are functions k1, ..., ki, € Ox(X) with k1, =0 so that at each x €

172



¥, the Hodge-Tate weights with respect to v are given by k1 ,(x) < ko, (T) < -+ < Ki,(T).
Moreover, assume that Y contains points that are arbitrarily regular in the sense that each

Kiy(x) — Ki—1,,(2) is unbounded on X. Then for any point y € X, D,,,Crys(ﬁzs)@:wy) £ 0.

Proof. We apply Theorem 2.6.6 to show that D,y (ﬁy)‘P:U(y) # 0 as follows. The third con-
dition is just Zariski-density since X is reduced, the first condition follows by Lemma 2.6.9 for
sufficiently regular points, and the second follows from our requirement that the differences
between weights are unbounded. Observe that if a G'g-representation V' is an extension of
Vi by Va, then the left exactness of D, crys(+)?=Y® implies that if D, .y (V)$=V®) #£ 0, either
Dy erys(V1)P=VW) £ 0 o1 D, 01y (V2)$=U® £ 0. By picking a Jordan-Holder series for 91, we
deduce the result for ﬁzs as needed.

]

Corollary 2.6.18. Suppose that 7 is a reqular cuspidal automorphic representation on the
unitary group G of Section 2.2.1 and p is ramified in E. Let w be the weight of m. Assume
that F, is unramified for each v|p. Also assume that G, is quasi-split, the central character is
unramified at p, and that the restriction g, to the product of unitary groups is K-spherical
for the special maximal compact subgroup chosen in Sections 2.4.4 and 2.4.5. Fiz v|p in
F and suppose that U' = [Iu, 1] acts on m, by multiplication by an element o of complex
absolute value greater than q%. Then it is impossible for the p-adic Galois representation
pr to be placed in a p-adic family satisfying the hypotheses of Theorem 2.6.17 with respect to

the product U of U" with the Hecke operator wl,I.

Proof. This follows from Theorem 2.6.17 and Proposition 2.6.2, since the weight of the Weil-
Deligne representation attached to pr|g,, for v|pis —w +mn —1 and § has complex absolute

w
2.

value g~
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2.7 Families of automorphic forms and Galois repre-
sentations

In light of Corollary 2.6.18, in order to prove local-global compatibility at p it suffices to put
a representation 7 that fails the hypothesis of Theorem 2.2.8 into a suitable p-adic family
in the sense of Theorem 2.6.17. In order to construct such a family, we utilize work of
Urban [82] that constructs eigenvarieties for reductive groups satisfying the Harish-Chandra
condition. Under a condition, we produce a family passing through the p-stabilization & of
7 constructed in Theorem 2.5.1. Using the existence of Galois representations attached to
classical forms, we construct a pseudorepresentation over this family. Results of Wiles [85]
and Taylor [78] then allow us to construct an actual family of Galois representations passing
through p,.

We begin by setting up the general situation. Let G be a reductive group over Q satisfying

the Harish-Chandra condition and fix a prime p. Let K? = [] K, be a compact open

VFEP,00
subgroup of G(Aa 1)- We write B, T, and N for the Z,-groups as described in Section 2.6.3,
write I C G(Q,) for the Iwahori subgroup, and write $,,(K?) for the Hecke algebra defined

there. Also write g, for the tame part of the Hecke algebra, also as defined in Section

2.6.3.

Definition 2.7.1. A p-adic weight is a continuous group homomorphism A : T(Z,) — Q: :
If g is an algebraic weight, then the associated p-adic weight is simply the composite
T(Z,) — T(F) e pox - Q: . An arithmetic weight is the product of an algebraic dominant
weight with a finite order character.

We define the analytic weight space at p as follows. We write Z,(K?) for the p-adic
closure of Z(Q) N KPT(Z,). Then the weight space 20 is the space over Q,, with 20(Q,) =
Hom (T (Z,) /Zp(Kp),Q; ). In general its dimension depends on the defect to the truth of

the Leopoldt conjecture. (See [82, §3.4, §4.3.2] for more details on this construction.) Every
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continuous map 1'(Z,)/Z,(K,) — Q; is locally analytic for some radius; in our application
we will only need to consider maps that are locally analytic with radius 1 and correspond to

points of (Q,).

In our case, Z(Q) = E*, and only the finite group of units in £* can possibly lie in
KPT(Z,). By shrinking K7 slightly, we can even render Z,(KP?) trivial. In any case, the
Leopoldt conjecture subtleties do not arise for our unitary groups. However, they will arise

for Levi subgroups of our unitary groups in Section 2.8.

2.7.1 Urban’s eigenvarieties

Suppose that 7 is a cuspidal automorphic representation of G such that m. is a regular
discrete series representation. Then 7 has an associated arithmetic weight A in X(L) for some
finite extension L/Q,. Fix a p-stabilization of 7, and write ¢ for the associated renormalized
finite slope representation. Also write ¢ for the associated character of Rg,,.

In the following result, we use the notation m (o', w(z)) for an automorphic multiplicity.
We will explain this notation in Section 2.8.1. We will not need the definition for the

application here; see Remark 2.7.3.

Theorem 2.7.2 ([82, Theorem 5.4.4]). Suppose that the finite slope admissible representa-
tion 0 on G s associated to a cuspidal automorphic representation m of strictly dominant
arithmetic weight . If o is not critical with respect to \, then we have the following result.

There exists

e an affinoid neighborhood 4 C 20 of the point X in weight space,
e a finite cover w: § — U of U,

e a homomorphism 0z : Rg, — Oz(F),

e a character distribution Iz : $,(K?) — O(F),
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e a point y € F(Q,) over A,

e a Zariski dense subset ¥ C F(Q,) such that w(z) is an arithmetic weight for all z € %,

and

o for each z € ¥, a finite set X, of irreducible finite slope cohomological cuspidal repre-

sentations of weight w(z)
satisfying the following properties.

o The specialization of Oz to y is 0, and the character distribution I, of o is an irreducible

component of the specialization of Iz to y.

o For any point z € X, the specialization 0, is a character occuring in the representation

of Rsp on o5 for all o' € 3,

e For each z € X3, the specialization I, satisfies

L) = Y m(o' w(=) T/ ().

o'eX,
o The set X, is a singleton for a Zariski dense subset of the z.

Remark 2.7.3. We make some clarifying comments about this theorem.

1. There is a global construction of an eigenvariety & over the entirety of weight space,
rather than just over a local piece like the 4 of Theorem 2.7.2. However, a point z € &
parametrizes the data of a weight w(z) € 20 and character 6, of RRg,, whereas a point
of § recovers a character distribution on $),,(K?). There is a natural finite map from § to
¢, and each point 3’ of the fiber over a point x € € corresponds to a linear combination
of characters of finite slope representations o,, whose associated character 0, of Rg,,

is equal to 6,. In fact, one must pass to a finite extension in order to split up the
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representation $),(K?) into isotypical components; one of these components contains
the initial representation ¢ one is interested in producing a family around, and the

finite covering § — €& used in the theorem corresponds to this isotypical component.

2. As a consequence of the Cebotarev density theorem, the Galois representation is the
same for any two classical finite slope representations with the same associated char-
acter of Mgy, so we can use the point of € in attaching a family of Galois representa-
tions and pull back to § if desired. For this reason, the inclusion of the multiplicity
m (o', w(z)) will not affect our study of the Galois representation as long as we limit

ourselves to considering the action of Hecke operators in Rg,,.

2.7.2 Pseudorepresentations and p-adic families of (zalois repre-

sentations

Pseudorepresentations were introduced by Wiles [85] in the case of dimension 2 and gener-

alized by Taylor [78, §1] to any dimension.

Definition 2.7.4 ([78, §1.1]). Let G be a group and R be a commutative ring. Then a

pseudorepresentation t : G — R of dimension d is a map of sets additionally satisfying
1. t(1) =d,
2. t(g192) = t(g291) for g1, 92 € G, and

3. ZaeSdH sign(0)Ty (g1, .., gar1) = 0 for all g1,...,9411 € G, where T, : G4 — R is
defined by

(91, -+ 9ar1) — T(gi;l .. .gi}q) ) ..T(gi? .. 'giZn)

1 1 N0 N

where o = (4 ...4; ) ... (7 ...4} ) is the cycle decomposition.

The kernel of t is the set of h € G such that T'(gh) = T'(g) for all g € G.
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By linearity we can instead regard ¢t : G — R as a map R[G] — R, which we will denote

by the same letter. If R’ is an R-algebra, we write t ®g R’ for the induced map R'[G] — R'.
Taylor proves the following theorem relating pseudorepresentations and representations.
Theorem 2.7.5 ([78, Theorem 1]). We have the following two facts.

1. The trace Trp of a representation p : G — GL4(R) is a pseudorepresentation of di-
mension d. If R is a field of characteristic 0, the kernel of Tr p is the kernel of the

semisimplification of p.

2. Ift: G — R is a pseudorepresentation of dimension d and R is an algebraically closed
field of characteristic 0, then there is a true semisimple representation p : G — GLg(R),

unique up to conjugation, with Trp =t.

Moreover, if we give topologies to G and R and add a continuity hypothesis to t, then p is

continuous as well.

In the context of a pseudorepresentation valued in the functions on a rigid space, it is

possible to give a slightly more precise version of this result.

Proposition 2.7.6 ([3, Lemma 7.8.11]). Let X be a reduced rigid analytic space over a finite
extension of Q, and let t : G — Ox(X) be a continuous m-dimensional pseudorepresentation
of a topological group G. Let 4 C X be an open affinoid subdomain of X. Then there is a
normal affinoid ), a finite surjective map m : Y — LU that sends each irreducible component
of 9 surjectively onto an irreducible component of U, and a coherent torsion free Oy (Q))-
module N of generic rank m equipped with a continuous representation p : G — Autgm@))(ﬂﬁ)
of generic trace t.

Generically, p is semi-simple and equal to the direct sum of absolutely irreducible rep-

resentations. For y in the complement of a closed analytic subvariety, M, is free of rank
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m over Oy, and the representation M, Ro,  k(y), is semisimple and isomorphic to the

representation associated to t @p, () K(Y).

2.7.3 Proof of Theorem 2.2.5 in the non-critical case

Suppose that there is some place v|p of F'* so that there are Satake parameters o, ; = g, ;;
otherwise Theorem 2.2.8 gives compatibility. Let & be the p-stabilization constructed in
Theorem 2.5.1 for the unitary group over F.,f and chosen arbitrarily at places other than
v. Write [[u,,wl] for Hecke operator associated to the element (wl,) - u,,, as defined
in Definition 2.4.12. Assuming that the finite slope representation o attached to £ meets
the non-criticality hypothesis of Theorem 2.7.2, we construct an associated p-adic family of
Galois representations and prove the non-critical case of Theorem 2.2.5.

We now apply Theorem 2.7.2; retain the notation used there. We will carefully pick
a strictly dominant integral weight Aqom, on G. Recall that A\gon, is attached to a datum

c=(cc,)pr+sr. Write n = 2m + 1 or 2m if n is odd or even, respectively. We use the

datum given by ¢ = —2m and
(2m,2m —2,...,2,0,—2,...,—2m) n odd
¢, =
(2m,2m —2,...,2,=2,...,—2m) n even

for all . We observe that this datum satisfies

2¢ + (Z cl,,i> +2¢,1 —2¢,,=0,—c—c¢,1 =0, and c+ (Z c,,,i) —cn=0, (2.23)

1,V Vi

and is strictly dominant. The first relation in (2.23), combined with our choice of the section
v (see (2.21)) and the factor of 2 multiplying all the ¢;, will translate into analyticity for the

classical action of the Hecke operator [[u,,w!]| on a Zariski dense subset of classical points

179



in the family we consider. More precisely, we will use the relation Agom(t,mw) = 1. The
second and third relations translate into fixing the smallest Hodge-Tate weight under each
embedding of F' into C.

Then the space of points of 20 that may be written in the form A4aAgom for some o € Q,,
is a line that intersects 4 nontrivially; let this intersection be denoted by 3. Since § — U
is a surjective cover by an equidimensional variety of dimension dim i and 3 is cut out by
dim § — 1 functions, every irreducible component of the fiber product § Xy 3 has dimension
at least 1. Moreover, since the base change of a finite morphism is finite and § surjects
onto U, each irreducible component has dimension exactly 1. Write § for the irreducible
component containing the point y.

Let C' be a positive integer large enough that A\ + ap(p — 1)Agom meets the conditions
of Propositions 2.6.15 and 2.6.16 for o € Z~¢. Then for all & € Z-¢ such that A + ap(p —
1) Adom € 4, every preimage in § of A + ap(p — 1) A\qom is a classical point whose associated
Galois representation is crystalline. These points are Zariski-dense in 3, so since §' is an
irreducible finite cover, the preimage of this set is also Zariski-dense in §’. The trace of the
action by a Frobenius element at a place of F' over a split place of E is given by a fixed
Hecke operator, which corresponds to a rigid analytic function on the family. Since these
are dense in the Galois group the trace of any element is given by a rigid analytic function.
It follows that we obtain a pseudorepresentation ¢ : Gp — Oy (§') of dimension m.

Note that §’ is already affinoid since it is a finite cover of an affinoid. We now apply
Proposition 2.7.6 to §’, which gives a normal finite cover §” of § and a torsion-free module
M over §” of generic rank m with an action p : Gp — Aute, ) (9). However, the affinoid
algebra of each irreducible component of §” is a Dedekind domain, so 9 is locally free of
rank m. Fix a preimage 3 of y in §” and an irreducible affinoid neighborhood & of 3/ such
that 9N is free and every point z € & over a weight A + ap(p — 1) Agom With o € Z-¢ has

M. Do, K(z) isomorphic to the representation attached to t ®g,(e) £(2), where we have
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used 9 again for the restriction to & and ¢ again for the pseudo-representation valued in
Og given by pullback along the projections. We write ¥ (ignoring the one used in Theorem

2.7.2) for the preimages of the A + ap(p — 1) Agom With a € Z~¢.

Remark 2.7.7. We note that y ¢ 3, and so we only have an isomorphism of (9, ® x(y))*

with the Galois representation attached to our original .

The Hodge-Tate weights of the Galois representations with respect to each embedding
of I'in C at points of X are specializations of rigid analytic functions «;, given by the
recipe of Theorem 2.2.4 applied to A+ ap(p— 1) Agom- It follows from Zariski-density of these
points that the Sen polynomial of 9 is given by [[,(X + x;,). We twist the entire family by
C(r1,(¥)) so that 0 = k1, < Ka, < -+ < Ky, for every point in ¥. (The constancy of the
function y, follows from (2.23)).) This twisting has the effect of changing the crystalline
eigenvalues, but after applying the crystalline interpolation result, we can untwist, so there
is no net effect.

The Hecke operator [Iu, ,,wI] has image in Og(®) via pullback from §. Moreover, due
to (2.23), the renormalization of the action of the action of the classical Hecke operator
[Tuy mewl], which at z € ¥ of weight A, is by multiplication by A, (v(uy,@)), is the same at
every classical point of our family. Thus the action of the true, unnormalized Hecke operator
[Tu,mwwl] on the classical automorphic representations associated to a point of ¥ is also
given by a rigid analytic function, related to the image of [[u, ,,wl] in O (&) by division
by the number \(v(u,m,mw)). We write U for this function. Finally, we shrink & again to
a smaller affinoid neighborhood of 4’ so that it is small (in the sense of Section 2.6.2) with
respect to the action of U. The resulting family meets all the conditions of Theorem 2.6.17,
as needed. As explained in Corollary 2.6.18, since the family both meets the conditions
of Theorem 2.6.17 and U acts (due to our choice of p-stabiliation) by an eigenvalue whose
complex absolute value violates purity, our original assumption that o; = ¢,«; for some pair

of Satake parameters of 7, must be incorrect, and by Theorem 2.2.8 and the compatibility
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of central characters, we conclude local-global compatibility for 7 at p.

2.8 Classical and overconvergent automorphic multi-
plicities

So far in this paper we have used the work of Urban [82] as a black box. However, in order
to improve our main theorem so that we no longer require the nebulous hypothesis that
a certain p-stabilization of 7 is non-critical, we will need to be more precise about what
Urban proves. The key new ingredient is that Urban’s eigenvarieties contain a number of
non-classical points over which the Galois representation is still classical. The reason for
this is that the data of o at p is a merger of algebraic information from m,, and p-adic
information from m,. There are natural operators (coming from the theory of the BGG
resolution) that change the algebraic aspect of o, rendering it non-classical, but which do
not modify places away from p. It follows from the construction of the Galois representation
that the pseudorepresentation is unaffected by these operators. We have been careful to write
Theorem 2.6.17 so it applies equally as well to the images of ¢ under such operators once
we understand how to place these images into a family. The net effect will be a weakening

of hypotheses in our Theorem 2.2.5.

2.8.1 Automorphic cohomology

It would take us too far afield to present all of the relevant definitions involved in the
overconvergent automorphic cohomology constructed by Urban [82, §3, §4]. Instead, we
present the facts that will be necessary for our application. Nothing in this section is original;

it is all taken from Urban’s paper.

Definition 2.8.1 ([82, Proposition 4.3.5]). There exists a distribution ©,(E) for each an-
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alytic weight A\, where the coefficient field £ is a finite extension of Q,. Then one can
examine its cohomology in degree ¢, which Urban writes H;’S(gg, D,(F)). (Here Sg is a limit
of symmetric spaces of G over varying tame levels and D, (FE) is a distribution space.) This

cohomology has a natural representation of §), whose trace decomposes as

Te(f : HL(Sq, DA(E qu (o, \)J,

for some finite slope admissible representations o and multiplicities m?(o, \), which are
defined by this property. We define o to be automorphic of weight X if m?(o, A) # 0 for some

q. We define the virtual finite slope character distribution Ig( f,A) to be the alternating sum

IL(F ) = (=1 Te(f : HL(Se, DA(E ZZ 1)4me (o, \).J, (f).

q

Then one defines the overconvergent Euler-Poincaré multiplicity by

mi (o, ) = (=1)'m? (0, \).

q

We have similar definitions for classical multiplicities. Namely, if A is now arithmetic,

one sets

IG(f,A) =Y (—1)"Te(f : HE(Se, VX(E))) = Y_m% (o, \)J,(f),

q
where VY (F) is now a space of locally algebraic functions transforming by A and m< (o, \) is
again an Euler-Poincaré multiplicity. This quantity is related in a precise way to the usual

Euler-Poincare multiplicity

mgp(mp, A) = Z(—l)q dimc Homg, (s, Hq<§G, Vi(C)))

q
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of m, which is nonzero since A is regular. If o is a p-stabilized representation attached to 7y,
we have

md(a, A) = mgp(7s, A) x dim Homg, (0, (7f|q,)*).

In particular, this quantity is also nonzero.

We next describe some of the ideas behind Urban’s classicality result. The main idea is
to compare overconvergent multiplicities with classical ones. For each simple root a of the
(absolute) root system of G, there is an operator ©F : ©;_ .\ (L) — D©,(L), which induces a
morphism on cohomology. Now let A be an arithmetic weight. Urban calculates an exact
sequence built from the sum of ©F (which is part of a locally analytic version of the BGG
resolution)

P D, (L) = DA(L) = V(L) =0,

where V(L) is a space of locally analytic functions that for the purposes of finite slope
cohomology, calculate the same cohomology as the algebraic representation of weight A.
One now observes that if o is non-critical, the operators ©}, take o to something of
slope not in X*(7")q .+, which one shows cannot appear in cohomology. One can deduce
a classicality result from this observation. However, we would like to have a more precise
formula involving the automorphic multiplicities. Urban achieves this using the whole BGG

resolution.

Definition 2.8.2. We write [(w) for the length of an element of the Weyl group and define
a modified operation of the Weyl group on an arithmetic weight A as follows. We set w * A
to have the same finite order character as A, and algebraic part w(Aag + p) — p, where p is
the half-sum of positive roots.

We recall from (2.21) the multiplicative section v : T(Q,)/T(Z,) — T(Q,). For an
arithmetic weight A, Urban defines a twisting operation on the Hecke algebra $), by f +— f*,

where f = fP®u; maps to f** = (wxAag— Aalg) (V(2)) fP®u;. This gives a twisting operation
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o — o™ on finite slope admissible representations o. The slope of this representation is
given by flyux = [lo — Aalg + W * Aa1g. Notice that if o came from a classical form 7 of weight
Aalg, this is the slope it would have if we pretended that its weight is w * A,,. Also notice
that o is unchanged by this twisting at all places away from p. This twisting operation is

exactly defined to align with the © actions on cohomology.

Using this notion and a spectral sequence arising from the BGG resolution, Urban derives

the following consequence.

Theorem 2.8.3 ([82, Corollary 4.3.12]). Suppose that o is an automorphic finite slope rep-

resentation of arithmetic weight A\. Then

m(o,A) = Y (1) mb (0" w = ). (2.24)

weW

If o is non-critical with respect to A, then all but one of the terms on the right vanish and
m&(o, \) = mb (o, \).

Suppose that 7 is an automorphic representation and o is a finite slope representation
given by a choice of p-stabilization. If 0% appears in a p-adic family with a dense set of
classical points, the pseudorepresentation construction would eventually associate to it a
Galois representation whose semi-simplification would have to be p, since its trace is the
same. As a reality check, we show that in our unitary group setting, this is consistent with

the action w * A on the weight space, which in turn gives the Hodge-Tate weights of p,.

Proposition 2.8.4. The recipe of Theorem 2.2.4 for producing the Hodge-Tate weights at-

tached to A\ gives the same weights for X and w x A.

Proof. If X corresponds to ¢ as in Section 2.2.2, the Hodge-Tate weights are given by

{fe+tij—1—cyt and {+j—1+cpp-j} for & =c+ 37 > ¢y The weight p = d
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is attached to the (possibly only half-integral) data d = 0 and d,; = % for all v. It suf-
fices to check the result for w a transposition (j,j+ 1), and we can assume ¢ = 0. Moreover,
by symmetry we need only examine {c+ j — 1 —¢,;}. Then wA contributes j — 1 — ¢, j11
and j —¢,; in place of j —1 —¢,; and j — ¢, ;41 to the calculation of Hodge-Tate weights.

Also, wp contributes 7 — 1 — %2(3“) = 92j — mtl

+land j — 2H=E = 25 — mEL iy place

2
of j —1— w =2j — mT+3 and j — %ﬂﬁl) =2j — mT_l Thus the contribution of
w(p) — p to the Hodge-Tate weight indexed by j in {c+ j — 1 — ¢, ;} is addition by 1 and the
contribution to the weight indexed by j + 1 is subtraction by 1. So the resulting Hodge-Tate
weights attached to w(Aag + p) —p are j —1 — ¢, ;41 + 1 and j — ¢, ; — 1, which are the

position j + 1 and j Hodge-Tate weights attached to A, as needed. O]

Our strategy for constructing families through finite slope automorphic representations
of critical slope is to place these non-arithmetic weight forms into families. There is one
additional obstruction beyond understanding the various mg(awv)‘, w * ), however. Namely,
the eigenvariety can only be attached to a family of effective finite slope character distribu-

tions, while IT(f,\) is only virtual. To rectify this, we need to consider only the cuspidal

part of these character distributions. To do this, we need to make another definition.

Definition 2.8.5 ([82, §4.1.8]). Let G be a reductive group over Q that is quasi-split at
p. Fix a minimal parabolic Py of G, a Borel subgroup B of G/)q, with By € P(Q,), and
a maximal torus 7" C B. Suppose that P is a standard (i.e. containing Fy) parabolic of
the unitary group G, where P is defined over Q, so that P(Q,) also contains B. Then we
can write P = MN where M(Q,) contains 7. We refer to such an M as a standard Levi
subgroup of GG, and let L be the set of them. Since M is reductive, there are Hecke algebras
$9,(M) and 4,(M). For such an M, let WM be the set of elements of the Weyl group W of
G such that w™!(a) > 0 for every « that is a positive root with respect to the Borel B N M

and torus 7.
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For each M € Lg and w € WM we define a map $,(G) — $,(M), which will be
denoted f +— f;;,gw. Before giving this definition, we give a classical variant. Namely, for

feCX(G(Ay)) and M € L¢, we write fiy € C°(M(Ay)) for the operator defined by

fau(m) = / f(k™'mnk)dndk,
KmaxxN(Aj)

where Ko € C2°(G(Ay)) is a fixed maximal open compact subgroup taken to have measure
1. Then we have Tr(f : Indggii ; o) = Tr(fy : o) for o an admissible representation of
M (Ay), where here we mean the non-normalized induction.

We let Ty, = {t € T(Q,)|t(N(Z,) N M(Z,))t ™+ C N(Z,)}. We have wtw™ € Ty, for t €
T~ and w € WM. We define e, ,,(t) = v(t)*@r)ter|ge= (r)ter | where pp(m) = det(adm :
n)z is the the modulus function of P and v is the chosen splitting T(Q,)/T(Z,) — T(Q,).
Here n denotes the Lie algebra of V.

We may now define f3/% for f?@u; by €, (t) fi; @ Uwpw—1 a0, Where fy; is the away-from-p
part of the classical fas and w127 is the u-operator attached to wtw™teT - We extend
to 9, by linearity.

Now suppose that o is an irreducible finite slope representation of $,(M). Then we can
write I{; (o) for the tensor product of Indiiig o? with the character 6, 5., of 1,(G) defined

by u; = Oy (Upiw—1, M). By definition, it then follows that Tr(f : Iﬁw(a)) = Tr( ;Z?w, o).

With this definition in hand, we may now describe the Eisenstein part of overconvergent
cohomology as follows. First, we define Ig’o(f, A) = I&G(f, A) = Ig(f, A) for any group of

rank 0 (so Lg = {G}). Then inductively, it makes sense to define / (T; Mo Ié, A and ]é,o by
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setting

Ig,M,w(fa A) = ]]J[/[,O( ]Kzgw, w* A+ 2pp),

Iy (f ) = Y (—n)ftorvdmmgl(F )

M
weWgiy

and Io(f,0) = 16,0 = D0 Hha(fiA).
MeLc\{G}
Here WAL is a certain subset of the elements of W [82, §1.4.1]. We also make the obvious
definitions of mg,M’w(a, A), mE’M(U, A), and mTGp(a, A). If mao(a, A) # 0, we say that o is
a finite slope cuspidal automorphic representation of weight \. The main result concerning

this definition is as follows.

Proposition 2.8.6 ([82, Corollary 4.7.4)). Let M have discrete series and let dy; be the
half the real dimension of the symmetric space of M. Then the product (—1)dM[g,M7w s an

effective finite slope character distribution. Moreover, mTG’M’w(J, A) =0 always if either

o M does not have discrete series or
[ J dim%KpmM < dlmep
We now state Urban’s eigenvariety machine.

Theorem 2.8.7 ([82, Proposition 5.3.10]). Let J be a family of effective finite slope char-
acter distributions over the weight space 2. Suppose that o is a finite slope admissible
representation of level K? such that mj(o,X) > 0 for some weight \, where m (o, \) de-
notes the multiplicity of o in the specialization of J at A. Let 0 be the associated character of
Rs,p. Write RY for the p-adic space whose L-points are given by Homcts,alg(fﬁs,p[ut_l]i\eT_, L).
Then there exists an equidimensional rigid analytic space €;xr C W x RY whose L-points
correspond exactly to the pairs (XN, 0') of a weight N € Q(L) and character 8’ € RY(L) that

appear with nontrivial multiplicity in J. Moreover the dimension of € k»r is equal to dim 20.
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Moreover, there exists

e a finite flat covering § of an open affinoid subdomain X C € x» containing (A, ), such
that the composition with the projection to weight space is a finite and generically flat

map to an open subset U C AT,
e o homomorphism 05 : Rg, — O3(F),

e a point x above (A, 0),

o for eachy € F(Q,), a nonempty finite set 11, of irreducible finite slope representations
of 9,(KP) such that for each o' € 11, 8, is the character of Rg,, given by the projection

to the factor RY of the eigenvariety, and
e a nontrivial linear map I : ,(K?) — O(F)
satisfying the following properties.

e The specialization I, of Iy to y € F(Q,) is equal to > ven, My(0)Jo, where my(o) > 0

if and only if m;(A\,,0) > 0.

o There exists a Zariski dense subset where 11, is a singleton and the multiplicty m, (o)

15 constant.
e The point o lies in 11,.

o If we write Ox for the Ox(X)-valued character of Rg,, we have Iz(ff') = 0x(f)Iz(f')
for all f € Rg, and ' € H,(KP).

2.8.2 Ceritical slopes

In this section, we prove cases of local-global compatibility when the p-stabilization o of 7

constructed earlier has critical slope. The main theorem is as follows.

189



Theorem 2.8.8. Let w be a reqular automorphic representation on the unitary similitude
group G constructed in Section 2.2.1. Assume that p ramifies in E and that each place F of
F* over p is unramified. Moreover, assume that G, is quasi-split, and that 7, is K-spherical
for the K chosen in Section 2.4.4 or Section 2.4.5. Suppose that the relation o; = g, holds
for some pair of Satake parameters of some unitary group factor G, of the restriction m,,
to the product of unitary groups for each F,. Let & be the p-stabilization constructed for the
representation of G under consideration. Pick any p-stabilization for the other factors of
Top- LThen let o be the associated finite slope representation. Then for every w € W, we

must have m}(a®,w* \) = 0.

Proof. Note that by the hypothesis on 7, the p-adic weight A is algebraic. Assuming that
mg(aw’k, w * A) # 0, we construct a family passing through o and satisfying the conditions
of Corollary 2.6.18, which is a contradiction. To do this, we apply Theorem 2.8.7 to J =
(=1)4 15, where dg is the dimension of the symmetric space of G. (In fact, Theorem 2.7.2
is proved by applying Theorem 2.8.7 to this J.) By Proposition 2.8.6, J is effective, and by
hypothesis, mg(a“”A, w * A) > 0 (positivity is forced by effectivity of J), so Theorem 2.8.7
applies.

We now apply word-for-word the proof of the non-critical case of Theorem 2.2.5 as stated
in Section 2.7.3, substituting ¢ for ¢ and w * A for A, though we now need to check two
additional things. One is that the Galois representation of p, is actually given by the
semisimplification of the specialization of 9 to the point (¢%*,w x ), but this follows from
the Cebotarev density theorem and the fact that the restriction of the action of the Hecke
algebra to split primes away from p where 7 is of hyperspecial level is the same. The other
is that the Hecke operator [[u,,,wI| has the correct specialization at our point to give a
suitable crystalline period. For this, we need to recall the twisted action of the Hecke algebra
on . This is given by (w * A — \)(v(¢)) multiplied by the action on o. Moreover, the

action on o is given by A(v(t)) multiplied by the classical action, so the action on o™ is
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(w * A)(v(t)) multiplied by the classical action.

In the proof of Theorem 2.2.5 given in Section 2.7.3, the crystalline eigenvalue U inter-
polated is the image of [[u, ,wl] in Og(B) divided by A(v(uymw™)), where A is the weight
of the original . Since we are substituting ¢ for o and w * A for A in that argument,
if we combine this division with the normalization just calculated, we see that the action
of U on 0% is precisely the classical action of the Hecke operator [Iu, o] on the chosen
p-stabilization £ of m. The remainder of the argument is identical.

]

Recall that we are trying to disallow the possibility that the relation «; = g,c; holds

for some 7, j. If for 7 as in Theorem 2.8.8, we can show that some mTGvo(aw’)‘,w x \) # 0,
we can deduce compatibility from this contradiction. Thus it is useful to have a formula
relating the various mTGVO(Gw”\, w * A) with the multiplicity m& (o, \), which is known to be
nonzero. Then if every term other than these is zero, we can use this to find some nonzero
m&o(aw”\, w * \). To produce the needed formula, we simply combine the definitions given

in the preceding section with (2.24) to calculate

mi(o,N) =Y (1) ™mf (0", wx A) (2.25)

weW

= Z (1)1 mTG,O(J“”’\, w ok \) + Z mng(aw”\,w * \)
weW MeLc\{G}

= Z (—1)iw) (mgp(aw’)‘, w ok \)+

weWw

Z Z (_1)l(w)+dimanTG,M,wo(Uw’)\>w % )\)

MeLc\{G} \woeW3L
We can use this to prove the following, which allows us to apply Theorem 2.8.8.

Proposition 2.8.9. Suppose that 7 is as in Theorem 2.8.8 and either that G is anisotropic
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over Q or [F*: Q] > 2. Then some m}(c™*, w \) # 0.

Proof. As explained in Definition 2.8.1, the left hand side of (2.25) is nonzero since A is
regular and o is a p-stabilization of 7. If G is anisotropic, the set L is empty, so the result
follows from looking at the right hand side of (2.25).

Now assume that [F" : Q] > 2. The multiplicity ma Mo (07, w * \) vanishes if M does
not have discrete series by Proposition 2.8.6. The parabolic subgroups of unitary groups
are the stabilizers of self-dual flags [48, §3.2.3], and have Levi factors given by the product
of a unitary group with some number of factors of the form GL;/r. We need d = 1 for all

factors for the group to possess discrete series. We change basis over Q so that our hermitian
Ae

space (h,J) over F' has the form J! for some integer e, where (h’,J’) has an

A
anisotropic unitary group and A, is defined as in (2.3). Then there are exactly e proper

standard parabolic subgroups whose Levi factors have discrete series. These have the form
Ae—i
M; = GU(J;) ® (Resgq GLy)" for i = 1,... e, where J; = J'

Ae—i
Recall that Xgeny = Homeont(T(Z,)/Z,(KY,), L). The dimension of Xgenps is inde-

pendent of KP. For the group H = Resg GLi/p and KP? in H(Ajy) taken to be maximal,
Zy(Ky) = Zg(Q) N KP is the closure of the units of F' in O, , where F), = F ®q Q,. The
units of F' form an infinite set if [F'* : Q] > 2, so this closure has nonzero dimension. For a
unitary similitude group G, Z,(K?) is given by the p-adic closure of Z(Q)N K?T'(Z,), or the
integral diagonal matrices with similitude in Q. The only integral matrices with similitude
in Q* actually have to have similitude in 1, so Z(Q) N K?T(Z,) consists of elements f € F
with Nmp p+ f € {£1}. This set is finite since the unit groups of these fields have the
same rank. By this and the discussion of the last paragraph, Xg» has larger dimension than

X gran for any proper Levi factor M that has discrete series. n
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Combined with Theorem 2.8.8 and Theorem 2.2.8, Proposition 2.8.9 implies the main
result Theorem 2.2.5 under the additional hypothesis that either [F'* : Q] > 2 or G is

anisotropic.

Remark 2.8.10. We can also easily show that some m} (0®*, w % \) # 0 if either
e 7 is supercuspidal at any place or
e p, is irreducible (which holds if, for instance, 7 is discrete series at a finite place).

We only sketch the argument here because it is similar to ones already given and we do not
need this for the proof of Theorem 2.2.5. If some term mTG,M,wO(J“”)‘, wx \) # 0 with M
proper, then 7 has to be a subquotient of an induction from M at all finite places, which
is impossible if 7 is supercuspidal somewhere. We can then apply (2.25) to find that some
mi (o, w x \) # 0.

Now suppose that p, is irreducible and some mTG M7wo(aw”\,w % \) # 0. Then there is
some finite slope automorphic representation o’ on M of weight wow * A\ + 2pp such that
o™ is a subquotient of the parabolic induction of ¢’ to G. It is possible to attach a Galois
representation to any classical automorphic representation on an M with discrete series.
(One must do this in a way that is compatible with the way p, is attached to m; we skip
the details.) Then by considering the pseudorepresentation over the eigenvariety of M and
moving into classical weight, one attaches a second Galois representation to 7w by specializing
the family of Galois representations at the point of the eigenvariety of M corresponding to
o’ and semisimplifying; this Galois representation will have the same trace of Frobenius at
unramified split places, and so will be equal to p,. On the other hand, by definition the entire
family of Galois representations will be reducible at every classical point. Since reducibility

is an open condition, this contradicts the irreducibility of p.
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2.8.3 Finite slope Eisenstein cohomology

We would like to have compatibility even if It = Q. To simplify notation, we assume that
F* = Q in this section, although it is not needed. We obtain compatibility by a closer
examination of what it means for a term mTG Mvwo(ow’)‘, w* A) to fail to vanish. By definition

we have

(_1)dMIg7M,wo(f’ A) = (_1)dM]]]:4,O(f]1;2gwoa wo * A+ 2pp).

In particular, since both sides are effective finite slope chararacter distributions by Propo-
sition 2.8.6, and by the defining property of f;f[?;wo, I&MWO( fyA) is the sum, taken with
multiplicity, of the traces of all subquotients of the twisted (at p) non-normalized parabolic
inductions from M to G of weight wy *x A + 2pp finite slope cuspidal automorphic repre-
sentations of M. (Here we mean automorphic in the sense of Definition 2.8.1, so these
representations are not necessarily attached to classical automorphic representations.) If we
assume that ma Mﬁwo(aw”\, w * A) # 0, it must be the case that the finite slope representa-
tion o is, up to some twist of the action at p, a subquotient of a non-normalized parabolic
induction Indfj&f;) o’ for some finite slope cuspidal automorphic representation ¢’ on M of
weight wow * A\ + 2pp. We must have (—1)de}LVLO(U’, wow * A+ 2pp) > 0 for this o’. The
remainder of this section is concerned with the consequences of the existence of such a o’.

We first show that ¢’ gives rise to representations on Resg GL;/g that have nonvanishing

overconvergent automorphic multiplicity.
Proposition 2.8.11. Suppose that H = H, X Hs as algebraic groups over Q and oy,
i € {1,2} is a finite slope admissible representation of H;. Then m}io(al ® 09, A\ A2) =

m2170(0-17 )\1)7’”}1270(0'2’ )\2> .

Proof. The equality m}[(al ® 09, A\ A2) = mTHl(Jl, Al)mzz(ag, Ag) follows formally using the
Kiinneth formula, since S = S 1, X S 1, and ®y,, splits up similarly. Then the cuspidal

version follows from the definition of m}w since a parabolic on H is the product of parabolics
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on H; and H,. O

In particular, if M; is as in the proof of Proposition 2.8.9, we obtain from o’ finite
slope admissible characters 1); of Resg GLy /g for j =1,...,7 with m;esg GLI/E,O(wj, Aj) # 0.
(We remark that the subscript 0 is unnecessary here.) In other words, ¢; is a finite slope

automorphic representation of weight A;. Here A; is an algebraic weight defined in terms of

M;, w,wy, and A.

Proposition 2.8.12. A finite slope automorphic representation on Resg GL1/g of algebraic

weight X is a Hecke character of weight \.

Proof. Let H = Resg GLy/g. By definition, any cohomology class in Hfos(g 1, VY) is a Hecke
character of weight . We need to show that H2(Sy, VY) = H2(Sy,D,). In the notation of
82, §3.2.6, 3.2.9], we have ©, = VY since G has no roots; this is the degenerate case of [82,

Theorem 3.3.10]. Then the result follows from [82, Lemma 4.3.8]. O

To calculate what the weight A; is, we need to make the identification of M; with a

subgroup of G precise. The map M; = GU(J;) @ (Resg GL1)" — G is defined by

diag(tl, R ,tz)
(9, (t;);) — g

p(g) diag(; ', ... T )

Now let N = wow * A + 2pp be attached to the datum d = (do, (dy,...,d,)). (Since
F* = Q we no longer need to consider the embeddings of F* into R.) In terms of d,
we can identify the weight of ¢’ as follows. The induced map on GU(J;) @ (Resg GL,)
is via the identification of GU(J)/E with G,, x GL,, given in Section 2.2.1. If we use the
notation (sg,diag(si,...,s,)) to denote an element of the maximal torus of G,, x GL,,

the image of (¢, (t;);) is (u(t), diag(t, ..., t;, t, w()E .. u(g)E ). Applying N, we obtain
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()N, () IT; t?jfj-_d”+l_j, where ;. is N restricted to the middle n — 2i entries of the di-
agonal of GL,,. In particular, the composite of X with the embedding of the ;' factor of
Resg GL; has algebraic weight (d;, —d,11-;)-

We now calculate the motivic weight of ¢; in a different way. Let £ be a split prime of £
where o and ¢’ are unramified. Then GU(J)(Q,) may be identified with G,, x GL,,, so that
the diagonal maximal torus is G, X G}, and 7y = o, is an unramified representation given
by the normalized induction of a character y, of G,, x G that is unitary when restricted
to the GJ', factor. We are using here that 7y is tempered at every finite place and the
compatibility between my and 7y at split places, which is part of Theorem 2.2.2. Moreover,
this normalized induction is irreducible by the Bernstein-Zelevinsky classification. Using Ind
to denote non-normalized induction, we have my = Indgj 5%5 Xe-

On the other hand, oy is also the non-normalized induction from the Q,-component of the
parabolic P; with Levi factor M; of the unramified representation ). Let x} be a character
of the maximal torus so that o is Ind]\Bﬁ’Z 5372;@, where B, is the upper triangular Borel

subgroup of M;,. Then we have an isomorphism
1 1 1
G Mie o5 1 _ Grsa ) o~ Gy 53
IndPM IndBM (531_’[)@ = Indp; (531_1)@ = Indg; 03, X

1 1
Thus there exists w so that dp (wxe) = 63 ,Xx;; we replace x, with wy, (which is still
1 1 1
unitary) so that xjdz , = 0p,Xx¢ or x; = 0pxe. Write u; = diag(l,...,1, p ,1,...,1).
J

2j—n—1

Then for j € {1,...,4}, xj(u;) and xj(u,,_;) have complex absolute value p~ 2

Using purity for Hecke characters, we can translate this calculation into one of the weight
of the Hecke character v; as follows. We can write Ey, = Q; x Qg, where the first factor
corresponds to the composite of chosen embedding £ C C with the fixed identification
C =~ Q,. Then ¢]|ng (p,1) = x'(u;) and 1/}j|Eéx(1,p) = X’(u;}rl_j). As expected, these

numbers have the same complex absolute value, and it follows that the motivic weight of v,
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isn+1—2j. Thus

dj — dn+1,j =n+1-— 2] (226)

We now calculate the algebraic weight \; = (d;, —d,4+1—;) in terms of wow and . Let
A = (co,(€1,...,¢,)) and write w' = wow. Then d is attached to N = w' x A + 2pp =
w'A 4+ w'pp — pp + 2pp. Suppose that w' takes the weights u; and w,.;_; to uy and wuy,

respectively. We then have

A =(dj, —dpi1-y)
( n+1—2k n+1-2j
= Ck + —

1—9j
5 5 + (n + 7)

n+1-2K 2j—n-—1 ,
—C — 5 + / 5 _(2]_71_1))’

Using this and (2.26) we find

dj—dpy1-j=ck—cw —k+k +n+1-2j = n+1-—2j.
(2.26)
It follows that ¢ — ¢pr = k — k’. Since ¢ is dominant (even regular), ¢, — ¢ and k — £/
have opposite signs, which is a contradiction. Thus all of the Eisenstein multiplicities in
(2.25) vanish and thus some m},(6*,w % A) must be nonzero. Using this nonvanishing

in conjunction with Theorem 2.8.8 and Theorem 2.2.8, we deduce Theorem 2.2.5 in full

generality.
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