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Abstract

A fundamental question arising in the study of the Einstein equations in general relativity is
that of global stability of solutions under perturbations of their initial state. In this thesis,
we will establish two results pertinent to instability phenomena for the Einstein equations,
associated to the presence of two distinct geometric structures on the underlying spacetimes.

In the first part of the thesis, we will focus on the class of stationary and asymptotically
flat spacetimes; such spacetimes arise naturally as models of the final state of the evolution
of isolated self-gravitating systems in the universe. Our first main result in this setting
will be a general instability statement for solutions 1) to the scalar wave equation Lgtp = 0
(a simple linear toy model for the non-linear Einstein equations) on spacetimes (M, g)
possessing a non-empty ergoregion but no event horizon. This statement was conjectured
and heuristically supported by Friedman in 1978. As a corollary of this result, we will
also obtain an instability statement for the acoustical wave equation on the hydrodynamic
vortex, a phenomenon first studied numerically by Oliveira—Cardoso—Crispino.

In the second part of the thesis, we will turn our attention to the class of asymptoti-
cally anti-de Sitter spacetimes. These spacetimes arise as solutions of the Einstein equa-
tions with a negative cosmological constant and have a prominent role in the high energy
physics literature. In this setting, it was conjectured by Dafermos—Holzegel in 2006 that
anti-de Sitter spacetime is unstable as a solution of the vacuum Einstein equations when
reflecting boundary conditions are imposed on conformal infinity. The second main result

of this thesis will be a proof of the instability of AdS for the Einstein—null dust system.
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Chapter 1

Introduction

The general theory of relativity is a geometric theory of gravity, in which space and time
are jointly modeled by a 4 dimensional Lorentzian manifold (M, g), so-called spacetime.
Gravity is perceived as the effect of the warping of the geometry of (M, g) on the motion
of observers in the spacetime, while the geometry of (M, g) depends on the distribution of
matter through Einstein’s celebrated field equations; expressed in units where G = ¢ = 1,

these equations read
, 1
(1.0.1) Ricy, ERQW =811,

where Ric,, is the Ricci tensor and R the scalar curvature of g, respectively, while T}, is
the energy-momentum tensor associated to the matter present on M.

The system of equations is not closed; assuming the presence of a collection of
matter fields {¥;} on M (which are often modelled by functions or tensor fields defined
on M), must be supplemented by a set of equations governing the behaviour of ¥;
on (M, g), provided by the corresponding field theory for the matter fields, as well as a
relation defining 7}, in terms of g and {¥;}. In the special case when matter is absent

(i.e. Ty = 0), (1.0.1)) reduces to the vacuum Einstein equations

(1.0.2) Ricy, = 0.



General relativity was the culmination of a long research effort undertaken by Einstein,
with the aim of reconciling gravity with the special theory of relativity; the latter had
already yielded an axiomatic framework in which an alternative to Newtonian mechanics,
consistent with Maxwell’s theory of electromagnetism, could be derived (see [58) [119]).
Within the special theory of relativity, as reformulated by Minkowski [I05], space and time
were unified into a 4-dimensional continuum modelled by R3*! and equiped with the flat

Lorentzian metric
(1.0.3) n=—-(dz®)? + (dz')? + (dz*)? + (da®).

In this setting, the motion of observers was assumed to take place along timelike curves with
respect to 1. After formulating the equivalence principle in 1907, Einstein was soon led to
the pursuit of a geometric theory of gravity, in which free-falling observers were assumed to
follow timelike geodesics in the ambient spacetime modelled by a more general Lorentzian
manifold (M,g)ECrucially, Newtonian gravity emerged as a natural constraint for any
successful formulation of such a theory when passing to the weak-field, non-relativistic
limitﬂ A timelike geodesic v in (R3"!, g) had to reduce, in this limit, to the orbit traced
out in space and time by a particle following Newton’s laws of motion, under the influence

of the Newtonian potential V' defined by solving
(1.0.4) ArsV =4mp,

where, in the standard Cartesian coordinates (2°,z!, 22, 23) on R3**!, p = Tyg and Ags =
>3 O?. After a series of setbacks (and a frantic race with Hilbert), Einstein’s effort finally
came to fruition in 1915; he presented the field equations (|1.0.1)) to the Prussian Academy

of Sciences on the 25th November of the same year (see [59]).

!This hypothesis, which is known as the geodesic hypothesis, can be verified in the context of general
relativity through a field-theoretic approach, by considering the evolution of localized, self-gravitaing, non-
linear massive scalar fields, governed by coupled to a non-linear Klein—-Gordon equation admitting
soliton-type solutions; see [143].

2This is the limit when M ~R3*!, g, is close to the flat metric 1,, on R*"', p = Tyo dominates the rest
of the components of T}, (in the standard Cartesian coordinates (z°, 2%, 2%, 2%) on R*"!), and the geodesics
~ under consideration correspond to observers moving at non-relativistic speeds, i.e. 4% » 4%, i=1,2,3.



In the first few decades following the conception of the theory, the understanding of the
field equations progressed at a slow pace. Although many seminal explicit solutions
of had already emerged by the late 30s (see, e.g. [132, [65, [114]), paving the ground
for striking future advances in the field, general relativity only moved to the forefront of
theoretical physics much later. The so-called golden period of general relativity, spanning
the 60s and 70s, was characterized by a large number of major breaktrhroughs in the
understanding of , which also led also to a revolution in the fields of astrophysics
and cosmology. The concept of a black hole, the incompleteness theorems of Penrose [115]
and Hawking—Penrose [78] and the cosmic censorship conjectures of Penrose [116, [I17] are
part of the legacy of this period. Subsequently, during the late 70s-90s, general relativity
further evolved as a major field of interplay between mathematics and physics, with progress
driven by the introduction of “heavy” anaytical tools from the field of PDEs, resulting in
the resolution of the positive mass conjecture by Schoen—Yau [I31], the establishment of
the non-linear stability of Minkowski spacetime by Christodoulou-Klainerman [32] and
the resolution of the weak and strong cosmic censorship conjectures in the special case of
spherically symmetric models by Christodoulou [26], 27, 29] [30]. Today, general relativity
is an active field of research, lying at the intersection of non-linear analysis, geometry and
physics; the recent landmark experimental observation of gravitational waves (one of the
most spectacular predictions of (1.0.2))) by the LIGO collaboration [62] serves to illustrate
that the bond between the deeper understanding of the mathematical structure of
and the physical consequences of the theory remains as strong as ever.

The Einstein equations with a cosmological constant A,
, 1
(1.0.5) Ricy, - §Rgm, +Agu = 81T,

constitute a variation of written down in 1917 by Einstein [60], in an attempt to
“correct” the aparent incompatibility of with the existence of a static, spatially com-
pact model of the universe. After the expansion of the universe was discovered by Hubble,
Einstein repudiated the introduction of A as “the greatest blunder” of his life. However,

in recent years, physicists have reintroduced A: Astronomical observations indicating an



accelerating expansion of the universe [123], [10] suggest that, for the study of gravitational
effects at a cosmological scale, the case A > 0 should be considered; on the other hand,
the high energy physics community is primarily interested in the case A < 0, motivated by
duality considerations (see Section for a brief discussion of the latter case).

In this thesis, we will present two results (appearing in [I12][109]) related to the stability
properties of in the cases A = 0 and A < 0. Before introducing these results to
the reader, however, we will briefly review the basic notions associated to the initial value
problem for the Einstein equations , allowing us to pose questions about the dynamics
of . We will also discuss a few seminal results and unanswered conjectures associated

to the stability question of ([1.0.5)) in the cases when A =0 and A <0.

1.1 Hyperbolicity and dynamics: The Cauchy problem for

the Einstein equations

The analysis of a given system of partial differential equation usually begins by classifying
the system into a broader category of equations with similar qualitative characteristics.
In the case of second order equations, for instance, standard examples of such categories
include the families of elliptic, parabolic and hyperbolic equations. Restricting (for the
purposes of this section) to the vacuum Einstein equations, so as to suppress all issues
related to the equations associated to matter, the system can be expressed in any

local coordinate chart as

, 1 4
(1.1.1) chuy[g] = §g B(E)u@aggy + 81/80495# - (%&/ga,e - 8Ocaﬂg;w) + Quu(g; dg) = 0,

where @), is a smooth function of its variables. Thus, it can be readily verified that, unlike
its elliptic Newtonian predecessor , the system does not fall into any of the
traditional standard classes of second order system of PDEs.

Our apparent inability to suitably classify the system is intimately tied to the

geometric nature of (1.0.2)), as can be effectively illustrated by the following simple example:



Denoting for any p >0

B,= {X(e)? < p) c B,
o

let g be a given smooth solution of on Bi. Choosing a non-trivial diffeomorphism
F : By — By which restricts to the identity on Bi\B; /QH let us denote by ¢’ the pull-back
F*g of g through F. Then, it trivially follows that ¢’ also solves the geometric equation
(1.1.1). Expressing g, ¢’ in the Cartesian coordinate system (z°, !, 2%, 23) on By, the choice

of F' implies that

(1.1.2) 9w () = g, () for all z € Bi\By,
2

9w () % g, () for some x € By
2

Note that implies that can not be an elliptic, parabolic or hyperbolic system,
since standard uniqueness results for these classes of systems of PDEs would imply that
Juv = gl'w everywhere on By. The above argument, known simply as the hole argument,
was a major source of confusion for Einstein, who devised it in 1913; in an attempt to
circumvent what he perceived as a paradox, he was subsequently led, for a few years, to the
pursuit of a non-fully covariant theory of gravity.

Taking into account the freedom in changing the underlying coordinate chart, which
constitutes the gauge freedom of the system , it was gradually understood that
is of hyperbolic nature. A hint for this fact is provided by the following observation:
Restricting the gauge freedom of by requiring that is expressed in a local
coordinate chart (z°,z',22 2%) on (M,g) which satisfies the wave condition (identified

already by de Donder [50] in 1921)

(1.1.3) Ogz" =0,

3Such an F can not be an isometry for g, since in that case the condition F = id on B1\B; /2 would imply
that F' is trivial.



where [, is the wave operator

(1.1.4) 0, = \/%t(g)au(g“”\/—det(g)@v),

the general expression (1.1.1]) for (1.0.2)) reduces to the following system of quasilinear wave

equations:

1
(1.1.5) §Dggul/+@uu(g;ag) =0.

The hyperbolic nature of the system ((1.0.2) implies that the right setting to study its
solutions is, therefore, that of the initial value problem (also known as the Cauchy problem).
Tightly linked to the initial value problem for hyperbolic equations is the notion of global

hyperbolicity, introduced by Leray [98]:

Global hyperbolicity. A time-orientable Lorentzian manifold (M, g) is called globally hy-
perbolic if it contains a spacelike hypersurface ¥ (called a Cauchy hypersurface) with the
property that every inextendible causal (i.e. timelike or null) curve ¢ in M meets ¥ at

exactly one point.

The assumption of global hyperbolicity poses a few topological restrictions on the under-
lying manifold, since a smooth Lorentzian manifold (M, g) containing a smooth Cauchy
hypersurface ¥ is necessarily difeomorphic to R x ¥ (see [12]).

A Cauchy hypersurface provides a natural location for setting up initial data for hyper-
bolic equations: Given a globally hyperbolic background (M, g) (with fixed time orienta-

tion) and a smooth Cauchy hypersurface 3, the initial value problem for the linear wave

equation
Dg¢ = 07
(1.1.6) Yl = o,
N@)|s =1,

where N is a future directed unit normal to ¥ and g, 11 : ¥ — R are given smooth functions,



is well-posed: It admits a unique solution 1 : M — R which depends continuously (in the
C* topology) on the initial data vg,1;. More generally, one can similarly formulate the

initial value problem for a quasilinear wave equation defined on a backround manifold M:

Dg(z;w,aw)w(m) + Q(CL', @Z}, 57/)) = 07

(L.L.7) Y|s = 1o,

N@)|s =1,

with 3 ¢ M being a two-sided hypersurface which is spacelike with respect to the metric
g(z; (), 00 (x))|zex (With (¢(x), 09 (x))|zex evaluated in terms of (¢g,%1)) and N being
the unit normal to ¥ with respect to the same metric. In this case, well-posedness consists
of establishing the existence of an open neighborhood U ¢ M of 3, on which admits
a unique solution 1, changing continuously under small variations of (g, 11); a necessary
condition on U, in this case, is that it is globally hyperbolic with Cauchy hypersurface
Y, when equipped with the metric g(x;1,0v). The analytical tools and techniques for
establishing the well-posedness of the initial value problem were developed in the
30s, through the work of mathematicians such as Schauder, Sobolev and Petrovskii (see
e.g. [129] 135] 118])

Returning to the vacuum Einstein equations , in view of the previous discussion
and the geometric character of , it appears natural to formulate the initial value
problem for in terms of the induced metric g and the second fundamental form & of
a Cauchy hypersurface ¥ of a solution (M, g), which can be thought of as the geometric
analogues of ¢|s; and N(¢)|s; in (L.1.7). However, g and k in this case can not be freely
prescribed; they are related through the wvacuum constraint equations (a consequence of

(1.0.2) and the Gauss and Codazzi equations applied to the embedded hypersurface 3):

(1.1.8) Ry + kik] - kik! = 0,

@)1 _ @
v - vk =0,

where Rj and V(@ are the scalar curvature and covariant derivative of (X, g), respectively.



The initial value problem for ([1.0.2)) is thus formulated as follows:

Cauchy problem for the EVE . Given a smooth, 3-dimensional manifold ¥, a Rie-
mannian metric g and a symmetric (0, 2)-tensor k£ on ¥ satisfying the constraint equations
, determine a 3 + 1, globally hyperbolic Lorentzian manifold (M, g) solving ,
together with an embedding i : ¥ - M, such that i(X) is a Cauchy hypersurface of M,

with induced metric g and second fundamental form k.

In this setting, (X, g, k) is referred to as an initial data set for , while a corresponding
solution (M, g) to is called a development of (X,g,k).

The above formulation of the initial value problem for appeared for the first
time in the landmark work [64] by Choquet-Bruhat in 1952; the fact that this formulation
is indeed the appropriate one stems from the following fundamental well-posedness result,

also obtained in [64]:

Theorem (Choquet-Bruhat, 1952). For any sufficiently regular initial data set S = (X, g, k)
of , there exists an associated globally hyperbolic development (M, g) solving .
Furthermore, (M, g) is locally unique in the following sense: For any other such develop-
ment (M',g") of S, denoting with i, i’ the corresponding embeddings of X in M, M’, there
exists an open set U ¢ M containing i(X) and an isometric embedding F : (U, g) - (M',g")

commuting with the corresponding embeddings i, i’ of X, i.e. Foi=1.

Let us note that the proof of the above result also yields the continuous dependence of
g on (g,k) (in a suitable sense), in a high-regularity topology. The uniqueness part of the
above theorem was essentially established already in [137].

It is worth mentioning that the well-posedness results of [64] are not a simple corollary
of the corresponding results for , a special case of which is the system (1.1.5). The
reduction to the well-posedness results for systems of the form in [64] required two
crucial observations for solutions (M, g) of (1.0.2):

o In any coordinate chart {x*} (not necessarily satisfying the gauge condition (|1.1.3)),
if (M, g) solves the modified equation ([1.1.5)), then, as a consequence of the Bianchi



identities for Ric(g), the quantity
(1.1.9) D* = "1,

(where Fgf,y are the Christoffel symbols of g), which vanishes precisely when the coor-
dinates {x*} satisfy (1.1.3)), is governed by a wave equation with the same principal

symbol as ((1.1.5)), i.e.

(1.1.10) V"'V, D + g*° Ricg, (g)D" = 0.

Since the systems ([1.1.5)) and (1.1.5) are equivalent when D = 0, finding a solution of

the coupled system ([1.1.5) and ([1.1.10)) (consisting solely of quasilinear wave equations

with the same principal symbol) with (D,dD)|s = 0 yields a solution to the original

Einstein equations (1.0.2]).

o The initial conditions Dy, = 0 and dD|y = 0 for (1.1.10) can be both satisfied exactly
when the constraint equations (|1.1.8]) are satisfied.

While [64] established the aforementioned well-posedness results for initial data with
sufficiently high regularity, a lot of work has been recently devoted to obtaining the same
results under minimal regularity assumptions; the so-called L? curvature conjecture, corre-
sponding to the case when g e H%(X) and k € H'(X), was finally settled in [92].

Using a suitable gluing procedure for developments of the same initial data set (which is
possible in view of the local uniqueness statement of the above theorem), the results of [64]
are sufficient to establish the existence of a unique maximal development of a given initial

data set (see [25]):

Theorem (Choquet-Bruhat—Geroch, 1969). For any sufficiently regular initial data set
S =(X,g,k) of (1.0.9), there exists a unique globally hyperbolic development (M,g) of S
solving which is mazimal in the following sense: For any other globally hyperbolic
development (M',g") of S, there exists an isometric embedding F : (M',¢") — (M,q)

commuting with the corresponding embeddings of 3.



We will refer to the maximal development provided by the above theorem as the maximal
globally hyperbolic development. The uniqueness of this development is fundamental for
any discussion on the dynamics (as well as the predictability) of the Einstein equations.
Although the initial proof of the above theorem in [25] made use of Zorn’s lemma, this

construction has been recently “dezornified” in [12§].

Remark. We should notice that a unique maximal globally hyperbolic development does not
always exist for scalar, quasilinear wave equations of the form on a fixed backround
M: there are examples of initial value problems of the form admitting two solutions
11, Yo defined, respectively, on two regions U;,Us c M, satisfying U ¢_ Uy and Us SZ U,
such that Uy, Us are globally hyperbolic with respect to the associated metrics g(x; 1, 9v;) E|
but which cannot both be embedded into a larger common development (U, ) (see [61]).
One of the special features of the Enstein equations that enables the existence of a
unique maximal globally hyperbolic development is the fact that the underlying manifold
M is constructed as part of the solution, and, therefore, it is not a priori the case that all
developments of an initial data set (X, g, k) are defined on subregions of the same background

manifold.

While in this section we have restricted ourselves for simplicity to the vacuum Einstein
equations with zero cosmological constant, all the well-posedness results of [64]-
[25] extend trivially to include the case of an arbitrary cosmological constant A, as well
as the general case for most interesting matter fields for which the corresponding
field equations admit a well-posed initial value problem on Cauchy hypersurfaces of the
background spacetime. In the latter case, the initial data set (X, g, k) must be supplemented
with initial data for the matter fields, while the constraint equations are modified

as follows:

(1.1.11) Ry + kik) - k] = 1677, NVN* + 2A,

S @
VO”! - vOk] = T, N",

where N denotes the unit normal to ¥ associated to its embedding in M, while

4Thus7 necessarily, ¥1 = ¥z on Uy NUa.
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II: T*M - T*XY denotes the associated projection operator along N; all quantities in
the right hand side of (|1.1.11)) can in principle be formally computed in terms of (g, k) and
the initial data {\I/EO)} for the matter fields {¥;}.

1.2 The global stability problem

The well-posedness of the initial value problem for the Einstein equations and the existence
of a unique maximal globally hyperbolic development, discussed in the previous section,
allow us to pose questions about the global dynamics of certain families of initial data. In

particular, a prominent question arising naturally in this context is the following:

How much does the global geometry of the mazimal globally hyperbolic development
(M, g;{¥;}) of an initial data set S = (2,5;,1?:;{\1/50)}) for lj (and the correspond-

ing equations for matter) change if S are slightly perturbed?

The answer to this stability question has immediate implications for the physical relevance
of (M,g;{¥,}) as a model of a gravitational phenomenon that can be observed in the
universe.

Related to the stability of a spacetime (M, g) as a solution to (1.0.5)) is the study of the

stability properties of solutions ¢ to the scalar wave equation
(1.2.1) Ugp =0

on (M, g), which can be viewed as a simple toy model for E|

In this section, we will briefly discuss some of the most significant results and conjectures
related to the stability properties of a few prominent explicit solutions (M, g;{¥;}) of
, as well as the stability properties of on certain backgrounds (M, g). We will
restrict our discussion to the cases A =0 and A <0 in ((1.0.5)), since the results of this thesis

will be relevant only to those cases.

SEquation (1.2.1) also appears in other fields of mathematical physics, such as fluid mechanics; later in
this thesis, we will state a few results for (1.2.1]) on backgrounds arising in the study of the Euler equations
for fluids.

11



1.2.1 The case A =0: Asymptotically flat spacetimes

The simplest solution of in the absence of matter is the flat spacetime (R3*! ),
also called Minkowski spacetime. Viewed in the context of the initial value problem for
, (R3*1, 1) is the maximal globally hyperbolic development of the trivial initial data
(R3,e,0), where e is the standard Euclidean metric on R?.

Tied to the asymptotic geometry of (R3*!,7) is the notion of null infinity: Future null
infinity % can be defined, in a limitting procedure, as the set of the “future endpoints at
infinity” of all half-lines of the form {¢t —r,0,¢ = const}, in the standard polar coordinate
chart (t,7,0,¢) on R3*!: equiped with the natural topology associated to its parametrization
by w = t—r, § and ¢, Z* is homeomorphic to R x S?. Similarly, past null infinity Z-
can be defined as the set of all “past endpoints at infinity” of all half-lines of the form
{t+r,0,p =const}. Alternatively, Z* and Z~ can be viewed as null hypersurfaces attached
to (R3*1,n) at its conformal boundary at infinity, by conformally identifying (R3*!, ) with
the region {0 <7 <7} n{|t} <7 -7} in the Einstein cylinder (R x S®, ~dt? + ggs ) through the

mapping

(1.2.2) t(t,r) =tan"t(t+7) + tan~ (¢t - 1),
F(t,r) =tan" L (t +7) + tan~ (¢t - 1),

(0,2) = (0, 9),

where (£,7,0, ) are the standard polar cooridnates on R x S (with 7 € [0, 7]).

A significant class of gravitational phenomena in the universe can be observed in the con-
text of isolated, self-gravitating systems; these systems can be modelled by solutions (M, g)
to (|1.0.1)) which are asymptotically flat, i.e. possess an asymptotic region the geometry of
which is close to that of (R3*"!,n). However, in the language of the initial value problem for
, the appropriate way to define classes of solutions (M, g; {¥;}) of is through
conditions on the properties of their corresponding initial data sets (3, g, k; {\I’Z(O)}); in this
setting, the geometric properties of spacetimes (M, g) in any such class are then derived

from the conditions on the initial data through the study of the evolution equations ((1.0.1)).

12
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Figure 1: The above figure depicts the image of (R3*!,7) in R x S, after taking the quo-
tient by the speres of symmetry t,r = const. The future and past null infinity, Z* and Z~,

respectively, appear naturally in this picture as null hypersurfaces bounding the image of
(R¥*1,m).

In this context, asymptotic flatness is defined at the level of the initial data as follows:

Definition. An initial data set (3, g, k; {\IIZ(O)}) for is called strongly asymptotically
flat with m ends if there exists a compact subset K c X, such that X\ has m components,
each of which is diffeomorphic to R3\By(1) (where By(1) is the Euclidean unit ball centered
at 0), such that, on each component, in the pullback of the Cartesian coordinates {z%}

through the associated diffeomorphism, there exists some M € R so that:
_ 2M _ _
(1.2.3) gij = (1 - T)eij + 02(1" 1) and k‘l'j = 01(7‘ 2),

where 7 = /Y5 ,(21)2 and f = 0;(g) denotes that f,rVf,...,r'V!f are of order o(g) as

7 —> +00.

We will now proceed to discuss the global stability problem for (1.0.1]) for a special class

of strongly asymptotically flat initial data sets.
13



The non-linear stability of Minkowski spacetime

Among all strongly asymptotically flat initial data sets for , the trivial data (R3,e,0)
are of paticular importance for the theory, since (R3*!,7) provides, within general relativ-
ity, a geometric model for the special theory of relativity. Therefore, the global stability
properties of (R3"!, 1) against vacuum perturbations of its initial data is of fundamental
importance for the pertinence of general relativity as a theory of gravity incorporating the
principle of relativity.

Establishing the global stability of Minkowski spacetime remained for a long time a
challenging open problem, owing to the borderline stability properties of general quasilin-
ear wave equations of the form on R3*! as well as the difficulties associated to
the geometric character of the system . Eventually, this problem was successfully
addressed in the monumental work of Christodoulou-Klainerman [32] (in which a rich non-

linear structure associated to (1.0.1]) was uncovered and exploited):

Theorem (Christodoulou-Klainerman, 1993). For any strongly asymptotically flat initial
data set (R3,g,k) of , such that (g, k) are sufficiently close to the trivial ones in a swit-
able, high-reqularity, weighted Sobolev norm, the corresponding mazimal globally hyperbolic
development (M, g) is geodesically complete. Furthermore, along any future inextendible,
timelike geodesic vy, the geometry of (M, g) approaches asymptotically that of (R3*!,n) in
a quantitative sense. A “complete” future null infinity T can also be attached to (M,g),
such that, in addition, from every point p € M, there exists a future directed causal curve

asymptotically terminating at T%.

The original proof of the above result in [32] was of geometric character; an alternative
proof, cast in a coordinate system satisfying the wave condition , was obtained in
[99]. For a proof of the global stability of Minkowski spacetime in the presence of various
forms of matter, see [136], 140, 100, [63].

The results of [32] allow one to infer properties related to asymptotic flatness at the
spacetime level, assuming strong asymptotic flatness at the level of the initial data. In
particular, let (M, g) be a solution of arising as a development of a strongly asymp-

totically flat initial data set (X,g,k), not necessarily close to the trivial one. Denoting
14



by S any of the connected components of the asymptotic region {r > R > 1} in ¥ and
restricting to the domain of dependence D(S) of S in (M, g), the results of [32] imply that
a “past complete” piece of future null infinity Z* can be attached to D(S). Informally,
this is equivalent to stating that the geometry of D(S) c¢ M is close to that of the region

{|t| - r <up} in (R3**,n), for some ug € R.

The Schwarzschild and Kerr black hole exteriors

Switching our attention to more complicated asymptotically flat solutions of , a
prominent family of explicit solutions of is the Schwarzschild family (Mas, gar),
M >0, discovered already in 1916 [I32]: Defined on Mj; = Rx (2M, +00) xS?, the Schwarz-
schild metric gjs takes the form:
(1.2.4) gM = —(1 - %)dﬁ + (1 - g)ildrz + r2(d92 +sin? 9d<p2).
It can be readily verified from the expression that the hypersurface ¥ = {t =0} c My,
is a Cauchy hypersurface of (Mys,gar) and the induced vacuum initial data set on ¥ is
strongly asymptotically flat. Furthermore, a complete future and past null infinity, Z* and
7, respectively, can be regularly attached to (M, gar)-

Although the expression becomes singular when r = 2M , this singularity is merely
a manifestation of a coordinate breakdown; following Kruskal [96], switching to the coordi-

nate system (7, R,0,¢) defined implicitly by the relations

T2 _ R2 - (1 _ L)er/QM,

one can readily verify that (Mjs,gar) can be smoothly extended to a larger globally hy-
perbolic spacetime (M M, 9gn)- In this extension, the boundary #H of the original spacetime
(Mg, gar) consists of the union of two null hypersurfaces H* and H~, called the future
and past event horizon, respectively, intersecting along a spacelike two sphere. For any

point p of (M, gar) lying to the future of #*, there exists no future directed causal curve
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Figure 2: The above figure depicts a compactified image of the Schwarzschild exterior
spacetime (M, gar), after taking the quotiens with respect to the spheres of symmetry.
In the extension (M, gar) of (Mas,gar), the region lying to the future of H* constitutes
the black hole region, while the region in the past of H™ is the white hole region.

emanating from p and reaching the asymptotically flat region {r > R > 2M} of (M, gar);
for this reason, the region lying to the future of H* is dubbed the black hole region. Simi-
larly, the region of (Myy,gar) lying to the past of 7™, called the white hole region, cannot
communicate with{r > R > 2M} through past directed causal curves. In order to distin-
guish (M, gp) from its extension (M, Gar), the spacetime (M, gar) is often called
the Schwarzschild exterior spacetime.

The Schwarzschild family is embedded into a larger, 2-parameter family of explicit,
asymptotically flat solutions of : the Kerr family (Mar,q,9Mm,q), discovered in 1963
[91]. In the Boyer-Lindquist coordinate chart (¢,7,9,¢) on Mz, = R x (14, +00) x S?| the

metric gpyr,, takes the form

2Mr, ., 4Marsin?9d 02 5
(125) gM,a:_(l_ 92 )dt _p—2dtdq}+zd7‘ +
2,02 2. o
+p7°d0” + sin” 9 —dg”,
@
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where

o2 =72+ a? cos? 0,

A=(r-ry)-(r-ro),
re =M+ \VM?-a?,

I = (r* + a*)? - a®sin? DA,

The Schwarzschild metric corresponds to for a = 0. When the parameters a,
M lie in the range 0 < |a] < M, the metric is called subextremal, with the extremal
case corresponding to |a| = M.

In the subextremal range 0 < |a| < M, similarly as in the case of Schwarzschild exterior,
(Mi1,a,90M,0) can be extended beyond r = 7, to a larger globally hyperbolic spacetime
(./\;lM@,f]M,a); (Mt 9m,a) is also bounded, in this extension, by a pair of intersecting
null hypersurfaces H*, H~, separating (M4, gnm,q) from a black hole region and a white
hole region, respectively. When |a| = M, a smooth extension of (M 4, grr,a) beyond r =7,
through a pair null hypersurfaces H* and H~ (again bounding a black hole and a white
hole region, respectively) also exists. However, in this case the hypersurfaces H*, H~ do
not intersect; moreover, the extension can not be performed within the class of globally
hyperbolic spacetimes.

The metrics are stationary, i.e. possess a Killing vector field T' (equal to J; in
the (¢,7,0,¢) coordinate chart), such that 7' is timelike in the asymptotically flat region
{r > R > r.}. The significance of the Kerr family in the context of the vacuum equations
lies in the fact that (Mase,9a,q), for 0 < |a| < M, are actually expected to be the
only stationary black hole exterior solutions (M, g) of with a smooth event horizon
H =H" uH". This conjecture, also called the no-hair conjecture, has been established for
some significant classes of spacetimes (M, ¢g): Under the condition that H is non-degenerate,
the case when (M, g) is axisymmetric was treated in [22], while the case when (M, g) is
real analytic was shown to reduce to the axisymmetric case by the results of [79] [125] [33].
Beyond the class of real analytic solutions, [2, 3] treated the case when (M, g) is merely

smooth but is assumed to be either close to a member of the Kerr family ((1.2.5)), or satisfying
17



a certain smallness condition on the bifurcation sphere H* nH~ (corresponding to |a| << M

in (LZ3)).

The stability properties of the Kerr exterior spacetimes

The following stability result regarding the subextremal Kerr exterior spacetimes is is widely

expected to hold:

Conjecture (Non-linear stability of Kerr). For any 0 < |ag| < My and any initial data set
(X,g,k) for which is sufficiently close (in a suitable weighted, high-regularity norm)
to those of (Mnty.a0,9Mo.a0), there exist parameters a, M, in the subextremal range, close
to ag, My, such that, in the black hole exterior region of the maximal globally hyperbolic
development (M, g) of (X,g9,k), g converges to gq ar along inextendible timelike geodesics

i a quantitative sense.

For a more precise formulation of the conjectured stability properties of the subextremal
Kerr family, see e.g. [40].

In view of the no-hair conjecture, which implies that the Kerr family is the only vacuum
model for non-dynamic black holes, the Kerr stability conjecture is fundamental for the
relevance of black holes as realistic astrophysical objects. We should note that the statement
of the above conjecture does not imply the stability of the Schwarzschild family by
itself; the Kerr family for |a| < M provides examples of stationary perturbations
of the Schwarzschild initial data which, trivially, do not decay to the Schwarzschild metric
towards the future.

In recent years, a substantial amount of research has been devoted in the direction
of establishing the Kerr stability conjecture. As part of this research effort, the stability
properties of the scalar wave equation on the spacetimes (M4, 9n,q) have been

studied extensively:

o Starting with the simpler case of the Schwarzschild exterior family (1.2.4]), bounded-
ness estimates for solutions ¢ to (|1.2.1]) was obtained in [90], while polynomial decay
estimates for ¢ were established in [44] 43, (16, 17]. In these works, a wide array

of analytical tools were developed in order to treat the novel geometric features of
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(Mar,gnr) (compared to flat backgrounds) affecting the decay properties of ([1.2.1]),
such as the existence of a non-degenerate event horizon and the presence of trapped

null geodesics orbitting the black hole.

In the case of the subextremal Kerr exterior family , the process of establishing
estimates for solutions ¢ to is complicated by the phenomenon of superradiance,
which is associated to the fact that the natural conserved energy flux for ¢, arising
from the stationary Killing field 7', is not coercive, as a result of T' becoming spacelike
in a neighborhood of the horizon. The first non-trivial stability result for the wave
equation on (Mas.q,9M,q) With 0 <|a| < M was, thus, the mode stability result
of [141], establishing the non-existence of solutions ¢ to of the form

@(t,7,0,0) =e o, (r0,0)

with Im(w) > 0 and finite initial energy (this result was extended to exclude mode
solutions with I'm(w) = 0 in [134]). Following an intense research effort by many
authors [46} [47), 45| 139, [6], boundedness and polynomial decay estimates for solutions
¢ to on (Masa,9nm,q) in the full subextremal range 0 < |a| < M were finally

obtained in [48]. For various improvements, see [102] 130 [L0§].

In the extremal case |a| = M, restricted to axisymmetric solutions ¢ of (L.2.1]), [8, 9]
has established a mix of stability and instability results, the latter associated to the
degeneracy of the event horizon H in this case. Beyond axisymmetry, however, little
is known in this case; see [I01 [76] for a discussion on the stability properties of
and their consequences for the non-linear stability problem for the extremal

Kerr exterior.

Moving beyond the toy model provided by the scalar wave equation (1.2.1)), polynomial

decay estimates for the linearization of the vacuum Einstein equations ((1.0.2) around the

Schwarzschild exterior spacetimes were obtained for the first time by Dafermos—Holzegel—-

Rodnianski [40]; in this work, the analytical tools developed earlier for the treatment of

(1.2.1) were crucial for establishing decay estimates of a novel gauge invariant quantity,
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from which estimates for the rest of the unknowns of the linearized system could be inferred.
Decay estimates for a similar gauge arising in the linearization of the Kerr exterior
family with |a| < M were also obtained by the same authors in [4I]. An alternative proof of
the linear stability of Schwarzschild, in a gauge obtained from the linearization of ,
was established in the recent work of Johnson [89].

In the case of the non-linear vacuum Einstein equations , the stability problem of
the Schwarzschild exterior spacetime, restricted to perturbations which are axisymmetric

and polarized, was addressed by Klainerman—Szeftel [93].

1.2.2 The case A <0

In the case when the cosmological constant A is negative, the simplest solution of the

Einstein vacuum equations
) 1
(1.2.6) Ric,y - §ng +Agyy =0

is Anti-de Sitter spacetime (M ags,gaqs)- In the standard polar coordinate chart (¢,7,6, @)

on Mags =~ R3*L the AdS metric takes the form (see [78])
1 1 -
(1.2.7) JAdS = —(1 - §AT2)dt2 + (1 - gAT2) Yar? 4 r2(d6? + sin® 0dp?).

The spacetime (M 445, gaqs) has constant, negative sectional curvature, and can be viewed
as the Lorentzian analogue of the hyperbolic space in Riemannian geometry.

Despite being geodesically complete, (M aqs,gaqs) fails to be globally hyperbolic. In
particular, it can be conformally identified with the interior of (R xS2, gg), where S? is the

closed upper hemisphere of S* and gg is the Finstein metric
(1.2.8) gE = —dt* + gss,
with gss being the round metric on S3. Through this identification, the timelike boundary

(1.2.9) T=Rx9S® ~RxS?
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Figure 3: The AdS spacetime (M ags,gaqs) is conformally equivalent to the interior of
(R xS3,95). The boundary Z of (R xS3,gg) can be considered as a conformal boundary
at infinity for (Mags, gads)-

of (RxS?, gg) is naturally attached to (M a4, gads) as a “conformal boundary at infinity”.

More generally, the class of asymptotically AdS spacetimes consists of those spacetimes
(M, g) possessing an asymptotic region with geometry resembling that of (M ags,ga4s) in
the vicinity of Z (see [70]). Necessarily, an asymptotically AdS spacetime is not globally
hyperbolic. Therefore, as we will see in the following section, the class of this spacetimes
can not be studied within the framework of the initial value problem for discussed
in Section [I.1] unless additional information is provided along Z.

In 1998, Maldacena, Gubser—Klebanov—Polyakov and Witten [103], [75] 142] proposed the
AdS/CFT conjecture, suggesting a correspondence between certain conformal field theories
defined on Z (in the strongly coupled regime) and supergravity on spacetimes asymptotically
of the form (Mugs x S¥,gaas + ggr), where (S*, ggr) is a suitable compact Riemannian
manifold of dimension k (in fact, the conjecture is actually stated for the higher dimensional

analogue of (Mags,ga4s)). Following the introduction of this conjecture, asymptotically

21



AdS spacetimes became a subject of intense study in the high energy physics literature (see
e.g. [I,[77, 5] and references therein).
We will now proceed to discuss a few fundamental results and a seminal open problem

related to the global dynamics of (1.0.5)) in the asymptotically AdS setting.

The initial-boundary value problem and the AdS instability conjecture

The appropriate framework for the study of the dynamics of asymptotically AdS solutions
(M,g) to is that of an initial value problem with suitable boundary conditions
prescribed asymptotically on Z. In the more general case when matter fields are included
in the equations , boundary conditions on Z for the matter fields should also be
specified.

The issue of the right boundary conditions on Z leading to well posedness for the re-
sulting initial-boundary value problem for was first addressed by Friedrich in [70].
Working in the conformally compactified picture in a conformally adapted gauge, Friedrich
recast the vacuum Einstein equations ((1.2.6)) into a hyperbolic system of equations (the so-
called conformal field equations), with unknowns various gauge dependent quantities and
the (renormalised) Weyl tensor Wyg+s. In this setting, [70] established the following general

result:

Theorem (Friedrich, 1995). Let (X, g,k) be a geodesically complete, asymptotically AdS ini-
tial data set for which admits a smooth conformal compactification (Yu0X, Q?g, Qk)
(where Q is a boundary defining function of 0X). Given a conformal Lorentzian structure
on T~ 90X xR (compatible with the initial data on 0X x {0} in an “adapted gauge”), there
exists a unique asymptotically AdS solution g of on M = Xx(=0,9), for some § < 1,
which is reqular (in the conformally compactified picture) up to T and induces the given

initial data on X x {0} and the given boundary structure on Z.

For a more precise formulation of the above result, see [70].

In the spherically symmetric case, well-posedness for more general boundary conditions
and matter fields, allowing singular behaviour in the conformally compactified picture, was
obtained in [83] 87] (see also [82] [71]). Most physically interesting boundary conditions
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on Z leading to a well-posed initial-boundary value problem for can be classified as
either reflecting, for which an appropriate “energy flux” for g through Z (corresponding to
the flux of the renormalised Weyl tensor W,g+s in the vacuum case) vanishes, or dissipative
(allowing for a non-vanishing outgoing “energy flux” for g through Z), with substantially
different global dynamics associated to each case; see the discussion in [82].

In the framework of the initial-boundary value problem for , a natural question
to pose is that of the global stability properties of the trivial solution (M 44s,944s) under
initial perturbations. Of course, the answer to this question is expected to depend on the
choice of the boundary conditions on Z. In 2006, Dafermos and Holzegel [38, B7] suggested

the following conjecture:

AdS instability conjecture. There exist arbitrarily small perturbations to the initial
data of (Mags,gads) (measured with respect to a suitable initial data norm) which, under
evolution by with a reflecting boundary condition on L , lead to the development of

black hole regions. In particular, (M ags, gads) is non-linearly unstable.

This conjecture was motivated in [38] by the study of asymptotically AdS solutions to
with biaxial Bianchi IX symmetry in 4 + 1 dimensions, a symmetry class in which
the vacuum Einstein equations reduce to a 1+ 1 hyperbolic system with non-trivial
dynamics In this setting, it was observed in [38] that perturbations of the initial data of
(M ags, gads) (which, if not trivial, necessarily have strictly positive ADM mass M4pas, in
view of [72]) cannot settle down to a horizonless static spacetime, since M apys is conserved
along 7 under reflecting boundary conditions and no static asymptotically AdS solution of
with Mapar > 0 exists (according to [18]).

The AdS instability conjecture stands in contrast to the non-linear stability of Minkowski
spacetime (R3™! 1), in the case A = 0 (see Section , or de Sitter space (Mygys, gas),
in the case A > 0 (see Friedrich [69]). The proof of the non-linear stability of (R3*! n)
and (Mg, gqs) is based on a stability mechanism related to the fact that linear fields
on those spacetimes satisfy sufficiently strong decay rates. The decay rates are, however,
borderline in the case A = 0, and thus the stability of (R3*! 1) is a deep fact depending on

the precise non-linear structure of the system (1.2.6[), whereas, in the case A > 0, the decay
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is exponential and stability can be inferred relatively easily. In contrast, on (M ags, gads),
it can be shown that linear fields satisfying a reflecting boundary condition on Z remain
bounded, but do not decay in time. It is precisely the lack of a sufficently fast decay rate
at the linear level which is associated to the possibility of non-linear instability.

We should point out that the prescription of a reflecting boundary condition on Z is
essential for the AdS instability conjecture: For maximally dissipative boundary conditions,
it is expected that (M aqs, gads) is non-linearly stable, in view of the superpolynomial decay
rates obtained for the linearised vacuum Einstein equations (and other linear fields) around
(M adgs, gads) by Holzegel-Luk—Smulevici-Warnick in [82].

The numerical study of the AdS instability conjecture has been mainly focused on the

simpler setting of the spherically symmetric Einstein—scalar field system

Ricy, — 1Rgu, + Mgy = 87T, vo],
(1.2.10) S g

Oy = 0.

Following the seminal work of Bizon-Rostworowski [15], a vast number of numerical and
heuristic works by several authors have been dedicated to the study of the AdS instability

conjecture in this setting (see, e.g. [52] [19, 104} 35, 14}, 54 [74], 88]). See also the discussion

in Section of Chapter

1.3 Outline of the thesis: The main results

In this section, we will introduce the two main results of this thesis, which should be
naturally viewed in the context of the stability problem for the Einstein equations
with A =0 and A <0, respectively: A general instability result for the scalar wave equation
on stationary and asymptotically flat spacetimes with a non-empty ergoregion, and
a proof of the AdS instability conjecture for the Einstein—null dust system. A more precise
formulation of these two results will be presented in Chapters [2| and [3] respectively. All the

results of this thesis can be also found in [112, 109]@

5These results have been also presented at the following conferences: “Workshop: Geometry - In hon-
our of Mario Micallef’s 60th birthday”, University of Warwick, 8-10 May 2017; “Workshop: Advances in
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1.3.1 A proof of Friedman’s ergosphere instability for scalar waves on

asymptotically flat spacetimes

The asymptotic state of an isolated, self-gravitationg system is often modelled, in general
relativity, by a globally hyperbolic spacetime (M, g) which is asymptotically flat and sta-
tionary. Restricting, for simplicity, to the domain of outer communications of any such
spacetime (M, g) (i.e. the set of points which can communicate with the asymptotically
flat region both with future directed and past directed causal curves), the ergoregion (or

“ergosphere”) & of (M, g) is defined as

(1.3.1) & ={peM|yg(Tp,Tp) > 0},

where T is the stationary Killing vector field of (M, g).

A prime example of a stationary and asymptotically flat spacetime possessing a non-
empty ergoregion & is the Kerr exterior spacetime (Mrq,gn,q) With 0 < |a] < M (see
(1.2.5))). The presence of a non-empty ergoregion & gives rise to the phenomenon of super-
radiance for solutions to on (M, g): When & # @, there exist solutions ¢ to (|1.2.1)
such that their T-energy flux through future null infinity Z* is greater than their T-energy
flux initially. In general, superradiance poses a serious difficulty in obtaining stability re-
sults for equation (|1.2.1)). However, in the case of (M4, 09n.q), superradiance does not
eventually render equation unstable, owing, partly, to the presence of the future
event horizon H*, allowing for part of the energy of solutions of to “leave” the black
hole exterior (see the discussion in Section on the stability properties of on
(Mt 9nma)). Notice, however, that superradiance-related mode instabilities do appear
on (Mara,9m,q) for the Klein-Gordon equation (see [133]), or even for the wave equation
with a (well-chosen) short-range non-negative potential (see [110]).

Stationary and asymptotically flat spacetimes (M, g) possessing a non-empty ergoregion
& but lacking a future event horizon H* appear in the literature as models for rapidly

rotating self-gravitating objects, for instance, as models of self-gravitating dense rotating

General Relativity”, ESI, Vienna, 28 August-1 September 2017; and “Workshop on General Relativity and
AdS/CFT”, Fields Institute, 23-27 October 2017.
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fluids (see [20]). In [66], Friedman studied the instability properties of equation (1.2.1)

on such spacetimes, making the following observation: There exist smooth solutions ¢ to

(1.2.1)) with negative T-energy flux initially, i.e.
(1.3.2) /EJE(@)n; <0

on a Cauchy hypersurface ¥ of (M, g) (see Sectionof Chapterfor the relevant notation
on vector field currents); thus, in view of the conservation of the T-energy flux, the absence
of a future event horizon H* and the non-negativity of JuT (-)n%outside &, any such function

¢ satisfies for all T > 0:

(1.3.3) / JT () S/Jf(cp)n;w
TnE K by

(where X denotes the image of ¥ under the flow of 7" for time t). Therefore, the local
energy of ¢ can not decay to 0 with time.

Based on the above observation, Friedman provided a heuristic argument suggesting
that, under the additional assumption that the spacetime (M, g) is real analytic, any such

solution ¢ satisfies

(1.3.4) limsup/ Jdv(q))n% = +00
Te N

T—>+o00

for a globally timelike T-invariant vector field IV, coinciding with 7" in the asymptotically
flat region. In view of the connection between equation and the Einstein equations
(1.0.1) (briefly discussed in Section , Friedman suggested that such spacetimes can not
appear as the final state of the evolution of a self-gravitating system (see [66] for more
details)m For a numerical investigation of Friedman’s instability, see [34] 144} 21].

In Chapter [2] of this thesis, we will provide a rigorous proof of Friedman’s instability

"In general, it is expected that rotating, self-gravitating compressible fluids satisfying the Einstein—Euler
system suffer (at the linearised level) from the so-called Chandrasekhar-Friedman—Schutz instability, see
[23168]. In this case, the associated instability mechanism does not depend on the existence of an ergoregion.
However, in the presence of an ergoregion, the linearised Einstein—Euler system is also expected to exhibit
an instability similar to Friedman’s instability for equation , associated to the so-called w-modes (see
[95 04, [67]). At the non-linear level, it is believed that the effect of the CFS instability will generally
dominate the effect of the w-mode instability in an astrophysical setting (see [94]).
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for equation . Our proof will in fact not require that (M, g) is real analytic, but
we will assume, instead, a substantially weaker unique continuation condition for equation
through a subset of the boundary 0&,,; of the “extended” ergoregion &.,;, where we
define &.;; to be equal to the union of the ergoregion & with the connected components of
M\& which intersect neither H* nor the asymptotically flat region of Mﬂ Note that, in
the case when M\& is connected, &.,¢ coincides with &. In particular, we will establish the

following result:

Theorem 1.1. Let (Md+1, 9), d >2, be a smooth, globally hyperbolic, stationary and asymp-
totically flat spacetime with a non-empty ergoregion & and a future event horizon H* which
is either empty or satisfies & N H* = @. Assume, in addition, that the following unique

continuation condition through the boundary 0&..+ of the “extended” ergoregion &e.+ holds:

Unique continuation condition: There exists a point p € 0.+ and an open neighborhood
U of p in M such that, for any solution ¢ to equation on M with ¢ =0 on M\&eyt,

we have ¢ =0 also on Eze NU.

Then, there exists a smooth solution ¢ to with compactly supported initial data

on a Cauchy hypersurface X of (M, g), such that

T—>+00

(1.3.5) limsup/ Jﬁ((p)n“ = 400,
X

where T is the stationary Killing field of (M,g), N is a globally timelike and T-invariant
vector field on M, coinciding with T in the asymptotically flat region of M, and X is the

tmage of X under the flow of T' for time <.

Remark. Note that the assumption & N 'H" = @ excludes the Kerr exterior family with

angular momentum a # 0.

For a more detailed statement of Theorem and the assumptions on the spacetimes
under consideration, see Section [2.I] of Chapter 2l For a comparison between the heuristics

of Friedman in [66] and the methods and results of Chapter 2| see Section [2.8| of Chapter

8Notice that 8&.s: c OE.
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Let us remark that, in the detailed statement of Theorem [I.1] we will introduce an addi-
tional restricion on the class of spacetimes (M, g) under consideration, namely the condition
that every connected component of M\& intersecting H* also intersects the asymptotically
flat region of (M, g). However, our proof of Theorem can be adapted to the case when
this condition does not hold.

We should also remark that the unique continuation condition through an open subset
of 0&,.t, appearing in the statement of Theorem [I.1] is always satisfied in the case when
(M, g) possesses an axisymmetric Killing field ® such that the span of T', ® on 0&,; contains
a timelike direction, or in the case when the spacetime (M, g) is real analytic in an open
subset U ¢ M such that U N 0, + &; see the discussion in Section It would be
natural to expect that this condition can be completely removed from the statement of
Theorem [I.T} but we have not succeeded so far in doing so.

The instability mechanism proposed by Friedman is of interest not only in general rel-
ativity, but also in all areas of mathematical physics where stationary and asymptotically
flat Lorentzian manifolds (M, g), and the associated wave equation , arise. For in-
stance, in the field of fluid mechanics, the steady flow of a (locally) irrotational, inviscid
and barotropic fluid on an open subset V of R3 gives rise to a stationary Lorentzian metric
gon M =RxV, the so called acoustical metric, and the wave equation associated to
g governs the evolution of small perturbations of the flow. In [I13], the authors investigate
numerically the Friedman instability for the acoustic wave equation on the hydrodynamic
vortex (RxVhyd s, ghya), where Viyas = R3\{7 < 5} for some 8 « 1 (in the cylindrical (7,9, z)
coordinate system) and
(1.3.6) Ghya = —(1 - g—;)d# +di? = 2CdtdY + 72dV? + d2?,
with suitable boundary conditions imposed for at 7 = 6. Note that the quotient
of (R x Vpyd, ghya) by the group of translations in the z direction is asymptotically flat,
possesses a non-empty ergoregion & = {8 < 7 < C'} (corresponding to the region where the
fluid velocity exceeds the speed of sound) and has no event horizon.

As a straightforward application of Theorem [I.I} we will establish a Friedman-type
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instability for the acoustical wave equation on the hydronamic vortex:

Corollary 1.1. For any 6 <1, there exist smooth and z-invariant solutions ¢p,, 5 to the
acoustical wave equation on (R x Viyas, Ghya), satisfying Dirichlet and Neumann
boundary conditions, respectively, on {r = 6}, with smooth initial data at time t = 0 which
are compactly supported when restricted on {z = 0}, such that (in the (t,7,0,z) coordinate

chart on R x Vyyq5):

(1.3.7) limsup/ (|8t<pD|2 + |VR3¢D|2)fdfdﬁ= +00
T=+oo J{t=t}n{z=0}n{r>5}

and

(1.3.8) limsup/ (10epn]* + Vs @y |*) FdidD = +oo.
t=>+00  J{t=t}n{z=0}n{7>5}

For a more detailed statement of Corollary [I.] see Section [2.1.2] of Chapter [2|

Remark. While Corollary [I.1] provides an instability statement for both Dirichlet and Neu-
mann boundary conditions for ¢ on {7 =8}, only the Neumann condition is relevant for the
case when {7 = 8} represents a physical boundary for the fluid flow, since in this case the

fluid velocity is only allowed to be tangential to {7 =3}.

1.3.2 A proof of the instability of AdS for the Einstein—null dust system

with an inner mirror

The AdS instability conjecture, discussed in Section was originally stated by [38,[37] in
the setting of the Einstein vacuum equations . However, the conjecture is interesting
also in the case when matter fields are involved, under the assumption that the matter
chosen is “well behaved”; in the context of the global stability problem for , this
assumption includes the condition that the trivial solution of with A=0and A >0
is not rendered unstable in the presence of such matter fields.

The study of the AdS instability conjecture in the presence of matter can also provide
a more tractable route to obtaining intuition about the vacuum case: In the setting of
the Einstein—scalar field system , for instance, one can restrict to the class of per-
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turbations of (M ags,gaqs) which are spherically symmetric, effectively reducing
to an 1+ 1-dimensional hyperbolic system, while at the same time retaining many of the
qualitative dynamical properties of . For this reason, the numerical and heuristic
study of the AdS instability conjecture so far has been focused on the system ; see
[52) (19}, 104}, 35, (14} (54 74, [88)].

In Chapter [3] of the thesis, we will establish the proof of the AdS instability conjecture
in the setting of the simplest possible matter model admitting non-trivial spherically sym-
metric dynamics, namely the spherically symetric Einstein—massless Vlasov system further
reduced to the case when the Vlasov field f is supported only on radial geodesics. This is
a singular reduction; the resulting system is equivalent to the spherically symmetric Ein-
stein—null dust system, allowing for both ingoing and outgoing dust (we will also refer to
this system as the spherically symmetric Einstein-radial massless Vlasov system). This
system has been studied in the A = 0 case by Poisson and Israel [120].

A serious problem with the spherically symmetric Einstein—null dust system is that it
suffers from a severe break down when the null dust reaches the centre r = 0. In particular, in
any reasonable initial data topology, the spherically symmetric Einstein—null dust system is
not well posed and (M 445, ga4s) is not a Cauchy stable solution of it. One way to restore
the well posedness of this system (a necessary step for the study of the AdS instability
conjecture in this setting) is to place an inner mirror at some radius sphere {r = ro} with
ro > 0 and study the evolution of the system in the exterior region {r > ro}. However,
fixing the mirror radius ro results in a trivial global stability statement for (M aqs, gads),
as initial data perturbations with total ADM mass mapy < %ro cannot form a black hole.
Thus, it is necessary to allow the radius ro to shrink to 0 as the total ADM mass of the
initial data shrinks to 0, in order to address the AdS instability conjecture in this setting.
See the discussion in Section [3.1] in Chapter [3] for more details.

A non-technical statement of the main result in Chapter [3]is the following:

Theorem 3.1 (rough version). The AdS spacetime (M3}, gaqs) is non-linearly unstable
under evolution by the spherically symmetric Einstein—null dust system with a reflecting

boundary condition on Z and an inner mirror, in the following sense:
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There exists a one parameter family of spherically symmetric initial data S, € € (0,1]

-0
and a family of inner mirror radii 7 = roe (with roe = 0) satisfying the following properties:

1. Ase =0, ||Sellcs = 0, i.e. Sc converge to the initial data Sy of (M ags, gads)-

2. For any € > 0, the maximal future development (M, gc) of S; contains a trapped sur-
face and, thus, a black hole region. Moreover, (Mg, gc ) possesses a complete conformal

infinity Z.

The norm ||-||cs in 1 measures the concentation of the energy of S in annuli of width ~
roe and has the property that the Einstein—null dust system with a reflecting boundary
condition on Z is well-posed and (Mags,944s) is Cauchy stable with respect to || - |lcs

independently of the precise value of 7q.

For progressively more detailed statements of Theorem [3.1], see Sections [3.1.1] and [3-4]
in Chapter @ For further discussion on the need of an inner mirror at r ~ rg. and its
relation to natural dispersive mechanisms appearing in other matter models, see Section
[3:Iin Chapter [3|

While we will not address the issue of the end state of the evolution of Sg, it can be
easily inferred from our proof of Theorem that the spacetimes (M., g) settle down to

a member of the Schwarzschild-AdS family (see also [I11]).

T =T0e

Figure 4: The family of initial data S, that we construct for the proof of Theorem give
rise to a large number of null dust beams, that are successively reflected off Z and the inner
mirror at r = ro.. The Cauchy stability statement for || -||cs implies that the number of
reflections necessarily goes to +oo as € — 0.
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The trivial instability at » = 0 occuring for the spherically symmetric Einstein—null
dust system is absent in the case of smooth solutions to the general spherically symmetric
Einstein—massless Vlasov system (not reduced to the radial case). In particular, the smooth
initial value problem for the spherically symmetric Einstein—massless Vlasov system is well-
posed, and placing an inner mirror at r = rg > 0 is not necessaryﬂ For a proof of the AdS

instability in this setting, see the forthcoming [106].

1.4 Notational conventions

In this section, we will introduce some notational conventions appear throughout this thesis.
We will assume that the reader is familiar with basic notions and the standard notations of

Lorentzian geometry, as introduced, for instance, in [124].

1.4.1 Constants and dependence on parameters

We will adopt the following convention for denoting constants appearing in inequalities: We
will use capital letters (e.g. C') to denote “large” constants, typically appearing on the right
hand side of inequalities. (Such constants can be “freely” replaced by larger ones without
rendering the inequality invalid.) Lower case letters (e.g. ¢) will be used to denote “small”
constants (which can similarly be freely replaced by smaller ones). The same characters
will be frequently used to denote different constants, even in adjacent lines.

In Chapter [2] of the thesis, we will assume that all non-explicit constants will depend on
the specific geometric aspects of (M, g) and we will not keep track of this dependence, except
for some very specific cases. However, since we will introduce a plethora of parameters
throughout Sections of Chapter [2, we will always keep track of the dependence of
all constants on each of these parameters. Once a parameter is fixed (which will be clearly

stated in the text), the dependence of constants on it will be dropped.

9In fact, well-posedness for the smooth initial value problem for the Einstein-Vlasov system also holds
outside spherical symmetry, see [24]. In the case A = 0, the stability of Minkowski spacetime for the
Einstein—massless Vlasov system without any symmetry assumptions was recently established by Taylor
[T40].
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1.4.2 Inequality symbols

We will use the notation f; < fo for two real functions fi, fo as usual to imply that there
exists some C' > 0, such that f; < Cfs. This constant C' might depend on free parameters,
and these parameters will be stated clearly in each case. If nothing is stated regarding the
dependence of this constant on parameters, it should be assumed that it only depends on
the geometry of the spacetime (M, g) under consideration.

We will denote f; ~ fo when we can bound f; < fo and fo < fi1. The notation f; < fo
will be equivalent to the statement that % can be bounded by some sufficiently small
positive constant, the magnitude and the dependence of which on variable parameters will
be clear in each case from the context. For any function f: M — [0,+00) on a backround
manifold M, {f > 1} will denote the subset {f > C} of M for some constant C' > 1.

For functions fi, fo : [zg,+00) — R, the notation f; = o(f2) will mean that % can
be bounded by some continuous function h : [zg,+0c0) — (0,+0c0) such that h(z) — 0 as

x — +oo0. This bound h might deppend on free parameters, and this fact will be clear in

each case from the context.

1.4.3 Vector field multipliers and currents

Throughout Chapter 2 of the thesis, we will frequently use the language of Lagrangean cur-
rents and vector field multipliers for equation ((1.2.1)): On any Lorentzian manifold (M, g),
the energy momentum tensor 7}, associated to the wave operator (|1.1.4)) takes the following

form for any smooth function ¢: M - C

(1.4.1) Ty (1) = %(aﬂ) Oy + Ot - D) - %(EM - O\ G-

For any continuous and piecewise C' vector field X on M, the following associated

currents can be defined almost everywhere:

(1.4.2) T (W) =T ()X,
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(1.4.3) KX (¢) = T () V' X"

The following divergence identity then holds almost everywhere on M:

(1.4.4) VAT () = KX () + Re{(Og9) - X0}
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Chapter 2

A proof of Friedman’s ergosphere
instability for scalar waves on

asymptotically flat spacetimes

In this chapter, we will obtain the proof of Friedman’s ergosphere instability for solutions

i to the scalar wave equation
(2.0.1) Ugp =0

on a broad class of stationary and asymptotically flat spacetimes (M, g) with a non-trivial
ergoregion &, establishing, in particular, Theorem and Corollary (presented in the
introduction). The precise assumptions on the spacetimes under consideration and the
main results of this part will be presented in Section the proof of these results will
occupy Sections A bried comparison between the proof of the main theorem and

the heuristics of Friedman will be presented in Section [2.8
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2.1 Assumptions on the spacetimes and statement of the

main results

In this section, we will outline in detail the assumptions on the spacetimes (M, g) under
consideration, and we will state the main results of this chapter of the thesis. We will also
briefly discuss some of the assumptions on (M, g), as well as some aspects of the proof of

the main results.

2.1.1 Assumptions on the spacetime geometry

Let (M™1 g), d > 2, be a smooth, globally hyperbolic Lorentzian manifold with piecewise
smooth boundary M (allowed to be empty). Before stating our main results, we will need
to introduce a number of assumptions on the structure of (M, g). In Section we will
present some explicit examples of spacetims (M, g) satisfying all the assumptions that will

be introduced in this section.

Assumption G1 (Asymptotic flatness and stationarity).

We will assume that (M, g) satisfies the following conditions:

o There exists a Killing field 7" on (M, g) with complete orbits which is tangential to
OM, as well as a smooth Cauchy hypersurface ¥ ¢ M, such that T, is everywhere

transversal to X\OM and timelike outside a compact subset of .

e The triad (3,gs,ks), where g5 is the induced (Riemannian) metric on ¥ and ks
its second fundamental form, defines an asymptotically flat Riemannian manifold
(possibly with boundary YN oM ), with a finite number of asymptotically flat ends
(possibly more than one); see also the definition in Section 2.1.1 of [I07]. Let Z,s be
the asymptotically flat region of M (see [107] for the relevant definition). Expressed
in a polar coordinate chart of the form (¢,r,5) in each conected component of Z,, g

has the following form:

(2.1.1) g = ~(1+04(r™))de?+ (1+ 04 (1) )dr® 477 (ggar +OF (1)) + Os(1)dtdo,
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Figure 5: The subextremal Kerr exterior spacetime (Mq,90m,q) satisfies Assumptions
G1 and G2, but not Assumption G3. In the case of (Marq,91,4), the intersection of the
hypersurfaces 3, ¥, defined in Assumption G1, with the 1+ 1 dimensional slice {# = 7/2, ¢ =
0} ¢ Mz are schematically as depicted above.

where Ofd_l(p_l) is a symmetric (0,2)-tensor field on the coordinate sphere
{r =0} ~8%"! with O4(p7!) asymptotics as p - +00. See Section for the Og(+),
OE(H(-) notation and Section for the o notation on the angular variables of a

polar coordinate chart.

o Let H = 8(J+(Ia5) N J‘(Ias)) be the horizon of M, split as H = H* uH~, with
H* = JH(Zys) N OJ (Zus) and H™ = J (Zus) N 0JH(Zys). Then H coincides with OM,
and H* and H~ are smooth null hypersurfaces with smooth boundary H* nH~, with

T #0on H\H™ (the case H* = @ or H™ = @ is also trivially included in this condition).

See Assumption 1 in Section 2.1.1 of [I07] for a detailed statement of these conditions and
their related geometric constructions, as well as their implications on the geometry of M.
Notice that the domain of outer communications of the asymptotically flat region Z,s of
M is the whole of M\H. In view of the remarks in Section 2.1.1 of [107], H* and H~ are
invariant under the flow of the stationary Killing field T'.

Let 3 be a spacelike hypersurface intersecting #* transversally (if H* # @) and satisfying
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Y nH " =@, such that ¥ coincides with ¥ outside a small neighborhood of H*. In view
of the remarks in Section 2.1.1 of [I07], our assumption on the structure of (M, g) implies
that ¥ n"H* is compact. Notice that, in case H* # @, ¥ will not be a Cauchy hypersurface
of M.

We will also fix a smooth spacelike hyperboloidal hypersurface S ¢ M terminating at
future null infinity Z* as in Section 2.1.1 of [107], such that S|(<g,} = X|<r,) for some

fixed constant Ry > 1.

Remark. In view of the remarks of Section 2.1.1 of [107], the causal future sets J*(X), J*(S)
of 3, S, respectively, in M coincide with the future domains of dependence D*(X),D*(S)

of ¥, 8. Furthermore, the images of ¥, S under the flow of T' covers the whole of M\H ™.

As in Section 2.1.1 of [107], we will extend the polar radius coordinate function r :
Zas = (0,+00) as a non-negative, smooth and T-invariant function on the whole of M\H™,
such that r > 0 on M\H and r|y+\3- = 0, drly+y- # 0. We will also define the function
t: M\H™ - R by the relations

(2.1.2) tl =0 and T(t) = 1,
as well as the function t: M\H~ — R by
(2.1.3) fls =0 and T(f) = 1.

Note that ¢t =t on {r < R;}.

We will introduce the reference Riemannian metric
(2.1.4) Gref = dt2 + gy

on M\~ ~RxX. We will denote the natural extension of g,.s on GBZIJQEN( U T(M\H )"
T*(M\H™)) also as gref.
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Assumption G2 (Killing horizon with positive surface gravity).

In the case H* # @, we will assume that the Killing field 7', when restricted to H*\H ", is
parallel to the null generators of H*\H~. Furthermore, we will assume that there exists a
T-invariant strictly timelike vector field N on J*(X), which, when restricted on J*(3)n%H,

satisfies
(2.1.5) KN() > e (g)N*

for some ¢ > 0 and any ¢ € C1(M) (see Section [2.2| for the notation on vector field currents).
We will extend N on the whole of M\~ by the condition [T, N] = 0.

We will call the vector field N the red shift vector field. The reason for this name is
that a vector field of that form was shown to exist for a general class of Killing horizons
with positive surface gravity by Dafermos and Rodnianski in [44]. However, here we will
just assume the existence of such a vector field without specifying its geometric origin.

Note that we can modify the vector field N away from the horizon H, so that in the
asymptotically flat region {r > 1} (i.e. Z,s) it coincides with 7', and still retain the bound
on JY(X)n ’HD We will hence assume without loss of generality that N has been
chosen so that N =T in the region {r > 1}.

Due to the smoothness of IV, there exists an r¢ > 0, such that also holds (possibly
with a smaller constant ¢ on the right hand side) in a neighborhood of H*\(H*nH~) in M
of the form {r <rg}. For r » 1, since N =T there, we have K7 () = 0. Hence, due to the
T—invariance of N and the compactness of the sets of the form {r < R} n X, there exists a

(possibly large) constant C' > 0 such that
(2.1.6) KN () < C- T (P)N*

everywhere on M for any ¢ € C*°(M).

!The convexity of the cone of the future timelike vectors over each point of M is used in this argument.
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Without loss of generality, we will also assume that rq is sufficiently small so that
(2.1.7) dr#0

on {r <3ro}. This is possible, since dr|y+\3+~y- # 0 and T nH" is compact.
In the case H* = @, we will fix N to be an arbitrary T-invariant timelike vector field

on M\H™, such that N =T for r > 1, and we will set rg = Z—llinfg r (which is possible since

r>0on X when H* = @), so that {r <3rg} =@. In this case, (2.1.5)), (2.1.6) and (2.1.7)) are

trivially satisfied.

Assumption G3 (Non-empty ergoregion avoiding the future event horizon).

We will assume that the ergoregion of (M, g) is non-empty, i.e.
(2.1.8) & ={g(T,T)>0} # 3,

and furthermore

(2.1.9) EnH' =@.

Notice that the condition is trivially satisfied when H* = @. Note also that the
subextremal Kerr exterior family with a # 0 has a non-empty ergoregion, but does not
satisfy .

In the case when H* # @, we will also assume that every connected component of M\&

that intersects H* also intersects the asymptotically flat region Z,s of (M, g)E|

Remark. The assumption that every component of M\& intersecting H* also intersects
Z.s is not necessary for the results of this chapter, which can also be established without
this condition. The reason for adopting this assumption is that it leads to considerable

simplifications in the proof of the Carleman-type estimates in Section 2.5

2Note that Z,s and #" might have several components.
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We will assume that T is strictly timelike on the complement of HU &, i.e.:
(2.1.10) g(T,T) <0 on M\(&UH).

Furthermore, we will assume that the boundary 0& of & is a smooth hypersurface of M.
The complement M\& of & might consist of more than one components. In view of
our assumption that every component of M\& intersecting H* also intersects Z,s, the
connected components of M\& fall into two disjoint categories: The ones that intersect the
asymptotically flat region Z,s and the future event horizon H*, and the ones that intersect
neither Z,s nor H*. Let us call the union of the components of M\& falling into the last
category the enclosed region of M, and denote it by Mencﬂ We will also introduce the

notion of the extended ergoregion of M defined by
(2111) gext =&U Menc-

Note that, since & " H' = @, we have r > 0 on &.,;. Thus, in view of the T-invariance
of &..+, we can assume without loss of generality that ro has been fixed sufficiently small so

that {r <rg} né.y = @. Note also that 08,,; € 8.

Assumption A1 (Unique continuation around p € 08,4 ).

We will assume that there exists a point p on the boundary 0&..: of &.;+ and an open
neighborhood U of p in M, such that for any ¢ € H, lloc(/\/l\’H_) solving the wave equation
(2.0.1)) and satisfying ¢ =0 on M\&4t, we also have ¢ =0 on U. Since T is a Killing field of
M, the same result also holds on any T-translate of U, and, for this reason, we will assume
without loss of generality that U is T-invariant. Furthermore, since 0&.,: c 9&, we will

assume without loss of generality that I/ is small enough so that U N &, ¢ &.

Remark. Assumption A1 is satisfied in the case when M is axisymmetric with axisymmetric
Killing field ®, such that [®,7] = 0 and the span of {®,T'} is timelike, or in the case when

there exists a point p € & such that g is real analytic on an open neighborhhod of p in M.

3The reason for calling My enclosed is because OMene € 08, i.e. Menc is enclosed by the ergoregion.
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See Section [2.1.3]

2.1.2 The main results

The main result of this chapter is the following (see also [112]):

Theorem 2.1. Let (M%!,g), d > 2, be a globally hyperbolic Lorentzian manifold satisfying
Assumptions G1, G2, G8 and A1, and let the vector field T, N and the spacelike hypersurface
X be as described in Assumptions G1-G2. Then, there exists a smooth function ¢: J*(X) -
C solving the wave equation on J*(X) with compactly supported initial data on X,

such that

(2.1.12) limsup/ Jﬁ((p)n“ = +00.
X

T—>+00

The proof of Theorem [2.I] will be presented in Section [2.3]
in Section proceeds by contradiction. In particular, assuming that every smooth

solution ¢ of equation (2.0.1)) on (M, g) with compactly supported initial data satisfies

(2.1.13) lim sup/ Jd\f(cp)n‘JL < +o00,
P2

T—>+00

it is shown that ¢ decays in time on M\&. This fact is then shown to lead to a contradiction
after a suitable choice of the initial data for ¢, combined with the unique continuation
assumption of Theorem See Section for more details. The decay of ¢ on M\& is
established through some suitable Carleman-type estimates, derived in Section [2.5] These
estimates could have been obtained by methods similar to the ones implemented in [107],
but we chose instead to provide an alternative proof, based entirely on the method of first

order multipliers for equation (2.0.1). For more details on this, see Section

Remark. The proof of Theorem 2.1 immediately generalises to the case when the boundary

of the spacetime (M, g) has a smooth, timelike and T-invariant component Oy, M, such

that X n 0y M is compact and Oy M NH = &, assuming that Dirichlet or Neumann

boundary conditions are imposed for equation on Oym M. In this case, we have to

assume that the double (M, g) of (M, g) across OymM is a globally hyperbolic spacetime
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satisfying Assumptions G1, G2, G3 and A1 (see Sectionmfor the relevant constructions).
Let us also note that we can readily replace the qualitative instability statement (2.1.12))
with the following quantitative statement: For any C' > 0, there exists a solution ¢ to

equation (2.0.1)) as in the statement of Theorem such that

(2.1.14) limsup((log(2Jr'c))_c/E Jdv(cp)n“) = +00.

T—>+o00

See the remark at the beginning of Section However, we do not expect the logarithmic
rate of growth in (2.1.14]) to be sharp.

As a straightforward application of Theorem [2.I] we will obtain the following insta-
bility estimate for solutions to the acoustical wave equation on the hydronamic vortex
(R X Vhyd,s: hyd), where Vyyqs C R3 is the set {7 >3} (in the cylindrical (7,9, z) coordinate

system on R3) and Jhyd is given by the expression l)

Corollary 2.1. For any 6 < 1, there exist smooth and z-invariant solutions ¢p, @y to

on (R x Viyd.s, ghyd), satisfying the boundary conditions

(2.1.15) ¢pl(rasy = 0
and
(2.1.16) Gf(le{;:g} =0

and having smooth initial data at time t = 0 which are compactly supported when restricted

on {z =0}, such that (in the (t,7,0,z) coordinate chart on R x Vyyq5):

(2.1.17) lim sup

/ (lat(PD|2+|VR3(pD|2)fd17dﬁ=+oo,
T—>+00 {t:r}ﬁ{z:()}m{q?zﬁ}

(2.1.18) lim sup

/ (|at§0N|2 + |VR3¢N|2) rdrdf = +oo.
tstoo J {t=t}n{z=0}n{F>5)

For the proof of Corollary [2.] see Section [2.7]
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2.1.3 Discussion on Assumption Al

There exists a class of natural geometric conditions, such that spacetimes (M, g) satisfying
these conditions (in addition to Assumptions G1-G3) automatically satisfy Assumption Al.

Examples of such conditions are the following:

o Assumption Al is always satisfied on spacetimes (M, g) having an axisymmetric
Killing field @, such that [®,7"] =0 and the span of ®,T on dé&,,; contains a timelike
direction. This is a consequence of Lemma at the end of this section (choosing U
to be a suitable small neighborhood of a point p € 3&,,:\{® =0} and S = 9&.,: NU in
the statement of Lemma .

o Assumption Al is always satisfied on spacetimes (M, g) on which there exists a point
p € 0&., and an open neighborhood U of p such that (U, g) is a real analytic Lorentzian
manifold and 0&.,; NU is a real analytic hypersurface. This is a consequence of

Holmgren’s uniqueness theorem (see [80]).

On the other hand, we believe that Assumption Al does not hold on all spacetimes
satisfying Assumptions G1-G3. In particular, by adjusting the arguments of [4], we were
able to construct a 3 + 1-dimensional spacetime (M, g), satisfying Assumptions G1-G3, as
well as a suitable T-invariant smooth potential V : M — C, so that Assumption Al for

equation
(2.1.19) Ogp-Ve=0

in place of ([2.0.1) is not satisﬁedﬁ Note that such a construction is non-trivial, in view
of the requirement that 7'(V') = 0; for instance, Assumption A1l always holds for equation
(2.1.19) on stationary spacetimes without an ergoregion (see [I38]). We will not pursue this

issue any further here.

*In view of the requirement T(V') =0, this construction boils down to the adaptation of the construction
of [4] on the quotient M/T' of M by the orbits of T', with [, replaced by Og/r, where Oy/7 is obtained from
O, by dropping the terms involving T' derivatives. Note that 0,7 is hyperbolic in int(&)/T and elliptic on
(M\&)/T.

44



Although we believe that Assumption Al can be removed from the statement of Theorem
(2.1} we were not able to do so.
The following lemma can be used to establish that Assumption A1l always holds in the

presence of a second Killing field ® on M such that the span of T', ® is timelike:

Lemma 2.1. Let U be an open subset of a smooth spacetime (M, g) with two Killing fields
T, ® such that [T,®] =0, &+ 0 on U and the span of T, ® contains a timelike direction
everywhere onU. Let also S cU be a T, P-invariant smooth hypersurface, separating U into
two connected components Uy,Us, so that Us lies in the domain of dependence of Uy. Then,
any Y e HE (U) solving (2.0.1) on (U, g) such that =0 on Uy must vanish everywhere on
Uu.

Proof. Since [T,®] = 0 and ® # 0 on U, we can assume without loss of generality (by

shrinking U if necessary) that U is covered by a coordinate chart (¢, g, 2, ... ,;Ud) such that:
1. T(p), T(2?),...T(z%) =0,
2. ®(t),®(2?),...,®(z%) =0,
3. T(t)=2(9) =1,

4. S={z' =0}.

In view of the fact that the span of ®,7T contains a timelike direction everywhere on U,
the wave operator (2.0.1) in the (t,q),:L"Q, . ,xd) coordinate system takes the form (using

the shorthand notation = = (22,...,2%)):

(2.1.20) Oy = A+ i (0l (2)0,500 + a0 (2)0,5 0, + 0} ()0 + al) ()0, 0) +

J=2

+ g (2) 07 + a1y (2) 040y h + gy (2) 0,

where the operator A, in the right hand side of (2.1.20) is a ¢, ¢-invariant second order
elliptic operator in the 22, ..., z% variables. Since the coefficients of (2.1.20)) are independent
of t, and A, is elliptic, the proof of the Lemma follows readily by the unique continuation

result of Tataru [138]. O
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2.1.4 Examples of spacetimes satisfying Assumptions G1-G3 and Al

In this section, we will examine some explicit examples of spacetimes satisfying all of the

Assumptions G1-G3 and Al.

An example with H* = @. Our first example will be a simple spacetime with no event

horizon. Let M = R3"!| and let us fix fix two smooth functions y, : [0,+00) — [0,1]

and y, : [0,n] - [0,1], satisfying y- = 0 on [0,3] U [6,+0), - =1 on [4,5], yy = 0 on
5T n 3n

[0,5]u[F,m] and x4y =1 on [§,5F]. We will also assume that y;,y, have been chosen so

that the set of zeros of the function

(2.1.21) F7,9) = 1= (1:(7)yo (9))°

is a smooth curve without self-intersections in the open rectangle (3,6) x (g, %‘), and the
region {f <0} c (3,6) x (5, %”) is simply connected.
We will consider the following metric on M in the usual time-polar coordinate chart

(t,7,9,¢9) on R3*L:
(2.1.22) g =—(1- (x-(F)xe(9))?)dt* = 1000y (), (9)dtdy + di* + 7% (dd* + sin® Dde?).

Note that g is everywhere non-degenerate, and has Lorentzian signature. Furthermore,
(M, g) is a globally hyperbolic spacetime, with Cauchy hypersurface {t = 0}, satisfying the

following properties:

1. The vector field T' = 9; is a Killing field of (M, g). Furthermore, (M,g) is asymp-
totically flat and satisfies Assumption G1. Notice that (M, g) has no event hori-
zon, since every point in M can be connected with the asymptotically flat region
Zas = {T > Ry > 1} through both a future directed and a past directed timelike
curve, by following the flow of the timelike vector fields 07 + C(9; + %X;(f))(ﬁ(ﬂ)a@)
and 0z — C(9, + %XF(F)Xﬂ(ﬂ)%), respectively (for some fixed C' > 1). The func-
tion r : M — [0,+00), introduced in Assumption G1, can be chosen to be equal to
(1+7)2
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2. The spacetime (M, ¢) has no event horizon, and, thus, it trivially satisfies Assumption

G2.

3. The ergoregion & = {g(T,T) > 0} of (M, g) is non-empty, and satisfies

(2.1.23) {4<7r<5}n{ sﬂsi—n}cgc{33f36}m{gsﬂs%}.

T
4
Since H* = @, we have & N H* = @. Furthermore, since we assumed that the region
{f<0}c(3,6)x (5, %) for the function ([2.1.21)) is simply connected, we can readily
infer that that M\& is connected and, thus, &, = &. Furthermore, the boundary 0&
of & is a smooth hypersurface of M and ([2.1.10)) is satisfied, in view of our assumption

on the set of zeros of the function (2.1.21)). Therefore, (M, g) satisfies Assumption
G3.

4. The spacetime (M, g) possesses an additional Killing field, i.e. ® = d,. The span
of T, ® contains the everywhere timelike vector field T + %on(f)Xf)(ﬂ)@ and, thus,
Lemma implies that (M, g) satisfies Assumption Al. In particular, any point
p € 08, € O& and any open neighborhood U of p in M satisfy the unique continuation

property of Assumption Al.

Therefore, (M, g) satisfies all of the Asumptions G1-G3 and Al.

Remark. The hydrodynamic vortex (R x Vpyas,gnya) of Corollary is not a globally
hyperbolic spacetime, since its boundary 8(]R X Vhyd’g) = {7 =8} is a timelike hypersurface.
However, as we will show in the proof of Corollary the double of (R x Vhyds, Ghyd)
across 8(R X Vhyd@) is a globally hyperbolic spacetime without an event horizon, satisfying
Assumptions G1-G3 and Al. In addition, the double of (R x Vhy4s,gnya) is an example
of a spacetime having two asymptotically flat ends, with (R x Vhyda5, ghyd)\& having two

connected components.

An example with H* # @. We will now proceed to construct a slightly more complicated
example of a spacetime satisfying Assumptions G1-G3 and A1, possessing in addition a non-
empty event horizon. Note that, as we mentioned in Section the subextremal Kerr
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exterior family (M4, 9n,a) does not satisfy G3, since the future event horizon H™ and
the ergoregion & of (M4, gnm,q) have a non-empty intersection.
For any M > 0, let M be diffeomorphic to R x (2M, +c0) x S%. Let X7 X be as before,

assuming, in addition, that they have been chosen so that the set of zeros of the function

(2.1.24) Fau(F0) = (1- g — (G (M) (9))?)

is a smooth curve without self-intersections in the open rectangle (3M,6M) x (%, 5F) and

the region {fas <0} c (3,6) x (g, %“) is simply connected.

Let us consider the following metric in the (¢,7,9,¢) coordinate chart on M:

M
7
(2.1.26) +(1- ﬂ)’ld# +72(d9? + sin® Ddep?).
r

(2.1.25) gv =—(1- (ot (M 1)y (9))?)dt® = 1000 My (M 7). (0) dtdep+

The metric gps is everywhere non-degenerate, and has Lorentzian signature.

The spacetime (M, gpr) is isometric to the Schwarzschild exterior spacetime
(Mas,Sch> gu,scn) outside the region {3M < 7 < 6M}n{f <9 < %“} and, thus, it can
be extended into a larger globally hyperbolic spacetime (/\;lM, am )E| This extension can be
chosen to be the Schwarzschild maximal extension across 7 = 2M (see e.g. Section 2 [47])E|

Let us denote
(2.1.27) My =i(Mpr) udMyy,

where i : M - M,y is the natural inclusion of (Mg, gar) into its extension and OM yy is
the boundary of (M) inside M. Note that, in view of the properties of the maximally
extended Schwarzschild spacetime, (JVM, g ) is a smooth Lorentzian manifold with piece-
wise smooth boundary M, consisting of two intersecting smooth null hypersurfaces. The
functions 7,9, ¢ can be smothly extended on OM s, with Flgag,, = 2M.

The spacetime (M yy, gar) is globally hyperbolic, with ¥ = {¢ = 0} being a smooth Cauchy

20f course, the coordinate chart (t, 7,9, ¢) will not be regular up to the boundary of M in this extension.
5Note that the 7 coordinate function on M corresponds to the usual r coordinate function on Schwarz-
schild exterior Mz, sch
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hypersurface, and satisfies the following properties:

1. The vector field T = 0; on M s extends smoothly on OM); and is a Killing vector
field of (M, gar). Furthermore, the spacetime (M, gar) is asymptotically flat and
satisfies Assumption G1. Note that the event horizon H of (M, gar) coincides with
OMyy, since all the points in M), can be joined with the asymptotically flat region
Zys = {r > Ry > 1} through both a future directed and a past directed timelike curve,
by following the flow of the timelike vector fields 07 + C'(E?t + ﬁXF(M_lf)X@(ﬁ)aw)
and 07 — C (0, + NLMXF(M_lf)Xﬂ(ﬂ)a@), respectively (for some fixed C' > 1). The
function r : M — [0, +00), introduced in Assumption G1, can be chosen to be equal

tor-2M.

2. There exists a T-invariant neighborhood V of H = OM ;s in My, so that (V,gur)
is isometric to a neighborhood of the event horizon H s s., of Schwarzschild exterior
spacetime. In particular, T is parallel to the null generators of H*\#H ™ and there exists
a T-invariant timelike vector field N on My as in Assumption G2, satisfying

(see [44, 47]). In particular, (M, gasr) satisfies Assumption G2.
3. The ergoregion & = {g(T,T) > 0} of (Mys,gar) is non-empty, and satisfies

(2.1.28) {4M3F§5M}n{£sﬂs?%}cé"cBMSFSGM}n{ sf)s%}.

> A

Thus, & n'H" = @, since ¥ > 2M on &. Furthermore, since the function (2.1.24)
was assumed to have the property that the set {fy; < 0} is simply connected, we
can readily infer that HM\@‘" is connected. Thus, &.,; = & and H™ lies in the same
connected component of Mj/\& as the asymptotically flat region Z,s. The boundary
& of & is a smooth hypersurface of Mj; and is satisfied, in view of our
assumption on the set of zeros of the function . Therefore, (M, gar) satisfies

Assumption G3.

4. In view of the fact that (Mjs,gar) possesses an additional Killing field, namely

® = 0,, and the span of T', ® contains the vector field 7"+ (M%) (9)® which

1
T0M K7
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is everywhere timelike on M, Lemma implies that (M, gas) satisfies Assump-
tion Al. In particular, any point p € 0é,,+ = 9& and any open neighborhood U of p

satisfy the unique continuation property of Assumption Al.

Thus, (Myr,gar) satisfies Assumptions G1-G3 and Al, and, in addition, (M, gur)

has a non-empty future event horizon.

2.1.5 A remark on the Carleman-type estimates in the proof of Theorem

2.1]

As we discussed in the introduction, a crucial step in the proof of Theorem consists of

showing that, under the assumption that

(2.1.29) lim sup/ Jg(@)n“ < 400

T—>+00

holds for every smooth function ¢ : J*(¥) — C solving the wave equation on J* (%)
with compactly supported initial data on X, we also have that ¢ decays on M\&’; see Section
[2.3] for more details. This fact is inferred using some suitable Carleman-type estimates on
(M\&,g) for ¢ which are particularly useful when ¢ has localised frequency support in
time (see Proposition in Section for the technical details related to the frequency
decomposition of ¢, see Section .

The aforementioned estimates could have been established using the techniques of our
previous [1()7]E| However, we chose, instead, to provide an alternative proof, based entirely
on the use of first order multipliers for equation . As a consequence, we obtain an
alternative proof for the estimates of Section 7.1 of [107], as well as for the Carleman-type

estimates established in [126] for the inhomogeneous Helmholtz equation
(2.1.30) Agu+ou-Vu=G,

0<Im(w) <1, Re(w) # 0, on an asymptotically conic Riemannian manifold (X, g), where

TAlthough the techniques of [I07] can be modified to yield the required Carleman-type estimates on
the spacetimes under consideration, they can not be used as a black box in the current setting, since the
geometry of the spacetime in a neighborhood of & and the allowed range in the space dimension d (which
includes the case d = 2) differ from the setting of [107] .
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the potential V' : ¥ — R satisfies some suitable decay conditions on the asymptotically conic
end of X. An alternative approach based on the positive commutator method and leading
to similar Carleman-type inequalities on asymptotically flat backgrounds with a uniformly
timelike Killing field has also been implemented in the recent [?]. For a more detailed

statement of these results, see Section

2.2 Special notational conventions and Hardy inequalities

In this Section, given a stationary and asymptotically flat spacetime (M, g) satisfying
Assumptions G1-G3, we will introduce some special notational conventions that will be
applied on (M,g), in addition to the ones introduced in the previous sections. These
conventions will be irrelevant for Chapter [3| of the thesis. We will also explicitly state some

auxiliary Hardy type estimates, that will be used at various points in the proof of Theorem

21

2.2.1 Some special subsets of M

The future event horizon of M will be denoted by H*, and the past event horizon by H~,

i.e.

H =T (Zus) N 0T (Zus),

H = T (Zas) N T (Zas).

For any 11 < 19, we will denote

(2.2.1) R(t1,t2) 2 {t1 <t <t} c M\H™
and
(2.2.2) T ={t=1},

where the function ¢ : M\H~ — R is defined in Assumption G1.
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The ergoregion of M, defined by , will be denoted by &. The boundary of &
(which is smooth, according to Assumption G3) will be denoted by 98 .We will fix a
smooth T-invariant spacelike vector field nge in a small T-invariant neighborhood of 9¢&,
such that ngglge is the unit normal of 9&. We will denote with &, the extended ergoregion
of (M, g), defined by . Notice that & € &..¢, but 08, € OE.

For any 6 > 0, we will denote
(2.2.3) & = {x e M\H |disty,, (2, Eeat) < B}
Note that &, ¢ & for any 8 > 0, and N385 = Eent-

2.2.2 Notations on metrics, connections and integration

For any pseudo-Riemannian manifold (N, hy) appearing in this chapter, we will denote
with dhys the natural volume form associated with har. Recall that in any local coordinate

2

chart (z',22,...,2%) on NV, dhy is expressed as

dhy = \/|det(ha)|dat---dat.

We will also denote with Vj,, the natural connection associated to hy. When (N, hyr) =

will denote the

(M,g), we will denote V,, simply as V. If hy is Riemannian, |- ‘hjv
associated norm on the tensor bundle of N.

For any integer [ > 0, we will denote with (VhN )l or Vﬁl " the higher order operator

(2.2.4) Vi Vi -
————
! times

Note that the product is not symmetrised. We will also adopt the convention that
we will always use Latin characters to denote such powers of covariant derivative operators.
On the other hand, Greek characters will be used for the indices of a tensor in an abstract
index notation.

For any smooth and spacelike hypersurface S ¢ M, gs will denote the induced (Rie-
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mannian) metric on S, and ngs the future directed unit normal to S.

Some examples of pseudo-Riemannian manifolds that will appear throughout this chap-
ter are (M,g), (M, grer) and (3:,gx.), where g,.¢ is the reference Riemannian metric
1} We will raise and lower indices of tensors on M only with the use of g.

In some cases, we will omit the volume form dg or dgs;. when integrating over domains
in M or the hypersurfaces >+, respectively.

In the case of a smooth null hypersurface 5 c M, the volume form with which integra-
tion will be considered will as usual depend on the choice of a future directed null generator
ny for 7. For any such choice of n_, selecting an arbitrary vecor field X on T, M such
that g(X,n ) = —1 enables the construction of a non-degenerate top dimensional form on
FC: dvol y = ixdg, which depends on the on the precise choice of n 4, but not on the choice

for X. In that case, dvol » (or dvol, ,, ) will be the volume form on J# associated with n .

2.2.3 Coordinate charts on M\H~-

Using the function ¢ as a projection, we can identify M\H~ with R x ¥. Under this iden-
tification, any local coordinate chart (z!,...,2%) on a subset V of ¥ can be extended to a
coordinate chart (¢,z!,... ,xd) on RxV cRx2, and in this chart, we have 9; = T. We will
usually work in such coordinate charts throughout this chapter.

In view of the the flat asymptotics of (M, g) and the fact that 3 intersects H* transver-
sally, the coarea formula yields that in the region J*(X), the volume forms dg and dt A dgs,
are equivalent, i.e. there exists a C' > 0, such that for any integrable ¢ : M — [0,+00) and

any 0 < 11 < 19 (identifying M\H™ with R x ¥):

T2
(2.2.5) c! pdg 5/ (/ o(t, ) dgz)dt <C pdg.
R(1,72) T1 P R(<1,72)

Similarly, for any § > 0, there exists a Cz > 0 so that for any integrable ¢ : M — [0, +00)

and any 11 < T2 (not necessarily non-negative):

T2
(2.2.6) Cgl/ pdyg s/ (/ o(t,z) dgg)dt < Ca/ pdg.
R(Tl,Tg)ﬂ{’I‘ZB} T1 20{7‘26} R(Tl,Tg)ﬂ{TZB}
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2.2.4 Notations for derivatives on Si-!

In this chapter, we will frequently work in polar coordinates in the asymptotically flat region
of (M, g) or (¥,¢gx). For this reason, we will adopt the same shorthand o-notation for the
angular variables in such a polar coordinate, as we did in [107, [I08]. See Section 3.6 of [107]
for a detailed statement of this convention.

As an example of this convention, on subset U of a spacetime M covered by a polar
coordinate chart (uj,uz,0) : U — Ry x Ry x Sd_l, for any function h : 4 - C and any
symmetric (1,0)-tensor b on S, the following schematic notation for the contraction of

the tensor (Vgsd-1 )lh(ul,u27 -) with b will be frequently used:
(227) b- 8éh(U1, uaz, ) = it (Vlgsd_l )Ll...tlh(u17 uz, ')a

where gga-1 is the standard metric on the unit sphere S% 1. Furthermore, we will also denote

in this case

1 . ol
(2.2.8) 106h (w1, uz, )| = |V, h(ur,us, -)\ggd_l.
Notice, also, the following commutation relation holds:

(2.2.9) (Lo, v¥ =0,

where 0,, is the coordinate vector field associated to the coordinate function u;, ¢ = 1,2.

Therefore, we will frequently denote for any function h: U — C:
(2.2.10) Lo, V" h= 0,05k,

and, in this notation, we will be allowed to commute 9,, with 05, as if J; was a regular

coordinate vector field. See Section 3.6 of [107] for more details.
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2.2.5 The O(-) notation

For any integer k > 0 and any b € R, the notation h = O (r*) for some smooth function
h: M — C will be used to denote that, in the (¢,r,0) polar coordinate chart on each

connected component of the region {r > 1} of M (see Assumption 1):

(2.2.11) SN g gloln < C b
J=0J1+j2+7j3=]

for some constant C' > 0 dependng on k and h. The same notation (omitting the 9, deriva-
tives) will also be used for functions on regions of manifolds cover by an (r,c) polar coor-
dinate chart.

Similarly, the notation h = Oidfl(rb) will be used to denote a smooth tensor field h on
M such that, in the (¢,7,0) polar coordinate chart on each connected component of the
region {r > 1} of M, h is tangential to the {r = const} coordinate spheres (i. e. h contracted
with 0., 0 or dr,do, depending on its type, yields zero), and satisfies |h|gS w = Oy (). The

type of the tensor h will always be clear from the context.

2.2.6 Hardy-type inequalities

Frequently throughout this chapter, we will need to control the weighted L? norm of some
function u by some weighted L? norm of its derivative Vu. This will always be accomplished
with the use of some variant of the following Hardy-type inequality on R¢ (which is true

for d > 1, although we will only need it for d > 2):

Lemma 2.2. For any a > 0, there exists some C, > 0 such that for any smooth and

compactly supported function u:R% - C and any 0 < R < Ry we can bound

(2.2.12)

/ T—d+a’u|2 d$+/ RI(d_1)+a’U|2 dg{r:R1} <
Rdﬂ{ng’l‘SRQ} {T:Rl}

<Oy r(2%a1g y12 dy + / Ry u? dg{r=R,}
RAN{R1<r<Ry} {r=Ra}
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and

(2.2.13)
—d|, |12 —-(d-1) 2
rul® dx + R, log(R1)[ul” dgr-r,) <
Rin{R1<r<R2} {r=R1}

<C P2 (log(r))*|0,uf? da + / Ry og(Ro)|ul? dggy-p).-

Rdﬁ{RléTSRQ} r=Ro

In the above, r is the polar distance on R, dx is the usual volume form on R% and dgir-R}

is the volume form of the induced metric on the sphere {r = R} c R

The proof of Lemma [2.2]is straightforward (see also Section 3.9 of [107]).

2.3  Proof of Theorem [2.1]

The proof of Theorem [2.1] will proceed by contradiction: We will assume that all smooth

solutions ¢ to (2.0.1) on D(X) with compactly supported initial data on ¥ satisfy

(2.3.1) Elp] = sup/ Jp{\f(cp)n“L < +00,

™0 JX;

and we will reach a contradiction after choosing ¢ appropriately. To this end, we will need
to establish a decay without a rate result outside the extended ergoregion &.,; for solutions
¢ to , given the bound ; see Proposition in Section m This result is
highly non-trivial and actually lies at the heart of the proof of Theorem [2.I], with Sections
being devoted to the development of the necessary technical machinery for the proof

of Proposition In fact, the proof of Proposition [2.1] will be postponed until Section [2.6

Remark. Instead of assuming ([2.3.1)), our proof of T heorem also applies under the weaker

assumption:

>0

(2.3.2) sup (( log(2 + ‘c))c/Z Jdv(cp)n“) < 400

for an arbitrary C > 0. Furthermore, as a consequence of the discussion in Section m (see
also the remark below Proposition [2.1]), the proof of Theorem also applies without any

significant change in the case when (M, g) has a T-invariant timelike boundary component
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OtimM, with Oy M N2 compact and Oy, M NH = &, and ¢ is assumed to satisfy either
Dirichlet or Neumann boundary conditions on 0y, M (see Section for more details on

the assumptions on the geometry of (M, g) in this case).

In Sections we will establish some auxiliary results concerning the behaviour
of solutions ¢ to (2.0.1), that will be used in the Section to complete the proof of
Theorem [2.1]

2.3.1 Construction of initial data on ¥ with negative higher order energy

In this section, we will establish the following result:

Lemma 2.3. There exists a smooth initial data set ((p(o), (p(l)) : X - C? supported in XnU
(where U ¢ M is the set described in Assumption A1) so that the function ¢ : D(X) - C,

defined by solving

(2.3.3) Oy =0 on D(X),
(¢ls, Tglx) = (910, p1),

satisfies

(2.3.4) /ZJ,T(T@n“ =-1.

Remark. Notice that the initial value problem (2.3.3)) is well posed, since the vector field
T, although not everywhere timelike, is everywhere tranversal to Y. For the construction

of initial data sets (¢(®), o(1)) satisfying

T\t = —
/ZJNP)“ 1

instead of (2.3.4)), see [66].

Proof. Since U is an open subset of M intersecting & (according to Assumption Al), in view

of the definition of & we infer that there exists a point ¢ €/ N ¥ and a contractible

open neighborhood V of ¢ in M such that T is strictly spacelike on V. Therefore, provided
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V is sufficiently small, there exists a vector field L on V satisfying

(2.3.5) g(L,L)=0, g(L,T)>0and VL=0.

The condition VL =0 on V implies that there exists a function w:) — R such that
(2.3.6) Vw = L.

Let us fix a smooth cut-off function y : M — [0,1] suported in V such that y(q) = 1.

Then, for any [ > 1, the function

(2.3.7) B, = e

on M is supported in V and satisfies (in view of (2.3.5)) and ({2.3.6))

(2.3.8) 0,6, = yl*8,wd*we™ + O(1) = O(1).
Furthermore, we compute:

(2.3.9)
/EJT(T@J)”u = /2 (”(T@z) ‘TQ@Z - %g(naT)auT(Pla“T@l) dgs, =
_ /E (G ) rw)e™ + 00) (o (Tw)*e™ + 0(1)
- 59 T) () (Tw)e™ + O(1) (o (@w) (Tw)e™ + O(1)) dgs

= /E y (><2l4(9(n,L)(g(T,L))3 - %g(n,T)g(L,L)(g(T,L))Q) + 0(13))@2,

which, in view of (2.3.5) (and the fact that g(n, L) < 0), yields:
(2.3.10) / JE (T3 )n" = —col* + O (1)
b

for some ¢y > 0.
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Let us set

(2.3.11) (0,60 = (3]s, To|5)-

Note that (cp(o), cp(l)) is supported in YV nX cUd nX. Then, the function
(2.3.12) ¢=9-q,
where ¢ is defined by (2.3.3)), satisfies (in view of (2.3.3)), (2.3.8]) and (2.3.11))):

0y = O(1) on D(X),
(2.3.13)

(¢ls, T%lz) = (0,0).

In view of the fact that ¢|y; = 0 and V@|x, = 0 (implying also that ngcﬂz =0and Vg, TQ[x =
0), the expression of the wave operator in a coordinate chart of the form (¢,x) on V readily

yields

(2.3.14) (Oy9)ls = (¢°T8)Is = (¢™0.(T%))ls = (mn(ﬂp))lz-

Thus, from (2.3.13), (2.3.14) and the fact that (y¢ is supported in V', we can readily bound

(2.3.15) / TN (To)n* = O(1%).
by

From (2.3.12)), a Cauchy—Schwarz inequality implies:

(2.3.16) ‘/ Jo (T)n* —/ JE(T@Z)n“] < C/ T (T,
b b by
and thus, in view also of (2.3.10) and (2.3.15)):
(2.3.17) / Iy (Te)n* = —col* + O(1%) <0,
by

provided [ > 1. Multiplying (cp(o), cp(l)) with a suitable non-zero constant, we can therefore

59



achieve ([2.3.4)), and therefore the proof of the Lemma is complete. O

2.3.2 Decay outside the extended ergoregion

The following proposition, establishing decay without a rate outside the ergoregion for

solutions to equation ([2.0.1)), lies at the heart of the proof of Theorem

Proposition 2.1. Let ¢ : D(X) — C be a smooth function satisfying with compactly
supported initial data on X, and let us set Y = T'¢p. Assume that the energy bound
holds for ¢, ¥, T and T2¢E| ie.:

(2.3.18) Elp] + E[Y] + E[TY] + E[T*P] < +o0.

Then for any 0 <e€<1, any 61 >0, any R, t. > 1 and any Tp > 1, there exists a T, > To + T«

depending on €, 01, R, Te, T, E1og[ 9], E1og[P)s E1og[TP] and E[T*P] such that

1

(2.3.19) (JN(TIp)nt + |T7PP) < €

2
j=0 (R(rh—‘c*,rh+r*)\(§51 )n{r<R}

(see for the definition of the quantity Eoq(-])
For the proof of Proposition 2.1} see Section [2.6]

Remark. The proof of Proposition also applies when & = @. Furthermore, in view of the
discussion in Section the proof of Proposition [2.1] in Section [2.6] also applies in the
case when (M, g) has a T-invariant timelike boundary component 9, M, with O M N2
compact and Oy M NH = &, and ¢ is assumed to satisfy either Dirichlet or Neumann
boundary conditions on at,-mMﬂ As a consequence, the proof of Theorem will also
apply in this case as well (all the other steps in the proof of Theorem immediately

generalise in this case without any change).

8Note that, since T is a Killing field of (M, g), the functions ¢, T and T2q) also solve with
compactly supported initial data on 3.

9In this case, we have to assume that the double (M,g) of (M, g) across O¢im M is a globally hyper-
bolic spacetime satisfying Assumptions G1-G3 (note that Assumption Al is not necessary for the proof of

Proposition .
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2.3.3 Limiting behaviour for solutions of (2.0.1))

We will need the following lemma on the behaviour of ) asymptotically as ¢ - +o00, following

essentially from Proposition [2.1}

Lemma 2.4. Let ¢, : D(X) - C be as in the statement of Proposition and let us
define, for any ©> 0, the function p_: M\H™ - C as follows:

(2.3.20) b(t,2) = P(t+,x), t>-t,

0, t<-t

Then, there exists an increasing sequence {T,}nen of non-negative numbers and a function

p: M\H™ - C with ), T e HL (M\H™), such that i solves on M\H™, satisfying

in addition

(2.3.21) /H* / (JPJIV((TI)) + JZIV(T(T[)))n“) dT < +o00 for any T, >0,
-z Jx

Tx T

(2.3.22) =0 on M\(Eurt UH)

and (Y, TP, ) — (H,TP) weakly in Hj, (M\H™) x
loc(M\(gefL"tUH ) x HY (M\(Epet UHT)) and in L

loc

(M\H™) and strongly in
(M\H™) in the fol-

loc

loc(M\H ) x Ll2oc

lowing sense:

e For any compactly supported test functions {Zj}jzoﬂ e L2(M\H™) and compactly sup-
ported vector fields {Xj}j-01 on M\H™ such that |Xjl,,., € L2(M\H"):

1
(2.3.23)  lim Z/M\H Re{gref(V(Tj¢rn -T79), X;) + (T4, _lep)g }dg =0.

n—+oo j:0
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e For any compact subset K c M\H™ and any 6> 0:

.~ 1 . .~
(23.24)  lim Z/ 17, T/ dg+ Y. V(T7y, ) -V (T7);, dg) =
7=0 j=0JK\&s

Proof. Let us fix four sequences of positive numbers {€, }nen, {0n }nen, {Bn fnen and {T,; }nen
such that €,,8, - 0 and R,,t; — +00 as n - +oo. We then define the sequence {t, }nen
inductively: Setting 79 = 0, T, is defined for any n > 1 as the value 7y > 0 from Proposition
for g, in place of ¢, 8, in place of 8, R, in place of R, 1, in place of 14 and t,-1 in
place of Ty (notice that the last condition guarantees that T, is an increasing sequence).
Then, Proposition applied for the pair (¢,7) implies that the pair (¢ ,T¢_ ) (which
is merely a t,-translate of (¢, T) in the region {t > —t,,}) satisfies the following estimate

for any n e N:

1

T, . .
(2.3.25) Z/ (/ (I (T, It + |TJq)Tn|2))dt) <ep.
54 (Ze\&s,, )n{r<Rn}

j=0J-

In view of the bounds (2.3.18) and [2.3.25| as well as the Poincare-type inequality

(2.3.26) / 0, |? < CR?/ T2 (b, )nt+C ..,
R(z1,72)n{r<R} R(71,%2)n{r<2R} R(%1,%2)n{R<r<2R}

holding for any T; < T9, we infer that, for any compact subset K of M\'H™, setting
(2.3.27)

no(K) = min {n e N: K is contained in the set { max{-7,,-t } <t<t;}n{r< Rn}}},
there exists a C = Cx such that:

(2.3.28)  sup Z (JN T, INU+ T, [7) < Ce(E[P]+ E[TY]) + sup ey < +oo.
n>ng(KC) * j=0 n>ng ()

For any compact K ¢ M\'H™, Rellich-Kondrachov’s theorem yields that the embedding
HY(K) x HY(K) - L?*(K) x L*(K) is compact. Thus, (2.3.28) implies that for any com-
pact K ¢ M\H™ and any infinite subset A ¢ N, there exists an infinite subset Bx 4 € A
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such that the subsequence {(¢. , T, )}neBe 4 Of {(4s, T, ) }nen converges weakly in the
HY(K) x H'(K) norm and strongly in the L?(KC) x L?(K) to some limit pair (J)IC’(LIC) in
HY(K) x HY(K). Note that in this case, we necessarily have (L,C = T in the sense of
distributions.

Let {K,,}meny be a sequence of compact subsets of M\H™ such that K, c K41 and
Unmen/Cm = M\H ™. Then, setting A1 = B, N, Am = Bk,,,A,,., for m € N, and defining

recursively
(2.3.29) A = Upen{min (A, \{n: n <m})},

(M\H™) x H}

loc

we infer that there exists a pair (b, T¢) € H.

loc

quence {¢_ ,Th_ }nea satisfies (2.3.23) and, for any compact K ¢ M\H™ (after permanently

renumbering the indices of {{_ }nea through a map N— A) :

(M\H") such that the subse-

]' . .~
(2.3.30) lim E/ T/, —T7¢*dg = 0.
K

n—>+oo 4=
]_

Since the functions ¢ solve on {t>-1,}, { also solves on M\H™ in the

sense of distributions, in view of (2.3.23]). Furthermore, in view of (2.3.18]), we can bound

for any . >0

1 .
(2.3.31) sup 2/ / JdV(TJLl))TL“)dT} < +00
max{—T«,~Tn }

neN ]:O it

and, thus, (2.3.21)) holds. The identity (2.3.22) follows by letting n — +oo in ([2.3.25)).
Finally, (2.3.24) follows from ({2.3.22)), (2.3.25) and ([2.3.30)). O

2.3.4 Finishing the proof

Let us assume, for the sake of contradiction, that any smooth solution ¢ to on D(X)
with compactly supported initial data on ¥ satisfies (2.3.1)).
Let ¢ : D(X) - C be as in the statement of Lemma and let us set

(2.3.32) b = To.
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In view of Lemma (), T)|x is smooth and compactly supported in A N3, and moreover

(2.3.33) /ZJf(q;)n“ = -1

Let {tp}neny be the sequence defined by Lemma and let q;rn,@ : M\H™ - C be the
functions defined by Lemma [2:4]

We will make use of the following identity, appearing also in [66], holding for any acausal,
inextendible and piecewise smooth hypersurface S ¢ M\H™ such that T is everywhere
transversal to S and any smooth function ¢, : M\H~ — C such that supp(p,) n'S is

compact and supp(p;) NnSNH* = 2:

(2.3.34) /SJuT(ﬁPl)nf;:/SRe{ns@l‘T@l‘@l‘”S(T@l)}ng—/SRe{(PngﬁPl}g(”S’T)ng’

where ng is the future directed unit normal to S.

Proof of (2.3.34)). One way to obtain ({2.3.34) is the following: Since supp(¢p,)nS is compact

and supp(p,) NS NH' = @, we can assume without loss of generality (by changing ¢, away
from S if necessary) that ¢, has compact support in M\(H* U ™). Then, integrating the

identity

(2.3.35) - QRG{T%Dg(PJ = _RG{T%DQ(Pl -0g(Topy) + T(‘P1Dg@1)}

over J~(S), we readily obtain:

(2.3.36) _2/ Re{T%Dg@l} dg = _/ Re{T‘leg@l - <P1Dg(T@1)} dg
J=(S) J=(S)

+ /S Re{(png(pl}g(nS, T)dgs.

Using the identities

(2.3.37) -2 / Re{T,0%, } dg = / T (9)nfs
J(S) S
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and

- /J_(S) RB{T@1D9¢1 - (leg(T%)} dg = /SRG{”S% AT ON -nS(T%)} dgs

(holding because of the assumption that ¢, has compact support in M\(H" uH")), we
finally obtain (2.3.34)).

We will also introduce the following (indefinite) inner product on the hypersurfaces ¥::

For any two functions ¢y, ¢, : M\~ — C such that for any t, > 0:

2
[sup ]Z . (Jf(cpj)+JdV(Tcpj))n“<+oo
TE[—Tx,Tx j:1 T

and at least one of them has compact support in space (i.e. for any . > 0, its support in

{-1+ <t < 1.} is compact), we will define for any t € R:

1 _ _ _ _
(2.3.38) (@1, Po)p - = 5/2 Re{(”s@l TGy + 159y 1) = (91 15(TGy) + 9y ‘”S(T@l))}'

Note that, if both ¢, and ¢, solve equation (2.0.1)) and at least one of them is supported

away from H*, then for any 11 < 72 the following identity holds:

(2‘3.39) (CPI’ (P2>T,-cl = <(Pl’ (P2>T712 :

The equality (2.3.39) readily follows after integrating the identity

1 _ _ _ _
(2.3.40) 5Re{(mgcplT(pz + Og95 7%, ) — (9, 04(T5,) + chDg(Tcpl))} =0

over R(t1,72).

Remark. Note that, in the case when ¢, and ¢, solve equation (2.0.1)) and at least one
of them is supported away from H*, the expression (2.3.38) is the inner product of ¢, ¢,

associated to the IET JMT(-)n“L “norm”, in view of (2.3.34]). Thus, (2.3.39)) is a consequence

of the conservation of the T-energy flux.

For any t > 0, the T-energy identity for ¢ in the region R(0,t) combined with ([2.3.33])
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yields:

(2.3.41) /Z Jy (d)n +/H+OR(O T) Jy (P)nf. = -1.

Since T is causal on M\&, we can bound for any t >0 and any & > 0:

(2.3.42) /Z y Jy (d)n +/ Jy (P)nk. > 0.

H*AR(0,7)

Therefore, (2.3.41]) and (2.3.42)) imply that for any 1> 0, 5 > 0:
(2.3.43) / Jy (P)n* < -1.
Erﬁéag

Since the functions ¢ satisfy (2.3.20]), from (2.3.43) we obtain for any & > 0, any 1 > -7y,

and any n € N:

(2.3.44) / Iy (. It < -1
Zrﬂgg)

Let y : M\H™ — [0,1] be a smooth function of compact support such that y =1 on
R(-1,2) n &, for some 0 <8y < 1 and supp(y) NH* = @. Applying the identity (2.3.34) for
the function y¢_ , and using the fact that {_ solves (2.0.1), we obtain for any n € N and

any 0 <tp<1:

(2.3.45)
L CL e ) as= [ [ Refnteb JT0ch,) = e s (T3, ) o) ds-

70 - -
_/0 (/z RG{XLI)W(QV“XVM)M + (Dgx)q)Tn}g(n,T) dgg) ds.
In view of (2.3.44) and the fact that y =1 on R(-1,2) n &, (2.3.45) yields:

(2.3.46) /0 N /E Rl T = ns (T, ) o) ds
1

<-t+C ), (VTP I3, + 1 T70, ) dg.
3=0 supp(x)\ &5,
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Let us examine the properties of (2.3.46)) as n - +oo.

1. In view of (2.3.24)) and the fact that supp(y) is compact, the right hand side of (2.3.46))

converges to —tg as n — +oo.

2. For any compact subset K ¢ M\H* and any pair of sequences (¢(1, 0(?)),,ay € L2(K)
L?(K) such that sup,, ||(P£})||L2(IC) < +00, V) —» M) weakly in L2(K) and (2 — (%)
strongly in L?(KC), one readily obtains that

(2.3.47) m{&ﬁ@?@=4¢”ﬁﬁg

n—+oo

Therefore, (2.3.18)), (2.3.23)) and ([2.3.24) imply that:

(2.3.48)

lim Om ( /2 e, e, T, b, ms(T,)) dgs) ds =

n—>+oo

TO ~ ~ ~ ~
/ ( / Re{n{T) - Pns(T})} dgg) ds.
0 Esﬂé%o
Thus, taking the limit n — +o0 in (2.3.48]), we obtain for any 0 < tg < 1:
TO ~ ~ ~ ~
(2.3.49) / ( / Re{nJT) - dns(T))} dgg) ds < —T1o.
0 Esﬁé%o

According to Lemma § belongs to HE (M\H™) and vanishes outside &.., and,

thus, Assumption Al implies that

(2.3.50) $=0onU.

Since (¢, T))|s is compactly supported in & N X and U is open, in view of the finite speed
of propagation property of equation (2.0.1)), there exists some 0 < 79 < 1 (depending on the

support of ¢ on ¥ ni), such that for all 0 < T < 1:
(2.3.51) (4, T9) =(0,0) on X:\U.
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In view of the fact that U is translation invariant, (2.3.38)), (2.3.50)) and (2.3.51f) imply that

for any T e R:

0 B
(2.3.52) / (0, Fr), . di=0

O b
(the expression ([2.3.52) is well defined, in view of (2.3.21))), where
(2.3.53) Frh(t,x) = Pt + T, ).

In view of Assumption G3, we have &.,; N H* = @. Thus, since (I) vanishes outside &,..¢, we
have QT) =0 on H*. This fact, combined with (2.3.52)) and the identity (2.3.39) (applied to
a sequence of smooth approximations of LT) in the norm defined by (12.3.21))) yields for any

s,teR:

(2.3.54) /:HO (b, 7)< di=0.

In view of the definitions ([2.3.20]) and (2.3.53)), the identity (2.3.54) for s = 1, and 1= -s

yields:

(2.3.55) /OTO (bss @)z dT=0.

Thus, since (L is supported in &, and R(0,1) N &yt is compact, (2.3.23) implies, after
letting n — +o0 in (2.3.55)):

(2.3.56) /OTO (9, (L)Tﬁ di=0
or, in view of :
(2.3.57) /0 (/2 Re{ndTd - dngs(T})} dgs, ) ds = 0.

The contradiction now follows after comparing (2.3.57) with (2.3.49) (using also the fact
that (I) is supported in &;¢). Thus, the proof of Theorem is complete. O
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2.4 Frequency decomposition

As we remarked in Section Sections will be devoted to the development of the
technical machinery required for the proof of Proposition In particular, in this section,
we will assume that we are given a smooth function ¢ : M — C solving the wave equation
on D(X) (i.e. the domain of dependence of ¥) with compactly supported initial data

on Y, such that

(2.4.1) ElY] = sup/ TN ()n* < +o00.

>0

We will also introduce the frequency parameters w; > 1 and 0 < wg < 1, and we will
decompose the function ¢ into components with localised frequency support (associated to
the t variable). We will always identify M\H~ with Rx¥ under the flow of T as explained in
Section2.2.3l The constructions in this section will be similar to the associated constructions

in Section 4 of [107].

2.4.1 Weighted energy estimates for ¢

Before proceeding to cut off ¢ in the frequency space, we will first derive a few bounds for
some suitable weighted energies of ¢.

In view of the finite speed of propagation for solutions to and the fact that
(b, TY)|s, is compactly supported, we infer that (), 7¢)[s. is also compactly supported

for any t > 0. The following lemma is a straightforward application of the finite speed of

propagation property of equation (2.0.1)):

Lemma 2.5. For any a >0, any R> 1 (so that T is timelike in {r > R}), any t1 >0 and
any teR:

(2.4.2)

/EmD(Eqm{rzR}) (log(r))aj,:f(éb)ny < Ca( log(2 ’ |t_ ‘C1|))a+1 /Erm{rzR} (log(r))“JZ“(¢)ny
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and

(2.4.3) r“JE(lp)n” < Ca(l +]T— 1:1|)a /2 raJZ:(lP)n“,

/erm(xrl n{r>R}) o N{r>R}

where D(Xy, n{r > R}) c {r > R} is the domain of dependence of Xz n{r > R} and Cy >0

depends only on a and the geometry of (M,g).

Proof. Let us define for any k > 1 the sets

(2.4.4) A= 2" <r <28y e M,
and let us set

(2.4.5) Ag ={r<1}.

Then, in view of the asymptotics (2.1.1) of g in each connected component of the asymp-
totically flat region Z,s, there exists a constant C' > 0 depending on the geometry of (M, g)

such that for any t; >0, te R and any k € N:

k+logs (Jt-T1|+1)+C
(2.4.6) )3 m(JJr(AkaT)uJ_(AkaT)) c U A, 0¥,
n=max{0,k-logy (|t—11|+1)-C}

Applying for any k € N the conservation of the T-energy flux in the spacetime region
J (ApnX)nD* (X, n{r > R}), in the case T > 11, or the region J*(AxnX)nD™ (X, n{r >
R})H in the case 1 < 11, we readily obtain in view of (2.4.6])(using also the fact that T is

timelike for r > R):

k+logs (Jt-T1|+1)+C

(2.4.7) / JT()nt < / T ()t
ApnEnD(E n{r2R}) n=max{0,k-log, (|x—71|+1)-C} Y AnnZx; n{r>R})

"Here, D*(B) is the future domain of dependence of the set B ¢ M, while D™ (B) is the past domain of
dependence
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Multiplying (2.4.7) with £ and summing over k € N, we obtain:

(2.4.8)

ke / T (@)
k=0 Apn3<nD (L n{r2R})
00 k+logs (Jt-T1|+1)+C T
<y (K i ()n*) <

k=0 n=max{0,k-log, (Jt-71]+1)-C'} ‘/An"‘zrl n{r>R})

oo k+logs (Jt-T1|+1)+C T
<cx(C M IHOIOE
k=0 j=k AN n{r=R})
SCaZ((k:+log2(|'c—11|+1)+C’)“+1/ JuT(q))n“)
k=0 ApnZ<; n{rzR})

Inequality ([2.4.2) follows readily from (2.4.8)). Inequality (2.4.3) follows in the same way,
after multiplying (2.4.7) with 28 and summing over k € N. O

In view of (2.4.1)) and the conservation of the T-energy flux in the region {t_ > 0}n{t < 0},

we can bound:

N
(2.4.9) Ségug/zm{mo} Ju (P)n* < €[]

(note that ¥ n{t- >0} = ¥; when t > 0). Furthermore, in view of (2.4.2) for t; =0 and the

Hardy inequality (2.2.13]), we can estimate:

(2.4.10) Srlslop (( log(2 + \T|))_3 /Erm{t_>0}(1 + 7’)_2‘4)’2) < C/ZO (log(Q + r))gjdv(q))nu-

2.4.2 Frequency cut-off

Let us fix a constant Ry > 1 large in terms of the geometry of (M, g), as well as a smooth
cut-off function y, : [0,+00) — [0,1] satisfying y,(r) = 0 for » < Ry and y,(r) = 1 for

r> Ry +1. As in Section 4 of [107], we will define the following distorted time function on

M\H™:

(2.4.11) . %Xl('r)(r "Ry
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Note that {t =0} c J*({t- =0}).
We will also fix another smooth cut-off function y, : R - [0,1], satisfying y, = 0 on
(—00,0] and ¥, =1 on [1,+00), and we will define the function ¢, : M\H™ — C as

X2(t—)'q)7 t- 20,

(2.4.12) }, =
0, t_<0
Since ¢ solves (2.0.1]), ¢, solves
(2.4.13) O, = F,
where
(2.4.14) F = 20%,(t-) - b+ Oy () -

is supported in {0 <t_ < 1}.
Noting that r 2 |t] on {t =t} n {0 <t <1} for t <0, combining (2.4.9) and (2.4.10) (in
each asymptotically flat end of ¥.) with the Hardy-type inequality (obtained after averaging

(2.2.13) over Ry, using also a Poincare-type inequality in the near region {r < 1}):

(2.4.15)
/ (1+1) 20,2
SA\D(Son{r=R})
<C (log(2+ 1)) Y ()"
SA\D(Son{r>2R})
e (1+ 1) log(r)|,
2.nD(Xon{R<r<2R})
2 _
< C(log(2 + 1)) / IV () + Clog(2 + 1)) (1+) 2,2,
. 2.nD(Son{r>R})
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we obtain in view of (2.4.12)):

@410)  sp [Nt s (2 (g 1) [ At

>0

esup (loz2+[))™" [ (1) "117) < Cauy [y

TeR

where

(2.4.17) Erog[0] = E[0] + / (log(2 + )" N ().

o

Remark. In dimensions d > 3, inequality (2.4.16]), as well as most of the estimates of this
section, holds without the logarithmic loss (since (2.4.10)) holds without a logarithmic loss

in this case).

We will now proceed to perform a cut-off procedure on ¢ in the frequency domain. Let

0 < wp < 1 be a (small) positive constant, and w, > wg a (large) positive constant, and let

us set

(2.4.18) n = [logy =¥
3%

and, for any integer 1 <k < n:

(2.4.19) o = 28 0.

Fixing a third smooth cut-off function y5 : R — [0, 1] satisfying x5 =1 on [-1,1] and 3 =0

on (—o0,-2]U[2,+00), we will define the following Schwartz functions on R:

+00
(2.4.20) Lo(t) = / e"lys(0p' ) do,
=
0.(t) = / elwt(xfs(o);l(o) - X3(o),i1w)) dw, for 1<k<n

Lo () = S 2,(0).
k=0
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Notice that the Fourier transform of ¢ is supported in {wy_1 < |o| < 2wy} (setting w_1 = 0),
while the frequency support of {_ is contained in {|o| < 4w, }. Furthermore, the following

Schwartz bounds hold for any integers m,m’ € N and 0 < k < n:

’ d m’
(2.4.21) sup ‘wgkm (1+ |wkt|m)(d—) 2,(H)] < Cny
teR t
and
, d\m'
(2.4.22) sup o™ (1 + st ()" L. (D] < O
teR dt +

Using ¢, <, , we will define, for 0 < k < n, the “frequency decomposed” components
Gprber,r U, * MA\H™ = C of & through the following relations (identifying M\H™ with
R x ¥ through the flow of T'):

(2.4.23) w(t) = [ G- s s

(2420 e )= [ T (6= )5
and
(2‘4'25) ('l)zm+ (tv ) = Ll)c(t, ) - q)s(m, (t7 )

Note that the integrals (2.4.23) and (2.4.24) do not necessarily converge pointwise for all
(t,x) e R x X, since the bound ([2.4.1)) does not suffice to exclude the pointwise exponential

growth of ¢ in the ¢ variable. Instead, in view of (2.4.16)), (2.4.21)) and (2.4.22)), the restric-

tions (p, Thp)[n., (Ve » Ther, s and (e, Ty, )|s. are only defined as finite energy

functions on X; for any t € R, satisfying the following bound for any a > 0 (derived from
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(2.4.16), (2.4.21)), (2.4.22) and Young’s inequality):

(2.4.26)

S.:;Op((l+w;2—a)—l/;(|Nq)k(T,;(})|2+|ngkl)k(‘t,$)|32)dgz)+

esup (1 02 el (log(2+ (D) [ (N (5.0 + [Vguth (), ) dos)
<0 %

wsup (1 05) ™ (log2+[:D) ™ (14 2 pe(m.0) dow) < Cubio 01,

>0

(2427)  sup / (N, (5. 2) + [Vnthey, (5, 2) 2 ) dgs+
i (12 (1og(2 + <))~ /E (INa, (5.2) + [Vostbeg, (7,25, ) do)+

+sup (( log(2+ <))~ /2(1 +7) g, (v,2) dQZ) < Calog[ ]

and

(24.28)  sup /E (N () + [Vouthog, (5. 2) 2, ) dgst

+STIS1(1]>(|T|_2(10g(2 + ITI))_ZL/Z (INGs,, (z.2)* + |ng¢zw+(fa$)|§z)d92)+
+sup ((log(2+ <)) ™ / (1+7) lsq,, (7,2) dgs) < Caiog [4].
TeR P

Defining, similarly Fj, Fx,, and Fs, in terms of F' as in ({2.4.23)—(2.4.25)) (replacing ¢,
with F'), in view of (2.4.13]) we obtain the following relations (for any 0 < k < n):

(2.4.29) Oy, = F,
(2430) ng)SOJ+ = Fgw+
and

(2.4.31) Oytbse, = Foo, -
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2.4.3 Bounds for the frequency-decomposed components

In this section, we will establish some useful estimates for the energy of ¢, b, , as
well as for the “error” terms Fj, Fx, , Fse, , in terms of Eoq[].

We start with an estimate for weighted spacetime norms of the terms Fy, Fc,,, , F, -

Lemma 2.6. We can bound for any 0<k<n, any q,¢' €N and any 0 < 71 < ©o:

(24.32) /| T S O (L ) (1 k) Byl
T1,T2

The same inequality also holds for Fe,, , Fs., in place of Fy, (with w, in place of wy).

Proof. In view of (2.4.14)) and the fact that
+00
(2.4.33) Fi(t,-) = / C(t - $)F(s, ) dt,

we can estimate (denoting with x the space variable in the splitting M\H™ =R x X)

T2 [ore] 2
(2.4.34) / Tq|Fk|2£C// rq‘/ Ck(t—s)F(s,x)ds’ dtdgy,
R(Tl,'rz) YJn —00
T2 1—%X1(7")(T—R1) 2
sC’(/rq/ / Ck(t—s)F(s,fL‘)dS| dtdgg).
b T1 —%Xl('r)(r—Rl)

From the Schwartz bound ([2.4.21)) for m = ¢’ +¢+5 and m’ = 0 (using also (2.4.14))), we can

estimate:

w2 l-3x(r)(r-R1) 2

(2.4.35) / rq/ / (. (t-5)F(s,x) ds| dtdgy, <
= w1 J=3x(r)(r-Ra)

T2
q
Squr/r /
> T1

/1—;xl<r>(r—R1> o

2
! F(Sv x) dS dtdgz <
Lx1(r)(r-Ra) (1 + ot — s|)7+a+5 ‘
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W
<qu/ / /Oo (1+®k‘k|)q+Q+5d)\)x

1=y, (1) (r-Ry)
X (/ Ok . |F(s,z)) ds) dtdgs, <
L () r-Ry) (L +opft = s[)aa

1=, (r)(r=Ry)
< | — |F(s $)|2 ds) dtdgs, <
Xl(T)(T—Rl) (1+®k|t_5|)q’+q+5 ’
< / / - d'c)x
(1 + gt + %Xl(r)(r — Ry)|)a'+a+5

1=5%1(r) (r=Ru)
X (/ |F(s,2)| ds) dgs. <
~3x1(r)(r=R1)

|+ o b () (R
< ,&,/(me‘*(/ : (¢, ) dt) dgs <
by

(1 + wpt)e L (1) (r=Ry)

1-5% (r)(r=R1)
/(1+(ok1") / (J§(¢)nu+|¢|2)dt) dgs <

3x1(r)(r=R1)

<C 1+<;>,c
97’ (1 + wktl)q

1+w,
C k / 1+t / JIN W) + (1 +7)2|0?)) de
e iervend BRSNS CAOLEICEURD)
(for the last inequality, we used the fact that ¢ ~r on {0 < ¢_ < 1}). Therefore, from ([2.4.34)),
(2.4.35)), (2.4.9) and ([2.4.10)), we readily obtain ([2.4.32)).

The estimate for F¢,, and F,,, follows in exactly the same way. O

<

We will also need the following qualitative decay statement near spacelike infinity for

the functions ¢y, ¢, and ¢, :

Lemma 2.7. For any qe N, any t>0 and any 0 <k <n:

R—+00

(24.36) fimsup (Rq /ZJ n{R<r<R+1} (JN(('b’f)ny + [ihyl )) e

The relation also holds for i, , s, in place of .

Proof. The proof of Lemma [2.7]is a straightforward consequence of the compact support of

(b, TY)|s and the Schwartz bounds (2.4.21)), (2.4.22).

Let Ro()) be sufficiently large, so that (¢, 7)|s is supported in {r < Ro(}) - 1}.
Then, in view of the finite speed of propagation property of equation (2.0.1]), there exists a

C > 0 (depending only on the geometry of (M, g), so that the function ¢ is supported in
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{r < Ro(}) + C|t|} ¢ M. Thus,

(2.4.37) b=0on {[t|>C7"(r-Ro())}.

Then, in view of (2.4.12)), (2.4.23), (2.4.21) and (2.4.37)), we can bound for any t > 0,

R>Rp(p)+Crand 0<k<n:

(2.4.38)

/ (2 o + 1)
Y.n{R<r<R+1}

=)V (s ) s

Iref

<C dgy, <

Yn{R<r<R+1} ]Z—E) ‘ /
+ 00 .
< c(/ € (s)lds) z / oz - )|V (s, )] dsdgy <
- En{R<r<R+1} ref

1 +o00o
WL . 2
<6 / / v] \ST degE <
qjg(:J Sn{R<r<R+1} J —o0 1+ (®k|T — 5|)q+4‘ (l) ( )‘g'ref
1 +00
<C / / v/ (s,7) dsdgg.
QJZO Sn{RsrsR+1} SO (R-Ro(¥)) 1+ (wklT sl)q+4’ Yooy,

In view of the bounds and ( m, inequality m yields:

(2.4.39)
/ (2 G + 1)
Y.n{R<r<R+1}
< Cquglog[q)] / /Jroo Ok 1 ( 10g(2 + |S|))3 dsdgy, <
Sn{Rer<R+1} JCO-1(R-Ro(y)) 1 + (&[T = 8[)4*
;' R?
< Cq : q+2 log[q)]

+ (0p(CH (R = Ro()) - 1))

Thus, (2.4.36) readily follows from ([2.4.39)).
The relation (2.4.36) for ¢, , ), in place of ¢, follows in exactly the same way, using

(12.4.22) in place of (2.4.21)). O

We will now proceed to obtain local in time estimates of the form
L2210 ? dt ~ w2 [ b, |* dt. Let us define the following Schwartz functions on R, similar

o ([2-4.20):
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(2.4.40) () = /+°° eiwtx3(%w61m) dw,

[ee)

+oo 1 B B
(1) = / ewt()(:;(gwklw) — X3(2wk11w)) dw, for 1 <k <n.

[ee]

Notice that, for any 0 < k <n (setting w_; = 0), XS(%@#@) ~ %320 ) =1 for all w e R

such that y;(0;'0) - x3(wpl @) # 0, and thus:

(2.4.41)

yXO>
B
Il
JND>
B
yXO>
ol

where ~ denotes the Fourier transform operator on R. Moreover, the following Schwartz

bound holds for any integers m, m’ e N and 0 < k < n:
-1-m’ m d\m'
(2.4.42) sup |oy, (1+wpt™) (=) ()| < Croe-
teR dt

The relation (2.4.41)), as well as the definition (2.4.20)), implies for any 0 < k < n the

following self reproducing formula for ¢, :

(2.4.43) Dot = /_m £ (t=5)- Uy (5,) ds.

where, again, the integral in the right hand side of (2.4.43)) converges with respect to the

fEt Jd\f(-)n“L norm (in view of (]2.4.26[), q2.4.42D and Young’s inequality).

For any 1 <k <n, we will also introduce the anti-derivatives of &;, defined as

~ +00 1 io 1 B B
(2.4.44) W)= [l (Geie) - 43 201h0)) do.
thus satisfying for any m € N the Schwartz bound

(2.4.45) sup (1 + oort|™)E, (1] < C,
te
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as well as the frequency-domain identity:

(2.4.46) 2, =&, - el

In view of , as well as the definition , we obtain for any 1 <k < n:
(2.4.47) bt = [ B9 T (o) ds

where the integral in the right hand side of ([2.4.47]) converges with respect to the fEt Jdv(-)n“
norm.

We can now establish the following lemma:

Lemma 2.8. For any 1 < k < n, any 0 < v < t, any T-invariant L;,, function

x: M\H™ = [0,+00), any R >0 and any 0 <a <1, we can bound

(2.4.48)

ot [ ML = Cudh (14 677%) sup x-Eiog[4] < N
R(z1,t2)n{r<R}

{r<R} /72(1:1,1:2)0{7"31%}

l-a 4
SCwi/ X|¢k|2+0aw%(1+wkl )(log(2+t2)) R? sup X - Eiogl ],
R(z1,72)n{r<R} {r<R}

and similarly for k=0:

(2.4.49)

/ Tl <
R(z1,t2)n{r<R}

g 4
Sng/ X|gbk|2+Cawg(1+co01 )(log(2+r2)) R? sup X Elog[P]-
R(z1,72)n{r<R} {r<R}

Remark: Notice that the constant multiplying the error term in the right hand side of
(2.4.48)) depends on R and T2, while this is not the case in the left hand side.

Proof. For any 0 < k <n, from (2.4.43)) and (2.4.42)) (for m =5, m’ = 1) we can estimate for
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any t 2> 0:

2as) [ rheoPds- [ ) T h G-l dgs <

n{r<R}

+00 (’)Z )
<¢ r / ————,(s,x)ds| dgx <
Yn{r<R} « )‘ oo L |op(T— s)|5¢k( ) ‘ 9%

+00

SC(O2/ x / Lds x
b En{rsR}X( )( oo L+ |wg(t=9)p )
+0oo (J)k )
x(/ ————— b, (s, 2)| ds)dggg

o 1+ |op(z—9)P

+o00
Wi 2
< C’(oz/ / ———————y(2)|b.(s,2)|" dsdgs.
" Jsnir<ry J-oo 1+ |or(z- )P~ i
Thus, integrating (2.4.50|) over {t; <t < 12} we obtain:

(2.4.51)

Y| Ty <
R(t1,72)n{r<R}

12 +00
0(02/ / / OV (s 2) dsdgeds <
k 1 n{r<R} J-oo 1+|°3k(T—8)|5X( )M)k( )| 1))
Co (/Tz/ /WL ()|, (s l‘)|2d8dg doet
1 JEn{r<Rr} Jo 1+]@k(1_3)‘5x ACE >
T2 wk )
" T+lon(<—ap XL s,x)|" dsdgsdt) <
/u /En{r<R} /R\[H,TQ] 1+|®k(T—S)|5X( )y (s, 2)] 5 )
+00
<o} / % / ),
( oo 1t AP ) R(Thm)ﬂ{rgR}XWM
T1 T2 Q)k )

" T - ap dx(@ s,x)|” dsdgs+
/Zm{rsR} /_oo(/Tl 1+|wk(1_s)|s )X( )M)k( )| g%
+/ /+°°(/12 Lg,dt)x(im%(sw)l?dsdgg) <

ZO{TSR} T2 T 1+|(,0k(‘[—8)|

< CC‘)’%(/ X|q)k|2+
R(z1,72)n{r<R}

1
+supy - / / N
et Sn{r<R} JR\[x1,%] 1 + (0 min{|ti — [, |t — s[}

IN

IA
TN

)i |, (s, 2) [ dsdgg).
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From (|2.4.26)) we can readily estimate for any 0 < a < 1:

(2.4.52)
1 2
s,x)|"dsdgs, <
/E”{TSR} /1‘@\[11712] 1+ (‘Dk min{|r1 - S|, |T2 - S|})4 M)k( )| gz
1 4
S CaR2 / 10 2+ s dS 1_'_(0—(1 go S
( R\[z1,%2] 1+(¢0kmin{|'f1—8|,|‘52—s|})4( 5((2+15) " ds)(1+ 0oy 4]

< CuRA(1+ 0572 (1og(2 + 2) ) Eing[0].

Thus, from (2.4.51)) and (2.4.52)) we readily infer the right “half” of inequality (2.4.48)), as

well as inequality ([2.4.49)).
In order to establish the left “half” of inequality (2.4.48)), we will work similarly, using

formula (2.4.47)) in place of (2.4.43)). In particular, from (2.4.47) and (2.4.45) (for m = 5)

we obtain for any t>0 and any 1 <k <n:

+o00 _ 2
X(a:)|/ E(t=9)T.(s,2) ds| dgs, <
EH{TSR} —oo

(24.53) / X(@)\y (v, ) dgs: = /
Sn{r<R}

<C (x)\/m Ty (s,2)ds| dos <

- Em{rsR}X PSS 1+|wk(‘t—s)|5 A gs s

+00
SCO)_Z/ T / Lds X
F Em{rsR}X( )( —oo L+|op(t=9)P )

y (/+°° L(S)MT(%(S,:E)F ds) dgs <

. 1+|0)k(‘t—

+00
SC(,()_2/ / Yk )T, (s, 2 ZdeQZ-
" Jsarery oo 1+ |wk(1_s)|5X( Ty (s, )]
Integrating (2.4.53)) over {71 <t <72}, we obtain:

(2.4.54)

/ il <
R(x1,t2)n{r<R}

T2 +0o0
SCQ)_Z/ / / S —t s,z)|* dsdgsdt <
" Jsapreny Joso 1+|‘°k(T_5)|5X( IT(s,2) .
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T2 T2
SC(»_2/ / / Ok 2)|T, (s, )| dsdgsdt+
P fooem . To oty KT (s, )P dsdgy
T s dsdgss) <
w1 JEn{r<R} JR\[11,72] 1+|(1)]€('E—S)|5 kA% h
+00
< Cop? / de/ T, 2+
‘ (( -0 1+|(*)k?>\|5 ) R(Tl,‘EQ)ﬁ{TSR}X| q)k’
[ s a0 dsdgs
Sn{r<R} J-co Juy LH|op(T—s)P R
+/ /M(/m O ey ()T (s, ) dsdgs ) <
Sn{r<Rr} J n 1+|op(t-s)p B -

<co?( [ Al
R(Tl ,TQ)O{T‘SR}

1
+sup / / -
< Sn{r<r} JR\[x1,72] 1 + (0 min{|ty - 5|, |t2 - s[})

1T (s, )2 dsdgg).
From ([2.4.26) we can estimate:

(2.4.55)
Lo | :
Sn{r<r} JR\[x1,%2] 1 + (0 min{|ty - 5], |12 - s[})4

oy / (1+max{0, -s})?(log(2 + max{0, ~s}))"
TV R 1+ (epmindlu - ) - s}

T, (s, x)|2 dsdgs, <

ds) (1+ 0" Eiog 1] <

<Co(1+ 05" 72") g [U].

Thus, the left “half” of inequality ([2.4.48]) follows from ([2.4.54)) and ([2.4.55]). O

We will also need the following estimate in the case when ¢ is of the form T'¢, where ¢

is a smooth solution to the wave equation on D(X):

Lemma 2.9. Let i be of the form
(2.4.56) p="Tg,

where ¢ : D(X) - C is a smooth function solving with compactly supported initial

data on X, such that E[ @] < +o0. Then, for any 0< 71 < 79, any 0<a <1 and any R >0 we
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can bound:

(2.4.57)

(Y @IV ) < Cof [ CHONTIR

/R(rl,'cz)ﬂ{rsR} R(z1,m2)n{r<R}

e 4 _
+Ca(cog(1+w01 )RQ(log(2+|‘c2|) +(1+ wot1) 1R2)Elog[(p].

Proof. The bounds , ) for ¢ in place of ¢ (combined with the Hardy-type in-
equalities ([2.2.13]) and (2.4.15)) imply that

(2.4.58) sup /E - JN(cp)n“+sT1€1£((log(2+]t|))4 / (1+7) I62) < Céunglp).

eR S.n{t_>0}

From ([2.4.56)), (2.4.12) and (2.4.23)) we calculate:

(2.4.59)

[ [ oras= [ 7| [y asf g -
En{r<R} J1; En{r<R} J1; -

2
- / / Tt sl _XI(T)(T - R1))dhp(s, ) ds| dtdgs =
Sn{r<R} J1 -

T2
\/ZO{T<R} /T1

noting that the integrating by parts in the last step of (2.4.59)) is possible in view of the

Schwartz bound (2.4.21)) on {; and ({2.4.58).
In view of (2.4.21]), the relation (2.4.59)) yields:

/_ " (Gt s+ a0 R)) (s, 2 ] dtdg

(2.4.60)
T2
/ / |¢0(s,x)|2dtdgz£
EH{T‘SR} T1

Lo .
Sn{r<R} Ju1

+|/_oo mﬁ(s%§X1(T)(T—R1))-cp(s,x)ds| )dtdgz <

"30
—o0 1+ |0)0(t

Tront o2 () = R) (s, ) ds| +
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<C( / h % ds)x
coo L |wo(t-s)P
x {w% /ZH{TSR} /12 /_;m(r . 1+|@;E+s)|3|@(5’$)|2 dsdtdgs+
~1 () (r=R1)
/Eﬂ{r<R} /n /1X1:)(r le Hkogjzﬁ’@(s’x)‘zdt‘fdtdgz}é
{wg /Zﬂ{r<R} /11,12 Ly (1) (= Ry) +o0) (/: mdt)l@(s,x)rz dsdgs+
+ 0 /EO{TSR} /éhm(rRl)m)\[nm](/:“M;Eﬁdt)@(s’x)ﬁ dsdgs+

o /1‘“(”” T e ) ete s
— = dt S, T sdgy, t <
Sn{r<R} J-1y (") (r-Ry) o L+wo(t-s)P ?

C’{wg/ / lo(s,z)|* dsdgs +
EO{TSR} T1
1

rol / / , ' —x
Sn{r<R} [~ 3, (1) (r—R1),+oo)\[x1,72] 1+ min{|wo(t1 = 8)[2, [wo (w2 - 5)[*}

x |cp(s,ac)|2 dsdgs,+

/ /PXl(TW N : (s, )|
s,x)|" dsdgs .
Sn{r<R} J-Ly (n-R1) L+ [eo(T1 = 8))? ?

From ([2.4.58)), we can estimate for any 0 < a < 1:

1
2461 W / /
O Jsntrery -2 (1) (rRu) oo\ [ .72 1+ minf[eo(t1 = $)[2, oo (72 eI

x |(p(3,x)| dsdgy, <

g 4
< Cacog(l + cool )RQ( log(2 + |12|) Elogl®]

and

2.4.62 S, x sdgs, <
Sn{r<R} J-Ly (n(r-Ry) L+ ]eo(T1 =) v

< Co(1+ 05" ™) (1 +wot1) ' R%E0y 0]
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Thus, from (2.4.60) we obtain for any 0 < a < 1:

T T
(2.4.63) / / |L])0(s,x)|2 dtdgy, < C’w%/ / |<p(5,3:)|2 dsdgs,+
ZH{TSR} T1 EH{TSR} T1

+ Ca(o)g(log@ + |12])4 +(1+ (;)011)71)(1 + wglfa)RQSZOg[q)].

Repeating the same procedure with T}, and Vg 1, in place of ¢, we similarly obtain:

T2 T2
(2.4.64) / / T, (s, 2)* dedgs < C(o%/ / ITo(s, z)* dsdgs+
EO{TSR} T1 Zﬁ{TﬁR} T1

+ C’a(mg( log(2 + |12|)4 +(1+ morl)_l)(l + 05 ) R2E g 0]

and

T2 T2
(2.4.65) / / Vg (5,2)2, dedgs < Co / / Vg 95, 2) 2, dsdgs+
EO{TSR} T1 ZO{TSR} T1

+ C’a(o)g( log(2 + |12|)4 +(1+ 600‘51)_1)(1 + ®61_G)R2510g[q)]~

Inequality (2.4.57) readily follows after adding (2.4.63)), (2.4.64) and (2.4.65)). O

We will finally establish the following bound for the energy of the high frequency part

Yz, Of

Lemma 2.10. For any t>0 and any m € N such that

(2.4.66) S E[TI] < +oo,
7=0

m

there exists a constant Cp, >0 depending only on m such that:

(2.4.67) /{ s ;’; (Jio ELTIY] + E1g[01).

Proof. We can assume without loss of generality that m > 1, since the m = 0 case is a direct
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consequence of (2.4.28). Let us introduce the function &  : R\{0} - C by the formula

(2.4.68) g, ()= / :(m;lw)—mewtu —y(07w)) do.

Note that, when m = 1, the right hand side of (2.4.68)) diverges when ¢ = 0. In view of the
bound

(2.4.69)

—€
m

|/+oo 1 i)‘ydy|g C(|log(M)|+1), m=1
1Y

C, m>1,

as well as the relation

(2.4.70) (1) =i / - ei”t%((iw)_m(l y(07'w))) do =
= () —iort [ o) (07 0)) do,

from ([2.4.68) we infer that for any integer ¢ € N and any ¢ # 0:

) [log(jws )] + 1
2.4.71 ) <C —_—
( ) ‘Em( )| S Cgm®+ |o>+t|‘1 +1
Defining the tempered distribution
(2472) C2w+ = 8D - Zgw+7

where 8p is Dirac’s delta function and C_,, is defined by (2.4.20), the Fourier transforms

of ém and CZM satisfy the relation:
(2.4.73) Lo, = 078 - (1)L,

yielding the following relation for ¢, in physical space:

+00

(2.4.74) oo () =07 [ (T (51 ds,
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where, again, the integral in the right hand side of (2.4.74]) converges in the fEt JJLV(-)n‘JL

norma.

From (2.4.74)) and (2.4.71) we can estimate for any 1 € R:

(2.4.75)
/Z (Ttsey, (2. 2) 2 + [Vgnthse, (.22, ) dgs =

:w12m/(‘/+°°ém(T_S)Tm+lq)2®+(5,x)d5‘2+
by —00
/ Em(t—s)vngmq)Zw (s,x) ds2 )dgg <
S0m®;2m{/ (|/_H)oo\)_{_“Og('(’)*—(‘t S)|)|+1 m+lq)>w (8 x)d8|
by —00

lws(T—8)[*+1

+o00
| log (| (= s)])|+1 m 2
+ ’/ Wy oo (r— )+ 1 Vg T q)ZM(s,a:) ds|gz)dgg} <

+ 00 _
<Cpon( [ o loEllo-G oD g,

los(t—s)[*+1

// +]10g (- S)D|+1(|Tm+1¢2w+(s,a:)|2+

lws(T-8)[*+1

+

+ |V92Tm¢2w+(8;$)|§2) dsdgg) <
+00 1 _ 1
SC’mw;Qm(/ / 0)+| Og(|(*)+(.c 8)|)| + (|Tm+1q)2m+(s’$)|2+
¥ J—o0

oy (t—8)*+1

+ Vg T sy, (5,2)[5,) dsdgs ).

In view of (2.4.25)) and the Schwartz bounds (|2.4.22)), we readily obtain that for any t € R:

/E (T, (1) + [V T, ()2, ) dgs <

(2.4.76) oo o
+ m+1 2 m 2

SC/_OO m(/EUT bo(8, )" + Vg T ¢c(87x)|gz)d92)d8'

In view of the definition (2.4.12)) of ¢, (2.4.76) yields

/ (|Tm+1q)2w+ (v,z)]* + Ve T s, (7, x)|32) dgs. <
w . .
(2.4.77) <C’Z + {/E . 0}(|Tj+lq)(8’l,)|2+|ngTJ¢(ij)|32)dgz+
n{t_>

o (1+wi]t—s])?
+/ |q)(s,:13)|2 dgg}ds.
n{0<t_<1}
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Thus, (2.4.75), (2.4.77), (2.4.10), and (2.4.66) (combined with the conservation of the

T-energy flux in the region {t_ >0} n {t <0}) imply:

(2.4.78)

ST (5007 9, 520 s

< meJ—er(/ * ™ | 10|g(§£°2;(j;)|i)_|2|1+ 1 (1+ |5|2)(10g(2 + |S|))4 ds)x

(R EIT 41+ Eug ).

from which (2.4.67)) readily follows. O

2.5 A Carleman-type estimate outside the extended ergore-
gion

In this section, we will establish the following estimate for solutions ¢ to the inhomogeneous

wave equation
(2.5.1) Oy =G

on (M,g):
Proposition 2.2. For any s, R > 1 sufficiently large in terms of the geometry of (M, g) and

any 0 < ¢ < 1, there exists a smooth T-invariant function f: M\H™ — (0,+0c0) satisfying

e2SWR 4 eZSwR, r<R,

(2.5.2) f=
Co( 5 - Hlog(R)) r2R,

where the functions wr,wg : {r < R} - R satisfy
1. wr =wg on {r< %ro} U ezt U{T > %Rg},

2. supy,<py Wr — infcpy WR + SUpy<py W — inf(cpy WR < C’e{)lR‘%O for some absolute
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constant C>0,

3. inf Lo < RW\& wRZmanEwR+05R’3€O and inf L r<cRWE @RzmanﬁﬁjR+05R73eo
{370<r<R}\&25 {370<r<R}\&25

forany 0 <0« 1,
4' Z_;l:l (‘vij‘gref + ‘ijRLgref) S C’

so that the following statement holds: For any 0 < 6,69 < 1, any s,R > 1 satisfying
€0sR™2° > 1, any 0 < 7y < v and any smooth function ¢ : M\H~ — C solving with

compact support on the hypersurfaces {t = T} for any 1 < t< 2, we can estimate:

(2.5.3)

/R SNV G >ilnf}\ﬁf){sR_3€°|ng(p|§E—CgsR‘3EO|T(p|2+53R‘9€0|¢|2}dg+
T1,T2 )N\ Tt 5 \6s T27T05\6

+/ f sR_ggor‘%(‘argo‘Q+r‘2|6(,(p|2)+
R(71,72)n{Ro<r<3 R}

+ sR_gfofr_2|T<p|2 + eos?’R_gfor_4|(p|2} dg+

+/ f{r-i(\argof +17210,9)+
R(rl,rg)n{%RSTsR}

+ RarwR(cR72s|T(p|2 - C’R4s3|(p|2)} dg+

_5 2 _ 1 -
+/ f(R){r 2(|8Tgo‘ +7 2|(‘)(,(p|2)+r 2|T(p|2—C'R Ly 3|<p|2}dgé
R(‘L‘l,‘cg)ﬂ{TZR}
SCg/ f{sQR_6€°|Vgo|3Tef + 54R_126°|<p|2}dg+
R(‘L’l,fQ)ﬁé%
2 . .
+C| /R( )G(V“fvu(,_o+0(2(1+'r)]_2|VJf|gref)(_p)dg|+
71,72 =1

2 3 ) .
$C3 | (19l 908+ (Z 019 My, loF) dos
7=1 T J=1

The proof of Proposition will be given in Section It will be based on the
construction of a suitable multiplier for the inhomogeneous wave equation (2.5.1)), which will
be presented in Sections [2.5.2H2.5.3] as well as an intricate integration-by-parts procedure,

that will be performed in Section [2.5.4

90



Remark. In fact, Proposition [2.2] also holds in the case when & = @. We should also remark
that Proposition applies in the case when (M, g) has a T-invariant timelike boundary
component O M, with Oy M N Y compact and Oy M NH = &, and ¢ is assumed to
satisfy either Dirichlet or Neumann boundary conditions on 0y, M (see Section for
more details).

Furthermore, the proof of Proposition applies without any change after replacing

equation (2.5.1)) with
(2.5.4) Ogo - Vo =0G,

for any smooth and T-invariant function V' : M — R satisfying either 0,V <0 and V - 0 as
7 — +oo in the asymptotically flat region of (M, g), or sup ((1+7)2"|V]) < +oo for some
1> 0. In the later case, the constants in the analogue of can be chosen to depending
only on n and sup ((1 + r)2+”|V|). In view of the fact that the proof of Proposition
also applies for equation , the degeneracy of in the frequency regime {|o| < 1}
can not be fully removed without some additional argument depending on the fact that
V =0 in equation , or yielding an estimate depending qualitatively on V' (see also
the discussion in [126]). However, this degeneracy does not cause any problem in the proof
of Theorem 211

Finally, let us remark that the estimate can be readily used to show that any
smooth solution ¢ to equation on M of the form ¢ = e g _ with o € R\{0},
T(¢,) =0 and

(2.5.5) lim (I9o* +1ve,?) =0

o=+ Jir—gin{t=0)

vanishes identically on M\ &,

As a corollary of Proposition 2.2] given «w; > 1 and 0 < wo < 1, we will establish the
following estimate for the frequency localised components (), of any solution ¢ to the wave
equation on (M, g) satisfying the bound (see the relevant constructions in
Section [2.4)):
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Corollary 2.2. For any smooth solution ¥ to satisfying , any integer

1<k<n, any0<061,00,69< 1, any R1 >0, any 0 < 71 < 7o we can bound:

(2.5.6)
(I nt+ [, ?) <

S52/ (J,iv(¢k)”“+|¢k|2)+
'R(‘Ch‘tg)ﬂé%l

+05081R1(1+60;10)(10g(2+ _E2))4_eCEO;slmax{\wk|7\wk|’fO,—log82}5109[¢]’

/R( T1,72)N{r<R1 }\5251

where Ce,5,r, depends only on €, 061, Ry and the geometry of (M,g), while Ce,5, depends

only on €y, 5 and the geometry of (M,g).

The proof of Corollary will be presented in Section [2.5.8

Finally, let us sketch an additional application of Proposition [2.2] in the Riemannian
setting. Let (Ed,g), d > 3, be an asymptotically conic Riemannian manifold, with the
asymptotics described in [I26], and let us consider the unique solution u € L?(X) of the

inhomogeneous Helmholtz equation
(2.5.7) Agu+o*u-Vu=G

on (X, g) for a suitably decaying source term G : ¥ — C, with 0 < Im(w) < 1, Re(w) # 0
and a potential V' : ¥ — R satisfying either 0,V < 0 in the asymptotically conic region of
(3,9) and V - 0 as r - +oo (where r is the radial coordinate function in the asymptotically

conic region of ¥, extended to a positive function everywhere on X), or
(2.5.8) sup ((7“_2_” +lolr M|V < +oo.
b))

Then, applying Proposition on the product spacetime (R x ¥,g = —dt? + g) for the
function ¢ = e"*!y solving (in view of (2.5.7)))

(2.5.9) Oy - Vo =e G,
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and using the charge estimate

(2.5.10) Im(wQ)/E|u|2dg=/EIm(Gu)dg

(combined with elliptic estimates for (2.5.7)), as is done, for instance, in [126]) one readily
obtains the (quantitative in V') global Carleman-type estimates of [126], albeit with a worse
dependence on » as Re(w) — 0. Thus, the proof of Proposition yields a proof of the
Carleman-type estimates used in [126, [107] based entirely on the method of first order

multipliers.

Remark. A multiplier-based proof of a similar set of Carleman-type estimates for equation
(2.5.7) restricted, however, to the high frequency regime « > 1 was obtained previously in

[9].

2.5.1 Parameters and cut-off functions in the proof of Proposition

Let Ry > 1 be large in terms of the geometry of (M, g), such that {r > %Ro} c Zys (Ro will
be considered fixed and, thus, we will not use any special notation to denote the dependence
of constants on Rp). In addition to the parameters 8, g, s, R appearing in the statement of
Proposition we will introduce the parameters R > Ry and 0 < 8¢, 01,00 < 1. We will
assume without loss of generality that 0 < ¢y << 1. These additional parameters will be fixed
in the proof of Proposition

In the region {r > %Ro}, the vector field 0, will simply denote the associated coordinate
vector field in the (¢,7,0) coordinate chart in each connected component of this region.

Fixing a smooth function y, : R - [0,1] satisfying y,(z) =0 for z < 3 and y,(z) =1 for

x > 1, we will define the following smooth cut-off functions:

) r
(2.5.11) Xoro (1) = Xa( R0,
] R
(25.12) Ker() = 14(),
Remark. Note that y_p=1for r < R and y_p =0 for r > %R, while y,p =1 for r > Ry and

Ysr, =0 for r < %RO.
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2.5.2 Construction of the auxiliary functions wg, wgr

In this section, we will construct the pair of functions wg,wg : M\H~ — R appearing in the
statement of Proposition [2.2] depending on the parameters do,d1,€o, s, R. These functions
will be used extensively in the next sections.

First, we will establish the following lemma:

Lemma 2.11. There exists a smooth and T-invariant function w : M\H — R satisfying

the following properties:

1. The restriction W|y of w on X is a Morse function on X\&eyt, with no critical points
on 0&qt. Furthermore, none of the (at most finite) critical points {mj};?:l of w|y on

I\Eeat is a point of local mazimum of w|x.

2. In the region {0 <71 < %T’o}ﬂ w 15 a function of r and satisfies
(2.5.13) VHrY i > 0.

3. In the region {r > %Ro}, w 15 a function of r, and satisfies )

4. On (M\&upr UH)\(R x U;?:l{a:j}) we have

(2.5.14) VHOV 0 > 0.

5. For any 0 < 0 < 1, we have

(2.5.15) inf  w>maxw.
{TZ%’I’Q}\éég &p
Proof. The proof of Lemma will be based on ideas from [126), [107].
Let Ry > 1 be a fixed constant large in terms of the geometry of (M,g). For any

0<y <1 letwy:(Tn {%ro <1 < 1Ro})\&eat ~ R be the (unique) smooth solution of the

"Recall that {r < #70} N Y is a neighborhood of #* N X in X
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elliptic boundary value problem:

Agywy =Y on (X n{gro<r<iRo})\éeat,

w | =1R = 2a
(2.5.16) et
U_JY|T=%TO = 17

wY|8(£‘aezt = 1

Let us extend w, on the whole of {%ro <r< %Ro}\éaext c M\H™ by the requirement that
Twl|, = 0.

Since gy is smooth, w, depends smoothly on y (see [73]). In view of the fact that every
connected component of M\& intersecting H* also intersects Z,s (see Assumption G3),
when y = 0, the maximum principle and Hopf’s lemma (see [73]) imply that for any & > 0

(2.5.17) inf (V“TVMU_JQ), ir}f (V“rvuu_)o), ai@glf (nag(wo)),( inf wo—maxu_)g)>0

T‘:iRo T=§T0 ext {T‘Ziro}\é&a Obeat

(see Section for the definition of nges). Therefore, there exists a v, € (0,1) and a ¢y > 0,

such that:

(2.5.18) inf (V¥rvumy,), inf (Vrvudy,),  inf (nog(wy,)) > co>0

-1 =1
r= 1 RO r= 6’/‘0 co \Cext

and, for all 0 <3 <1 (and some fixed ¢; > 0):

(2.5.19) {rzihv}f}\é% Wy, = g}gj Wy, > 18> 0.

In view of[2.5.18 and (2.5.19), we can extend wy, as a T-invariant function on the whole
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of M\H™ in such a way, so that

1
2.5.20 inf VHrv,wy ) > —co > 0,
( ) T%TQST’S%TO}U{iROSTSRO}( " YO) 10 0
(2.5.21) inf  (V*rvuwy,) > c(d) >0,

{T)ﬁ'f‘Sé’rU}
1

2.5.22 inf Wy, > Max Wy, +—C10
( ) ol 0 & 020

for all 0 <8 « 1 (where ¢(8) is a positive function of & > 0) and, in addition, wy, is a

function of r in the region {r < £ro} u{r > $Ro}. Notice also that, since wy,|gs,,, = 1 and

noes(Wy,)|os.,, > co, we have

1
(2.5.23) (V¥ Vi, )| 2 Ecg.

With w,, constructed as above, we can thus readily choose w so that it satisfies the

following conditions:

L. w|s and wy | satisfy

_ _ I
(2.5.24) |y - wYO|E‘CQ(E) <100 min{vy,, co}.

2. w|y is a Morse function on an open neighborhood of (E n {%7’0 <r< iRO})\@@emt-
3. wly = Wy,|s in the region & u {r < %7’0} u{r> %Ro}-
4. Tw = 0.

Remark. Note that the compatibility of conditions [1| and [2] follows from the density of the

set of Morse functions on (E N {%ro <r< %lRo})\é”mt in C2((E N {%ro <r< %le})\é”wt).

In view of (2.5.16), (2.5.20), (2.5.21)) and ([2.5.24)), w satisfies

(2.5.25) Ay ls >0
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on {%ro <r< %RO}\é"em and

1
(2.5.26) inf (VHrvyw) > 50> 0,

%rogrgéro}u{rzil%o}

(2.5.27) inf  (V*rvuw) > ¢(3) > 0.

{SS’/‘S%T()}

Therefore, none of the critical points of w|y on X\&.,¢ is a point of local maximum. Fur-
thermore, Conditions andimply that wl|y is a Morse function on ¥\&,4. Since T'(w) =0
and T is strictly timelike on M\(&ep UH), in view of (2.5.23) and Condition [1| we have

(2.5.28) VoV, > 0 on (M\Eep UH)\ (R x U;?:l{:nj}),

where {xj}§:1 are the (at most finite) critical points of w|y on 3\&.¢, none of which lies

on .y (in view of (2.5.23) and Condition [I)). Finally, in view of (2.5.18), (2.5.22) and
(12.5.24)), inequality (2.5.15]) holds for all 0 <8 « 1. O

Lemma 2.12. For any 0 < 6y < 1 small in terms of the geometry of (M, g), there exists a
pair of smooth and T-invariant functions w,w : M\H™ - R, as well as a finite number of

points {xj}le, {z; };‘?:1 eXn{r< %Ro + 460 }\&ss,, such that the following statements hold:

1. Defining for any p> 0 the subsets

(2.5.29) Berit(p) =R x (W) By, (z5,p)),

(2530) ch‘t(P) =Rx ( Ué?:l Bgz‘('%ﬁp))

of M\H™, where By, (x;,p) c (X, gx) is the closed Riemannian ball of radius p centered

at xj, we have:

(2531) ch‘t(SO) c Bcrit(450)7
(2532) Bcrit(SO) c BCTit(450)7
(2.5.33) Berit(80) N Berit(80) = 2.
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. The functions w,w coincide outside Berit(4p):

(2.5.34) w=w on M\(Bcrit(450) UH).

. The functions w,w satisfy the following non-degeneracy conditions for some absolute

constant co >0 (independent of 6 ):

(2.5.35) inf VHV WV wV,w > o > 0,
{TZ%TO}\(geztUBcrit((SO))

(2.5.36) inf VIV DY BV, > co > 0.
{Tzéro}\(geztUBc'rit(go))
. For any T-invariant vector fields X, X on {r > %ro}\((g"wt U Berit(60)) such that

X(w) =0 and X () =0, the following one sided bounds hold:

VHV WV, wV,w
Gref (dw, dw)
VIO DY BV 1D
Grey (db, dd)

(2.5.37) vV, wX X > =6y Gref (X, X),

(2.5.38) VoV, X EXY >~ gres(X, X),

where greg s the reference Riemannian metric .

. The functions w,w satisfy

(2.5.39) max w< min 1w,
Bcrit(so) Bcrit(SO)

(2.5.40) _max W< min w.
Bcrit(so) ch't(BO)

. Forany 0< o6« 1:

(2.5.41) inf  w>maxw,
{7‘2%7‘0}\6’25 &5

(2.5.42) inf  @>maxw
{TZiTO}\lgjzs &s
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and

(2.5.43) inf  w> max w,
{7‘2%7’0}\(9693,5 {TS%TO}
2.5.44 inf W > max w
(
{TZ%TO}\é”eu {rsim}

Proof. Let w: M\H™ — R be as in the statement of Lemma and let {xj}g?:l be the
(at most finite) critical points of w|y in ¥\&.z. According to Lemma none of these

points lies on 0&,,; or on {r < %ro} u{r> %Ro} and, thus, provided 8y <« 1, we have
i 1 1
(2.5.45) {xj}jzl eXn {é’l”o <r< §R0}\£1650.

Let [ > 0 be large in terms of 8¢, and let us define the T-invariant function w : M\H™ - R

as
(2.5.46) w =€,

Then, the one sided bounds (2.5.35) and (2.5.37)) readily follow from the properties of w
(see Lemma , as well as the identities

(2.5.47) Vow = [(Vyw)e™
and
(2.5.48) VuVw = (2(Vu0) (Vo) + 1V, Vv )e'™,

provided [ is sufficiently large in terms of 8y. Inequality (2.5.41]) follows readily from (2.5.15)).
Since the points {x; };?:1 satisfy (2.5.45) and none of them is a point of local maximum

for wly, (see Lemma[2.11)), for any 0 < 8p < 1, there exists a diffecomorphism X : ¥ — ¥ such
that & = Id on 3\ U¥_, By, (2;,48) and for all 1< j <k

(2.5.49) 260 < diSth (.Ij, X(xj)) < 4607
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(2.5.50) X (Bys,(5,80)) = Bgy (X(25),80),

(2.5.51) X (Byy, (X(),80)) = Bgy (25,30),
and
(2.5.52) max

w < min w.
By, (%,50) Bgy, (X(z;),80)

Setting &; = X(x;) for j =1,...,k, provided 8 is sufficiently small in terms of the geometry
of (M, g), we have:

- 1
(2553) {27]'}?:1 eXn {7‘ < §R0 + 480}\(50850.

Extending X on the whole of M\H™ by the requirement that it commutes with the flow
of T, i.e.:

(2.5.54) LroX =XoLr,
and defining the function @w: M\H™ - R as

(2.5.55) wWEwo X,

we infer that, in view of (2.5.47)), (2.5.48) and the properties of X, the relations ,
and hold, provided [ is sufficiently large in terms of 8 and the precise choice
of X. Furthermore, in view of , inequalities and hold. Finally,
inequalities and follow trivially from and the fact that X = Id on
& for § < 49, while and follow from . O

Lemma 2.13. For any Rp > 1,0< 6y <1, 0< 86 <1, s> 1,0< ¢ <1 and R >
max{Ry, ;' }, there exists a pair of smooth and T-invariant function wg,wg : {r < R} c

M\H™ > R satisfying the following properties:
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1. In the region {r < Ry}:

(2.5.56) wg = R3%w
and
(2.5.57) Wwp = R3O,

where w,w are the functions from Lemma[2.13

2. In the region {Ry < r < R}, wg is a function of r and wr = wgr. The following
bounds are also satisfied for some constants depending only on Ry and &y (and the

precise choice of w):

(2.5.58) 0<cR™> <dwp < C,
(2.5.59) awa +7 1 9wp > cR30 + \r—%awa\ + ‘r‘%&anL
(2.5.60) 102w, |02wg|, |03wg| < C.

3. In the region {R° <r < 1R}:
(2.5.61) WR = WR = 01661(}%)60 +Co

for some constants Cy,Cy depending only on Ry, 6y (and the precise choice of wy).

4. In the region {1R <r < R}:
(2.5.62) szszvs(%)+C’3

for some constant Cs depending on Ry, 8,01 (and the precise choice of w), where

the function v : [%, 1] - R depends on s, €y, 8, 061 and satisfies (for some constants
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€505 Cs, > 0 depending on 6y, Ry and the precise choice of w):

dvg _
(2.5.63) dq; > ¢,
d?v, 1. dug
(2.5.64) |dw2 | < Csy(B15+067") ;
dPvg, d? Us d Vg
(2.5.65) [ bl b 2 < Ca !
and, for z e [3,1]:
(2.5.66) v(:v)—ilo (:L‘—glo (z))
> B P A S T R
Remark. Notice that we can bound on {R® <r < +R}
(2.5.67) OPwp +r 1 0wp > coeg R0 - 120 4 |7“_%0r2wR| + |r_%8TwR|,
(2.5.68) drwp > coR™Or1e0,
4 . .
(2.5.69) > | &lwp| < CoR™*0r®.
j=1

Proof. The construction of wg (and, similarly, wg) can be readily performed in view of the

following observations:

e In view of Condition [I| and the properties of the function w, for r = Ry we have:

(2.5.70) drwr(Ro) ~ry B,

(2.5.71) 8r2wR(R0),r‘18TwR(R0) ~Rg R_SEO,

while Condition [3| requires that, for r = R®0:

(2.5.72) &»’UJR(RSO) = C’1f572€()Jr€8 > &JUR(R()),
(2:5.73) Orwp(R) = Ci(eo — 1) R0
(2.5.74)

Pwr(R*) +r 'o,wr(R™) > ceo R0 + ‘f%&?wR(Rsoﬂ + |r7%8rwR(R5°)|.
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Therefore, we can readily construct the function 0,wg (as a function of r) on the
interval {Ry < r < R*} (and then integrate in order to obtain wg and the constant
Cy in ), so that f are satisfied. In particular, d,wgr can be
constructed as an increasing function of r (i.e. with 9?wg > 0) up to r = R* — 1, while
for r e [R® - 1, R*°], O,wp is constructed a smooth function of r extending

from {r > R**} under the requirement that it satisfies the one sided bound

(2.5.75) DPwpr(r) 2 —(1 +2)|0*wr(R™)|.

o Let ¥ : [%,1] — R be a smooth and strictly increasing function such that v(x) =
—(2-1)%2-10 for x € [%, %] and 0(z) = log (x—l% log(x)) for z € [2,1]. Then, provided
s > 1 and &; < 1, it canbe readily inferred that there exists a C° and piecewise

CS function ¥y : [3,1] — R, which is smooth on [%,1]\{%}, satisfying % > ﬁ.sCl,

4 &g

1|45 < 100157 and

-1,.e0 111
Ciey 2%+ Cy - Cs for z €[5, 551

Us(2) =1 -8, (z - 3)0— - ((x-1)?+10) for we[23 2)

Qisﬁ(x), for z € [%, 1]

for a suitable constant C's > 0 depending on C7, C. The function v, is then constructed

by mollifying ¥, around z = 2.

ot

2.5.3 The seed functions f, f, h and h

In this section, we will construct (using the auxiliary functions from the previous section)
the seed functions for the multipliers that will be used in the proof of Proposition

We will assume without loss of generality that 0 < 83,87 < 1, s > 1, 0 < gy <« 1 and
R > max{Ro,¢3'}. Let wg,wg: {r < R} - R be the functions from Lemma (associated

to the parameters s, R,¢€g,00,01). We define the smooth and T-invariant functions f, f:

103



M\H™ - (0, +00) as follows:

e2SWR, on {r <R}
(2.5.76) f=
3 (- f5los(§)), on {r>R},
and
~ 6251713’ on {’I" < R}
(2.5.77) i=

where Cy > 0 is chosen so that f and f are smooth at r = R (which is possible in view of

CES(%_%log(%))’ on {TzR}7

E5))

Let h: M\H~™ — R be a smooth and T-invariant function satisfying the following con-

ditions (provided 81,82 <« 1):

1. In the region {r < 3R}

VuVyvwrVYwrVYwr o 1 -3
2.5.78 h=- 5, SUR 4 -1r72)0f,
( ) A<yRo 501 Gref(dwpr, dwpg) ‘ Kero (=)0
where
) Ry
(25.79) Kerr = Xa(50):

. In the region {%R <1 <3, R}, h is a function of r, satisfying

(2.5.80) cf(R)r2 <h<min{(r~' —=r72)d,f, (1 - r2)82f)}
and
(2.5.81) ~0O,h < CRf(R)

for some absolute constants C, ¢ > 0.
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3. In the region {r >3;'R}:

(2.5.82) h= %aff.

Notice that h can indeed be defined as above on the interval {(1 +28,)R < r < 8;' R}

(provided 89 is smaller than an absolute constant), in view of the fact that

(2.5.83) min{d2f,r 0, f} = f(R)r 2,
(2.5.84) Ogh=(1+0(™))02h+ ((d-1)r "+ O(r™2))d,h
and
(2.5.85) iri-ﬂag fl<CR™f(R)
7=1

on that interval, while (r~! - r_%)f)rf < Of for R < r < %R (provided R > 1) and
L0, f > 02 f for r 285" R (provided g <« 1).
We also define A : M\H™ - R in the same way as h, but with wg and f in place of wg

and f, respectively.

2.5.4 The integration-by-parts scheme

In this section, we will establish a general identity obtained from equation and a
suitable first order multiplier, after successively integrating by parts over R(<1,72). This
identity will lie at the core of the proof of Proposition [2.2]

Let f, h be as in Section We introduce the following multiplier for equation (2.5.1])

(2.5.86) 2V f Ve + 0y f - 0.

Multiplying (2.4.29) with the complex conjugate of (2.5.86) and integrating by parts
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over R(t1,T2), we obtain:

(2.5.87)

1
/ Re{2V*V" {9,995 ~ 505 flol*} dg = - / Re{G(29"fVu+ ([0y£)9) } dg
R(<1,72) R(x1,72)

2 .
Y L SR
j=1 5
1 N
= Vo f VP eVup - §(Vv(Dgf))|<P|2)”sz }dgs.,
—/ Re{(QV“fV“@VVCP + (g f)pvyo
7—[+0R(T1,12)
1 N
= VoI V4 oVu = S (V@ ))lol e } dvolyy:-.

Let us split the left hand side of (2.5.87) as

v _ 1
/ RG{QV“V fvu(PVv(P - §D§f|@‘2} dg =
R(71,72)
UV — 1 2 2
(2.5.88) = X Re{29" V" FVu09.6 - S0 flof’ | dg+
R(<1,72) 2

; 1
+/ (1= Yer) Re{2V"V" £ 9,095 - STz flol* | dg.
R(<1,72) 2

Using the identity

_ - 1 11 _ _ 1.
(2:5.89) VupV6 = /7 Vu(F20)Vu(F260) = 5 (VufoVu@ + Vo foVue) = 11 Vuf Vo flol’
and integrating by parts in the V¢ terms, we have:

N _ 1
[ s SR ST
R(t1,72)
- v 1 1_ _ v
:/R( )XgRRe{Qf lguy fvu(f“{))vv(f“{))*‘(vv(f lgty FVuf)-
T1,T2

1, y 1
S AAN S §D§f)lq>l2}d9+
(2590) -1 v 2
St
R(71,72)

2 .
W [ e TS o, da,
j=1 -

J
+ / XSR : f_lvuvvaufkﬂzn};_ﬁ deZH+.
HHR(71,72)
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Thus, in view of (2.5.90)), the identity (2.5.88]) yields:
(2.5.91)
TRaY = 1 2 2
Re{2949" [ Vup¥sp = 505 flol*} dg =
R(1,72)
T ougy 1 1 v _
=/R( )R€{2X<Rf VETYFVL(F20) Vo (f26) + 2(1 - xe) VUV F V0V G | dg+
T1,T2
. 1 gy 1
+ /R( ) (Xsva(f Aviav fvuf) - EXng 2ty YA A §D§f)|<P|2 dg+
T1,T2
-loueV 2
[ (e SIS ol dg
R(t1,72)
2 .
S [ e TSI o, do,
j=1 <

J

+ / X<Rr® f_lvuVVfV“f|(p|2n;_ﬁ d'l)Ol’,Lﬁ.
HENR(71,72)

Adding to (2.5.91) the identity

(2.5.92)

-1 - 102 _
O:/R( )(_2X2R0X£Rr L l(arf)|8r(f2q>)| +2)5 po X<RT L0, ) 0,02+
T1,72

1 1 1
Sontenr IOV (0F) + Jromyrenr 200 1) 10l dg

(recall that O, is the coordinate vector field in the (¢, r, o) coordinate chart in each connected

component of the region {r > %RO}) and integrating by parts in the 9, (|¢|*) term, we obtain:

(2.5.93)

. 1
[ Re(2951vugvig- SCE ol g -
R(t1,72)

- /R( ) RG{QXSR(f_lvuvvau(f%(P)vv(f%@) - XzRO’f’_lf_l(8rf)‘3r(f%q))|2)+

+2(1 = Yeg) VUV S VuoVo + 2y et (r IO + ATl | dg+
2

+ -1y /E Xerd T VuVIVE floPn, dgs. +

J=1 j

+ / X<R"® f_lvuVVfV“f\CP|2an+ d’l)Ol’;.[+7
HOR(t1,72)
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where

ey 1 oy 1
(2.5.94) A 2y gV (VL S) = St VIV - SO
~ Yo roX<rOr (T THO ) = YsmoXerr ™ (00 f) div(D,)+
" §X2R0XSRT71f72(an)3 +Voxer  fIVV VL f-

- ar(XzROXsR)rilfil(arf)Q'

Thus, (2.5.87) and (2.5.93)) yield:

(2.5.95)

/R ( )Re{2st( FVE VU (F20)Vu(F25) = Yoy F (O DI0-(F2 )] )+

+2(1 = %) VIV f VOV G + 2X2R0XsRT_1 ((“)Tf)|(9rcpl2 + ‘A(R)MQ} dg =

/R< )Re{G(vauwmgf )3)} dg - BYV g3 71, w2,
T1,T2

B[ 71, 7] =2V / Re{(2V* f 9,5V + (O /) pVo = Vo f T4V,
rJ
. 1 v
+ (end " VuT SV = S(u(Daf))l6l )k, | dos. +
+/ Re{(w“fvuwvtw(Dgf)W@-vaV“CPVu@
'H*ﬂR(Tl,Tg)
. 1 v
+ (et VLTI = S(Tu(Ta )l )iy dvolie.

Finally, for h: M\H™ — R as in Section adding to (2.5.95)) the Lagrangean identity

/ (- 2nv*ev,5 + (Ogh)|o*) dg = / Re{G-2h%} dg+
R(t1,72) (71,72)

(2.5.97) +Z( 1)3/ Re{(2hV,9% ~ Vuhlgl*)nk_ }dgs, +

+ / Re{(2hVv9i — Vyh|o]*)nj } dvoly,
H+OR(T1712)
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we obtain:

(2.5.98)
“louov 1 1 1 p—1 12
N )Re{2x<Rf VAV FVL(20) T f26) = 2teron,m O[O (F2 )]+
T1,T2
+2(1 = p) V'V Va9V + QXZROXSRT_I(arf)Wr(PF_
_ R
- 2hVH eV, + A&,h)l@IQ} dg =

=- /R ( )Re{G(2V“fvucf)+(Dg f-20)3)}dg - B (9171, ),
T1,T2

where

R) . - v 1 _ v 1
(2.5.99) AL <O+ 5 gV (VY VL) = Sxerf PV VLSV f - SO f-

- XZROXSRﬁr(r_lf_l(&ff) - XZROXSRr_lf_l(8rf)2div(87)+

1 - - - v
S anoXer T O+ Voxen [TV VS

- ar(XzROXSR)T_lf_l(an)2

2 .
B [oi71,m] = ) (1) / Re{(29*Vuds + (Oyf = 2h)9V5 - Vo f V40V, 5+
) 1 ,
+ (tend VLTI + Tuh = (VO ))lel )k, | dgs. +
-/ Re{(29*£9,6V06 + (O, f - 2h)0V25 - Vo 07,5+
HJrﬁR(Tl,TQ)
] 1 .
+ (erd " VuTuS VAT + Dok = S (V(O))) ol s dvoliee.

In the next sections, we will esablish a number of estimates for the left hand side of

(2.5.98]) that will lead to the proof of Proposition

2.5.5 Estimates for the zeroth order term

In this section, we will establish some bounds for the coefficient ASI}Z) of the zeroth order
term appearing in the left hand side of (2.5.98)).
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In view of the choice of the funcions f,h in Section [2.5.3] we can readily calculate that

on {r <R} (where y = 1), the quantity A;}? in (2.5.99) has the form

(2.5.101) AYD = { A 35 + Awp 8% + Au 15 %,
where
VAWRVLWR
2.5.102 Appz=(4-Y.1p01 V'V wRrV, wrVywr+
( ) o ( Ks3 0 gref(dwR,dwR)) i

o r (1400 7))(Bwr)?,

(2.5.103) A2 =4V, V'V wrVywr - 4V, V' V*wgVywr-
—-4v*(Oywgr) Vywr — 2(DgwR)Q"‘
+ 4X2R0r_1(1 + O(r_% ))awaarwm

g 2(1+0(r7 7)) (9,wp)+

1
2+7 2-j
+ O(Bl)XS%RO Z ’v JrJ,u}Fz|gref|v ijlgref+
i=0

+ O(|VX§R0 |g7'ef + |VXS%RO |g7-ef)(|v2wR|37.ef + |va|§Tef)’

(2.5.104)
Appi1=- DgwR + 2X2R0r71(1 + O(rié))(‘);g’w +2(d- 3)X2R0r72(1 + O(rié))@?wR—

-2(d- 3)XZRO7’3(1 + O(r_%))BTwRJr

2 |V wply,, [V 2wl [V R wp|
f ref gref
+O(51)XS%RO' Z Vw2 +
Ji+j2+js=1 Rlg,.¢
V*WRV4WR

+2(0 Lopwg -5,(0 VA v
(OgXepy ) Orwr — 81 ( gXS%RO)V VwrVuwrV ngref(dwRadwR)

2 . .
+ O( Z(|VJXSR0 |g7“ef + |v]X§%R0 |gref))(|v2wR|gref + |va|gref)
Pt

(with the constants implicit in the O(-) notation depending only on the geometry of (M, g)).

Remark. Notice the cancellation of the O(s*) terms that were expected to apper in (2.5.101]).
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Bound on {r < Ry}

In view of (2.5.101)—(2.5.104)), the properties of the function wg (see Lemma [2.13)) and the

form (2.1.1]) of the metric g in the region r > 1 imply that in the region {r < Ry}:

(2.5.105) A = { Aug.my B8 + 05 (1) R0 + O, (1) 7505 e,
where
(2.5.106)

V*wVw
Aw 3R, = (4 ~ X<ip,d -

v -1 _1 3
! 1gT6f(dw7dw))v“V wvuwvvw+4X2ROr (1+O(r 2))(8rw) ,

w is the function from Lemma and the constants implicit in the Og, (1) notation depend

only on Ry, 0p.

Bounds on {Ry<r <R}

In the region {Ry < r < R}, the expressions (2.5.102)), (2.5.103|) and (2.5.104)) simplify as

follows, in view of (2.1.1]) and the fact that wg is a function of r for r > Ry:

(25.107)  Awys =4(1+0(r"2))0wr(9,wg)? + 4r~ (1+0(r %)) (drwr)?,
(25.108)  Awpo=-4(1+0(72))dwrdiwg - 2(1+O(r™2))(02wr)>+
+(4-8(d-1))r Y (1+0(r"2))0%wrdywa+
+ (4(d-2) - 2(d-1)*)r 2 (1+ 0(r 7)) (Drwr)?,
(25.109)  Awpr =—(1+0(2))0twr - 2(d = 1)r (1+0(72)) P wp-

-(d- 3)27*1(1 + 0(7’7%))8,2,103 +(d- 3)27’73(1 + O(rié ))8TwR.

Therefore, the properties of the function wg (see Lemma [2.13]) imply the following relations

for A}? on {Ry < r < R} (provided Rpis sufficiently large in terms of the geometry of
(M, 9)):
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1. In the region {Ry <r < R®}, (2.5.58)—(2.5.60|) yield:

(2.5.110) A;F}? > {CSOR_9€°53 - 05032 - 0508}62SWR

for some constants cz,, Cs, > 0 depending on 8¢, Ry.

2. In the region {R* <r < IR}, (2.5.67)(2.5.69) yield:

(2.5.111) A;}Z) > {CSOEOR_?’EO pd3e0 3 CSOR_ZSOT‘_4+2€0 §2 — Cso R_SOT_4+SOS}eQSwR-

3. In the region {1R <r < R}, (2.5.62)—(2.5.65) yield:
(2.5.112) AL > —CSOR_4{U;(%)$3 4?4 s,
where Cj, > 0 depends only on on 8¢, Ry.

Bound on {r > R}

In the region {R <7 <38;'R}, (2.5.76), (2.5.78) and (2.5.81)) yield:

(2.5.113) AL (r) 2 -CR™f(R)
for some absolute constant C' > 0, while for > 3;' R we have (provided 8y < 1):

(2.5.114) A;ﬁ) = —@7’1(1 + O(T—%))aff - wr—m + O(T—%))83f+

L (d-1)(d-3)

2
_ %(d— 1)r‘4f(R)((d—3)($) ; g NOCENE

> f(R)(%(d— (-8R (1+0( ) + o)

(1+0(72))o,f =

for some absolute constant ¢ > 0.
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2.5.6 Estimates for the first order terms

In this Section, we will establish various bounds for the quantity

Re{2)nf VY FOu(f20) T (f20) - 2temton,” £ (0 DIO(F20)] +
(2.5.115)

+ 2(1 - XgR)vuvvau(va(P + 2X2R0X3Rr_1(arf)|aT(P|2 - QhVu(PV“(P

appearing in the integral in left hand side of (2.5.98)). Thus, combined with the bounds of

Section [2.5.5| for the zeroth order term A;i)|cp|2 in left hand side of (2.5.98), the results of

this section will provide all the necessary estimates leading to the proof of Proposition
Let us denote with g~ the natural extension of the metric (2.1.1) on the cotangent

bundle T* M of M. Since we have identified M\H~ with R x ¥ under the flow of T, g*

splits naturally in any local coordinate chart (t,z',...,2%) on Rx X as
-1 _ 00 L o “1vij
(2.5.116) g =g TeT+ Eg (T®8xi+€)zi®T)+(g )281i®8wj,

where (¢g7!)y is a symmetric (2,0)-tensor on ¥. In view of Assumption G3, the expression
and the fact that ¢! is non-degenerate and has Lorentzian signature imply that
(¢ Y)s has Riemannian signature on ¥\(& uH*) and Lorentzian signature on ¥ nint(&),
while (¢7!)x degenerates on ¥ n (0& uH"). Using the tensor (¢~!)s, we can conveniently

bound for any ¢ € C1(M\H ™) (for some constant C' > 0 depending only on the geometry of
(M, 9)):

(2.5.117) VHpVup > (971) 20190, — C|V g5 9lgs | Tg| - CIT ),

where the indices ¢,j in the abstract index notation (g_l)gaicpaj@ run over the variables

{214, in any local coordinate chart on (M\H") of the form (¢,2!,...,29).
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Bound on &, U {r< ;llrg}

For any 0 < 71 < T2, we can readily bound from above on R(t1,72) N (& U {r < %7’0}) in

view of (2.5.76]) and (2.5.78):

(2.5.118)

- v 1 1
/ RG{QXng lguy fv“(fQ(‘P)vV(fQ(P)—
R(Tl,rg)m(@@eztu{,ﬂgiro})

-1 p— 1 2 v _
_2XSRX2ROT 1f 1(8rf)‘ar(f2cp)‘ + 2(1 - XSR)V“V fV“(PVV(P+
2 g tent” (OrD)0r0l 21949V + AG o} dg <

(R0 +1)|Vol? o+ (R0s" +1)|0]) dg.

<Gy, /
’ R(.cl’TQ)m(geztU{'f'Siro})

Bound on {}17’0 <r< %Ro}\gewt

In the region {iro <r< %Ro}, in view of (2.5.37) and (2.5.76), we can estimate (using a

Cauchy—Schwarz inequality):

(2.5.119)

B 1 1
Re{2f ' vV IV (f29) V0 (£26)} =
- ezsz{832‘V“wRVu(P‘2 +165° V' wpVywpRe{q - V'wr Vi) +
+ 884(V“wRVuU’R)2|<P|2 +4sVIV wRV, Vot

+8sV'VYwrV,wrRe{p - V\p} + 4S3V“VVwRVuwRvaR|<P|2} 2

>y
(Pgref

“vaRvuvava|

2swR 2| U 2 U 2 Vv
>e 85| V*wrV,0 + s“V*wrV, Wk - - Csd
{ [V RV RVuwwr-9) " gres(dwp, dwp)

+ 383V“VVwRVuwRvaR|CP|2}

for some absolute constant C' > 0. Thus, (2.5.119)), (2.5.78) and (2.5.117)) imply that we can

bound from below on the region R(t1,7t2) N {%ro <r< %Ro}\é"ezt:
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(2.5.120)
/ Re{2f VUV FVu(F29)Vo(£25) - 20749V, 5} dg >
R(71,72)n{$r0<r<3 Ro}\beat

>/ e25WR V*VYwrV,wrVywr
N R(Tl,'\fg)ﬁ{i?‘oSTS%Ro}\éaezt gref(dwR,dwR)

(csSl(g_l)izj&(pﬁj@+
3 2 2,
+cs gref(dva dwR)|CP| ) - CS( Z |v]wR|gref)|ng(‘P|gE|T(P|_
=1
2 )
- C’s( Z |V]wR|gmf)|T<p| dg
j=1

for some absolute constants ¢, C' > 0.

Bound on {3Ry <7< Ry}

In the region {r > %Ro}, the functions f,h depend only on r. In particular, we compute

in the (t,7,0) coordinate system in each connected component of the region {r > %Ro} for

any function ¢ € C1(M):

(2.5.121) VY FVubVh =((1+O(r )02 f + O(r2)0n f)|0nbP+

#1731+ 0(r))0, flO6dI® + O ()0, fITYI.
Therefore, ([2.5.76) and (2.5.78)) yield the following lower bound:

saz) [ Re{2y nf T £9,(FH0)Tu(F29)-
R(Tl,Tg)ﬂ{%ROSTSRO}

2 tome” L OS2+ 2(1 — Yg) VHV V0V

+2X2R0X5RT_1(87‘J£)|8T(P|2 - QhV“q)V“@} dg >
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2
eQSwR{(SZ(&nUIR)Q +0(1)s |ijR|gref)Q_QSwR‘ar(esz(P)FJr
=

>c

/R('cl,'rg)ﬂ{éRoSTSRo}
_3 _ _
+S(8T‘wR)(XZRO(T 2 +O(T 2)) +O(Bl)lvaLg,}ef|v2wR|gref)|aT(P|2+

T _
+ s(@TwR)(r_?’ + O(r‘4) + XZRO(T_Q —r 3) + 0(81)|VwR|grlef|V2wR|gTef)|8oq>|2+

_ _3 _
+5(0rwr) (Yapy (™ +O(r72)) + 0(51)|VWR|gfef|V2legr8f)|T<P|2} dg
for some ¢ > 0 depending on the geometry of (M, g).

Bound on {Ry <7< R}

In the region {Ry < r < R}, in view of (2.5.76), (2.5.78) and (2.5.121)), we can readily

estimate from below:

(2.5.123)
“louov 1 1 1 -1 12
Re{QXSRf VIV (F2 )V (f20) = 2xcrdsr,” ST (0 D)|0n(F2 )|+
R(x1,t2)n{Ro<r<R}
+2(1 = Yep) VHV" V9V + 2o her? (O )10l = 21049V, dg >
> c/ eQSwR{(s2(1 +O(r ")) (0,wR)?+
R(Tl,Tg)ﬂ{R()STSR}

+5(0%wpr + O(riZ)arwR))eﬁsz‘ar(eszﬁP)‘er
@)+ O )yl + s(@rwn) (rF + 0w+

+ cs(@TwR)(r_l + O(r_% ))|Tcp|2} dg

for some ¢ > 0 depending on the geometry of (M, g).
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Bound on {r > R}

In the region {r > R}, we can estimate in view of in view of (2.5.121)):

(2.5.124)

- v 1 1
/ Re{2ynf ' VIV FOL(F20) Vo (f29)-
R(Tl,Tg)ﬁ{TZR}

-1 - 1 2 v B
~ 2 pdory” T ODIOF2O)] + 2(1 - Y)YV VL0V
+ 2X2R0X5Rr_1(8rf)|ar@|2 - QhV“ch“(_P} dg >

{[en(200+ OGN f 2071 =172 + O( )0, f) £ 0n (F2 )+

>

/72(11,':2)0{7"21%}
+ (201 = (L + OG0B f + 00, f) = 2(1+ O(r))h)|0,0+
+ (271 00, f = 2007 + O(r®))h) 0]+
+(

2h+O(r2)0, f)|Tol*} dg.

2.5.7 Proof of Proposition

1. In view of (2.5.105)), (2.5.106)), (2.5.120) and Lemma we can bound:

(2.5.125)

— v 1 1 _
/ Re{stRf vty fvu(f“P)VV(fZ(P)_
R(‘El,Tg)ﬂ{iTQSTS%Ro}\fezt

RS 12 y _
- 2XgRXzR0T lf 1(8rf)|ar(f2q))‘ +2(1 - XgR)VuV JAYROAVNGES

= ~ R
+ s, Herr ™ (O )00 = 20049V, + ATl | dg >

> / e ey, R0 (g7 ) L0390,
R(Tl,rz)ﬁ{irog’r‘S%Ro}\(gextuBth (50))
- CSR_350|VQECP|92|T(P| - CSR_3€O|T(P|2+

+ (csO sSR9%0 _ Cs, s? R6%0 _ Cs, SR_3€0)|(P|2} dg-

- CSO / e2sz{3R_3€O‘VCP|§ref + SSR_QEO‘(PIZ} dg
R(t1,72)NBerit (30)

Repeating the same procedure for f in place of f, h in place of h and @g in place of

wpg (see Lemma [2.13)), from (the analogues of) (2.5.105)), (2.5.106)), (2.5.120) for wg
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in place of Wi we obtain:

(2.5.126)

~ v ~1 1 _
/ Re{stRf lyty IVu(f2e)Vy(f20)-
R(71,72)n{2ro<r<i Ro}\bewt

15 = 12 vE _
= enon,” T (O D]0-(F20)| +2(1 — 4 ) VEVY VW0 VG+
+ 20y er?” eIl - 21944V u5 + Aol | dg >

>

/ ) 6281613 680818}-{7380 (gfl)lzjal(loajqo_
R(x1,m2)n{ tro<r<d Ro\(GextUBerit (30) )
— OB g5 gl | Tp| - Cs R0 Tig P+

+ (050 s3R™%0 Cs, s?2R76%0 _ Cs, sR3%0 )\@]2} dg-

— CBO / ~ e2sz{SR73€o|v(P|§T€f + S3R79€0|(P|2} dg
R(TIJQ)nBcrit (50)

Adding (2.5.125)) and (2.5.126]) and using (2.5.39)) and (2.5.40)), we obtain provided s

is large in terms of dy:

(2.5.127)

_ v 1 1_
/ Re{2ycpf 'Y FOL(f29)Vu(£26)-
R(Tl772)n{iTOST§%R0}\(g)€mt

-1 - 1 2 v _
= 2erkon,” 1 (O N)[0-(20)]" + 201 = xp) VIV S VUGG
* 2 tenr” G PIOP ~ 2079V + AP} do 2
>

f- v i sl
/ Re{2y /' 9V IVu(79) Vo ([26) -
R(Tl712)m{iTOSTS%RO}\(§ea¢t

-1 7- 3 ;L2 vz B
=2 mYor,” T O D|O(f2) +2(1 = 4 p) VIV f VLV G+
+ okt O PO - 200V + Aol dg >

>

2 / (628’LUR + 6QS’LTJR) 305, SR—3€0 (g_l)gﬁlcpﬁj(p—
R(Tl712)ﬂ{iro§T§%Ro}\£’ezt
— CsR™0|V gy 04y |Tp| = CsR™%0|Tp*+

+ (05083}%_960 - CBOSQR_GSO - C’gosR—35°)|q)|2} dg.
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2. In view of (2.5.105)), (2.5.106)), (2.5.122) and Lemma we can estimate

(2.5.128)

_ N 1 1_
/ Re{2y S T4 PO 9) 0 (£50)-
R(Tl,Tg)ﬂ{%RQS’FéRo}

-1 p— 1 2 v _
= 2X<RX>R," 'f 1(&«]“)‘8,«(]02(?)‘ +2(1 =y g) VIV VL0V, G+
+ s Xert (Or)Orof ~ 20V oV + Aol dg >

>

_ _ _ 2
/ 628wR{(65082R GEU_CBDSR 350)6 ZSwR‘ar(esz(P)‘ 4
R(Tl,Tg)ﬂ{%RUﬁT’SRO}

+ R3¢0 (CSOXzRO (r_% +0(r ?)) - 05081)|3TCP|2+

n SR—SSO (CSO (,r_—?) " O(’r‘_4) + YRy (7’_% — 'r—3)) — C5061)|80(P|2_

~ Cyy s R0 Tg)* + (050 s* R — O, s* R™%0 - O, sR_3€°)|<p|2} dg.
Provided sR™3% is sufficiently large in terms of 8y, we can estimate

(2.5.129) (65032R76€°—C'503R73€0)efQSwR‘ar(eszcp)‘Q — C5,8158R™%|0,0 >

> c5,015R 7|0, = Cs,015° R™7%|gp]?

and thus (2.5.128)) yields:

(2.5.130)

_ v 1 1
/ Re{2xnf VIV FOu(F20) Vo (f29)-
R(Tl,TQ)ﬁ{%RoﬁT‘SRo}

-1 p- 1 2 v B
= 2erlory” £ OrDO(F2Q)| +2(1 = 4 p) VIV F VUGV
+ 2 poter (O IO - 207000, + AT g} dg >

>

/ eQSwR{CSO&SR_?’EO‘@T(pF + sR73%0 (0501"_% ~ C541) |00~
R(Tl,rg)ﬂ{%RoSTﬁRo}

- CBOSR_3€O|T({)|2 + ((050 - 05081)53}%_950 - 05052R_6E° - CaOSR_3€O)|(P|2} dg.
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3. In view of (2.5.110), (2.5.123) and Lemma we can bound:

- v 1 1_
/ R€{2ngf LY FVL(F2 )V (f25)-
R(t1,72)n{Ro<r<Rc0}

. 12 v _
=2 mdory” TN (FEQ)|T +2(1 = Y g) VEVY f VL0V

- e R
# Do ler OO0 ~ 20T 90+ AL 2} dg >
(2.5.131)

>

/ 628wR{(05032R_6€O _ Caos)e—stR|ar(esz(P)‘2+
R(z1,72)N{Ro<r<R®0}

3eo

+c5, SR r3 |8Tq)|2 + CSOSR_?’EOT_% |8G<p|2+

+ CSOSR_BEOT_1|T(P|2 + (CBOR_%OSS — 05052 - C’gos)|q)|2} dg.

4. In view of (2.5.111)), (2.5.123) and (2.5.67)—(2.5.69)), we can bound:

(2.5.132)

1 1_
/ Re{2x§Rf‘1v“V“fVu(f2cP)Vv(f2<P)—
R(z1,t2)n{R0<r<I R}

1. 12 v _

=2 mYon, T DNO(20)] +2(1 - 4 p) VIV [ Va0V G+
_ _ R

+ 2 poderr (O D00 = 2090 0,5 + AT g} dg >

>

/ 628wR{T_2(C50T2€0 $2R2e0_
R(x1,t2)n{R%0 ST’S%R}

_ CgOS(TEOR_EO n T2EOR_2EO))G_ZSwR‘ar(esz(P)‘2+
+ csor_%ﬁo sR™%0 |8Tq)|2 + 0507"_%+€° sR_€°|80q)|2 + 0501"_2+€° sR™%0 |Tq)|2+

+ r_4(050 gor 0 g3 R3¢0 C’gorzeo s2R7%e0 _ Cs,r*sR™* )|<p|2} dg.
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5. In view of (2.5.112)), (2.5.123)) and (2.5.63))—(2.5.65)), we can bound:

(2.5.133)

~ y 1 1_
/ Re{2XSRf Y VL (f20) Y (f25)-
R(Tl,Tz)ﬂ{%RS’I’SR}

-1 p— 1 2 v _
- 2XSRXZROT 1f 1(87’-](.)‘87"(]02 (‘P)‘ + 2(1 - XSR)V“V fVH(PvV(P+
+ Do Xerr (OrDIOrof ~ 20V oV + Aol dg >

>

/ 625wR{R_2(CSO _ CSO (81 + 8—16;1))e—stR|8T(esz(P)‘2+
R(1,72)n{$ R<r<R}

+ CSOR_g |8Tq)|2 + CBOR_% |80cp|2+

+ CBOR_Q’U;(%)S|T(P|2 - CSOR_4(U;(}%)53 +5%+ s)} dg.

6. In view of (2.5.113)), (2.5.124)), (2.5.76)), (2.5.78]) and (2.5.80), we can estimate:

(2.5.134)

_ N 1 1_
/ Re{QXng vty fVu(fQCP)V\,(fMP)—
R(z1,72)n{R<r<d;! R}

e donet OO (P2 0) 4 2(1 - 4 ) VAV F VL0V G+

- — R
+ 2> Ry X<RT 1(8rf)|87°q)|2 - 2hVH oV, + A§c7h)|cp|2} dg >

R2 9 r

> Dy (= D RZFR)- o (f20)[ +

/R(Tl,rz)ﬂ{RSTS521R} {
5 2 5
(O e P =2 (T (5 = )R+ OCR ) F(R) )

+ef (R 21009 + cf (R)r [T = CR™ f(R)[[* | dg.

Remark. Notice that the positivity of the coefficient of ‘BT( f %cp)|2 in the right hand side
of (2.5.134]) follows from the fact that, in view of (2.5.76)), provided R is sufficiently

large in terms of the geometry of (M,g), we can bound for R < r < %R (i.e. on

supp(x<g) N {r > R}):

(25.135)  O2F4r 20, f > (" + O(r ), f + O(r)O2f + f(R)(g - DR

Applying the product rule and a Cauchy—Schwarz inequality on the first term of the
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right hand side of (2.5.134)), we obtain:

R29 r _ 12
(25.136)  2ep 5 (5= ) BFR) - F0n(f20)] 2
RZ9 »r 1 . __ _
> 2X§RT_2(5 "R W)R 2F(R)|0rg” - Cyn R F(R)9?

for some absolute constant C' > 0. Thus, (2.5.134)) yields (provided R > 1):

1 1
/ Re{2xSRf_1V“VVfVu(f2CP)Vv(f“P)—
R(<1 7T2)O{RSTS8£1R}

1 - 102 v _
=2 mYon, T O D|O(20) +2(1 =y g) VIV [ VL0V G+

_ _ R
(2.5.137) + 2 poXer” (Or D00 = 20V V5 + AS«,JI@IQ} dg >

>

/ f(R){crfg|8rcp|2 +crfg|8c<p|2+
R(t1,t2)n{R<r<d51 R}

+or [Ty - CR (o[} dg.

7. In view of (2.5.114), (2.5.124)), (2.5.76]) and (2.5.82)), we can bound:

(2.5.138)

~ y 1 1_
/ Re{QXst Y VL2 0) VL (f29)-
R(t1,m2)n{r>8;1 R}

RS 12 N _
=2 mdory” OO (FEQ)| +2(1 - Y g) VEVY f VL VG

- _ R
+ 2 poterr (O IO = 20900 0,5 + AT g} dg >

>

/ f(R){cr_2|8rcp|2 + cR_lr_3|8c,cp|2 + c7"_2|Tcp|2 - CR_17’_3|CP|2} dg.
R(t1,72)n{r25;1 R}

In view of [£.5.118), [25.127), (2.5.130), (2.5.131), (@.5.132), [5.137), (2.5.139), as
well as the fact that f = f and h=h on on M\(Bmt(450) u 7—[’), we obtain from 1)

(provided 8, 82 > 0 are sufficiently small in terms of Ry and the geometry of (M, g), 81 >0 is

sufficiently small in terms of 8y and Ry, s is sufficiently large in terms of 8,0 and ggsR™I%0
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is sufficiently large in terms of 8y, 8;):

(2.5.139)

/ (f + D) cap B0 (97132019015 = CsR ™|V 9l | Tl -
R(t1,m2)n{ tro<r<i RoN\&ewt

4 2

~ OsR™>%|To + CSOS3R_9€0|LP|2} dg+

£ ) —3e0 -3
T /73(11,12)Q{T2§R0}(f : f){x{éROSTSRO}BlsR * X{ROSTSR%}SR roet

5 5
—€0,.—5 T€0 -5
+ X{REOSTS%R}SR T2t X{%RSTSfS;lR}T 2t

+ X{r2821R}T_2}(‘6T(P|2 +172|050]%) dg+

+ f+f 1R o — Cs, SR Tl + ¢35, s° R7%0|o|? )+
/R(tl,rg)m{%ROSTséR}( ){X{;Ro< SRO}( o | (P| ) |(-P| )

+ e X ozrereo) (SR TP + P R%0 )+

+ X{REO grs%R} (SR—aor72+so|T(P|2 + 6808083Rf3sor74+3e:o ’(P|2)} dg+

+ / (f + F)os(5) (cap 25|l = Coy R™5°|pf2) dg+
R(=1,72)n{ L Rer<R} R

“f (F(R) + F(R))(er Tl - CR v 3P dg <
R(t1,t2)n{r>R}

R(Tlth)n(geth{TSiTo})

—/ ( : Re{G(Q(v“erV“f)V“CD + (g f + Dgf— 2h - 2?1)@} dg—-
R(t1,T2

-B g1, we] - B [, ),

where, for any set A c M, we denote with y 4, the characteristic function of A.
In view of the fact that (¢7!)x is positive definite on M\& U H, we can estimate on
M\&s U {r > 1ro} for any 8 > 0:
(2.5.140)
oo SR (g71) 2019055 — CsR 7%V g0l [Tl > congo, sR°|V g5 9l = Cos R0 T,

Furthermore, if y, : M\H™ - [0,1] is a smooth T-invariant function supported in {r <ro}
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such that y, =1 on {r< %ro}, then, after integrating by parts in the identity

s [ BN O D0t g =
T1,T2

= /R ( )Re{N Glre®) (X G + 29", Va0 + Oyt 0) o,
T1,T2

using also the bounds (2.1.5) and (2.1.6) from Assumption G2 (as well as a Poincare-type

inequality), we readily obtain the red-shift-type estimate

(2.5.142) c/

(Jdv(cp)n“?_[+ + ]@\2) dvoly+ + c/
H+0R(T17T2)

R(x1,m2)n{r< %7‘0}

(2.5.143) <C (IVols,., +le*)dg + C Vplg,.,

R(1,72)n{$r0<r<ro} S n{r<ro}

- Re{ N (X, ®) - G 1 dy.
/R(Tl,rg) { 0 0 }

(Ivels,., +lol*) dg <

Therefore, in view of (2.5.140)), (2.5.142) and the fact that

2swWR 2sWR
sup{rgiro}(e +e ) .

2.5.144 —
( ) inf{r%ro} (e25Wr + e25UR)

(following from (2.5.43), (2.5.44), (2.5.76) and (2.5.77))), (2.5.139) yields (provided

sR73%0 > 1):

(2.5.145) (f+f+ sup f){CBaoalsR_SSOIngcPlﬁz—

/R(Tl,Tz)ﬁ{TSéRo}\é% {r<iro}

— CssR3%| T + c5,5° R0 |cp|2} dg+

r3 -3e0 -3e0 -3
+CSO/ 1 (f+f) X{%RoST‘SRo}SlS‘R +X{R0ST§R€0}SR T 24+
R(Tl,Tz)ﬂ{TziR()}
5 5
—€0,.—5 T€0 -5
+X{R€05r5%R}8R T2 +X{%Rgr38§1R}r 2t

+ X{rzzs;z%}r_z}(‘&*ﬂ2 + 7'_2|80(P|2) dg+
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+/ ( + f) X{lRogrsRo}( - CSOSR_380|T(P|2 + 05053R_950|(P|2)+
R(t1,m2)n{ 3 Rosr<iR} 2
+eoo X rocrereoy (B0 Tl + s* R0 )+
X Reo arelR) (SR_EOT'_2+€O|T(P|2 + CSOEOSSR_3EOT_4+3€O |(P|2)} dg+
~. T _ _
“ (F + L5 (o B 2SITP - Coy 571 dg+
R(x1,%2)n{ L Rer<R} R
. (£(B) + F(R)) (Tl - CR o) dg <
R(Tl,Tg)ﬂ{T>R
<Cos | (f + D{SR T, + 5" R0} dg-
R(‘El,‘rg)ﬂgg
- /R ooy BAGC(TES + VE )V + (O + O - 20 =20)q)} dg
T1,T2
+ OB [g571,m), —Bﬁ? (5 T1,T2] - B}}?[CP;H,QH

fhif b
+C sup f |Vq>|3mf,

{rlrg} J5<yn{rsro}

/ o{ (20 19u5V00 + (Tyf ~ 20)0%,5 - T TP+

+ (el TS + T (0O )l ), s, |+

/ Re{(Qvusu@chp + (Dgf - QB)CPVV@ - VVfV“(PVHQH‘
j <

+ (rend VUV T 4 9= (9O ) loP )k, Jdgs, |+

+ sup f vl

{rgiro} Yoy n{r<ro}

(note that the boundary terms on H*in the right hand side of (2.5.139) where absorbed
by the term in the left hand side of (2.5.142))). Inequality (2.5.3) now readily follows from

(2.5.145)) in view of (2.5.76)), (2.5.77). O

125



2.5.8 Proof of Corollary

For any 1 <k <n and 0<81,02,e9 < 1, let us choose the parameters R, s to be sufficiently

large in terms of 81,02,¢¢ and the geometry of (M, g), satisfying in addition:

1 1
(2.5.147) R > C5,¢, max{1, o5 %0, ( ~log 52) 95 ),
1 _1
(2.5.148) C53180 max {(1 + cok)Rgeo, —log 62} <s< CSIiOka,

for some constant Cj,¢, > 1 large in terms of 81,ep and the geometry of (M, g) (notice that

the bound ([2.5.147)) guarantees that an s satisfying (2.5.148) exists).
By approximating the functions ¢, 1 < k < n, by smooth solutions to (2.0.1)) with

compact support in space and using Lemma on the decay of {, as r — +oo, we infer
that Proposition also applies for the functions ¢),.. Therefore, using the values of s, R

chosen above, we obtain for any 0 <t; <719 and any 1 <k <n:

(2.5.149)

/ (f+ inf  P{sR(Tgulyley, - CoysRP TG + 8 RO, 4 dg+
R(t1,t2)n{r<Ro}\&, {r2gro}\&

. Fsr (o] + 20 l) -
R(71,72)n{Ro<r<3 R}

+ sR_Ssor_2|TL])k]2 + EOSSR_QEOr_4]L])k]2} dg+

+/ 1 f{ri(\a,,q)kf + 172|060, *) +
R(t1,72)n{5R<r<R}

+ RO,wr(cR2s|Td,[* - CR_4S3|%|2)} dg+

‘. ! (R){T_g(\arw #1700y )
R(Tl,Tg)ﬂ{T‘ZR}

T —OR-%-?’w}dg <
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<ci, [ PSR L, + 5 B0, 2) dg
R(Tl,‘rg)ﬂéag
+ C| /R( )Fk(v“fvuq)k +O( DL+ 2V flg, o )0k) dg‘+
T1,72 j

J=1

2 . .
+Cy | (19 g, VL2, + (47297 g, Iy ) dgs.
j=1J%x; '

7=1
In view Lemma the bound (2.5.149)) implies:
(2.5.150)

/ (f+ lnf ) SR_350|vgz¢k|32 +SR_3€0|T¢k|2+
R(v1,72)n{r<Ro}\&, {r> 7"0}\@0

+ (ng_960 - CglwzsR_gso)MkF} dg+
+/ F1sR™30,73 (|ar¢k\2 +772|06thy[)+
R(Tl,Tg)ﬂ{R()STS%R}
+ SR_3EOT_2|TLl)k|2 + 8053R—950T—4|¢k|2} dg+

+/ f{r-i (\arq)k\z + 772|060, 17) + R 80, wr|Td, >+
R(<1,m2)n{ L R<r<R}

+R 150 wR(co)k CR™ )|Ll)k|2}dg+

+ / FRY{r2(Jo,
R(x1,t2)n{r>R}

+ (cwp - CRZ)TZM)kF} dg <

2 _ _
’ +7r 2|80L])k|2)+c7“ 2|Tq)k|2+

<ci, [ F{2RODTYE, o5 B 12201y, 2) dgr
R(Tl ,12)06‘)51

2 . X _
+C‘/R( | (v“fvuq;ﬂo(Z 1+T)J’2|V]f|gmf)%)d9|+
T1,T2 J=1
3 . .
oy (9710 190+ (5 019 fl )l d
7=1 T J=1
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3 . .
e (’vﬂgrefjdv(q’k)”?-ﬁ (e T)J_S‘ij’gmf)f%ﬁ) dvoly++
R(t1,72)nH* j=1

_ 4
+Cop(l+w;?)(log(2+12)) Rg{sug}f-é’log[q)}r
r<ivg

+ C’wi(l + w;6) sup f - Eog[P]-
{r<R}

In view of the bound (2.5.148)) for the parameters R, s, as well as the properties of the

function (2.5.2)), inequality (2.5.150) yields (using also (2.4.26]) and Lemma combined

with a Cauchy—Schwarz inequality, to estimate the second and third terms in the right hand

side of (25.150)):

(2.5.151)

/ () BV, + (o2« ), ) dg <
R(TlvTQ)\gZEq

Supé% (eQSwR +6251DR)
Co, 2 25im)
Sw Sw
mf{r> Lo N\éas, (e R+e R)

Z (|v legref |vaR|gTef)

x (sR™%0) (|V%|§Tef + M’k|2) dg+
R(71,72)\&%,
2sw 2sW
SUP{,<R} (e Et+e R)
+ Gy, (1+ 07 (log(2 + w))° e .
81( k )( g( 12)) inf{rgR} (@25wR +625wR) log[(-l)]

In view of the properties of the function [2.5.2] we can estimate

(2.5.152) sup wg — inf wgr+ sup wr - inf Wi <Cg L p3eo
{r<R} {r<R} {r<R} {r<R}
(2.5.153) inf  wg > maxwg + c5, R,
{iTOSR}\@@le &1
(2.5.154) inf W > max g + ¢, R
{3ro<r<R}\és, &5y
and
4 . .
(2.5.155) > (IV'wrlg,.; + Vil ) < C.
j=1
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Therefore, inequality (2.5.6) readily follows from [2.5.151] provided Cs,¢, in (2.5.148]) is

sufficiently large in terms of 81, €. O

2.5.9 Proof of Proposition in the case of Dirchlet or Neumann bound-

ary conditions

In this section, we will briefly sketch how the proof of Proposition [2.2] can be applied to
the case when the boundary OM of (M, g) is allowed to have a non-trivial timelike com-
ponent 9y, M and equation is supplemented with Dirichlet or Neumann boundary
conditions for ¢ on Oy M.

We will first describe the class of Lorentzian manifolds with such a boundary component
on which Proposition will apply. Let (M1 g), d > 2, be a smooth Lorentzian manifold

with piecewise smooth boundary OM splitting as
(2.5.156) OM = Oppr M U Opipy M,

where Jp,,-M has the structure of a piecewise smooth null hypersurface and 0y, M is a
smooth timelike hypersurface, with Opo M N Oy M = @. For the discussion of this section,
we will assume that dy M # @, but e, M will be allowed to be empty. Let (M, §) be
the double of (M, g) across O, M, which is defined as the disjoint union of two copies of
(M, g) glued along 0y, M (for the relevant definitions, see e. g. [97]). Let i1,i2: M — M be
the two natural isometric embeddings of (M, g) into (M, §). Note that M = i1 (M)uiz(M)
and i1 (OpmM) = i2(0imM). Furthermore, M is a smooth manifold, and the metric § is
continuous and piecewise smooth on M and smooth on /\;l\il(atim./\/l)@ We will always
identify M with i;(M) c M.

We will assume that (M, §) is a globally hyperbolic Lorentzian manifold (with the
regularity of g as described before), satisfying Assumptions G1, G2 and G3 of Section
(for the discussion of this Section, we can also allow the case & = @). Additionally, we will
assume that the stationary Killing field 7' of M (defined by Assumption G1) is tangent to
i1(OimM). Let also Xy, Sy, Hy; © M, t M\H;\Zt - R and 7 ./\;l\’H/_\;l — [0,+00) be

12The metric § is continuous across 11 (Orim M), but fails to be C"' at all the points of 11 (Orim M) on which
the second fundamental form of i1 (9¢m M) is non-zero.
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as defined under Assumption G1. We will assume without loss of generality that ¥ v, S
intersect i1 (0sim M) transversally, and that ¥ Ni1(0rimM), S o Ni1(Oim M) are compact.
Note that the restriction of H y; on M coincides with Opor M.

Remark. We will use the notation X,S,H*,¢ and r for the restriction of the hypersurfaces

ZM,SM,’HT\Z and the functions t 5, on M =~ i3 (M).

For any F € C*(M) and any (¢, ¢,) € C*(3) x C*(X), the initial-boundary value

problem
Ogp=G on {t>0}
(2.5.157) (9, T9) = (y,9,) on {t=0}
p=0 on OmM

is well posed on {t > 0} ¢ M. This follows from the assumption that (M, ) is globally
hyperbolic. The Dirichlet boundary condition ¢|g,, s =0 in (2.5.157)) can also be replaced

by the Neumann boundary condition

(25158) natimM((PNatimM = 07

where np,, A is the unit normal vector field on 0, M, pointing towards the interior of M.

On a spacetime (M, g) as above, we will extend Proposition as follows:

Proposition 2.3. Let (M,g) be a Lorentzian manifold with boundary as above. For any
s, R > 1 sufficiently large in terms of the geometry of (M,g) and any 0 < ¢ < 1, there
exists a a smooth T-invariant function f: M\H™ — (0,+00) as in Proposition so that
(provided €sR™2C > 1), for any 0 < 6 < 1, any 0 < 71 < © and any smooth function
¢+ M\H™ - C with compact support on the hypersurfaces {t = const} solving

and satisfying on Oym M either the Dirichlet condition ¢ = 0 or the Neumann condition

no,M(@) =0, the estimate holds.

Proof. The proof of Proposition follows in almost exactly the same way as the proof of
Proposition the only difference being the following: When using the multiplier (2.5.86|)
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for equation (2.5.1)) as in Section and after performing the same integration-by-parts
procedure, one obtains instead of (2.5.98) the following relation:

(2.5.159)
_ v 1 1_ 1 12
/R( )R6{2x5Rf U IVL(F2 )V (F28) = 2 pxam,t T (Or )00 (F2 )] +
T1,T2
+2(1 = Y VAV FV0VG + 2y e (0 )IOw0l = 209409, + A0} dg =
=— /R( : Re{G(2V“fVucf> +(0gf - 2h)@)} dg - Bﬁ? [@;T1,72] - BJ(CI’]})L[QP; T1T2],
T1,T2

where

(2.5.160)

Bl - [

(9timMﬂR(Tl ,‘Ez)

+ (FITRT T + Vo= L ()l } A0

Re{(29"£9u5Vv0 + (Ogf = 20)9745 - Vo [ VH 9,5+

9,;,, M being the induced (Lorentzian) metric on 0, M. Notice that (2.5.159)) differs from
(2.5.98]) only by the term ([2.5.160]) in the right hand side.

Let us assume, without loss of generality, that the function w of Lemma has been
chosen so that it additionally satisfies ng,, am(w) > 0, with @ being constant on 0Oy, M
(it can be readily checked that Lemma can be established under this additional as-
sumption). In the case when ¢ satisfies the Dirichlet boundary condition ¢l|s,, a4 =0, it is

straightforward to check that this choice of w implies (in view of the choice of the functions

fyh in Section [2.5.3)) that the term (2.5.160)) is non-negative, and in particular

(2.5.161)

/ Re{ (29 FVu39 + (D - 20)9Vu6 - Vo f 79T, 5+
Otim MNR(71,72)
_ 1 v
+ (VT + Yok - g(Vv(Dgf)))l@IQ)naﬁmm} 498y M 2

2
> C/ 19,50 M () 1005 M (9)] dgoy M1 2 0
Otim MNR(T1,T2
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for some ¢ > 0. Thus, the term (2.5.160|) can be dropped from the right hand side of (2.5.159))
(thus yielding (2.5.98))) and one can proceed as before to establish ([2.5.3)).

In the case when ¢ satisfies the Neumann boundary condition ng,,  a1(¢)|a,;,, M = 0,

(2.5.160]) is not necessarily non-negative, since the term
N0y M (f)v“cpvucp

in does not nessarily have a sign (as is the case when ¢|s,, a = 0). In order
to absorb this term, we proceed as follows: Let & ¢ M be a (small) T-invariant tubular
neighborhood of 0y, M (so that U n (7—[ U Bcrit(SSO)) = @), split as U ~ [0,1) x Oy M,
where the projection onto the factor [0,1) is given by a smooth function 7 : U — [0,1)
such that V*7|s,, am = ngtm > and the projection onto Oy, M is given by a smooth map

G :U = OymM. We will extend ng,; a4 on the whole of U by the relation

(2.5.162) ny = VT

Let y,.:[0,1) = [0,1] be a smooth function satisfying y. =1 on [0, }L] and y,. =0 on [%, 1),

and let us define the function f : M — R by the relation
F(7,5) = %.(7) - (79,10 M ()01 1 (5) om0 U = [0,1) x Dy M
(where (ng,,,, m(f))|oss,, M is the value of ng,, am(f) on {7 =0}) and

f=0o0n M\U.
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Adding to (2.5.159)) the identity

(2.5.163)

/m ) Re{29*(fn},, 1) Vu@ Vo = Vu(F 1, M) VH0V 5} dg =
T1,T2
- _/ Re{G-anaﬁmM(@}dg‘

R(Tl)TQ)

- / Re{ (210, (8) V0 = F (10, )V VHOT02)18,, it } A9 01
8tim/vlm72(11 ,TQ)

and using the Neumann condition ng,, am(®)la,, m =0, we thus infer:

(2.5.164)

_ N 1 1_ 2y _
Lo Felorand T SRS £ 27 ) T
T1,T2

1 .- 12 v _
= 2mXor,” (O DO (F20)| +2(1 - xg) VY f UGV G+
2 mXert e DO = (20 + Vu(Frd, a0)) TV + AVDl6} dg =

=— /R( : Re{G(ZV“fVu@ +(0yf - 2h)@)} dg - B;ci) [¢;T1,7T2] - l’;’}{’})l[@; T172],
1,72

where

(2.5.165)
—

- 1 v
(£ 9uTuf VS + Tl = S (DO D)0 00 A0
Orim MNR(71,72)

Notice that, if sR™3% > 1, the term is non-negative (in view of the proper-
ties of the functions f,h, see Section , and thus it can be dropped from the right
hand side of (2.5.164). Furthermore, if I > 1 in Lemma and sR7% > 1, the terms
2V“(fnétimM)Vu<va§D and Vv(fn‘étimM))V“chuq) in the left hand side of (re-
stricted to the complement of &.;;) can be absorbed into the right hand side of
Thus, following exactly the same steps as we did in order to obtain from in
the case Oy M = &, we can also obtain from in the case when 0y,, M + &

and natzmM((‘P)latzmM = 0 D
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2.6 Proof of Proposition [2.1

Let us introduce the parameters 0 < wg < 1, o, > 1 and 11 > Tg + € 21, depending on
€,01, R, T4, 70, E1og[0], E1og[D]: Elog[TW] and E[T?)] in the statement of Proposition (we
will fix 09, @, and 7y later), and, for n = [logy(¢*)], let us decompose ¢ and T into their
frequency localised components {¢, }1'_o, $s,,, and {(T))x}i_gs (T))se. , respectively, as in
Section (notice that is satisfied in view of (2.3.18)).

In view of Lemma (2.3.1) (and (2.3.18])), as well as a Hardy-type inequality (of the
form (2.4.15))), we obtain for any 1> 2t, and any 0 < a < 1:

(2.6.1)

/ (2 o) + o) <
R(t—T%,T+7%)N{r<R}

<cof | (72 (@) + o)+

R(t—14,7+7 )N{r<R}

+ C’a(o)g( log(2 + -c))4 +(1+ coot)_l)(l + wgl_“)RQ&()g[cp] <
< C’a{ngzm( log(2 + r))4 + co%( log(2 + r))4(1 + (o{)l_“)R2+

+(1+ on)_l(l + @61—‘1)]%2}8109[@].

From Lemmas [2.8| and we obtain for any t >0 and any 6 > 0:

371
%=

(2.6.2) (T (hs, )" + s, ) <

|
JZE} /’R(T+2jr*,1+2(j+1)r*)O{TSR}

< (T (oo, ) + s, ) <

/R(T,'HSIT*)I’W{TSR}
< O 00 (Euog[ 0] + E[TY]) + Ciog[4):

We will assume that w, is sufficiently large in terms of €, 1., Ejog[)], E[T)] so that

(2.6.3) 1207 (Eog[P] + E[TY]) < .
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Let us also use the ansatz

o

2.6.4 wy= ————,
( ) ’ (log(2+tl))8

and let us assume that @ is sufficiently small in terms of €, R, T+, €104 [¢], and 11 is sufficiently

large in terms of €, R, &oq[¢], @0, so that for any t; <t <1007; (having fixed an a € (0,1):

(2.6.5) (@0R*w.(log(2+ 7)) + wf(log(2+7)) (L + 0 ™) R+

+(1+ coor)_l(l + co{)l_a)Rz)é’log[cp] K€

(later, we will also need to assume that 11 is also sufficiently large in terms of w,). Then,

(2.6.1), (2.6.2), (2.6.5) and (2.6.3)) imply that for any v > 0:

371
%=

(2.6.6) (Jﬁv(¢o)n“*‘Jﬁv(¢zw+)ny'+|¢oﬁ‘+|¢zw+F) s

]

1=0 /72('c+2l'c,,,'c+2(l+1)-c,,)ﬂ{r§R}
1

< 2—055 L+ CELy[0].

Repeating the same procedure for T in place of ¢ and adding the result to (2.6.6), we
obtain for any 8 > 0 (provided & is fixed sufficiently small in terms of €, R, T+, Ejog[ @], E10g [ V],

71 is fixed sufficiently large in terms of €, R, £1o[¢], Elog[P]@0 and . is fixed sufficiently
large in terms of €, T+, Eog[ ], Elog[TP], E[T?]):

1522

(2.6.7) (I (T P)oynt + I (17 )s0, 0"+

=0 j=0 /R('c+2lu ;T+2(1+1) ) n{r<R}

T + (T, 2) $ e84 € B [T,
=0

In view of Corollary for any 1 <k <n, any 0 <31,d2 <1, any 0 < gp < 1 and any
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T > 11, we can bound:

/ (7 omt + 1) <
(R(x1,7)\&, )n{r<R}
(2.6.8) < CRbd, / (JdV (bp)n® + |¢k!2)+
R(Tl,‘f)ﬂo@gl/g
+ CaoﬁlR(*)(_)lo( 10g(2 + -f))4605051°°+ max{w(—)507—log52}6‘log [q)]
Let us set
(2.6.9) B = wpw; B,

where 3, is sufficiently small in terms of €, €g, R, Tx, Elog[P]. Assuming also that wg in (2.6.4)

has been fixed sufficiently small in terms of €, g9, R, T+, Ejog[ ], from (2.6.8)), (2.4.26)), (2.3.18)

and the Poincare inequality

(2.6.10) / W2 <C TN (Gt + C el
R(31,5)nbs, R(<1,5)n{r<R} (R(x1,5)\&, )n{r<R}

we obtain after summing over all k € {1,...,n} provided 8y is sufficiently small in terms of

€,€0, R, Tw, Elog[P] (recall that n ~ log(w51w+)):

n

(2.6.11) (T2 (@ n* +10, %) <

> [
i=1J (R(x1,9)\é, )n{r<R}
< Ceur(T- 11)52(062 10g(°361°3+)5l09[q)]+

+ 06061R0)610( 10g(2 + .—E))4€Csoslm+ max{waeo,flogSQ}glog H)] <

<
407,

14 8eq
€f+01(10g(2+%)) 601(10g(2+11)) ’

where C depends on €,¢gg, 81, R, T, Ejog[ D], w4

Repeating the same procedure for T in place of {, we obtain the following analogue

of (2:6.11):

(2.6.12)

n 8eg
Z/ (Jdv((Tq))k)n“H(Tﬁl))k!Z) < ! sf+Cg(10g(2+%))14ec2(103;(2”1))
k=1 (R(=1,9)\&, )n{r<R} 407,
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where Cy depends one, eg, 81, R, T«, Ejog[T)], 00+

From ([2.6.11)) and ([2.6.12)) we obtain for any > 0 (setting T = t; + 3 1,
(R.6.11) y 8

152 (
(2.6.13) > {ZZ

k=13=0 A(T1+2ZT*,Tl+2(l+1)1*)\(§51 )n{r<R}

(¥ (@)t + |<Tj¢>k|2)} <

<

8eq
20 ety + 8_11*) + 03( log(ty + 6—1T*))14603(10g(2+11)) ,
Tx

where C3 = C1 + C2. Adding (2.6.7)) (for © = 11) and (2.6.13]), we therefore obtain for any
0>0:

|2 5| 1 . .
2/ (JY @iyt +1T992) | <
1=0 §=0J R(t1+2lt,t1+2(l+1) 74 )\65 )n{r<R}

! ; 8eq
66_1 +C Z &Og[qu)] + 201 E(Tl + 5_11*) " Cg( log(rl + 8_11*))14603(1(%(2”1)) ‘
7=0 T

Applying the pidgeonhole principle on (2.6.14) (assuming that 8 <« 1), we infer that

there exists some [y € {0, ..., [ETIT_IJ} such that

1

(2.6.15) (JN @yt + T2 <

7=0 L(T1+210T*,Tl+2(lo+1)'r*)\é%1 )O{T‘SR}
5t-1
2

1 1 1 '
J_l(geﬁ_l + —2051;111 +C Y Eog[T7 )]+
=0

<|

8eq
+C5(log (1 + 6_11*))14603(1%(2“1)) ) <
€ ! j 14 ¢y )850
<51+ T1011) + OB Y Eiog [T7 0] + C38(log(zy + 87 1x,)) Teel sG]
=0
Thus, provided

(2.6.16) 5=2
T1

where 8 is small in terms of €, 7, £1og[$], Ei0g[T] and the precise choice of the constants

C1,C5, and that 11 is chosen sufficiently large in terms of of €,¢€p, t. and the precise choice
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of C1,Cy (assuming also that gy has been fixed so that 0 < ¢gg < %), from ([2.6.15)) we infer:

1

(2.6.17) (JN (@igynt + [TI9P) <.

3=0 /72(‘51 +2l0T#,T1 +2(lo+1)1* )\6%1 )ﬂ{T‘SR}

Setting Ty = 11 + (2lp + 1)7« (and thus t1 +2loTs = 7y — T« and 71 + 2(lo + 1) T = 7y + T4),

(2-6.17) vields (2.3.19). O

2.7 Proof of Corollary

The proof of Corollary [2.1] follows immediately from Theorem [2.1] applied to the quotient of
(R x Vhyd,s> 9hyd) by the translations in the z-direction, i.e. the 2 +1 dimensional spacetime

(R % Vhyas, Ghya ), where Vyyas = R2\{7 <3} (in the polar (7,9) coordinate system) and

_ c? ) )
(2.7.1) Gy = ~(1= 5 )dt* + dr* ~2Cdedd + 7*do”

(see also the remark below Theorem as well as Section [2.5.9} regarding the Dirichlet or
Neumann boundary conditions on {7 =3}).
In particular, in the language of Section (R x fihyd,g, Ghyd) is a smooth Lorentzian

manifold with smooth timelike boundary

(2.7.2) Brim (R x Viyap) = {7 = 5}

P

The double (R x ]_/hyd,g, Ghya) of (R x Dhyd,& Ghyd) across the boundary 8tim(R x f)hyd,g) is
diffeomorphic to RxRxS!, with the metric jnyq in the (¢,7,9) coordinate chart of RxRxS*

having the form:

2
(2.7.3) Ghya =—(1- ( ¢ )dt? + di® - 2Cdtdd + (|F - 3| +8)*d9>

|7 — 3| +8)?

Notice that (R x Viyqs,Jnya) is a globally hyperbolic spacetime without boundary, with

Cauchy hypersurface {t = 0}. Let i1,i2 : (R x l}hyd,g,ghyd) - (vahyd,g,ghyd) be the

two natural inclusions (see Section [2.5.9). Then, in the coordinate charts (¢,7,9) on R x
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—_——

[3,+00) x St ~ R x Vhyd,s and RxR xS! ~ R x ]_/hydﬁ, we have il((t,f,ﬂ)) = (t,7,9) and
is((t,7,9)) = (¢,5 - 7,9).

Note that gpyq is smooth everywhere except on il(ﬁtim(Rxf)hydjg)) = {7 =8}. Notice also

P

that (R x 1_/hyd75, Ghya) has mno event horizon #H (and thus, trivially,
H mil(ﬁtim(R x f)hyd,ﬁ)) = @), and il(am-m(R X f/hyd,g)) n{t =0} is compact. Thus, in view of

the remark below Theorem [2.1]on spacetimes with timelike boundary, it only remains to ver-

—_——

ify that (R x vhyd@, Ghya) satisfies Assumptions G1-G3 and A1, and that 4; (Om-m (Rxl_/hyd,g))

—~—

is invariant with respect to the stationary Killing field of (R x f)hyd,& Ghyd)-

P

1. The vector field 9; (in the (¢,7,9) coordinate system for (R x f}hyd’g, Ghya) is Killing,

and the metric (2.7.1) is asymptotically flat (with the asymptotically flat region

s = {7 > Ry > 1} consisting of two connected components) and satisfies Assump-

tion G1. Furthermore, 8tim(]R x f/hyd@) is Oy-invariant.

—_—~—

2. The spacetime (R x f/hyd@, Ghya) has no event horizon #H, and thus Assumption G2 is

trivially satisfied.

—_~—

3. The spacetime (R x )7hyd’5,§hyd) has a non empty ergoregion & = {26-C<r<C}.

—_—

The boundary 9& = {7 = 25— C}u{7 = C} of & is a smooth hypersurface of R x Vj,a5,

and R x Vhyd75\£ consists of two connected components, each containing one asymp-

totically flat end of R x 17hyd75 (and, thus, Eort = E ). In particular, Assumption G3 is

satisfied.

—_—~—

4. Assumption Al is readily satisfied in view of the fact that (R x ]}hyd,g, Jhya) is also
axisymmetric, with axisymmetric Killing field 9y such that [0y, ;] = 0 and the span

of Oy, 0y contains a timelike direction (see the discussion in Section [2.1.3)).

Thus, the proof of Corollary is complete.

2.8 Aside: Discussion on Friedman’s heuristic argument

In this Section, we will briefly sketch the heuristic arguments developed by Friedman in

[66], and we will discuss their connections with the methods used in this chapter.
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2.8.1 Friedman’s argument

As we already explained in the introduction, on any globally hyperbolic, stationary and
asymptotically flat spacetime (M, g) with a non-empty ergoregion & and no future event

horizon H*, Friedman constructed, in [66], a class of smooth solutions ¢ to the wave quation

(2.0.1)) satisfying
(2.8.1) /ZJE(q))n“ = -1,

where ¥ is a Cauchy hypersurface of (M,g), T is the stationary Killing field of (M, g)
and n is the future directed unit normal to X. In view of the conservation of the T-energy
flux for solutions to 1| on (M, g) and the fact that JE(L}))n“ >0 on M\&, from |D

Friedman inferred that for any t > 0:

(2.8.2) /Z g Jy (P)n* < -1,

where - is defined as in Section (i.e. the image of 3 under the flow of T for time 1).
Proceeding to study the consequences of the bound (2.8.2)) on the (in)stability properties

of equation (2.0.1)), Friedman first noted the following dichotomy for the energy flux through
the future null infinity Z* of any solution ¢ to (2.0.1)), satisfying |D Either

(2.8.3) /I Iy (Y)nty. = +oo,

in which case (in view of (2.8.1)) and the conservation of the J7-flux) there exists a sequence
of hyperboloidal hypersurcases S:, terminating at Z* such that

(2.8.4) limsup/ JE(L]))ngm = +00,

n—+00 e

13Gee [108] for the definition of the Friedlander radiation field and the energy flux of ¢ through Z* on
general asymptotically flat spacetimes.
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or

(2.8.5) /I Ty (P)nly, < +oo.

In case the first scenario (2.8.4)) holds, one immediately obtains an energy instability state-
ment for equation (2.0.1)). In case the second scenario (2.8.5), Friedman argued (see [66])

that ¢ “settles down” to a “non-radiative state” §, which is to be interpreted as a solution

to such that
(2.8.6) /I JL (D)nk, =0.
Furthermore, in view of , Friedman argued that (I) should also satisfy for all T > 0:
(2.8.7) / Jo (b)n* <-1.
¥né&

Assuming that (M, g) is globally real analytic and that the metric g has a proper
asymptotic expansion in powers of 7~! in a neighborhood of Z*, Friedman inferred from
(2.8.6) (using an adaptation of Holmgren’s uniqueness theorem for analytic linear partial

differential equations, see [80]) that

1]
(]

(2.8.8) ¢

on (M, g). Thus, (2.8.7) and (2.8.8)) yield a contradiction, implying that the scenario (2.8.5))

should not occur on such spacetimes.

2.8.2 Comparison with the proof of Theorem [2.1

In general terms, the proof of Theorem (see Section follows the roadmap of the
heuristic arguments of Friedman. In particular, our proof proceeds by contradiction, as-
suming the energy bound on the {t = t} hypersurfaces, which is a slightly stronger
assumption than the energy bound on Z" in the second scenario considered by Fried-

man.
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In Lemma we show that, under the assumption (12.3.1)), a function ¢ solving (2.0.1))

with compactly supported initial data indeed “settles down” to a function LT) (in a well
defined way), such that q~) vanishes identically outside the extended ergoregion &.,;. This
result makes use (through Proposition of the Carleman-type estimates of Section
as well as the bound . Here, assuming merely the bound on Z* would not be
enough. Note that, in the argument of [66], no justification is provided (even at the heuristic
level) of why a function ¢ solving and satisfying is expected to “settle down”
to a non-radiating solution (L of .

The fact that LT) vanishes outside &,;; follows from the estimates of Section without
any need to impose a real analyticity assumption on (M,g) or a complete asymptotic
expansion for g on Z*. In general, however, it can not be inferred that J) vanishes also on &
Thus, a contradiction can not be reached following the argument of Friedman in this setting.
Instead, after restricting ourselves to spacetimes (M, g) satisfying the unique continuation
assumption A1, which guarantees that ¢ vanishes on (M\&..¢) UU, we reach the desired
contradiction by exploiting our freedom to choose the initial data for ¢ appropriately: We
choose ({,T))|x to be supported in ¥ n, so that the support of (¢, T))|x will be disjoint
from M\U, where the support of all the time translates of (), T))|s is contained. Therefore,
¢ and all the time translates of { are orthogonal with respect to the (indefinite) T-inner

product (2.3.38]). This fact leads to relation (2.3.57]), from which a contradiction follows
readily in view of ([2.3.49)).

M We can in fact construct spacetimes~(Md”, g), d > 3, with a smooth solution J) to an equation of the
form Og¢ + V' =0, such that T(V) =0, ¢ =0 on M\& and ¢ not identically 0 in &.
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Chapter 3

A proof of the instability of AdS
for the Einstein—null dust system

with an inner mirror

In this chapter, we will establish Theorem (presented in the introduction) on the insta-
bility of AdS for the Einstein—null dust system. First, in Section[3.I] we will give an overview
of the properties of the matter model under consideration (illustrating the necessity for an
introduction of an inner mirror); we will also present a more precise formulation of Theorem
and we will discuss earlier numerical and heuristic works on the AdS instability conjec-
ture. In Sections [3.2H3.3], we will introduce in detail the Einstein—null dust system with an
inner mirror and state the main well-posedness result which are necessary for the study of
the stability problem in this setting (established in [I11]). The final, detailed statement of

Theorem will be given in Section its proof will then occupy Sections 3.6

3.1 Introduction: The Einstein—null dust system with an in-

ner mirror and the instability of AdS

Establishing the AdS instability conjecture for the vacuum Einstein equations ([1.2.6)) re-

quires presenting an unstable family of initial data sets for (1.2.6) converging to the trivial

143



data. For this reason, it is tempting to consider simplifying the system under suitable
symmery assumptions, in order to render the conjecture more tractable. In 3+1 dimensions,
the only symmetry class in which is reduced to a 1+1 hyperbolic system which is, at
the same time, consistent with the AdS asymptotics, is the class of spherically symmetric
spacetimes. Unfortunately, all solutions to in this class are locally isometric to a
member of the Schwarzschild-AdS family (see [57]). Thus, any attempt to study the AdS
instability conjecture for in 3 + 1 dimensions can not be reduced to a problem for a
1+ 1 hyperbolic systemH

A system closely related to , admitting non-trivial spherically symmetric dynamics

in 3 + 1 dimensions is the Einstein scalar field system

Ric,y - %ng +Agyy = 81T, [9],

(3.1.1) O, =0,

T[] = 09009 = 59un0°Putp

The study of the system reduced under spherical symmetry in the case A = 0 was
pioneered by Christodoulou [3I]. Spherically symmetric solutions of share many
qualitative properties with general solutions of ; for this reason, instead of ,
numerical and heuristic works on the AdS instability have so far mainly focused on (3.1.1])
(see Section for a more detailed discussion of these works).

In spherical symmetry, expressed in a double null gauge (u,v), i.e. a gauge where

(3.1.2) g = -Q%dudv + r’ g,

!This problem is circumvented in 4+1 dimensions by the biaxial Bianchi IX symmetry class referred to
earlier (see [13]).
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the system (3.1.1)) takes the form

80, (1) - L1 -Ar)?,

8u0,10g(2?) = (1 +4Q720,r0,r) - 870,909,
(3.1.3) D (Q720,r) = —4mrQ2(8,0)?,

0u(Q720,r) = —47er_2((9u(p)2,

0udo(rg) =TT .

The well-posedness of the asymptotically AdS initial-boundary value problem for the system
with reflecting boundary conditions on Z was established by Holzegel and Smulevici
in [83].

A spherically symmetric model for which is even simpler than is the
FEinstein—-massless Viasov system (see [7,[121]). The case where the Vlasov field is supported
only on radial geodesics is a singular reduction of this system which is equivalent to the
Finstein—null dust system, allowing for both ingoing and outgoing dust (see [122]). This
system was studied by Poisson and Israel in their seminal work on mass inflation [120]. In

3+ 1 dimensions, it takes the form (in double null coordinates (u,v)):

6u8v(r2) :—%(1—/\7’2)92,
8u0,10g(0%) = (1 +4Q7209,r9,r),
Oy (720,r) = —dmr Q2R

(3.1.4)
Ou(Q20yr) = -4mrTlQ 7,
87 =0,
OyT =0.

In certain cases, the Einstein—null dust system can be formally viewed as a high
frequency limit of the Einstein—scalar field system (as was already discussed in [120)]):
Setting

T 1209, =1 (0)°
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in (3.1.1) and dropping all lower order terms from the wave equation for ¢, one formally
obtains (3.1.4) in the region where 0,90,¢ is negligible, i.e. outside the intersection of

the supports of t,T. While this formal limiting procedure can be rigorously justified away

from r = 0, the dynamical similarities between (3.1.3) and (3.1.4)) break down close to
r = 0. A fundamental difference between these systems is the fact that, while small data
asymptotically AdS solutions to satisfying a reflecting boundary condition at Z
remain regular (and “small”) for large times, all non-trivial solutions to the system
break down once the support of T reaches the axis y (i.e. the timelike portion of {r = 0}),
independently of the boundary conditions imposed at Z. This is an ill-posedness statement
for , which needs to be addressed before any attempt to study the AdS instability

conjecture in the setting of (3.1.4).
We will now proceed to discuss this difference of (3.1.3) and (3.1.4]) in more detail.

Cauchy stability for the Einstein—scalar field system

The following Cauchy stability result holds for the system ((3.1.3)):

Proposition 3.1 (Cauchy stability for (3.1.3)); see [83]). For a suitable initial data norm
| linitiat, (Mads,gaas) is Cauchy stable as a solution of the system with reflecting
boundary conditions on . That is to say, for all fixed times T, > 0, any perturbation
of the initial data of (Mags,gads) which is small enough (when measured in terms of
|| ||initial) with respect to Ty gives rise to a solution of which is regqular and close to

(Mads, gadas) for times up to T,.

Remark. In the statement of Proposition Cauchy stability of (M ags,gaqs) refers to
stability over fixed compact subsets of the conformal compactification of (M ags,gadas),
such as subsets of the form {0 <t <T,} in the (¢,7,9,¢) coordinate chart. Any such subset
contains, in particular, a compact subset of the timelike boundary Z.

The initial data norm || ||;nitial, for which the Cauchy stability of (M ags, gaqs) follows
from [83], is a higher order, suitably weighted C* norm. However, this is not the only
norm for which (Mags,g44s) can be shown to be Cauchy stable: An additional, highly
non-trivial example of such a norm is the bounded variation norm of Christodoulou [28]
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(modified with suitable r-weights near r = o0). Similar low-regularity norms will also play
an important role in this chapter (see (3.1.11)).

Assuming, for simplicity, that initial data are prescribed on the outgoing null hypersur-
face corresponding to u = 0, for 0 < v < v,, a necessary condition for Cauchy stability of
(M ags, gaas) for the system with respect to an initial data norm || - ||;nitia is that,

for any given Ry > 0, || - |linitiar controls the quantity

(3.1.5) ya sup m(0,v2) — 1 (0,v1)
0<v1<v2<Uy, (7«(0’1)2) _ T‘(O, Ul))‘ log (r(O,v2) _ 1)

7(0,v T(Ovvl)
7'20711?; <3, r(0,v2)<Ro

)

where m is the renormalised Hawking mass, defined in terms of the Hawking mass m,
(3.1.6) m = g(l - 49_28ur8m"),
by the relation

1

(3.1.7) mﬁm—gmﬁ

This is a consequence of the fact that, when .# exceeds a certain threshold (depending on
Ry), there exists a point p = (ut,v;) in the development of the initial data, with 0 < uy < v,,

such that

(3.1.8) QTm(uT,UT) o1,

a result proven by Christodoulou in [26]E| The bound ([3.1.8)) implies that
(3.1.9) Our(ug,vi) <0, Opr(ut,vi) <0,

i.e. that the symmetry sphere associated to (ut,vt) is a trapped surface. In particular,

(ut,vy) is contained in a black holeE|

2The result of [26] was restricted to the case A = 0, but the proof can be readily modified to include the
case A < 0.
3We should remark that (3.1.9) follows from (3.1.8) under the assumption that 9,7 < 0 (which always
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As a corollary, it follows that the total ADM mass of the initial data, though expressible
as a coercive functional on the space of initial data of (3.1.3]), does not yield a norm for

which (M ags,gaqs) is Cauchy stable for (3.1.3]), since the ADM mass manifestly fails to
control (3.1.5)).

Break down at r =0 and “trivial” Cauchy instability for the Einstein—null dust

system

The following instability result holds for the system ({3.1.4)) (see [I11]):

Proposition 3.2 (Cauchy instability for ) Any globally hyperbolic spherically sym-
metric solution (M, g; T, T) of with non-empty axis y “breaks down” at the first point
when a radial geodesic in the support of T reaches y: Beyond that point, (M, g;t,T) is C°
inextendible as a spherically symmetric solution to . As a result, (Mags,gaas) is

not a Cauchy stable solution of for any “reasonable” initial data topology.

For the precise definition of the notion of C? inextendibility as a spherically symmetric
solution to (3.1.4)), see [I11]. Note that this a stronger statement than (M, g; t,%) breaking
down as a smooth solution of . We should also remark the following regarding
Proposition [3.2}

» Proposition holds independently of the value of the cosmological constant A. In
particular, Minkowski spacetime (R31, 1) is not Cauchy stable for (3.1.4) with A =0

for any “reasonable” initial data topology.

 Proposition [3.2] yields a uniform upper bound on the time of existence of solutions
(M,g) to for any initial data set for which T is not identically equal to O,
depending only on the distance of the initial support of T from the axis and, thus,
independently of the proximity of the initial data to the trivial data (in any reasonable
initial data norm). We should also highlight that the instability of Proposition has
nothing to do with trapped surface formation: Up to the first retarded time when a ra-

dial geodesic in the support of T reaches vy, any solution (M, g) to (3.1.4) arising from

holds provided, initially, 9,7|u-0 < 0; see [28§]).
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smooth initial data close to (M a4s,gaq4s) remains smooth and close to (M a4s, 9ads),
and (M, g) contains no trapped surface. In fact, in this case, despite being C° inex-
tendible as a globally hyperbolic spherically symmetric solution to (3.1.4), (M, g) is

globally C'*-extendible as a spherically symmetric Lorentzian manifold; see [IT1].

o The Cauchy stability statement for (Mags,gaqs) for the system stated in
Proposition [3.1| can be informally interpreted as the result of a natural dispersive
mechanism close to the axis y displayed by the system , which does not allow
the energy of ¢ to concentrate on scales smaller than m in O(1) time, provided a
suitable initial norm of ¢ (controlling at least ) is small enough. No such
mechanism is present for the system , as is illustrated by Proposition

Resolution of the “trivial” instability of (3.1.4)) through an inner mirror

In order to turn the spherically symmetric Einstein—null dust system into a well-
posed, Cauchy-stable system (a necessary step for converting into an effective model
of the vacuum Einstein equations ), it is necessary to explicitly add to (3.1.4) a
mechanism that prevents the break down at r = 0 described by Proposition so that,
moreover, an analogue of Proposition holds for . This can be achieved by by
placing an inner mirror at r = rg > 0, i. e. by restricting on {r >ry}, for some ¢ >0,
and imposing a reflecting boundary condition on the portion y, of the set {r =7} which is

timelike.

Remark. The reflecting boundary condition on y, can be motivated by the fact that, for
smooth spherically symmetric solutions (M, g;¢) to (3.1.1)), the function ¢, viewed as a
function on the quotient of (M, g) by the spheres of symmetry, satisfies a reflecting boundary

condition on the axis.

The well-posedness and the properties of the maximal development for the system (3.1.4))
with reflecting boundary conditions on Z and vy, are addressed in [ITI]. The following result

is established in [IT1]:

Theorem 2 (Well posedness for (3.1.4) with an inner mirror). For any 9 > 0 and any

smooth asymptotically AdS initial data set (7,Q2,1,%)|y=0 on u = 0, there exists a unique
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Figure 6: Schematic depiction of the domain on which the maximal future development
(r,Q2%,7,7) of a smooth initial data set on u = 0 (with reflecting boundary conditions on
Z and 7p) is defined. A gauge condition ensures that Z and ~, are straight vertical lines.
Conformal infinity Z is always complete in this setting. In the case when the future event
horizon H* is non-empty, it is smooth and has infinite affine length. In this case, apart
from the mirror 7, the boundary of the domain has a spacelike portion on which {r =r}.

smooth maximal future development (r, Q2 t,%) on {r > g}, solving with reflecting
boundary conditions on Z and v,,, where 7|, =79 and y, coincides with the portion of the
curve {r = ro} which is timelike (fixing the gauge freedom by imposing a reflecting gauge
condition on both Z and v)). For this development, Z is complete and {r =g} is timelike
in the past of Z (see Figure 6).

In the case when the future event horizon H* is non-empty, it is smooth and future
complete. A necessary condition for #* to be non-empty is the existence of a point (uy,v;)

where ([3.1.8) holds. If the total mass m|z and the mirror radius rg satisfy

2m]1

1
(3.1.10) <1- 5Arg,

To
then necessarily H* = @

For a more detailed statement of Theorem [2} see Section and [I11].
In view of the fact that H* = & in the case when the total mass /m|z and the mirror

radius ro satisfy (3.1.10]), in order to address the AdS instability conjecture for the system
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with reflecting boundary conditions on Z and v, it is necessary to allow rg to shrink
to 0 with the size of the data. Thus, addressing the AdS instability conjecture in this setting
requires establishing a Cauchy stability statement for (M aqs,gaqs) which is independent
of the precise value of the mirror radius ro. This is the statement of the following result,

proved in [IT1]:

Theorem 3 (Cauchy stability for (3.1.4]) uniformly in r¢). Given € > 0, u, > 0, there exists
a 8 > 0 such that the following statement holds: For any ro > 0 and any initial data set
(r, %, 7,7)|uzo satisfying

(3.1.11) ||(T,Q2,'c,'_c)||u:0 = sup

(%

/ 7(0,v) V-Adv .
u=0p(0,v) = (0,)| + tan~" (v/=Arg) 9wp(0,v)

+Slfg(‘(1 - 2—m)_l - 1’ +\/Em) <e,

r

where
(3.1.12) o(0,v) = tan™  (V=Ar) (0, v),

the corresponding solution (r, Q% 1,%) to (3.1.4) with reflecting boundary conditions on Z

and v, will satisfy

(3.1.13) sup ||(7, %, 7, T)|u=a < 5.

SﬁﬁUx—

For a more detailed statement of Theorem |3 see Section and [I11].

Notice that the norm vanishes only for the trivial initial data (r, 02,0, 0). In-
formally, Theorem [3| implies that, if the energy of the initial data concentrated on scales
proportional to the mirror radius rg is small enough, then the energy of the solution to
(3.1.4) (with reflecting boundary conditions on Z and vy,) will remain similarly dispersed
for times less than any given constant. In particular, no trapped surface can form in this
timescale if § is chosen sufficiently small.

In Section [3-3] we will also present a Cauchy stability statement for general solutions of

(3.1.4)) with reflecting boundary conditions on Z and v, which will be used in the proof of
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Theorem [3.1| (see Theorem [3.2]).

3.1.1 Statement of the main result: the non-linear instability of AdS

According to Theorem |3, a Cauchy stability statement holds for (M a4s,944s) for time
intervals which are independent of the precise value of the mirror radius rg, depending only
on the smallness of the initial data norm . As a result, it is possible to study the
AdS instability conjecture for the system (3.1.4)) with reflecting boundary conditions on
7 and vy, for perturbations which are small with respect to , allowing the mirror

radius ro to shrink with the size of the data. In fact, we will prove the following result:

Theorem 3.1 (more precise version). There exists a family of positive numbers ro. (satis-

fying roc =20, 0) and smooth initial data (r, 2, t,7)® .o for the system (3.1.4) satisfying

the following properties:

1. In the norm || - ||y=0 defined by (3.1.11):

(3.1.14) 10, 92,7, %) lucg = 0.
2. For any € > 0, the maximal development (r,Q2 1,7)® of (r,Q2% 1,7)®)|,-o for the
system (3.1.4) with reflecting boundary conditions on Z and v, |y, = 70, contains a

trapped sphere, i.e. there exists a point (ug,ve) such that:

27, (€)
(3.1.15) T (e, ve) > 1.
r(s)

Thus, in view of Theorem 2, (7, 021, f)(e) contains a non-empty, smooth and future

complete event horizon H* and a complete conformal infinity Z.

For the definitive statement of Theorem see Section (3.4l The following remarks
should be made concerning Theorem

o In view of the Cauchy stability of (M a4s,gaqs) with respect to (3.1.11)) (see Theorem

, the tim required to elapse before (1 - 2:”(—::)) becomes negative necessarily tends

“where time is measured with respect to the (dimensionless) coordinate function £ = v-A(u + v).
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to +oo as € > 0. However, our proof yields a quantitative upper bound (increasing

to +0o0 as € - 0) on the time of trapped sphere formation for the development of

(1,92,7,7) ], (see (3.4.6)).

o In view of the fact that H* = @ when (3.1.10) holds, in order for (r,Q%,1,7)® to

satisfy both (3.1.14]) and (3.1.15)), it is necessary that roc — 0 as € — 0, at a rate which

is at least as fast as that of 2m<€)|1 i.e:
(3.1.16) roe < 2m ()|,

In fact, we choose the family roe, (r,9%,7,7)®|4—0 of Theorem to saturate the
bound ([3.1.16) in the limit € — 0, i.e.

. Toe
(3.1.17) g_r)% 2m(€)’2 =

For the proof of Theorem (3.1.17)) is not essential and can be relaxed; however, it
is fundamental for our proof that rg. is bounded from below by some small multiple

of ﬁl(e) |I-

o It follows from the proof of Theorem |2 that, in the case A = 0, Minkowski spacetime
(R3*1 1) is globally stable (for the system with reflecting boundary conditions
on the inner mirror {r = r9}) to initial data perturbations which are small with
respect to the norm , independently of the precise choice of rg. This fact
further justifies the choice of the matter model and the norm as a setting for

establishing the AdS instability conjecture.

e The proof of Theorem [3.1] also applies in the case A = 0 when placing an outer mirror
at r = Ry > ro (in addition to the inner mirror at r = rg), i. e. restricting the solutions
of in the region {rg <r < Ry} and imposing reflecting boundary conditions on
both {r =rg} and {r = Ro}. This is in accordance with the numerical results of [19]

for the system (|3.1.1]).

Note that the renormalised Hawking mass m(®) is constant on Z when imposing a reflecting boundary
condition.
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o It can be readily inferred by Cauchy stability (see Theorem in Section that,
for any y. = (r,9%,7,7)(®)|,—0 in the family of initial data of Theorem there exists
an open neighborhood W, of initial data around y. such that, for all y € W, the
maximal future development of y also contains a trapped surface. In particular, the
set of initial data leading to trapped surface formation is open. An even stronger
genericity statement would be the existence of an open instability corner in the space
of initial data around (Mags,gaqs) (see [54]), i.e. the existence of a ¢; > 0 such
that {y s dist(y,ye) < cl||y€||u:0} c W, for all € > 0 (with dist(-,-) being the distance
function associated to for ro = roc). While we have not addressed the issue of
genericity of the unstable initial data here, we expect that the proof of Theorem

can be adapted to yield the existence of an instability corner around (M a4s, g4ds)-

o A plethora of numerical works (see, e.g. [15], 19} 14, 54]) suggest that, in the case of
the Einstein—scalar field system 1’ for families of initial data ((pgo), q)gl)) for the
scalar field ¢ of the form

(3.1.18) (0,6 = (€6, epM)

€

(where ((p(o), (p(l)) is a fixed initial profile), trapped surface formation occurs at time
~ €72, However, any rigorous formulation of this statement for general families of
initial data, not necessarily of the form , requires fixing an initial data norm
for which the initial data size is measured, with different choices of (scale invariant)
norms possibly leading to different timescales of trapped surface formation for initial
data of size ~ e. For this reason, given that the initial data (t,7)(®)|,=0 in Theorem
can not be viewed as a rescaling of a fixed profile of the form , we have
not tried to optimize the time required for trapped surface formation in Theorem

in terms of the initial norm (3.1.11]).

3.1.2 Sketch of the proof and remarks on Theorem

We will now proceed to sketch the main arguments involved in the proof of Theorem
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T =T0e
o0+ = U

Figure 7: The initial data (r,Q2,7,7)()|,-o give rise to a bundle of ingoing beams which
are successively reflected off {r = ro.} and Z = {r = +o0}. While the number of beams goes
to infinity as € — 0, for simplicity, we only depict here a bundle of three beams. As long as
the total width of the bundle of beams remains small, the interaction set naturally splits
into a part which lies close to {r = o} and a part near Z. We have also marked with a red
dashed line the beam lying (initially) to the future of the rest.

Construction of the initial data

The family of initial data (r,Q2,t,%)®)|,— in Theorem is chosen so that its total ADM

mass fn(s)|1 and the mirror radius ro. satisfy (for € «< 1)

(3.1.19) roe, 1|z ~ e(~A) 2.

In particular, fixing a function A(€) in terms of € such that
e<<h(e) <1,

the initial data (r, 22, 7, 7)®)],-0 are constructed so that the null dust initially forms a bundle
of narrow ingoing beams emanating from the region r ~ 1; see Figure 7. The number of the
beams is chosen to be large, i. e. of order ~ (h(e))™!, and the beams are initially separated by

gaps of r-width ~ (h(e))’la(—A)fé. The large number of beams and their initial separation
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are chosen so that
(3.1.20) 11,92, 7,7) @ luo ~ h(e) = 0.

Remarks on the configuration of the null dust beams

As the solution (r, QQ,T,%)(E) arising fom the initial data set (r, Q2,T,f)(€)|u=0 evolves ac-
cording to equations , the null dust beams are reflected successively off vy, = {r =70 }
and Z, as depicted in Figure 7. The beams separate the spacetime into vacuum regions (the
larger rectangular regions between the beams in Figure 7), where the renormalised Hawking
mass (%) is constant (recall the definition of the Hawking mass and the renormalised Hawk-
ing mass by and , respectively). The interaction set of the beams consists of
all the points in the spacetime where two different beams intersect (depicted in Figure 7
as the union of all the smaller dark rectangles, lying in the intersection of any two beams).
As long as the total width of the bundle of beams remains small, the interaction set can be
split into two sets, one consisting of the intersections occuring close to the mirror v, and
one consisting of the intersections near Z (see Figure 7).

Every beam is separated by the interaction set into several components. To each such
component, we can associate the mass difference Dm between the two vacuum regions which
are themselves separated by that beam component. The mass difference ®m measures the
energy content of each beam component and, in view of the non-linearity of the system
, it is not necessarily conserved along the beam after an intersection with another
beam. Precisely determining the resulting change in the mass difference after the interaction

of two beams will be the crux of the proof of Theorem [3.1]

Beam interactions and change in mass difference

In Figure 8, the region around the intersection of an incoming null dust beam {,, and
an outgoing null dust beam {_,, is depicted. This region is separated by the beams into

4 vacuum subregions R1, ..., R4 with associated renormalised Hawking masses m, ..., 1My

(see Figure 8). Before the intersection of the two beams, the mass difference of the incoming
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beam C,, is

(3.1.21) D_1m = s — i,

while the mass difference of the outgoing beam _,, is

(3.1.22) D_m =my —ma.

After the intersection of the beams, the mass differences associated to {,, and {,,, become

(3.1.23) D10 = 1y — T
and

(3.1.24) D, =1m3 —mq,
respectively.

Figure 8: The region in the (u,v) plane around the intersection of an incoming beam (;,
and an outgoing beam (yy:. The regions R;, ¢ = 1,...,4 are vacuum and the renormalised
Hawking mass 7 is constant (and equal to m;) on each of the R;’s.

Assuming that

2
(3.1.25) My
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and

(3.1.26) Our <0 < Oy,

we can readily obtain the following differential relations for r and m from ({3.1.4):

Opr 4T T
(3.1.27) 9y log ( —QTm):_T—Bur’
—Oyr 4 T
d,1 Sl
Og(l - 277”) 7 Oyr
and
1-2m
(3.1.28) Duiin = - 2t )
_2m
Oy =2 r .
m 7'('( avr T

We will also assume that:

o The null dust beams {,, and {,,, are sufficiently narrow so that, on their intersection

Cipn NCout» T can be considered nearly constantﬂ

(3.1.29) sup r—_inf r<« €(—A)_%,

cinncout inNSout

o D, —D_m and D,m —-D_m are relatively small

Then, equations (3.1.27)—(3.1.28]), combined with the conservation laws

5This is possible in view of the fact that, for solutions (r, Q2% t,%) to (3.1.4), » remains uniformly contin-
uous in the limit when t,T tend to 8-functions in the u, v variables, respectively.

"Note that, necessarily, ® ./ - D_1m = —(D,1m - D_1n).
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yield the following relations for the change in the mass difference associated to ¢;, and C_,,

after their intersection:

— = 2 D1
(3.1.30) D,m=2_1m-exp (; [ omg + (’f‘ctm)
and
3 N 2 D_m
(3.1.31) D =D i-exp (- Tt Crtout),

r

where the error terms €rr;,, €ty are negligible compared to the other terms in (3.1.30)),
(3.1.31)) (see also the relations (3.6.51]) and (3.6.52)) in Section|3.6.1]). In particular, whenever

an ingoing and an outgoing null dust beam intersect, the mass difference of the ingoing beam

increases, while that of the outgoing beam decreases.

Remark. Notice that, according to and , the change in the mass difference
of each of the beams (;,,(,,, after their intersection can be estimated in terms of the mass
difference of the other beam and the value of r and inf(1 - 277”) in the region of intersection.
A relation for the change of the mass difference of two infinitely thin, intersecting null dust

beams was also obtained in [120].

The instability mechanism

Let us now consider, among the null dust beams arising from the initial data
(r,92,7,7)®|,20, the beam {, which initially lies to the future of the rest (this is the

beam marked with a red dashed line in Figure 7). Denoting
(3.1.32) & [t+] = mass difference associated to {; at {yn{u+v=1t,},

we will examine how & changes along {;, after each successive intersection of {; with the

rest of the beams:

1. Starting from u = 0 up to the first reflection of {;, off the inner mirror vy, the beam

{, is ingoing and intersects all the other beams after they are reflected off y,. Thus,
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applying (3.1.30) successively at each intersection of {, with an outgoing beam, we

infer that & increases at this step by a multiplicative factor

2(m |z — &, |u=
(3.1.33) Amzexp( (7Ol - &,| 0)(1—5)),

Yo

where 7y is the value of 7 at the region of intersection of {; with the first beam which
is reflected off {r = 7oc} (note that 7y, is also the r-width of the bundle of beams
when , first reaches the mirror y,). In obtaining , we have assumed that
Toe K Ty, K (—A)_%, m®)|z ~ rge and Eylu=0 < )|z (which holds in view of the way

the initial data where chosen).

2. The mass difference & right before and right after the reflection of ; off v, is the

same, in view of the reflecting boundary conditions on vy,.

3. From its first reflection off v, up to its first reflection off Z, the beam {; is outgoing
and intersects (again) the rest of the beams in the region close to Z (after these beams
are reflected off 7). Applying (3.1.31)) successively at each intersection, we infer that

&, decreases at this step, being multiplied by a factor

2(m |z - & Ju-
(3.1.34) 1> Apyr > exp| - (7 - &, 0)( L +e) ),
Tz (1-e-3Ar3)

where rz is the value of r at the region of intersection of {;, with the first beam which
is reflected off Z. In obtaining (3.1.34]), we have asumed that rz > (—A)_% (which

holds in view of the way the initial data where chosen).

4. The mass difference & right before and right after the reflection of {; off 7 is the

same, in view of the reflecting boundary conditions on Z.

Therefore, provided ., < (—A)fé <« rz, we infer that, after the first reflection of ¢ off
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Yo and Z, the mass difference & increases by a factor

(3.1.35)

2|, — e 2] — .
Atot :A’in'AOut ZeXp( (m |I 5{0| 0)(1—8) B (m |Z 5C0| 0)((1 1 ) +€))

Ty o rr

m(a)|I _ 5C0|u=0)

> exp ( -

0

The steps 1-4 in the above procedure can then be repeated for each successive reflection of

¢, off v, and Z, as long as
(3.1.36) Toe K Tygin << (—A)‘% K T,

where 7y .., 77, are the values of ry , 7z, after the n-th reflection of {; on y, and Z (note
that ry,;, is also the r-width of the bundle of beams at the n-th reflection of ; off v,).
Thus, as long as (3.1.36]) holds, denoting with & ., the value of &  at the n-th reflection

of ¢ off v, the following inductive bound holds:
(3137) gco;n 2 Atot;n : gco;n—lv

where the multiplicative factor

O ) .
(3.1.38) Avotin = exp (M—CO)

7,Yo;n

is always greater than 1, since &, < m<€>|1 (see also the relation (3.6.13)) in Section .

This is the main mechanism driving the instability, and the proof of Theorem [3.1] is aimed

at showing that, for some large enough n(c) depending on ¢,

n(e)

3.1.39 A 0
( ) H totn 25C0|u o

Inequality (3.1.39) implies (in view of (3.1.37))) that

2%
(3.1.40) Tonle) g,
Toe
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i.e. that, after the n(c)’th successive reflection of {; on vy, and Z, the mass difference &
has become so large that a trapped surface (in particular, a point where 277" > 1) necessarily
forms before {, reaches the mirror vy, = {r = roc} for the n(e) + 1-th time (provided {, was

initially chosen sufficiently “narrow”)ﬂ

Control of ry ., and the final step before trapped surface formation

The main obstacle to establishing (and, thus, Theorem is the following: Once
&, exceeds c-1ge for some fixed (small) ¢ > 0, the total r-width of the bundle of beams close
to g, i.€. 1y, in , increases after each successive reflection off y, and Z. Thus, the
multiplicative factor decreases as n grows. The increase in 7y, is more dramatic
when the spacetime is close to having a trapped surface, i.e. when 277” is close to 1E|
Controlling the growth of r ., is achieved by establishing an inductive bound of the

following form:

(3.1.41) TYO;nSTYO;n—l'(lJrCo T0e (‘log(l—m)‘Jrl))

Tyosn—1 T0e

(see also the relation (3.6.14]) in Section [3.6.1). Obtaining the bound ([3.1.41)) is one of the

most demanding parts in the proof of Theorem and requires controlling the r-distance

7’%)” of , from the second-to-top beam {; at the n-th reflection off v, for all n < n(e),

i.e. establish a bound of the form

&)

ro
(3'1'42) % >1+ CO(gZO;O/TOs)-
3

(see (3.6.12) in Section [3.6.1). The bound (3.1.42)) is in turn obtained by establishing an

8We should remark that, once a trapped surface S has formed, {r = roc} N J*(S) (where J*(S) is the
future of §) will be spacelike and we will not study the evolution of the spacetime beyond {r = roc} n J*(S).
In particular, no more reflections of the beams will occur in the future of S. See Theorem E}

9The example of two outgoing null rays in the exterior of Schwarzschild-AdS, with mass M <« (—A)"%,
serves to illustrate this phenomenon: The r-separation of two rays emanating from the region close to the

future event horizon H*, where 27”1 ~ 1, increases dramatically by the time they reach the region r ~ (7A)_%.
This is, of course, nothing other than the celebrated red-shift effect.
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inductive bound of the form

(D)

(3.1.43) 10g< Y(E%S—l)gcolog(g&o;n )

Tyoim Cosn—1

estimating the decrease of r%?n by the increase of &, ., at each reflection (see (3.6.129)

in Section [3.6.1). The bound (3.1.42)) is inferred from (3.1.43), in view of the fact that
cftom 2 5c0m_1 and

(3.1.44) > log((fci) = log(%) < log(ri).

n=1 Cosn—1 o350 25{();0

At the level of the initial data, obtaining (3.1.41)) and (|3.1.43]) requires introducing a certain

hierarchy for the scales of the r-distances and mass differences associated to the beams

initially (see (3.5.2)) and (3.5.3)) in Section [3.5.1)).
Combining (3.1.37) and (3.1.41)), we can show that there exists a large n(e) such that,

after n(e) reflections of {;, off v, (but not earlier!), we have

2% .
(3.1.45) o) 59 e(e),
T0e

where ¢(g) < h(e) is a fixed function of €. Note that, compared to (3.1.40)), (3.1.45)) is a

slightly weaker bound, which just stops short of implying that a trapped surface is formed.
In order to complete the proof of Theorem [3.1] we therefore have to consider two different

scenarios for & ., (e):

Case 1. In the case when (3.1.40|) holds, the proof of Theorem follows readily, since
(3.1.40) implies that, before {, reaches {r = roc} for the n(e) + 1-th time, a point

arises where QTm > 1.

Case 2. In the case when ([3.1.45)) holds but ([3.1.40|) is violated, we can bound

2
(3.1.46) 1—e(e) < 0
T0e

In this case, {, reaches {r = roc} for the n(e) + 1-th time before a trapped
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surface has formed. One would be tempted to repeat the above procedure for
one more reflection, in an attempt to establish that a trapped surface has formed
before the n(e) +2-th reflection of ¢, off v,. However, the bound implies
that most of the bootstrap assumptions needed for the proof of Theorem [3.]]
(which we have supressed in this sketch for the sake of simplicity) are violated
beyond the n(e) + 1-th reflection and, thus, the above procedure can not be
repeated. For this reason, we choose a different path: Applying a Cauchy stability
statement backwards in time (see Theorem, we show that there exists a small
perturbation (7', ()2, 1/,7)® |0 of the initial data (r, 2,1, 7)®)|,-o(satisfying
(3.1.20)), such that the perturbed solution (r/,(€2')%,7,7")® to satisfies
(3.1.40)) and, furthermore,

28!
(3.1.47) “oime) 5
T0e

where &, is similarly defined by the relation [3.1.32] for (+/,(Q")2,7,7)® in
%
place of (r,92,7,7)(®)). Thus, we end up in the scenario of Case 1, and the proof

of Theorem follows readily.

Further remarks on the proof of Theorem

The proof of Theorem 3.I]involves many technical issues related to the final step of the evolu-

tion before a trapped surface is formed. Most of these technical issues simplify considerably

in the case when one restricts to showing a weaker instability statement for (M aqs, gads),

e.g. by replacing (3.1.15)) with

(3.1.48)

2m (e) 1
(1 - T) ‘(ua,va) < 92

See Sections B.4] and B.6.1] for more details.

The mechanism leading to trapped surface formation in the proof of Theorem [3.1] only

made use of the fact that we chose the initial data (r, 22, 1,7)(®)|,0 so that the matter was

supported in narrow null beams, successively reflected off v, and Z, while the matter model
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satisfied the condition

(3.1.49) Tuw = V2g*BTyp = 0.

Thus, we expect that the same mechanism can be adapted to the case of more general
matter fields, which allow for matter to be arranged into narrow and suficiently localised

null beams, satisfying (in a region around the set of intersection of the beams)

(3.1.50) T, |29 P TuB| < T + T,

with such a configuration arising moreover from inital data which are small in a norm for
which (M ags, gaqs) is Cauchy stable. For an application of this mechanism in the case of
the spherically symmetric Einstein—massless Vlasov system (without reducing to the radial
case and without an inner mirror), see our forthcoming [106].

Finally, let us remark that the general mechanism of instability suggested by the proof
of Theorem can be summarized as follows: In a configuration consisting of a relatively
narrow bundle of nearly-null beams of matter that are successively reflected on Z and r =0
(on an approximately (M 445, g44s) background), the energy content of the “top” beam will
increase after each pair of reflections. A similar physical space mechanism was described for
the Einstein—scalar field system in [54], where it was suggested that, on a nearly-null
scalar field beam successively reflected off 7 and the center r = 0, the energy density on the

top part of the beam tends to increase.

3.1.3 Aside: Earlier numerical and heuristic works, and related problems

Numerical results in the direction of establishing the AdS instability conjecture were first
obtained in 2011 by Bizon and Rostworowski in [15], who studied the evolution of spherically
symmetric perturbations of (M ags,gaqs) for the Einstein—scalar field system in
Schwarzschild-type coordinates. More precisely, [I5] numerically simulated the evolution of
initial data for with ¢ initially arranged into small amplitude wave packets. It was

found that, for certain families of initial arrangements of this form (of “size” €), after a finite
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number of reflections on Z (proportional to €72), the energy of the wave packets becomes
substantially concentrated, leading to a break down of the coordinate system associated
with the threshold of trapped surface formation.

Following [15], a vast amount of numerical and heuristic works have been dedicated to
the understanding of the global dynamics of perturbations of (M ag4s,gaqs) for the system
BI1) (see, e.g., [52) 19, 5T, 104, [T, 35, 36, (14, 54, [74, 88, 56, 55, ?]). In these works,
the picture that arises regarding the long time dynamics of generic spherically symmetric
perturbations is rather complicated: Apart from perturbations that lead to instability and
trapped surface formation ([52] [19]), it appears that there exist certain types of perturba-
tions (dubbed “islands of stability”) which remain close to (M ags,gaqs) for long times; see
[51l 104], 11l 56]. Perturbations of the latter type might in fact occupy an open set in the
moduli space of spherically symmetric initial data for (see [11,56]). The question of
existence of open “corners” of initial data around (M 445, g44s) leading to trapped surface
formation has also been studied (see, e. g. [54]).

Another interesting problem in this context is the characterization of the possible end
states of the evolution of unstable perturbations of (M a4s, g44s). In [85], Holzegel-Smulevici
established that the Schwarzschild-AdS spacetime (Mgen, gsen) is an asymptotically sta-
ble solution of the system in spherical symmetry, with perturbations decaying at
an exponential ratem This result supports the expectation that all spherically symmetric
perturbations of (M ag4s,gaqs) for the system leading to the formation of a trapped
surface eventually settle down to a member of the Schwarzschild-AdS family (see [38], [39]).
However, beyond spherical symmetry, Holzegel-Smulevici [84, [86] showed that solutions to

the linear scalar wave equation
(3.1.51) Oggn®=0

on (Mgeh, gsen) (and, more generally, on Kerr—AdS) decay at a slow (logarithmic) rate,

which is insufficient in itself to yield the non-linear stability of (Mgen, gsen) (cf. our re-

'0A similar result can presumably also be deduced for the vacuum Einstein equations (1.2.6) reduced
under the biaxial Bianchi IX symmetry in 4 + 1 dimensions, following by an amalgamation of the proofs of
[81] and [85].
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mark below the statement of the AdS instability conjecture). Thus, [86] conjectured that
(Msch, gsen) is non-linearly unstable. On the other hand, based on a detailed analysis of
quasinormal modes on (Mgep, gsen ), Dias—Horowitz—Marolf-Santos [51] suggested that suf-
ficiently regular, non-linear perturbations of (Mgcp, gsen) still remain small, at least for long
times. As a result, the picture regarding the end state of the evolution of generic perturba-
tions of (M aqgs,gads) outside spherical symmetry remains unclear (see also [88] 53, [127]).

Following [15], the bulk of heuristic works have implemented a frequency space analysis
in the study of the AdS instability conjecture. A notable exception is the work [54] of Dim-
itrakopoulos—Freivogel-Lippert—Yang, where a physical space mechanism possibly leading
to instability for the system is suggested. We will revisit the mechanism of [54] and

compare it with the results of this chapter at the and of Section [3.1.2

3.1.4 Outline of the chapter

This chapter is organised as follows:

In Section [3.2] we will introduce the spherically symmetric Einstein—radial massless
Vlasov system in double null coordinates. We will also formulate the notion of reflecting
boundary conditions for this system on Z and on timelike hypersurfaces of the form {r = ro}.

In Section we will formulate the asymptotically AdS characteristic initial-boundary
value problem for the spherically symmetric Einstein—radial massless Vlasov system. We
will then recall the main results established in [I11] regarding the structure of the maximal
development and the Cauchy stability properties for this system.

In Section we will provide a technical statement of the main result, namely the
instability of AdS for the Einstein—radial massless Vlasov system with reflecting boundary

conditions on {r =7y} and Z. The proof of this result will occupy Sections and

3.2 The Einstein—massless Vlasov system in spherical sym-

metry

In this Section, we will review the basic properties of the spherically symmetric Ein-

stein—massless Vlasov system in 3 + 1 dimensions, expressed in double null coordinates,
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following the conventions introduced in [42]. We will also introduce the notion of the reflect-
ing boundary condition on timelike hypersurfaces for the radial massless Vlasov equation.

To this end, we will follow the conventions adopted in [I11].

3.2.1 Spherically symmetric spacetimes in double null coordinates

Let (M3, ¢) be a smooth Lorentzian manifold, such that M is of the form
(3.2.1) MU xS?

where U is an open domain of R? with piecewise Lipschitz boundary o and, in the standard

(u,v) coordinates on U, g takes the form
(3.2.2) g = - (u,v)dudv + r* (u, v)gs2,

where gg2 is the standard round metric on S? and Q, 7 : U — (0, +o0) are smooth functions.

In addition, we will assume that
(3.2.3) infr > 0.
u

We will also fix a time orientation on M by requiring that the timelike vector field N = 9,,+0,

is future directed.

Remark. Notice that the action of SO(3) on (M, g) through rotations of the S? factor of

(3.2.1)) is an isometric action.

We will also define the Hawking mass m : M — R by the expression

(3.2.4) m = g(l—g(w, vr)).

Viewed as a function on U, m takes the form:

(3.2.5) m = 2(1 +4Q720,r0,r).
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Equivalently, we have

4M
1-2m

(3.2.6) 0?

In any local coordinate chart (y',%?) on S?, the non-zero Christoffel symbols of ((3.2.2)

in the (u,v,y',%?) local coordinate chart on M are computed as follows:

(3.2.7) I, =9, log(Q?), T, =0d,log(Q?),
Tp = Q720,(r*)(9s2) an, Tap = Q20u(17) (gs2) aB,
A5 = 710,58, Ty = v 10,104,

A A
I'pe = (Fs2)Bos

where the latin indices A, B,C are associated to the spherical coordinates y',y?, Bé is
Kronecker delta and I'sz are the Christoffel symbols of the round sphere in the (y!,y?)
coordinate chart.

For any pair of smooth functions f1, fo : R - R with f{, f3 # 0, the coordinate transfor-

mation

(3'2'8> (ﬂ,@) = (fl(u),fZ('U))a

mapping U to U c R?, can be used to diffeomorphically identify M with I/ x S?. In these

new coordinates, the metric g takes the form

(3.2.9) g=-0°(a,0)dudv + 2@, ) gse,
where

A2~ — _ 1 9 “Lea). £
(3.2.10) Q" (u,v) = f{fz’Q (fi (), f37 (),
(3.2.11) r(w,0) = r(fi' (@), f (9))-

We will frequently make use of such coordinate transformations, without renaming the
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coordinates each time.

Note that m is invariant under coordinate transformations of the form

(u,v) = (fi(u), f2(v)), i-e.
(3.2.12) m(l_L,’l_)) — m(ffl(ﬂ),fz—l(@))

3.2.2 The radial massless Vlasov equation

Let (M,g) be as in Section Let f > 0 be a measure on 7'M which is constant
along the geodesic flow, that is to say, in any local coordinate chart (z°,z!, 2, 2%) on M
with associated momentum coordinates (p°, p*,p?,p?) on the fibers of TM, f satisfies (as

a distribution) the first order equation
(3.2.13) PO f = T, PPpY Op f = 0,

where FSY are the Christoffel symbols of g in the chart (2%, z!, 22, 2%). We will call f a

massless Vlasov field if it is supported on the set P ¢ T'M of null vectors, i.e. on the set

(3.2.14) gmg(ac)p“‘pB =0.

Associated to f is a symmetric (0,2)-form on M (possibly defined only in the sense of

distributions), the energy momentum tensor of f, given by the expression

(3.2.15) Typ(z) = / L Pt

where n!(x) denotes the fiber of TM over z € M and the indices of the momentum

coordinates are lowered with the use of the metric g, i.e.

(3.2.16) Py = gva(2)p".

Remark. We will only consider distributions f for which the expression (3.2.15)) is finite for

all z € M and depends smoothly on z € M.
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We will consider only distributions f which are spherically symmetric, i.e. invariant
under the action of SO(3) on M. In that case, in any (u,v,y',y?) local coordinate chart

as in Section the energy-momentum tensor 7" is of the form
(3.2.17) T = Ty (u,v)du? + 2T (w, v)dudv + Ty (u, v)va +Tap(u, v)dyAdyB.

Furthermore, we will restrict to radial Vlasov fields f, i. e. fields supported only on radial null
vectors which are normal to the orbits of the action of SO(3) on M. In any (u,v,y",y?) local
coordinate chart as in Section (with associated momentum coordinates (p*, p”, pl, p2)),
a spherically symmetric, radial massless Vlasov field f has the form

(3.2.18)
Fluyv,yt, 20" 0% 0", %) = (Fin(w, 03 ") + four(w,v;9%))8(\/ (9s2) appApB )3 (QL2p"p"),

where fm, fout > 0 and 8 is the Dirac delta funcion on R. In this case, the only non-zero
components of the energy momentum tensor (3.2.15)) are the Ty, and T, components. In

particular, in terms of fi,, fout, we (formally) compute that

+00 4 2 _ 2de
(3‘2'19) Tuu(U,U) :/ Q (pv) fout(uﬂv;pv)r v
0 p
400 4 2 _ 2dpu
(3.2.20) Ty (1, ) = / () i (1 03 5) 122
0 p

Remark. We will only consider the case when fiy, fout are smooth and compactly supported

in the p“, p¥ variables, respectively.

In the case when f is of the form (3.2.18]), equation ([3.2.13]) is equivalent to the following

system for fm and fout:

(3.2.21) Du (D" fin) + p"Opu (U7 p" fin) = 0,

(3.2.22) Bu(Q D" fout) + P O (1D four) = 0.
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The equations ([3.2.21))—(3.2.22)) readily yield the following transport equations for T}, Tyy:

(3.2.23) Dy (r*Ty) = 0,

(3.2.24) 0y (r*T,y,) = 0.

Remark. Under a coordinate transformation of the form (3.2.8)), fin, four transform as

(3.2.25) FEe) (fr(w), fo(0); f1(w)p) = fin(u, v;p)
and
(3.2.26) Fe) (fy (), £2(0); £5(0)p) = Four (1, v3 ).

3.2.3 The spherically symmetric Einstein—radial massless Vlasov system

Let (M, g) be a smooth Lorentzian manifold and let A < 0. Let also f be a non-negative
measure on T'M. The Einstein—Viasov system for (M, g; f) with cosmological constant A
is

Ricy,(g) - %R(g)gw + Aguy = 8Ty,
(3.2.27)

PO f = T, PPpY O f = 0,

where T}, is expressed in terms of f by (3.2.15)).

Restricting to the case where (M, g) is a spherically symmetric spacetime as in Section

and f is a radial massless Vlasov field (i.e. has the form (3.2.18])), the system ([3.2.27))
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is equivalent to the following system for (r, Q2, fin, fout):

(3.2.28) 0o (r?) = - %(1—1\7«2)92,

QQ
(3.2.29) 00y log(2?) =ﬁ(1 +4Q720,10,7),
(3.2.30) Dy (20,1 = — 47T, Q72,
(3.2.31) Ou(Y28,1) = — AnrT, Q72
(3.2.32) 6u(Q4r4puﬁ-n) =—p“Opu (Q4r4puﬁ-n),
(3.2.33) Bo(Vr*p? fout) == P Ope (Urp” four),

where T, Ty, are expressed in terms of fout, ﬁn by (]3.2.19[), (|3.2.20|), respectively. Notice
that the system (3.2.28)(3.2.33) reduces to the following system for (7,2, Ty, Ty ):

(3.2.34) Bu0y(r?) = - %(1 - Ar?)Q?,

Q2
(3.2.35) Du0y log(Q?) =52 (1+ 49_28ur6v7"),
(3.2.36) Du(Q720,1) = — ATy, 12,
(3.2.37) (20,1 = — AnrT,, Q72
(3238) au(r2Tvv) :07
(3.2.39) Dy (r*Ty) =0.

Remark. The system (3.2.34)—(3.2.39)) is the Einstein—null dust system with both ingoing

and outgoing dust (used as a model for self-gravitating radiation already in [120]). In the

notation of Section 3.1}

(3.2.40) 2Ty =T
and
(3.2.41) T = 1.
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Defining the renormalised Hawking mass as

1

m=m—=Ar,

(3.2.42)

and using the relation (3.2.5)), equations ((3.2.34)—(3.2.39)) formally give rise to the following

system for (r,m, Ty, Tyy) (valid in the region of U where 9,r > 0,

OpT 1 2T
(3243) au log(@) =—A4nr Tu?",
=01 T,
(3244) av IOg(@) =47r T’rv’
21— ZAT% (=0,r)Dyr
(3.2.45) ulor == ——3 m
1-2m
(3.2.46) Dy = — 27r( r )rQTw,
—0yr
_2m
(3.2.47) Dyt :27r( 5 r )rsz
T
(3248) au(TQTvv) =Oa
(3.2.49) Do (r*To) =0.

3.2.4 The reflecting boundary condition

Oyr <0 and 1—27m>0):

Y

Let (M, g) be as in Section Recall that M splits topologically as the product

M ~U xS?.

Let Opmid be the subset of the boundary 0l of U c R? consisting of a union of connected,

timelike Lipschitz curves with respect to the comparison metric

(3250) YGeomp = —dudv
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on R2. Recall that a connected Lipschitz curve y in R? is said to be timelike with respect

to (3.2.50) if, for every point p = (u.,vs) €y, we have

(3.2.51) Y\WweI*(p)ul (p) = ({u>utn{v>v.})u({u<utn{v<v.}).
wU u iU

Figure 9: For a domain U c R? as depicted above, the timelike portion Oumid of the
boundary OU splits as the union of a "left" component 0;;, .U and a 'right" component
0. In general, O, U and 0, U need not necessarily be straight line segments as
depicted above. However, in the following sections, we will impose a gauge condition on

the domains under consideration that will indeed fix 9,4 and 9,;,,U to be vertical line
segments (see Definitions and [3.3).

Let us fix w: U U Oyld — R to be a smooth boundary defining function of 0y;,,U, i. e.
Wlgytt = 0,

dw’atimu 0

and

w|u > 0.

We can split Oy into its “left” and “right” components as

(3252) atlmuz t’"sz/IU t_z'mua
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where

8;mu = {(anUU) € atsz/{ : 3uw(uo,vo) > 0},

8t_;,mu = {(UQ,UQ) € OymU - avw(uOyUO) < 0}

Remark. Notice that any future directed radial null geodesic of M = U x S? with a future
limiting point on 8}; U xS? (in the ambient R?xS? topology of U xS?) is necessarily ingoing.
Similarly, future directed radial null geodesics “terminating” at 0}, U x S? are necessarily
outgoing.

In the next sections, we will only consider the reflection of radial null geodesics on parts
of OpmU for which either r — ¢ (for some constant rg > 0) or 1/r is a boundary defining

function.

Following [I11], we will define the reflecting boundary condition on 9y, U for the radial

massless Vlasov equation as follows:

Definition. A radial massless Vlasov field f on T'M will be said to satisfy the reflecting

boundary condition on Ol X S? if and only if

o For any (ug,vo) € 0};,,

U and any p > 0:

2. li
G2sy

Fout(u0,vo + I _gﬂ(uo,vo)'9_2(anvo+h)'p) 1
fin(uo = hyvo; Q7% (ug = h,vo) - p) '

—

o For any (ui,v1) € 0;;,,U and any p > 0:

(3.2.54) lim

(fm(ul +h,v; _B‘i—“g’(ul,vl) Q7 2(uy + h,vy) p)) .
h—0* '

fout(ur,v1 = hy Q7% (ug,v1 - h) -p)

Note that the relations (3.2.53) and (3.2.54) for fin, four imply the following boundary

relations for the components (3.2.19)—(3.2.20)) of the energy momentum tensor 7":
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o For any (ug,vo) € 0};,,U:

im

3.2.55 li =
( ) hgg* TQTM,(UQ - h, ’U(])

2Ty (ug, vo + h) ~ (—auw

2
8Uw (uO,Uo)) .

o For any (uy,v1) €;, U:

tim

(3.2.56)

2Ty (ug + h,v1) B (—avw
h=0* 12T, (u1,v1 —h)  \ duw

(U07U0))2~

3.3 Well-posedness for the boundary—characteristic initial value

problem

In this Section, we will formulate the asymptotically AdS initial value problem for the

system (3.2.28)—(3.2.33]) with reflecting boundary conditions on {r = ro} and Z, for some

ro > 0. We will then recall the main results established in [111], regarding the well-posedness
and the structure of the maximal development for this system.
3.3.1 Asymptotically AdS characteristic initial data

The following definition was introduced in [111]:

Definition 3.1 (Definition 3.1 in [III]). For any v; < vy and any 79 > 0, let
Ty [v17v2) - [T07+°O)7 Q/ : [UlaUQ) - (07+°°) and fin/).fout/ : [?}1,1]2) X (O’+oo) - [0,+OO)

be C'* functions, such that

(3.3.1) r/(v1) =710

and

(3.3.2) lim 7, (v) = +o0.
VU9
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Let us define (0,7); : [v1,v2) = (=00,0) by the relation

1 1 /" _ N
(3.3.3) (Bur)(v) = T/(—v)( —rj0ury(01) = 5 /U1(1 - AP} ()2} () do).

We will call (17,(27, fm/, fout/) an asymptotically AdS boundary-characteristic initial data

set on [v1,vy) for the system ([3.2.28)—(3.2.33)) satisfying the reflecting gauge condition at

r =1, +oo if:

o (r/,8) satisfies the constraint equation

(3.3.4) 0y(2,20yr)) = —dmr (To) /2,2,
where

+00o _ d U
(3.3.5) (To) (0) = /0 2 (0) (") o (050 H0)

. fout/ solves the massless radial Vlasov equation

(336) 811(Q?(v)r;l(v)pvfaut/(vvpv)) +pvapu(Q;l(v)r;l(v)pvfout/(v’pv)) =0.

o (Our), satisfies

(3.3.7) tim Oy

V>V v?‘/

. fout/, fm/ satisfy the following compatibility conditions at v = v1,v9 for any p > 0:

Fout (015 =52 (01) - 972 (01) )
(3.3.8) _ — -1
Finy(v1; Q; (v1) - p)
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and

= Our _
Jing(v2 = h; _(a—u?{)/(vz ~h)- Q/2(02 - h) p)) .
h—0* '

3.3.9 li =
( ) ~o ( fout/(v2 - h; Q/_Q(UQ - h) 'p)

Remark. Notice that the constraint equation implies
(3.3.10) 8y (Q%0yr)) <0.

Thus, yields

(3.3.11) Oyry >0

everywhere on [v1,v2).

Given any asymptotically AdS boundary-characteristic initial data set (r/, Q?, fin /s Fout /)
on [v1,v9) with reflecting gauge conditions at r = rg,+oo, we will also define the initial

Hawking mass m, and initial renormalised Hawking mass mn, on [v1.v2) by the relations

,
(3.3.12) my = £ (1-4%(@ur),00r)).
and

o 1,3
(3.3.13) m/:m/—EAr/,

in accordance with (3.2.6)), (3.2.42).

3.3.2 Developments with reflecting boundary conditions on r = rg, +co

We will only consider solutions (r, QQ,ﬁ-n,fout) to (3.2.28))—(3.2.33)) satisfying a reflecting

gauge condition on O, which fixes Oymld to be a union of vertical straight lines in the
(u,v)-plane. This motivates defining the following class of domains I in the plane (see
[111]):
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/—7/‘/
A
N
(0,v0)
S,
7(0,0)
o
o,

Figure 10: A typical domain U € %,, would be as depicted above. In the case when the
boundary set «y is empty, it is necessary that both 7y and Z are unbounded (i.e. extend all
the way to u + v = 00).

Definition 3.2 (Definition 3.3 in [I11]). For any vy > 0, let %, be the set of all connected
open domains U of the (u, v)-plane with piecewise Lipschitz boundary oU, with the property

that U splits as the union

(3.3.14) U =y, UITUS,, uclos(y),

where, for some 0 < uy,,uz < +oo,

(3.3.15) Yo ={u=v}n{0<u<uy},
(3.3.16) IT={u=v-vy}n{0<u<uz},
(3.3.17) Svo = {0} x [0, v0],

and y : (z1,29) - R? is a Lipschitz, achronal (with respect to the reference Lorentzian
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metric (3.2.50)) curve, which is allowed to be empty (the closure clos(y) of y in (3.3.14)) is

considered with respect to the standard topology of R?).

Remark. 1t follows readily from Definition [3.2] that U is necessarily contained in the future
domain of dependence of S, Uy, uUZ (with respect to the comparison metric (3.2.50])). In
the case when y = @ in (3.3.14)), it is necessary that both vy, and Z extend all the way to

U+7vV=+00.

A development of an asymptotically AdS boundary-characteristic initial data set for

the system (3.2.28))—(]3.2.33|) with reflecting boundary conditions on r = rg, +oco is defined as
follows (see [111]):

Definition 3.3 (Definition 3.4 in [I11]). For any vy > 0 and r > 0, let (r/,Q?,ﬁ-n/,fout/)
be a smooth asymptotically AdS boundary-characteristic initial data set on [0,vy) for the

system (3.2.28)—(3.2.33)) satisfying the reflecting gauge condition at r = rg, +oo, according
to Definition A future development of ('r/,Q?, fm/, fout/) will consist of an open set

U € Uy, (see Definition and smooth functions r : U — (19, +o0), Q% : U - (0,+00) and

fins fout : U x (0, +00) = [0, +00) satisfying the following properties:

1. The functions 7,92, fin, four solve the system (3.2.28)—(3.2.33)) on U.

2. The functions 7,02, fin, fout satisfy the given initial conditions on Suo = {0} x [0,v9),

i.e.:
(3318) (T, QQ; ,]Finv f_out)|SUO = (7’/, Q?a ﬁn/: .]?out/)'

3. The functions (7, fin, four) satisfy on Yo the boundary conditions

(3.3.19) Tlvy =70
and
(3.3.20) Fout (s, 045 ) = fin (e, va; p),
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for all (u«,v.) €y, and p >0, and on Z the boundary conditions

(3.3.21) (I/m)lz=0

and

71‘” *+h7 *;Q_Q *+h7 *) "
(3.3.22) T LGSR 72(7‘ v)p) )y
h—0* f(mt(u,h Ve = h; Q7 (us,vs —h) .p)

for all (ux,v.) €Z and p> 0.

4. The following are satisfied on y, and Z:

(3.3.23) Ourlyy = =0uTly,
and
(3.3.24) Ou(1/r)lz = =0y (1/7)lz.

Remark. Notice that the boundary conditions (3.3.19) and (3.3.21]), combined with the form
(3.3.15) and (3.3.16) of v, and Z, respectively, imply the relations (3.3.23)) and (3.3.24).

However, the relations (3.3.23)) and (3.3.24) should be viewed as gauge conditions fixing, in

conjuction with (3.3.19) and (3.3.21)), the form (3.3.15)) and (3.3.16|) of vy, and Z.

If 2 = (U;r, 2, finy four) and 2" = (U';r", ()2, f! | 1) are two future developments of

n’

the same initial data (r/, Q?, fin /> Fout /), we will say that &' is an extension of 2, writing & ¢
2, if U U’ and the restriction of (r', ()%, fl,, fo.:) on U coincides with (r, Q% fin, fout)-
Remark. If 2 = (U;r, 0, fin, four) and 2 = (U';r', ()2, f1 , fl.;) are two future develop-

in’

ments of the same initial data (r/, Q?, fm/, fout/), then
(3325) (7", sz fina fout)|UﬂU' = (Tla (Q’)27 fz‘,rw J?éut)hmu’

(see [111]).
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3.3.3 The maximal development
The following result was established in [111]:

Theorem 3.3 (Theorem 1 in [I11]). For any vy > 0 and 9 > 0, let (r/,Q?,fin/,fout/)
be a smooth asymptotically AdS boundary-characteristic initial data set on [0,v) for the
system f satisfying the reflecting gauge condition at r = rg, +00, according
to Definition such that the quantities %,r?(TUU) , and tan~! r extend smoothly
on v = vg. Then, there exists a unique, smooth future development (U;r, Q2 fin, fout) of
(r/, Q?, fin /> fout/) which is maximal, i. e. any other future development (U'; 7", ()2, f! | frui)
of (r/,Q?,fm/,fout/) with 7/ > 7y everywhere on U'satisfies U’ €U and ', (Q')2, f] | f1.. are
the restrictions of 7, Q2, fin, four on U'.

The maximal future development (U;7,Q2, fin, four) satisfies the following properties

(for the definition of the curves v, Z,Y, see Definition [3.2)):

1. The renormalised Hawking mass m is conserved on v, and Z, i.e.:

(3.3.26) My, = Mlyoniu-0)
and
(3.3.27) Mz = Mlzn{u=0}-

2. The curve 7 is conformally complete, i.e. Q2/(1 - %Arz) has a finite limit on Z and:

Q2
(3.3.28) / — | du=+oo.
T 1- 3AT2 z
3. We have
(3.3.29) Oyur <0,

2m
(1= =)@y >
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and

(3331) 8UT|J’(I)UJ’(Y0) >0,

where

(3.3.32) J(Z)={0<u<supu}nid
z

is the causal past of Z and
(3.3.33) J™(v9) = {0 <v <supv}nid
Yo

is the causal past of v, (with respect to the reference Lorenztian metric (3.2.50))).

. In the case U\J (Z) # &, the future event horizon
(3.3.34) H*=UNOJ (T)={u=supu}nl
z

has the following properties:

(a) H* has infinite affine length, i.e.:

(3.3.35) Q% dv = +co.
’H+
(b) We have
(3.3.36) supr =rg
H+
and
. 2my

(3.3.37) inf (1- T) =0,
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where rg defined by the relation

lim,_,,-m;(v) 1

3.3.38
( ) rg 3

5. In the case H* # @, the curve vy, is bounded and satisfies

(3.3.39) Yo & J7(D),

i.e. v, contains points lying to the future of H*.

6. In the case H* # @, the curve v is non-empty, piecewise smooth and r extends contin-
uously on y with r|, = ro. Furthermore, for any point (u1,v1) € v, the line {v = v}

intersects Z [

Remark. In the case when U\J (Z) + @ (and thus H* # @), in view of (3.3.36), (3.3.38)) and

the fact that r > rg on U, it is necessary that

9 hmvavo‘ m/(v)

1
(3.3.40) >1- gArg.

To

In a similar way, we can uniquely define the maximal past development (U;, 02, fins fout)

of (r/, Q?, f_m/, Fout /), satisfying the properties outlined by Theorem after performing a
“time reversal” transformation (u,v) - (-v,-u). Notice that such a coordinate transforma-
tion turns an asymptotically AdS boundary-characteristic initial data set on u = 0 into an
asymptotically AdS boundary-characteristic initial data set on v = 0. However, Theorem [3.3]

also holds (with exactly the same proof) for such initial data sets.

"1n other words, there is no point in y which lies on the curve {v = vz}, where (uz,vz) is the future limit
point of Z.
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3.3.4 Cauchy stability in a rough norm, uniformly in r

In [I11], the following “norm” was introduced for smooth asymptotically AdS boundary-

characteristic initial data sets (r/,Q?,fm/,fout/) on [0,vg) for the system (3.2.28)—(3.2.33)):

9 7 7 . vo 1 r?(Tvv)/ o
(3341) 1 9. Fons Foueples =(=4) sup. /0 p/w)—p,(@)m/m)( o, ) (@) do+

2
+ sup max{ﬂ,0}+\/—1\ sup |m,(v)l,
’I”/ 0

0<v<vg <v<vg

where
(3.3.42) o, (v) =tan™" (V=Ar(v)).

Remark. Note that, in (3.3.41]),
e,(0) = tan ™! (\/ —ATQ).

The expression (|3.3.41]) is invariant under gauge transformations, as well as scale trans-
formations of the form (u,v) - (Au, \v), (r,7, A) = (M, M, K 2A), ro = Mo, (fin, fout) =
()\_4ﬁn7)\_4f_out)' Moreover, H(T’/, Q?a ﬁn/a f_out/)HCS = 0 if and only if (7’/, Q?? ]an/a f_out/) are

the initial data for pure AdS spacetime on {r >y}, i.e. if fm/ = fout/ =0and m =0.
The following Cauchy stability result for the trivial initial data was established in [ITT]:
Proposition 3.3 (Corollary 1 in [IT1]). For any (possibly large) l. > 0, there exists a (small)

€ > 0 and a constant C;, > 0 depending only on l., so that the following statement holds:

For any vg >0 and 0 < rg < (—A)fé, if (r), Q?, fm/,fwt/) is a smooth asymptotically AdS

boundary-characteristic initial data set on [0,vq) for the system (3.2.28)—(5.2.35) satisfying

the reflecting gauge condition at r = rg,+o00, according to Definition (3.1, such that the
2

I7;
quantities ﬁ,r?(Tw)/ and tan™! T extend smoothly on v = vy and moreover
37/

(3343) H(T/WQ?vf_.in/?f_out/)”CS <€
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for some 0 < €< €, then the mazimal development (U;r, 2, fin, fout) satisfies

(3.3.44) W, ={0<u<lyw}n{u<v<u+uvg}cld
and
—LAp2
(3.3.45) V' —A sup ||+ sup log 3 T +
Wi, Wi, 1 -max{=",0}

i Ty
+ sup dv + sup du < Cye.
@ Ju=ayow,, Oor v J{w=symw;, (=0ur)

Remark. Proposition [3.3]should be interpreted as a Cauchy stability statement for the pure
AdS initial data set with respect to the topology defined by which is independent
of the radius rg of the reflecting boundary.

Considering the spherically symmetric Einstein—scalar field system with an inner
mirror placed at {r = ¢}, the analogue of the initial data norm (3.3.41)) (obtained using
the substitution (74); = (0y9)|u=0) is rougher compared to the bounded variation norm of
Christodoulou (see [28]). It is not known whether (3.1.3)), restricted to the exterior of an
inner mirror at {r = ro}, satisfies a Cauchy stability estimate with respect to the analogue
of the initial data norm which is independent of ¢ (although local existence and

uniqueness follow trivially in this case for fixed 7).

In fact, Proposition [3.3] is a special case of the following Cauchy stability estimate

established in [I11]:

Theorem 3.2 (Theorem 2 in [I11]). For any v; < vy and 0 < rg < (=A)~Y2, let
(r/i,Q?i, ]Em/i, fout/i), 1 = 1,2, be two smooth asymptotically AdS boundary-characteristic
initial data sets on [v1,v9) for the system f satisfying the reflective gauge
condition at r = rg,+oo, according to Definition such that the quantities i

1 2
1—§Ar/i

r%i(Tw) /i and tan~! r/; extend smoothly on v = v2. Assume, also, the following conditions:

1. For some uy > 0, the maximal future development (Uy;r1,Q3, fint, four1) of

187



(T/lv Q?l’ fin/lv fout/l) satisfies

(3.3.46) Wi ={0<u<upfn{u+v <v<u+uve}clh

and

(3.3.47)
sup |log(—Q% )| + |log( 20y )‘ + ‘log(—l _ 2% )| +V=Almy| p+
Wao 1- %Ar% 1- 2;”—11 1- %Ar%

T’U'U Tuu
+Sup/ Tlgdvasup/ rlgdu=00<+oo.
{u=u}nWy, {v=0}"Wa,

i vl v

. The (r/;, Q?Z., fin Jis fout/i), 1=1,2, are d-close in the following sense:

(3.3.48)
Q7 Q7 20,1 20,r
/1 /2 vl/1 v![2
sup log(—)—log(—) + | log —— ) —log )|+
ve[v1,v2){| 1—%/\7‘%1 1—%1\7‘?2 ’ ’ (1—277—1/1) (1—217—2/2)
1 _ 2m/1 _ 2"71_/2
7‘/1 7’/2 ~ -
+‘ IOg (m) - log (m)‘ +V —A|m/1 - m/2|}(v) <d
37 37002
and
vo 702 (Tvv)/l (1—)) _ 742 (Tvv)/2 (1—))
(3.3.49) sup (-A) I, /2 Oves | dv <3,
ve[vy,ve] vy |p/(v) - P/(U)| + P/(Ul)

where C is a large fixed absolute constant, 8 satisfies

(3.3.50) 0 <5 <8 2 exp(—exp (C1(1+CH)——))
Vo — VU1

and p) is defined by the relation

(3.3.51) e,(v) = tan ™! (\/ —%r/(v)).
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Then, the maximal development (Us; o, Q3, fin2, four2) Of (72, Q?Q, f_m/Q, fout/g) satisfies
(3.3.52) Wi € Us

and

2 2
(3.3.53) %r;{ﬁog(%)—1og(%)\+\1og(—12_8%)—1og(12?%)|+
1-2m 1 2me 1 ’
()bl g+

u

+Sup/ ‘rl(Tw)l —TQ(TUU)Q‘dU‘f‘Sup/ ‘rl(Tuu)l —rg(Tuu)g‘du
{u=u}nWay, v J{u=0}nWy,

<exp ( exp (C’l(l + Co)) UQU_OUI )5.

Remark. By repeating the proof of Theorem the Cauchy stability estimate (3.3.53)) also
holds in the case when (U;;7r;, Q?, f_’m;i, fout;i), 1 = 1,2, are the maximal past developments

of (r/i,Q?i, fm/i, fout/i)a i.e. when W, is replaced by
(3.3.54) WQSO_) ={-up<u<0}n{u+vi <v<u+uvy}

and (3.3.47)) holds on qug) in place of W,,.

3.4 Final statement of Theorem [3.1k the non-linear instabil-
ity of AdS
The main result that will be established in this chapter of the thesis is the following;:

Theorem 3.1 (final version). For any € € (0,1], there exist ro¢, v9e depending smoothly on

¢ such that

e—0

(3.4.1) Toe —> 0

189



and

3.4.2 VAuy, =% T
(3.4.2) 0 7

as well as a family (r(s) ( Q(S) 2, f F©) (a) ) of smooth asymptotically AdS boundary-characteristic

zn/ ’ out/

initial data sets for the system ([3.2.28] f (3.2.33]) satisfying the reflecting gauge condition at

r =10, +00, such that the following hold:

1. The family (T(E) (Q(E))2 fm/7f§;/) satisfies

(3.4.3) 168, (2, 759, 79 les <0,

where || - ||cs is the norm defined by (3.3.41)).

2. There exists a trapped sphere, i.e. point (us,v;) in the maximal future development

(usarsastfmsafoute) Of( 2 (Q(E))Q 1(7;:/)7 (52/) such that

2
(3.4.4) 2 (g o) > 1.
T

In particular, in view of Theorem (Ue; e, Qz, fine, fouts) has a non-empty future
event horizon H* (defined by (3.5.27))), satisfying the properties 4.a and 4.b of Theo-

rem and a complete conformal infinity Z (satisfying (3.3.28))).

Remark. 1f

(3.4.5) 8(e) = 10y, ()2, 1) P lles:
the point (uy,v;) satisfies the upper bound

(3.4.6) ut < exp ( exp(66(€)))v0

On the other hand, in view of Proposition [3.3] we necessarily have

e—0

(3.4.7) U —> +00.
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In the simpler case when one is interested in a weaker instability statement, such as the

existence of a point (uy,v+) where

2 1
(3.4.8) mill > =
r (uT7UT) 2

(instead of the stronger bound ({3.4.4)), the proof of Theorem can be substantially
simplified. In the case of (3.4.8]), the upper bound ([3.4.6)) can be improved into a polynomial
bound

(3.4.9) ur < (8()) “ug,

for some fixed C7 > 0.

3.5 Construction of the initial data and notation

As described already in Section of the introduction, the initial data family in Theo-
rem will be such that their development consists of a large number of initially ingoing
Vlasov beams. In this section, we will construct such a family (T/E,Q?E, fm/e, fout/s) of

asymptotically AdS boundary-characteristic initial data for f. The family
(r}e), (Q;e))Q, fl(:/), f;ii /) in the statement of Theorem [3.1| will be eventually obtained from
(7 Q?E, fm/e, Fout Je) after possibly adding a suitable perturbation (see Section .

This section is organised as follows: In Section[3.5.1] we will introduce a certain hierarchy
of parameters that will be necessary for the construction of (7, Q?E, fin Jes fout/e) in Section
In Section we will introduce some basic notation related to the maximal future
development (Ue;7e, 2, fine, foute) Of (r/s,Qi, ]Fm/s? fout/s). Finally, in Section we

will perform some basic geometric constructions on (UE;TE,QS, fines foute), related to the

separation of U into various subregions by the Vlasov beams arising from the initial data.
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3.5.1 Parameters and auxiliary functions

Let us fix some smooth and strictly increasing functions hg, hi,he : (0,1) = (0,1), so that

(3.5.1) 111%1+ ho(e) = lir(l)l+ hi(e) = li%1+ ha(e) =0,
(3.5.2) lim ¢ exp( ) = lim i (<) - exp ((exp(-——)) = 0
. - eX —_— ) = - ex X B — =
200 - PPN (e))8 T o PP o ()6
and
(3.5.3) lim hy(e) -exp(e?) = 0.

In particular, the following relations hold for € «< 1:
(3.5.4) ho(e) < e < hi(g) < ho(e) < 1.
Let y: R - [0,1] be a smooth cut-off function, satisfying y|(_11] =1, ¥|r\[-2,2] = 0 and

(3.5.5) Xl(-2,2) >0,

and let €g << 1 be a small enough absolute constant. For any 0 < € < gg, any ro > 0 satisfying

01 Lexp (= 2(ho(e)) ™)

(3.5.6) 1 —eXp(—Q(ho(S))_4) <3 Ar3 9
0

1
V—A 3

(note that (3.5.6) implies that @ =1+0(exp(-2(ho(c))™)) as € > 0), we will define

the following function on [0, +00) x (0, +00):

[1/h1(e)] 1 ((Q}—Q}(j))\/ —A—2h2(€)

(5D Rl = Con 25 Ao 3) 1y @) o

for some constant Cey, to be specified in terms of €, 7y later, where [1/h;i()] denotes the
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least integer greater than or equal to 1/hy(c),

™

o) = _ €
(35) VA VA

for any 0<j < [1/hi(e)],

(3.5.9) hoy = ho,
and
(3.5.10) h(jy =M

for all 1 <j <[1/hi(g)].

3.5.2 Construction of the initial data family

For any 0 < ¢ < gg, any g satisfying (3.5.6)), we will define the following asymptotically AdS

boundary-characteristic initial data set according to Definition [3.1}

Definition 3.4. For any 0 < € < ¢, any rq satisfying , we define vy = vo(rg,€) > 0
and the set of smooth functions 7/ : [0,v9) — [ro,+00), Q?E : [0,v9) = (0,+00), fin/a :
[0,v0) x (0,+00) — [0, +00) and fout/s :[0,v9) x (0,+00) = [0,+00) by the requirement that
(r/E,Q?E, fm/a, fout/s) is an asymptotically AdS boundary-characteristic initial data set on

[0,vp) for the system (3.2.28])—(3.2.33)) satisfying the reflecting gauge condition at r = rg, +oo
so that

Oy 1
(3.5.11) A L.
1= 2

/e

(where m is defined in terms of r, 925 by (3.3.12))),

(3.5.12) foutje =0
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and

(3513) fin/s(v’pu) = ﬁ:(vapu)

for all 0 < v < wg and p* > 0. The constant Cep, in (3.5.7)) is fixed in terms of e,7¢ by the

requirement that

(3.5.14) lim 77/, =

’U*>7;0

Iy

(in particular, there exists some fixed (large) Cp > 1, independent of €, rg, so that Cep, €

[Ct,Co] for any 0 < ¢ < g9, any 7 satisfying 1)

Remark. The conditions (3.5.11)—(3.5.13) determine vy and r/E,Q?E uniquely in terms of

g,ro. While (7, Q?E, fin Jes Fout /e) depend on both ¢ and 7o, we will only use the subscript ¢
in their notation, since most of the estimates that we will later establish for their maximal

development will depend only on €.

The initial data (r}s), (Q;E))Q, f ) fo(Zi /) in the statement of Theoremwill eventually

in/’

be chosen to be small perturbations of (e, Q?e, fin/sv Fout Je) (see Section .

3.5.3 Notational conventions and basic computations

For any 0 < e <gg and any ro satisfying 1' let (7/e, Q?S, fm/s, fout/e) be the initial data

set defined by Definition Assuming that ¢g is fixed small enough, for any 0 < € < gy

and any rq satisfying 1} the initial data set (7, Q?E, fin Jes Fout Je) satisfies the following

estimate depending only on e:

(3515) ||(r/ea Q?g’ fin/sa fout/e)”cs < Ch0(€)7

where || - ||cs is defined by (3.3.41]) and C' > 0 is a fixed constant.

Let (Ue;7e, Q2, fines foute) be the maximal future development of (r/a,Q?e, fm/e, fout/s)

(see Theorem . In view of Proposition the bound (3.5.15) implies that, for any

1211 fact, it suffices to choose Cy = 50.
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Figure 11: The initial data (TE/7Q3/’ fme/, foute/) give rise to k + 1 Vlasov beams, initially
arranged as depicted above (using, for convenience, the abbreviation k = [1/h1(€)] and
l = (—A)_1/2). For any 0 < j < k, we can associate to the beam centered around v =

v 4+ 2hg(€)l the initial mass difference @mj" ), defined as the renormalised Hawking mass

difference between the two vacuum regions surrounding the beam. The top beam (centered
initially around v = v° + 2ha(€)l) has a greater initial mass difference than the rest of the
beams.

fixed u. > 0 and any & > 0, there exists an e3,, > 0 sufficiently small depending only on

and u, so that, for any 0 <€ < g5, :

(3.5.16) Wi, 2{0<u<usfn{u<v<u+v}cld
and
\/— - %A’l“2
3.5.17 -A Tie| + sup 1 < +
( ) Suurjlmel sup Og(1—max{2;j€,0})
+ Sup/ —TE(TW)E dv + sup/ —Te(Tuu)s du <9,
@ J{u=ayoW,, OuTe o Jiv=oyow,, (=0ure)
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where me, Mg, (Tyy)e, (Tyy)e are defined in terms of rs,Qgﬁm,foms by (3.2.5), (3.2.42),
(13.2.19) and (3.2.20)). In particular, if

(3.5.18) 944S = =448.r0 00 AUAV + T A4S o 00 I52

is the pure AdS metric in a spherically symmetric coordinate chart (u,v) such that

T AdS,ro,vo = T0 Ol {u = U} and T AdS,rg,vg = T00 O {U =v- 'UO}B then (UE;’FE, ng finea fouta),

when restricted on W, , is d-close to (Wm;TAdS,ro,vmQids,ro,uovovo) with respect to the

(gauge invariant) distance defined by (3.3.41]). Notice also that (3.5.17)) implies that, pro-

vided 8 is small enough, the spacetime (W,, xS?, g.) does not contain any trapped surface,

where

(3.5.19) ge = —Q2dudv + r2gse.

Notice that, in view of the conservation of m on vy, and T (see (3.3.26) and (3.3.27)),

we have:
(3.5.20) m€|Y0 =0
and

€
3.5.21 7 = lim 7 = .
( ) mE|I ULI?() m/c(v) ﬂ

For each 0 < j < [1/h1(g)], we can associate to the beam centered at v = v0) + \/L__Ahg(s)

the mass difference

(3.5.22) D) = e (v +
Notice that

-~ (0) ho(e)e
3.5.23 Dmy ~
(3.5.23) 0o e

3Note that such a coordinate chart is not unique.
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and, for all 1 <j <[1/hi(e)]:

- () L h(e)e
3.5.24 Dmy ~ .
Furthermore:
[1/h1(e)] ) e
3.5.25 Dm;”’ = lim my(v) = .
( ) ]Z(:) / e / ( ) /—_A

3.5.4 Some geometric constructions on U,

For any 0 < € < gy and any ¢ satisfying (3.5.6), we will define some special subsets of the

domain U, of the maximal future development (U;7., Qg, fines foute) Of the initial data set
(r/ea Q?,;v f_in/sv f_out/e)'
Remark. In the rest of this section, we will adopt the convention that the boundary dA of a

subset A € U, is the boundary of A as a subset of R? (with respect to the ambient topology
of R?)

Let us define the domain of outer communications D, of U, as
(3.5.26) D.=J (2)nlUe,

where J7(Z) is the causal past of Z with respect to the reference metric (3.2.50) (see
(3.3.32))). In accordance with Theorem we will also define the future event horizon H;
of U, as

(3.5.27) H =0D. nU..

Note that we allow H} to be empty. In view of Theorem in the case when H; is

non-empty, it is necessarily of the form
(3.5.28) H;r = {u = UH;} ﬂug

and has infinite affine length.
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We will also define

(3.5.29) e = T (vo) NUs.

Notice that, as a consequence of Theorem on Je U D, we have

2
(3.5.30) 1- 250,
T

i.e. trapped spheres can only appear in the region U\(J: U D:). In the case HI # @,
Theorem also implies that J:\De + @.

For any v, € [0,v9] and any integer n > 1, we will define

(3.5.31) Un(vs) =ve + (n—1)vg
and
(3.5.32) Vo (vs) = vs + noyp.

We will also set
(3.5.33) Vo(vs) = vs.

Notice that the segment {u = U, (v+)} nU is the image of the ingoing null geodesic of U,
emanating from the point (0,v.) after n reflections off v, and n — 1 reflections off Z, while
the segment {v =V, (v.)} NU is the image of the same null geodesic after n reflections off
Yo and n reflections off Z.

Let us define the domains Rgi;j) c U for any n € N, 0 < ¢ < [1/hi(e)] and i < j <

[1/h1(e)] +i+ 1 by the relation

\/4_Ah2(€)) <u< Un(v(i’l))}n

(3.5.34) R = {Un(v(i) +

4

n{Vn(v(j)+ Ahg(s)) <v<Vn(v(j_1))}ﬂL{€,
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(Un(v+), Va(v))

Y0 yA

(Un(v+), Vi1 (vs)

Figure 12: Schematic depiction of the lines v = V,,_1(v+), u = Up(v.) and v = V,,(v4).

where we have used the following conventions in the expression (3.5.34)):
1. Un(v(’l)) = Unﬂ(v([l/hl(sm)_
2. Vn(v([l/hl(s)w) +c) = Vn_1(v(l‘1) +c) for any integer 1< <[1/h1(c)] and any ¢ > 0.

Remark. The boundary of the domains Rg{i), 0<i<[1/hi1(e)], contains a segment Z, while

the boundary of the domains REMMEID g ¢ < [1/h1(€)], contains a segment in .
Notice that Ty, = Ty = 0 in Rgf ) In particular, all the domains (Ré;ﬂ ) S?, g.) are
isometric to a region of a member of the Schwarzschild-AdS family (or to a region of pure

AdS spacetime), and the renormalised mass function 7 is constant on them. We will define

for any 0<i<[1/hi(e)],i<j<[1/hi1(e)]+i+1 and n € N such that Rg;j) * O

(3.5.35) M7 = el -

In view of (3.5.20) and (3.5.21)), we immediately calculate that for all 0 <i < [1/h;(g)] and
all n e N such that RE) REMMET1+) 4 oy

(3.5.36) R E1) _
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n+1°

(u(k) v(k))

n+1) ¥

@® o)

n 7Un

.M R(lvl)

en

— R4
k k
(u® B

n 7vn

(w®,©

Un = Up

7z(l,k+2)

R(k,2k+1)

)
k k
(ugz )a /U’y(L—)l AN

Figure 13: Schematic depiction of the domains Rg;j) forO<i<kandi<j<k+i+1 (where
k =[1/h1(e)]). We have used the shorthand notation ug) = Un(v(j)) and vfl]) = Vn(v(j)).

Having assumed that hs(e) < €), all the beams of the form {Un(v(i)) <wu < Un(v(i) +

\/%_Ahz(s))} and {Vn(’u(j)) <v< Vn(U(j) + \/%_Ahg(e))}, which separate the domains R,
are depicted as straight line segments.

and

€

(3.5.37) D = i)

0
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RT(zHl’jH)

Figure 14: Typical arrangement of neighboring vacuum domains not intersecting vy, or Z.

The point A at the lower corner of Rgf 9) satisfies r(A) = r,(f’j ). For simplicity, we have used
the shorthand notation [ = (-A)~/2.

Forany neN, 0<i<[1/hi(e)] and i+1 < j <[1/hi(e)]+1, we will define the interaction
regions:
(3.5.38)

NG = (U, () < u < Uy (010 + —=

4

Ahg(e))} N {Vn(v(j)) <u<Vy(v®+

AhQ(s))}mus,

where the conventions stated below (3.5.34)) hold regarding indices smaller than 0 or larger
than [1/h1(e)].
Let us define for any 0 < ¢ < [1/hi(e)], ¢ < j < [1/hi(e)] +i+ 1 and n € N such that

Réi;j) + @

1 o(e)), Vi (o) + —2

3.5.39 r(D) =y (U, (v® +
(3:5.39) 7 = re(Un( — —

hQ(E)))

Note that re(f{i) = +o0 and rsf{[l/hl(e)]+i+1) = T'ge.

Finally, let us remark that, in view of property (3.6.204) of the cut-off used in the

construction of the initial data and equations (3.2.48[)—(3.2.49)), for any 1 <n <ny, 0 < <
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[1/h1(e)], i< j<[1/h1(e)] +i+1, we have

4

(3.5.40) Ty >0 on {Un(v(i)) <u<Up(v® + ﬂhQ(s))}
and
(3.5.41) T,y >0 on {Vn(v(j)) <u< V(v + \/Zf_AhQ(E))}.

3.6 Proof of Theorem [3.1]

In this Section, we will prove Theorem [3.1] In order to simplify our notation, from now on,
we will often drop the subscripts ¢ in notations related to the maximal future development
(Us; 74, 2, fine, foute) Of the initial data (7 9757 .fin/s? fout/a) (see Definition .

For any 0 < € < gp (provided ¢y is fixed sufficiently small), any ro > 0 satisfying ,

let (Ue; 7,92, fin, four) be the maximal future development of (r = Q?e, fin Je> Fout Je), and let

us define

(3.6.1) s = sup {u, >0 1—2Tm>h3(z-:) on Us n {u<u}}
and

(3.6.2) U = U n {u <min{us, (h1(e)) *voe}},

where

(3.63) hs(e) = exp{ ~exp ((ha(€)) " exp (= 2(ho(2)) ™))}

Let us also set

(3.6.4) k=[1/h1(e)]
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and

(3.6.5) ng = | (us =09 fvo],

where [2] denotes the least integer greater than or equal to x, while |2 | denotes the largest
integer less than or equal to x.
The proof of Theorem will follow in two steps: First, in Section [3.6.2] we will show

that:

(3.6.6) sup (1 - Q—m) = hs(g),
us r

i.e. that U contains a nearly-trapped sphere. Then, in Section we will show that,
at the final step of the evolution, either a trapped sphere is formed, or there exists a small
perturbation of the initial data (r/e, Q?S, fin Jes Fout /5) giving rise to a trapped sphere.

Before proving , we will need to establish some necessary bounds for the evolution
of (7,92, fin, four) in the region U . These bounds, which will be obtained in Section m
will be used both in Section [3.6.2] and in Section [3.6.3]

3.6.1 Inductive bounds for the evolution in the region U/}

In this Section, we will establish a number of useful bounds for (U";r, Q2. fin, fout). These

bounds will include a number of inductive bounds for the quantities m,(f”“”) ) T‘T(Lk’kﬂ) and

r,(ll’kﬂ) (with &k defined by ), that will be of fundamental significance in the proof of
Theorem [3.11

In particular, we will prove the following result:
Proposition 3.4. For any 0 < €< ¢, the following bounds hold for (U;r, 2, fin, fout):
1. On U, we can estimate:

Opr

+[log (25 )| < (1 (&) " 10g ((hs())™):
1

(3.6.7) |10g(?7“;;2)|
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2. Foranyl1<mn<mng:

1
2

3.6.8 rOR > S
( ) n \/j
1
3.6.9 rikel) ¢ 2
(3:69) <
~ ~ (1,k+1)
2(m|z — my, _

(3.6.10) (mlz - ) > exp (- 2(ho(€))™),

~0 = (Lk+1)
(3.6.11) 200z =i 7)) L e

o Co
and
707(11,k+1) .

(3.6.12) ~12exp( - (ho(e) ™),

70

where Cy > 1 is a large fized constant (independent of all the parameters).

3. Forany2<n<ng:

mq(q,l’k+1) 1 L To
(3.6.13) e 21t Zexp( —2(ho(€))™) D)
mn71 Tn
and
r(k,k+1) —rg To 25 (1,k+1) .
n n—1 -

Before presenting the proof of Proposition [3.4] (in Section [3.6.1)), we will briefly comment
on the nature of the bounds (3.6.7)—(3.6.14]) and their relation with the specific choice of

the parameters (3.5.2)—(3.5.3]).
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Remarks on Proposition |3.4

The bounds (3.6.7)—(3.6.14)) in Proposition [3.4| lie at the heart of the proof of Theorem
The precise form of the initial data (3.5.7]), the range (3.5.6) for the mirror radius ¢ and

the asymptotic bounds — on the parameters hq, h1, ho were carefuly chosen so
that f can be obtained. We will now proceed to briefly comment on the role
of the bounds f in the proof of Theorem The reader is advised to review
first the sketch of the proof in Section of the introduction. Let us remark that, in the
notation of Section [3.1.2]

(3.6.15) Erym = m1(11,k+1)7
(3.6.16) Py = (k1)
and

(3.6.17) T*({é)n = p(LE+D),

The bound is a “trivial” bound controlling quantities related to the chosen gauge.
The right hand side of , upon integration across any specific beam (in a direction
transversal to the beam), will yield a small quantity, in view of the fact that the width of
the null beams emanating from « = 0, v ~ /) was chosen to be ~ hy(e) and, moreover,
ha(g) was chosen in to be small compared to the right hand side of . This fact
will prove convenient for the proof of Proposition [3.4) and Theorem [3.1] as it will enable us
to “ignore” the variation of certain quantities across the width of any specific beam. That is
to say, the bound will enable us to frequently treat the null beams as line segments
having negligible width.

The bounds f are quantitative expressions of the fact that the set of inter-

actions of the beams splits into two portions, one close to r = ry and one close to Z.
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The lower bound (|3.6.10]) is necessary in order to establish (3.6.13)). In order to obtain

(3.6.10)), it is necessary that 7 satisfies the upper bound of (3.5.6)).
The upper bound || implies that a trapped sphere (i. e. a sphere where 22 > 1) can

not be formed at Rgn’” for any j > k + 1, since one can also show that m < m|z -7 (1 ]Hl)
those regions. In order to obtain ([3.6.11)), it is necessary that the mirror radius r( satisfies
the lower bound of .

In the language of Section of the introduction, the bound states that,
when , reaches {r = ro} for the n-th time, the r-distance of the top beam ¢, from the
second-to-top beam (,, i.e. 7'7(11 k1) — 19, can be bounded from below by a small multiple of

ro which is large compared to hy(e)rg. As a consequence of (3.6.12) and the bound (3.5.6))

for rg, for any i # 1, Rg{kﬂ) does not contain a trapped sphere. As a result, combining

d3.6.11b, (I3.6.8I) and (I3.6.12b we infer that, among all regions R( 7) , a trapped sphere can

only appear for ¢ = 1, j = k+ 1. This fact serves to simplify the proof of Theorem [3.1]
by avoiding considering multiple scenarios of trapped surface formation. Furthermore, it is
crucial in obtaining (3.6.14]).

Establishing is the most demanding part of the proof of Proposition It

requires obtaining a lower bound in the rate of decrease of r(l *1) in terms of the rate of
increase of m(1 k1) , using also the fact that mﬁf”“l) < ro before a trapped sphere is formed

(see the relations (3.6.129) and (3.6.154) in the next section).

The bound (3.6.13]) is a technical version of the bound (3.1.37)), and its proof follows
from the ideas outlined in Section In obtaining (3.6.13), the lower bound of (3.6.10))
is necessary.

Finally, the bound ([3.6.14)) is a technical version of the bound (3.1.41)) in Section

and provides an estimate for the decrease of the multiplicative factor in the right hand side
of |D In obtaining (3.6.14]) when 27m ~ 1, the fact that Zm is bounded away from 1
everywhere but on R( 9 i crucially used (in particular, the bound (3.6.12) is necessary for

(3.6.14)).

Remark. As is evident from the above discussion, most of the technical difficulties in the

proof of Proposition are associated to issues related with the near-trapped regime
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27’” ~ 1. In the case when, instead of the stronger bound li one is merely interested in
establishing the weaker instability estimate (3.4.8)), the proof of Proposition simplifies

substantially: In that case, it is not necessary to demand that the worst instability scenario

takes place in Ré};kﬂ). In particular, the bounds (I3.6.11b and (I3.6.12I) can be omitted from

the proof. Moreover, the lower bound for rg in (3.5.6) can be relaxed, and the exponentials
in the relations (3.5.2) between hg(¢), h1(c) can be replaced by polynomial functions.

Proof of Proposition [3.4

In this section, we will make use of the O(-) convention: For any pair of functions F,G

defined on the same domain, with G > 0, the notation
F=0(9)

will imply that
|FI<C-G

for some universal constant C' > 0 which is independent of all the parameters in the statement
of Theorem [3:1] We should also remark that, throughout this proof, we will adopt the

convention on the indices stated under (3.5.34), i.e.:
1. Un(v(_l)) = Uml(v(k)).

2. Vn(v(’“l) + c) = Vn_l(v(l‘l) + c) for any integer 1 <! <k and any ¢ > 0.

In view of (3.6.1), on U, we have

(3.6.18) Our <0< Oyr
and
(3.6.19) Oym <0< Oy

We will split the proof of Theorem into two parts: In the first (and shortest) part,
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we will establish the bound (3.6.7) through a standard continuity argument. The proof of

(3.6.7) will also yield (3.6.8)) and (3.6.9). In the second (and more extended) part, we will
establish the bounds (3.6.10)—(3.6.14)) by induction on n.

Part I: Proof of (3.6.7)—(3.6.9)

Let u, > 0 be such, so that on

(3.6.20) U =UT 0 {u<uyb,

we can bound

(3.6.21) ‘log(%)‘ + ‘log(1 ?Ug_m )’ < 2(h1(€))_4 log ((hg(s))_l).
3 r

By showing that (3.6.7) holds on U, it will follow (by applying a standard continuity
argument) that (3.6.7) holds on the whole of U .

Inductive formulas for 0,r and 0,7 and proof of (3.6.7). From equation (3.2.45]),

we can readily derive the following renormalised equation:

3 _ A m (1-Ar? —0yr Oy
(3.6.22) 8vau{\/;tan ! (\/;7‘)} =23 ((1 - %ArQ))(l v ) = 2_m)

Letn>1,0<i<k,i<j<k+i1, u<u, and v, be such that

4

Un(v(i) + Ahg(s)) <u< Un(’u(i_l))

and

Vn(v(j)) <oy < Vn(v(j) +

f_AhQ(s)).

Integrating equation (3.6.22)) for v = u from v = Vn(v(j)) up to v = vy, using also the fact
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we obtain:

=0y
17,2
1- EAT

3.6.23 =—
( ) 1- %Ar2

+

(@,Vn (v01)) (@,vp)

m ¢ —0Oyr Opr
o {u=ﬂ}ﬂ{Vn(v<ﬂ'>+§fi(s))gvgvn(m—n)} |T_2( 1- %Aﬂ)( 1-2m )|h2(€))'

Using the bootstrap bound (3.6.21)), combined with the trivial bounds

€
3.6.24 m<mlr =
( ) Iz Vo
and
(3.6.25) 2T

(following from ({3.2.46), (3.2.47) and (3.6.18])), as well as the relation (3.5.3)) for ha(e), the
relation (3.6.23|) yields:

—0Oyr —Oyr
(3.6.26) m = m + O((h2(€))1/2)'
3 (@,Va (v19))) 3 (@,vp)

Similarly, integrating (3.6.22)) for v = v from u = Un(v@) up to u = uy for any Vn(v(j) +
ﬁhg(&:)) < < Vp(vUD) and any U, (v?) < up < Up (0@ + ﬁhg({i)) (assuming that
up < ux), we infer:

O
1- %A’I“Q

Opr

= W +O0((ha())'?).

(3.6.27)

(Un(v),0) (up,0)

By multiplying and dividing each factor with 1 — 27m =1- @ - %ATQ, the relations (|3.6.26)|)
and (3.6.27)) are equivalent to

1o —2m

—Oyr Oy T(l—;AT2)| @

(3.6.28) —a - ( o (t2n) +0((h2(€))1/2))
P lavaeon T lae M I IRS gy woy)
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and

1-__2m |
T’l—*AT‘2 up .0
Bo29) 2 — ( S L +o<<h2(s))1/2>).
(U @),0) r s M| g oy s

Remark. In the vacuum case, where m is contant, the factors in the right hand side of

(13.6.28]) and (3.6.29) become identically 1. In our case, however, where matter is present,

by relaxing our definition of hs and considering the limit hs — 0 for fixed €, the dominant
terms in the factors in the right hand side of (3.6.28)) and ((3.6.29)), i.e. the first summands,
do not converge to 1. This is because, in this limit, while the function 7 remains C*, the

renormalised Hawking mass /m has a jump discontinuity across the beam.

Since Ty = vszonRgf{j) forany n>1,any 0<i<kand any i <j < k+i+1, the

relations (3.2.43)—(3.2.44)) imply that:

(3.6.30) av(l—_a_%) o %( ?g—m) o

__aﬁ remains constant on

In particular, along lines of the form {u = u}, the quantity 5

{u= ﬂ}ﬂRg{j) for any @ < u, such that {u = ﬂ}ﬂRg;j) is non-trivial. In view of (3.6.28)), the

quantities f_aﬁ and 1__8§£L (for any w < u, such that {u =u} mRéf{j )
{u=a}aR G " Nu=apnr G
is non-trivial) are related by
! -
(3.6.31) o - x
_2m T 1-2m .
r Nu=a}nrG? r Nu=aynrG7 Y
R .
=507 (@, Vi (v9)) 1/2
><( — +O((ha(e))'?) |-
=58 @V 00+ Ao ()

Oy
2
1-=n

Similarly, the quantity remains constant along segments of the form {v=0v}n Rglj )

)
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and 1?”2& and 1?% are related (in view of (3.6.29))) by
" lo=oyamGrt D) " Ho=0ynrE?
0 0
(3.6.32) L S x
" lmmyer 1T gy am )
1_%
(1-3Ar?) @),5
( s +0<<hz<e>>“2>)'
- rO=FA) (U 0D+ A ha(e)) 2)

We infer, therefore, that for any point (u,v) € Rglnj) for some n > 2, 0 < i < k and

i < j < k+i+1 such that @ < u., the following relations hold between (u,v) and (u—vg,v-v¢) €

Rf:ln]—)1
(3.6.33)
—0ur —Oyr ki 1- —T(I_Q?A’"Q) (@,Vn (v))) 1/2
“m| Ti-m I\ +O((ha(e))'?) | x
D) " (a-vo,v-vo) I A @V 0+ Ao ()
k+1 1 - r(1_23£3\1n2) (U (U(g)) 1_1,) 1/9
D (e |
=7 - T(l—%Aﬂ) (Un(U(E)Jr\/%iAhQ(E))@)
ar] 1= T(l‘?/w) |(ﬁ—vo,Vn(v(7))) 1/2
I +O((ha()"?)
e y v (=00, Vo (v + A ha ())
and
(3.6.34)
8UT 81)71 j_l 1 - 7,(1_25‘;\7,2) (Un(’l)(;))ff)) 1/2
e T —. +O((ha(e) )
rED) " emre) AT (15 A) (0 (0@ 4 Ao (€)),0)

2m

e vy
2m

k

+
<

X

(E*UO:VTL(UG))) +O((h2(€))1/2))><

ek

A r(1-1Ar2) ’(u_vo,vn(v(ﬁnﬁ@(s)))
b S 0w |

*1 ( 2 . ’ +O((h2(e)) /2)).
T rO5A) 0 (0 4 A ha(e)) 5-v0)
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Yo

Figure 15: In order to obtain the formula (3.6.33)) relating 1__8£ at the point C' = (u,v)

with the same quantity at the point C' = (- vg, v —vg), we appb: the relations (3.6.31]) and
(13.6.32) along the dashed path depicted above, using also the reflecting gauge condition on
Yo and Z.

The relation ([3.6.33)) is obtained as follows (see also Figure 15): First, (3.6.31]) determines

the evolution of 1__‘9% (according to (3.6.31])) along the line {u = u} in the past direction,

T

from (u,v) up to y,. Then, using the boundary relation

(3.6.35) Our | _Our

2m 2m‘
Yo 1 Y0

)

Oyt

one repeats the same procedure for 245 along {v =u} from y, up to Z. Finally, using

—0yr Oy
(3.6.36) 1_277”2_1_27’”

)

A

and following the evolution of 1__‘9% along {u = u—vg} from Z up to (u—vgp, v—vg), one arrives

T

at (3.6.33]). The relation (3.6.34) is similarly obtained by following the same procedure along
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the lines {v = v} (up to Z), {u =v - v} (from Z up to v,) and {v =v-wvg} (from Z up to

(’fL - Uo,@ - Uo)).

In view of the bound
2
(3.6.37) 1- 225 hy(e)
r

on U (see (3.6.1)), we can estimate in the region {r < e'2(=A)/2} nif:

2 -y

_r(l—%Aﬂ):l 1A 2_

(3.6.38) Sha(e).
On the other hand, in the region {r > e!/2(~A)Y?} ni4, using (3.5.21) to bound 7 we can
trivially estimate (in view also of (3.5.2))):

2m

2¢
3.6.39 l-————F———2>1-—F2hi(e
(3639 a-tam e

Combining (3.6.38) and (3.6.39)), using also the fact that m > ml|, =0 on U, we can bound

1 2m

___2m + aq
F-1A7) from above and below everywhere on U as:

1 2m
3.6.40 Chy(e)<1- —— <1,
(3.6.40) pha(e) <=5 TAr2)

Thus, by considering the logarithm of the relations (3.6.33)—(3.6.34) and noting that the
resulting right hand side contains ~ k = [1/h(g)] summands, each controlled with the help
of (3.6.40f), we readily obtain for any n > 2, 0 < i<k and i < j < k+1i+ 1 and any point

(4,7) € R with @ < u,:

(3.6.41) log(ﬂ)\(__) log(—_L;;)\(u e (O
and
(3.6.42) 1og(18vr )|(:) 10g(1?v57m)|(u . hl?)log((hg(E)) h.

In view of (3.6.28))—(3.6.29)), the bounds ({3.6.41)) and (3.6.42]) (stated in the case when (u,v)
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7]))

belongs to a vacuum region R( also hold when (u,v) belongs to a beam, i.e. when

Un(v(i)) <u< Un(v(i_l) + %hg(s)) or Vn(v(j)) <v< Vn(v(i_l) + \/i—hg(s)) for some n > 2,
0<i<kandi<j<k+i+1. Therefore, for any n > 2, the bounds m ) hold on

the whole of

(3.6.43) U = AU (08 <u < Uiy (0} nhy
From and the definition , it follows that

(3.6.44) ny < (hi(e)) ™

Since n <ny (because U c U ), by substituting (u,v) - (u—vp,v —wvp) in (3.6.41)—(3.6.42)
n -2 times and using (3.6.44)), (3.5.11)), (3.6.40|) as well as the Cauchy stability estimate of

Proposition (3.3 for the region {0 < u < 2vp}, we readily obtain

(3.6.45) sup{|log(%)| |10 ( &JT )‘} (@) log((h:a(e))_l).

ug

Thus, (3.6.7) holds on U in view of the relation (3.5.2)) for the parameter h;(e) (provided

go is small enough). Therefore (as explained in the beginning of the proof), a standard

continuity argument yields that (3.6.7) actually holds on the whole of L.
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Proof of (3.6.8) and (3.6.9). Forany 1<n <nyf, we can bound in view of the definition

of v(9) and the bound :

A
6.4 R -
(3.6.46) tan ( 3T)|(Un(v(0)+\/‘fiAhg(e)),Vn(U(k)*'\/%M(E)))
—tan~! (\ / —ér) .
3 MNIn{v=Va (v + Azha(e))}
B _é/Un(v(O)-;.\/%hQ(a)) _aur | "
V3 i 0001 nae) 1= FAr2 (a0 o)
CvV-A
< log ((h3(e))™H)|v® - (®
(h ( ))4 ( )‘ ‘
< log ((hs3(e))”
“(h ( ))6 ( )
and
A
6.4 (/= -
(36 7) tan ( 3T)|(Un(u(k)+\/%hz(E)),Vn('U(k+1)+\/%h2(5)))
—tan_l( —ér) .
3 Yom{v:Vn(v(k+1)+ﬁh2(s))}

Un v(0)+—h2(e)) —O,r
__/ —| du
W00+ ha(e)) 1= gAP2 (Va4 o (o))

e

“(n « ))4 log ((h3(2)) ™™ - o]

_(h ( ))6 log ((hs(e))™).

From ([3.6.46) and ([3.6.47)) we readily obtain (3.6.8)) and (3.6.9)), respectively, in view of the

relations (3.5.2) and (3.6.3) for hy, h3, respectively, and the fact that 7|y, = ro, r|z = +oo.

Part II: Proof of (3.6.10)—(3.6.14)

We will now proceed to establish the bounds (3.6.10)—(3.6.14f). To this end, we will first

derive some useful estimates for the differences of the renormalied masses mfﬁb 2 associated

to the vacuum regions around each interaction region J\/'e(,i’J )

1A relation for the change the mass differences of two intersecting, infinitely thin null dust beams was
also obtained in [120].
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Relations for the change in the mass difference of the beams. Let us introduce

the notion of the mass difference for the beams {U,(v®) < u < U,(v® + ﬁhg(%:))}

and {V,(v9)) <v < V(v + ﬁhz(&))} around their interaction region {19). For any

1<n<ng, 0<i<kandi+1<j<k+i, we define the initial mass differences

(3.6.48) (D_rin) 9) = g (+La+1) _ g (G5+1)

(D_1in) 1) = g (+19) _ g (i41,5+1)
and the final mass differences

(3.6.49) (@) = p+1d) 5 (09)

(§+m)${i’j) = mgpj) _ mg,jn)'

Note that (@gm)q(%Z 9) and (@Jh)&” ) are the mass differences around the outgoing beam
Un(v®D) < u < Up(v® + —A=hy(c before and after crossing the region /\/e(,ib’j ), respec-
V-A
tively, while (E_m)ﬁf’j ) and (5+ﬁ1)§f’j ) are the mass differences around the ingoing beam
Vi vy <w< U, v + 24 _ho(e before and after crosssing the region ./\/;(,i’j). Note the
V-A

trivial identity

(3.6.50) (@_m)0D) + (D_m)) = (D,m) D) + (D ,m) ),

We will establish the following bounds for any 1<n<ng, 1<i<kandi+1<j<k+1i:

(3.6.51) N
—  _\(iq N (@_m)’gv]) i i
(®+m)’$z7]) = (Qfm)%’j) " €Xp ( ) T (1 - Gttgﬂz))(l - @tt{nj))
™" 1= ) - §A(Tn )
and:
(3.6.52)
o o D ) 6d) o N
@) = (@)D - exp | - - Omn™ (1 gli))(1- enliD) )
n n _(i,5) o) (69) 1,n /n
Tn "1 — F?i’j) - 5A(7)?
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(:D+ (17.7)

Figure 16: Schematic depiction of two intersecting beams, with associated incoming and
outcoming mass differences (D_m), (@.9) (D M)(i’j) and (D,m)y, (&9) , (D, m)("j) respectively.
The point A satisfies 7(A) = (i ), while the point B satisfies r(B) = 7). For simplicity,
we have used the shorthand notation [ = (-A)~'/2.

where the terms C%tt(Z 7 in (3.6.51) and (3.6.52) are allowed to be different from each other,

but they both satisfy the bound

(3.6.53) N o N
7?7(;1.7) _ 2m£:+11.7) _ %A(fﬁ;’j))g

quftti’j)gl— —
L - melz’yrl) - %AT3‘(

r‘(Un(v(i)),Vn(v(jﬂ—\/%hg(s))) Un (0)),Va (v + —Aha () )

and €rrl™?) | @9 satisfy the bounds

\n > S
. NG
(3.6.54) 0< e’ <1- @L)’g)
(D_m)y
and
N )
(3.6.55) 0< el <1- %
(Dym)n?
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Moreover, the following estimate will be useful in the proof of (3.6.12)): For any 1<n <ny,

1<i<kand k+1<j<k+1,

— — 1 (@_m)(ivj)
(4,9) (3,9) . AL
(3.6.56) (D,ym) 7 > (D-m), - exp (500 ) :

Remark. Notice that, as a consequence of (3.6.51)) and (3.6.52)), during the interaction of

the two beams at J\/'E(,i’j ) , the mass difference D7 of the ingoing beam increases, while the

mass difference ®m of the outgoing beam decrases.

Proof of (3.6.51) and . By differentiating (3.2.47) in u and using (3.2.43) and

(13.2.48)), we readily obtain the following wave-type equation for m:

(3.6.57) Oy Oy = —=F (1r,1m) 0y MOy,
where

. 2
(3.6.58) F(r,m) =

7‘—277@—%1&7"3'

Note that, formally, equation (3.6.57) can be rewritten as

(3.6.59) Oy log(=0ym) = —=F(r,m)0ym
(3.6.60) Oy log(dym) = F(r,m)(-0,m)

(note, however, that log(-9d,m), log(d,m) will not be well defined when 9,m =0 or J,m =
0).
Forany 1 <n<njg,1<i<kandi+l<j<k+i,integrating equation (3.6.57)) first in u, for

Up(v®)) <u < U, (v® + ﬁhQ(E)), and then in v, for V,(v)) <v <V, () + \/i_—Ahg(e)),
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we obtain:

(3.6.61)
N N Vo (09 +—hsy(e))
i) — () < / o oIl (1, (0(00)) ) %
Vo (v19) ' ’

x exp |2

} ’ du) dv.
Up (v(D) 7 = 2m/!(u,v)

Remark. Note that, at the formal level, the derivation of (3.6.61)) is easiest seen by inte-

grating equation (3.6.60) first in u, then exponentiating, and then integrating in v. This

procedure can actually be done rigorously, since 0,m < 0 < 0, in the interior of /\/g(ﬁj ), in

view of (3.2.46)), (3.2.47)) and (3.5.40)—(3.5.41)).

In view of (3.6.18)(3.6.19), we can bound for any U,(v®) < u < U, (v® + ﬁhg(s))

and any V,(v0)) <v <V, (v + ﬁhg(s)):

(3.6.62) () —2p(tha) %A(ﬁ(f’j))g’ < (r- Zm)‘( .
o Ly

< T|(Un(v(i)),Vn(v(j)+\/%hg(s))) n 3 (Un(v(i))7Vn(u(j)+\/%h2(€)))7

where

) = Ml @0+ A ha() Vi)

Therefore, using (3.6.62) to estimate T_12m, from (|3.6.61)) we readily infer that:

(3.6.63)
o o Vn(v(j)+\/%h2(s))
mg’]) - TNTLS’JH) :/V o avm|(Un(v(i)))7,U)x

T (0 (0@ ,0) = (0 (0D + Ao (e)).0)
x exp( 2 V=R

(4,5)
—— 1- ¢Ere dv,
ZThSLHLJ) B %A(fﬁf’j))Q ( 1,n (U))) v

F,gi’j ) 1-—

Fﬁf’j)

where, for any V;,(v0)) < v <V, (v + ﬁhg(s)), C%ttgf;f)(v) satisfies the bound (3.6.53)).

Equations  (3.2.46)), (3.2.44) and  (3.2.23)  imply  that, for  any
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Va(v) 0 < Vo (00 + —oha(e)),

(3664) 8v(":hf|(U7L(1)(1'))71;) - m|(Un(v(i)+\/%fAh2(e)),v)) <0

and, therefore, for any V,(v0)) <v <V, (v + \/i__AhQ(e)):
(3.6.65) (D)9 <y, (o0),0) ~ M, 00+ A ha())0) < (D).

The bound (3.6.65)) implies that (3.6.63|) can be expressed as

(3.6.66)

mff’j) _ Thg’jﬂ) _ (T?L,(lﬂl’j) _ m7(1i+1,j+1))x

"‘ (27‘7)
2 -M)n i\j i\j
x exp | —— .(le — (1—Qitt( ’]))(1—Qitt( ’]))
_(4,7) 2t (19) 1n \n
A GO sA()?

where Gttgf;{ ) satisfies the bound (3.6.53|) and C%tt&’j ) satisfies the bound (3.6.54). In view

of (3.6.48) and (3.6.49)), (3.6.66) is equivalent to (3.6.51)).

Similarly, integrating equation (3.6.57)) first in v, for V;,(v@)) < v <V, (v©) + ﬁhg(&:)),

and then in u, for U, (v?)) < u < U, (v® +ﬁh2(€)) (see also (3.6.59))), we obtain (3.6.52]).

Proof of . Recall F defined by (3.6.58) and let us define the function F : Dy —

(0,+00), where
2
(3.6.67) Dj = {(x,y) eR?z>0and z—y - §Ax2 > 0},

by the relation

2

3.6.68 F(z,y) s —————.
(3.6.68) S ey

Note that, in view of (3.6.7)), (3.6.9), (3.5.6) and (3.5.3), for any > 0 for which

1
(3.6.69) inf  {r(u,v)-2u- —Ar?(u, v)} > hs(e),
(u,v)eNSED 3
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we can readily bound:

(3.6.70) max  F(r(u,v),p) < min  F(r(u,v),u)
(u,v)e/\/’éﬁ’j) (u,v)e/\/'a(fl’j)

and

(3.6.71) QLF(r(u,v), W), OuF (r(u,v),u)>0

(note that F(T|Ns(é,j) ,1) and F(r|/\f§£‘j) , 1) are well-defined and positive under the condition
(13.6.69)).

For any 1 <m <ny, 1 <i<kand k+1<j < k+1, let us consider the following
characteristic initial value problem on E(,Z;’j ):

(3.6.72)
Oy = —F (r,m)dymdym  on NS,

m=m on [Un(v7)), Un (v + —Azha(e))] x {Va(v)) }u

U{U ()} x [Va(v)), V(v + 5 ha(€))].

Note that m satisfies the same characteristic initial value problem with F'(r,/m) in place of

F(r,m). Notice also that, in view of 1D and f, the initial data

for m and m satisfy:

4

(3.6.73) B < 0 on{Un (v?) < 1 < Up (0 + ﬂhg(s))}
and
(3.6.74) Dy >0 onf V() < < V(o) + \/Zi_Ahg(e))}.

Therefore, in view of (3.6.70)), (3.6.71)) and (3.6.73)—(3.6.74)), an application of Lemma
(see Section [3.6.4) with m,m in place of z9, 21, respectively, yields the following a priori
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bounds for a solution m of (3.6.72)):

(3.6.75) m < m on NG
and
(3.6.76) Dy < 0 < By in the interior of N9,

Notice that the a priori bound and the initial data in imply that m > 0 and
that holds for = 7 and y = 7; in particular, F(r,7m) is well defined and positive
A Thus, it readily follows (using standard arguments) that indeed has a
unique smooth solution m satisfying .

With m defined onj\/;(é’j) as above for any 1<n<ny, 1<i<kand k+1<j<k+i, we

will define the following modified versions of (3.6.48]) and (|3.6.49)):

(3.6.77) (@-m)) = 1 iy w0y — m|(Un(v(i)+\/%h2(s)),vn(v(j)))

(D) = 0] (1, 010 Vo 0+ hae)) ~ T (1) Vi 0

and

(36.78) (D) = 1 (1, 000 Vo (0 ha€))) = T (004 a0,V 0D+ (@)

(D) =10l 11, 060+ (), Vi 000+ A a(€)) ~ PO 000+ (€0), V2 (00

Note that, in view of the initial data for (3.6.72]):

(3.6.79) (@_m)9) = (D_m) )

@-im){ = (@),
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while, in view of the bound (3.6.75) (and the initial data for (3.6.72])):

(3.6.80) (@,m){P > (D) ()

@,m) ) < (@,m) 9.

By repeating exactly the same steps that led to (3.6.51)) and (3.6.52)) but using ((3.6.72))
instead of (3.6.57)), we obtain for any 1<n<ny, 1<i<kand k+1<j<k+i:

(3.6.81)
(4,9) .
2 _ —(
(@ m)(”) (@ m)(”) exp(_(ij) ~(i52)m)n (' ') (1 @ttg;z))(l—ett{n’j)))
Tn’ - 7:%i,j) - %A(fn 7 )2
and
(3.6.82)
. o D 0 05)
(@) = (D_in) () - exp | - —2- O™ (gm0,
n n _(7{7]) mgL+1,]) 9 —(Z,]) 9 n /n
- I - 2

where

(3.6.83)

= (0.4)

0< &y, <1-

)

D) _2rs
3AT |(Un(’U(i))7Vn(v(j)+\/%h2(€)))

T‘(Un(v(i)),Vn(v(juﬁhg(s))) "

. = (6:5)
(3.6.84) 03@@&”31_ggﬂ@%7
(D-m){
and
D )6
(3.6.85) o<@aﬁ”_1_ggiﬂ%7
(D)™
(and, as before, we allow the terms Gttg B9) 4 in (3.6.81)) and (3.6.82) to be different).
Because
o 2 2 ..
(3.6.86) m%”l’]) <z < gro < 5727(11»])
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(in view of (3.5.21]), (3.5.6)), (3.6.18)) and (3.6.19)), from ([3.6.82)) (using also and the

fact that Qittgl;f), Qitt;w) > 0) we can estimate forany 1 <n<ny, 1 <i<kand k+1<j<k+i:

(3.6.87)
2 (§+T7l)7(f’j)
_(7‘7.7) ﬁl,(i+1’j) (2,7
1- o - SA(R)?

o (4,9)
> (33_771)7(1””) -exp( %)
Tn

(D4 m)(”) (D- m)(”) exp( (1-@3’,{))(1—@%)))

In view of the fact that

@) < (Bym) i = ) - i) <y —0 < 2r < S

(following from (3.6.80))), (3.6.87)) yields

(3.6.88) (D.m)(D) > e (9_m) (),

In view of (3.6.84)), (3.6.88) implies that

T (6d) i
(3.6.89) 1- C%tt\ C

Using (3.6.89)) in (3.6.81)), we obtain:

= (i)
_ AN . D_m)\ i,
(3.6.90)  (D,m)) > (D_m)9) -exp( won ~(£17j) ) —(1-¢& 55)))-
Com™ 1~ mﬁi,j) - %A(fgd))Q
In view of (3.6.86) and (3.6.9), we can also estimate
1- @cg‘j) 1
(3:6.91) i) 2’ _(i,5) * 10
1= S = 5Am)?
and, thus, (3.6.90)) yields:
s s 1 (@_m)(w)
(i:) (6,3 — \¥rn
(3.6.92) (D4m), > (D_m),, exp(5c0 ) :
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From (3.6.92)) and the relations (3.6.79) and (3.6.80f), we readily obtain (3.6.56|). O

Proof of (3.6.11). For any 1 < n < ny, from (3.6.51)) we readily obtain that, for any

1<i<k:

(3.6.93) (@) A > (D _p) A1)
Applying successively for ¢ =1,2,...k, using also the identity
(3.6.94) (@_m)) = (D) +19)

(which follows from the fact that 7 is constant over each Rgﬂ )), we thus infer that, for any

1<i<k:

(3.6.95) @)D > (@) B = (0P - (D).
Since

(3.6.96) M0 = D =),

and

(3.6.97) (@,m)iey) = i) =iy = (Dom) A,

from we infer that, for any 1<i<k:

(3.6.98) @)D > (D) O,

Similarly as for the derivation of (3.6.93), applying the relation (3.6.52)) successively for
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i=0and j=1,2,...k (with n—1 in place of n), we infer:

(3.6.99)
(@ m)(O»J)

(0, 1) 0,k
(Dsm), " = (D-m),” exp( Z:l 07 — o
S Ry [l 1 A(r 1)?

<1—eaﬁ?s‘_a)(l—ewﬁz’z‘i))-

~(0,5)
nl

In view of the bound (3.5.21]) for the total mass |z, the lower bound 1} for r(o ") and

the fact that
ol <) <mP (1 (ha(e))'?)

for 1< j <k (following from (3.6.7)), and (3.5.3))), we can estimate

k 2 @ s (07.7) i .
(3.6.100) > ® ) (1- €% ) (1 - enl??) <3,
(07]) 2m( ) (0 ) lan 1 /’I’L 1
J=17r,q _ My ( N )2
P

Therefore, (3.6.99) yields:

( )(0 1)

3/2
@m0

(3.6.101) log ~———n=1_

From ([3.6.98)) and (3.6.101) we thus infer that, for any 1 <i <k and any 2 <n <ny:

(§+7’7’L)£Li’k+1) 3/2

(3.6.102) log > —€

~ (1,k+1)
my, 1

From ([3.6.102)) for ¢ = 1 and the fact that, for any 1 <n <ny:
(3.6.103) (D) LD = (D_i) OF) = Lk

we thus infer that, for all 2 <n <ny:

m(l k+1)

Dn 5 32
(3.6.104) log — T 2
m

n-1
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Applying (3.6.104) successively n — 1 times, we thus infer for any 2 <n <ny:

~ (1,k+1
7 (k1)

(3.6.105) log —py 2 -e3%(n-1).
my

The bound (3.5.6|) for ro and the form (3.5.7) of the initial data imply that

277y (v + 5 ha(e)) — iy (v17)) > 2 ho(e)
_50 (UNPA

(3.6.106)
To

Therefore, from (3.6.95)) and (3.6.106|) we infer that, for all 1 <7 < 1:

N ~\(3,k+1)
2(®
(3.6.107) 20mn T A .
To 0

From (3.6.105) and (3.6.107)) for ¢ = 1 (when (§+m)§1””” = fngl”“l)), using also the fact

that ny < (h1()) "2, we thus deduce that, for all 1 <n < ny:

~ (1,k+1)
2 2
(3.6.108) > = ho(e).
To 0

The relations (3.5.21) and (3.6.108)) readily yield (3.6.11]).

Proof of (3.6.10). In view of the bound (3.6.37)), we infer that, for any 1 <n <ny:

Qm(l’kH) 1 )
(3.6.109) 1- n - —Ar?| W (ko) 4
T|(Un(v(l))7Vn(v(k+1)+\/%h2(€))) 3 (Un(v D)V (0D +—ha (e))

) 2 hg(s).

Using the bounds

r|(Un(v(l)),Vn(v(k+1)+\/%7\h2(s)))

(3.6.110) <1+ (ha(e))'?

To
(derived from (3:6.7), (B-6.9) and (B.5.3)) and

(3.6.111) s <1- %exp (-2(ho(e))™)
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(from (3.5.6)), as well as the relation (3.5.21)) for m|z, we can readily derive from ([3.6.109))
that:

~ ~ (1,k+1)
M) (1+(h2(e))1/2) exp (~2(ho(e)) ™)+ Ar0(1+(h2(s))1/2)

To

The bound (3.6.10)) follows readily from (3.6.111)) and (3.6.112)).

Proof of (3.6.13). For any 2 < n < ny, applying the relation (3.6.51)) successively for
j=k+1land i=1,2,...k, using also the identity (3.6.94) and the trivial bound

(3.6.113) (@) ((1 - €l D) > (,0) P+

(following directly from ([3.6.54))), we obtain:

(3.6.114)
(@ )(1 k+1) _ ( ~ (0 0) ’I’h 1))><

-\ (3,k+1)

2 (Q,m)gf’
X exX - -
p ( ; 777(17,7k+1) 1- 2m£;.+1,k+1)

(1 - (’Ettgf;fﬂ))(l erel® ml)))

_(ik+1) “\n
OV gAY
k (i,k+1)
(00) _ - (0.1)y . 2 (D.m (z )
2 ( My 1"~ My ) eXP(; ﬁ(hbi,lﬁl) 1- 2~,<;(+‘1.’;+1> 3 gA(F(i,k+1))2( Qstt ) .
7 "

In view of (3.6.7)), (3.5.3), (3.6.53)), (3.6.9) and the fact that

ro < T(z k+1) < T‘(k k+1)
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for 1 <i <k (following from (3.6.18))), we can bound for any 1 < < k:

(3.6.115)
2 1 (3,k+1)
. , 1- vy >
fﬁf’kﬂ) 1 Zm%zu,kﬂ) lA(*S’kH))Q 1,n )

D3
1
— 27715;7]+1) - %AT?"(

I

> 2min {
(0 0) Va0 4 A h(e))) Un (000, Vo (v + —Aha(e)) )

1
>
—(irj _ (i+Lk+1 —(ik+1 =
r,(lj)—ngLJr +)—%A(T§L +))3}

2-0(¢)
= 7“7(zk7k+1) :
Furthermore,
(3.6.116) Z(©+m)§f’k”) _ Z(mgﬂ,kﬂ) _ m%@,kﬂ)) _ m|I _ ﬁlg’kﬂ).

1=1 i=1

Therefore, in view of (3.6.10)), (3.6.115)), (3.6.116]) and the fact that

(3.6.117) (§+m)$l17k+1) — m$117k‘+1) _ m$117k‘+2) - m,$117k+1)’

the bound (|3.6.114)) yields

2-0(¢)

(3.6.118) L S (fnf&?) - mEL(]—P) 'eXp( (kk+1)
n

(m|1 _ mg,ml)))
> () =) exp (s e (= 20h0() ™)),
T’I’L

Using the bound (3.6.101)) and the fact that

and

- (0,k ~ (1,k+1
(@_i) ) =miTh,

229



we can estimate:

(3.6.119) (D 7 ODy 5 o= 7 (LD,

From (3.6.118) and (3.6.119) we thus obtain (in view also of (3.6.9) and the properties
(3-5.2) of ho(e)):

~ ~ T _
(3.6.120) AR > 7 exp (4(’“%1) exp (- 2(ho(€))™)).
Tn

In particular, (3.6.13) holds for all 2 <n <ny.

Proof of (3.6.12). Combining ([3.6.102) and (3.6.11]) (using also (3.6.107)) in the case
n =1, as well as (3.5.21)) and (3.5.6) for m|z, ro), we can readily estimate for any 1 <n <ny

and any 1 <7 < k:

2(5+m {Sli,k+1)

To

(3.6.121) > — ho(e).
0

Similarly, in view of (3.6.94)), (3.6.97)) and ([3.6.101)), we can bound for any 1 <n < ns and

any 1<¢<k:

=N~ (3,k+1)
2(D_m)y,
(3.6.122) 2O0-mn "7 Ly .
o 0
Using the relation
(3.6.123) (§+m)$:‘,k+1) _ m,(f’k”) _ mg,kﬂ)

and the trivial bounds

(3.6.124) (R < )7
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and

= (6,§) = o (6:k+2)
(3.6.125) Re2gkeie

(following from the monotonicity properties (3.6.19) of m), from (3.6.121)) we obtain for any

~ ~ (1,5)
2 - 1
(3.6.126) min 20z Z T L ),
1<i<k, 70 0
k+2<j<k+i+1

In view of (3.5.21)) and (3.5.6) and the properties (3.5.2)) of ho(c), from (3.6.126]) we

infer that, for any 1 <n <ny:

pat (7'7])
2my, 1
3.6.127 <1- h .
(8.6.127) D 30,0
k+2<j<k+i+1

In particular, for any 1 <n <ny, (3.6.127)) implies that:

(3.6.128) sup

S4C ho(e _1'
{usvsVi (D) }nfus, (00))) 1= 52 o))

The main estimate that will be used in the proof of (3.6.12) is the following bound: For

any 1<nj <ng <ny and any V,, (v(k+2) + ﬁhQ(g)) <v <V, (v(k+1)):

(3.6.129)
9]y, (W + A ha(e)) ) 2‘9“"‘(Unrl<v<1>+ﬁhz(s>),v—<n2—m—1>vo>X
r(l,k+1) m(l,k:+1) /
5 -3 n n2 1/2
xexp(—C’O(ho(s)) ngﬁxﬁﬂ o }log(mg;’“”)_% )

Proof of (3.6.129). For any 1 <n <ny, 1<i<kand k+1<j<k+1i, integrating ((3.2.43))

from u = U, (v®) up to Uy, (v + \/%_Ahg(e)) (and using (3.2.46))), we infer that, for all
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Vi (00U 4 Tha(e)) < T < Vo (v)):

Opr
-1
Og( 1— 2Tm )‘(Un(v(ih\/%hz(e))v”)
/Un(v(i)+¢%h2(€)) Ty
=47 |
Un(v®) ~OuT ()
" /Un(v(i)+\/‘%\h2(€)) —Oymh ‘
Un(v®) r(1-2) @, ”)

(3.6.130) lOg(%)’(Un(v(i))yv)

du

In view of the monotonicity properties (3.6.18)), (3.6.19)) of » and m, we can estimate:

(3.6.131)
/ Un(@ Z2h2 @) _,m
2 |y S
Up (v(D) r(1—=7) (uo)
92 Un(v(i)Jr%hg(s))
< sup —)| / v (—aum)| du<
Un (v)<SUn (00D + A ha () r(1-22)l@ws) Ju, o) (u,0)
2 1 g
< . — sup — (D_m) ).
r(Un (v + 22h2(€)),0) 11, (vt (v + A () ( - 27|(g,5))
From ($3.6.130)), (3.6.131) and the bound (3.6.128) for 1 - 22, we infer that
OpT Opr
3.6.132 1 -1 <
( ) ox 1-2m )|<Un<v<i>>,ﬁ> Og(l - 2m )’(Unwmw%hz(s)),v)
7—,7(17':.7) (@ (sz)

<8Co(ho(e))™ :
O( O(E)) T(Un(v(z)+ﬁh2(€))’6) ﬁ(:’])

Notice that, in view of the bound (3.6.56)), we can estimate:

(@,m)ff’” (®+m)(“j)
(3.6.133) G <5Colog (_ 7))

Thus, from (3.6.132)) and (3.6.133]), we deduce that, for any 1 <n < ny, 1 <4 <k and
k+1<j<k+iand any V, (00D + ﬁhz(‘a)) <0 < Vp(vD):
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(3.6.134)

av
log( _Im )‘(Un(va)),@)_ log ( 1- ng )‘(Un(v(iﬂ\/%hz(s)),v) :

f1(7,27]) 1 (©+ (7’.7)
r(Up (v + —A=hy(e)), ) og((g (m) )
n AT ’ —m)n

<405 (ho(£)) ™

Applying the relation (3.6.134)) successively for i =1,...,k and v = v, using also the fact

that 9, ( Our ) =0 on each Rg{j), we obtain:

-

(3.6.135)
Oy N OpT y
1= 22U, (0 + Az (€)),0) 1= 22 (Unot (0O +—Aha () ,0)
f(z k+1) @, i (i,k+1)
r(Un(0® + iy (€)). ) Og((s_m)ff = )

X exp ( —40C3 (ho(e)) ™ z;

For any i = ., k, integrating (3.2.43) in u from u = U, (v®) up to Uy, (v +\/%_Ah2(s))
for v = v, € [0, Vn(v(j))] and using (3.2.46)) and the fact that d,m =0 on Rg{j), we infer:

Opr _ Opr <
1 - 220U O+ —ha(@))vn) 1= 22U, (0O +—Aha(€))00)

Un(’l)(l)"’\/%hg(s)) _aum
Uy (v() r—2m - gAr3 (u,04)

Using the fact that r > rg, from (3.6.136) we infer (in view of the monotonicity property

(3.6.136)
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(3.6.19)) for m) that

(3.6.137)

Oy S Oyt ‘ y
= 22U (w4 b)) 1= ZR(Un (0@ + A ha(e))00)

Un (v +—2=hy(e)) —Oy
xexp| — 2/ _ v — |(u’v*)1 5 du
Un (@) 70 = 2| (u,0,) — 3T
OpT

1 = 22 {0 (v + Az ha( "
o n JoA2 €)),Vx)

Un (v +—2=hs(¢)) 2, 1
xexp(—/ _ v 8u(10g(1—M—§Ar§))du)

Un (v(D) 70

\ )
_ Wn)s) 1 A2
_ 8UT ) 1 o 3A7"0
1——2:1 (Un (v +—2=ha()),vx) 2m ;.. s —Ahy(e),00)

V-A 14A,.2
1- 0 §AT0

In view of the bounds (3.6.9)) and (3.6.127)), (3.6.137)) yields:

Opr . OpT | ho(g)

3.6.138 > .
( ) _2m (Un (W +Aha(e))0e) 1 2m (Un(v®+A5ha(e))ve) 4Ch

Integrating (3.6.138) in v, € [0, V,(v"))] and using (3.6.128) (and (3.6.9)) for the

12m
T

factors, we thus obtain:

(3.6.139) A () < 0,00+ a0, ) B

and, thus (in  view of  (3.6.7), (3.5.3) and  the  fact  that
ro < min{r{* Y, r (U (v + —A<hs(e)), 9)}):

77(1’,k+1) (1 k+1)

2T
(3.6.140) a0 + @), D) <16C3 (ho(e))”
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From (3.6.140) and ([3.6.94)), it follows that:

k ﬁ(ka”fl) (©+ (z k+1)
3.6.141 -
( ) ;T(Un(’l}(z) + Lh2(z-;)) U) 08 ( (@ )(7, k+1)
(1 k+1) & @, (i,k+1)
<1603 (ho(e)) ™ ; (m
(1 k+1) k-1 (@ m)(z Je+1) (@ (k,k+1)
_160 (hO(E)) 2l S A O +10g +—
0 { Zl ((©+m)g+1 k+1)) ( ﬁl|1 _ ﬁl;_’i) )
(1 k+1) 3 - (LE+1)
DM
=16C3 (ho(=)) 2" w%
"0 m|Z n 1
(1,k+1) -\ (1,k+1)
- 2 —2Tn (©+m)
=16C3 (ho(<)) i 1og(_( @
(1,k+1) N o~ (Lk+1)
2 —2r7l (©+m n 3/2
st e )
(1 k+1) m(l k+1)

{108 (=t ) + =7}

n—1

~16C3 (ho(e)) 2%

(where the inequality at the sixth line of (3.6.141) follows from ({3.6.101)). Therefore,
(3.6.135) and  (3.6.141) yield for any 1 < n < ny and any
Vi (v*+2) 4 ﬁm@)) <v <V (vFHD):

(3.6.142)
Oyr O
2m 1 4 2 2m 0 4 X
_ &m (Un(y( )+ﬁh2(5)),’0) 1- e (Un—l(’u( )+mh2(5))771)
(k1) m(l k+1) /
s _3Tn My~ 3/2
xexp( Cy(ho(e)) - {log(mg lli‘+1))+€ })

In view of ([3.2.44), we can bound for any U,,_; (v(?) + \/%_Ahg(e)) <u<Upog (0O):

—Oyr —8r

(3.6.143) u .
1= 20 Vooy (0)) 1= 22 (Vg (w1

Hence, using the fact that
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. From (539), E5D):

Opr Opr ‘

3.6.144 - v
( ) 1- 22 (Un (4o ) 1 - g Ar?

(Un (o 4—Aha())0)

=(1+ O(s))avT|(Un(U(1)+\/%h2(€))7v)a

e From (3.2.45), (3.5.21), (3-6.9) and (3.6.7)

Oy _ Oyr
= 2 (U1 (04 —Aha())0) 1= 2 (Unoa (0),0)

(3.6.145) (1+0(¢)),

o From (3.2.44), (3.2.43) and the gauge condition (3.3.24)):

(31,7‘ —OyT
3.6.146 T om = ’
( ) 1- 2R Dnfo=o} 1 - 22IR(Dn{u=i-vo}

n-1 n-1

the bounds (3.6.142) and (3.6.143) yield for any V,(v**2) + \/i__Ahg(a)) <v <V, (v#HD):

(3.6.147) 9y Uno s k@) 27 28 200 |y, 1 551 8
(L1 (LR /
5 _3 n n 1 2
X exp(—Co(ho(E)) o IOg(mS_,llﬁl))_E )

In view of (3.5.36)), (3.6.9) and the fact that

—Vu 811
(3.6.148) Gl S

1- IR nguzay 1 - 20 IR n(o=n)

(following from the gauge condition (3.3.23))), from (3.6.147) we infer for any
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V(o) 4 Zha(e)) <v < Vi (0.

(36149) BUT‘(Un(’U(l)+\/%—Ah2(S)),’U) > av’r‘(Un—l(U(1>+\/%—Ah2(E)),U—’U0)X
F(LE+1) 7 (k1) /
5 -3'n n 1/2
XeXp(_CO(hO(E)) o 10g<m7(11_,11<:+1)) — 2 )

Iterating (3.6.149)) for ny < n < ne, we thus obtain (3.6.129)).

Let 2 <nj <njs be such so that

(3.6.150) (D) < o
and
(3.6.151) (W s 9,

Note that if no such n; exists, then (3.6.12)) is automatically true ((3.6.151)) holds for r%l’kﬂ)

as a corollary of the Cauchy stability estimates of Proposition[3.3]and the choice of the initial
data).

Let us also define

(3.6.152) Ti9 = max {m <m<ng: rl(l’kH) <2rg for all ny <1< n}

In order to establish (3.6.12f), it suffices to establish that, for all n; <n < ng:

1,k+1
/r,,’(_'/ 9 )

(3.6.153) ~ 12 exp( - Cf(ho(e)) ™ log ((ho(e))™))-

To

In view of the fact that

~ (1,k+1
7 (Lk+1)

(3.6.154) sup  —2—— < Co(ho(e)) ™

1<li<la<ny Thl(l’k+1)
1

(following from 1' (13.6.86)) and the fact that the sequence mnl”“” is increasing in n
as a consequence of (3.6.120)), from (3.6.129)) we infer that, for any n; < n < ng and any
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Vig (0 4 g (2)) < 0 < Vi, (05D

(36.155) O] 1, 0+ a9 2 001,100+ a0 yo) ™

x eXp( — C8(ho(e)) ?log ((ho(e))—l)).

Thus, integrating (3.6.155) from v = V,, (v*+?) + \/%_Ahg(s)) up to v = V,,(v**)) and using

(13.6.151)), we immediately infer (3.6.153)).

Proof of (3.6.14). In view of (3.5.3)), (3.6.32), (3.6.31)), as well as the boundary condition
(3.3.24) and the bounds (3.6.8) and (3.6.9)), the following one-sided bound holds for all

2<n<nyg:

Vn(y(k+1)+%h2(e))
(3.6.156) r%k’k“) -7 = / VoA vr‘ dv
Vi (v(2R)) (Un(v(®),0)
Vn(v(k+1)+%h2(s))
g/ A a”g (1+O(s))dv
Va (v(2R)) 1= =2 (Un(v®),0)
Un—l (’U(O)+%h2 (8)) —6
:/ VA 1;:1 . (1+O(€))du.
Un-1(v(F)) 1-== (%anl(”(ml”ﬁh?(e)))

We can readily compute (using also (3.5.3)), (3.6.9) and (3.6.45)):

(3.6.157)

/Unl(U(O)) _8u7“
u
s (604 @) 1 22 Vo OO0+ ()

©) ~(Lk+1
_ /Unl(” ) (1 ~ 2m {1y Ly
R 1) AN [CA SR RS B SO V.

-1
|(U:Vn—1(v(k+1)+ﬁh2(€)))) %

X (—8u7")|(u’vn_1(v(k+1)+\/%h2(€))) du

(1,k+1) - (1,k 1)
=/Tn1 (1_2m7(1;1+_1/\7«2)_1d7«
ro+O((ha(e))!/2) r 3
27 (1,k+1)
< 7'7(11_’?—1) -7ro+ Coﬁlfll_’lf+l)| log (1 - —mz_l )|
0
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From (3.5.6) and (3.6.12) we can similarly estimate:

Unfl(y(l)) >
(3.6.158) / L w<
Un_1(®)) 1= =2 (u,Vooa (0D 4~z (e)))
r(k k+1) 2 |
n—1 mI
</(1k+1) o ( . +0(e )) dr <
w1 +O((h2(e))1/?)
(k k+1)

+ Cgm|1'| log exp (ho(s)) + 1‘ <

G <04 Gl (o)

_TL—

From (3.5.3), (3.6.45)), (3.6.156), (3.6.157) and (3.6.158) one readily obtains the bound

(3.6.14). O

3.6.2 Formation of a nearly-trapped sphere

In this section, we will establish (3.6.6)), using the bounds (3.6.7)—(3.6.14]) of Proposition
B4

Let us set
(3.6.159) Nmae = max {n, € N: REFD 1y for all n <.},
Note that, in view of and , Nmae Satisfies
(3.6.160) nf < Npag <nyp+ 1
Thus, implies that
(3.6.161) Nmaz < (h1(€)) 72

Notice that and the definition imply that, if
(3.6.162) Nimaz < %(hl(s))‘27

then, necessarily, (3.6.6) holds. Thus, in order to establish (3.6.6]), it suffices to show
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(13.6.162)).
We will show ([3.6.162)) by applying Lemma (see Section |3.6.4))

for any 1 <n < npmae + 1

~ (1,k+1)
2
(3.6.163) T
To
’I"(k’k+1)

(3.6.164) o, =
To

the inductive bounds (3.6.13) and (3.6.14) imply that y,,e,, satisfy

(3.6.165) Ons1 Sen+Crlog((1-p,)7 " +1),

1

Mr+1 2 ty, €XP ( )’

n+1
for any 1 <n < npqe + 1, with
(3.6.166) Cy = (ho(e))™
and

1 -4

(3.6.167) c1 = Eexp(—?(ho(s)) ).
Furthermore, setting
(3.6.168) 8 = hs(e)

. In particular, setting

(where hs3(+) is defined by (3.6.3)), the definition (3.6.159) immediately implies that

(3.6.169) max 4, <1-0.

0<n<nmax

Note that, in view of Definition [3.4) and Proposition we have

(3.6.170) U ~ ho(e)
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and

(3.6.171) oo~ (hi(e)™.

Hence, as a consequence of (3.5.2) and (3.6.3]),

8
(3.6.172) (ﬁ) ~ %
€1 Mo
and
(3.6.173) 5 < (B0,
Po

The relations (3.6.165)—(3.6.173|) allow us to apply Lemma (see Section [3.6.4]) with

Ny = Npaz + 1 for the sequence g, ,y,,. Thus, in view of Lemma we obtain the following

upper bound for n,,4::
(3.6.174) Mna + 1 <exp ((exp (2(ho(€)) ™)) (ha(e)) ™.

In particular, (3.6.162)) (and, thus, (3.6.6])) holds.

3.6.3 The final step of the evolution

In this section, we will complete the proof of Theorem [3.1] using the near-trapping bound

(3.6.6)), the bounds ({3.6.7)—(3.6.14)) of Proposition as well a backwards-in-time Cauchy
stability estimate (see Lemma in Section |3.6.4)).

The bound ({3.6.6)), combined with the estimates (3.6.11]) and (3.6.12)) of Proposition
imply that, necessarily (in view also of (3.5.2)), (3.5.3)), (3.6.7)), (3.6.13)) and (3.6.159)):

Qm(l’k+1)

(3.6.175) —tmartl 5 _9h4(e).
To

Therefore, applying again Lemma for u,,p, (defined by (3.6.163)), (3.6.164])) and
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N = Nymaz + 1 yields, in view of (3.6.175]), that, either

(3.6.176) W, o1 > L+ ha(e),

or

(3.6.177) 1-2h3(e) <y, .4 <1+hs(e)

and

(3.6.178) Bas < 1= exp (= exp (2(h0(2)) ™)) (1 (2))?

(3.6.179) max{pnmmﬂ, anam} < exp ( exp (2(h0(s))74))(h1 (e))f1 log ((h1 (s))fl).

Let us set

(3.6.180) U, = Vp (D) 4 %hz(s))

maz+1

(recall that (3.6.180) equals V;,

4 R .
(U(O) + \/T_AhQ(E))7 in view of our conventions on the

max

indices). The proof of Theorem m will follow by showing that

o Either

2m
3.6.181 inf 1-—)<0
(36.181) w0770 <

(in which case (T/(s),(QEE))Q,f.(T‘f/),f(E) ) = (r/E,Q?E,ﬁ-n/E,fout/e) in the statement of

7 out/

Theorem (3.1)).

e Or

3.6.182 inf 1-
( ) Llaﬁl{nvm?*}( r!

) <0,

where (r', ()2, fl . fl.+) is a (possibly different) smooth solution to the system

(13.2.28)—(3.2.33)) arising as a future development of an asymptotically AdS boundary-

242



characteristic initial data set (T;E,( ;S)Q,ﬁ’n/s,féut/s) on {u=0}n{0 < v < v}

(satisfying the reflecting gauge condition at r = rg,+00) which is (h;(c))? close to
(7'/57Q7€afm/safout/e) with respect to the norm (3.3.41)), i.e. satisfies, in particular,
3.6.279) and (3.6.280) (in which case (r{, (@)% f) F))  equals

in/’’ou
(e (Q;E)Q, ;’n/s,féut/s) in the statement of Theorem .

Notice that, in both cases, (3.4.3]) follows readily from (3.5.15|) and (3.5.2)). To this end, we
will proceed to treat the cases (3.6.176]) and (3.6.177|) separately.

Case I. Assume that (3.6.176)) holds. Then, we will show that (3.6.181)) also holds. We will

argue by contradiction, assuming that

2m
3.6.183 inf 1-—)>0.
(36.183) i, (1270
Let us set
(3.6184)  Co={Un. (D4 4Ah2(3)) cu<Up @) n{o=5.) k.

The renormalised mass m is constant on C,, satisfying in particular

(3.6.185) ile, = mbAD

* Nomaz+1®

Since 9,7 < 0 on U (see (3.3.29))), from (3.6.183)) and the fact that C. does not contain its

future endpoint, we infer the following stronger bound:

2m
(36186) 1- 7 s > 0.
Thus, we also have
(3.6.187) Orle, > 0.

We will now show that the future endpoint of C, is exactly (Up,,..+1(v(?)),s,). If there
existed some (up,7x) € (0U\Z) such that U,, . .1 (v + ﬁhg(f:)) <y < Upyponi1(0@),
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then Theorem [3.3] on the strucure of the maximal future development would imply that r

extends continuously on (up,v.) with

(3.6.188) r(up, Vs) = 7.

However, in that case, (3.6.176)), (3.6.185) and (3.6.188]) would imply that, for some wup,

close enough to uy

2m

(3.6.189) p_=m

T |(ub*75*) < 0’

which is a contradiction in view of (3.6.183]). Therefore,

4
{Unmax+1(v(1) + \/_Ah2(€)) fu< Unmam"'l(v(()))} n {'U = 1_)*} n (81/{5\1—) = ®7
and, thus
4
(3.6.190) Co = {Un, .1 (v + Ahg(s)) <u<Upn,a(0 ) n{v=10,}.

In order to complete the proof in the case when (3.6.176]) holds, it suffices to establish

that

7l(a0.)
To

(3.6.191) lim sup

u=>Unpmag+l (U(O) )

<1+0((ha(2))"?).

Assuming that (3.6.191)) holds, from (3.6.176)), (3.6.185) and (3.6.191) (in view also of
(13.5.3), (3.6.3)) we readily obtain

-2

(3.6.192) lim inf r )‘(ﬂ,ﬁ*)

a_)U"maz*'l (U(O) )

1
< —Ehg(s) < 0,

which is a contradiction in view of (3.6.183)).

Let us set

4

(3.6.193) By = {Up,...s1(vM+

Ah2(€)) <u< Unmaa:"'l(v(O))} n {Vnmaa:"'l(v(k)) fvs 1_)*}
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From (3.6.190) and the structure of the maximal future development of general initial data
sets for (3.2.28)—(3.2.33)) (see Theorem , we infer that

B. cUe.

Furthermore, in view of (3.2.30)) and (3.6.187)), we infer that

(3.6.194)

8UT|B* >0

and, thus (in view of (3.3.29)):

(3.6.195)

o 2m

> 0.
r 'Bs

In view of (3.6.159)) and the bounds (3.6.11)) and (3.6.12]), we have

(3.6.196)

{u< Unmazﬂ(v(l))} NU; cU.

Therefore, as a consequence of (3.6.7]), we can estimate

(3.6.197)

log (

1- 2Tm )|{u:Unma:c+1(v(1))}ﬂu€

O < (ha(e)) " 1og ((ha(e)) ™).

Since (3.2.43]) implies that

(3.6.198)

Oy log (%) <0,

r

from (3.6.197) (and (3.6.9) ) we infer the one sided bound:

(3.6.199)

Integrating

3.6.199

Do, <2(h1(2)) " og ((ha(e)) ™).

from v = V.. 1 (v®)) up to V1 (v*D) 4+ ﬁhg(s)) using

(3.5.3)), we finally obtain (3.6.191f). Thus, the proof in the case when (3.6.176] holds is

complete.
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Case II. Assume that ((3.6.177)) holds. Then, (3.6.178)) and (3.6.179) also hold.
As a consequence of (3.6.11)), (3.6.12)) and (3.6.13)), the bound (3.6.178|) implies that

.
(3.6.200) inf (1-=5)>
{ugUnmaz(U(O)+ﬁh2(€))}mu5 r

exp (- exp (2(ho(e)) ™) ) (hn(e))*.

N | —

Therefore, using q3.6.11[), (]3.6.12[) and (3.6.13)) to estimate (1 — 277”) in the region

4

0
{Unmaz(v( ) + Nomaz+1’

Ahg(e)) <u< Unmaz+1(v(0))}\R(1’k+1)
we infer that

(3.6.201) inf

( 2m
{/U‘SU'I’Lmaa;‘Fl(U(1)+\/%h2(€))}mu€

1-22) 2 Zexp (- exp (20ho()) ™)) ()%

Remark. Notice that, while 1 - 22 becomes ~ hg(e) in {u < Uy s1 (0O} n U (in view

of (3.6.177))), when restricting to the subregion {u < U, . (v + \/%_AhQ(s))} N U, the

improved bound ([3.6.201)) holds.

Let us set
(3.6.202) Uy = Up,,. (0 + 1 ha(e)),
V-A
noticing that
(3.6.203) supp(r®*Tyy) N {u =u,} ¢ {r <%}

as a consequence of (3.6.8)). Let us also fix a smooth cut-off function y, : [u«, us+voe) = [0,1]

such that

4
(3.6.204) % () =1 forve Vi, o (v D)V, (D) 4 ﬁhg(s))]
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and

X (v) =0 for
)
V-A

1
v € [, s+ 00)\[Vinyao i1 (05 = —— o (), Vi, 1 (0D &
e Ny o

ha(e))]-

We will then define the function T}, : [Us, us +v9:) = R by the relation
(3.6.205) Ty (v) = exp (= 20225 (b (€)) o (v) Tow (1, 0),
Vo

where C; is defined by (3.6.273]). Notice that, since

(3.6.206)

Vi, (k+1), _4 2m
9 maa:+1(v +\/I 2(5)) (1 - T) 2T d - (1,k‘+1) e (1,k:+2) . (1,k+1)
n L) (s 0) v= mnmax+1 Nmaz+l ~ " Nmaz+1?

(v(k+1)) OpT

Vnmaerl

we can readily bound in view of (3.6.205)), (3.6.12)), (3.6.177) and (3.6.206)):

(3.6.207)
(Tou ()]

s +00e 72 (s, v)
*9 %) Ope(ux,v Uy
sup  (-A) / o v) dv < exp( - C’f—)(hl(s))2,
Ux |P(u*7 Voe

o) — o, 0)| + pluts, )

where p is defined in terms of r by the relation

(3.6.208) o=tan™ (\/gr)

Applying the backwards-in-time Cauchy stability lemma (see Section [3.6.4)), for u.

given by (3.6.202) and T}, given by (3.6.205)) (in view of (3.6.201)), (3.6.203)) and (3.6.207)),

we infer that there exists an smooth asymptotically AdS boundary-characteristic initial

data set (7‘;5, (9'8)2,ﬂ'n/€,f;ut/€) on {u = 0} for the system (3.2.28))—(3.2.33) satisfying the

reflecting gauge condition at r = rge, +00 with the following properties:

1. The initial data sets (r/e,Q?S,fm/s,fom/e) and (r;s, (Q;E)Q, _Z.’n/s, _éut/s) satisfy (3.6.279))
and (3.6.280)).

2. The maximal development (Ul;r", (Q)2, fl | fru) of (r/E,Q?E, fm/e, fout/s) satisfies

in?

(3.6.231)), (3.6.282) and (3.6.233).
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rr

Using primes to denote quantities associated to (r', ()2, f/ , f2.), we can readily esti-

mate in view of (3.6.281)), (3.6.282)), (3.6.283]) and (3.6.205):

7

V. (k+1) Lh 2m
m’| = a1 ey 2(2)) (1_7) N2
(’U,*,T)*) B

(r")*T,
Viemaw+1 (,U(k+1)) 8UT, o

/Vnmu(v“%&hz@)) (1- 2

dv

(u*,v)

(3.6.209)

) -
T (T + Toy)
Vnmax+1(v(k+l)) 81)7"

>(1+ exp( - QCEQZ—;)(hl(e))Q)m'(u*,m)'

dv

(u,,,v)

_ ~(Lk+1)
’T)*) - Nmaz+1?

Therefore, since Th‘ (u the bound (3.6.177) (in view also of (3.6.3)) and

(3.6.273))) implies that

2/ | (0e.52)

To

(3.6.210) > (1+exp (- 2C2°2) (h1(e))?) (1 - 2h(e)) > 1+ h(e).
o

Since ﬁ1| _ . is constant on
(u*vv*)

4

mm(e)) <u<Un, .. (V) n{v=0,nl

C>’(— = {Unmax+1(v(1) +

and satisfies (3.6.210[), we can now repeat the same arguments as in Case I (i.e. the case
when (3.6.176|) holds) in order to infer that (3.6.182)) holds.

Thus, the proof of Theorem is complete. O

3.6.4 Some auxiliary lemmas

In this section, we will prove some lemmas necessary for the proof of Proposition [3.4] and

Theorem [3.11

A maximum principle for 1+ 1 wave-type equations

The following lemma provides a comparison inequality for certain 1+ 1 equations of wave

type, and is used in the proof of Proposition

Lemma 3.1. For any ug < uy, < v1  and a € R, et
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F1, Fy : [ug,u1] x [vo,v1] x (=00,a] = (0,+00) be smooth functions so that
3.6.211 max Fi(u,v,z) < min Fo(u,v, z
( ) (u,v)e[uour]x[vo,v1] i ) (u,v)€[ugur]x[vo,v1] 2( )
for any z € (o0, a] and

(3.6.212) 0, F1 (u,v,2),0,Fs(u,v,2) >0

for any (u,v,z) € [ug,u1] x [vo,v1] x (—o0,a]. Suppose  also

21,22 : [ug,u1] x [vg,v1] = (=00, a] are smooth solutions to the equations

(3.6.213) OpOuz1 = —F1(u,v, 21)0y 210,21
and
(3.6.214) 8v8u22 = —Fg(u,v, 22)8u228U22,

satisfying the same characteristic initial data

(3.6.215) z1(u,v0) = 22(u, v0) = 2\ (u),

(3.6.216) 21(uo,v) = 22(uo,v) = 2/(v).

where 2/ : [vo,v1] = (=00,a) and 2\ : [ug,u1] = (=00,a) are smooth functions so that

(3.6.217) z/(vo) = 2 (v1),

(3.6.218) 8'UZ/|('U0,'U1) >0
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and

(3.6.219) D\l (ug ) < 0-

Then, the functions z1, z9 satisfy

(3.6.220) 8uzz <0< avzi, 1= 1, 2

in (ug,u1) x (vo,v1) and

(3.6.221) 21 <2

everywhere on [ug, u1] x [vg,v1].

Proof. We will first establish (3.6.220)). By applying a standard continuity argument, rewrit-
ing equation (3.6.213)) as

(3.6.222) Oplog(=0yz1) = =0p2z1 F1(u,v,21)

and integrating in v, using also the property (3.6.219)) of the initial data, we obtain that

(3.6.223) Buz1 <0

everywhere on (ug,u1) x (vg,v1). Similarly, rewriting (3.6.213]) as

(3.6.224) Oulog(0yz1) = —0yz1 F1 (u, v, 21)

and integrating in w, using (3.6.219)), and then repeating the same procedure for zy, we

finally obtain (3.6.220)).
In order to establish (3.6.221)), we will argue by continuity: Let wu. € [ug,u;) be such

that (3.6.221)),

(3.6.225) By21 < Oy
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and

(3.6.226) Ouz1 < Ouzo

hold on [ug, u«] x [vg,v1]. Note that u, = ug satisfies this condition: In this case, (3.6.221])

and ([3.6.225) follow directly from (3.6.216f), while (3.6.226|) follows by integrating (3.6.222))
(and its analogue for z3) and using (3.6.211). We will show that there exists a & > 0, such

that (3.6.221)), (3.6.225)) and (3.6.226]) hold on [ug, u. +8) x [vg, v1].
For any v € (vg,v;], integrating (3.6.213) and (3.6.214) in v along {u.} x [vg,v], we

obtain:

(3.6.227) log(=0y21)(ux,v) = — /U F1 (v, 21)0y 21 dv +log(=0u 2\ ) (ux)
vo

and

(3.6.228) log(-0y22) (ux,v) = - /6 Fy(us, v, 22)0p22 dv +10g(=0u2\ ) ().
o

Let us define the auxiliary functions Fi.y,5, Fou,s ¢ (—00,a] = (0,+00) by the relations

(3.6.229) Fru,5(2) = max_Fj(ux,v,2)
ve[vg,v

and

(3.6.230) Fou,5(z) = min_ Fy(ux,v,2).
vE[vg,V

In view of (3.6.211)), (3.6.212) and the fact that (3.6.221) holds on {u.} x [vg, 9] we

can bound for any v € [vg, v]:

(3.6.231) Fran5(z1(us,v)) < Fouy5(21 (Us, 0)) < Fouy,5(22(us, v)).

Thus, subtracting (3.6.227) and (3.6.228)) and using (3.6.231)) and (3.6.225)) (and the fact

“Note that we can immediately restrict from [uo,u1] x [vo,v1] to {us} x [vo,7] in (3.6.211).
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that 0,29 >0, v > vp), we readily infer that

(3.6.232)
log(=0y21) (ux,v) —log(—0y22) (s, V)

2/ FQ;U*U(ZQ('U,*,U))aUZQ(U*,'U)dU—/ Fro,5(21(ux,v))0pz1 (us, v) dv
vo

vo

> 0.
From ((3.6.232)) we thus infer that, for any vg < v < vy:
(3.6.233) Ouz1 (s, ) < Oyzo(Ux, V).

Therefore, since z1,z9 are smooth, there exists a continuous function 8, : [vg,v1] = [0,1)

with 8y(yy,0,] > 0, such that
(3.6.234) Ouz1(u,v) < Oyza(u,v) for {vg <v<vr}N{us <u<u. +8,(v))}.

Similarly, by integrating equations (3.6.213]) and (3.6.214)) in u along [ug, u1] x {vo} and
repeating a similar procedure (using (3.6.215))), we also obtain that there exists a continuous

function 8, : [ug,u1] = [0,1) with 8y|(4g,4,] > 0, such that

(3.6.235) Opz1 (U, v0) < Oyza(,vg) for {up <u<ui}n{vg<v<vg+38,(u))}.
From and , we infer that there exists some 8 > 0, such that

(3.6.236) 21 < 29 on (Uy, ux +0) x [vg,v1].

In particular, (3.6.221]) holds on [ug, u. +8) x [vg,v1]. Furthermore, for any u € (., u. +9)
and any v € (vg,vg + 8,(1)), repeating the procedure leading to (3.6.232) with u in place
of u, and using ((3.6.235)) and ([3.6.236|) in place of (3.6.225)) and (3.6.221), respectively, we
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infer that:
(3.6.237) auzl(ﬂ, ’U) < 8u22(ﬂ, 17).

Thus, combining ((3.6.234)) and , we infer that holds on
[ug, ux+0") x[vg, 1], for some 0 < &' < 5. Finally, the bound (3.6.225|) on [ug, u.+8") x [vg, v1]
follows in a similar way as the proof of , by integrating equations and
in u € [ug, us +d") for any v € (vg,v) and using ([3.6.211)), (3.6.221)) and (3.6.226))
(which we have shown that they hold on [ug, u.+8") x [vg,v1]). We will omit the details. []

A lemma for a system of inductive inequalities

The following lemma is used to show that the inductive bounds (3.6.13) and (3.6.14]) for

~ (1,k+1 k,k+1
(kD) (ek+1)

and 7, indeed lead to the formation of an almost-trapped surface.

Lemma 3.2. Let 0<c; <1« Cq, and 0< py <1< p,y, 0< 061 be given variables, such

that
8
(3.6.238) (ﬁ) « o
1 Ho
and
c 4
(3.6.239) 5< (Hoy@/en”,
Po

Let also p,,,p, >0, be sequences of positive numbers, with u, increasing in n, such that for

0 < n < n, they satisfy

(36240) Pr+1 Spn+01 log((l—}ln)_l + 1)>
C1

(36241) yn+1 > yn exp( )’
n+1

and

(3.6.242) o BX | My < 1-6.
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Then,

(3.6.243) Ny < (Q)Bpoya(cl/cl)Q.

C1

Furthermore, if 1 -6< p, <1+0, we can bound:

C1\3 2 2(C1/c1)?
(3.6.244) My, 1 < 1- (5) P02}10( 1/e1)
1
and
(3.6.245) max{p ,p _,}< (ﬁ)”‘ Po log(&).
Ny Pny=1J = 1 y(()cl/cl)z 1o

Remark. Notice that the right hand side of (3.6.243)) is independent of 8.

Proof. Let us define for any integer k > 1
) 1
(3.6.246) ng =max {0<n <n, : b < 1= o for all 0<l<n},
using the convention
(3.6.247) no = 0.

Notice that, in view of the fact that the sequence y,, is increasing, for all £ > 1 and all

ni_1 <n < ng we can estimate:

1 1

(note that, in the case ng_1 = ny, there is no n satisfying nx_1 <n < ny and (3.6.248)).
Using (3.6.248)), from ([3.6.240) we can bound for any k > 1 such that ni_1 < ng and any

Ng_1 <N < Ng:
(3.6.249) On < 0n,_, +2C1(log2)k(n - nj-1)
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and, therefore, for any 0 <n < ng we have:

k-1

(3.6.250) 0, <201 (log 2)( > Uy =niey) + k(n - nk—l)) )
=1

(note that (3.6.250)) holds for all 0 < n < ng, while the bounds (3.6.248]) and (3.6.249)) are

non-trivial only for those values of k for which ng > ng_1).

Let us set
(3.6.251) k1 = 32[log %]
1
Then, implies that, for all 0 <n < ny,
(3.6.252) on <0 +2C1(log2)kin
and, thus, implies that
(3.6.253)  log( H:zl )> e :Zkfl on > clzﬁl T (1log T 1 log g%:ﬁg;éioglgﬁl )

From ([3.6.246]) and (3.6.253) we readily infer that

1 po+2C1 (log 2)k1ny,
€1108 e0+2C1 (log 2)ky

4C1(10g 2)k1

(3.6.254) < - log(ip)

and, therefore (using also ([3.6.238))):

Po
0

For any k > 2 such that ng > ng_; + 1, from (3.6.241), (3.6.246]), (3.6.248]) and ([3.6.250))

we readily infer:

1 U, e 1
(3.6.256) 2k_2210g >c Y. e

c1
>
Ung 41 nenpoa+2 AC1(log2) (k- 1) + $h (1 - 1) L),

le—nk,l—l
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and, hence:

Y (- 1) (n - )

- ~1<
(3.6.257) ng=np-1 - 1< 401(cllog2) 262 _ (k1)
. F(k - 1) maxoqoe (e = ni1)
T2 s (k-1)
k(- 1) 1

2 2 (f—1) b

4Cl(cllog2)2
The relation (3.6.257)) also holds (trivially) when ny < ng_q + 1. Thus, for any k > k;, the
bound (3.6.257)) yields:

C _
(3.6.258) e < (14 =227 Yngy +1
C1
and, therefore, for any k > 2:
1
(3.6.259) ny, < 16— (ny, + max{k — k1,0}).
C1

In view of (3.6.255)), we thus obtain for any &k > 2:

C1 Po
(3.6.260) ng, < 165(W +max{k — k1,0}).
0
Let us set
1o (Ci/er)?
(3.6.261) ko = Ak +2—2 (eo/g ).
log 2

Note that (3.6.239), (3.6.242) and (3.6.246) implies that

(3.6.262) Ny < M — 1.

In view of ([3.6.260)), we have
C

(3.6.263) ny < (=) —F0__
C1

Ch/c1)?
Uc()l/l)
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and, for all k> ks (in view of (3.6.257)) and (3.6.260))):

(3.6.264) ng —ng_1 < 1.

Furthermore, (3.6.250) implies (in view of (3.6.261]) and (3.6.263))) that

Ci1\3 o o
(3.6.265) max{p,, 1,0} < (E) W log ( " )-

In view of (3.6.246|), we have

(3.6.266) Moy, S1- 27k2 ¢ By, +1-

We will consider two cases, depending on whether y, ., is larger than 1 -5 or not.
2

1. In the case My s1 21— 0, (3.6.242) implies that ng, + 1 = n,. Thus, (3.6.243)) follows
2
from (3.6.263)). Furthermore, (3.6.245|) follows from (3.6.265|), while (3.6.244)) follows

from (|3.6.266]).

2. In the case p,, 4 <1- 0, we can assume without loss of generality that ng, <n. -2
2

(otherwise, (3.6.243)) follows from ([3.6.263))). From (3.6.240)), (3.6.265|) and (3.6.266|),

we thus infer that

C -
(3.6.267) Pnype € (_1)3“(06%1@ (52) + Culog (1=, ™)
0

Hence, setting

(3.6.268) M = (ﬁ)?’L log (£0),
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from (3.6.241)) and (3.6.266|) we calculate:

C1
(3:6.269) 1y, 1o Wiy, 1 oxD
Pnk2+2
_ L1 . _ M
(1-2 k2)62M, if log((l_“nkQH) 1)SC—1
B c1 : _ -1 M
an2+1(1 ’ Cy 1Og((1_Mnk2+1)71+1) ), ! 10g ((1 an2+1) ) ’ a

If log((l = P, +1)‘1) < CM17 in view of (3.6.261|) and (3.6.268) we can bound (using
2

also ((3.6.238)))

- ol e enys g
3.6.270 1-27")e2m > (1 - ——7r—)[1+—(=—) ————— ) >1+3.
Bo210) (-2l 2 (1- B ) (1 () polog(z—g))

If log ((1 - Unk2+1)_1) > CMI > (C1/c1)?, we can also estimate:

(3.6.271)
1
1 >
P.nkfrl( +Cl log ((1 - Unk2+1)_1 + 1))
> (1—e_log((l_“"@“)_l))(l+ ‘ )>1+6.

Cr1og (1 =ty ) +1)

Therefore, (3.6.269)) implies that

(3.6.272) 5>143

p‘nk2+

and, hence, ny,+2 = n.. Thus, (3.6.243)) follows again from (3.6.263]).

Cauchy stability backwards in time

The following lemma, which is essentially a backwards-in-time Cauchy stability estimate

for late time perturbations of (Uc;r, 02, fin, fout), is an easy corollary of Theorem

Lemma 3.3. For any 0 < € < ¢ (provided €y is sufficiently small), any ro > 0 satisfy-
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ing (3.5.0), let (ug;r,ﬁ,ﬁn,fout) be the mazximal future development of

(/e Q?@ fm/g, foutk), and let us set
(3.6.273) Ce = exp ((exp (- 2(ho()) ™) (h1() ™).

Then, for any 0 < u. < (h1(€))voe such that

(3.6.274) Wi, ={0<u<u}n{u<v<u+uve} clU,
2m\-1
(3.6.275) sup (1-=—)  <C.
W, r
and
(3.6.276) Uy + Vge ¢ supp('rQTm,(u*, )),
and for any T, - (us,us + v0e) — R smooth and compactly supported satisfying

Too(?) 2 ~Tyo(us,-) and

(3.6.277) ~
Ux +V0e 7»2(u U) [Tvo ()]
*9 77 Oy p(us,v) o Ux 9
Sup _A/ - dv<exp(—-CZ—)(hi(e
it N o T ) = ploes )]+ pla ) (=) (1(9)
with

(3.6.278) o(u,v) = tan™! (\/gr),

the following statement holds: There exists a smooth asymptotically AdS boundary charac-

teristic initial data set (r;f, (Q’e)Q’fm/e’ﬂut/e) on {u =0} for the system 432261)7432351)

satisfying the reflecting gauge condition at v = rge, +oo with the following properties:

1. The initial data sets (1), Q?E,fm/e,fout/f) and (7";6, ((Z;E)Q,f.'n/f, f;ut/é) are (hi(€))?

]
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close in the (3.3.41) norm, and in particular:

(3.6.279)
(07 (2))? 20 20,1
/e /e vT'/e /e
sup log(———) —-log(————— )| + |lo -lo — )|+
ve[o,voa{‘ g(l—gm«/i) g(l—éA(r;E)Z)‘ | g(l_il//e) d _2??}/5)
€ r/s
/e ~ 7 2
+|10g(T/v/2€)_10g(1_1—A(/))’ VAl ~ m/J}(U)S(hl(f))
and
(T’U’U) € ( UU) €
2 Toie () _ (g1, 20l )|
(3.6.280) sup / < dv < (h1(€))*.
v€e[0,v0¢] /O |p/e(v) _p/e(v)|+p/e(0)
. The mazimal future development (ULr', ()2, fl | fout) of( NCr Z’n/e, féut/g)
satisfies
(3.6.281) W, cU.,
(36282) T,|{u=u*}ﬁsupp(Tvv) = T|{u=u*}ﬁsupp(Tvv)
and
(3.6.283) Tooltuue) = Toolumuy + Tov.

Proof. In view of (3.5.6)), (3.5.21)), (3.6.11) and (3.6.12)), we can readily estimate

(3.6.284) sup 1- QTm) <2exp ((ho(€)) ™).

Wu* \UnR’Ell,k+1)

Therefore, using (3.6.275) for UnRSLLkH) and (3.6.284) for W,,\ u, R,(ll’kﬂ), the relations
(3.6.33) and (3.6.34)) imply (in view of (3.5.3)), (3.6.8) and the fact that u, < (hy(g)) 2voe)
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that

(3.6.285) sup (|10g(1__ai)‘ ¥ \mg(f”;"_m )]) < (h1(e)) ™ exp ((ho(e)) ™).

Wy

Similarly, equations (3.2.43) and (3.2.44)), in view of the relations (3.6.33), (3.6.34) (using
again the bounds (3.6.275)) (3.6.284))) imply that

(3.6.286) sup/ Ty dv+sup/ Tyu du < (hy ()™ exp((ho(s))_4).
{u=a}nWay, {v=0}"Wa,

u v

Let us fix a set of smooth functions r}*,(Q?)Q ¢ [us,us + voe) > (0,+00) and

S f;ut/ t [, s + 00e) % (0, +00) = [0, +00) satisfying the following requirements:

1. (7"7, (97)2, fz’; / f_;ut /) is a smooth asymptotically AdS boundary-characteristic initial

data set for for the system (3.2.28)—(3.2.33) on {u.} x [us, us + voe) satisfying the

reflecting gauge condition at r* = rqg, +o0.

2. The function 7"7 satisfies for any v such that (u.,v) € supp(Tyy)
(36287) T;(U) = r|supp(Tm))ﬁ{u=u*}'
3. The function f;;l/ satisfies for all v € [ux, us + voe):
e *\2 v\2 v *\2 dpv 2
(3.6.288) ; (@) (0)p")" Fiy (wip™) (1)) (U)p—v = Tou (e, v) + Ty (V).
4. The function f;ut/ satisfies for all (v,p") € [uw, us + vge) x (0, +00):

(3.6.289) f;ut/(v;pv) = fout(u*77}§pv)'

261



5. The initial data sets (7,92, fin, fout)|u=u, and (7'7, ((27)2, fzf;/, fo"ut/) satisfy

(3.6.290)
0? (Q;‘)2
ve[ujlzjflv()e) {‘ log ( 1- %ATQ )|u:u* B log (W)‘-i-
2m’;
20 20,17 1- sz 1— T*/
(), os () os ( , ~ (

and

v2 "I"QT’UU(U*,/E) - (T7)2(Tvv)7(@)‘ ~ 1 ot ,
; I, (v) — ()] +¢,(v1) dUSGXP(—iCEE)(hl(g)) ,

(3.6.291)  sup /

ve[vy,v2 ]

Remark. As a consequence of , by suitably deforming r7 near v = Uy + Vg, We
can always arrange that and are satisfied simultaneously. Furthermore,
since T}, is compactly supported in (ts,us + voe), we can always choose f;/ = fin|{u=u*}
in a neighborhood of v = ws,us + vge, so that and are satisfied. Finally,

(r}*, (Q?)Q, ;’;Z/,fo*ut/) can be chosen so that (3.6.290) and (3.6.291) are satisfied because of
(3.6.277) and the relations (3.2.6)), (3.2.44]) and ([3.2.47)).

Let us now consider the two sets of initial data (r,Q2, fin, fout)|lu=u, and
(r}*, (Q?)Q,fijl/, ;*ut/) on {u =u.}Nn{us <v<us+vpe}. The maximal past development of

(r, 2, fin, fout)u=u, (see the remark below Theorem coincides with (Wy,; 7, Q2. fins fout)

when restricted on {u >0} and, in view of (3.6.285) and (3.6.286)), satisfies

(3.6.292)
_2m
T

2
%ﬂ{‘logg —EAT2)| " |1°g<12_8v2;)‘ * ‘log(ll_%wﬂ +leml}+

T

+sup/ T dv+sup/ Ty du§4(h1(s))73exp(— (ho(s))74).
{u=u}nWy, {v=0}"Wy,

u v

Therefore, in view of (3.6.292), (3.6.290) and (3.6.291f), Theorem applied for the past
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development of (r,Q2, fin, fout)|u=u* on W,, (see the remark below Theorem implies

in/?Jo

that the maximal past development (U*;7*, ()2, £, fr..) of (7“7, (97)2, f f*ut/) satsfies
(3.6.293) W, cU*

and

(3.6.294)

9 #32 *
%%{‘log(ﬁ) —log(%)‘ + ‘log(12_8%) _IOg(f_aU{ﬂ:)‘—i_

_2m 2m*

1 1-="- -
+|log(¢j{ﬂ) —log<T&*)Z)‘ +V=AJin - |}+

du < (hi())?.

u

+sup/ ’rTw - r*(Tvv)*’ dv + sup/ ‘rTuu =1 (Tyw)*
{uzﬁ}anx— {U:’E nWU*

Thus, the proof of the lemma concludes by setting

(3.6.295) () (U2, Fiugs Fouey) = (0 (D2, fins fout) lu-o-
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