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Abstract

In recent years, there have been many developments in the study of the stochastic block model,
starting with a paper by Decelle et al. in which they conjecture that in the sparse stochastic block
model, efficient community detection is possible if and only if the parameters are above the Kesten-
Stigum bound. Massoulié , Mossel et al., and Bordenave et al. succeeded in proving the positive half
of this conjecture in the 2-community symmetric case. Also, Mossel et al. proved that community
detection is impossible below the KS bound in the 2-community symmetric case. On another note,
Abbe et al. and Mossel et al. found a threshold for when it was possible to completely recover the
communities in the 2-community symmetric case.

In this thesis, we go beyond the 2-community symmetric case to prove the positive half of the
conjecture for the general SBM. In order to do that, we construct a linearized belief propagation al-
gorithm that runs in O(nlogn) time and prove that it detects communities whenever the parameters
of the SBM are above the KS bound. We also prove that unlike in the 2-community symmetric case,
in the general SBM there are choices of parameters below the KS threshold for which one can detect
communities in exponential time, confirming another conjecture by Decelle et al. This result implies
that we cannot prove the impossibility of efficient community detection below the KS bound without
proving some major conjectures on what compuations can be done efficiently. We also extend the

threshold for when it is possible to completely recover the communities to the general SBM.
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Chapter 1

Introduction

1.1 Community detection

In many situations one wishes to analyze a collection of entities with connections between them that
can be represented by a graph. Frequently, these entities have difficult to observe characteristics
that influence which edges exist. That suggests that one could deduce information about these char-
acteristics from the graph. More precisely, it suggests that the graph contains multiple communities
of vertices that behave similarly, and that being able to determine which community a vertex is in

could be useful.

1.2 The stochastic block model

A simple model of random graphs with communities is the stochastic block model. In it, each vertex
is independently assigned a community according to a fixed probability distribution, and every pair

of vertices have an edge between them with a probability dependent on their communities.

1.3 Our results

It was previously conjectured that in the stochastic block model, it is possible to efficiently detect
communities if and only if the parameters of the model are above the Kesten-Stigum bound.[12] In
this thesis, we prove one half of this conjecture by giving the Acyclic Belief Propogation algorithm
and proving that it detects communities in O(nlog(n)) time whenever the parameters are above

the KS threshold. We also show that there are choices of parameters below the KS threshold



in which community detection is information-theoretically possible by giving an exponential time
algorithm, the Typicality Sampling Algorithm, which detects communities on these models. The
TSP algorithm can be carried out using memory polynomial in n, so if the conjecture that efficient
detection is only possible above the KS bound is true, then there exists a computation that can
be performed in polynomial memory, but not in polynomial time. In other words, the conjecture
implies that P ## PSPACE. That is believed to be true, but no one knows how to prove it, so it is
unlikely that anyone will prove that efficient detection is impossible below the threshold in the near
future. We also prove that one can determine communities with accuracy 1 —o(1) when the degrees
of vertices in the graph increases with n, and that it is possible to recover the communities exactly

if and only if the parameters of the model satisfy a criterion we will give.

1.4 Related work

Decelle et al. conjectured based on tests that they had run and ideas from statistical physics that in
the sparse stochastic block model, there is an efficient algorithm for partial recovery of communities
if and only if the parameters were above the KS bound [12]. They also conjectured that for any
k > 4, there were parameters for the k-community symmetric SBM that were below the KS bound
for which partial recovery was possible in exponential time, while for k£ < 3 detection was impossible
below the KS threshold in the k-community symmetric SBM. Most of the other recent work has
attempted to prove or build of off this conjecture.

Mossel, Neeman, and Sly proved that it was impossible to detect communities below the KS
bound in the 2-community symmetric SBM [16], and gave an algorithm based on nonbacktracking
walks that detects communties in the 2-community symmetric SBM whenever the parameters are
above the KS bound [18]. Massoulié gave an alternate method of detecting communities in the
2-community symmetric SBM above the KS bound that is based on the second eigenvector of a
matrix listing the number of paths of appropriate length between each pair of vertices in the graph
[15]. Mossel, Neeman, and Sly also proved that one can find communities with optimal accuracy
when the signal to noise ratio is sufficiently high in the 2-community symmetric SBM by using the
output of a detection algorithm as a starting point for an appropriate version of belief propagation
[17].

Abbe, Bandeira, and Hall[1], as well as Mossel, Neeman, and Sly[19] found a threshold for when
exact recovery is possible in the 2-community symetric SBM. Mossel, Neeman, and Sly[19] also give

a tight condition for when strong recovery is possible in this case. Both papers give an algorithm for



recovering communities that starts by using a fairly inaccurate algorithm and then uses information
the preliminary classification provides on each vertex’s neighbors to classify it more accurately. They
also both prove impossibility results by showing that with those parameters there are likely to be
vertices that appear more plausible as members of the opposite community than as members of
their actual community. In the general SBM, Bordenave, Lelarge, and Massouli proved that if the
parameters are above the KS threshold and a specified matrix has a second eigenvalue of order 1 then
the second eigenvector of the graph’s nonbacktracking walk matrix is correlated with the graph’s
communities [10]. This covers the papers that are most directly related to this thesis. There are

many more papers on the SBM, and a more detailed review of the literature can be found in [6].

1.5 Outline

Chapter 2 of this paper starts by formally defining the stochastic block model, community detection,
and community recovery. It then gives our typicality sampling algorithm from [5] and [7], our acyclic
belief propagation algorithm from [4], and our degree profiling algorithm from [2], along with our
theorems concerning their effectiveness. It also gives our theorem from [2] that exact recovery is
impossible when the conditions for degree profiling to work are not met. Chapter 3 explains why the
TSP algorithm should detect communities if any possible algorithm will, as well as briefly expalining
how we will prove that it works for some choices of parameters. Chapter 4 provides intuition for
why the ABP algorithm is the way it is, as well as briefly explaining the techniques used to prove
that it works. Chapter 5 provides intuition for why the threshold for exact recovery is where it is, as
well as summarizing how we will prove that the degree profiling algorithm suceeds at exact recovery
whenever it is possible. Chapter 6 formally proves all of our theorems. Chapter 7 contains code for

a variant of ABP and data on how well the program performs on test graphs.



Chapter 2

Results

2.1 Terminology

Definition 1. For positive integers k,n, a probability distribution p € (0,1)%, and a k x k symmetric
matriz W with entries in [0,1], we define SBM(n, p, W) as the probability distribution over ordered
pairs (o,G) of an assignment of vertices to one of k communities and an n-vertex graph generated
by the following procedure. First, each verter v € V(QG) is independently assigned a community o,
under the probability distribution p. Then, for every v # v', an edge is drawn in G between v and v’
with probability W, o ,, independently of other edges. We define Q; = {v : o, = i}. Also, let P be

the k x k diagonal matriz such that P;; = p; for each i.

We call 1, ..., Qj, the communities of the resulting graph. Our goal is to determine how accurately
one can find the communities of a graph drawn from SBM(n,p, s(n)Q@) in the asymptotic limit as
n — oo where k, p, and @ stay constant while s(n) is a decreasing function of n. There are a
couple of ways to measure the accuracy with which one can find a community. However, before we
get to that, we need to consider what it means to find communities with nontrivial accuracy. One

formalization of that is the following.

Definition 2. An algorithm & : 2(5) [k]™ solves maz-detection in SBM(n,p, Q) if there exists

€ > 0 such that
P{A(c,6) > maxp; + €} =1 —o(1), (2.1)

where (o,G) ~ SBM(n, p, Q) and for z,y € [k]", A(z,y) = maxses, + >, Lz; = n(y;)) denotes



the agreement! between x and y.

max-detection was the original definition that Decelle et al. used when conjecturing that partial
recovery of communities is possible iff the parameters of the model are above the KS threshold.
However, it turns out that there are parameters of the SBM above the KS threshold on which max-
detection is impossible. The key issue is that in order to solve max-detection an algorithm must
sometimes find enough evidence about a vertex’s community to overcome the prior probability that

it is in the largest community, and this is not always possible, such as in the following case.

Example 1. Consider a 2-community SBM in which each vertex is assigned to community 1 with
probability .99 and community 2 with probability .01. FEach pair of vertices in community 1 have
an edge between them with probability 2/n, while vertices in community 1 never have edges. In a
graph drawn from this SBM, every vertex of nonzero degree must be from community 1, while a
vertex of degree 0 is still approzimately 93% likely to be from community 1. As such, the way to
classify the vertices in order to get as many right as possible is to guess that they all came from the
largest community and maz-detection is impossible. However, we can divide the vertices into a set of
vertices that are definitely from community 1, and a set of vertices that have an elevated probability
of being from community 2. So, we clearly have nontrivial amounts of information on which vertices

are from community 2.

That suggests that perhaps we should say that an algorithm finds communities with nontrivial
accuracy if it can select a subset of a graph’s vertices that is disproportionately drawn from certain

communities. In other words, we could use the following definition.

Definition 3. Let A be an algorithm that takes a graph as input and outputs a subset of its vertices.
A separates communities in graphs drawn from SBM(n,p, W) if there exists ¢ > 0 such that the
following holds. When (o, G) is drawn from SBM(n,p, Q/n) and A outputs a subset S of its vertices,
with probability 1 —o(1), there exist i € [k] such that |Q;NS]/|Q]—|S|/n > €. Community separation
is solvable efficiently if the algorithm runs in polynomial time in n, and information-theoretically if

such an algorithm exists at all.

Alternately, one could have an algorithm assign every vertex in the graph to a community, in

which case you could define its accuracy as follows.

Definition 4. An algorithm 6 : 2([;]) — [k]™ recovers communities with accuracy f(n) in SBM(n, p, Q)

1 Permutations 7 need to be considered since only the partition needs to be detected and not the actual labels.



b cmw(6y) =1
P{maxlz {ve s ‘( o) =1} >f(n)} =1-o0(1), (2.2)
=1

where (o,G) ~ SBM(n,p, Q). We say that an algorithm solves weak recovery if it recovers commu-
nities with accuracy 1/k + Q(1), that an algorithm solves strong recovery if it recovers communities

with accuracy 1 — o(1), and that it solves exact recovery if it recovers communities with accuracy 1.

In other words, an algorithm that assigns each vertex to a community has an accuracy equal
to the average, over all communities, of the fraction of the vertices from that community that it
classified correctly. Note that an algorithm that assigns vertices to communities in a way that is
independent of their actual communties will always have an accuracy of 1/k, while an algorithm
that assigns every vertex to the correct community will have accuracy 1.

Also, any algorithm that solves max-detection also solves weak recovery, while an algorithm that
separates communities can be converted to an algorithm that solves weak recovery by assigning all of
the vertices in the set that it outputs to one community, all other vertices to another community, and
not assigning any vertices to the remaining communities. An algorithm that solves weak recovery
can usually be converted to an algorithm that solves max-detection or an algorithm that separates
communities, but there are exceptions. Throughout the rest of this paper, we will mostly be focusing
on the question of whether or not there is an algorithm that recovers communities with some given
level of accuracy, although we will sometimes construct algorithms that separate communities in

order to prove that weak recovery is possible.

2.2 Weak recovery, ABP, and TSP

If s(n) = o(1), then most of the vertices in a graph drawn from SBM(n,p, s(n)Q@) will have degree
0, and there will be no way to determine what communities they are from. So, weak recovery is
clearly impossible. Thus, SBM(n,p,Q/n) is the lowest degree nontrivial case. Strong recovery
is still clearly impossible because a constant fraction of the vertices in every community will have
degree 0, so in this case we focus on whether or not weak recovery is possible.

If vertices in different communities have different expected degrees, then we can separate commu-
nities simply by picking out the high degree vertices. So, for the rest of this section we will assume
that the parameters of the SBM are such that vertices in every community have the same expected

degree. Now, let A1, ..., A, be the distinct eigenvalues of PQ in order of nonincreasing magnitude.



Our results are in terms of the following notion of SNR:

Definition 5. The signal to noise ratio of SBM(n,p,Q/n) is defined as

SNR = A2/\;.

or as A\ if it has multiplicity greater than 1.

This paper shows that efficient weak recovery is possible if SNR > 1, and gives an efficient

algorithm that can detect communities in this case. More precisely, we prove that

Theorem 1. Let p € (0,1)* with S.p = 1, Q be a symmetric matriz with nonnegative entries,
P be the diagonal matriz such that P;; = p;, and A1, ..., A, be the distinct eigenvalues of PQ) in
order of nonincreasing magnitude. If A3 > )\, then there exist constants r,c and m = ©(log(n))
such that the acyclic belief propagation algorithm with these parameters separates commumnities in

SBM(n,p,Q/n). The algorithm can be run in O(nlogn) time.

The proof is in Section 6.2. On the flip side, we believe that when the SNR < 1, there is no
efficient algorithm that solves weak recovery, as conjectured in [12]. More formally, we believe that

the following holds:

Conjecture 1. Let p € (0,1)F with >.p =1, Q be a symmetric matriz with nonnegative entries, P
be the diagonal matriz such that P;; = p;, and A1, ..., A\, be the distinct eigenvalues of PQ in order
of nonincreasing magnitude. If every column of PQ has the same sum, \3 < \1, and either \; has
multiplicity 1 or Ay < 1 then no polynomial time algorithm solves weak recovery on graphs drawn

f'f’om SBM(n7pa Q/n)

The conjectural boundary at SNR = 1 between parameters for which efficient weak recovery is

possible and parameters for which it is not is referred to as the Kesten-Stigum bound.

2.2.1 The acyclic belief propagation algorithm

Here we present two versions of our main algorithm. A simplified version ABP* that can easily be
implemented, and the general version ABP that is used to prove Theorem 1. The general version
has extra steps that are necessary for the proof that the algorithm works, but probably unnecessary
in practice. The intuition behind the algorithm is discussed in chapter 4. The algorithms below
have a message passing implementation and correspond to linearized version of belief propagation in

which we originally guess what communities each vertex is likely to be in and then determine what



communties each vertex’s neighbors provide evidence for it to be in. Then we use that information
to update our beliefs about what evidence each vertex provides about its neighbors’ communities

and repeat while compensating for the feedback caused by any small cycles in the graph.

ABP*(G,m,r):
(1)

o from a Gaussian distribution with mean

1. For each adjacent v and v’ in G, randomly draw y

0 and variance 1. Also, consider yffl, as having a value of 0 whenever ¢ < 1.

2. For each 1 <t < m, set

(t=1) _ (t=1) 1 (t-1)
ZU v’ - yv v’ I — yv// ! (23)
’ ’ 20E(G)] Z ’
(""" EE(G)
for all adjacent v and v’. For each adjacent v,v’ in G that are not part of a cycle of length r

or less, set

® _ § : (t=1)
yv’,ul = Z’u',v” 5
v'":(v' W )EE(G), v #v

and for the other adjacent v, v’ in G, let the other vertex in the cycle that is adjacent to v be

v, the length of the cycle be 7/, and set

Yoy = > an - > S

v (v ") EE(G) v £v v (v, ") EE(G) v #vl v £’

— ; ® _ (-1 _ 1
unless ¢ = 7/, in which case, set y, ,, = Zv”:(v’,v”)eE(G),v”y&u Zyy gt = Byt

3. Set ¥, =30 (v )eB(@) yffﬁ? for every v € G. Return {v : y,, > 0}.

Remarks.
(1) In the r = 2 case, one does not need to find cycles and one can exit step 2. after the second formula.
As mentioned above, we rely on a less compact version of the algorithm to prove the theorem, but
expect that the above also succeeds at weak recovery as long as m > 21In(n)/In(SNR) + w(1).
(2) What the algorithm does if (v,v") is in multiple cycles of length r or less is unspecified above,
as there is no such edge with probability 1 — o(1) in the sparse SBM. This can be modified for more
general settings. The simplest such modification would be to apply this adjustment independently

for each such cycle, and thus to set

TR TEED SIS+ 1 DD SR > 40,

v':(v' W )EE(G),v"#v r'=1v"":(v,v"")EE(G) v (v, )EE(G), v #v! v #ull!



’
T . . .
where Cf},,,)v o denotes the number of length 7’ cycles that contain v"’/,v,v’ as consecutive vertices,
Vs

() (t=r)

substituting z,. , for 3 .., 1 ep(G)0 0 v Zowr - When ' = 1. This will not quite count

r-nonbacktracking walks, but we believe that it would give a good enough approximation.

; (t=1) _  (t=1) 1 (t—1) .
(3) The purpose of setting z, /' =y, ,, — RG] 2 (v v eB(G) Yo w18 to ensure that the aver-
age value of the y¥) is approximately 0, and thus that the eventual division of the vertices into two

(t—1) (t—1)

sets is roughly even. There is an alternate way of doing this in which we simply let Zp o = Yy

and then compensate for any bias of y® towards positive or negative values at the end. More
specifically, we define Y to be the n x m matrix such that for all ¢ and v, Y, = Zv,:(v,’v)eE(G) yifz),,
and M to be the m x m matrix such that M, ; =1 and M, ;41 = —A; for all 4, and all other entries
of M are equal to 0. Then we set 3y’ = YMm/em7 where e,,, € R™ denotes the unit vector with 1 in

the m-th entry, and m/ is a suitable integer.
The full version of the algorithm applying to the general SBM is as follows.

ABP(G,m,r,c,(A1,...; \n)) :
1. Initialize:

(a) Set s =2 unless h > 2 and |Az| = |A3|, in which case set s = 3.

(b) Set v = (1 —A1/A3)/2.

(c) Set I =max((s —1)/In((1 = 7)[As]) +5 = 1,2(2r +1)(s — 1)).

(d) Assign each edge of G independently with probability v to a set I'. Then, remove these
edges from G.

(e) For every vertex v € G, randomly draw x,, from a Gaussian distribution with mean 0 and

variance 1.

1 _

v, T

Ty, and y(fz), =0forallt<1.

(f) For each adjacent v and v’, set y N

2. Propagate:

(a) For each 1 <t < m, and each adjacent (v,v") € E(G), set

® _ (t=1)
Vor = DR
v'":(v' W) EE(G) v #v



unless (v,v’) is part of a cycle of length r or less. If it is, then let the other vertex in the

cycle that is adjacent to v be v, and the length of the cycle be r'2. Set
) _ (t—1) (t—r")
Your = > Yorar? — > Yoo
v (v W) EE(G) v #v v (v, )EE(G) v #£vl ! £l
unless t = /. In that case, set

® _ (t=1)
y,uw/ = Z yv/m// — Xy.
v (v ") EE(G),v" #v

Set Y to be the n x m matrix such that for all ¢ and v,

t
Yvﬂf = Z yt(z,zj’
v':(v',w)EE(G)
For each s’ < s, set My to be the m x m matrix such that M;; = 1 and M, ;11 =
—(1 =)\ for all 4, and all other entries of My are equal to 0. Also, let e,, € R™ be the

vector with an m-th entry of 1 and all other entries equal to 0. Set

m—r—(2r4+1)s’
y™m =y (H MS(, ! W) Em-

s'<s

For each v, set

vy= >y

v’':(v,v")eT

and set g/ to the sum of y/, over all v’ that have shortest paths to v of length |v/loglogn]|.

3. Assign:

(a)

(b)

Set ¢ = c- /> c(yll)?/n. Create sets of vertices Sy and Sy as follows. For each vertex
v, if Y/ < —¢/, assign v to S7. If yI) > ¢/, then assign v to Sy. Otherwise, assign v to Sy

with probability 1/2 + y!/ /2¢' and Sy otherwise.

Return Ss.

2What the algorithm does if (v,v’) is in multiple cycles of length r or less is unspecified as there is no such edge
with probability 1 — o(1) in the SBM. One can adapt this for more general models.

10



2.2.2 Information-theoretic detection, and the typicality sampling algo-

rithm

The previous theorem and conjecture cover when we think efficient weak recovery is possible on
graphs drawn from SBM(n,p,@/n); that leaves the topic of when weak recovery is information-
theoretically possible on SBM(n,p,@/n). Our main result there is simply that it is sometimes
information-theoretically possible when we do not think there is an efficient algrithm that solves

weak recovery. More formally,

Theorem 2. There exists p € (0,1)* and a symmetric matriz Q satisfying the conditions of con-

jecture 1 such that the typicallity sampling algorithm solves weak recovery on graphs drawn from

SBM(n,p,Q/n).

Definition 6. Given a graph G drawn from SBM(n,p,Q/n), an assignment of its vertices to com-
munities o', and § > 0, o’ is d-typical if for every community i, |{v : o, = i}|/n € [p; — 6,p; + 0] and

for every pair of communities i,j, the number of edges between vertices in {v : ol =i} and vertices

in {v: ol = j} is between (1 — §) times the expected number of edges between vertices in those
communities and (14 0) times the expected number of edges between vertices in those communities.

We also let T5(G) be the set of all §-typical classifications of G'’s vertices.

In other words, an assignment of G’s vertices to communities is typical if it assigns approximately
the right number of vertices to each community and it has approximately the right number of edges
between each pair of alleged communities. The typicality sampling algorithm simply returns a

random element of T5(G) for appropriate §.

2.3 Strong recovery

The obvious approach to solving strong recovery in a graph drawn from SBM(n,p, f(n)) when
f(n) = w(1) would be to try to use a weak recovery algorithm in the expectation that as the degree
increases its accuracy will also increase, or possibly to split the graph into w(1) graphs with expected
degree 1, run a weak recovery algorithm on each of them, and then combine the results. However,
both of these tactics require a weak recovery algorithm that distinguishes between every pair of
communities with a nontrivial advantage, and ABP does not do that. So, we will use our approach
from [2] instead.

The first key observation used to classify graphs’ vertices in this case is that if v is a vertex in a

11



graph drawn from SBM(n, p, @Q/n) then for all small r the expected number of vertices in community

i that are r edges away from v is approximately e; - (PQ)"es,. So, we define:

Definition 7. For any vertex v, let N,.(v) be the set of all vertices with shortest path to v of length
r. If there are multiple graphs that v could be considered a vertex in, let Nyg)(v) be the set of all

vertices with shortest paths in G to v of length r.

We also refer to the vector with i-th entry equal to the number of vertices in N, (v) that are in
community ¢ as N,(v). One could determine e,, given (PQ)"e,,, but using N, (v) to approximate
that would require knowing how many of the vertices in N,.(v) are in each community. So, we attempt
to get information relating to how many vertices in N,.(v) are in each community by checking how it
connects to N, (v") for some vertex v" and integer 7. The obvious way to do this would be to compute
the cardinality of their intersection. Unfortunately, whether a given vertex in community ¢ is in N,.(v)
is not independent of whether it is in N,-(v"), which causes the cardinality of |N,(v) N N, (v")| to
differ from what one would expect badly enough to disrupt plans to use it for approximations.

In order to get around this, we randomly assign every edge in G to a set £ with probability c.

We hence define the following.

Definition 8. For any vertices v,v" € G, r,v" € Z, and subset of G’s edges E, let N, ,/g(v-v") be

the number of pairs of vertices (v1,v2) such that vi € Nye\pg)(v), v2a € Ny g (v'), and (v1,v2) € E.

Note that E and G\ E are disjoint; however, G is sparse enough that even if they were generated
independently a given pair of vertices would have an edge between them in both with probability
O(#) So, E is approximately independent of G\E. Thus, for any v; € Nyg/g)(v) and vz €

Nyiaye)(v'), (vi,v2) € E with a probability of approximately cQ,, o,,/n. As a result,

s0vg

c@
Ny [E)(v - 0") &= Ny g (v) - — N\ (v')

~ (1— OPQ)er, - C((1- )PQ) ey,

n

=c(l— c)’“”/egv . Q(PQ)HT/e%,/n

Recall that A1, ..., A, are the distinct eigenvalues of PQ, ordered so that [A1]| > [Az] > ... > |Ap]| >

0. Also define I/ so that b’ = h if A\, #0 and b’ = h — 1 if A\, = 0. If W, is the eigenspace of PQ
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corresponding to the eigenvalue \;, and Py, is the projection operator on to W;, then

Ny [El(v-v") = ¢(1 — c)r“/egu . Q(PQ)TJ”,@UU, /n
_ 7‘+r
= Z Pw,(e0,) | - QPQ)"™ Z Pw,(eo,,)

1 — C T+T r+r’
= ZPW €s,) - QPQ)™" Pw,(es,,)

1 - C T+T — r4r'4+1
- S e PO R )

o(1—¢)tr , B
=== 7 N NFTHpy (e, ) P Py (e,
S Y AT P (en,) - P P (es,)

%

where the final equality holds because for all i # 7,

)‘ZPWz (eﬂv) : PilPVVj(er/) = (PQPWi(er)) : PilPW;’(er/)
= PWL (eaﬂu) : QPWJ (ea'v/)

= PWi(eGu) ! Pil)‘jPWj (edv/)a

and since \; # \;, this implies that Py, (eo,) - P~' Py, (es,,) = 0.
That implies that one can approximately solve for Py, e,, - P71 Py, eo,, given Ny . yj(v-2") for

all 0 < j < h'/. Of course, this requires r and r’ to be large enough such that

c(1 =)t

n )‘;—H‘ —HPWz‘(er) 'P_lpwi(eU,,/)

is large relative to the error terms for all ¢ < A’. At a minimum, that requires that |(1 —c))\i|r+r/+1 =
w(n), so

r+1" > log(n)/log((1 — ¢)|An|)-

On the flip side, one also needs

r,r" < log(n)/log((1 —c)A\1)

because otherwise the graph will start running out of vertices before one gets r steps away from v

or v’ steps away from v’.

13



Furthermore, for any v and v/,

0 S PWL (eau - 60'“/) . P_lpWi (eav - eo’,,/)

= Pw,eo, - P"'Py,e,, — 2Pw,e5, - P~ 'Pw,e,, + Pw,eq, - P ' Py e,

with equality for all ¢ if and only if o, = o,s, so sufficiently good approximations of Py, e,,
P~'Py,e,,, Pw,eo, - P~ Py,e,,, and Py, e, - P~' Pyy,e, , can be used to determine which pairs of

vertices are in the same community as follows.

The Vertex_comparison_algorithm. The inputs are (v,v’,r,r', E, x,¢), where v,v" are two ver-
tices, r,r’ are positive integers, E is a subset of G’s edges, x is a positive real number, and c is a
real number between 0 and 1.

The algorithm outputs a decision on whether v and v' are in the same community or not. It
proceeds as follows.

(1) Solve the systems of equations:

L 1-
Z((l — o\ T (v ) = ﬂj\,}Hm%E] (v-v)for0<j<h
- c
Iy 1-
Z((l — )\ T (v 0) = %NTHW[E] (v-v)for0<j<h
I 1-
Z((l — AT (0 ) = %Nr+j,r/[E] (W) for0<j<h

) If Fi: zi(v-v) — 2z (v-0) + %V - v') > 5(2z(minp;) /2 + 22) then conclude that v and o’
j

are in different communities. Otherwise, conclude that v and v" are in the same community.

One could generate a reasonable classification based solely on this method of comparing vertices
(with an appropriate choice of the parameters, as later detailed). However, that would require
computing N, ,g)(v - v) for every vertex in the graph with fairly large 7 + 7', which would be slow.

Instead, we use the fact that for any vertices v, v/, and v” with o, = o, # oy,

- -1 -1
Pw.e,, P 'Pw,e,,, —2Pw,es, - P"'Pw,e, , + Pw,eq, - P~ ' Py,es, =0

—1 —1 —1
S PWieov// -P PWieov// _2PW1'60'U -P PW{,eO'U// +PWieo'U -P PWieo'v

14



for all 4, and the inequality is strict for at least one i. So, subtracting Py, e,, - P~ Py, e,, from

both sides gives us that
1 -1 -1 -1
PWi 60“/ - P PW1 eO'U/ - 2PW1 €, ° P PWL eov/ S PWL eo'vu - P PWL eov// - 2PW1 €, ° P PWL eo'vu

for all 7, and the inequality is still strict for at least one 3.
So, given a representative vertex in each community, we can determine which of them a given
vertex, v, is in the same community as without needing to know the value of Py, e,, - P~ Py.eq,

as follows.

The Vertex_classification_algorithm. The inputs are (v[],v,r, ', E, x, c), where v[] is a list of
vertices, v’ is a vertex, r,r’ are positive integers, F is a subset of G’s edges, x is a positive real

number, and c is a real number between 0 and 1. It is assumed that z;(v[o] - v[o]) satisfying

Z((l — c)/\i)r+r,+j+1zi(v[a} <v[o]) = @NTHJJ[E] (v[o] - v[o]) for 0 < j < A

have already been computed for every v[o] € v]].
The algorithm is supposed to output ¢ such that v’ is in the same community as v[o]. It works
as follows.

(1) For each o solve the system of equations

"y 1-—
Z((l —o\) T (v][o] ) = %Nrﬂ)r’w] (v[o] - V") for 0 < 5 < i

(2) If there exists a unique o such that for all o’ # o and all 4,

zi(vl[o] - v[o]) = 2zi(v[o] - v") < 2z(v[o'] - v[o']) — 2z;(v[o"] - V') + ? - (2z(minp;) "% + 2?)

then conclude that v’ is in the same community as v[o].

(3) Otherwise, Fail.

This runs fairly quickly if r is large and r’ is small because the algorithm only requires focusing
on N,/ (v") vertices. This leads to the following plan for partial recovery. First, randomly select a

set of vertices that is large enough to contain at least one vertex from each community with high
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probability. Next, compare all of the selected vertices in an attempt to determine which of them are
in the same communities. Then, pick one in each community. After that, use the algorithm above to
attempt to determine which community each of the remaining vertices is in. As long as there actually
was at least one vertex from each community in the initial set and none of the approximations were

particularly bad, this should give a reasonably accurate classification.

The Unreliable_graph_classification_algorithm. The inputs are (G,c,m, e, z), where G is a
graph, c is a real number between 0 and 1, m is a positive integer, € is a real number between 0 and
1, and z is a positive real number.

The algorithm outputs an alleged list of communities for G. It works as follows.
(1) Randomly assign each edge in G to E independently with probability c.
(2) Randomly select m vertices in G, v[0], ..., v[m — 1].
(3) Set r = (1 — §)logn/log((1 — c)A1) — b’ and r’ = % -logn/log((1 — ¢)A1)
(4) Compute N, e\ g (v[i]) for each 7 < r+h" and 0 < i < m.
(5) Run Vertex_comparison_algorithm(v[i], v[j],r, ', E, x) for every i and j
(6) If these give results consistent with some community memberships which indicate that there is
at least one vertex in each community in v[], randomly select one alleged member of each community
v'[o]. Otherwise, fail.

(7) For every v in the graph, compute N, g\ g)(v”) for each r” < r’. Then, run
Vertex_classification_algorithm (v'[], v”,r, 7/, E, z) in order to get a hypothesized classification of v".

(8) Return the resulting classification.

The risk that this randomly gives a bad classification due to a bad set of initial vertices can
be mitigated as follows. First, repeat the previous classification procedure several times. Next,
discard any classification that differs too badly from the majority. Assuming that the procedure
gives a good classification more often than not, this should eliminate any really bad classification.
Finally, average the remaining classifications together. This last procedure completes the Sphere

comparison algorithm.

The Reliable_graph _classification_algorithm (i.e., Sphere comparison). The inputs are
(G,e,m,e,x,T(n)), where G is a graph, c is a real number between 0 and 1, m is a positive integer,
€ is a real number between 0 and 1, z is a positive real number, and 7T is a function from the positive

integers to itself.
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The algorithm outputs an alleged list of communities for G. It works as follows.
(1) Run Unreliable_graph _classification_algorithm(G, ¢, m, €, z) T'(n) times and record the result-
ing classifications.

(2) Discard any classification that has greater than

—e)xz2a2 inp, R
(1*(;):1;2)\%, min p; (1—c)x )\h, min p; (1 C))\h/ )_1)

dke” T IEIR(FE /(1—6_ tear(irs ix7d )

disagreement with more than half of the other classifications. In this step, define the disagreement
between two classifications as the minimum disagreement over all bijections between their commu-
nities.

(3) Let {o[i]} be the remaining classifications. For each vertex v € G, randomly select some i
and assert that o, is the j that maximizes |[{v' : o[1],=j} N{v' : oli],» = oli]u}|. In other words,
assume that o[i] classifies v correctly and then translate that to a community of o[1] by assuming
the communities of oi] correspond to the communities of o[1] that they have the greatest overlap
with.

(4) Return the resulting combined classification.

If the parameters of the SBM that the graph is drawn from are sufficiently favorable, then
Reliable_graph_classi fication_algorithm with the proper parameters solves weak recovery. More
importantly, the algorithm’s accuracy approaches 1 as the average vertex degree goes to co. So, we

have the following, as proved in [2].

Theorem 3. For any k € Z, p € (0,1)* with |p| = 1, and symmetric matriz Q with no two
rows equal, there exist €(6) = O(1/1n(d)) and constant ¢; > 0 such that for all sufficiently large
d there exists an algorithm (Sphere-comparison) that recovers communities in graphs drawn from

SBM(n, p,dQ/n) with accuracy at least 1 — Os(e=%) in O, (n'+<(®)).

Corollary 1. For any k € Z, p € (0,1)® with |p| = 1, symmetric matriz Q with no two rows equal,
and f(n) = w(1/n), there exists an algorithm (Sphere-comparison) that recovers communities in

graphs drawn from SBM(n, p, f(n)Q) with accuracy 1 — o(1).

2.4 Exact recovery and the degree profiling algorithm

As long as s(n) = o(log(n)/n), there will be w(1) degree 0 vertices in each community of a graph

drawn from SBM(n, p, s(n)Q) with high probability. There is no way to determine which of these
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vertices are from which community, so exact recovery is impossible. That brings us to the question
of when exact recovery is possible on graphs drawn from SBM(n, p, @ In(n)/n). We can solve strong
recovery on any such graph, so this essentially comes down to whether or not we can determine
every vertex’s community from its neighbors’ communities.

The expected number of neighbors that a vertex in community ¢ has in each community is given
by the ith column of the matrix In(n)PQ, so one would expect the difficulty of determining a vertex’s
community based on its neighbors’ communities to be a function of how much the columns of PQ
differ from each other. In order to make that precise, we define the Chernoff-Hellinger divergence

between two vectors as follows.

Definition 9. Given 6,60’ € R*, the Chernoff-Hellinger divergence between 6 and ' is given by

k

D.(0,0") = Jnax t0; + (1 — )8 — (0:)4(0)' "
=1

In other words, the CH divergence between two vectors is the maximum, over all choices of
weightings, of the difference between the sum of their entrywise weighted arithmetic means and the

sum of their entrywise weighted geometric means. That allows us to state the following results

Theorem 4. Let p € (0,1)% with Y.p =1 and Q be a symmetric matriz with positive entries such
that the CH divergence between any two different columns of PQ is at least 1. Then the degree
profiling algorithm solves exact recovery on graphs drawn from SBM(n,p,Qln(n)/n). Also, the

degree profiling algorithm runs in polynomial time.

Remark 1. If we allow entries in @ to be 0 then some modifications to the degree profiling algorithm
are needed. Other than that, this result still holds, with one exception. Specifically, if there exist
1 <i,j <k such that D4 ((PQ);, (PQ);) =1, and for every pair of corresponding entries in (PQ);
and (PQ);, either they are equal or one of them is 0, then no algorithm solves exact recovery on

graphs drawn from SBM(n,p,QIn(n)/n).
On the flip side,

Theorem 5. Let p € (0,1)* with >"p =1 and Q be a symmetric matriz with nonnegative entries
such that PQ has two different columns with a CH divergence of less than 1. Then there is no

algorithm that solves exact recovery on graphs drawn from SBM(n,p,QIn(n)/n).

The degree profiling algorithm essentially works by getting a preliminary classifcation of the

vertice’s communities, and then reclassifying each vertex based on the preliminary classifications of
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its neighbors. More formally, it works as follows.

Degree — profiling(G,~) :

1. Create two graphs G’ and G by copying every vertex in G to both graphs, and independently

assign each edge in G to G’ with probability v and to G” otherwise.

2. Run Sphere-comparison on G’ to obtain the preliminary classification o’ € [k]™ (see Section

2.3.)

3. Determine the edge density between each pair of alleged communities, and use this information

and the alleged communities’ sizes to attempt to identify the communities up to symmetry.

4. For each node v € [n], determine in which community node v is most likely to belong to based
on its degree profile computed from the preliminary classification o’ (see Section 6.3.2), and

call it ol

5. For each node v € [n], determine in which community node v is most likely to belong to based

on its degree profile computed from the preliminary classification o’ (see Section 6.3.2).

6. Return the resulting assignment of vertices to communities.

Remark 2. Using the algorithm above to classify the communities of a graph requires knowing the
parameters of the SBM the graph is drawn from in order to choose the correct parameters for Sphere-
comparison and determine how likely a vertexr would be to have its observed neighbors if it were in a
given community. However, as shown in [3], it is possible to modify Degree-profiling so that it does

not need to know anything about the SBM parameters.

Also, note that if s(n) = w(log(n)/n) and no two columns of @) are equal then we can solve exact
recovery on graphs drawn from SBM(n, p, s(n)@) by deleting every edge with the correct probability
to convert the graphs to ones drawn from SBM(n,p,cQIn(n)/n) for some sufficiently large ¢ and

then using the degree profiling algorithm.
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Chapter 3

The typicality sampling algorithm

Assume there exists an algorithm, A, that solves weak recovery on SBM(n,p, W), and let (G, X) be
drawn from SBM(n,p, W). Also, for a given assignment of vertices to communities, x, let T € [k‘}”2
be the vector such that for any 1 < v,v’ < n, if z, = x, then T, ,, = 1/p,, — 1 and otherwise
Ty = —1. Also, for any subset S C [n], let S € [k]"” be the vector such that Sy is 1if v and o/

are both in S and 0 otherwise. For an arbitrary S and x, we have that

k
75— ISP+ 3 o€ 1= i)

i=1

(fve Sz =i}l —pi-|S)* /pi
1

k

(2

So, the fact that A solves weak recovery implies that there exists € > 0 such that X - A(G) > en?
with high probability. That in turn implies that if X’ is drawn from the probability distribution of

X given G, then
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EX-X= Y Y PlG=g -PIX=2lG=g -PX=2|G=g & -7
9€{0,1}(2) z,2' €[k]"
2
= 2 Ple=d-| 2, PX =Gz
seton ) zelk]
2
> S Pe=g- (Al 3 PIX =alG =gz | /n?
96{0’1}(3) z€[k]™
o % ' EQ[A(G) Y]
= (1 B 0(1))6 n?

As long as x and z’ both assign approximately the right number of vertices to each community,

we have that

7= Y oz, =i, = j}?/(pip;) — n® + o(n?)
1<i4,j<k

so the fact that E[X - X/] > (1 — o(1))e*n? suggests that X is likely to be correlated with X’. That
in turn suggests that we should be able to find an assignement of vertices to communities that is
correlated with the true classification by randomly selecting a community assignement that is likely

to result in the observed graph. More formally,

Definition 10. Let G be a graph drawn from SBM(n,p, W), x be an assignement of its vertices to

communities, and € > 0. Then x is e-typical if for every community ¢, we have that
(pi—en <oz, =i} < (pi+en

and the number of edges between vertices x assigns to i is in [(1 — €)pZW; in?/2, (1 + €)piW; in? /2]
and for every two communities i # j, the number of edges between a vertex that x assigns to i and a
vertex that x assigns to j is in [(1 — €)pipj Wi jn?, (1 + €)pip;W; jn?]. We call the set of all e-typical

assignements of G’s vertices to communities Tc(G).

The typicality sampling algorithm simply selects an e-typical assignement of the input graph at
random for some given € and returns it. The simpest approach to proving that it works for graphs
drawn from the SBM with a given set of parameters is to observe that the true assignement of

vertices to communities is e-typical with high probability for any constant e, so the TSP returns
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something with high probability. Then, one can compute the expected number of vertex classifica-
tions with negligable correlation with the true classification that are e-typical. If it is o(1) then the
vertex classification returned by the TSP must be correlated with the true classification with high
probability. While there are refinements of this technique, this is already enough to show that there

are choices of parameters below the KS threshold for which the TSP detects communities.
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Chapter 4

Acyclic belief propagation

4.1 ABP intuition

Recall the parameters: k and n are positive integers, p € (0,1)¥ with Y.p; = 1, and Q is a k x k
symmetric matrix with nonnegative entries. Then SBM (n,p,Q/n) generates n-vertex graphs by
the following procedure. First, each vertex v is randomly and independently assigned a community
o, such that the probability that o, =i is p; for each i. Then, each pair of vertices v and v’ have an
edge put between them with probability Q,, o ,/n. Also, let Qq, ..., Q) be the communities and P be
the k£ x k diagonal matrix such that P;; = p; for each i. Now, consider the 2-community symmetric
stochastic block model. In this case, k = 2, p = [1/2,1/2], Q;,; is a if i = j and b otherwise for

some a,b. Now, let \; = be the average degree of a vertex in a graph drawn from this model,

atb

2
and Ay = anb be the other eigenvalue of PQ. Throught this section we say f is approximately g or
f =~ g when |f — g| =o(|f + g|) with probability 1 — o(1).

Our goal is to determine which of v’s vertices are in each community with an accuracy that
is nontrivially better than that attained by random guessing. Obviously, the symmetry between
communities ensures that we can never tell whether a given vertex is in community 1 or community
2, so the best we can hope for is to divide the vertices into two sets such that there is a nontrivial

difference between the fraction of vertices from community 1 that are assigned to the first set and

the fraction of vertices from community 2 that are assigned to the first set.
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4.1.1 Amplifying luck

Let x and n — x be the numbers of vertices in community 1 and community 2 respectively. If the

vertices are assigned sets at random, then the expected numbers of vertices from each community

n—x

in the first set are 3 and "3

. However, by the central limit theorem, the probability distribution
of the actual number of vertices from a given community in the first set is approximately a gaussian

distribution with the mean stated previously and a variance of 7 or "3* as appropriate. That

means that the probability distribution of the difference between the fraction of the vertices from

community 1 assigned to the first set and the fraction of the vertices from the community 2 assigned

to the first set is also approximately a bell curve. This one has a mean of % — % = 0 and a variance
of

U T PO S U SRS S |

4/1‘ + 4 /(n—=z) _4x+4(nfx)~2n+2n_n

That means that it has a standard deviation of &~ 1/y/n, and the difference between the fraction
of the vertices from community 1 assigned to the first set and the fraction of the vertices from
community 2 assigned to the first set will typically have a magnitude on the order of 1/4/n. Label
the sets S; and S5 such that the fraction of the vertices from 2; that were assigned to 57 is at least
as large as the fraction of the vertices from {25 that were assigned to .S;. For the rest of this section,
we will consider the difference between these fractions to be fixed.

Consider determining the community of v using belief propagation, assuming some preliminary
guesses about the vertices ¢ edges away from it, and assuming that the subgraph of G induced by
the vertices within ¢ edges of v is a tree. For any vertex v’ such that d(v,v’) < t, let C,s be the set
of the children of v’. If we believe based on either our prior knowledge or propagation of beliefs up
to these vertices that v” is in community 1 with probability % + %evu for each v € C,, then the

algorithm will conclude that v’ is in community 1 with a probability of

Hv”eCU/ (4 + %Fewr)

e, (B + 5] + reo, (5 — 552e)

If all of the €, are close to 0, then this is approximately equal to

—-b
1+ZU”€Cv/ Zi_i_be’u” 1 + a—2>b 1
= — € 1.
a—b a—b v
2 + Zv”ECU/ a+b67)// + Zv”ecv/ T a+b €yt 2 a+ b v €eC 1 2

That means that the belief propagation algorithm will ultimately conclude that v is in community

1 with a probability of approximately % + %(Z—jrg)t Zv,,:d(v )=t €0+ If there exists € such that
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Eyrcq,len] = € and Eyreq,lenr] = —e€ (recall that Q; = {v : 0, = i}), then on average we would

ant
expect to assign a probability of approximately %—!—% (%Iﬁ)) € to v being in its actual community,

which is enhanced as t increases when SNR > 1.

Equivalently, given a vertex v and a small ¢, the expected number of vertices that are t edges away

a+b
2

from v is approximately (%£2)*, and the expected number of these vertices in the same community as

v is approximately (aT*l’)t greater than the expected number of these vertices in the other community.

So, if we had some way to independently determine which community a vertex is in with an accuracy

of % + € for small €, we could guess that each vertex is in the community that we think that the

majority of the vertices ¢t steps away from it are in to determine its community with an accuracy of
1 ((@=0)?\"?

roughly 5 + (m) €.

To obtain initial estimates, we simply guess the vertices’ communities at random as described in
the previous section, with the expectation that the fractions of the vertices from the two communities
assigned to a community will differ by ©(1//n) by the Central Limit Theorem. Once we have
even such weak information on which vertex is in which community, we can try to improve our
classification of a given vertex by factoring in our knowledge of what communities the nearby vertices
are in. For a vertex v and integer ¢, let N;(v) be the number of vertices ¢ edges away from v, A4 (v)
be the difference between the number of vertices ¢ edges away from v that are in community 1 and
the number of vertices ¢t edges away from v that are in community 2, and ﬁt(v) be the difference

between the number of vertices t edges away from v that are in S; and the number of vertices ¢

edges away from v that are in S;. For small ¢,

s~ (“52)

and

Blao] ~ (5 b)t (1

For any fixed values of Ny(v) and A,(v), the probability distribution of A,(v) is essentially a
Gaussian distribution with a mean of ©(A(v)//n) and a variance of &~ N;(v) because it is the sum
of N;(v) nearly independent variables that are approximately equally likely to be 1 or —1. So, ﬁt(v)
is positive with a probability of £ + O(A¢(v)/y/|N¢(v)[n). In other words, if v is in community 1

then A,(v) is positive with a probability of
1 a—b\" fa+b\ "2
o (5 () T

25




and if v is in community 2 then A, (v) is positive with a probability of

Lo ((55Y) (=) " )

If (a —b)? < 2(a+b), then this is not improving the accuracy of the classification, so this technique

is useless. On the other hand, if (a — b)? > 2(a + b), the classification becomes more accurate as t

increases. However, this formula says that to classify vertices with an accuracy of 1/2 + Q(1), we

(452) o (=) )

However, unless! a or b is 0, that would imply that

(5) = (557 ) == ((5) )

which means that (“£2)* = w(n). It is obviously impossible for N;(v) to be greater than n, so this

would need to have t such that

t is too large for the approximation to hold. The problem is, the approximation assumes that each
vertex at a distance of ¢t — 1 from v has one edge leading back towards v, and that the rest of its
edges lead towards new vertices. Once a significant fraction of the vertices are less than ¢ edges away
from v, a significant fraction of the edges incident to vertices ¢t — 1 edges away from v are part of

loops and thus do not lead to new vertices.

4.1.2 Nonbacktracking walks

An obvious way to solve the problem caused by running out of vertices would be to simply count
the walks of length ¢ from v to vertices in S or S3. Recall that a walk is a series of vertices such
that each vertex in the walk is adjacent to the next, and a path is a walk with no repeated vertices.
The last vertex of such a walk will be adjacent to an average of approximately a/2 vertices in its
community outside the walk and b/2 vertices in the other community outside the walk. However, it
will also be adjacent to the second to last vertex of the walk, and maybe some of the other vertices
in the walk as well. As a result, the number of walks of length ¢ from v to vertices in S; or Sy

cannot be easily predicted in terms of v’s community. So, the numbers of such walks are not useful

fa=0and k =2 or b =0, then classifying vertices based on the sign of Ay (v) for suitable t is likely to work,
but this is pointlessly complicated because every component of the graph consists of all vertices of one community or
vertices of alternating communities.
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for classifying vertices.

We could deal with this issue by counting paths? of length ¢ from v to vertices in S; and S.
Given a path of length ¢ —1, the expected number of vertices outside the path in the same community
as its last vertex that are adjacent to it is approximately a/2 and the expected number of vertices

outside the path in the opposite community as its last vertex that are adjacent to it is approximately

a+b

b/2. So, the expected number of paths of length ¢ from v is approximately (T)t and the expected

difference between the number that end in vertices in the same community as v and the number

a—b
2

that end in the other community is approximately (252)!. The problem with this is that counting
all of these paths is inefficient.

The compromise we use is to count nonbacktracking walks ending at v, i.e. walks that never
repeat the same edge twice in a row. We can efficiently determine how many nonbacktracking walks
of length ¢ there are from vertices in S; to v by using the fact that the number of nonbacktracking
walks of length ¢ starting at a vertex in \S; and having v" and v as their last two vertices is equal to the
sum over all v”" # v such that v" is adjacent to v’ of the number of nonbacktracking walks of length
t — 1 starting at a vertex in S; and having v and v’ as their last two vertices. Furthermore, most
nonbacktracking walks of a given length that is logarithmic in n are paths, so it seems reasonable to

expect that counting nonbacktracking walks instead of paths in our algorithm will have a negligible

effect on the accuracy.

2This type of approach is considered in [8].
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Figure 4.1: The ABP algorithm amplifies the belief of vertex v by considering all the walks of a
given length that end at it. To avoid being disrupted by backtracking or cycling the beliefs on short
loops, the algorithm considers only walks that do not repeat the same vertex within r steps, i.e.,
r-nonbacktracking walks. For example, when r = 3 and when the walks have length 7, the green
walk starting at vertex v; is discarded, whereas the orange walk starting at the vertex vy is counted.
Note also that the same vertex can lead to multiple walks, as illustrated with the two magenta walks
from v3. Since there are approximately equally many such walks between any two vertices, if the
majority of the vertices were initially classified as blue, this is likely to classify all of the vertices
as blue. We hence need a compensation step to prevent the classification from becoming biased
towards one community.

(t

072}, to be the number of nonback-

More precisely, that suggests the following approach. Define y
tracking walks of length ¢ that start at vertices in Sy and end in the directed edge (v',v) minus the
number of nonbacktracking walks of length ¢ that start at vertices in S; and end in (v',v). Also,
define yf,t) to be the overall difference between the number of nonbacktracking walks of length ¢ from
vertices in S5 to v and the number of nonbacktracking walks of length ¢ from vertices in S; to v.

Their values can be efficiently computed by means of the following procedure:
1. For every (v,v") € E(G) :
If v/ € Sy, set yf}lg/ =1

W _

v, T

Otherwise, set y
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2. For every 1 <t <m and (v,v) € E(G) :
) _ (t—1)
Set Yoor = Zv”:(v”,1)’)€E(G),v”;£v Yot w7
3. For every (v,v’') € E(G) and v € G

(m) _ (m)
Set Yo - Zy’:(v,v/)EE(G) yv,v’

(®)

v,v’

One way of viewing this algorithm is that y, /, represents our current belief about what community
v’ is in, disregarding any information derived from the fact that it is next to v. We start with
fairly unconfident beliefs about the vertices’ communities, and then derive more and more confident

beliefs about the vertices’ communities by taking our beliefs about their neighbors’ communities into

account.

4.1.3 Compensation for the average value

yfjlg, has an average value of ©(1/4/n) for v’ in community 2 and —©(1/4/n) for v’ in community

1. Also, ngll)), has a variance of order 1. For a random (v,v’) € E(G), v' will have an average of

approximately a/2 neighbors other than v in its community and b/2 neighbors other than v in the

(®)

other community. So, by induction on ¢, we would expect that y,,, would have an average value of

O((%52)t/y/n) for v’ in community 2 and —O((%52)t/y/n) for v’ in community 1. Since yfj;},) should
(t)

v Would

be approximately independent for different v”” adjacent to v’, we would also expect that y

have an empirical variance of approximately (aTJrl’)t, and thus a standard deviation of approximately

(2£2)t. So, for ¢ such that (%52)!/y/n > \/(“EL)*, we would expect that we could determine the
community of v from yf}tl, with accuracy 1/2 + Q(1).
&)

. Will not

The problem with this reasoning is that the average value over all (v,v") € E(G) of y
be exactly 0. It will also tend to have an absolute value on the order of 1/1/n. That means that the

average value over all (v,v") € E(G) of v, will have an absolute value of O((“E)t/y/n). If we hold

v,V

the average value of y(tfl) fixed then that means that E [yl(fl, | N1 (v")] will have an empirical variance

of ©((“:2)* /n), and thus that yffl, will also have an empirical variance of at least ©((%2)%*/n).

This implies that the standard deviation of yf}ti,
®)

v,V

will always be much greater than the difference
()

, for v/ in community 1 and the average value of Yy for v’ in
()

v,V

between the average value of y

community 2, which would render attempts to classify v’ based on ¥, , ineffective.

Remark 3. The simple way to fix this would be to add a step where we subtract the average value

of Y from every element of y*) so its sum is 0 for every t like we did in the version of ABP in
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Section 2.2.1. However, this does not extend easily to the general Stochastic Block Model, and we

want a solution that does.

()

v,v’

from getting too large. It will

() _ atb, (t=1)
v,v’ 2 Jo’

In order to prevent this, we need to stop the average value of y

tend to multiply by roughly ‘%‘b each time ¢ increases by 1, so the average value of y
(t)

v,v’"

will probably be much smaller than the average value of y So, if we pick some 1 < i < m and

redefine yf}z) so that

v’

() _ a+b (-1 (i-1)
Yoor = =5 Yo+ > Yss o (4.1)
v (v W) EE(G),v" #v

(@)

o0’ will be much smaller than it would have been.

®)

v,v’

for all (v,v") € E(G), the average value of y
Since the difference between the average values of y over v’ in different communities grows as
O((*%52)t/y/n), this redefinition will merely change the difference between the average values over

v’ in different communities of yz(fl, from ©((%52)¢/y/n) to

o <(a;b)i/x/ﬁ— a;b(a;b)i_l/\/ﬁ) -0 (b(a;b)i_l/\/ﬁ)

(@)

v,v’

will still be nonzero, and if we continue to set

®

v’

However, the average value of y

yfjl, = Zv”:(v”,u')eE(G),v”;év yq(f_v},) for all ¢t > i, the average value of y

(®)

v,v’

would resume increasing

in magnitude faster than the average difference between y, -, for different communities of v'. This

creates the risk that it would still eventually get too large. So, in order to actually fix the problem,
it may be necessary to repeat the step where its magnitude is reduced. More precisely, we may have

() for each i so that

to choose several indices tg, 1, ...t,, and redefine y, "

) _ _atb -1 (t—1)
yv;u’ - 2 yv7v’ + Z yv/’v// (4.2)
v (v W )EE(G) v #v

for every (v,v") € E(G).

Once we have made these modifications, it will be the case that for sufficiently large m, the aver-

(m) (m)

! !
v,V v,v

will differ from the average value for v in community 2 of y

by a constant multiple of the standard deviation of yfjﬁ? Then, we define yi™ = Do (0 EE(G) yf)”;?

age value for v in community 1 of y

in order to simplify it to a function of one vertex which is still correlated with the vertex’s com-
munity. Unfortunately, this does not guarantee that simply dividing the vertices into those with a

positive value of y5™ and those with a negative value of y\™ will give a useful partition. It could
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be the case that the fraction of v for which yfjm) is positive is the same for both communities, but

y,(,m) is typically more strongly positive or less strongly negative for v in one community than v in
the other. So, we randomly assign each vertex to a set with a probability that scales linearly with

(m)

Yo ~ in order to ensure that having a higher average value of yfjm)

actually leads to having greater

representation in one of the proposed communities.

4.1.4 Vanilla ABP

We present first a simplified version of our algorithm. Our proof relies on a modified version described
below, but this version captures the essence of our algorithm while avoiding technicalities required
for the proof.

ABP*(G,m,m’,r,\1):

(€3]

v,v’

1. For each adjacent v and v’ in GG, randomly draw y, /, from a Gaussian distribution with mean

()

v,v’

0 and variance 1. Also, consider y, /, as having a value of 0 whenever ¢ < 1.

2. For each 1 <t < m, and each adjacent v and v’ in G, set

) _ (t—1)
y,[hv/ = Z yvlyv//
v (v W) EE(G) v #v

unless (v,v’) is part of a cycle of length r or less.® If it is, then let the other vertex in the cycle

that is adjacent to v be v/, and the length of the cycle be 7/, and set

() _ (t=1) (t=r")
yvvvl - Z yU/v’U” o Z yv,v’f

'U”:(’U’ ,’U”)EE(G),’U”#’U ’L}”:(U,’L)”)EE(G) ! vl v Full

unless t = r’, in which case, set

) _ § ' (t—1) )
Yoo = Yor w1t = Yyrir 4+
v (v ") EE(G),v" #v

3. Set Y to be the n x m matrix such that for all ¢ and v,

Yv,t = Z yf,t,l/

v':(v',v)EE(G)

3See Remark (2) in Section 2.2.1 for how to modify the algorithm in the case of multiple cycles.
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4. Set M to be the m x m matrix such that M;; =1 and M; ;41 = —X\; for all 4, and all other
entries of M are 0. Also, let e,, € R™ be the vector with an m-th entry of 1 and all other
entries equal to 0. Set

y = YM™ e,

5. Return ({v:y, > 0},{v:y, <0}).

Remark 4. In the r = 2 case, one does not need to find cycles and one can exit step 2. after the
second line. In general when running this algorithm, one should use variables that are accurate to
within a factor of less than (Aa/A1)™. As mentioned above, we rely on a less compact version of
the algorithm to prove the theorem, but expect that the above also succeeds at detection as long as

m > 2In(n)/In(SNR) + w(m’) and m’ > mIn(A\3/23)/(In(n) — w(1)).

Remark 5. This version of ABP is mostly the same as the one in Section 2.2.1. However, the
previous version compensates for biases in y") by subtracting the average value of y*) from each
entry in y for every t in order to prevent it from ever becoming significantly biased. This version
compensates for biases by a variant of the method explained in the previous subsection instead. More
specifically, it uses the method explained in the previous subsection except that it calculates all of
the y without using any form of compensation and then adjusts the results in order to essentially

apply the compensation retroactively.

Implementation details. Note that ABP* has several differences from the algorithm outlined
(0)

v,v’

in previous sections. First of all, we initialize the y, "/, using a random value that is drawn from a
normal distribution because a probability distribution that is a multidimensional normal distribution
is easier to analyse than a probability distribution that is evenly distributed over the vertices of an
n-dimensional hypercube. Secondly, we require that our walks never repeat the same vertex within
r steps for some r, rather than merely requiring that they not backtrack. This allows us to use
the expected number of walks between vertices in our analysis without worrying about the tiny
probability that there is a dense tangle in the graph with a huge number of nonbacktracking walks
between its vertices. Making this modification to the algorithm requires adding an extra part to
the recursion step where walks that just repeated a vertex are cancelled out, specifically the second
half of step 3 of the algorithm above. The resulting algorithm is called the acyclic belief propagation

algorithm because it counts walks that do not contain any small cycles. Thirdly, we move all of the

recursion steps that compensate for the average value to the end of the algorithm. This is possible
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because the operation that takes y*~1) as input and outputs a list that has a value of

TR DI
0" (v W) EE(G) ' #v

for each (v,v") € E commutes with the one that simply outputs a list that has a value of
Zl,u:(U//7U/)6E(G)7,U//¢U yl(,t/_v}/) for each (v,v') € E. The algorithm generates y(™ by applying these
two operations in some sequence to y!), so we can calculate it by applying the later operation
m —m' times and then applying the former operation m’ times. Actually, the algorithm takes this
one step farther by applying the later operation m times and then calculating how the result would
have changed if it had applied the former the appropriate number of times, but it still has the same
result.

The full Acyclic Belief Propagation algorithm also has a few differences from ABP* that make
it easier to prove that it works. In particular, we randomly select a small fraction of the graph’s
edges at the beginning of the algorithm. Then, we require one specific step of each nonbacktracking
walk to use one of the selected edges, and all of their other steps to use edges that have not been
selected. Since the selected edges are nearly independent of the rest of the graph, this allows us to
(t=1)

o

more easily prove that the values of y,, ., for v' adjacent to v will not become dependent in a way

that disrupts the algorithm.

4.1.5 ABP for the symmetric SBM

Theorem 6. Let a and b be positive real numbers such that (a — b)? > 2(a +b), and S be the 2-
community symmetric stochastic block model with these parameters. There exist constants €,1,r, ¢ >
0 and m = O(log(n)) such that when the basic 2-community symmetric acyclic belief propagation
algorithm is Tun on these parameters and a random G € S, the expected difference between the
fraction of vertices from community 1 that are in S1 and the fraction of vertices from community 2

that are in Sy is at least €.

The basic 2-community symmetric acyclic belief propagation algorithm is as follows.

2CS — ABP*(G,m,r,l,c,\1) :
1. Find all cycles of length r or less in G.

2. For every vertex v € GG, randomly assign z, according to a Normal distribution with mean 0

and variance 1. For each adjacent v and v, let yq) = Iy, and yf}t) =0 for all t <0.

v’ T v T
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. For each 1 <t < m, and each adjacent (v,v’") € E(G), set

® _ (t—=1)
yv)vl — Z y’U’ﬂ)”
(v W) EE(G) v #v
unless v, v’ is part of a cycle of length r or less. If it is, then let the other vertex in the cycle

that is adjacent to v be v”’, and the length of the cycle be . Set

() _ (t—1) (t—r")
Yoor = Z Yor w17 — Z yv,v:

v (v ") EE(G),v" #v v (v, ) EE(G), v #v! v #ull!

unless t = r’. In that case, set

) _ (t—1)
yv,v’ - Z Yy w17 — Lu-
v (v W) EE(G),v" #v

. Set Y to be the n x m matrix such that for all ¢t and v,

Yth = Z yl(Jt,')U’

v’:(v/ W)EE(G)
. Set M to be the m x m matrix such that M;; =1 and M;;; = —\; for all ¢, and all other
entries of M are equal to 0. Also, let e,, € R™ be the vector with an m-th entry of 1 and all
other entries equal to 0. Set

ym = YMrw]em.

. Setd =c- \/Zvee(ygm))Q/n. Create sets of vertices S; and S as follows. For each vertex v,
if yf,m) < —(, assign v to Sy. If yf,m) > ¢/, then assign v to Sz. Otherwise, assign v to Sy with

probability 1/2 + yf,m)/Qc' and S7 otherwise. Return (57, S2).

We believe that the difference between the fraction of vertices from community 1 that this

algorithm puts in S7 and the fraction of vertices from community 2 that this algorithm puts in S;

will be at least € with probability 1—o(1). However, in order to prove that we can detect communities

reliably we use the following slightly modified form of the algorithm.

Theorem 7. Let a and b be positive real numbers such that (a — b)> > 2(a + b), and S be

the 2-community symmetric stochastic block model with these parameters. There exist constants

& 1,r,c,y >0 and m = O(log(n)) such that when the 2-community symmetric acyclic belief propaga-

tion algorithm is run on these parameters and a random G € S, the difference between the fraction
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of vertices from community 1 that are in S1 and the fraction of vertices from community 2 that are

in Sy is at least € with probability 1 — o(1).

The 2-community symmetric acyclic belief propagation algorithm is as follows.

2CS — ABP(G,m,r,l,c,\,7) :

1. Randomly and independently select each edge in G with probability v. Put all of the selected

edges in a set I', and remove them from the graph.

2. For every vertex v € GG, randomly assign z, according to a Normal distribution with mean 0

and variance 1. For each adjacent v and v’, let yq()li))/ = Iy, and yq(}tz,/ =0 forallt <0.

3. For each 1 <t < m, and each adjacent (v,v’) € E(G), set

® (t=1)
y,U,v/ — Z yv/’,uu
v':(v' W )EE(G),v"#v

unless v, v’ is part of a cycle of length r or less. If it is, then let the other vertex in the cycle

that is adjacent to v be v”/, and the length of the cycle be /. Set

= > Yo - > T

(v ") EE(G) v #v v (v, ) EE(G), v #v! w! #ull!

unless t = /. In that case, set

’ /_1
y,(fv), = Z yf;ﬂ,/,) — .
v (v, v")EE(G),v" #v

4. Set Y to be the n x m matrix such that for all ¢ and v,

Yv,t = Z yq(;t,z)’

v':(v',v)EE(G)

5. Set M to be the m x m matrix such that M, ; =1 and M, ;11 = —(1 — )\ for all 4, and all
other entries of M are equal to 0. Also, let e, € R™ be the vector with an m-th entry of 1

and all other entries equal to 0. Set

m—3r—1

Yy =y M e,
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6. For each v € G, set

vo= >y

v’:(v,v") €T

7. For each v € G, set v, to be the sum of y,, for all vertices v’ that are exactly |VInlnn| edges

away from v.

8. Set ¢/ = c- /> ,cq(yl)?/n. Create sets of vertices S1 and S, as follows. For each vertex v,
if yI/ < —¢/, assign v to Sy. If y!/ > ¢/, then assign v to S3. Otherwise, assign v to Sy with

probability 1/2 + 2/ /2¢' and Sy otherwise. Return (S, S2).

Remark 6. Note that the last theorem is simply Theorem 1 in the 2 community symmetric case with
some parts of the initialization step replaced by an assumption that parameters are chosen correctly.

Also, the one before it follows from a slightly simplified version of the same proof.

Remark 7. For the k-community symmetric stochastic block model, the above is largely unchanged.
The key differences are that Ay = W, Ay = “T*b, the requirement for the algorithm to work is
that (a—b)? > k(a+(k—1)b), and if the requirements are met the k CS-ABP* algorithm distinguishes

between every pair of communities with expected accuracy at least €.

Remark 8. In this algorithm, the initialization step and computing y® for a given t both run in
O(n) time. y™) can be computed in O(nlogn) time if it is done the efficient way, y' takes O(n)
time to compute, and computing y" takes O(nlogn) time. Determining S and Ss from y" can also

be done in O(n) time, so this whole algorithm can be run in O(nlogn) time.

4.1.6 Spectral view of ABP

An alternative perspective on this algorithm is the following. Assume for the moment that there are
exactly n/2 vertices in each community, and let M be the expected adjacency matrix, the matrix

such that M, . is a/n if v and v’ are in the same community and b/n if they are not. This matrix

has an eigenvector whose entries are all 1 with eigenvalue ‘IT“’, an eigenvector whose entries are +1

with their signs determined by the relevant vertices’ communities that has eigenvalue a§b7 and all

of its other eigenvalues are 0.

Now, let M’ be the graph’s actual adjacency matrix. The result above suggests that the second
eigenvector of M’ may have entries that are correlated with the vertices’ communities. The problem
with this reasoning is that while M’ has an expected value of M, (M’)? has an expected value

of roughly M? + “T'H’I because for every i,j, M{;, = 1 <= Mj, = 1, with the result that
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B[y, M ; - M} ;] is very different from »_, E[M; ;] - E[M];]. In other words, the square of the
adjacency matrix counts walks of length 2 and has an expected value that is significantly different
from the square of the expected adjacency matrix due to backtracking.

In order to avoid this issue, we use the graph’s nonbacktracking walk matrix W, which was
defined in [14] as a matrix over the vector space with an orthonormal basis consisting of a vector
for each directed edge in the graph. Wy, 4.,) (v} ) is defined to be 1 if vh = v, and vy # v} and 0
otherwise. In other words, it has a 1 for every case where one directed edge leads to another that is
not the same edge in the other direction.

Now, let w € R2E(G)] be the vector whose entries are all 1, and w’ € R2E(S)| be the vector such
that wzvo’vl) is 1 if vy is in community 1 and —1 if vy is in community 2. As mentioned before, for a

small t and a random (v,v") € E(G), there will be an average of approximately (%+2)¢ directed edges

a—b
2

t edges in front of (v,v’), and approximately (252)" more of these edges will have ending vertices in
the same community as v’ than in the other community on average. So, w - Whw = 2|E(G)|(“E2)*
and w'- Whw' =~ 2|E(G)|(%52)*. That strongly suggests that W has eigenvectors that are correlated
with w and w’ that have eigenvalues of approximately “T'H’ and “T_b respectively. It also seems
plausible that W’s other eigenvalues have relatively small magnitudes.

If this is true, then one can gain information on which vertices of G are in each community
from the second eigenvector of W. One could simply calculate the second eigenvector of W directly.
However, it is significantly faster to pick a random vector w” and then compute W™w"” for some
suitable m. The resulting vector will be approximately a linear combination of W’s main eigenvec-
tors. Unfortunately, it will be much closer to being a multiple of its first eigenvector than its second.
If we multiply (W — %“’I ) by the resulting vector, such as in (4.1), the component of the vector that
is proportional to the first eigenvector will be mostly cancelled out. However, since its eigenvalue
is not exactly “T“), it will not be cancelled out completely, and might still be too large. Luckily,
if we instead multiply (W — %521 )™ by the resulting vector for suitable m/, such as in (4.2), the
component of the vector that is proportional to the first eigenvalue will be essentially cancelled out,
leaving a vector that is approximately a multiple of W’s second eigenvector, and thus correlated
with G’s communities. We believe that this would succeed in detecting communities in the SBM,
but in order to make it easier to prove that our algorithm works we actually use r-nonbacktracking

walks. This corresponds to using the graph’s r-nonbacktracking walk matrix, which is defined as

follows.

Definition 11. For any r, the graph’s r-nonbacktracking walk matriz, W), is a matriz over the
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vector space with an orthonormal basis consisting of a vector for each directed path of length r — 1

on the graph. w)

e . , L
(01,030e500 )5 (V)0 0t) 05 1Lifvi, = v; for each 1 <i <71 and vy # v, otherwise it

is 0. In other words, W) maps a path of length r — 1 to the sum of all paths resulting from adding

another element to the end of the path and deleting its first element.

Figure 4.2: These two paths (blue and red) lead to an entry of 1 in the W® matrix.

Performing these calculations is essentially what the acyclic belief propagation algorithm does.

From this perspective, the algorithm roughly translates to:

1. Choose y® randomly such that each element is independently drawn from a Normal distribu-

tion.
2. For each 1 <t < m, let y® = Wyt=1),

3. Change y(™ to (W) — “T'H’I)m/y(m_m/), where m/ = [2=3r=1]

4. Set* yl = D (v w)EE(G) yf)"f) for every v € G. Return ({v : y), > 0},{v : y, < 0}).

Even though r = 2 might suffice to achieve the KS threshold in the SBM, the use of larger r might

help for other graph models, e.g., having more short cycles.

4.1.7 ABP for the general SBM

Now, consider a graph G drawn from SBM (n, p, Q/n) with arbitrary p and Q. Also, let A1, Aa, ... A
be the distinct eigenvalues of PQ in order of nonincreasing magnitude. If the parameters are such
that vertices from different communities have different expected degrees, then one can detect com-
munities by simply dividing its vertices into those with above-average degrees and those with below-
average degrees. So, assume that the expected degree of a vertex is independent of its community.
Detecting communities in the general case runs into some obstacles that do not apply in the 2-
community symmetric case. First of all, it is much less clear that assigning vertices to sets randomly

is a useful start. Also, even if we did have reasonable preliminary guesses of which community

4Proceed as in step 6 of 2CS-ABP* for the proof.
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each vertex was in, it is not obvious how to determine a vertex’s community based on the alleged
communities of the vertices a fixed distance from it.

For the moment, assume that for each vertex v, we have a vector z, such that we believe v is in
community ¢ with probability p; + x, - e; for each i, where all elements of x, are small. Furthermore,
assume that x, is generated independently of v’s neighbors. The correct belief about the probability

that v is in each community once its neighbors are taken into account is

1
P+ 1 > PQu,
v":(v,0')EE[G]
up to nonlinear terms in the x’s. So, given m small enough that the set of vertices within m edges
of v is a tree, the correct belief about what community v is in once all of the vertices within m edges

of v are taken into account is

Pt >N D (PQ™

0<m’/<m v":d(v,0")=m’

up to nonlinear terms in the z’s. So, the logical belief about the probability that v is in each

community based only on the preliminary guesses concerning the vertices m edges away from v is

PEMNT Y (PQ)M .
v:d(v,v')=m
Conveniently, this expression is linear, so if w is an eigenvector of PQ with eigenvalue A; for i # 1,

then

In particular, this means that we only need an initial estimate for w - P‘legv, for every vertex in
the graph, rather than needing a full set of beliefs about the vertices’ communities. Any random
guesses we make will probably have correlation +Q(1/y/n) with w - P~ e, ,, so we can use them as
a starting point.

Unfortunately, just like in the two-community symmetric case, the graph will run out of vertices

before m becomes large enough to amplify our beliefs enough. However, switching from a sum over
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all vertices v’ that are m edges away from v to a sum over all nonbacktracking walks of length m
ending in a vertex v’ fixes this problem the same way it does in the two-community symmetric case.
Likewise, we can still compute this sum by randomly dividing G’s vertices between two sets S and

S and then using the following algorithm.

1. For every (v,v") € E(G) :
M _

v, T

1)

If v/ € Sy, set y

Otherwise, set y -1

v, v’ T

2. For every 1 <t <m and (v,v") € E(G) :
) _ (t—1)
Set yv,v’ - Zv”:(v“,v’)EE(G),’u”;év Yot w17
3. For every (v,v') € E(G) and v € G

(m) _ (m)
Set Yo - Zy’:(v,v/)EE(G) yv,v’

However, needing to compensate for the average value is a special case of a considerably more
1)

complicated phenomenon. The average value over all (v,v') € E(G) of y,

/- wg,, will typically have
a magnitude of ©(1/4/n), and for general ¢ the average value over all (v,v’) € E(G) of ngtzj, “wg,, will
typically have a magnitude of ©(|A\f|/\/n). Now, let w’ be an eigenvector of PQ with an eigenvalue

of Ay which has greater magnitude than );. Then the average value over all (v,v') € E(G) of

yffl, -w!. , will typically have a magnitude of ©(|\},|/v/n). Since this grows faster than yf}tl

(®)

v,v’

W
’ T/

does, it will eventually become large enough to disrupt efforts to estimate w, , using y, ", the same

way the average value of y®) did in the 2-community symmetric case. In fact, the issue with the
average value is just the subcase of this when i/ = 1. So, in order to deal with this, we need to

compensate for each eigenvalue, \;/, of PQ with magnitude greater than \; by choosing several

(tj,i/)
v

indices tg /,t1,i, ...tm’ ++ and redefining Yoo for each j so that

(t' i/) (t',i’_l) (t'.i/_l)
yout =Ny + > Yo
v (v W) EE(G) v #v

1)

v,v’

for every (v,v') € E(G). Assuming that this is done, y
(®)

v,v’

has a variance of approximately 1, and
then y,, has a variance of roughly A{. It becomes possible to determine which community v is in
with accuracy nontrivially greater than that obtained by guessing randomly based on yf}tl, when the

expected difference between its values for v in different communities is within a constant factor of

its standard deviation. In other words, ¢ needs to be large enough that |\!|//n is significant relative
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to /AL If Ay > A? then this will never happen, so the algorithm requires that
A >\

The general acyclic belief propagation algorithm is almost the same as the 2-community sym-
metric version. However, it takes a list of eigenvectors as input instead of just A;. Also, the step
compensating for larger eigenvalues is changed from “Set y(™ =Y M [%Wem where M is the
matrix such that M;; =1 for all i, M; ;41 = —(1 —~)A; for all ¢ and all other entries of M are 0”

m—r—(2r+1)s’
(2r+1) 1

to “Set y(™ = Y] MS[, ! em where M is the matrix such that (M);; = 1 for all 4,

s'<s

(M )i i1 = —(1 —y)As for all 4 and all other entries of M, are 07 Its effectiveness is described by

the following theorem.

Theorem 8. Let p € (0,1)* with Y.p = 1, Q be a symmetric matriz with nonnegative entries,
P be the diagonal matriz such that P;; = p;, and A1, ..., A\, be the eigenvalues of PQ in order of
nonincreasing magnitude. If A3 > X1 then there exist constants €,7,c¢ and m = ©(log(n)) such
that when the acyclic belief propagation algorithm is run on these parameters and a random G &€
SBM(n,p,Q/n), with probability 1 — o(1) there exist o and o’ such that the difference between the
fraction of vertices from community o that are in S1 and the fraction of vertices from community o’

that are in Sy is at least €. The algorithm can be run in O(nlogn) time.

Remark 9. Let s = 3 if |\2| = |A3| and s = 2 otherwise. This theorem could alternately have stated
that there exists € such that for any two communities o and o' such that there exists an eigenvector
w of PQ with eigenvalue \s such that w, # w,/, the expected difference between the fraction of
vertices from community o that are in S1 and the fraction of vertices from community o’ that are

in Sq is at least €.

4.1.8 Alternatives

There are also a couple of other variants of these ideas that may be useful for community detection.
For instance, if we pick r & In(In(n)) and then define ¥ to be the n x n symmetric matrix such
that X, . is the number of nonbacktracking walks of length r between v and v’, we suspect that ¥’s
eigenvector of second largest magnitude will have entries that are correlated with the corresponding
vertices’ communities. Like in the standard case, we expect that we could get an approximation of
this eigenvector by taking a random vector w and then computing (X — \{ T )m/Em*m/w for suitable

m and m’ where \| is an estimate of ¥’s largest eigenvalue.
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We can compute ¥ as follows. First, let ©®) be the n x n matrix such that ES)U, is the number
of nonbacktracking walks of length t between v and v’. Then X = I, ¥ is the graph’s adjacency
matrix, and EfW, is equal to the number of shared neighbors v and v’ have for all v and v’. For
every t > 2, we have that () = (1. x(¢-1 _ D.5(=2) where D is the diagonal matrix such that
D, , is one less than the degree of v for all v. This can be used to efficiently compute ¥ = »(r),

Also, instead of prohibiting repeating a vetex within r steps, we could address the issue of tangles
by dividing G’s edges between sets Ey, ..., E,,+ for suitable m’ such that most of the edges are assigned
to Ey and the rest are assigned to one of the others at random. Then we count nonbacktracking
walks with the restriction that edge r of the walk must be from F;, edge 2r must be from Fs and so
on, while all other edges must be from FEj for suitable r. The periodic prohibitions on using edges
from Ey would force the walk to leave any tangle it had been in, while the fact that most of the

edges are chosen from Fj prevents the restriction from reducing the number of walks too severely.

4.2 ABP proof technique

In order to prove that ABP works, we use the following key ideas. First, we note that for each v and
t, Y, is equal to the sum over all 7-nonbacktracking walks of length t ending at v of the values of
corresponding to their starting vertices. So, we can view each series of m + 1 vertices as as making
some contribution to y,gm), where serieses that do not correspond to r-nonbacktracking walks make
a contribution of 0. Next, we define W(c, ... c,.)+((v0, .-, Um)) as a weighted sum of the contribution
to yl(,m) made by (vg, ..., v,) and the contributions made by some of the subserieses of (vo, ..., V)

and show that with appropriate values of (cg, ..., ¢;n), it will be the case that

y{m = > Toy * Wie,....co) ] (V05 -0 Um))
V0 yer s U EG iU =0
In order to prove that yf)m) behaves the way we need it to, we need to show that the average
value over all v in a given community of yf)m) depends on the community in a certain way, and
that the variance of yf,m) within a community is not excessively large. Doing that requires us to

be able to bound the expected values of expressions of the forms W, . .,y ((vo,...,vm)) and

Wico.orem)ir] (V05 s vm)) - Wieo ey (055 -5 v7,)). - We reduce the later case to the former by
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showing that if we add new vertices u1, ..., u, to the graph that are adjacent to everything then

W(CU,...,cm)[r]((UOa ceey ’Um>) . W(Co,.u,cm)[’l"]<(v6a ceey U;n))

/ ’ /
= W(co,..A,Cm,O,..A,O,cm,cm71,..4700)[7’] ((UO’ vy Umyy Uy ooy Uy Uy s Upy 75 4405 UO))

It is easy to calculate the expected value of Wi, .. ¢,y ((v0, -, Um)) When v, ..., vy, are all distinct,
and to show that the total contribution of these terms to the expected value of yf,m)has the desired
value. That leaves the task of showing that the total contribution of terms for which vy, ..., v,
repeats vertices is not too large.

This bound is more complicated to prove. First, we prove a bound on the expected value of any ex-
pression of the form W, ... i1 ((vo, ..., vms)) which satisifies a certain property about how the the
indices of nonzero elements of (cy, ..., ¢,y ) relate to the indices of elements of (vy, ..., v,/ ) that appear
more than once on the list. Then, we show that any epression of the form Wi, . ¢ i ((vo, ..., Um))
can be expressed as a sum of expressions satisfying the previous properties. Next, we argue that
there are very few sequences of vertices (vp, ..., v,/ ) that repeat in relatively complicated ways while
the expected value of Wi, .. e )i ((v0; .-, Ums)) if (o, ..., vms) Tepeats vertices in a simple way is

relatively small. Finally, we combine all of this in order to prove the desired bounds.
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Chapter 5

The degree profiling algorithm

With the tools to perform almost exact recovery developed in the previous section, we are in a good
position to complete the full recovery of the clusters. Note that as discussed in the introduction,
while the exact recovery requirement may be viewed as a strong requirement, it benefits from a
sharp phase transition as opposed to almost exact recovery, and hence can be used to gain insight
on algorithms (with the threshold as a clear benchmark) and on relevant information measures for
community detection.

Our analysis of the possibility or impossibility of complete recovery relies on the fact that the
probability distribution of the numbers of neighbors a given vertex has in each community is essen-
tially a multivariable poisson distribution. We hence investigate a hypothesis problem (see Section
6.3.2), where a node in the SBM graph with known! clusters is taken and re-classified based on
its degree profile, i.e., on the number of neighbors it has in each community. Depending on the
parameters of the SBM, the error probability of the optimal test depends on the degree of overlap
between two multivariable poisson distributions, which we show is either o(1) or w(%) depending
on how the communities’ corresponding columns in PQ compare. This is where the CH-divergence
emerges as the exponent for the test error probability. This gives in particular a new sharp estimate
for the tail event of Poisson measures.

If the error probability is w(%) then any method of distinguishing between vertices in those two
communities must fail with probability w(%), so any possible algorithm attempting to distinguish
between them must misclassify at least one vertex with probability 1 — o(1). On the other hand, if

the degree of overlap between all communities we are trying to distinguish between is o(1/n) then

1Note that the clusters are not exactly known in our case, since the algorithm of previous section give an o(n)
fraction of wrong labels to be mitigated.
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with probability 1 — o(1) one could correctly classify any vertex in the graph if one knew what
community each of its neighbors was in. There exists J such that attempting to classify a vertex
based on classifications of its neighbors that are wrong with probability x results in a probability
of misclassifying the vertex that is only n’* times as high as it would be if they were all classified
correctly. Based on this, the obvious approach to exact recovery would be to use a partial recovery
algorithm to create a preliminary classification and then attempt to determine which family of
communities each vertex is in based on its neighbors’ alleged communities. However, the standard
partial recovery algorithm has a constant error rate, so this proceedure’s output would have an error
rate n¢ times as large as if each vertex were being classified based on its neighbors’ true communities
for some ¢ > 0. If the degrees of overlap are only barely below 1/n then this would increase the
error rate enough that this procedure would misclassify at least one vertex with high probability.
Instead, we go through three successively more accurate classifications as follows. Given a par-
tial reconstruction of the communities with an error rate that is a sufficiently low constant, one can
classify vertices based on their neighbors’ alleged communities with an accuracy of 1 — O(n~¢) for
some constant ¢ > 0. Then one can use this classification of a vertex’s neighbors to determine which
family of communities it is in with an accuracy of 1 — o( - n%'n"°) =1 — o(1/n). Therefore, the
resulting classification is correct with probability 1 — o(1). Overall, the algorithm for exact recovery

works as follows.

The Degree-profiling algorithm. The inputs are (G, ), where G is a graph, and v € [0, 1]
(see Theorem 11 for how to set 7).

The algorithm outputs an assignment of each vertex to a community. It does the following:

(1) Define the graph ¢’ on the vertex set [n] by selecting each edge in g independently with
probability ~, and define the graph ¢” that contains the edges in g that are not in ¢’.

(2) Run Sphere-comparison on ¢’ to obtain the preliminary classification o’ € [k]™ (see Section
2.3.)

(3) Determine the edge density between each pair of alleged communities, and use this information
and the alleged communities’ sizes to attempt to identify the communities up to symmetry.

(4) For each node v € [n], determine which community node v is most likely to belong to based
on its degree profile computed from the preliminary classification o’ (see Section 6.3.2), and call it
oy

(5) For each node v € [n], determine which community node v is most likely to belong to based

on its degree profile computed from the preliminary classification o’ (see Section 6.3.2).
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Chapter 6

Proofs

6.1 Information-theoretic community detection

For this section, we will focus on the symmetric stochastic block model, which is defined as follows.

Definition 12. Given o, > 0 and a positive integer k, SSBM(n, k, o, 8) = SBM(n, p, W) where
p € [0,1]% is defined so that p; = 1/k for alli and W is the k x k matriz such that W;; = « for all

i and Wi ; = 8 for all i # j.

In other words, SSBM(n, k, o, ) is equally likely to assign a vertex to any community, vertices
in the same community have an edge between them with probability «, and vertices in different
communities have an edge between them with probability 5.

For x € [k]™ and € > 0, define the set of bad clusterings with respect to x as

B.(z) = {y € [n]": %d*(x,y) >1- % — e}, (6.1)

where d,(z,y) = mingcs, dg(x, 7(y)), dg is the Hamming distance and 7(y) denotes the application
of 7 to each component of y.

Recall that

Bal(n,k,e) = {z € [k]" : Vi € [k], {u € [n] : ®, = i}|/n € [1/k — &,1/k + €]}, (6.2)
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and

Ts5(G) ={z € Bal(n, k, ) :

an

k
2w st € @) Stz =im =i} 2 T (1-0),

Z {Guw : (u,v) € <[Z]) st xy =i,2, =J}H < W(l +0)}.

ijElk],i<j
6.1.1 Atypicality of a bad clustering
Lemma 1. Let € > 0, z,y € Bal(n, k,d) such that y € Bc(x), and (o,G) ~ SSBM(n, k,a/n,b/n).
Then,

Ply € T5(G)lo = v} < exp (7 A(e.))

where A(g,0) is continuous at (,9) = (0,0) and

a+b(k—1) k

AO.0) = ——— I m Ty

b(k—1
+glna+ ( 3 )lnb.

Recall that d ;= ¢+*=10,

Corollary 2. Detection is solvable in SSBM(n, k,a/n,b/n) if

1 (alna—l— (k—1)bInd

Sk 2 —dlnd)>1.

Note that for a = 0, the above bound for b is ©(Ink/k) times the bound given by the KS
threshold. Further, this improves on the KS threshold for £ > 5. However, for b = 0, the above
bound gives a > 2k, which is worse than the KS threshold a > k. For the same reasons, it is loose
for k = 2 and a = 0. In the next section, we improve the bound to capture the right behaviour at

the extremal regimes.

Proof of the Corollary 2. Let (o,G) ~ SSBM(n, k,a/n,b/n) where k,a,b satisfy

1 (alna—|— (k—1)blnd

Ty p —dlnd) > 1. (6.3)

Let 65(G) be uniformly drawn in T5(G). We have
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P{65(G) € Bc(0)} =P{65(G) € Bc(o) Ao € Bal(n,k,d)} + o(1) (6.4)
_E |T5(G) N Be(0)|1(o € Bal(n, k,d))

1T5(G)|
< E|T5(G) N Be(0)|1(c € Bal(n, k,6)) 4+ o(1) (6.6)

where we use the fact that |T5(G)| > 1 with high probability, since o € T5(G) with high proba-

bility, and o € Bal(n, k, §) with high probability. Moreover,

P{65(G) € B(0)} <E Z (y € Ts(G),y € Be(o),0 € Bal(n, k,0)) + o(1) (6.7)
ye(k]™

<> > PyeTs(G)yeBo)lo=alP{o=a}+0(1) (6.8)

y€E[k]™ x€Bal(n,k,d)

-y S PeTi@lo=x}Plo=a}+o(). (6.9

y€[k]™ z€Bal(n,k,8):y€Bc(x)

Letting 7 be the bound obtained from Lemma 1 on P{y € T5(G)|o = z}, we have
P{65(G) € Be(o)} < k"1 + 0o(1). (6.10)

We can now take ¢ > 0 such that for a strictly positive ¢, (6.3) implies that (6.10) vanishes. O

Proof of Lemma 1. Assume that a > b (the other case is treated similarly). Let (o, G) ~ SSBM(n, k, a, b)
and z,y € Bal(n, k, d) such that y € B.(x). Denote by Tgm)(G) and T(S(O“t)(G) the sets of clusterings

having typical fraction of edges inside and across clusters respectively. We have
P{y € T5(G)|o = 2} = P{y € T\"(G)|o = 2}P{y € T, (G)|o = x}, (6.11)
with

P{y € T,"(G)|o = }
k
=P {ZHGUU : (u,v) € ([7;]> St Yu =4, yp = 0|} > %(1 —8)|o = x}

< P{Bin ("(gkzl)(ug) ) + Bin (W(Hg),z) > —5)}
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P{y € T, (G)|o =}

=P Z HGuw : (u,v) € ([Z]) St Yu =46y =7 < %(1 +9)|o =
i,JE[k],i<j
<P {Bin (”gkkgl)u — ), Z) + Bin ("(’;];21)(1 —), z) < %(1 +5)} :

where Bin(V, p) denotes a Binomial random variable with N trials of bias p, all Binomial random
variables are independent, and ¢ < 2k?(e + d) (the latter gives a loose bound on the offset of the
trial counts in the Binomials due to the fact that z,y are not exactly but approximately balanced).
Since the dependence in ¢, § is continuous, we next proceed without the £ terms to prove the lemma.

We have

o (25522 (5 20) 5}
g o6 £) e o (52 2) -5

’2k2

and from (6.16),

— exp (—Z <<k ;kl)b + (a/2 — ck)In W) + o(n))

and
P! Bin 2—;% —en b P{Bin ;T"Q,ﬁ —%—cn
o (g 5) = oo o o (P 0) = 55 -]
= exp (—Z (a ha (I;k_ L)b + %ln le(;(f_l(;k) + kcln ab(if%_lc)]]j)) + o(n)>
— exp (—Z (H (’;k_ DL Sn eb(sk_ o (5~ k) (5~ ck) + keln bc(k;”’“) —l—o(n)) .

Note that the function

be(k — 1)k
a

— (a/2 — ck)In(a/2 — ck) + kecln
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5y Plugging in this value for ¢ gives

2
. . @
has a single minimum at F@r =)

P{Bin (;;Z) :cn}P{Bin (Wi) = ;m;—cn} (6.12)
< exp (’; (+<§kl>b n 21<+(:_1)b)>) | (6.13)

In addition,

. (n*(k-1) a . (n*(k—=1)2 b bn(k —1)
z )<
P{Bm( 2k n) +Bm( 2k2 n> =T ok }

< 0(n?)
2(k — 2(1 _ 1)2 _
C max PdBm (M 1)’3 e lp gy (1) ’g _bak-1)
n2(k—1) k2 n 22 n 2%k
cn€[0,72k2 ]

and from (6.16),

P {Bin (’”ﬂ(;ﬂ;l) Z) _ cn} — exp (—Z (“(’“2; Y { kel ea(Q:Z_Cn) 4 0(n)> ,
P {Bin <”2(§k2 Dy z> - LU;]; D_ cn}
~ exp <” ((k — D% k= 1)/2 — ek PE =D = M)k) 4 o(n))

k 2k

and

P {Bin <”2(2kk; D) Z) - cn} P {Bin (”2(1;;2 b? : Z) - bn(’;k_ D _ cn}

n.alk—1) 2k%c (k—1)%b
= exp(— = 1
exp(— (=g Fhe 20—+ 5

bk —1) — ZCk)k)] o)

eb(k —1)2
- exp(_%[( (k— 1)(a2+k (k=1b) . b(kz— D (b(keb—(;)__jzck)k
! a(zjzb(kﬁ 1)§ck) )1 +o(n))

e =
cb(k — Dk

+ (b(k — 1)/2—ck)ln(

+ (b(k —1)/2 — ck)In(b(k — 1)/2 — ck) + kcIn )] + o(n)).
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Note that the function

5 (b(k — 1)/2 — k) n(b(k — 1)/2 k) + heln 2E=DE

(k—1)ab

has a single minimum at et (h=1)0) thus
n? a (k—1)n? b an
{ in (2k2’n) cn} { 1n< 572 ’n) ok cn} (6.14)
n((k=1)(a+ (k—1)b) blk—1) bk
< _ | . 6.15
eXp( k( 2k T Moy oW (6.15)
Combining (6.13) and (6.15), the result follows from algebraic manipulations. O

Lemma 2 (Binomial estimates). Let N be a positive integer and t,s > 0. Then,

P{Bin(N? s/N) = |[tN]|} = exp (— (s —t+tln Z) N + O(In N)) , (6.16)

P{Bin(N? s/N) <tN} = exp (— (s —t+thn z> N +O(In N)) , if s>t (6.17)

Proof. Stirling’s approximation gives

N' — 6N1nN7N+O(1nN) (618)

thus

N2 e

([H\ﬂ) = exp (tNlnN—HNln; +0(1nN)) (6.19)

and
P{Bin(N?,s/N) = [tN]} (6.20)

N2 s\ [tN] s\ N?—[tNT
= — 1-— 21
(v) ) (- %) (6:21)
= exp (tN In N + tNn ; +0(In N)) exp (—tNInN +tNlns — sN + O(ln N)) (6.22)
es

= exp ((t In v s) N+ O(In N)) , (6.23)
and the second statement follows from the fact that the Binomial distribution is unimodal. O
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6.1.2 Size of the typical set

The goal of this section is to lower bound the size of the typical set T5(G). Recall that the expected
node degree in SSBM(n, k,a/n,b/n) is

a+ (k—1)b

d:= A

Theorem 9. Let T5(G) denote the typical set of clusterings for G drawn under SSBM(n, k,a/n,b/n).

Then, for any e > 0,
P{IT5(G)| < max(k(¥=)n ole™*/ (A== VHFH=anyy — o(1),

where

r 4 (d —7)e~d=7)
2d ’

and T = 74 1s the unique solution in (0,1) of

e T =de”? (6.24)

or equivalently T = Z;:T jjj_!l (de=4)7.

As a first step to proving this theorem, we prove one half of the inequality.

Lemma 3. Let T5(G) denote the typical set of clusterings for G drawn under SSBM(n, k,a/n,b/n).

Then, for any e > 0,
P{T5(G)| < 2 " A==eHTh=any — (1),

Proof. Construct a clustering of G, ¢’, as follows. Start with ¢/ = o. Then, go through the vertices
of G in a random order, and for each v with no neighbor v’ such that o/, = o/,, change o, to a
random element of [k]\{o}, : (v,v") € E(G)}.

Initially, o/ = o, so the probability distributions of (G,o) and (G,o’) are identical. For a
given ordering of the vertices, if these probability distributions are identical immediately before

ol is changed, then for given values of G and ¢’\o), it is equally likely that o] had each value
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that it may be assigned in this step. So, the probability distribution is unchanged. Therefore, the
probability distribution of (G, ¢”) is identical to the probability distribution of (G, o) at any point
in this algorithm. In particular, ¢’ € T5(G) with probability 1 — o(1).

Now, for each v € G, let z, be 1 if there is more than one option for o/ when it is time
for the algorithm to assign it and 0 otherwise. A vertex has no neighbors in its own community
with probability e~*/* 4 o(1), and no neighbors in any given other community with probability
e b/k 4 o(1). So, a vertex has no neighbors in its own community and at least one other community

with probability e=*/*(1 — (1 — e~*/*)k=1) 4 o(1). Thus, for each v,
E(z,) = e “*(1 — (1 — e )1 4 0(1).

Also, given two different vertices, they both have no neighbors in their own community and at least
one other with probability e=2%/%(1 — (1 — e=?*)k=1)2 4 9(1). Given any v and v’, assume without
loss of generality that v is before v’ in the random ordering. With probability 1 —o(1), v’ will not be
in the last \/n vertices, and at the time v’ comes up in the ordering, e=%/*(1 — (1 —e~/*)k=1) 4 o(1)
of the remaining vertices will have no neighbors claimed to be in their communities and at least one
other. So, symmetry between the vertices implies that the correlation between z, and z, is o(1).

That means that with probability 1 — o(1), we have

Z zy = e YR — (1 — e "F) N 4 o(n)
veG

For fixed values of (G, o) and any given o, zo, we have that P{c’ = 0{, >, cc2zv > 20} < 27%

veG
because every time the algorithm has more than one option for o/, there is at most a 1/2 chance
that it sets o, to (0{)v, and if > z, > 2o then there are at least zo times when it had such a choice.

So, for a fixed graph G,

P {a' €THG), Y 2> e F1—(1—e M) )n - en/Z} (6.25)

veG

< |T5(G)| - 2¢ "/ F A= (1=e™/ 5  n—en/2, (6.26)

We already know that with probability 1 — o(1) the probability in question is 1 — o(1), so the

conclusion holds. O

To prove the rest of this theorem, we need some topological properties of the SBM graph, analog
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to the Erdés-Rényi case [13].

Lemma 4. LetT; denote the number of isolated j-trees (i.e., trees on j vertices) in SSBM(n, k,a/n,b/n)

and M; the number of edges contained in those trees. Then, for any € > 0,

P{Tj/n ¢ [rj/d —e,7j/d+e]} = o(1),

P{M;/n ¢ [(j — D)7;/d—e,(j — 1)75/d +e]} = o(1),

where

772 (de” )
Vi

Lemma 5. Let T denote the number of isolated trees in SSBM(n, k,a/n,b/n) and M the number

of edges contained in those trees. Then, for any e > 0,

where T is defined in (6.24).

Lemma 6. [9] Let Q denote the number of nodes that are in the giant component in SSBM(n, k,a/n,b/n),

i.e., nodes that are in a linear size component of SSBM(n, k,a/n,b/n). Then, for any e > 0,

P{Q/n & [ —¢,B+e]} =o(1),

where B =1—7/d and 7T is defined in (6.24).

Lemma 7. Let F denote the number of edges that are in planted trees of the giant in SSBM(n, k,a/n,b/n),
i.e., trees formed by nodes that have a single edge connecting them to a linear size component in

SSBM(n, k,a/n,b/n). Then, for any e >0,

P{F/n¢ld—e ¢+el}=o(1),

where ¢ == (d — 7)e” 477,

and T is defined in (6.24).

Proof of Theorem 9. Let G ~ SSBM(n, k,a/n,b/n), and let T be the number of isolated trees in G,
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M the number of edges in those trees, and F' the number of edges in the planted trees of the largest
connected component of G (i.e., the giant). We have from Lemma 4, Lemma 5 and Lemma 7 that,

for € > 0, with high probability on G,

reff(-5)-+50-9)+

2
~ e _ o T — r)e(d=7)
R€[2d+(d T)e €,2d+(d T)e +el.

Assume that T and R take typical values as above. We now build a typical vertex labelling on these

trees:

e Pick an arbitrary node in each isolated tree, denote these by {v1,...,vr}, and denote the set

of edges contained in these trees by {E1,...,Eum};

e Pick the root node for each planted tree that is in the giant, denote these by {w1, ..., w}, where
k is the number of planted trees (this number is not relevant in the following computations)

and denote by {Ep41,..., Eypyr} the number of edges contained in those planted trees;

e Assign the labels UT := (U, ,...,U,,) uniformly at random in [k], and set Xy, = 0y, - .., X, =
Ow,, 1-€., assign the latter labels to their true community assignments. Then broadcast each of

these labels in their corresponding trees by forwarding the labels on each edge with an inde-

pendent k-ary symmetric channel of flip probability m. This means that the variables
Z1, ..., Zpy+F are drawn i.i.d. from the distribution
a b b
= e 6.27
v <a+(k—1)b’a+(k—1)b’ ’a—i—(k—l)b)’ (6:27)

on F :={0,1,...,k — 1}, and that for each edge e in the trees, the input bit is forwarded by

adding to it the Z, variable modulo k;

e Assign any other label (that is not contained in the trees) to their true community assignments.
Define R := M + F, ZR := (Zy,...,Zg), and denote by X (UL, ZR) the previously defined

assignment.

Note that the above gives the induced label-distribution on trees in SSBM(n, k,a/n,b/n). Thus,

with high probability on G, as T and M grow with n, this assignment is typical with high probability
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on UL, ZE ie.,
Pur 2o {X(UT, 2{") € Ts(G)} = 1 - o(1). (6.28)

Denote by Emp(Z{t) the empirical distribution on Fy of the R-vector Z¥¥, and by B.(v) the I;-
ball around  of radius . Denote by 7 the uniform distribution on [k]. Then by Sanov’s Theorem,

for any € > 0,
P,r{Emp(UT) € B-(n), Emp(Z{) € B(v)} — L, (6.29)
as T, R diverge with n. Define now the set of realizations of Z{* that have a typical likelihood by
Ac(v) = e R BEWMTS) < plzR = o1 < - RHEM)=e)

where H is the entropy with the logarithm in base k. For convenience of notation, define also

Ac(n) = B:(n). Again, for all € > 0

P{UT € A-(n), Z{ € Ac(v)} — 1.

Therefore,
PU?,Z{*{X(UF,%R) € T5(G)} (6.30)
=Pyr 2:{X(UT, 21" € T5(G), UL € Ac(n), Z{' € Ac(v)} + 0(1) (6.31)
= > UX T, 2l e T5(G))P{UT = uTYP{ZE = 2F} +0(1) (6.32)
uf €Ac(n),2{ €A (v)
< > UX (Wl 28 e T3(G) kTR~ RHW=2) 4 (1), (6.33)
u?eAs(n)vZFGAE(V)
We have

> X (u], 2f) € T5(G)) < |T5(G)],

uT €A (n).zREA (v)

since the left hand side counts a subset of the typical clusterings. We thus obtain from (6.28) and
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(6.33) that with high probability on G,

IT5(G)| = (1= o(1)kTHRUTEI=2),
Thus, with high probability on G,

T5(G)] 2 (1 - o{1)) k=9l

where

2

Y= (1 — %) + Hv) (;d +(d— T)e—(d—f)> 7

SHE

which proves the half of the claim not covered by lemma 3. O

Proof of Lemma 4. Let T; denote the number of isolated j-trees (i.e., trees on j vertices) in SBM(n, k, a, b),

ie.,
Ti= > Liso(S)
SET;(n)

where T;(n) denotes the set of all j-tress on the vertex set [n], and where 1i5,(S) is equal to 1 if S is
an isolated tree, and 0 otherwise. Since the number of different trees on j vertices is given by 572

[11], and since there is an edge on a designated pair of vertices with probability d/n, we have

E[T;] = <?>jj2 <Z)j1 (1 - Z)J'(nj)

IR

and

59

2
) +0(1) = O(n).
Thus, by Chebyshev’s inequality, for any £ > 0,

P{Tj/n ¢ [rj/d —e,7;/d+ |} = O(1/n),
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where

and since each tree contains j — 1 edges,

P{M;/n ¢ [(j —V)7j/d —¢,(j — D)7;/d + €]} = O(1/n).

Proof of Lemma 5. Let T denote the number of isolated tress in SBM(n, k, a, b), i.e.,

T:En:Tj,
j=1

where Tj is the number of isolated j-trees. Hence,

E[T] = Y ET] =5 J(j,) +o(1).
j=1 j=1 :

Since

X =2 d —d\j

Z] ("e ) _ O(n_3/2),

; J]:

j=n
we have

1 L= 72 (de )

S T =G

Finally, since Var(T') = O(n), the result for T follows from Chebyshev’s inequality and the fact that

(see [20])

Y B WS
Z j(;l'e ) =7 — 72/2 (6.34)
=1 '

when

T (den Y
T= Z j! '
j=1
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For M, the result follows from similar arguments and the fact that

o n = . 972 (de= ) n 72
el = 36 - Ve = 5 306 - nEE L o) - 2T o),
j=1 j=1 :
which uses again (6.34). O

Proof of Lemma 7. From Lemma 6, the giant component has with high probability a relative size
in [ — €, 8+ €]. The probability that a node is connected to a giant component by a single edge is

thus given by
Bn(d/n)(1 —d/n)"™ + o(1) = Bde " + o(1), (6.35)
and the expected number of such nodes is
nBde P 4 o(n). (6.36)

Now, let v and v’ be random vertices. Conditioning on v being connected to the giant component
by a single edge, the giant component still has relative size in [ — e, 8+¢] for any ¢ with probability
1 — o(1), so the probability that v’ is connected to the giant component by a single edge is also
BdeB% 4 0(1). That means that the expected value of the square of the number of nodes that are

connected to the giant component by a single edge is
(nBde=P%)? + o(n?)
hence the variance in the number of such nodes is o(n?) and the lemma follows. O

6.1.3 Sampling estimates

Theorem 10. Let d := W’ assume d > 1, and let T = 74 be the unique solution in (0,1) of

Te T =de %, e, T= Zj:(xf jz%l(de_d)j. The Typicality Sampling Algorithm detects' communities

in SBM(n, k,a,b) if

alna+ (k—1)blnb  a+(k—1)b, a+ (k—1)b
k N [

. 1—-7 a _ _
>m1n<1_Tk/(a+(k_l)b)an(k),2ln(k)2ln(2)e Tkl — (1 —e bRk 1)). (6.38)

1Setting & > 0 small enough gives the existence of € > 0 for detection.

(6.37)
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Proof. Let ¢t = max(k(¥=o)m 2(c”*/*(1=(1-e""5*"H=an) e have

P{6(G) € B:(0)} (6.39)
_ |T5(G) N B (o)

“E e (6:40)
< Ewmn(c)\ > 1)1(o € Bal(n, k, 8)) + EL(|T5(G)| < t) + E1(c & Bal(n, k, 6))

- |T5(G)|
(6.41)

< (I/HE|T5(G) N B=(0)|1(|T5(G)| = t)1(o € Bal(n, k, §)) + P{|T5(G)| < t} + P(o & Bal(n, k, 9))

(6.42)
< (1/t) - E|T5(G) N B.(0)|1(0 € Bal(n, k,8)) + o(1) (6.43)
< (1/t)kme ANk 4 o(1), (6.44)

Using the bound ¢ > 2(¢~"/*(1=(1=e"""*H=n 4nq the bound on A(e,§) from Lemma 1, the

exponent in (6.44) can be made to vanish if

% (a+ b(2/€ -1 In (ot (If— 1)) + glna+ b(k21)1nb> Fem VR — (1— e t/R)E=1)1n(2)
> In(k). (6.45)

Alternately, plugging in the values of ¢ from Theorem 9 and A(e, d) from Lemma 1, the exponent

in (6.44) is vanishing if

1 a+b(k—1) k a b(k—l)
) ( > Mo 2metT g I b) (6.46)
M % (1 B g) (6.47)
1 a a+(k71)b (k—l)b a+(l€*1)b
) (a+(k—1)bln( a )+a+(kz—1)bln( b >) (6.48)
7_2
’ <2d - T)e(dT)) (6.49)
> (6.50)

Since 7 is the solution in (0,1) of Te™™ = de~¢, we have

7’2 T

% +(d—T)e ) =7 (1 - ﬁ) ,
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and this simplifies to

1 alna+b(k—1)Ind
—dl .01
21n(k)( dlnd + 2 ) (6.51)
1 alna+bk—1)Inb\ 27 T
+21n(k)<d1nd+d1nk ) E(l ﬁ) (6.52)
T T

>1_E<1_§)' (6.53)
Algebraic manipulations lead to the bound in the theorem. O

Corollary 3. Detection is solvable

2k1
in SSBM(n,k,0,b/n) if b> K o bk 1y/m), (6.54)
(k—=1)In =5

in SSBM(n,k,a/n,b/n) if a>ar(b), wherear(0)=k. (6.55)

Proof. Note that dropping the term in (6.48) above and ignoring the contribution of (6.45) leads to

the weaker bound

1 alna+ (k—1)bInbd T T
—dl 1-Z(-1
2lnl<:( k dnd>> 2(1-3),

which implies Corollary 3 part 2 since 7 (1 = %) tends to 1/2 as 7 tends to 1 when b tends to 0 and

d tends to a/k. Part 1 follows from algebraic manipulations. O

6.2 Achieving the KS threshold

The proof works for the general model SBM(n,p, @/n). Recall that P = diag(p), and Ay, ..., A, are

the distinct eigenvalues of PQ in order of decreasing magnitude.

Definition 13. For any r and m, an r-nonbacktracking walk of length m is a sequence of vertices

V0, V1, vy U, SUCh that v; # v; whenever |i — j| <r and v; is adjacent to v, for all i.

Definition 14. Givenr,m > 0 and vertices v and v’, let W (v, v') be the number of r-nonbacktracking

walks of length m from v to v'.

Definition 15. Given r,m > 0, graph G, an assignment of a real number x, to every vertexr v, a
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multiset of real numbers S, and a verter v, let

Wm/S[r](xav) = Z H(_y) Z xv’Wmf|T|[r](U/7v)' (656)

TCSyeT v'eG
In other words, Wi, g,(%,v) is the sum over all r-nonbacktracking walks of length m end-
ing at v of the values of z at their initial vertices, and for S # ) and y € S, we have that
Wm/S[r] (x,v) = Wm/(g\{y})[r] (z,v) —y - Wmfl/(S\{y})[r] (z,v). Note that the ABP algorithm sets

(m)
v

Y, equal to Wy gy (x,v) for all 0 < t < m and v € G in step 2b. Then in step 2c¢, it sets y equal

w] copies of Ay for every s’ < s.

to Wy, s (,v), where S is the multiset containing [

Further intuition on (6.56) will be provided with Definition 17. The plan is to select the z,
independently according to a Normal distribution, and then compute W, sy (z,v) for appropriate
S, m, and r. The assignment of z will inevitably have slightly different average values in different

communities, and under the right conditions, these differences will be amplified to the point of

allowing differentiation between communities with asymptotically nonzero advantage.

Proof of Theorem 1: When ABP splits I off of G, the remaining graph is still drawn from the SBM,
albeit with connectivity (1 —v)Q. The formula for v ensures that if A3 > A; then ((1 —7))\2)? >
((1 = y)A1). Now, let m” = |\/loglogn| + 1. For each v € G and t > 0, let N;(v) be the set
of all vertices t edges away from v, N<;(v) be the subgraph of G induced by the vertices within ¢
edges of v, and T;, = {v' : " € Ny (v) | (v/,0"”) € T'}. Unless the original graph has a cycle in

N<pr(v) UT,, we have that

vl = > y

o' €T,
Now, let w be an eigenvector of PQ) with eigenvalue \; and magnitude 1. Also, for every v € G and
t >0, let Wy(v) =3, en, () Wo, /Po,,- Given a fixed value of N<;(v), v" € Ny(v), a fixed value of
0w, and a community j, the expected number of vertices not in N<;(v) that are in community j
and adjacent to v’ is (1 — LT’L(U)') (1 =7)e; - PQe,y,,. So, we can show by induction on t that for
any t > 0, n’ >0, and z € R, we have
(1 —7)A1)*(n')?

B Wy (0)| Wy —1(0) = 2, [Nowr—o(0)| = '] = (1 = 3)' ALz + O ( . ) .

Similarly, for any ¢ > 0, 0 < n’/ < 11127"”_%(71)7 and z € R, we have

t
Var (W (0) Wi () = 2, [Ny (v)| = n'] = O <Z (1 - v)t”’Xit’A?t')

t'=1
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Now, given nonintersecting graphs N’ and N” with |N'|,|N"| = O(ln2m“ (n)), v € N’, and
v" € N, whether or not the subgraph of G induced by V(N') is N’ is independent of whether or
not the subgraph of G induced by V(N") is N”. Also, there are no edges between these two graphs
with probability 1 — O(|N'| - |N”|/n) regardless of what form these graphs take. Furthermore, for
any v ¢ N'U N"| regardless of the value of G\{v"} there are no edges from v” to V(N’) with
probability 1 — A\;|N’|/n + O(|N'|?/n?), there are no edges from v” to V(N”) with probability
1—X|N"|/n+O(|N"|?/n?), and there are no edges from v” to either with probability 1— A;(|N'|+
IN"|)/n+ O((|N'| +|N"|)?/n?). So, we have that

P [Nyr (v) = N', Nyr (o)) = N"] = P [Ny (v) = N'} - P [N (') = N"]|

— O(N'|- IN"|/)P [Ny (v) = N', Nyws (/) = N"]

Furthermore, the probability that N, (v) and Ny, (v') intersect is O(A2™" /n). Also, |Wpr (v)] <
n-max; |w;/p;| for all v, and with probability 1—o(n~2°), every vertex in G has degree less than In*(n),
$0 Wi (v) = O(ln2m” (n)) for all v. So, for v # v’ the correlation between W, (v) and W, (v') is
o(1/y/n), and the correlation between W2, (v) and W2, (v') is also o(1/y/n). Therefore, with proba-
bility 1—o(1), the average value of W, (v) over all v in community j is (1—~)™" )\;”N(wj/pj +0o(1))
for all j. Also, there exists constant & such that Y, (Wi (v))? < nd ZZ;(I — )\ =t \2
with probability 1 — o(1).

On another note, for each v, we have that yq(,m) = Wi /{e:y(2,v), so by lemma 19,

Var[W, /g,y (#,v)] = O H((1 — s —¢5)?

S|

and the empirical variance of {ygm)} is O (% H;n:l((l —Y)As — cj)2) with probability 1 — o(1).

Now, let ¥ be the vector such that 7, = > o y1(,7'L)/n for all i. By Lemma 17, we know that
with probability 1 — o(1), the component of § on PQ’s eigenspace of eigenvalue A\ has magnitude
Q(ﬁ [T1(X —~)As —¢;]), while all of its components on PQ’s other eigenspaces have magnitudes of
Oty TTIL = 1A — ).

Now, let y," = >, er, yq(;n) for all v, and recall that y) = y.” unless the original graph has a
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cycle in N<,,»(v) UT,. Observe that

> wo, ) [P, = > o,y [P,

veG v, W EGW EN,, 1 (v), (v ,v")ET

= > W)yl

(v w'")er

For each v,v’ € G without an edge between them,
P[(v,v") €T|oy = j,o0 = j'] = (1 4+ O0(1/n))1Qj,5 /1

So, there exists d,, > 0 such that for a fixed G, o, and x, with probability 1 — o(1) it will be the

case that
E|>. w%y;”/pav} = (1 =)™ N (w - P+ o(|[7]]2/v/m))n
veG
and
Var Z wavy;”/pg,u] < (8 /n) Z (W (V) - yq(;j‘))?
veG v’ v’
<no2 (1 =) AT T = 1A = ¢)?
t=1 j=1
2
m
=o| [v@ =™ AP Va1 = NAs = )
j=1

This means that with probability 1 — o(1), we have that

Var

ngvyz'/pgv] — o(y2(1 = 7)>™" A2 2| 7] |3n2).
vEG

In particular, if we choose an orthonormal eigenbasis for PQ, wq,...,wy, then with probability
1 —o(1) this will hold for all w; in the basis, which implies that with probability 1 — o(1), we have
that 3,cq, yu'/n = 7(1 =)™ (PQ)™ " 1g); + o(z(1 — 7)™ A" [[g]|2) for all j € []. Also, for

fixed G and = and with probability 1 — o(1) we have
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> W)= > yir -yl

veEG v,v2,03,05,05 €EGva, 5 €N, (v),(v2,v3) €T, (V) ,v})ED

= > y -y

v,02,03,V5,05 €G v, EN, 1 (v),(v2,v3)F#(vh,v5)ET

+ 3 (ysy”)?
v,02,v3€GW2EN, 1 (v),(v2,v3)ET

= (L+o(1) Y > QYo

vEG \wv2EN,, (v)

+ (L4 o(1))y(1 =)™ AP ()2

veG

(1+o(1 nZvQ )™ AT A2 15112/ (min ;) + O((1 — 3)™ A [5]13n)

=1

o+

_ (1—7)A2
min (1= 7)A2 = \]

= (1+o(1)n P =P AT g3
With probability 1—o(1), there are only O(In(n)) vertices v € G such that y!/ # y./’. With probability

2m”+2(n) vertices within m/” + 1 edges of it and no such

1 — o(1), no such vertex has more than In
vertex has more than one cycle within m” + 1 edges of it. Assuming this holds, these differences are
small enough that the results above still hold if we substitute y!/ for y./. Among other things, this
means that we can choose o1 and o3 such that the average value of y) for v € Q,, differs from the
average value of y// for v € Q,, by at least (1 — o(1))y(1 — 7)™ A7 +1|[7]|,.

Now, let a be the difference between the average value of y./ for v € Q,, and the average value of
y! for v € Q,,. Also, let b be the average value of (y!/)?. There exists constant ¢’ such that b < §’a?
with probability 1 — o(1). The average value of 1/2 4y, /(C\/>_(y.,)?/n) for v € Q,, differs from

its average value for v € €),, by For any v,

s
min(|y. / Cm )| —1/2,0) < 2(y, /(C\[))

So, the average value of min(|y, /(C+/>_(y!)?/n)| — 1/2,0) for v in any community is at most

2/(C?minp;). So, the probability that a vertex from community o; is assigned to group 2 differs

from the probability that a vertex from community oy is assigned to group 2 by at least C?/E —
4/(C? min p;). For a sufficiently large constant C, and small constant € > 0 this will be greater than
e with probability 1 — o(1), as desired.

ABP initializes in O(n) time. Computing the y® takes O(nlogn) expected time. The eigenvalue
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m—r—(2r+1)s’
compensation step can be carried out in O(nlogn) time if <Hs,<s MS[, ! ]) em is computed

first and then Y is multiplied by it, and computing y” takes o(nlogn) time. The assignment step

also takes O(n) time, so the entire algorithm can be run in O(nlogn) time. O

6.2.1 Preliminaries

Our first step in proving the lemmas used above is to reexpress W, sp(2,v) as a sum over r-
nonbacktracking walks of an expression that we will eventually be able to bound. Then we will

establish some properties of r-nonbacktracking walks that we will need.

Definition 16. For anyr > 1 and series of vertices vg, v1, ..., U, let W,.((vo, ..., vm)) be 1ifvg, ..., Uy,

is an r-nonbacktracking walk, and 0 otherwise.

Definition 17. For any r > 1, series of vertices vq, ..., Vm, and series of real numbers cq, ..., Cm, let

Wico,..o.em)ir] (V05 oy Um)) be the sum, over all subserieses i, ..., im: of 0,...,m of

H (—ci/n) | - Wi((vig, Vi 03, ))-

CACT T )|

Note that for any cg, ..., ¢, consisting of the elements of S and 0’s with ¢y = ¢, =0,

Winysir)(z,v) = Z [Too * Wieo,...eo) 7] (V05 s Um))]-

V0.3 Um EGiVm =0

Definition 18. Given a series of vertices vg, ..., Um, its walk graph is the graph consisting of every
vertex in the series with an edge between each pair of vertices that are adjacent in the series. Note
that the walk graph has a number of vertices equal to the number of distinct vertices in vg, ..., U,
a number of edges equal to the cardinality of {{vi,vix1} : 0 <1i < m}, and every vertex in it other

than vy or vy, must have degree at least 2.

Lemma 8. Consider the complete graph K,,. For anym,b,w,e > 0, there are at most 2n™ =1 (m+
1) (w=e)22b(w=e) yqlks of length m in K, that have m+1—w distinct vertices, m — e distinct edges,

no vertex repeated more than b times, and no edge repeated twice in a row.

Proof. Choose such a walk, and let H be its walk graph. Also, let the distinct vertices in the walk be

m—w+l hossible choices of which

V1, V2, vy Umt1—w, i0 order of first appearance. There are at most n
vertices these are. For any i such that v; is not adjacent to v;;1 in the walk, the first edge in the

walk after v; and the first edge leading to v;;1 must both have not appeared previously in the walk.
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Otherwise, the edge between v; and v; 1 must not have appeared previously. So, there are at most
m—e— (m—w) = w—e indices i such that v;11 is not adjacent to v;. There are at most (m+1)¥~¢
choices of which indices have this property, and m + 1 choices of which vertex the first edge leading
to each such v;41 has on its other side. That accounts for m — w of H’s edges, so there are at most
(m 4 1)2(=€) possibilities of what the others are. Thus, there are at most n™ %+ (m + 1)4(w=e)
possible graphs H.

Now, let v{), ..., v, be the complete walk in question. Given the values of v, and v;_,, the only
possible values of v;,; are the vertices that are adjacent to v; other than v;_,. Furthermore, since
no vertex appears in the walk more than b times, that means that the number of possible walks for

a given H is at most

2 H (degree(v) —1)°

vE H:degree(v)>1

<2 H 2b(degree(v)—2)
vEH:degree(v)>1

< 91O e Hdegree(v)>1 (degree(v) =2)

< 21+2b(w—e).

O

Definition 19. Given a sequence of vertices vy, ..., Uy, 6 fresh segment is a consecutive subsequence
Vgy Vat1s---, Vb Such that no interior vertex of the segment has degree greater than 2 in the walk
graph of vy, ..., U, no interior vertex of the segment is equal to v,,, and the walk vy, ...,v, does not
traverse any of the segement’s edges. Call the segment nonrepeated if none of its edges occur in the

walk vy, ..., v, and repeated otherwise.

Lemma 9 (Walk decomposition lemma). Let vy, ..., v, define a walk in K, that has m + 1 — w
distinct vertices and m — e distinct edges. There exists a set of at most 3(w — e) + 1 fresh segments
of the walk that are disjoint except at end vertices, and such that every edge in the walk is in one of
these segments. Also, every end vertex of one of these segments is either vy, vy, or a vertex that is

repeated in the walk.

Proof. Let G’ be the walk graph of v1, ..., v,,. Let S consist of v1, v,,, and all vertices in G’ of degree
greater than 2. The total degree of all vertices in S is at most 6(w — e) 4+ 2, so G’ consists of these
vertices and at most 3(w — e) + 1 paths between them that do not contain any vertex from S. Once

the walk goes onto one of these paths, the facts that it is nonbacktracking, v,, is not in the path,
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and no vertex on the path has degree greater than 2 forces it to continue to the end of the path. The
walk must traverse each of these paths for the first time at some point. Therefore, the set of serieses

of vertices corresponding to the first traversals of these paths is the desired set of fresh segments. [

Definition 20. Given a sequence of vertices vy, ..., U, let its standard decomposition be the collec-

tion of fresh segments generated by the above construction for vy, ..., Up,.

Definition 21. Given a collection of fresh segments, let its measures be d,d’,t,t', where d is the
number of nonrepeated fresh segments in the collection, t is the sum of their lengths, d' is the number
of repeated fresh segments in the collection, and t’' is the sum of their lengths. Also, let the measures

of a series of vertices denote the measures of its standard decomposition.

6.2.2 The shard decomposition

The next step in the proof is to establish an upper bound on |E[W(,, . c,.)r((v0, ..., vm))]| when
(Coy++y €m); (V0, -, U ) satisfies some special properties. Then we will show that Wi, .. e,y ((Vo, -+, Um))
can always be expressed as a linear combination of shards, expressions of the form W(c'o,...,c:n i (W0, -5 v7,0))
that have the aforementioned properties. After that, we will show that if (co, ..., ¢ ) is chosen cor-
rectly, the magnitudes of the expected values of many of the shards of Wi, . c.)m((vo,.-svm))

must be fairly small.

Lemma 10. Letr > 1 and cq, ..., ¢y be a series of real numbers with cg = ¢, = 0. Also let vy, ..., Uy,
be a series of vertices with standard decomposition Ve, , ..., Vby;, Vays - s Ubys---sVays - Vb, , Ordered so
that b; < a;41 for each i. Assume that for any i,j such that v; occurs elsewhere in the series and
li —j| <r, ¢; =0. Then,

d k b—1

—_ d 70‘7 . J—
EW o, em)ir] (V05 s 0))]] < ™ S 2= (minp) 4TI Y- T 1Ny — e

i=1j=14'=a;

Proof. For any i such that ¢; # 0, i is at least r away from every element of the series that is
repeated. So, deleting v; for all ¢ in any subset of {i : ¢; # 0} has no effect on whether or not
V1, ..., Uy 18 T-nonbacktracking. If vy, ...v,, is not r-nonbacktracking, then the expected value of
Wico,....em)ir] (V05 s U )) is 0, and the conclusion holds. Now, consider the case where vy, ..., vy, is
r-nonbacktracking. Since any subsequence of vy, ..., v, resulting from deleting v; for which ¢; # 0 is
also r-nonbacktracking, the restriction that a vertex cannot repeat within r steps is irrelevant and

Wico.oorem)ir] (005 s vm)) = Wigg o eryi0] (V05 s Um)). Also, ve, and vy, are all repeated vertices
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except possibly vg and vy,. So, ¢,, = 0 and ¢, = 0 for all <. That implies that

Wicoriem)[0] (V05 s 0m)) = Wieo o ca )10) (V05 -5Va1))  Wiey ey 101 (Vay s -5 Vb))
' W(Cbl,-u,cw)[()]((vbu ceey va’z)) : W(Ca27~~-7cb2)[0]((va2’ ey sz))

. W(de,-~.,cm)[0] (('Ubd7 ceey Um)).

If v; is not part of one of the fresh segments, then v; is a repetition of a vertex that is in one of

them, so ¢; = 0. Thus,

Wieoonea)[0]((V0; -3 Va1)) * Wiey, a0 (V015 o5 Va5)) oo s Wiey e 0] (U5 -5 Um))

is either 0 or 1. If it is O then there is some v;,v; 41 that are not part of any of the fresh segements
and do not have an edge between them. By the previous lemma, there must exist 1 < ¢ < d and
a; < j <b; —1 such that {v;,v;41} = {vj,vj41}, and since the vertices are repeated, ¢; = ¢j4+1 = 0.

So, the lack of an edge between them means that Wi, ¢, yj0]((Va,; - vp,)) = 0. Either way,

d
Wee,oroiem) 0 (V05 - 0m)) = [ ] Weea .ooco) 10 (Vays s 05,))-

i=1

The fresh segments in a standard decomposition only intersect at their endpoints, so for a fixed

assignment of communities to the endpoints,

d
EWeqocm)r] (05 -0 v DI = [T IEWica, o0y 101 (Vs -0 v5))|
i=1
bi—1
=p b “‘H\egv _P_1 H (PQ —ci1 eovb\
i'=a;
d k bi—1
<p-2bi- % (minp;)~ HZ H [Aj — ¢
=1j=14=a,

O

Of course, for general cg,...,c, and v, ..., v, the condition that ¢; = 0 whenever there is a

repeated vertex v; with |¢ — j| < r may not be satisfied. We can deal with that using the fact that
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for arbitrary cg, ..., Cm, Vo, -y Um, 7, and i,

W(co,“.,ci,l,ci,ci+1,“.,cm)[r] ((’UO, ey Vi—1, Uiy Vg 1y -eny Um))

= Wicoici1.0,ci41semsem) [r] (V05 0y Vim1, Uiy Vi 15 o0y U )

Ci

- gW(CU,...,ci,l,ci+1,...,cm)[r] ((UOa ey Vi—1, Vi1 -ny Um))

So, for any co, ..., ¢y With co = ¢, = 0, v, ..., U, and 7, we can express W, . c. (o, .s Um))
as a linear combination of expressions that the above lemma applies to by means of the following

algorithm.

path—sum—conversion(W(CO,m,cm)[r] ((U07 ey Um)))1
1. If there exist ¢ and j such that v; = v;, ¢; # 0, and ¢; = 0, return

path-sum-conversion(Wc,,....c;_1,0,cis1,....cm)[r] (V05 -0 Vi1, Vis Vi 15 0, U )))

C; .
— ipath-Sum‘COHVeTSIOH(W(CO,‘..,ci,l,ciﬂ,m,cm)[r]((U07 ey Vi 15 Vit 15 -y U )))

2. Otherwise, if there exist j # j’ such that v; = v;, and ¢ such that 0 < |i — j| < r and ¢; # 0,
return

path-sum-conversion(Wic,.,....c;_1,0,cis1,..em)r] (V05 -0y Vi1, Vi, Vit 1, o0y Um)))
C; .
— Epath-Sum-COHVerSIOH(W(CO,‘.,7@,1,c,i+1,...7cm)[r]((U07 ooy Vi 15 Vit 1y ooy U ) ))
3. Otherwise, if there exist ¢ # j such that v; = v;, ¢; # 0, and ¢; # 0, return
path-sum-conversion(Wic,,....c;_1,0,cis1,....cm)r] (V05 -0y Vi1, V4, Vig 15 0, Um )

C; .
_ gpath—sum—conversmn(W(COwvci_l7ci+17_”7cm)[r]((v(h ey Vi 15 Vi 1y ooy U )))

4. Otherwise, if there exist ¢ # j such that |i — j| <, and v; = v;, return 0.

5. Otherwise, return Wi, . ¢y (V05 s Vm)))

m

If there is more than one 7 satisfying the conditions of the case under consideration, the al-
gorithm should choose one according to some rule, such as always using the smallest. Also, note
that this algorithm exists as a proof technique allowing us to replace any expression of the form
Wico,..o.em)ir] (V05 s U ))) with a sum of expressions of the form W(c(’],...,c:n,)[r]((véa~-~7U;n/))) that

the previous lemma applies to. We would never actually run it.

Lemma 11. Path-sum-conversion(W,, .. . (Vo ..., vm))) always terminates. Furthermore, if
there are no i,j such that ¢; # 0, ¢; # 0, and |[i — j| < r, then for any Wiey...er i (Vs )

that appears in the expression it outputs and any v; that was deleted in the process of going from
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Wico,.orem)ir] (V05 s Um))) o Wies,.... i (Vs 5 v7,0)), at least one of the following holds. There
exists i’ such that v}, = v;, or there exists j such that |i — j| <, v; was not deleted in the process of

going from Wc, .. c.)ir1 (V05 -y vm))) to Wiy o0 yir) (0, -5 v;,0)), and v; appears more than once

/
m’

in the list (vg, ..., Vy,:). Also, if co = ¢ = 0, then for any Wigy .o yir) (00, s v;,0)) that appears in

the expression it outputs, ¢y = ¢, = 0.

Proof. The fact that the algorithm terminates follows immediately from the fact that when it re-
curses, each iteration of the algorithm has one fewer nonzero element of (co, ..., ¢;,) than its parent
iteration, so it goes down at most m layers. Now, assume that there are no i, j such that ¢; # 0,
¢; # 0, and |¢ — j| < r. The algorithm only ever deletes ¢; that have nonzero values, so this will

continue to hold for any (¢, ..., c},,) that (co, ..., ¢,) is converted to. Likewise, if ¢g = ¢, = 0, then

the first and last elements of any (cf, ..., c.,.,) that (co, ..., ¢m ) is converted to will always be 0. Also,

m/

note that if ¢; = 0, then v; will never be deleted.

Now, if the algorithm deletes v; as an instance of case 1, then there exists j such that v; = v; and
c¢; = 0. v; will never be deleted, and will thus be in any expression resulting from this deletion. If the
algorithm deletes v; as an instance of case 2, then there exist j # j’ with v; = vy and 0 < |i—j| < r.
We know that c¢; = 0 because ¢; # 0 and ¢ and j are within r of each other. c;; = 0 as well, because
if it did not, ¢ = j',j = j would have satisfied the conditions for case 1. So, neither v; nor v, will
ever be deleted, and thus v; will appear more than once in the paths for any expression resulting
from this deletion. If the algorithm deletes v; as an instance of case 3, then it must be the case that
for every i’ such that v; = vy, there do not exist j # j’ such that 0 < |¢/ — j| < r and v; = v,

There is no way for any operation the algorithm performs to result in such 7 and 7' coming into

existence, so if at any future point there is only one element of (v, ..., v/ ,) that is equal to v;, there

ey Uppr

is no case under which that element will be deleted. So, any (v, ..., v},,) resulting from this deletion

e Up,
will contain at least one element equal to v;. O

Definition 22. Wiey....er )[T]((vé, s U0)) is a level © shard of W(le__,cm)[r]((vo, ey Um)) if

m/’

Wie,...e )i (Vs -, 0y,0)) is one of the expressions in the sum resulting from

m

path-sum-conversion(Wic, ... c..)ir] (V0 --.; vm))) and exactly x of the vertices that were deleted in the

process of converting Wie,. . c,.)ir) ((V0, s vm)) to Wier e 3 ((vg, -, y,0)) are repetitions of ver-

/
m’

tices in (vg, ..., vp,r). For a given Wie, o i) (V0 o Um)), Shar(Wie,.....cooy i (o, -, vm))) denotes

the set of all of its shards, and Shar,(Wic,,....c,.)r((Vo, ..., Um))) denotes the set of its level x shards.

Definition 23. Let an eigenvalue approzimation be an ordered tuple Ny, ..., N;_; such that |X\;—X;| <

[XNi = X | for all i and i'. Call such a tuple A-bounded if |N;| < A and |X;| < A for alli. Also, let the
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o ,
error of such an approximation be max; |\, — \j|.

Definition 24. Given integers 1,1, a tuple N|,...,\._1, and a sequence co, ..., Cm, let the sequence
be an l[r]-cycle of (A},..., \s_1) if and only if (2r + 1)(s — 1) <1, ¢; = N} for all i and j such that
i < m —r and the remainder of i when divided by l is (2r + 1)j, and ¢; = 0 whenever there is no
j such that the above holds. Note that the first and last elements of an l[r] cycle are always 0, and

that if (2r +1)(s — 1) <1 there exists a unique l[r]-cycle of length m for every m.

Lemma 12. Let Mj,...,\._; be a A-bounded eigenvalue approximation and co,...,cn be an l[r]-
cycle of this approximation for some I, > 0. Then, let vy, ...,v, be a series of vertices, and let
W(c(ym,c;n/)[,.}((v{), o Up)) be a level © shard of Wie, .. c.)ir) (V0 s vm))). Finally, let d,d’,t,t" be
the measures of (v, ...,v].,) and t"" = [M] Then

m’

|E(W(cg,..‘,c;n,)[7‘](<v(l)’ ...,U:n/))|

¢! 4 . —d—d' \t t—(2z+d)(s—1)—I- t"" —2x,0),0
< gttt (min p;) d d)\1+maX( (2z+d)(s—1)—1-max( z,0),0)

. ()\1 _|_A)tfmax(tf(quLd)(sf1)7l-max(t”72&0,0),0)7l<max(t”72m,0)

s—1 max(t"’ —2z,0)
. l—s+1 H Y
<1rg]a§<k A ] 1 1A M) :
1=

Proof. Let vy, ..., Uy s Vg, ey Uy seesVUg s o, Uy, DE the nonrepeated fresh segments in the standard
decomposition of (v, ...,v,,, ), and v;,l,...,vl’),l, ”:1'27 ...,vgé,...,v;;,, ...,vg,d, be the repeated fresh seg-
ments in its standard decomposition. For arbitrary 1 < ¢ < d' and a] < ¢’ < b}, we have that v,
either is a repeated vertex or is within one step of one. So, ¢}, = 0. We know from a previous lemma

that

| [W(co, el ,)[r]((UO7"" ;n’))”

d k bi—1 d k bj—1
—t—t' . —d—d’ / /
<ot minp) (T132 TT =l | (1S TT v
=1j=1i=a, i=1j=14i'=a}

b;—1 d k bj—1
< n—t—t'kd(mlnp (H 1213‘3?1@ H |\ — ) HZ H |\

i'=a; i=1j=14i'=a/,
d bi—1 d -
!
< =t A+ (1in d—d max H N —c H H A
< (o) [T s, TT 1y =<t N
— i=a, i=11i'=a)

d b;—1
!’ ! ! /
< pttpdtd (minpi)_d_d A (I I max | I |A; — c;,|> .
LLli<i<k



Now, for each 0 < i < m’, define f(i) such that vy(;) corresponds to v;. Also, for each 0 <i < m,
define g(i) so that Uf](i) corresponds to v;, or v;41 if v; has been deleted. Also, for each 1 < i < d,
let y; be the largest integer such that g(f(a; +r+1)+1-y;) < b; —r, or 0 if a; + 2r > b;. Note that

for any ¢/ >4, ¢’ —i > g(i') — g(i). As a result,

d d
Zz_;yiz};f(ai+r+1)+l.yi_f(ai+r+1)
d
2%Zg(f(ai‘FT"Fl)"‘l'yi)_g(f(ai+r+1))
i=1

t—d(2r+1+1)
l )

v

d
1
XZbi—r—l—(ai—Fr—t—l):
i=1

because |g(z) — g(z’)| < |z — 2’| for all z and 2’ and g(f(a; +r+ 1) +1- (y; +1)) > b; —r. So,

Z?:l yi >t

For every i, either a; = 0 or v}, is repeated somewhere else in (v, ...,v;, ). Likewise, either
b; =m’ or vy_is repeated somewhere else in (vp, ..., vy, ). The first r + 1 and last r + 1 of the ¢; are
0, and whenever there exists j such that |i — j| < r and v is a repeated vertex c; is 0, so ¢; = 0
whenever a; < j < a; +7r or by —r < j <b; for some i. Also, forany 1 <i<dand 1< j <y;, it
is the case that g(f(a; +7+1)+1-7) —g(f(a; +r+1)+1-(j —1)) = [ unless one of the vertices
Vf(azfr+1)+1-(i=1)5 = Vf (a4r+1)+1.j—1 Was deleted and {c;(f(ai+T+1)+l‘(j_1))7 "'7C;(f(ai+r+1)+l‘j—1)}
consists of one copy of A}, for each h” and I — (s — 1) copies of 0 unless one of the vertices
Vf(aitr+1)+1-(i—1)s = Vf (ai+r+1)+1-j—1 Was deleted or one of Cp(q, 1r41)41-(j—1)» > Cf(as+r41)+1.j—1 Was
set to 0 as a result of the corresponding vertex being within distance r of a vertex that was repeated
somewhere else in the walk. The entirety of the block is at least r away from any vertex that is
repeated in (v}, ...v],,), so the second case is only possible if the other copy of that vertex was sub-
sequently deleted. So, at most x blocks fall under each of these two cases, which means that there

are at least max(t” — 2z,0) uncorrupted blocks. Each corrupted block has at most one ¢, with a

value of A}, for each h" and there is at most one ¢; with a value of Apv between ¢ (. 1 ri1) 414,
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and ¢}, for each i and h". So,

d b;—1
[ e, T1 1 -
=1 - 1’—a
bi—1
< H max H I\; — il
. 1<5<k |
1<i<d:b;—a; <2r i =a;
a;+r vi  9(f(aitr+1)+1d")-1 bi—1
H max H |\ — ¢l H H |\ — ¢l H |\ — ¢l
1<j<k ;
,1Sisd: i'=a; i'=1i"=g(f(ai+r+1)+1-(i’—1)) =g(f(ai+r+1)+1l-y;)
i—a; T

max(t"' —2z,0)
l—s+1 RV max(t—(2z+d)(s—1)—Il-max(t'' —2x,0),0)
< <1r£1aé(k|)\ | I | IA; — A3l > Al

. ()\1 + A)t—max(t—(2w+d)(s—1)—l~max(t”—2:8,0),0)—l~max(t”—2x,O).

O

Lemma 13. Let ¢, ...,cm, be a sequence of real numbers with at most y nonzero elements, and
vy, ...V, be vertices. For any integer x, there are at most 3¥(m + 1)"n™~ m' =T pairs of a sequence
of vertices v1, ..., Uy, and a sequence of real numbers ¢y, ..., c,,, such that W(C())_”,c:n,)[r}((v(’), e UL))

is a level x shard of Wic,. .. c..yir](V0, s )

Proof. Path-sum-conversion only deletes vertices that have a nonzero coresponding element of ¢y, ..., ¢,
so there are at most 3Y possibilities for where the vertices that were deleted originally were, and

which of them were copies of vertices in v{,...,v},,. There are at most (m + 1)* possibilities for

m’*

’
! m—-m —T

the identities of the x deleted vertices that are repetitions of vertices in (vg, ..., v},,) and n
possiblilities for the remaining m — m’ — = deleted vertices. Furthermore, once the deleted ver-
tices and their original locations are specified, the only sequence of vertices that could give rise to
V4, -, Uy after that sequence of deletions is the sequence formed by splicing the deleted vertices into
VG ey Uhy at the specified locations. Also, whenever path-sum-conversion recurses, the vertex that
the current iteration was considering is deleted in one child iteration, and it is not deleted in any of
the expressions resulting from the other branch. So, only one of the expressions in the sum output
by path — sum — conversion(Wc,.....c,.)r]((Vo, ..., Um))) results from the specified series of deletions,

which means that the list of deleted vertices and their original locations implies a unique value of

(Chsvees i) O

Lemma 14. Let M, .., \,_; be a A-bounded eigenvalue approzimation and co,...,cm be an l[r]-

cycle of this approzimation for some l and r > 0. Then, let vy, ...,v,, be a series of vertices, and

74



/

let Wer ...t )ir) (Vg -, 07,0)) be a level x shard of Wi, . c,.)ir]((Vo, s Um))) such that v, ..., v),
is nonbacktracking. The absolute value of the coefficient of Wicr . o )ir) (v, s Vp,r)) im0 the sum
resulting from path-sum-conversion(Wc, . ....c,.\ir]((Vo, .., Um))) is at most (A/n)m_m/.

M )C’"L

Proof. First, note that since r > 1, for any ¢ < ¢’ such that ¢; # 0 and ¢;s # 0, it must be the case
that ¢ — 4 > 3. Now, let I and I’ be two distinct subsets of {i : ¢; # 0} with m — m/ elements,
and choose the smallest ¢ € (I\I') U (I'\I). Assume without loss of generality that ¢ € I. Note
that m > i + 3 because I'/I # 0, and the smallest ¢ > i such that ¢;; # 0 is at least i + 3.
Now, let ¢t = [INA{0,....,i — 1}| = |I' N {0,...,i — 1}|. Deleting all vertices from vy, ..., v, that have
indices in I leaves v;12 in the (i + 1 — t)th position, while deleting the vertices that have indices
in I’ leaves v;y1 in that position. So, if v;11 # v;y2 the resulting sequences are different and if
Vi41 = V4o the resulting sequences backtrack. Thus, there is only one subseries of vertices that

can be deleted from vy, ..., v, to yield v, ...,v. ,. That means that there is only one route through

.y nl/.
which path-sum-conversion(Wi,. .. c,.)ir) ((V0, -+, vm))) arrives at Wier v i (00, .y vy,)). Every
time the algorithm deletes a vertex, it multiplies the expression’s coefficient by —c;/n, where i is

that vertex’s original index in wvo, ..., ;. So, the conclusion holds because | — ¢;/n| < A/n for all

i. O

6.2.3 Bounding the variance of W, 5

The previous section provides the key techniques we will need to prove bounds. Now we need to

apply them. We need to prove that expression involving W,, s are within a certain range with high

probability rather than merely computing their expected values, which requires us to bound their

variances. That, in turn, will require us to bound the expected values of expressions of the form

Wico,.oem)ir] (V05 -5 vm)) = Wieg. o en)ir] (V95 -5 v7,)). In order to convert that to something more

familiar, let uq,...,u,, be some new vertices that are adjacent to every vertex in r, and then note
" "

that for any cg, ..., cm,, €, -, €, € Rand vo, ..., Uy, 00, .y vy, € G,

W(co,...,cml)[r] ((U07 coey Umy )) : W(c(’)’,...,c;;z)[r] ((Uga ceey Umz))

. " " "
- VV((:O,...,(:m1 ,0,...,0,el! el .,c'o’)[r]((v07 vy Umyg s UL, U2y vey Upy Uy s Uppyy 15 w005 UO))

“mg I mg—17""

because all of the vertices are connected to the u; and they create enough distance between the v;
and the v}’ that they will never be within r of each other. Next we will establish a series of bounds

on the expected values of these expressions, starting with the following.
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Lemma 15. Let A}, ..., \,_; be a A-bounded eigenvalue approzimation with error at most 2A(min; | A\s—
Nl JAN) TN /AIT T and co, ..., Cmy and cf, ..., ¢l be U[r]-cycles of this approzimation for some
and r. Then, let (cg',...,con tmpiri1) = (Coy ooy Cmys 0,000,000 Chr g 5.scq), where there are v 0s

in the middle. Next, let Vo, ..., Uy, V0, o Uy, € G and Wigy o /[T])((vé,. vl ))) be a level x shard

m/’

of W(cg”,m,r:’,’nfl+m2+r+1)[r}((U‘J’""Um7u1>u2’ ey Upy Ul 01 1o vl)). Define w and e such that there

are m’ + 1 —w distinct vertices in v, ...,v,,, and m' — e distinct unordered pairs {vj,vj }, and let

m" =m/ —r—1. Then my +ms —m"” <z +6(w—e)+2+e/r. Also, if (A/|N)}7°TL > 2571 and

A2 > A, then
[EWie,....ct i (V05 - Vinr))]
< nefm (257116/ minpi)3w73e+2|>\s‘m” (2A/|)\s|)(8—1)m”/l
(3w—3e+2)(I4+2r+1)
S(A/XD)° (Aot 12t e) l (A/|Ag])2( ot
and also

[E(Wiey,..t )] (V0 oo V7))
m///l

s—1
< o™ (I (min py) 206+ 2p B 48w 2) () (Sgljagh A= T - A§|>

—e/l
. 2 l s+1 I |
(sgljaé(h()\ /A) /A>

_ (3w73e+2l)(l+2r+1) o

s—1
- (gjaghw/m““ T - A;|/A>

i=1

Proof. First, consider the standard decomposition of (v, ..., v},,). The only vertices that could have

m/
been deleted are vertices within r of the edge of a fresh segement with nonzero corresponding values

/11

of ¢’, vertices that are not in a fresh segment with nonzero corresponding values of ¢}’, and the

x vertices that were deleted as copies of vertices in vy, ... There are at most 2e indices ¢ such

) m’
that (vj,vj ;) is not in a fresh segment and there are no 7 and 4’ such that |i —i'| < 2r, ¢} # 0, and

e/ # 0. So, there are at most 6(w — e) + 2 + e/r vertices with nonzero ¢;’ that are not in a fresh
segment and farther than r from its edge.

Now, remove uy,...,u, from whichever fresh segment they are in, splitting it into two fresh

segments on either side of uq, ..., u, if necessary. Let d,d’,t,t’ be the measures of the resulting set of
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. By the walk decomposition lemma, d + d’ < 3(w — e) + 2.

fresh segments, and t” = [M-‘

Also, note that every edge in one of the repeated fresh segments is repeated later in the walk. So,
t+ 2t < m”. Every edge except those that involve the u; appears exactly once in a fresh segment,

sot+t =m” —eandt>m"” —2e. On another note, for every j < s, we have that

s—1

I TT I = X< AT = A (28)° 2
i=1
s—1
< A" (min Ay = Asl/2)570 < A T A = AL
! i=1
Also, for every j > s, we have that
s—1
1T I = X< Il ot @A)
i=1

That means that if (A/|As|)!75+1 > 2571 and A2 > A then

‘E(W(cé],...,c’ ,)[7’]((”67 ""U;n’))‘

m

’ ’ ! — —1)—1- "_
< ot kd+d (minpi)_d_d )\i +max(t—(2z+d)(s—1)—1-max(t"' —2z,0),0)

. (Al +A)tfmax(tf(2z+d)(sfl)fl»max(t”721,0),O)fl-max(t”72a:,0)

o—1 max(t' —2x,0)
. )\'lfs+1H A*A/
(fgj‘@gﬁ il J 1| j il
1=

< nefm”derd' (rninpi)fd*d/ (QA)(2w+d)(sfl)
s<j<h

o1 max(t"’ —2z,0)
. Am”fef(2m+d)(sfl)fl-max(t”72:1:,0) ( max |)\j|lfs+1 H |>\J o /\i|>
=1

< nefm”(k/(minpi))S(w7e)+22(2w+3(w76)+2)(57l)Am”fe

"
m'/ —2e— (3w—13e+2)(z+2r+1) o

. ( max (\)\j|/A)l_s+l 1:[ IAj — /\;|/A>

s<j<h
=I= =1

871 m,//l
_ ne—m”(k/(minpi))3(w—e)+22(2w+3(w—e)+2)(s—1) (S@f}h |>\j|l—s+1 H |>\J _ )\”)
=I5 i=1

s—1 —e/l
: ( max (A2/A) T\ - A;)Q/A>
i=1

s<j<h

_ (31U73e+2l)(l+21'+1) o

: ( max (|;]/A)' ]:[ A = AQI/A>

s<j<h
== =1
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Alternately,

0,...,c:n,)[r]((vé)> "'71}1/71’))'

Y ’ . B 7] / —(2 —1)—1- "_o
<n t—t derd (mmpi) d—d >\t1 +max(t—(2z+d)(s—1)—l-max(t z,0),0)

. ()\1 +A)t—max(t—(2ac+d)(s—l)—l~max(t”—2:16,0),0)—l~max(t”—2x,0)

s—1 max(t"’ —2z,0)
. l—s+1 H Y
(féljagxk A1 11 1A )‘z|>
i=

< ne—m”kd+d/ (mil’lpi)_d_d,2(2r+d)(s_l)Am”_e ((l)\s|/1\)l_s+128_1)t —2z
" , , . m'! —2e—d(142r+1)
< pemm kd+d (minpi)_d_d 2d(s—1)Am —e ((|)\5|/A)l_s+123_1> 7 (A/|)\5D2(l_s+l)x

< nefm”derd' (minpi)fdfd'2d(sfl)

(A ) (A2 sy )

d(l4+2r+1)
7

. ((|>\s|/A)lfs+12571)7 (A/‘AS|)2(173+1)36

< ne—m”kd+d/ (minpi)_d_d/Qd(s_l) |)\S|m” ((QA/|)\5|)S_1)m /1

d(l+2r+1)

. (A/)\i)e ((|)\S|/A)lfs+12571)7 1 (A/|AS|)2(Z73+1)$

< ne—m”(23—1k,/ minpi)3u1—3e+2|)\slm” (2A/|)\S|)(s—1)m’//l

(Bw—3e+2)(1+2r+1)
1

(A/ADE ((AIAs]) o2t e) (A/|As])2 oDz,

O

Definition 25. W . )i (vg, - v7,0)) is a degree z shard for (01,02, 03,04), m1, ma, 7, (Co, s Cimy )5

and (¢, ..., ¢y, ) if there exists x € Z and vg, ..., Uy, V(5 .

"
ma

such that Wier o 3 (Vs s V)

m/
is a level x shard of

" " " - N
Wico,....cm, 0peenssh et el Ir] (V05 ooy Uiy s Uy ooy Uy Uy Uyt 15 205 UG ), the number of distinct sets

{vi,vi 1} minus the number of distinct vertices in vy, ...,v,,, is z —x — 1, and vy, Um,, vy, and vy,

are in communities o1, 02, 03, and o4 Tespectively.

Lemma 16 (Degree bound lemma). For any functions my and ms of n such that my, ms = O(logn),
there exists T such that for any r > ro, z > 0, and A, s, such that (A/|\;|)!75F > 2571 A2 >
A> A, 1> (20 +1)(s— 1), and X222 T2 (A — M)2 > (20)2720FL the following holds. Let
Ay Xy be a A-bounded eigenvalue approzimation and cy, ..., Cm, and cg, ..., cp, be lr]-cycles of

this approzimation with error less than 2A(ming [N — \;|/4A)* L\ /A|'=5FL. For any o1, 09,03, 04,

the expected value of the sum of the absolute values of all shards of degree at least z for (o1, 02,03,04),
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mi, ma, 7, (Cos s Cmy ), and (cg, ..., Cpr,) times their coefficients is O(n5=52)/6 1T |1 As — ci| - T |1 As —

).

Proof. Let m = my + msy. For any given z, w, m’, and e with z + w —e > z and z < my +

mo+r+1—m' <z+4+6(w-—e)+2+e/r, the expected sum of the values of all level = shards

/! /! : li 3 /
for (Uvo,avm,avg,ov%), mi, Ma, 7, (Coy .-y Cmy ), and (cq, ..., ¢, ) with m/ + 1 vertices, m’ +1 —w

distinct vertices, and m’ — e distinct adjacent pairs of vertices has an absolute value of at most

Z (A/n)m+r+lfm/

(Whreenst! 0 € (W), Y= 41—, [{{0] 0], O i< Y |=m/ e, (ch..ncl, ) ERM/+1

m m

EWiegnner ) (005 -y Vi )]
. ‘{(1}1, ...,vml_l,vi’, "'71}1/-:12—1) . W(%’m)c:nl)(’ué, ...,U:n/)
€ Sha'ra:(W(co,...,cml,0,...,O,c;§L2,...,cg’)[r]((UO7 vy Uy, Uy vey U,y U’Z],Q? ey v/Ol)))H

m/+1

< [Qnm/,w+1(m +r+ 2)4(wfe)22|' T ](w—e)] . (A/n)m+r+17m’

. [3m/r(m + 2)xnm+1—m/—w] . [ne—m/+r+l(2s—1k/ minpi)3w—3e+2|)\s|m/—r—l

' (Bw—3e42)(42rt1)
. (2A/|)\s‘)(3—1)'(m —r=1)/l (A/)\f)e ((A/‘)\s|)l75+12175> 7 (A/|>\s‘)2(l75+1)m]

m/+1

< ne—w+13/6—w22]' T (w—e) (m 44+ 2)4(w—e)+a:Am+r+1—m’ (A/Ag)e

2(2571]6/ minpi)3w73e+2|/\s|m'7r71 (2A/|/\S|)(s—1)~(m’—r—1)/l

(Bw—3e+2)(1+2r+1)
1

(A A2t (A/| |20+ D=

_ |>\s‘m (2A/|AS|)(S_1)m/l . nefw+13/67x22|—”:';_‘Fll'l(w—e)
. 2(m 4o+ 2)4(w—e)+z(A/)\z)e(2s—lk/ minpi)3w—3e+2(A/|>\s|(2A/|)\S|)—(s—1)/l)m+r+1_m’

(3w—3e+2)(142r41)
1

(/A2 (A/|A|)20- 5+ D)=

and the last term above is upper-bounded by
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|)\ |m (2A/|)\ |)’m(s 1)/1 ne- w+13/6— ac22(m:r+rl+2](w—e)

. 2(m 4 2)4(wfe)+w(A/)\§)e(2371k/ minpi)3w736+2(A/|)\s|(2A/|)\5|)7(571)/l)w+6(w76)+2+6/r

(3w—3e+2)(I4+2r+1)

. ((A/|)\S‘>l—s+121—s) I (A/‘)\S|)2(l_s+1)x

< 2™ (2A/ AT (@0 e/ min )P (A/ X (A A T/

21 2 +1)

(/D412 83/ (4 2)(A/ XS R/ ™D A/ AP0 /)

r s—1 3(42r41) w—e
(2rmtre2y 2574k A (s—1)/1 l—s+1ol—s
(2755 ot -+ 2 D A/ (/)2

A" A e/r
. 2A (s=1)/1
(5 - e en/nD-

< |)\S|mn(14—5z)/6

provided that r > 12m/logy(n) and n is sufficiently large. There are at most 2(s — 1) + (s — 1)m/I
indices 4 such that ¢; # 0 or ¢/ # 0, 50 |Xs| 7™ [T |Xs — | [T |Xs — €] > (ming < |[As — Ao |/2) 57D/,

n(15=52)/6 T | As — ¢i| - [T |1As — /). 0

So, as long as g is large enough that 5% In(ming <5 [As —As[/2) < In(n)/3, then |\g|n(14=52)/6 <

Lemma 17. Assume that m, A, N}, ..., \,_1, 1, v, and (co, ..., ¢m) satisfy the conditions of the degree
bound lemma. Also asume that m = Q(logn) and either s = h' or |Ag| > |As+1|. Now, let w be an
eigenvector of PQ) with an eigenvalue of ;. If j # s then with probability 1 —o(1) the average value
over all v of we, Wi, /¢ci3(2,v) /Do, is O(W [T1As —cil) and if j = s then the average value over
all v of o, Wy, /1c,3(2,0) /s, is @(ﬁ [TIA; — ¢il) with probability 1 — o(1).

Proof. Let m"" = |/In(n)], unless €| /i) # 0, in which case let m"” = |/In(n)] + 1. The

first step in proving the desired bounds is to justify approximating Zveﬂj Win){esy (2, v) with

m
D vorsvy el Foo Wieo,ooie i) (V0 s tmr Jeo, T 1 (PQ —ci)ej. In order to do that, we
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observe that for any j,

m
E E Win/geiy (w,0) — E Tug * Wico e r] (V05 -y Umerr)eg, - H (PQ —ci)e;
vEQ; VOyeey Uyttt €EG i=m'""+1
= E[( E xvoW(co,...,cm,)[r] ('Uo, ...,’Um)
V0,0,V €G1Um €82
1
2
~ Zuy Wiegoiepn i) (W05 s v )eg, o [ = (PQ = ci)es)?)
i=m/"+1
_ / /
= E[( E Lo Ty Wieo,.ooem 0,0, ennsco) [r] (V05 oy Uy Uy wony Uy Uy vy V)
VO 4ee ey Vi ;UG 5ee ey Uy EG 1y 0! €Q
m
/ ’
- xvox’uéW(CU,...,cm,O,.A.,O,cmm,...,co)['r] (U07 ey Uy Uy ooy Uy Ugyriry oney ’UO)eo'vl " . H 7(PQ - ci)ej
m i=m/ 41
1
/ /
_xvg‘rv(’]W(co,...,cmm,0,...,0,0,,,,...,00)[7“](UOv~~~7Um”’au17~~~aurvvm7'~'7U(])ecrvm,,, . H *(PQ _Ci)ej
i=m/"+1

/ /!
+ xUOmU([]W(CO,»--,C7,L///707---7O»C7n///7-~»7C0)[7’] (UO, ey U7 s Uty ey Upy 'Um///, ceey Uo)

<ef’vmm i %(PQ _Ci)eJ) <e%;n,// il %(PQ —Ci)€j>)]

i=m/" 41 i=m'" 41

Note that Efvgv(] is 1 if vy = v, and 0 otherwise. So, the only (vo,...,0m), (v, ..., v),) that

make a nonzero contribution to the expected value of the sum above are those for which vy = vg.

Also, given any (vg, ..., Um ), (Vf, ..., U, ) such that vy, 41, ..., vy, are distinct, and {vpm41,...; Vm } N

({vo, cvey Vi } U0y ooy v, }) = 0, then for any assignment of communities t0 vy, Uy, and v),,, and

any possible value of the subgraph of G induced by {vo, ..., vy FU{{, ..., v}, }, the expected value of

U
. . m
Wico,....en)ir] (V05 -+, Um) given these values is Wiy, e, )] (V05 s U)o - [ [mpumr 1 (PQ —ci)e;.

That means that the expected contribution to the sum above of the terms corresponding to such

(V05 o Um ), (Vg -+, ¥y, ) 18 0. By the same logic, all (vo, ..., vm), (v, ..., v;,) such that v] ., ,..., v,
are distinct and {v], 1, ..., 05, } O ({0g, .o, V) } U {00, ..., vm }) = 0 have an expected contribution
of 0 to the sum above.

Now, let V' be the set of all pairs of tuples ((vg,...,0m), (U}, ...,v),)) such that vy = v], ei-
ther [{vm 41, o, Um }| < m —m"" or {vmm i1, ey vm } N ({00, ooy Ve U {0, ...y vl }) # 0, and either
{1y s U Y < m=m"" or {0 s s oy 01, YO ({00, -0y 0] FU {00, -, um }) # 0. Note that for ev-

1 . .
Ty Vg, ., Upyrr and 0, ..., vl , there are at most (2m+2)2n™~™" ~1 possible choices of vy/741, ..., U
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such that ((vo, ..., vm), (v, .., v,)) € V. So,

Y Ym

! /
E| g ‘.’IJUO.'IID(/)W(COW,ycm,0"“’0A’cm,,,,,,,,co)[T](’U(),...,'Um,'Uq,...,U/T,’Um/u,...,’ljo)
((v07___,vm),(’U(/],...,U%/))GV:’UM,’U;HGQ]'
m
1
€o, ./ ' H 7(PQ - ci)ejH
,,n/// ) n
i=m'""+1
m
2, m—m'"—1 m/'" —m :
<[(2m+2)°n ] In /(minp;) max H |Air — ¢
i 1<i'<h
- T da=m/41
! !
- B § IWico,osemi0secs0ieyuimrsesco) ] (V05 oy Uy ULy vy Uy Uppyrrr oy V)

’ ’ . ’ .
V05 Vm V505V ypr GG‘UmaU7n€Q]

m
_ 2 m-m'"—17 m'" —m 3 . L —
= [(2m + 2" ] [n fminp) mas, T 1 czﬂ
i=m

-0 [ n'o/6 H |As — ¢ H |As — cil
i=1 i=1
-0 <n5/6 I - ci)2>
i=1

where the second to last equality follows from the degree bound lemma and the fact that vy = v}
implies that every shard of a W in this expression has degree at least 1. The last equality follows from

the facts that [T~ .. [N\ — ¢i| = O(IT%, [As — ¢]) for any @' and m = O(In(n)). The same logic

—m! i=m'""
: : ! /
applies to the analagous expressions for Wic, e 1 .0.....0,cm...ico)[r] (V05 coos U775 Uy coey Uy Vg ey V)

and

, p C
Wicoreoser i 0reei0seyuimn soresco) ] (V05 oy Ut Uty oy Uy Vyiry o, V). This implies that

m
E{[ D Wojren@o) = Y @ Wieg,cpuird (V0 s vmm)ea, - [] (PQ—ci)e;
vEQ; VO, U111 €G i=m'""+1
! /
=K E W(co,...,cm,0,...,O,Cm,...,60)[7‘](UO>"'7’Um7u17"'>u7‘7vma"'aUO)

((©0,--,vm ), (V5,00 ))EV 20 0L €€

+0 <n5/6 10 - ci)2)

If the Wicy,. .. .co.0,s0,cmsensco)[r] (V05 +os Vs Uty ooy U, Uy ooy ) are broken down into weighted

m’ "

sums of shards, then every resulting shard has degree at least 1 for the same reason as in the previous

cases, and all resulting shards of degree at least 2 have a combined contribution to the expected
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value of at most n%/6 [, (A\s — ¢;)? by the degree bound lemma. Now, let Wich.e i) (V05 o5 Vi)

m

be a degree 1 shard of Wic,,... .c;n.0,....0,cmy..sco)[r] (V05 o5 Uy Uty vy U, V) v() for some

ms ey

((v0y +oes Um), (Vs -y 0L,)) € V.o Also, let H be the walk graph of vy, ...,v/,, with uq,...,u, re-

s Ym

moved. We know that v = vg = v) = v/

s so H is connected. That means that the only

"

") can be a degree 1 shard is if H is a tree and no vertex that

way that W(cé),‘..,c’ )] (1}6’,...,’(}

was deleted in the process of converting Wic,. ... .c,..0,....0.cm...sco)[r] (V05 o5 Urny Uty vovy U, Uy vg) to

ms ey

Wi, el )] (vg, ..., vl ) is repeated in vf,...,vlr,. So, there must exist some ¢, > 0 such that
vf =, _; forall i <to, v}y, ...,vl_, _; aredistinct, and {vf, ..., v YO {vp v} = 0.

Furthermore, since ((vo, ..., Um ), (V) ---, Ul,)) € V, there exist ¢ and ¢’ such that i > m’ and v; = v}, or
v; = vy with ¢ # ¢/. Either neither of the repeated elements were deleted in the process of converting
Wicososems0seeas0semseensco) 7] (V05 ooy Uy ULy ooy Uy Uy oy V) £O W(cg,...,c’m,)[r] (vg, ..., vl or they both were,
in which case v; must have been within r of a repeated vertex that was not deleted during the con-

version. The only vertices that could have been deleted during the conversion are those with nonzero

corresponding ¢;, so either way, we have that ty > s2-—m' — r. Also, by lemma 15, we have that

— 2r+1

[EWic.ooiet, )15 (V5 oo Vi)

s—1 (m'—=r—1)/1
< to—m/+r+1 s \\595(s—1) l—s+1 Y
<n (k/ (min p;))*2 (srgjaghIA | H A — Al )

—to/l
. 2 l s+1 | I
(sglja%{h()\ /A) /A>

_5Q42rtn)
[]

: ( max (|A;]/4) ! 1:[ A = AQI/A>

s<j<h

For fixed values of o and m/, there are at most 2m - n(™ ~%0=7) possible values of (v, ...,v/".).

rrm

Furthermore, for each possible value of (v, .. there are at most 2fo/r+lp2mtr+l-m’ oesihle

Ut );

values of v, ..., U, Vg, .o, Uy, and cg, ..., ¢, such that Wier o (v, .5 vy7,0) is a degree 1 shard

of Wico,....ems0reis0semseensco) 7] (V05 oy Uy Uty ooy Uy Uy -, U ), @and this shard has a coefficient with an

2m+r+1—m’

absolute value of at most (A/n) So, the combined contribution to the expected value
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from all degree 1 shards with a given value of tg and m’ is at most

s (m'—r—1)/1
to/r+2 2m+r+1—m’ s—1 : )5 l—s+1 o\
oto/T+2m A n(2°7k/(minp;)) (Srél]aéxh |Aj] 1:[ [Aj /\l|)

s—1 —to/l
l—s
: (sgjagh(A?/A) o H(Aj - A2)2/1\>

. 75(l+2lr+1)
. . l—s+1 0\
<513Ja<xh(l&l/A) [T~ xi/»
(2m—2m/"/(2r+1))/l
< 22m”/(2T+1)+1mAzm///(2T+1)n(25’1k/(minpi))5 <max BV H A — | >

—(mm —r)/l
. < max ()\2/A [=stl H /A)

s<j<h

_ 5(1+2r+1)
7

s—1
. l s+1 Y
(Sglagh(lx\ TN | Y M/A>

i=1
:O(nln )\ —¢) )

There are only O(In?(n)) possible values of o and m/, so the combined contribution of all degree

||::§

1 shards is O (nIn™%(n) [T%y(As — ¢;)?). So, with probability 1 — o(1), the average value over all

v € Qg of Wiy, /e,y (2, v) is within o(m IT1As — ¢il) of

1 m
— €5 - H (PQ - Ci) Z Lo - W(CU,...,cmm)[r]((vOa -~-avm”’))eavm,,

i=m' +1 (’Uo,u.,’um’///)

If w is an eigenvector of PQ with eigenvalue Aj;, then this means that the average value of

W, Wm/{ci}(x,v)/pgv is within o(m ITI1As = ¢cil) of

m

1
ﬁ H (>\j - Ci) Z Loy - W(co,...,cm/u)[ﬂ((v(), ceey Um/”))wdum,, /pm,m,,

i=m'"+1 (V0 53V 111)

For fixed G and o but not fixed x, the probability distribution of this expression is a normal

distribution with mean 0 and variance

2
1 m
2 II =c)*> > Wieo,oosem)r) (V05 s Ve ) Ws, [P,
i=m’ +1 vo (’Ul 1U7n’”)

With probability 1 — o(1), there is no vg € G that has more than one cycle within m'”’ edges
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of it, there are O(A2™"") vertices that have a cycle within m”” edges of them, and no vertex in the

graph has degree greater than In?(n). This implies that

2

Z Z W(co.,...,cmm)[r] ((UOa [EE) 'Um"’))wavm,, /pavm,, = O(n 1n2m (n))

Vo (’Ul ..... V11 )

If j # s, then there exists € > 0 such that ;2 .. (A —¢)* = O(n “[TiZ, 1 (As — ¢i)?), s0
the variance is o(m [T(A\s — ¢:)?). Thus, the specified average is O(W [T1As — ¢|) with
probability 1 — o(1), as desired.

Now, consider the case where j = s. If there is no cycle in the portion of the graph within

m' edges of vg then every nonbacktracking walk of length m’ or less starting at vg is a path. So,

conditioned on the absence of such cycles near vy, we have that

E Z W(cm...,cmu/)[r] ((U07 sy 'Um’”))worvm,, /po,l,m,/
(W1 Om)
m//,71 m/,,71
i i m'" —1—|{i:c;
=0 SN I A —e?/ 22| +o [ may T T (0] + feil)?
=1 i=1 i:¢i70
m///71
= H (As_ci)2
i=1

Furthermore, for any v and v’ there is no vertex within m’’ edges of both v and v’ with probability
1 —O(X2™" /n). So, the joint probability distribution of the subgraphs of G within m” edges of v
and v differs from the product of the individual distributions by O()\%m” /m). So, with probability

1 —o(1) we have that

2

m///_l
Z Z W(co,...,cmm)[r]((UOa -~-avm’”))wovm,/ /pcr,,m,/ =0 |n H (>\9 - Ci)2
Vo (V1 5eees V1) =1

Therefore, with probability 1—o(1), the average value over all v of w,, Wi, /¢c,1 (2,v) /Do, is \}@(H [As—

cil). O

Lemma 18. There exists a constant ro and mg = O(logn) such that if m, A, N,.., N, 1, 1, 7,

and (co, ..., cm) satisfy the conditions of the degree bound lemma, r > ro and m > mq, then for any
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communities 01,02,

|E Z Wieor.oren)ir] (005 s Um)) - Wieo o enyir] (05 5 - vm)) | |

2

Proof. Let Wi .. yir)((V0, - v;,0)) be a level z shard of

/
m

1 "
W(co ..... Cm,0,...,0,Cm ..ty CO)[T](<v07"'7Umaula"'7“7‘,’Um7"'7v0))a

and G’ be (v, ...,v!,,)’s walk graph. ¢o = ¢j =0, so v(, = v}, is the only vertex in G’ that can have
degree 1. Since ¢,,, = ¢/, =0, v, € G and it is adjacent to uy, u,, and V,,_1, meaning that v,, has
degree greater than 2 and this shard has nonzero degree.

By the degree bound lemma, the contribution to this expected value of all shards of degree
greater than 2 is O([J(As — ¢;)?). Now, assume that this shard has degree less than 3, and let G”
be G’ with ug, ..., u, and all of their edges removed. G” is still connected, and the only vertices that

might have degree 1 in it are vy and v,,. First, consider the case in which G” is a tree. It must be

a path, so v, ...,v,,, simply consists of a path, followed by a cycle, followed by the same path in

reverse. There are at most m/r nonzero elements of (cg, ..., ¢m, 0., ...; 0, ¢y .oy €0), 80 if I is the set of
indices of vertices in (Vg, ..., U, Uty -, Ur, Uiy, ..., U} ) that were deleted in the process of converting it

to this shard, there are at most 2/ possible values of I. Also, m’ = 2m+r+1— |I| and for a given

(2m+2—1])/2 /

possible values of (v, ..., v} /), each of which could have

ey Ut

value of I, there are at most n

I possible values of (vg, ..., vm,) and (v),...,v,). The coefficient of the shard

come from at most n
is at most (A/n)!l, and ¢} = 0 for all i. That means that Wies....r )ir) (Vs -, Uy,0)) I8 ome if each
of the m — [I[/2 edges in G" are also in G and 0 otherwise. So, [E[W(c; .o ) ((vgs s V)] =

O((\/n)™~11/2). That means that the total contribution to the expected value of all such shards

is O(2m/”Am/r)\;n7m/2rn). So, as long as
2 2 2(s — 1) .
m > 1n(n)/ | In(AS/A1) — In(4A° /M) /2r + fln min [Ai — Asl/2]|As]

2
the contribution to the expected value of all such shards is O ((Z?_S | J R \) ), as desired.

That leaves the case where G” is not a tree. The fact that the shard has degree less than 3
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implies that G’ has at most 1 more edges than vertices, so G” has at least as many vertices as edges.
So, if it is not a tree, it must have an equal number of edges and vertices, which means that it
contains exactly one cycle. The only vertices in G” that might have degree 1 are vy and v,,, so G”
consists of a cycle and two paths (possibly of length 0) that connect vg and vy, to the cycle. Now,
let e be the length of the path from vg to the cycle, ¢’ be the length of the path from v, to the cycle,

and |I| be the set of all indices of vertices in (vg, ..., U, Uty .oy Uy, VI, ..., 0]y ) that were deleted in the

m?

process of converting it to (v(, ..., v,,,). m’ =2m +r+ 1 — |I|, and the shard will have a coefficient

of magnitude at most (A/n)/!l. There are a few subcases to consider.

1. No edge in the cycle in G” shows up more than once in the walk defined by (v(,...,v),,):

In this case, there must be m’ — 2e — 2e’ —r — 1 = 2m — 2e — 2¢/ — |I| edges in the cycle. For
given values of e and €', there are at most (e 4+ €’)/r 4+ 2 indices of vertices that could have

3 LR " "
been deleted in the transition from W, oo 0....0.em,co)ir] (V05 ooy Vsny Uty ooy Uy Upyyy ooy 07 )

m>

to Wier.....cr )ir) (g, s Upyr))- For fixed values of e, €/, and I, there are at most p2m—e—e' =1

!/
m’

1]

possible values of (v, ..., v] ,), each of which could be derived from at most n!*! possible values

of (vg, ..., Um) and (v{, ..., vl ). Also, the absolute value of the shard’s expected value is at most

Y Ym

s—1 2m—|I])/1
et =2 / (min p;))828¢—Y) ( max [\ TN - >\§|>
=1

s<j<h

s—1 —(ete)/l
2/ A\l—s+1 a2
: <Sr<nja<xh(kj//\) [[1()‘] A) /A>
78(l+2lr+1)

s—1
: (Srgjagh(IAj/A)l‘s“ [T —xil/A

i=1

which means that all such shards for given values of e and ¢ have a combined expected

contribution of absolute value at most

>(2m—(e+e’)/r—2)/l

s—1
(et+e'+2r)/ro(ete’ +27) /7 . 1\898(s—1) l—s+1 Y
A 2 (k/(min po))?2 (Sg%w ITn -

s<j<h

s—1 —(e+e’)/l
: < max (A2/A)' T (N — /\Q)Q/A>

i=1
o 78(Z+21T+1)
' <sglj8t<xh(|)\j|//\)l_s+1 1T - /\§/A>

i=1

and thus all such shards for all e and ¢ have a combined expected contribution of absolute
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value at most

s—1 (2m—2)/1
2 s \\898(s—1) |l—s+1 Y
4A?(k/(min p;))®2 (ﬁ?ﬁ‘ﬂﬂ' IR )\l|>

i=1
_8(+2r+1)
7

s<j<h
SI= =1

s—1
: ( max (|A;|/A) 1N - AQI/A>
s—1 —(2r+1)/2r1] ~2
1— (40)Y/2 ( max (A2 /A)F75H H(Aj — A;)Q/A>
i=1

s<j<h

which is within a constant factor of

2
h m

s—1 2m/1 3
(félfgxh R e 1:[1 |A; = /\§|> =0 (D ]]i—ep)

i=s j=0

. Some but not all of the edges in the cycle in G” show up more than once in the walk defined
by (vg, ..., Ul ):

The only way for this to happen is if the edges on one side of the cycle are repeated and the

edges on the other side are not. The only way for this to happen is if (v, ...,v),,) simply goes

ey m/
across the repeated branch of the cycle when it goes from vy to v, and then goes around the
cycle one and a fraction times on its way back or vice-versa. So, each edge in the repeated

branch shows up exactly 3 times in the walk defined by (v, ...,v/,,). Let ¢’ be the number

ceey Uyt

"

of edges on the repeated side, and e” be the number of edges on the non-repeated side.

e =2m—2e—2¢'—3¢"—|I| < 2(m—e—e’'—€"")—|I|, and there are at most (2e-+2¢e'+3e”'+2r) /2r

"
)

indices of vertices that could be in I. For fixed values of e, €/, €”, and I, there are at most
p2m—e—e'=2¢" 1| possible labelings of the vertices in G, each of which corresponds to at most
2 possible values of (v, ...,v},,). Each of those could be derived from at most nHl possible

values of (vg, ..., Um) and (vf, ..., vl ). Also, the absolute value of the shard’s expected value is

at most

s—1 (2m—|I])/1
e+e' +2e” —2m+|1T : 808(s—1 l—s+1
neret Ik / (min p;))$25¢— 1) (Srgjagh)\ﬂ - lj[l A — )\§|>

s—1 —(e+e'+2e")/1
: ( max (AF/A)! T (A - AQ)Q/A>

s<j<h
== =1

_ 8(l42r+1)
7

s<j<h

: ( max (|A;]/4)"F! 1:[ A = A2|/1\>
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So, by the same logic as in the previous case, all such shards have a combined expected

contribution of absolute value at most

s—1 (2m—1)/1
: 1\808(s—1) ql—s+1 Y
AA(K/ (minpi))*2 (Sgljaghl%l [T M)

_8(+2r+1)
7

s—1
: (sgjagh(AjI/A)l‘SH ]:[1 A = AQI/A>
-3

s—1 —(2r+1) /27l
1 — (4A)/? ( max (A2/A) =L T[4 — X2 /A)

s<j<h
=I= i=1

which is within a constant factor of

s—1 2m/l h m
(Sréljagh NI - /\§|> =0 (D ]]i—e)

i=1 i=s j=0

3. Every edge in the cycle in G” appears more than once in the walk defined by (v, ..., v}, ):

Let €’ and e’” be the numbers of edges on the two branches of the cycle, and f be the number
of times the walk defined by (v}, ...,v},,) makes around the cycle on its way from vy to vy,
and f’ be the number of times it goes around the cycle on its way back. G’ has at most
(2m — |I])/2 edges, so € + €’ + e + e < m — |I|/2. For fixed values of e, e’ e” e f, f,
and I, there are at most nete +e’+e” options for G”. Each of these options corresponds to at
most 4 possible values of (vg, ..., v/,,), and each of those corresponds to at most nl possible

values of (vo,...,vm) and (vg,...,vy,). Also, W o

Y Ym n

,L/)[T]((U(/)’ .., u..)) is one if every edge in

G" is also in G and 0 otherwise. That means that
|E[W(cé’,,,,c:n,)[r]((v6, V)] = O((Ay fm)ete +e ey

There are at most m/r nonzero elements of (¢, ..., ¢m, 0...0, ¢, ..., o), and thus at most om/r
possible values of I. So, all shards for given values of e,e’,e”,e’’, f, f' and I make a combined

contribution with an absolute value of

O(A|1|>\;n—\1|/2) C O(Am/TAT_m/QT).
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/

Since 0 < e,e’,e”, e, f, f' < m, the combined expected contribution of all these shards is

2

h m
O(m62m/rAm/r)\71n—m/2T) Co Z H(A’ —¢)

i=s j=0

O

Lemma 19. There exists a constant ro and mg = O(logn) such that if m, A, N, ..., N,_1, 1, v, and
(coy -y Cm) satisfy the conditions of the degree bound lemma, r > 1o and m > mg, then for all v, we

have that

Var[W, (.3 (z,v)] = O (1 1o - Ci)2>

n

Proof. We have

W72n/{cz}($7'0) = Z xvoxvf)'W(CmmaCm)((UO’ ...,’Um)) . W(C[)’“"CWL)((U{)/, “.,U;:L)).
VO, vm vl v, EG
vm=v]f,=v

If vg # vy then Elzy, - z,y] = 0, while if vg = vy then Efz,, - x,y] = 1. So,

EW}, ey (2,0)] = > EWco.....con (V05 50m)) - Wiey ey (V05 05 07,))]
00 sV VY 0l €G
vo=vl] yom =vl} =v

where the last equality follows by the previous lemma.

6.3 Degree profiling and exact recovery

Recall that p is a probability vector of dimension k, @ is a k X k symmetric matrix with positive en-
tries, and let Ga(n, p, Q) denote the stochastic block model with community prior p and connectivity
matrix In(n)Q/n. A random graph G drawn under Gz(n, p, ) has a planted community assignment,
which we denote by o € [k]" and sometime call the true community assignment. Also, recall that
exact recovery is solvable if there exists an algroithm that assigns each vertex in G to its community?

with probability 1 — o(1).

2Up to a relabelling of the communities
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6.3.1 Formal results

Definition 26. Let p, v be two positive measures on a discrete set X, i.e., two functions from X to

Ry. We define the CH-divergence between p and v by
D, (p,v) := max (tp(z) + (1 = tyv(z) — plz)'v(z)' ™). (6.57)
Note that for a fixed t,

Z (tu(z) + (1 — tyv(z) — plz)'v(z)' ™)

zeX

is an f-divergence. For ¢t = 1/2, i.e., the gap between the arithmetic and geometric means, we have

S tula) + (1~ ) — (o) i)'~ = S~ VA3 (6.59)

zeX

which is the Hellinger divergence (or distance), and the maximization over ¢ of the part Y u(x)'v(z)'

is the exponential of to the Chernoff divergence. We refer to Section 8.3 for further discussions on
D . Note also that we will often evaluate Dy as D, (z,y) where x,y are vectors instead of measures.

Next we present our main theorem for exact recovery. We first provide necessary and sufficient
conditions for exact recovery, and then provide an algorithm that solves exact recovery efficiently,

more precisely, in quasi-linear time.

Theorem 11. Let k € Z, denote the number of communities, p € (0,1)* with |p| = 1 denote the

community prior, P = diag(p), and let Q € (0,00)*** symmetric with no two rows equal.
e Ezact recovery is solvable in the stochastic block model Go(n,p, Q) if and only if for all i # j

in different subsets of the partition,

D ((PQ):i, (PQ)j) = 1, (6.59)

where (PQ); denotes the i-th row of the matriz PQ).

o For G ~ Gy(n,p, Q) on which exact recovery is solvable, the algorithm Degree-profiling(G,p, @,~)
(see below®) recovers the communities with probability 1 — 0, (1) and runs in o(n'™¢) time for

all € > 0.

—1 Inlnn

3y = y(n,p, Q) is set to AQA + T, where A = min;; Dy ((pQ)4, (pQ);5)
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Note that this gives an operational meaning to a new divergence function, analog to the opera-

tional meaning given to the KL-divergence by the channel coding theorem.

Remark 10. f(Q;; = 0 for some ¢ and j then the results above still hold, except that if for all i # 7,

D ((PQ)i, (PQ);) = 1, (6.60)

but there exist i # j such that D4 ((PQ)i, (PQ);) =1 and (PQ)ix- (PQ)jx- (PQ)ikx—(PQ)jxr) =0
for all k, then the optimal algorithm will have an assymptotically constant failure rate. The recovery

algorithm also needs to be modified to accomodate 0’s in Q.

Remark 11. As shown in the proof of Theorem 11, when exact recovery is not solvable, any algo-
rithm must confuse at least one vertex with probability 1 — 0,(1), and not just with probability away

from 0. Hence exact recovery has a sharp threshold at min; e, D+ ((PQ)i||(PQ);) = 1.

Example 2. For the symmetric block model where p is equiprobable on [k] and Q takes only two
different values, o on the diagonal and 5 outside the diagonal (with o, 8 > 0), the requirement in

Theorem 11 for recovery of any (or all) communities is equivalent to

Vo — /Bl = Vk, (6.61)

which generalizes the result obtained in [1, 19] for k = 2.

The algorithm Degree-profiling is given in Section 2.4 and replicated below. The idea is to
recover the communities with a two-step procedure, similarly to one of the algorithms used in [1]
for the two-community case. In the first step, we run Sphere-comparison on a sparsified version of
Ga(n, p, Q) which has a slowly growing average degree. Hence, from Corollary 1, Sphere-comparison
recovers a fraction of nodes that is arbitrarily close to 1 correctly(w.h.p.). In the second step, we
proceed to an improvement of the first step classification by making local checks for each node in the
residue graph and deciding whether the node should be moved to another community or not. This
step requires solving a hypothesis testing problem for deciding the local degree profile of vertices in
the SBM. The CH-divergence appears when resolving this problem, as the mis-classification error
exponent. We present this result of independent interest in Section 6.3.2. The proof of Theorem 11

is given in Section 6.3.3.

Degree-profiling algorithm.
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Inputs: a graph g = ([n], E), the SBM parameters p;, i € [k], Qi j, 4,7 € [k], and a splitting
parameter 7 € [0, 1] (see Theorem 11 for the choice of 7).

Output: Each node v € [n] is assigned a community.

Algorithm:

(1) Define the graph g’ on the vertex set [n] by selecting each edge in g independently with probability
v, and define the graph ¢g” that contains the edges in g that are not in ¢’.

(2) Run Sphere-comparison on ¢’ to obtain the preliminary classification ¢’ € [k]™ (see Section 2.3
and Corollary 1.)

(3) Determine the edge density between each pair of alleged communities, and use this information
and the alleged communities’ sizes to attempt to identify the communities up to symmetry.

(4) For each node v € [n], determine in which community node v is most likely to belong to based
on its degree profile computed from the preliminary classification o’ (see Section 6.3.2), and call it
oy

(5) For each node v € [n], determine in which community node v is most likely to belong to based

on its degree profile computed from the preliminary classification o’ (see Section 6.3.2).

6.3.2 Testing degree profiles

In this section, we consider the problem of deciding which community a node in the SBM belongs

to based on its degree profile. We first make the latter terminology precise.

Definition 27. The degree profile of a node v € [n] for a partition of the graph’s vertices into k
commaunities is the vector d(v) € Z’j_, where the j-th component d;(v) counts the number of edges

between v and the vertices in community j.

For G ~ Gy(n,p, @), community i € [k] has a relative size that concentrates exponentially fast
to p;. Hence, for a node v in community j, d(v) is approximately given by . Xijei, where
X;; are independent and distributed as Bin(np;,In(n)Q; ;/n), and where Bin(a,b) denotes* the
binomial distribution with a trials and success probability b. Moreover, the Binomial is well-enough
approximated by a Poisson distribution of the same mean in this regime. In particular, Le Cam’s

inequality gives

HBin (na7 1“51") b) — P (abln(n))

—, (6.62)
TV

4Bin(a, b) refers to Bin(|a],b) if a is not an integer.

93



hence, by the additivity of Poisson distribution and the triangular inequality,
1n2(n)
tacwy — Z piQijedllrv =0 (——). (6.63)

We will rely on a simple one-sided bound (see (6.94)) to approximate our events under the Poisson
measure.

Consider now the following problem. Let G be drawn under the Gy(n,p, Q) SBM and assume
that the planted partition is revealed except for a given vertex. Based on the degree profile of that
vertex, is it possible to classify the vertex correctly with high probability? We have to resolve a
hypothesis testing problem, which involves multivariate Poisson distributions in view of the previous

observations. We next study this problem.

Testing multivariate Poisson distributions. Consider the following Bayesian hypothesis
testing problem with k hypotheses. The random variable H takes values in [k] with P{H = j} = p;
(this is the a priori distribution of H). Under H = j, an observed random variable D is drawn from

a multivariate Poisson distribution with mean A(j) € R, i.e.,

P{D =d|H = j} = Py;(d), deZzk, (6.64)
where
Pah (@) = ] Prnoy(@ (6.65)
i€ [k]
and
i J di _
P,y (di) = ((1 ,) 209, (6.66)

In other words, D has independent Poisson entries with different means. We use the following

notation to summarize the above setting:

DIH =j ~PAG)), Jelkl (6.67)

Our goal is to infer the value of H by observing a realization of D. To minimize the error probability

given a realization of D, we must pick the most likely hypothesis conditioned on this realization,
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ie.,
argmax;cqy P{D = d|H = j}p;, (6.68)

which is the Maximum A Posteriori (MAP) decoding rule.® To resolve this maximization, we can
proceed to a tournament of k — 1 pairwise comparisons of the hypotheses. Each comparison allows

us to eliminate one candidate for the maxima, i.e.,
P{D=d|H =i}p;>P{D=dH=j}p; = H#j (6.69)
The error probability P. of this decoding rule is then given by,

P. =Y P{D € Bad(i)| H = i}p;, (6.70)
1€ k]

where Bad(i) is the region in Z% where i is not maximizing (6.68). Moreover, for any i € [k],
P{D € Bad(i)|H = i} <Y P{D € Bad,(i)|H = i} (6.71)
i

where Bad;;(i) is the region in Z¥ where P{D = z|H = i}p; < P{D = z|H = j}p,. Note that with

this upper-bound, we are counting the overlap regions where P{D = z|H = i}p; < P{D = z|H =

Jj}tp; for different j’s multiple times, but no more than k£ — 1 times. Hence,

Y P{D € Bad,;(i)|H = i} < (k — 1)P{D € Bad(i)|H = i}. (6.72)
J#i

Putting (6.70) and (6.71) together, we have

P, <Y P{D € Bad,(i)|H = i}p;, (6.73)
i)

=Y min(P{D = d|H = i}p;,P{D = d|H = j}p;) (6.74)

i<j dezk

and from (6.72),
1 . . ,
Pe> 17— Z > min(P{D = d|H = i}p;,P{D = d|H = j}p;). (6.75)
i<j dezk

5Ties can be broken arbitrarily.
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Therefore the error probability P. can be controlled by estimating the terms ) dezk min(P{D =
d|H =i}p;,P{D =d|H = j}p;). In our case, recall that

P{D = d|H = i} = Py;)(d), (6.76)

which is a multivariate Poisson distribution. In particular, we are interested in the regime where k is
constant and A(i) = In(n)c;, ¢; € R%, and n diverges. Due to (6.74), (6.75), we can then control the
error probability by controlling ZmeZ’; min(Piy(n)e, (¥)Pis Pin(n)e; (2)p;j), which we will want to be
o(1/n) to classify vertices in the SBM correctly with high probability based on their degree profiles

(see next section). The following lemma provides the relevant estimates.

Lemma 20. For any ci,co € (Ry \ {0})* with ¢, # co and p1,p2 € Ry \ {0},

InIn(n)
min(Pln(n)q (l')pla,Pln(n)CQ (x)p2) = O (n_D+(C1,c2)_ e ) | .
$€Z’jr
| —Dy (c1,e0)— 22 In(n)
mln(Pln(n)cl (x)ph,Pln(N)CQ (x)pg) =0 <n +\¢1, 21n(n) ) ) (678)
$EZ’jr

where D4 (c1,co) is the CH-divergence as defined in (6.57).

In other words, the CH-divergence provides the error exponent for deciding among multivariate
Poisson distributions. We did not find this result in the literature, but found a similar result obtained
by Verdu [21], who shows that the Hellinger distance (the special case with ¢t = 1/2 instead of the
maximization over t) appears in the error exponent for testing Poisson point-processes, although

[21] does not investigate the exact error exponent.

Proof of Lemma 20. Assume without loss of generality that c¢;,; # c2,1. To prove the first half of

the lemma, note that for any ¢ € [0, 1],

> min(Pragnye, (@)p1; Pragnyes (2)p2) (6.79)

zeZi

< max(plaPQ) Z min(Pln(n)Q (I)v Pln(n)cz (I)) (680)
zEZi

= max(p1,p2) »_min(e” "= [[(Inn - eri)® /al e M2z [[(nn - ep)™ /2:))  (6.81)

= maX(p1,p2)€_lnnztcl”‘+(1_t)62*“’ Z (1nn . ctljc%;t)zi Jx;! (6.82)

. min (67 In n(lft) Z C1,i—C2,; H(Cl,i/CQ,i)(lit)l‘i , e~ Innt Z C2,i—C1,i H(CZJ/Cl,i)txi) (683)
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For any choice of xs, ..., x, there must exist z; (not necessarily an integer) such that
e~ mn=t 2 evi=e2i [(cy i /ea,) 1 79% = 1. As a result, the expression above must be less than or

equal to

max(pi,pz)e” Innd terit(1=t)eai Z (lnn . c’i,icéfit)xi Jx;! (6.84)
“Ilnnet el —

. Hlil’l ((6171/6271)171:, (02,1/0171)15)‘381 ! ™11, l ! (685)

-0 (elnnz<c§,ic;,:-t—tcl,i—u—t)cz,i)/. Ton n) (6.86)

When ¢ is chosen to maximize ) tci; + (1 —t)ca,; — cfiﬂ-c%;t, this is

O (n7D+(C1,c2)*1;11;((5))) .
To prove the second half, let ¢ maximize ) tc1; + (1 —t)eg; — cﬁ’icégt. Hence

chﬂ‘ —C2,i — 111(0171‘/0271‘)0312»0%;-1& =0.

This implies that

1—t

e~ Innd ci; H(lnn . Cl,i)ln ney ¢y,

1—t

— e Inndeas H(lnn . 62,1‘)lnncl>162vZ .

As a result,

min (P (n)e, (cﬁ)icé;—t Inn)p;, Pln(n)@cﬁ)icé;-t Inn)ps) (6.87)
> min(py, py)e” PN L L H(lnn . cl7i)cfivic;3t 1“”/(c'i7ic;;t Inn)! (6.88)
— min(pr, pa)e™ " E e T[(nm - e, 45190 /(b ) (6.:89)
= min(py, pa)e” MO0 TT(nn - of ey 7 b 0 /(e b Inn)! (6.90)
= Q(min(py, pa)e T teritteai—el s /gy p)k/2) (6.91)
_Q (nfDJr(cl,cz)f kgl'fnlfx)) , (6.92)
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Thus,

k1lnln(n)
Z min(Pln(n)cl (x)plapln(n)q (m)pQ) =0 (n—D+(c1,02)— 21In(n) ) . (693)

wEZi
O

This lemma together with previous bounds on P. imply that if Dy (c;,¢;) > 1 for all i # j,
the true hypothesis is correctly recovered with probability o(1/n). Also, for any p and p’ such that

Ip; — p| <Inn/y/n for each j, Q, y(n), and i,

Z max (Bin("p,7 (1—~(n)) In(n) QZ)(CL') — 27713@1.(1_7(”))111(”)/“(1'), 0) = O(l/ng)_ (6.94)
mEZi
So, the error rate for any algorithm that classifies vertices based on their degree profile in a graph
drawn from a sparse SBM is at most O(1/n?) more than twice what it would be if the probability
distribution of degree profiles really was the poisson distribution.

In summary, we have proved the following.

Lemma 21. Let k € Z; and G be a random graph drawn under Ga(n,p, (1 —v(n))Q). Assigning
the most likely community to a node v based on its degree profile d(v) gives the correct assignment
with probability

1-0 (n—a—w(n)m—; In(1=y(n)) Inm)/Inn . 1) ,

n2

where

A= Ig;.lDJF((pQ)i, (pQ);)- (6.95)

Moreover, we will need the following “robust” version of this lemma to prove Theorem 11.

Lemma 22. Let k € Zy and G be a random graph drawn under Gz(n,p, (1 —~v(n))Q). There exist
c1, co, and c3 such that for any 6, assigning the most likely community to a node v based on a
distortion of its degree profile that independently gets each node’s community wrong with probability

at most § gives the correct assignment with probability at least

1—cy- (1 + 015)03 Inn (nf(lf'y(n))Afé In((1—~(n)) lnn)/lnn)) _ i

n?’
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where

A= Igi?DH(pQ)i, (pQ);)- (6.96)

Proof. Let

c = Hil%X Zpi/Qi’,j/(PiQi,j)~

The key observation is that v’s mth neighbor had at least a min; ;(p;g; ;)/ > pirgir,; chance of actually
being in community o for each o, so its probability of being reported as being in community o is at
most 1 + ¢10 times the probability that it actually is. So, the probability that its reported degree
profile is bad is at most (1 + ¢16)/M ()| times the probability that its actual degree profile is bad.
Choose c3 such that each vertex in the graph has degree less than czInn with probability 1 — #
and the conclusion follows from this and the previous bounds on the probability that classifying a

vertex based on its degree profile fails. O

6.3.3 Proof of Theorem 11

We break the proof into two parts, the possibility and impossibility parts.

Claim 1 (achievability). Let G ~ Gy(n,p, Q) and v = % + 1211;‘:, where

A= Igél;ﬂ Dy ((pQ)i, (pQ);)

Degree-profiling(G,p, @,~y) recovers the communities with probability 1 — o, (1) if for all ¢ # j in
(],

D, ((PQ)i, (PQ);) > 1. (6.97)
The idea behind Claim 1 is contained in Lemma 21. However, there are several technical steps
that need to be handled:

1. The graphs G’ and G” obtained in step 1 of the algorithm are correlated, since an edge cannot
be both in G’ and G”. However, this effect can be discarded since two independent versions

would share edges with low enough probability.

2. The classification in step 2 using Sphere-comparison has a vanishing fraction of vertices which
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are wrongly labeled. This requires using the robust version of Lemma 21, namely Lemma 22.

3. In the case where D, ((PQ);,(PQ);) = 1 a more careful classification is needed as carried in

steps 3 and 4 of the algorithm.

Proof. With probability 1—O(1/n), no vertex in the graph has degree greater than csInn. Assuming

that this holds, no vertex’s set of neighbors in G” is more than

(1 —maxg; jlnn/n)~="" . (n/(n —c3lnn))=™" =1+ o(1)

times as likely to occur as it would be if G” were independent of G’. So, the fact that they are not
has negligible impact on the algorithm’s error rate. As n goes to infinity, o’’s expected error rate
goes to 0, so the expected error in the algorithm’s estimates of the connectivity rates between its
communities also goes to 0. Thus, the algorithm labels the communities correctly (up to equivalent

relabeling) with probability 1 — o(1). Now, let

A=) ins . ) )
5 = (¢ 7 minizs D((PQw(PQ)) _ 1y /¢,

By Lemma 22, if the classification in step 2 has an error rate of at most §, then the classification in

step 3 has an error rate of

O(n~ (=1 minis; Do ((PR)LPRI/2 4 1 /p2),

observing that if o, # o, the error rate of o7, for v" adjacent to v is at worst multiplied by a constant.

That in turn ensures that the final classification has an error rate of at most

0 <(1 4 O(n-1-Mminis Di(PQ)L(PQ/2 4 1 fy2)jcatnn L 1nn—1/4) _0 (1 1nn—1/4> ,
n n

Claim 2 (converse). Let G ~ Gy(n,p, Q). If there exist i # j such that

D ((PQ)i (PQ);) <1, (6.98)

then every algorithm classifying the vertices of G must mis-classify at least one vertex with proba-

bility 1 — 0, (1).
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Proof. With probability 1—o0(1), every community of G has a size that is within a factor of 1+Inn/y/n
of its expected size. Assume that this holds. Let S be a random set of n/In*(n) of G’s vertices.
With probability 1 — o(1) the number of vertices in S in community ¢ is within v/n of pyn/log®n
for each ¢, and a randomly selected vertex in S is adjacent to another vertex in S with probability

o(1). Next, choose i # j such that D, ((PQ);, (PQ);) < 1. Now, let
2 = [(PQ)Li(PQ);; ) (6.99)

for each ¢ € [k], where ¢ € [0,1] is chosen to maximize

Y HPQ)ei + (1= 1)(PQ)e; — (PQ);,(PQ)5" (6.100)

Roughly speaking, we want to show that every vertex in community ¢ or j has a degree profile of x

with probability
Qn~D+((PQLPQS) /17k/2 (1)) (6.101)

and that there is no way to determine which community the vertices with this degree profile are in.

More precisely, call a vertex in S ambiguous if it has exactly xy neighbors in community ¢ that
are not in S for each ¢. The probability distribution of a vertex’s numbers of neighbors in G\S
in each community is essentially a multivariable poisson distribution. So, by the assumption that
D, ((PQ)i, (PQ);) <1 and the argument in Lemma 20, there exists € > 0 such that a vertex in S
that is in either community i or community j is ambiguous with probability Q(n€!). Furthermore,
for a fixed community assignment and choice of S, there is no dependence between whether or not
any two vertices are ambiguous. Also, an ambiguous vertex is not adjacent to any other vertex in
S with probability 1 — o(1). So, with probability 1 — o(1) there are at least Inn ambigous vertices
in community ¢ that are not adjacent to any other vertices in S and Inn ambiguous vertices in

community j that are not adjacent to any other vertices in S. These vertices are indistinguishable,

2lnn

inn ) Therefore, every

so no algorithm classifies them all correctly with probability greater than 1/ (

algorithm must misclassify at least one vertex with probability 1 — o(1). O
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Chapter 7

Simulations and code

Our results on ABP strongly suggest that in a graph drawn from the sparse SBM with SNR > 1,
one can recover communities with accuracy greater than 1/k by classifying vertices based on their
edges’ entries in the dominant eigenvectors of the nonbacktracking walk matrix, and [10] proved that
this is true when A\; has a degree of 1. As such, we wrote the following program in matlab which

assigns vertices to communities based on the entries of the eigenvectors corresponding to their edges.

% Attempts to divide a graph’s vertices into clusters by using the dominant

%eigenvectors of the graph’s nonbacktracking walk matrix.

%G is a matrix listing all edges in the graph.

%More precisely, G has 2 columns and a row for each edge listing the vertices it is incident to.
%e is the number of edges in the graph.

%n is the number of vertices in the graph.

%k is the number of clusters to divide the graph into.

%This function outputs a list of length n that lists a number from 0 to k
%for each vertex. 1 to k are the communities, while vertices that are
%outside the main component get an entry of 0 in the output.

function C=graphCluster(G,e,n,k)

%Computes the graph’s nonbacktracking walk matrix.
T1=spalloc(2*e,n,2%e);

12=spalloc(2*e,n,2%e);
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for i=1:e
I1(2*i-1,G(i,1))=1;
11(2*1,G(i,2))=1;
12(2%-1,G(1,2))=1;
12(2*1,G(1,1))=1;
end
B=I2*11";
for i=1:e
B(2%*i-1,2%i)=0;
B(2*i,2*i-1)=0;
end
%Finds the top k eigenvectors of the graph, or as many as it can if that is
%less than k.
flag=1;
maxV=k+1;
while flag>0
maxV=maxV-1;
[V,D,flag|=eigs(B,maxV);
end
%Convert the eigenvectors from vectors over the edges to vectors over the
Y%overtices, and deletes the entries corresponding to vertices outside the
Y%main community.
d=max(max(D));
V2=I1"*V;
indices=zeros(n,1);
count=n;
V2copy=V?2;
for i=0:(n-1)
if V2(n-i,1)==0
V2=[V2(1:n-i-1,:);V2(n-i+1:count,:)];
indices=[indices(1:n-i-1,1);indices(n-i+1:count,1)];
count=count-1;

end
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end
%Recalibrates the magnitudes of the vectors in an effort to make their
Y%magnitudes correspond to the usefulness of the information they provide.
%Also nullifies the first eigenvector (which is irrelevant under standard
%assumptions) and any eigenvector with a significantly complex eigenvalue
% (the useful eigenvectors should have real eigenvalues).
s0=V2*V2;
s=zeros(maxV,maxV);
for i=1:maxV

1=D(i,i);

x=((d-1)"2+1*1) /(d*(1*1-d));

s(i,i)=sqrt((1+(1/x))/s0(i,i));

(i

if D(i,i)==d
s(i,1)=0;
end

if abs(imag(D(i,i)))>.01
s(i,i)=0;
end
end
V2=V2*s;
%Runs kmeans to assign the vertices in the main component to communities.
[C,C2,dis|=kmeans([real(V2),imag(V2)] k, replicates’,10);
%Adds the vertices outside the main component back into the output as being
%in an unknown community.
for i=1:n
if V2copy(i,1)==
C=[C(1:i-1);0;C(i:count)];
count=count+1;
end
end

end
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Figure 7.1: Accuracy of three algorithms at classifying vertices of graphs drawn from
SSBM (20000, 2, a/20000,1,/20000) for different values of a. The blue line is for the algorithm given
above, the red line is for an algorithm that classifies vertices based on the second eigenvector of the
graph’s adjacency matrix, A, and the yellow line is for an algorithm that classifies vertices based on
the second eigenvector of D™'/2AD~1/2 where D is the diagonal matrix such that D, = degree(v)

for all v.

In order to test the effectiveness of this algorithm, we generated 10 graphs as follows. For
each integer 1 < a < 10, we generated a graph drawn from SSBM (20000, 2,a/2000,1,/20000)
with the modification that we had exactly the expected number of vertices in each community and
exactly the expected number of edges between each community. In other words, each graph had two
communities of 10000 vertices each, 2500a edges within each community, and 5000 edges between the
communities. Then, we used three different algorithms to attempt to classify each graph’s vertices.
One of these algorithms was the one above. The second algorithm finds the second eigenvector of a
graph’s adjacency matrix, and then divides the vertices into those that have large and small entries

in this vector. The third computes the second eigenvector of the matrix D~Y/2AD~1/2 where A is
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the graph’s adjacency matrix and D is the diagonal matrix that lists the vertice’s degrees. Then it
divides the vertices into those that have alrge entries in this vector and those that have small entries
in this vector.

Note that a = 5 is the smallest integer for which SSBM (20000, 2, a/2000,b/20000) has a signal
to noise ratio that is greater than 1. So, at least in the cases we have tried, our algorithm classifies
vertices with an accuracy nontrivially greater than 1/k whenever that is efficiently possible, and

neither of the others do.
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