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Abstract

This Dissertation comprises three chapters investigating the theory of framing
effects and complexity of choice in the context of individual decision making.

In the first chapter, I consider a boundedly rational agent who employs a stochastic
automaton decision rule to search for the best item drawn randomly with replacement
from a menu of unknown composition. I study the minimal state and transition
complexity of an automaton that allows the agent to choose the best alternative from
any menu with probability arbitrarily close to one. Agents differ in their languages—
collections of binary attributes used to describe alternatives. I provide the tight lower
bounds and upper bounds on complexity among all languages. In the wide range of
environments, the language is least complex if and only if it allows the agent to use
an additive utility function with respect to the smallest possible set of attributes.

In the second chapter, I develop and analyze a model of framing under ambiguity.
Frames are circumstances, unobservable to the analyst, that shape the perception of
the relevant ambiguity by the agent. The analyst observes a choice correspondence
that represents the set of possible choices under the various decision frames. My first
result provides axioms that are equivalent to a multi-multiple prior model. T then
show that the analyst can infer the unique minimum collection of frames from the
choice behavior. Finally, I analyze the degree to which frames affect choice and the
behavioral implications of combining several decision frames.

In the third chapter, I consider decision frames comprised of observable features
of the environment and interpret each feature as an unobservable signal structure
that provides the agent information regarding her own preferences. An analyst ob-
serves the resulting stochastic choice of a population of agents with heterogeneous
state-dependent utility functions. I show that almost any stochastic choice that ad-
mits a random utility representation within each frame is consistent with such model.

However, when the state space has limited cardinality, the resulting stochastic choice
3



should satisfy additional constraints on the sums of Block and Marschak (1960) poly-

nomials constructed from choice frequencies under each decision frame.
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Chapter 1

Slow and Easy: a Theory of

Browsing
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1.1 Introduction

"'Window shopping and its online cousin, browsing, are commonly observed be-
havioral patterns among consumers. Their defining features are a lack of urgency
and a lack of direction. Consumers who browse are in no hurry to make a purchase
and their attention jumps from item to item at random. In this paper, I interpret a
browsing consumer as someone who sacrifices fast decision making to save on cogni-
tive resources. Specifically, I show how consumers can achieve near optimality with
very limited cognitive resources and no direction to their search as long as they take
their time.

Consider, for example, the search for an appliance, for a toy or for an extra-
curricular activity for a child. Most consumers are not regular participants in these
markets and, therefore, do not know what options are available. Furthermore, the
choice objects are difficult to compare because they are differentiated along many
attributes, and many of them are difficult to quantify. Finally, the decision is not
urgent, that is, the decision can be delayed by days, weeks, or even longer. Because of
this last feature, the decision maker can adopt slow procedures and is willing to trade-
off decision speed in favor of economizing on cognitive resources. My main results
characterize the boundedly rational procedures that achieve near optimal decisions
with very limited cognitive resources when time is not of the essence.

My model has two components, a language and an automaton strategy. The lan-
guage is a list of yes-no questions such as “Is this appliance rechargeable?”. Thus,
the language encapsulates how the agent describes the alternatives. The automaton
strategy consists of memory states, which play the same role here as in other au-

tomaton models, an interrogation rule that specifies which questions to ask, and a

!This chapter is based on the paper “Slow and Easy: a Theory of Browsing”. It has been
presented in SET: Seminars in Economic Theory (NT2022TM).
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stochastic transition rule that describes how to move between the memory states and
when to choose.

The economic environment is one of undirected search. The decision maker’s
attention is randomly drawn to one of the available objects which she proceeds to
examine. This examination takes the form of “asking questions” and transitioning
between memory states upon hearing the answers. The examination stops when the
decision maker selects the item for consumption or when a new alternative is brought
to her attention. The search process assumes that the decision maker has no control
over which alternatives captures her attention. More realistic search procedures will
have aspects of undirected search but also feature some purposeful directed search. I
choose the extreme case of undirected search to establish a benchmark. As my main
results show, the agent can do remarkably well with very limited cognitive resources
even in this extreme benchmark.

The decision maker’s objective is to choose optimally while economizing on cog-
nitive resources, that is, to find the least complex optimal strategy. As a measure
of complexity, I consider transitional complezity. As the name suggests, transitional
complexity counts the number of state-action pairs the decision maker employs. This
notion of complexity measures the difficulty of executing the strategy. Banks and
Sundaram (1990) discuss this notion of complexity in the context of repeated games
played by finite automata. An example below illustrates the complexity and intro-
duces my solution concept.

Suppose that the wuniverse of items is the four element set
{(1,1),(1,0),(0,1),(0,0)}, where each vector specifies the two attribute values
of the item. The decision maker must search from an unknown (non-empty) subset
of the four possible objects. Specifically, her task is to find the alternative that

maximizes her preference (1,1) > (0,1) > (1,0) > (0,0).

16



Consider a decision maker who has two memory states and employs the following
strategy. In state 1, the strategy inquires about the first attribute: if the object has
attribute 1, then the agent transitions to state 2—this counts as one transition—
whereas if it does not have attribute 1, then the transition to state 2 occurs only
with probability €; with probability 1 — € the agent remains in (transitions to) state
1—this counts for two more transitions. In state 2, the algorithm inquires about the
second attribute: if the object has the second attribute, the agent chooses the object
with probability 1—this counts for one transition—and if the object does not have
the second attribute, the agent chooses it with probability €? and remains in state 2
with probability 1 — e€2—this counts for two transitions. Thus, the complexity of the
automaton strategy described above is 1 +2+ 1+ 2 = 6.

If the agent examines item (1,1), then she will choose it first time she starts to
investigate it, provided her attention is not drawn to a new alternative before that.
When € > 0 is small, item (0,1), on average, requires 1/((1 — n)e) draws from the
menu to be chosen, where 7 is the probability to draw a new alternative. For item
(1,0), this number is n/((1 — n)e?) and for item (0,0), it is n?/((1 — n)e®). If € is
small and the menu does not contain item (1, 1), then the decision maker is likely
to cycle multiple times through all her available choices before settling on one of the
items. Moreover, in that case, the decision maker will most likely settle on the best
available choice. In the limit, as € converges to zero, the probability of picking the
best available item from any conceivable menu converges to one. I will refer to this
property of a strategy as solving the decision problem.

In the example above, there are only 4 alternatives that can comprise a potential
menu, and the strategy used to solve the choice problem employs 6 transitions. What
happens when there are a lot of alternatives and they are differentiated along many
attributes? My first main result, Theorem 1.3.1, shows that if the agent’s language

allows her to learn a convenient subset of attributes, she can solve the decision problem

17



using as few as 3[log,(m)] transitions, where m is the number of indifference classes
of items that the agent distinguishes, and [x] denotes the ceiling of number z—
the smallest integer weakly greater than x. The example above illustrates one of
these “simple” solutions, since 6 = 3 - log,(4). Theorem 1.3.1 also shows that the
total number of transitions required to solve a decision problem for an agent with any
language is at least 3[log,(m)]; thus, 3[log,(m)] is a tight lower bound on complexity
of a strategy that can solve the choice problem.

My next main result, Theorem 1.3.4, shows that some languages provide much
less convenient description of items for the decision maker: the minimum number of
transitions required to solve the choice problem can be more than 2M — 2, where
M is the total number of possible items. Theorem 1.3.4 also provides an upper
bound on complexity: any language that can correctly distinguish items from distinct
indifference classes allows for a solution of the choice problem by using at most 3M —3
transitions.

Theorems 1.3.1 and 1.3.4 show that language—that is, the way how the agent
describes the alternatives—plays an important role in the demand for cognitive re-
sources, which ranges from logarithmic to linear in the size of the choice problem.
Thus, I study a particular class of languages that I call adaptive for the agent’s pref-
erence relation. An adaptive language contains a small subset of questions—of the
size of [logy(m)]—such that there exists a utility function additive with respect to
the corresponding subset of attributes that correctly represents the strict part of the
agent’s preference relation. In the example above, the language that the agent uses
to describe the items is adaptive because m = 4, and a two-attribute utility function
u(a) = a; + 2ay represents the agent’s preference relation.

My final main result, Theorem 1.4.3, shows that an agent with an adaptive lan-
guage can always solve the choice problem by using the simplest possible strategy—a

strategy that contains 3[log,(m)] transitions. Moreover, if the number of indiffer-
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ence classes m satisfies (3/4) - 2" < m < 2" for some natural n, then agent who
can solve the choice problem by using the simplest possible strategy must have an
adaptive language. Thus, for this range of m, Theorem 1.4.3 fully characterizes all
simple languages—the ones that allow for the simplest possible solution of the choice

problem—as being adaptive.

1.1.1 Related Literature

This paper contributes to the literature on the search for a multi-attribute al-
ternative, on the decision making with limited memory and information processing
constraints, on stochastic choice rules, and, more broadly, on the complexity of the
decision problems.

There is an extensive literature discussing the optimal search, including Weitzman
(1979), Kohn and Shavell (1974), Morgan and Manning (1985). In Klabjan et al.
(2014), the authors are concerned with the optimality of the search for a multi-
attribute alternative. In their paper, the agent is fully rational, but the information
acquisition is costly.

Sanjurjo (2014) builds a theoretical model of the memory-constrained search for
a multi-attribute alternative. In his model, the agent memorises both the values of
the discovered attributes and indexes of the searched alternative/attribute pairs. His
paper is mainly focused on discussing a class of the exhaustive search procedures that
deliver the least memory load, without emphasis on the optimality. Related papers
Sanjurjo (2015), Sanjurjo (2017) study a multi-attribute search with values of items,
additive with respect to the attributes, in the laboratory setting.

In Dow (1991), the author considers an agent with one bit of memory who can
use it to solve two separate decision problems. His paper shows that it is optimal
to remember information relevant to one of the problems, but not to both problems
jointly.

19



In Cerreia-Vioglio et al. (2020), the authors also study a stochastic browsing
procedure. In their continuous-time neuro-computational model, the agent compares
a default item to a randomly drawn item from the menu, and the item that is default
at the time of the deadline is chosen. The resulting random choice is characterized
by a generalized version of the Multinomial Logit model. A discussion of the neuro-
computational models of stochastic choice is given in Rustichini (2020).

In a series of papers Cover (1969), Cover and Hellman (1970), Hellman and Cover
(1970), Hellman and Cover (1971), authors study hypothesis testing and learning with
finite memory. They show that allowing for randomization improves the effectiveness
of automata designed to deliver the best possible long-run payoff subject to the m-
state memory constraint. They find upper bounds on optimality and construct ”e-
optimal” sequences of automata that yield payoff, arbitrary close to the upper bound.
My paper studies a different decision problem from theirs in many aspects, but also
relies on near-optimal sequences of the stochastic finite-state automata.

In Economics literature, the automata are used to model bounded rationality
in the game theory context in Abreu and Rubinstein (1988), Kalai and Stanford
(1988), Banks and Sundaram (1990), and in the context of information processing
in Borgers and Morales (2004), Wilson (2014), Kocer (2010). The benefits of using
randomization in simple algorithms is also discussed in Kalai and Solan (2003) in the
context of dynamic decision making.

In Oprea (2020), the author studies complexity of the implementation of an au-
tomaton decision procedure in the laboratory setting. His findings suggest that both
the number of the automaton’s states and the number of its transitions contribute to
its perceived complexity. In the current paper, both measures are analyzed.

In Mandler et al. (2012)2, the authors consider a decision procedure that elimi-

nates, at each step, objects from the menu based on the value of one of the binary

2T’d like to thank Jawwad Noor for showing me this paper.
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attributes. In their model, the agent does not know the model—as in my paper. A
choice procedure that require the least amount of steps uses a collection of “yes-no”
questions that is a special case of an “adaptive language”, introduced in my paper.
In general, only a very specific class of languages allows the agent to pick the best
item by using a sequential elimination procedure, while the stochastic algorithm, con-
sidered in my paper, allows the agent to solve the choice problem wherever she can

differentiate a pair of items if she is not indifferent between them.

1.2 Model

1.2.1 Preference

The set of alternatives, A, is finite with generic element a € A. A complete and
transitive binary relation > describes the agent’s preferences over alternatives. The
symbols ~ and > denote the symmetric and asymmetric parts of =. Let C'(a) = {d’ €
Ala’ ~ a} be an indifference class and let m be the number of distinct indifference
classes, that is, m is the cardinality of the set {C'(a)|a € A}. 1 assume that the

choice problem is not trivial: m > 1.

1.2.2 Undirected search

From the finite set of alternatives, A, nature chooses a non-empty menu, B C A,
of available alternatives. The particular modality of nature’s choice of a menu is
unimportant for the subsequent analysis except for the fact that every non-empty
subset B of A is a possible menu.

As long as the search continues, there is a fixed probability € (0, 1) that, in any
period, a new alternative draws the agent’s attention. This alternative is chosen by

the nature randomly with replacement from the set B according to the full-support
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probability® p?(a) = p(a)/ Xep p(b), where p(a) is a sampling likelihood of alter-
native a. If an alternative a € B has the agent’s attention, she examines it by
sequentially asking questions about it in the manner described below and may choose
it. The search ends if the agent chooses an alternative. There is no cost of delay and,

thus, the agent’s objective is to find the best alternative in the menu.

1.2.3 Language

A language is a family of non-trivial binary partitions @ = {Qi0, Qi1 }i, of A. 1
interpret @); as the question “does a have property ¢?” It does if a € ();; and it does
not if a € Q0. Let N = {1,...,n} be the index set of questions.

For example, let A = {b,c,d} be three cars where b is a red car from 2010 with
manual transmission, ¢ is a red car from 2011 with automatic transmission, and d is
a green car from 2010 with automatic transmission. Then, @ = {Qi0, Qi1};_; such
that Q1 = {{b},{c,d}}, Q2 = {{c},{b,d}}, Qs = {{d},{b,c}} is a language that
describes the three cars. In this example, question 1 asks whether the car has manual
transmission, question 2 asks if it is from 2011, and question 3 asks if it is green.

Every language corresponds to a description of alternatives as n-dimensional vec-
tors with coordinates taking values 1 (if the answer is “yes”) and 0 (if the answer is
“no”). In the example above, a description of items in language @ is b = (1,0,0),
c¢=(0,1,0), d = (0,0,1). I denote by Q;(a) =1 if a; = 1 and Q;(a) = 0 if a; = 0 the
value of the i-th attribute of alternative a according to the language Q.

In the example above, an alternative language might consist of question 3 alone;
such a language is adequate for an agent who is indifferent between the two red cars
b, ¢, but is not adequate for agents who are not indifferent between b and ¢. Formally,
a language () is adequate for > if for any a,b € A such that a > b there exists 1 € N

such that a; # b;. Thus, adequate languages facilitate distinction of any pair of non-

3My main results in Sections 3,4 hold for an arbitrary family of full-support distributions
{r"}oBCca.
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indifferent alternatives. Henceforth, I assume that the language is adequate for =. I

refer to the pair (@, >) as the choice problem.

1.2.4 Automaton

To solve the choice problem, the agent employs an automaton with state space
S = S°U{o}, where S° = {1,...,k} contains the flexible memory states, and ¢ is
the decision state. Upon reaching ¢, the agent chooses the alternative and the search
ends. Each time a new alternative draws the agent’s attention, the state initializes at
s = 1; we adopt a convention that the decision to choose an alternative is executed
before the new alternative is drawn?.

An interrogation rule ¢ : S° — N specifies which question the agent asks in a
memory state s. A more general model would allow the agent to ask no question
at a particular state. None of the subsequent results would change if we allowed
this possibility; we omit it to simplify the notation. A stochastic transition rule
7:5°%x{0,1} — A(S) specifies the probability that the agent transitions from state
v € S° to state s € S as a function of the answer received in state v. Note that,
if alternative a is under consideration, then this transition occurs with probability
T(U,S,QL(S)(CL)).

Thus, an automaton o = (S,¢,7) consists of the state space S = S°U {¢}, the
interrogation rule ¢, and the stochastic transition rule 7. I denote by ¥ the set of all

automatons with a finite state space.

1.2.5 Stochastic choice

The realized menu B C A and the sampling probability p? from B determine

the economic environment. The language ) and the automaton o = (S,t,7) €

4 Alternatively, if the agent decides to choose the current item, i.e. to move to the state ¢ in the
next period, but her attention switches to a new item, she would investigate the new item instead
of choosing the previous one. My results remain the same in this case.
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Y} determines the agent’s decision procedure. Together, the economic environment
and the decision procedure, induce a dynamic random choice in a straightforward
way.® In this paper, I am concerned with the total probability that the agent chooses

alternative a from menu B:
pP(a) = Pr (alternative a is chosen from menu B in some period) (1.1)

When necessary, I will use the subscript ¢ to indicate the dependence of p?(a) on o.
As an illustration, consider the car example, described above. The automaton

o € X, described in Figure 1.1 below, has a single state which asks the question, “does

Figure 1.1: An automaton with one memory state.

ask Q1 ap =1 choose

the car have manual transmission?” If the answer is yes, then the agent chooses the
car immediately; if the answer is no, then the agent chooses the car with probability
e € (0,1), and, otherwise, remains in state 1.

Suppose the menu B = {b, ¢} consists of car b with manual transition and car ¢
with automatic transmission. If car ¢ is drawn from the menu in some period 7', then
with probability €, it is chosen. With probability (1 —¢) -7, it is not chosen and a new
car catches the agent’s attention in period T+ 1, which ends the investigation of c.°
Finally, with probability (1 —€) - (1 —n), the agent continues to investigate car ¢ and

the process repeats. Summing the probabilities of choosing ¢ in periods 7,7 + 1, ...,

5The straightforward, but somewhat bulky formal description can be found in the Appendix
A2.7
SNote that the newly drawn car can be car ¢ as well.
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we get q(c) = €/(1 — (1 —n)(1 — ¢)) for the probability of choosing ¢ during a single
uninterrupted investigation process. Similarly, ¢(b) = 1 is the probability of choosing
car b during a single uninterrupted investigation process.

To calculate the total probability pP(c) that ¢ is chosen, note that c is drawn
from the menu with probability p®(c) = p(c)/(p(b) + p(c)). Conditional on being
drawn, ¢ is chosen with probability ¢(c). If ¢ is not chosen then either b is drawn
or ¢ is drawn again. The former event occurs with probability (1 — ¢(c)) - p?(b) and
the latter with probability (1 — ¢(c)) - p?(c). Summing the probabilities of choosing
c after a single investigation, after two investigations, et cetera, we obtain pB(c) =
4(©)p(0)/(a(c)ple) + p(b).

A Luce rule (Luce (1959)) is a random choice rule in which each alternative a
has a weight V' (a) and the probability of choosing a from menu B is V' (a)/ > 5V (d').
Calculating the probabilities p®(a) for all possible menus B and all possible alterna-
tives reveals that the resulting random choice rule is a Luce choice rule with weight
p(a) - q(a) assigned to car a € {b, c,d}. Lemma 1.2.1, below, notes that this observa-

tion holds generally.

Lemma 1.2.1 The family of choice probabilities pP(a) constitutes a Luce choice rule
with the convention that if all weights of alternatives in menu B are zero, then pP(a) =

0 foralla € B.

1.2.6 Near optimal decision procedures

The random choice rule described in Lemma 1.2.1 makes mistakes, that is, it may
choose inferior choices from a menu. My notion of optimality allows such mistakes
but requires that they can be made arbitrarily small. Specifically, I study sequences
of automata for which the probability of choosing optimally converges to one. For

o € X, let T, denote the transitions of o, that is, the transitions that occur with
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positive probability:
T, = {(v,5,5) € 8°x § x {0, 1} | 7(v,5,5) > 0} (1.2)

Let N be the set of natural numbers. A decision rule v,cn is a sequence of
automata {o,} such that all elements of the sequence share the same state space
S = 8y = SjU{o}, the same interrogation rule ¢ = ¢y, and the same set of transitions

T = Ty. I denote with U the set of all decision rules; thus,
Vo= {{or}ren CIN | (S0 000 T0,) = (Sos 000, Tor) Yt €N} (1.3)

When there is some parameter, € = ¢, — 0, such that the transition probabilities 7,
depend on 7 only via €,, I denote the decision rule by ¥ = {o¢}.0 or simply ¢ = o,
instead of ¢ = {0, },—n to ease notation.

A decision rule ¢ = {0, },en € ¥ solves the choice problem (Q, =) if

lim > pPla) =1 VB: 9#BCA (1.4)

" 4eB: a=b VbeB

Thus, a decision rule solves the choice problem if, for every menu, the probability of
choosing optimally converges to one.

To illustrate the solution concept, let us return to the car example discussed above.
Suppose the agent prefers manual transmission but is otherwise indifferent between
the features so that the agent’s preference relation is b > ¢ ~ d. Consider the decision
rule ¥* = o, where ¢ — 0, and for a fixed € > 0, 0. = ¢ is the automaton, shown
in Figure 1, and discussed above. To see why the rule o, solves the choice problem,

consider menu B = {b, ¢} and recall our calculations, performed above, to get

R Y C R plc) L

q(c)p(c) + p(b) ep(c) + (n + € —ne)p(b)
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Thus, the agent chooses car b from menu B = {b, ¢} with probability, converging to
one in the limit. Similar calculations show that, in the limit ¢ — 0, car b is always
chosen with probability one from any menu that contains this car. If the choice set
contains no car with automatic transmission then every choice is optimal and, thus,
it suffices to note that the agent will eventually choose one of the cars.

Every choice problem with adequate language has a solution:

Lemma 1.2.2 There exists a decision rule v € VU that solves the choice problem

(@, =)

1.3 Complexity

A standard measure of complexity of an automaton is the cardinality of its state
space’. We can interpret it as measuring the size of the “operational” memory that the
decision maker requires to implement the choice procedure. However, two automata
with the same state space may differ in terms of the complexity of their transition
structures, as has been pointed out in Banks and Sundaram (1990). The importance
of transition structures for perceived complexity has been shown experimentally in
Oprea (2020). I define the complexity, k, of the automaton o = (S, ¢g,7) € X as the

number of distinct transitions that are a possible:
k(o) = |T,] = H(v,s,j) € 52x S x{0,1} ‘ T(v,8,7) > OH (1.5)

Linterpret &, in line with Banks and Sundaram (1990), to be the number of distinct
events that the decision maker needs to distinguish to be able to use the automaton
o. Thus, it is a measure of the memory required to recall the decision procedure

itself.

"See , for instance, Rubinstein (1986) in the context of repeated games
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The complexity k(1)) of the decision rule ¢ = {0, },ex € W is the complexity of
the automaton o, for any r—recall that transitions 7 are the same along the sequence
of automata that comprise a decision rule.

For example, the complexity of the decision rule 9*, depicted in Figure 1.1 is
R(Y") = [Ty

from the graphical representation of the automaton, we can simply count the number

= 3, since Ty = {(1,0,1),(1,¢,0),(1,1,0)}; to calculate the complexity

of arrows.

As the following example illustrates, some languages are more amenable to low
complexity solutions than others. In the car example above, the agent might have the
following language: Q** = {Q2, Qs}, where Qs = {{c},{b,d}} and Q3 = {{d}, {b,c}}.

A decision rule ** = o, that solves the choice problem (Q**, >), is shown in Figure

1.2.
Figure 1.2: A decision rule that solves the choice problem (Q**, >).
€
' € :
az =1 1—e a3=1 1—e Do
s1 [ s2 - ©
ask Q2 as =0 'W a3 =0 "\ choose
The set of transitions of (e is T s =

{(1,1,1),(1,0,1),(1,2,0),(2,2,1),(2,¢,1),(2,0,0)} and hence, its complexity is
k(™) = 6. Note also that ¢ uses [S..

= 2 memory states. It can be shown that
any decision rule that solves the choice problem (Q**, >) in our example should have
complexity at least 6 and use at least 2 memory states.

For a given preference relation =, I define the complexity (@) of an adequate

language ) to be the minimal complexity of the decision rules that solve the choice
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problem (@, >):
RQ) = min w(y)

YEW: 1 solves (Q,>)
My first main result provides a lower bound on complexity for all languages @
and, moreover, shows that there exists a language that achieves this lower bound.

Recall that [z] denotes the smallest integer weakly greater than x.

Theorem 1.3.1 Let the preference relation = have m indifference classes. Then

for any language @Q, x(Q) > 3[logy(m)], and there exists a language @ such that
K(Q) = 3[logy(m)].

While Theorem 1 focuses on the transitional complexity, the size of the state space
required to solve the choice problem is also an important measure of its complexity.
For a given a preference relation =, I define a memory load M(Q) of an adequate
language () to be the smallest size of the memory state space of a decision rule that
solves the choice problem (@, >):

M(Q) = min )\S{Z!

YeEW: 9 solves (Q,>

My next result gives the tight lower bound on the memory load of a language and
says that decision rules that deliver the smallest complexity must also achieve the

minimal memory load.

Proposition 1.3.2 Let the preference relation = have m indifference classes. Then
for any language Q, M(Q) > [logy(m)], and there ezists a language @ such that

M(Q) = [logy(m)]. Moreover, if a decision rule 1 solves the choice problem (Q,*),

and w(1) = 3[logy(m) ], then |S| = [logy(m)].

Theorem 1 says that the minimal required complexity grows as a logarithm of the
number of indifference classes of >. To interpret this result, it is useful to understand

how complex a language can be; that is, what is the upper bound on complexity?
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Suppose that C!,C? C A are two indifference classes of the preference relation
=. If C' or C? contains many alternatives, then there are languages that require
a lot of questions to figure out if a particular alternative belongs to C* or C2. All
these questions should be asked in a decision rule that solves the corresponding choice
problem. Thus, in contrast to the lower bound provided by Theorem 1.3.1, the number
of the indifference classes of the preference relation does not limit the maximum

complexity of a language.

Proposition 1.3.3 For any natural number k, there is a set of items A, a preference

relation = on A with two indifference classes and an adequate language () such that

k(Q) > k.

My next main result shows that the maximum possible complexity of an adequate

language grows linearly in the total number of alternatives in A.

Theorem 1.3.4 Let |A| be the total number of alternatives. Then for any preference
relation = and language Q, k(Q) < 3|A| — 3. Moreover, for any m € {2,...,|A|},
there is a preference relation = with m indifference classes and a language @) such

that k(Q) > 2|A| + [logy(m)] — 2.

Theorem 1.3.4 says that for any preference relation = on A, for any language
@, adequate with respect to =, there is a decision rule with no more than 3|A| —
3 transitions that solves the choice problem (Q,>). Moreover, for any preference
relation > there is an adequate language () such that any decision rule that solves
the choice problem (@, >) must have at least 2|A| + [log,(m)] — 2 transitions.

An analogous result holds for the memory load; moreover, the upper bound is

tight.

Proposition 1.3.5 Let |A| be the total number of alternatives. Then for any pref-

erence relation > and adequate language @, M(Q) < |A| — 1. Moreover, for any
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m € {2,...,|A|}, there is a preference relation = with m indifference classes and a

language @ such that M(Q) = |A| — 1.

To compare the lower and upper bounds given by Theorems 1.3.1 and 1.3.4, sup-
pose that set A contains 2" alternatives, and there is no pair of indifferent alternatives;
thus, m = |A| = 2". In this case, the tight lower bound on complexity of a language

is 3 - n, while there are languages with complexity at least 2"*! +n — 2.

1.4 Adaptive Languages

What languages () allow for the least complex solutions of the choice problem
(@, >=)? I call such languages simple, meaning that the description of the problem in
a language maximally eases the agent’s choice problem. Formally, given a preference

relation = with m indifference classes, a language @) is simple, if

#(Q) = 3[logy(m)]

Thus, a language is simple if there is a decision rule that achieves the lower bound on
complexity, given by Theorem 1.3.1, and solves the choice problem for that language.

Intuitively, if a language describes a certain choice problem conveniently for the
decision maker, it should contain as few attributes as possible and, moreover, the re-
lationship between the attributes and the value of the alternatives should be “simple.”

Let the preference relation > with m indifference classes be given. In line with the
intuition discussed above, I say that a language ) is adaptive if it contains a subset
Q' = {Q;}ien' € Q of |[N'| = [logy(m)] questions such that there exists a vector

A€ RN with \; # 0 for all i € N’ and for all a,b € A,

a>=b = wua)>ub), where w(a):= > Na (1.6)

€N’
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Thus, a language is adaptive if it facilitates the usage of an additive utility function
u with few attributes. Note that the utility function u does not necessary represent
the preference relation >=: I allow for the cases when a ~ b, but u(a) > u(b). In other
words, the utility function u correctly differentiates the non-indifferent alternatives,
but can break ties of the preference relation >. Note also that an adequate language
should contain at least [log,(m)] questions to be able to differentiate any pair of
non-indifferent alternatives, hence I use this bound in the definition of an adaptive
language.

For example, let A = {b,c¢,d,e}, and b = ¢ > d > e. Then m = 4, [log,(m)| = 2,

and the following language is adaptive: @ = {Q1, Q2} with

Ql = {{b,c},{d,e}}, Q2 = {{bvd}v{cve}}'

Thus, b = (1,1), c = (1,0), d = (0,1), e = (0, 0) is a description of the alternatives in

the language Q). Take A\; = 2 and Ay = 1, then u(a) = 2a; + as:

u(b) =2+1=23, u(c) =24+0=2,
u(d) =0+1=1, ule) =0+4+0=0,

and u(b) > u(c) > u(d) > u(e), showing that @ is indeed adaptive.
Examples of the non-adaptive, but adequate languages for the preference relation

= are Q@ = {Q7,Q3} and Q™ = {Q7, Q5", QF, Q1 }, where

Qi = {{b;c},{d;e}}, i {{o}, {c.d, e}},
Q5 = {{be},{c,d}}, 50 = {{ch {bd, e},
57 = {{d}{bc, e},
o= {{eh {bed}}
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A description of items in language Q* is b = (1,1), ¢ = (1,0), d = (0,0) and
e = (0,1). Would Q* be adaptive, there should exists an additive utility function
u*, defined on the corresponding vectors of attributes, satisfying u*(1,1) > u*(1,0) >
u*(0,0) > u*(0,1). However, the function u* is not monotone with respect to the
second attribute: u*(0,1) < u*(0,0), but v*(1,1) > u*(1,0), and hence, u* cannot be
additive.

The language Q** describes alternatives as b = (1,0,0,0), ¢ = (0,1,0,0), d =
(0,0,1,0) and e = (0,0,0,1) and hence, allows for an additive utility representation
u™(a) = 3a; + 2as + a;. However, this representation uses too many attributes:
3 > 2 = [logy(m)]. Any pair of questions of the language QQ** do not allow the agent
to differentiate some pair of alternatives from A and thus, is not sufficient for utility
representation of an antisymmetric preference relation >=. It follows that the language
(Q** is not adaptive.

Adaptive languages always exist:

Proposition 1.4.1 For any preference relation, there is an adaptive language.

Note that if we add new questions to an adaptive language, the language remains

adaptive. Thus the following Corollary is straightforward.

Corollary 1.4.2 (i) The language that consists of all non-empty binary partitions
of the set A is adaptive for every preference relation »= on A; (ii) if language Q is
adaptive for the preference relation >, then language Q' O Q is also adaptive for the

preference relation .

My main result in this section shows that all adaptive languages are simple; more-
over, for a wide range of environments, adaptive languages are the only simple lan-

guages.
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Theorem 1.4.3 Let the preference relation = have m equivalence classes. If a lan-
guage is adaptive, then it is simple. Moreover, if (3/4)-2" < m < 2" for a natural n,

then a language is simple if and only if it is adaptive.

The first statement of Theorem 1.4.3 says that for any adaptive language, there is
a decision rule ¢ with k(1)) = 3[log,(m)] that solves the choice problem (@, >). As an
illustration, recall the example from this section with b > ¢ > d > e and an adaptive
language @ with Q1 = {{b,c},{d,e}}, Q2 = {{b,d},{c,e}}. A least-complex decision
rule ¢ = o, € — 0, that solves the choice problem (@, ) is shown in Figure 1.3.

Figure 1.3: The least-complex decision rule that solves the choice problem (@, >).

____________________________________

Recall that the utility function w(a) = Aja; + A2as = 2a; + ap represents the
preference relation > when alternatives are described in language ). Consider ¢; =
M = €2, and €5 = €* = ¢ with e — 0. Let g(a) be the probability that alternative
a € {b,c,d, e} is chosen during a single investigation process.

To calculate ¢(d), for instance, let the investigation of d starts at period 7. Since
d; = 0, with probability €; = €2, the automaton transitions to state s = 2, and with
the remaining probability 1 — €2, the state remains at s = 1, in which case, with total
probability (1—e€?)-n, the investigation ends, and with total probability (1—¢*)-(1—n),
the agent continues the investigation process at state s = 1 in period T + 1, and the
analysis repeats. Summing up the probabilities of transition to state s = 2 in periods
T, T +1,..., we obtain €2/(1 — (1 — n)(1 — €?)) for the total probability to transition

to state s = 2 during a single investigation process of d. Once the automaton is in
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state s = 2, with probability n, the investigation ends, and with probability (1 — 7),

the state transitions to ¢, since do = 1. Therefore,

(1 —n)e
1—(1—n)(1—e)

q(d) =

If we express quantities ¢(a) for a € {b,c,d, e} in terms of the power expansion with

respect to a vanishing parameter €, we get the following leading terms:

Q

q(b) = 1—n q(c) (L=mn)/n)-€
q(d) ~ ((L=n)/n)- € gle) = ((L—n)/n?)-€

Note that for a € {b,¢,d, e},

q(a) =~ constant(a) - 'O~ (1.7)

where the term constant(a) does not depend on e. Similarly to the car example
discussed in Section 2.5, we can analyze the probability of choosing alternative a €
{b,c,d, e} from menu B C A after 1,2,3,... investigation processes. The resulting
random choice rule turns out to be a Luce rule with weights V'(a) = p(a)-¢(a). When
e — 0, the ratio g(a’)/q(a) converges to zero for any pair of alternatives a, a’ such
that a > a’. Thus, in the limit, the agent chooses the best alternative with probability
one from any menu.

In the general case, given an adaptive language @), it is always possible to construct
a decision rule that generalizes the rule ¢ from the example above such that eq. (1.7)
holds, where u(b) is the utility of the best alternative in A. Let us describe a class of
such decision rules.

For a given natural n and language ) with |[N| > n questions, consider a decision
rule ¢ with the memory state space Sj, = {1,...,n}, a one-to-one interrogation

function ¢y, : S — N and a set of transitions 7, defined as follows:
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(a) 7(s, s + 1,z5) = 1 with the convention that the state |S| + 1 denotes ¢;
(b) 7(s,s+ 1,1 — x5) = €5 with the convention that the state |S| + 1 denotes ¢;

C ere exists a unique s" € {1, ..., s; such that 7(s,s,1 —x,) =1 —¢;,.
Th i i ! 1 h th 1 1

where (z1,...,z,) € {0,1}" and (eq,...,e,) — (0,...,0); and in particular, for all
i€{l,...,n}, ¢ = (&), >0 for r = 1,2,... is a sequence, converging to zero. A
generic k-th state of the decision rule ¢ is represented in Figure 1.4, where the

interrogation rule is assumed to be «(k) = k for convenience.

Figure 1.4: A generic decision rule in the class U

I denote by W the set of decision rules ¢ such that there exists a permutation
7:{l,..,n} = {1,..,n} with (1) = 1 of the indexes of the states s € S° such that
7(¢) = 9T is represented by the described above way, where the action of 7 on ¥ is
assumed to be re-enumeration of the states of S and, correspondingly, the states in

the interrogation and transition rules. Note that

k(YT) = 3n Ve

The following result characterizes the adaptive languages as those that allow for
a solution of the choice problem via some decision rule from the set W) and also
characterizes the simplest decision rules as the rules from the set W;" in case when

(3/4) - 2" <m < 2.
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Proposition 1.4.4 Let the preference relation = have m equivalence classes. Then
a language Q) is adaptive if and only if there exists a decision rule 1 € \I’ﬁogz(mﬂ that
solves the choice problem (Q,*>). Moreover, if (3/4) -2" < m < 2" for a natural n,
then a decision rule 1 such that k(1)) = 3n solves the choice problem (Q,>) if and

only if v € U,

Note that for any m > 2, either (1/2)-2" < m < (3/4)-2", or (3/4)-2" < m < 2",
where n = [log,(m)]|—the two cases split the set of possible values of m such that
271 < m < 2" in half. Thus, the condition (3/4) - 2" < m < 2" serves as a richness
assumption for the number of indifference classes in Theorem 1.4.3 and Proposition
1.4.4. Since my model operates with binary attributes, then powers of 2 play a special
role in the analysis: note that the lower bound on complexity, given by Theorem 1.3.1,
increases by 3 each time the number of indifference classes surpasses a power of 2.

Intuitively, a decision rule 1) € ¥} can be interpreted as a procedure that uses
the probability to reach a certain memory state as a proxy for the alternative’s utility
based on the subset of attributes that have been already investigated. By encountering
an alternative from the menu, the agent starts to learn its attributes sequentially; if
the attribute’s value is good, she jumps to the next memory state immediately and
thus, the alternative endowed with all the good properties is quickly picked.

When the agent learns an undesirable property of the item, she becomes less en-
thusiastic and continues the investigation of other attributes only with a small proba-
bility. This penalty in the probability of transition to the next memory state applied
upon learning the bad news reflects the relative importance of the corresponding at-
tribute for the agent’s preference which, by Proposition 1.4.4, has a representation
via an additive utility function.®

Theorem 1.4.3 and Proposition 1.4.4 tell us that the agents who are able to describe

alternatives using adaptive languages can save their cognitive resources by employing

8Precisely, the strict part of the agent’s preference relation should be represented by such func-
tion.
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an intuitively simple decision procedure, described above. If the agent has a language
that admits an additive utility representation of the agent’s preference, but contains
n > [logy(m)] attributes, she can use a decision rule ¢y € ¥ to solve the choice
problem?. Each additional attribute increases the procedure’s complexity by 3, but
so long as the number of attributes that require investigation remains small, the

agent’s procedure is not too complex.

1.5 Sketches of the Proofs

In this section, I provide the key ideas behind the proofs of my main results. I
first provide two lemmas that allow us to transform the analysis of solvability of a
choice problem (@, >) by a decision rule ¢ to the analysis of directed graphs with
vertex sets Sy, and the sets of directed edges (links) 7.

Let g,(a) be the probability to choose alternative a € A during a single uninter-
rupted investigation process using the automaton strategy c—this quantity has been
introduced in Section 2.5 when discussing the car example, and discussed later in

Sections 2.6 and 4.

Lemma 1.5.1 A decision rule {o,},—12.. € U solves choice problem (Q,>) if and
only if the following two conditions hold:

(i) a = b implies q,,(b)/q,,.(a) — O for all a,b € A;

(i) q5,.(a) > 0 for all a € A.

Thus, Lemma 1.5.1 allows us to focus on analyzing the limiting properties of ¢, (a)
and abstract away from consideration of random choice from various menus. Consider
a sequence of states of automaton s;...s; that goes from the starting state s; = 1 to
the decision state s = ©, and assume that this path contains each state at most

once. For every alternative a € A and every such path s;...sp, we can calculate the

9Lemma A.2.8 in the Appendix.
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probability of realization of s;...s; during a process of investigation of a. Let w¥(a)

be the largest of these probabilities among all paths for a fixed alternative a € A.

Lemma 1.5.2 A decisions rule {o,},—12.. € U solves choice problem (Q,>) if and
only if the following two conditions hold:

(1) a = b implies W, (b)/w} (a) — 0 for all a,b € A;

(ii) wy, (a) > 0 for all a € A.

Thus, Lemma 1.5.2 allows us to consider only one highest-probability path!® from
the starting state s = 1 to the decision state s = ¢ when analyzing the limiting
properties of ¢, (a).

Note that w*(a) is the product of transitional probabilities between states s,
s;+1 in the highest-probability path s;...s; when alternative a is under investigation.
Given a decision rule 9, I say that a link (s,s’,j) € Ty is weak if the corresponding

probability 7(s, s', j) converges to zero. Otherwise, the link is strong.

1.5.1 Theorem 1.3.1—sketch of the proof

Assume that 1 solves (@, >=). I show that ¢ should contain at least 2 - [log,(m)]
strong links and at least [log,(m)] weak links, proving statement (i) of the Theorem.

Indeed, if Q' C @ is the set of questions that are used in some state according to
the interrogation rule ¢y, then ) should contain at least [log,(m)] questions asked in
different states of ¢ to differentiate any pair of alternatives from distinct indifference
classes of =. There are at least two outgoing strong links from each of these states,
providing the lower bound of 2 - [log,(m)] on the number of strong links of 9.

Next, if the agent is not indifferent between alternatives a and b, then Lemma

1.5.2 implies that the highest-probability paths for alternatives a,b € A discussed in

10The fact that it in my model, it is enough to analyze simple paths on the set of states to figure
out the limiting properties of the dynamic system resembles the “Z-tree” technique from Kifer (1988)
utilized in Kandori et al. (1993) in the context of evolutionary game theory.
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the previous section should have different sets of weak links. If 1., is the number
of weak links of 1, then it should be that 2"west > m_  providing the lower bound of
[logy(m)] on the number of weak links of .

To show that there exists a language with complexity 3[log,(m)], I first prove
the existence of an adaptive language, that is, Proposition 1.4.1. For the proof of
Proposition 1.4.1, it is without loss of generality to assume that > is antisymmetric
and that m = 2" for some natural n. Let the first question of language ) be: “does
alternative a belong to top 277! alternatives in A?” The answer to this question
divides A in two equal sets: ()1; consisting of top 2”71 alternatives according to >,
and Q19, consisting of bottom 2”71 alternatives. Let the second question of language
Q be: “does alternative a belong to top 2”2 alternatives in the set Qq;, or to top
272 alternatives in the set Q1¢?” By continuing to design questions 1,2,...,n in a
similar fashion, we design an adaptive language @), where \; = 2" are weights of
attributes ¢ = 1, ...,n in an additive utility representation of >.

Finally, using an adaptive language () designed above, we can construct a decision
rule ¢p € U discussed in Section 4 that solves that choice problem (@, >=). For that,
it suffices to choose an appropriate vector of vanishing transition probabilities €; = €7,

1=1,..,n, for some ¢ — 0.

1.5.2 Theorem 1.3.4—sketch of the proof

To prove the first statement of Theorem 1.3.4, I use a universal procedure to design
a decision rule v that solves the choice problem (Q,>) for an arbitrary adequate
language ). The set of flexible memory states of the decision rule i) has a binary
tree structure with root s = 1. Each node of this tree (memory state s € sz,) is
associated with a non-singleton set A® comprised of alternatives a € A such that the

investigation of a could lead to this node.
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For an arbitrary node s of the tree, since () is adequate, there always exists a
question ¢ € N such that both answers j = 0 and j = 1 are possible for alternatives
in A®. Set up the interrogation rule «(s) = i. If a subset of alternatives in A® such
that a; = j contains more than one alternative, create a successor node s’ for this
subset, and set up a transitional probability 7(s,s’,j) = 1. Otherwise, there is a
single alternative a € A® with a; = j. In this case, create a loop link by setting
up 7(s,s,1) = 1 — €5, and a link that leads to the decision state by setting up
7(s,0,1) = €.

Repeating the procedure described above for each node of the tree until there are
no more successor nodes, we construct a decision rule ¥. By choosing appropriate
sequences of probabilities €, we can achieve a solution of (@, >) by . The number
of links of ¢ turns out to be 3|A| — 2. In addition, it is possible to set up €5 = 1 for
one of the states s € S° to get 7(s,s,1) = 0 and decrease the number of links by one,
proving the first statement of the Theorem.

To get the intuition behind the proof of statement (i7), suppose m = |A|; thus,
there is no pair of indifferent alternatives for the agent. Consider language () consist-
ing of questions “is @ = 0?” for all alternatives b € A except of the best alternative.
All of these questions should be asked in a decision rule 1 that solves the choice
problem (@, ). There are 2|A| — 2 strong links associated. Lemma 1.5.2 implies that
1 should also contain at least [log,(m)| weak links, proving the second statement of

the Theorem.

1.5.3 Theorem 1.4.3—sketch of the proof

The intuition behind the first statement of Theorem 1.4.3 is discussed in Section 4.
Let us, therefore, sketch the proof of the statement that all simple languages should

be adaptive when (3/4) - 2" < m < 2" for a natural n. Note that n = [log,(m)].
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Let us assume that the first statement of Proposition 1.4.4 holds; the correspond-
ing proof is relatively more straightforward, and some of its intuition has already been
discussed. It suffices, therefore, to prove the only if part of the second statement of
Proposition 1.4.4. Thus, we want to show the following assertion: for the considered
range of m, if the decision rule % solves the choice problem (@, >) and achieves the
lowest possible complexity x(¢) = 3[logy(m)], then ¢ € Wt

Let ¥ be such a rule. Building on the proof of Theorem 1.3.1, we conclude that
should contain exactly 2n strong links—and, therefore, exactly n memory states—and
also, exactly n weak links. Moreover, those weak links should not be loops—if a weak
link is a loop, it cannot be used in the highest-probability path for any alternative.

Suppose that the allocation of the outgoing weak links among the memory states
in ¢ isy = (y1,...,Yn), where y, is the number of weak links, outgoing from state s.

Then we can show that Lemma 1.5.2 implies the following Claim:

Claim 1.5.3 If ¢ solves the choice problem (Q, =), then [](ys +1) > m.
ses

Note that if y = (1,...,1), then the product in the Claim above is equal to 2". The
next algebraic observation highlights the role of the richness assumption (3/4) - 2" <

m < 2™

Claim 1.5.4 Let > ,ys = n. If the allocation of weak links y is such that

y # (1,..,1), then there is an allocation y' with >,y. = n such that
[Ts+1)<G/MA)- Tl +1)
seS seS

Since the number of weak links is n, any allocation of weak links except of y =
(1,...,1) fails to satisfy the necessary condition, given by Claim 1.5.3, whenever (3/4)-

2" < m < 2" Summarizing our observations, we obtain the following Claim:

Claim 1.5.5 In the decision rule v described above, there are |Sp| = n memory
states, and at each memory state, there are exactly two outgoing strong links, and

exactly one outgoing weak link.
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Thus, to prove our assertion, we need to analyze, for each state, where those two
strong and one weak link go. Consider the state s = 1. Suppose that question ¢ = 1 is
asked in state 1, and there are two links, associated with the answer “a; = 0”: a weak
link (1,s,0) and a strong link (1,s’,0). Thus, there is only one strong link (1, s”,1),
associated with the answer “a; = 17. For this sketch, consider a situation when s and
s’ are memory states such that s, s’ # 1. Let v be the weak link, outgoing from the

state s’.

Claim 1.5.6 The weak links (1,s,0) and v described above cannot appear together in

the highest-probability path for any alternative a € A.

Using Lemma 1.5.2, we are able to conclude that in this situation, the number of
indifference classes should be m < (3/4) - 2", contradicting the richness assumption.

Continuing this analysis, we obtain:

Claim 1.5.7 The strong link (1,5',0) described above is a loop; that is, s' = 1.

For the last part of the analysis, note that either the set of alternatives a € A
such that a; = 1, or the set of those with a; = 0 should contain m’ indifference classes
that satisfy (3/4)-2""1 < m’ <2""!. Suppose it is the set with a; = 1; denote it by
A’. Recall that a strong link (1,s”,1) goes to some state s”. Consider an auxiliary
decision rule 1’ that uses the same state space except of the state s = 1; instead,
the investigation process according to this rule starts at state s” and uses the same
transitions between states v,v’ # 1 as the rule ¥. Next, we replace the transitions
(v,1,7) of ¥ going from states v # 1 to state 1 by loops (v,v,7) in ¢'. Finally, we
delete the three transitions, outgoing from the state 1 in ¢). The next Claim is the

key observation in the last part of our analysis.

Claim 1.5.8 An auziliary decision rule described above has exactly 3n—3 transitions

and it solves an auxiliary choice problem (Q,*"), where =’ is the restriction of = on

the subset A’ C A.
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We, therefore, can use an induction in n to argue that ¢’ € ¥ ;. This allows us
to establish the configuration of links, outgoing from all states except of s = 1. Using
this finding, Lemma 1.5.2, and the richness assumption (3/4) - 2" < m < 2", we can
figure out that the strong link (1,s”,1) and the weak link (1, s,0) should go to the

same state s = s”. It follows that ¢ € U7, proving our assertion.

1.6 Extensions

I call the model analyzed in Sections 2-5 the baseline model, and consider two

natural extensions in this section.

1.6.1 Endogenous dismissal decision

In the baseline model, the agent needs to wait for an exogenous attention shock
to bring a new item for her consideration. While this is a good benchmark, and
my theorems show that the agent chooses correctly using a low amount of cognitive
resources when she takes her time, there are economic environments for which it is
naturally to assume that the agent may also dismiss the current item and switch
her attention to some other alternative at will. In this section, I incorporate this
extension to the model and show that all the results remain unchanged in this case.

Consider the same model as in Section 1.2 with only one change: the automaton’s
state space is S = S°U{o}U{new}, where S° = {1, ..., k} is the set of memory states,
state ¢ represents the decision to choose an item for consumption, and a new special
state new represents the decision to stop an investigation of the current item and pick
a new random item from the menu. In this case, the new item is drawn according to
the same probability distribution p?(-) as in the case when the attention of the agent
is switched to a new item exogenously. The agent always starts the investigation of

the new item from the memory state s = 1. With probability n € (0,1), a new item
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catches the agent’s attention even if she wants to proceed with the examination of
the current item.

The definition of the interrogation rule ¢ : S — N remains unchanged, and the
stochastic transition rule, naturally, accounts for the possibility to dismiss an item
with some probability. Thus, the stochastic transition rule is given by the same
formula, 7 : S° x {0,1} — A(S), where S includes also the state new. The definition
of the set of the positive-probability transitions remains unchanged as well, after
taking into account that S includes the state new. The definitions of the decision
rule, the language’s complexity, and the memory load remain the same as in the
baseline model. I call the model described above a model with endogenous dismissal
decision.

The following proposition shows that the complexity and the memory load of the

language does not depend on whether the agent can dismiss an item at will or not:

Proposition 1.6.1 For any adequate language QQ, its memory load and complexity
in the baseline model coincide with its memory load and complexity in the model with

endogenous dismissal decision.

It follows that all results regarding complexity that have been shown in the baseline

model continues to hold in a model with endogenous dismissal decision.

Corollary 1.6.2 In the model with endogenous dismissal decision, Lemma 1.2.1,
Lemma 1.2.2, Theorem 1.3.1, Theorem 1.3.4, Theorem 1.4.3, Proposition 1.3.2,

Proposition 1.3.3, Proposition 1.3.5, Proposition 1.4.1, and Corollary 1.4.2 hold.

The key idea behind Proposition 1.6.1 is that Lemma 1.5.2—which says that for
our analysis, it is enough to consider only highest-probability paths from the starting
state s = 1 to the consumption state s = o—is valid for both variants of the model.
Thus, for any decision rule that uses endogenous dismissal with positive probability,

we can construct a decision rule where the agent returns to the same memory state
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instead of a dismissal. This new rule will have the same size of the state space and at
most the same number of transitions as the original, and it will not have endogenous
dismissal decisions.

For the Proposition 1.4.4 to work in the model with endogenous dismissal decision,
we need to expand the set of decision rules ¥ defined in Section 1.4 as follows. Use
the same definition of W;" as in the baseline model with the only one change: relax

the original property

(c) There exists a unique s’ € {1, ..., s} such that 7(s,s',1 —z;) = 1 — ¢,.

to a property

(¢’) There exists a unique s’ € {1, ..., s} U {new} such that 7(s,s’,1 —x5) =1 — €.

Call the set of such decision rules W dismissal  Thys, instead of returning to the
previously visited memory state with probability 1 — ¢, upon learning that the value
of the investigated attribute is bad, a decision rule ¢ € W dismissal ymay alternatively
have a transition to the dismissal decision with the same probability under the same

conditions.

Proposition 1.6.3 Consider the model with endogenous dismissal decision. Let the
preference relation > have m equivalence classes, and n = [logy(m)]. Then a lan-
guage Q is adaptive if and only if there exists a decision rulep € Widismissal 4pa¢ solpes
the choice problem (Q,>). Moreover, if (3/4) - 2" < m < 2", then a decision rule ¥

such that k() = 3n solves the choice problem (Q, =) if and only if 1 € W dismissal,

While for the purpose of our analysis with zero waiting costs, both the baseline
model and the model with endogenous dismissal decision give the same results, when
waiting costs are small but not negligible, the agent, intuitively, should be better off

by dismissing an item instead of cycling via the same memory states multiple times.
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1.6.2 Recall of the past investigations

An important assumption of the baseline model is that, each time the new al-
ternative catches the agent’s attention, the investigation process starts anew. Thus,
the agent does not recall the results of the past investigations. One can think that
the ability to do so is important: for instance, if we ignore the cognitive constraints,
but assume non-zero costs of waiting (or information acquisition), the agent should
take advantage of the accumulated knowledge and adapt her decision rule during the
search if she is uncertain about the choice environment!!.

In this section, I relax an assumption that the agent does not recall results of
the past investigations. Instead, I assume that the agent has the same constraints in
recalling this information as in recalling the information regarding the current item.
Namely, the agent’s experience regarding the whole search process is summarized via
one of the automaton’s memory states.

To incorporate all extensions, let us also allow the agent to dismiss the current item
at will, as in the previous section. Here, I will not use a special state new to represent
the agent’s dismissal decision because in this case, the information gathered by the
agent before the dismissal decision would be lost. Instead, I consider the automaton
with the same definition of the state space as in the baseline model, S = S° U {0},
and the same definition of the interrogation rule ¢ : S° x {0,1} — N, but with an
appropriate extension of the stochastic transition rule.

For convenience, let us define a stochastic transition rule, 7, as two functions
7 = (71, 7?). The first function is 7! : S° x {0,1} — A((SO x {old, new}) U {<>}>
with the following interpretation. The variable z € {old, new} represents the decision
to continue an investigation of the old item (x = old), or to draw a new item from the
menu (z = new). Consider an agent who learns value j € {0, 1} of attribute ¢(s) in

memory state s € S°. This agent chooses the current item with probability 71(s, ¢, 7).

1This point is made, for instance, in Kohn and Shavell (1974).
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The probability to continue the investigation of the current item and transition to
memory state v € S° is given by 7!(s,v, j,0ld). Finally, the probability to dismiss
the current item at will, pick a new item from the menu, and start its investigation
from the memory state v is given by 71(s, v, j, new).

The function 72 : S° — A(S°) gives the probability 7%(s,v) to transition from
memory state s to memory state v in case of the exogenous attention shock. In this
case, the investigation of the new alternative starts from the memory state v.

Let us define the set of positive-probability transitions'? by including in it all tuples
(s,v,7,new), (s, v, j,old), (s,o,j) for which 7! is positive, and all pairs of states (s, v)
for which 72 is positive. The decision rule is then defined as in the baseline model as
a sequence of automata that share the same state space, interrogation rule, and set
of positive-probability transitions.

Let us analyze the size of the state space required for an optimal decision rule.
Recall that the memory load of language () is the minimum size of the state space of

a decision rule that solves the choice problem (Q, >):
M = min S9
(Q) PYeEW: 1 solves (Q,>) ’ T/”

Let us call the model described above a model with recall of the past investigations.

Theorem 1.6.4 Consider the model with recall of the past investigations. Let the
preference relation = have m indifference classes. Then for any language Q, M(Q) >

[logy(m)], and there exists a language @Q such that M(Q) = [logy(m)].

Theorem 1.6.4 provides the same tight low bound on the languages’ memory load
for the model with recall of the past observations as Proposition 1.3.2 for the baseline

model. Thus, for the languages with the lowest memory load in the baseline model, it

12Gince in this section, I analyze the memory load and not the transitional complexity, the
definition of the set of transitions is non-essential; in particular, one could alternatively define a
decision rule via a sequence of automata without any constraints on the set of transitions.
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is not possible to economize more on the memory by implementing optimal decision
rules that retain some memory of the past observations. The reason behind this result
is relatively clear, once we note that the lower bound given by Proposition 1.3.2 is
tight. Indeed, an optimal decision procedure should have at least [log,(m)] states
to be able to inquire about [log,(m)] different attributes to differentiate any pair of
non-indifferent alternatives and choose optimally in the corresponding binary menus.

A similar result holds for the upper bound:

Theorem 1.6.5 Consider the model with recall of the past investigations. Let |A|
be the total number of alternatives. Then for any preference relation = and adequate
language Q, M(Q) < |A|—1. Moreover, for anym € {2, ...,|A|}, there is a preference

relation = with m indifference classes and a language @ such that M(Q) = |A| — 1.

Theorem 1.6.4 and Theorem 1.6.5 provide the same tight lower and upper bounds
on the language’s memory load for the model with recall of the past investigations,
as those that are obtained for the baseline model. Therefore, for the corresponding
languages that attain those bounds, one way how the agent can economize on the
memory load is to focus on the investigation of the current item—as analyzed in the

baseline model.

1.7 Conclusion

In this paper, I introduce a model of decision making that captures a highly
inattentive consumer who nonetheless achieves near optimal behavior by virtue of
making decisions slowly. This type of behavior is reminiscent of browsing or window
shopping.

My model also exhibits a close connection to the Luce model from discrete choice
theory (Luce (1959)). As in the discrete choice theory, agents in my model behave

stochastically and with some (albeit small) error. The relative likelihood of choosing
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one alternative over the other is independent of the menu of choices, as required
in LuceAAZs choice axiom. In discrete choice theory, the source of randomness is
typically interpreted as a utility shock or an error, while in my setting random choice
is a tool that allows the agent to achieve near optimal outcomes with limited cognitive
resources.

In Section 1.6.1, I consider a natural extension of the baseline model where I allow
the agent to drop the currently investigated item and pick a new random item from
the menu intentionally. I show that this does not change the language’s complexity.

My baseline model assumes that the agent has no control over the search process,
and also that when a new alternative arrives, the agent does not retain memory from
the past examination of alternatives. In Section 1.6.2, I relax the latter assumption
and show that the lower and upper bounds on the memory required for the solution
of the choice problem remain the same as in the baseline model (and these bounds
are tight as well). Whether the corresponding results hold for the transitional com-
plexity!? is a direction for future research'®.

Having a more directed search, intuitively, should not matter for the optimality
criterion, considered in the paper. For instance, the ability to avoid multiple investi-
gations of the obviously inferior alternatives could make the agent’s choice faster, but
would not matter for the infinitely-patient agent. Moreover, the ability to return to
the previously visited alternatives at will may require additional cognitive resources,

such as recalling the indexes of the visited alternatives.

130ne should carefully generalize the transitional complexity; for instance, the instruction that
says to always start an investigation of the new alternative from state s = 1—considered in the
baseline model—is intuitively simpler than the instruction that says that a new investigation should
start from state 1 if the previous state was 2 or 3, and it should start from state 2 if the previous
state was 1 or 4. Just counting transitions in the setup presented in Section 1.6.2 may not reflect
this intuition.

MHowever, since the memory load and transitional complexity are related measures, the paper’s
results regarding the memory load do put bounds on the transitional complexity in a more general
setup as well. The challenge is to reproduce the sharp characterization of the lower bound and
extend the results regarding the simplicity of the adaptive languages.
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All of the extensions discussed above matter for the analysis of the resulting
random choice away from the limiting case of the infinitely patient agent considered
in this paper. This is an intriguing avenue for the future research.

To summarise, this paper shows that a very cognitively limited agent operating
in an environment with an uncertain choice set and subjected to exogenous attention
shocks is able to solve a complex choice problem nearly optimally. For that, the agent
only need ample time and a convenient way—that is, an adaptive language—to think
about the alternatives. Moreover, an intuitive procedure that consists of looking at
each attribute sequentially and advancing in this investigation with higher probability
upon learning good news turns out to be the simplest possible algorithm, and often—
the only simplest algorithm. From a broader perspective, by characterizing simple
languages as adaptive, this paper provides a foundation for the usage of the separable

utility functions in models with patient agents.
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Chapter 2

Framing and Ambiguity
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2.1 Introduction

n this paper, we present a model of decision making under uncertainty with
framing effects. More specifically, we analyze decision-makers who confront Knightian
uncertainty and whose reasoning about this uncertainty is influenced by the manner
in which the choice problem is presented. Each frame suggests a different assessment
of the underlying uncertainty and therefore, may yield a different choice from a given
set of options. A modeler who cannot observe the frame cannot rule out any one
of these choices. Once the frame is fixed, the decision maker is a maxmin expected
utility maximizer. The frame determines the set of probabilities over which expected
utility is minimized.

Our motivation is the observation that decision makers are constrained by limited
cognitive resources; they suffer from limited attention, limited memory or computa-
tional ability or a coarse understanding of contingencies. Such decision makers cannot
identify, assess and integrate all available payoff-relevant information into unified de-
cision procedure. In the absence of such a coherent procedure, the decision maker
may be prone to mistakes and biases and may end up making different choices in
seemingly identical situations.

To illustrate our framework, we consider a hypothetical student, Alice, preparing
for an exam of unknown difficulty. She needs to decide whether to spend the day
studying for the exam or work on her history paper. She mentions the exam to one
of her friends who asks whether Alice thinks the exam will be hard or not hard. Alice
realizes that if the exam is hard, she is likely to fail no matter how she spends the
day. However, if the exam is not hard, an extra day of studying is likely to make the
difference between success and failure. Given a choice between failing for sure and

failing if the exam is hard, Alice decides to devote her day to studying for the exam.

IThis chapter is based on the paper “Framing and Ambiguity”.
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Consider the following alternative scenario in which Alice, instead of discussing
the exam with a friend, mentions it to her brother who states that in his opinion,
the key is to assess whether the exam will be easy or not easy. Alice guesses that if
the exam is not easy, then there is a possibility of a failure whether she studies for
the exam or not, and if the exam is easy, she will likely pass even if she spends the
day on her history paper. Based on this reasoning, Alice concludes that she should
devote her day to the history paper.

An outside observer studying Alice’s behavior will know whether she spent day
studying for the exam or working on her history paper and whether she passed the
exam or not and might even learn whether the exam was easy, hard or neither (that
is, in-between). However, the observer is unlikely to know whether Alice’s framing of
the problem was influenced by her friend or her sister. Hence, to the outside observer,
Alice can take either action, study for the exam or work on her paper.

Notice that each frame yields an incomplete specification of the underlying un-
certainty. We interpret this incompleteness as ambiguity. With the friend’s framing,
Alice contemplates the events hard and not hard and hence these events become un-
ambiguous while the events easy and neither easy nor hard are suppressed and remain
ambiguous. With the brother’s framing, Alice contemplates the events easy and not
easy and hence these events become unambiguous while the events hard and neither
easy nor hard are suppressed and remain ambiguous.

The primitive of our Framed Ambiguity model is a choice correspondence which
maps every non-empty compact set of Anscombe-Aumann acts to a subset of pos-
sible choices from that set. Our axioms on this correspondence yield the following

representation:

c(4) = |Ja)

¢(4) = {fGA
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for all . Hence, each frame ¢ identifies a set of probability distributions P; describing
the uncertainty associated with that frame, while vNM expected utility function U
remains the same for all frames. After adopting a particular frame, the agent becomes
a maxmin expected utility maximizer (Gilboa and Schmeidler (1989)).

The three key axioms of our representation theorem (Theorem 2.2.1) are Framed
Uncertainty, a weakening of WARP that retains Sen’s o (sometimes called contraction
consistency) but replaces Sen’s 5 (expansion consistency) with a weaker alternative,
a new axiom, No-C-Hedging, which extends Gilboa and Schmeidler’s c-independence
for decision makers who fail WARP, and Indirect Ambiguity Aversion, which is a
version of decision maker’s aversion to ambiguity, suitable for the environment with
framing. Hence, framed ambiguity is a multi-multiple prior model that has maxmin
expected utility as a special case; when there is a unique frame. This is the only case
in which the frame ambiguity model satisfies WARP.

With multiple frames, in general, it is not possible to identify uniquely the pa-
rameters of the representation. In Theorem 2.2.3, we show that decision maker’s
expected utility function is unique up to a positive affine transformation and that
there is a minimum and a mazimum family of frames. The set of all representations
has a lattice structure: a family of frames represents the choice function if and only
if it includes the minimum family and is included in the maximum family. We pro-
vide a full characterization of all representations in Proposition 2.3.2. If all sets of
beliefs in a representation are singletons; that is, if the decision maker is a subjective
expected utility maximizer with frame-dependent beliefs, then the representation is
unique (Corollary 2.3.3).

We consider two criteria for comparing framed-ambiguity averse agents: decision
maker 1 is more decisive than decision maker 2, if from each choice set, decision maker

1 chooses a subset of the options that decision maker 2 chooses. Decision maker 1 is

95



more consistent than decision maker 2, if whenever decision maker 2 chooses a unique
option from a choice set, so does decision maker 1.

In Proposition 2.5.1, we show that one decision maker is more decisive than an-
other if and only if the two have the same expected utility functions and the former’s
maximal family of frames is a subset of the latter’s maximal family of frames. Hence,
a more decisive agent is one who has fewer frames. Theorem 2.5.2 provides a char-
acterization of the more consistent than relationship for decision makers with finitely
many frames. Unlike greater decisiveness, greater consistency does not require fewer
frames; rather, it imposes restrictions on the type of additional frames that a more

consistent agent can have.

2.1.1 Related Literature

Our paper contributes to the literature on framing, on ambiguity and on aggre-
gation of beliefs. In this section, we briefly introduce the related papers. We provide
more details in subsequent sections to discuss relation to our results.

Tversky and Kahneman (1981) introduced the notion of framing. In their formu-
lation, framing introduces a benchmark that enables decision makers to identify some
outcomes as gains and others as losses. In our formulation, a frame enables a decision
maker to organize her reasoning about the uncertainty.

Framed ambiguity model extends Gilboa and Schmeidler (1989) maxmin model of
ambiguity aversion. We enrich it by assuming multiple sets of beliefs and interpreting
each set of beliefs as a frame in the spirit of Salant and Rubinstein (2008)2.

The Anscombe-Aumann framework in Heller (2012) is a special case of our model
under two restrictions: all sets of beliefs are singletons, and the family of frames
(singleton beliefs) is convex. The same is true for Lehrer and Teper (2011) with the

nuance that they consider preference relation as a primitive.

2We also assume that the analyst does not observe a frame, but observes only a resulting choice
correspondence, as in section 3 of Salant and Rubinstein (2008).
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Frick et al. (2019a)—and, independently, Chandrasekher (2019)3—also consider a
decision maker whose perception of uncertainty is given by a family of sets of beliefs.
They assume that decision maker considers all sets of beliefs in the family, and chooses
the most optimistic set of beliefs and the most pessimistic belief in a set to evaluate
a given act. Thus, their agent respects WARP in contrast to ours.

Kopylov (2019) also builds a model where agent may use maxmin models with
different sets of beliefs to evaluate Anscombe-Aumann acts. In the language of our
model, he assumes that frames are menu-dependent; moreover, each menu corre-
sponds to exactly one frame. We, in contrast, assume that decision maker can use all
frames from the family to make choices from each menu. Thus, the two models are
not nested.

Lu (2014) studies a random maxmin model. His primitive is a stochastic choice
from menus consisting of ex-ante lotteries over Anscombe-Aumann acts. In terms of
his model, we assume much less choice information: only the support of the distribu-
tion of choices from menus consisting of degenerate lotteries over acts? is known.

Other papers that model framing of uncertainty include Bourgeois-Gironde and
Giraud (2009), Ahn and Ergin (2010) and Caplin and Martin (2020). Outside of the
uncertainty framework, preference identification in the environment with framing is
studied, for instance, in Goldin and Reck (2020).

Other decision-theoretic papers that consider violations of rationality in decision
making under uncertainty include Ok et al. (2012), Galaabaatar and Karni (2013)
and Hara et al. (2019).

Our comparative statics result contributes to the literature on aggregation of pref-

erences under uncertainty. In particular, in Corollary 2.5.5 we consider aggregation

3To the best of our knowledge, these two papers will be combined.

4To connect his (random choice) and our (choice correspondence) primitives, assume that an act
is chosen from the menu if the corresponding degenerate lottery over acts is chosen from the menu of
the corresponding degenerate lotteries with positive probability—i.e. we consider the upper choice
correspondence, induced by the stochastic choice from Ok and Tserenjigmid (2019).
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of opinions of ambiguity averse experts that agree on utilities, but disagree on sets
of beliefs. We discuss relation of our results to Cres et al. (2011) and Hill (2011) in

Section 5. Other related papers are Nascimento (2012) and Danan et al. (2016).

2.1.2 Structure of the Paper

The rest of the paper is organized as follows. Section 2 introduces our setup,
axioms and framed ambiguity model and provides characterization and identification
theorems. Section 3 elaborates on identification results, Section 4 studies behavioral
implications of agent’s sensitivity to framing. Section 5 provides our comparative
statics results and application to the social choice theory. All proofs are given in the

Appendix.

2.2 Model

We consider an Anscombe-Aumann setup with a finite set of prizes X and a finite
set of states of the world S with |[S| > 2. An act f: S — AX is a mapping from
the state space to the set of probabilities (objective lotteries) on X. Denote the set
of acts by H with typical elements f,g,h,... and endow it with metric d consistent
with a product topology induced by the topology of the point-wise convergence of
probabilities on X. The set of acts H is a mixture space with mixture operation
defined via (Af + (1 — N)g)(s) = Af(s) + (1 — N)g(s). A constant act is an act that
gives the same consequences in all states: f(s) = p Vs € S. We denote such acts
by corresponding lotteries p, q,r, ... whenever it does not cause confusion. The set
of constant acts is Hy C H. Decision maker (DM, she) chooses acts from menus
A, B,C,.... A menu is a non-empty compact subset of H. We denote the set of all

menus by I and endow it with the Hausdorff metric. A mixture between a menu and
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an act is defined via AA + (1 — XN)g = {\f + (1 — XN)g | f € A}. The set of menus

consisting of constant acts is Ky C K.

2.2.1 Choice Correspondence

The analyst observes a choice correspondence ¢ : K — 2% such that @ # ¢(B) C B
for any B € KC. We interpret ¢(B) as a subset of acts that could be chosen from menu

B by the DM. We make the following implicit assumptions:

(i) DM’s perception of uncertainty could be influenced by the details of the decision
problem unobserved by the analyst that do not provide DM with additional in-
formation about the state of the world. We call the collection of such details a

frame.

(ii) An analyst is able to recover choice correspondence from the data by observing
repeated choices from each menu. Inconsistency of choices emerges only either

from varying framing of the problem or from indifferences between the alternatives.
(iii) The collection of frames that DM experiences is invariant across menus.

The first assumption is the premise of the project, as we are interested in the
class of choice correspondences that emerge as a result of the ambiguity framing.
Assumption (ii) in particular says that no learning occurs: notwithstanding the fact
that DM faces multiple frames for a menu, she is unable to connect her past decisions
to the current situation. Assumption (iii) says that we don’t consider menu-dependent

frames. Finally, we make an assumption about the DM’s attitude toward uncertainty:
(iv) Decision maker is cautious toward the uncertainty that she could realize.

Assumption (iv) is common for models involving Knightian uncertainty. Moreover,
if DM realizes that she is sensitive to framing, this gives her an additional novel

motivation to use caution. DM might think that the uncertainty relevant for the
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choice problem is framed in a way that erroneously inflates values of some acts—
such as emphasizing possible priors that favor these acts. In this case the worst case
scenario evaluation could be a good approach to counteract this type of exogenous

framing.

2.2.2 Axioms

We introduce behavioral axioms on the choice correspondence in the spirit of the
discussed above implicit assumptions (i)-(iv). Recall that Weak Aziom of Revealed

Preference (WARP) is equivalent to conditions o and (3 taken together:

WARP: VYA, BeK c¢(A)NB#@ = ¢(B)NACc(A)

(X
a: VYA BeK c¢(AUB)NACc(A)
p: VA BeK c¢(AUB)NA# 2 = ¢(A) Cc(AUB)

Our first axiom relaxes WARP on the domain of menus that involve non-constant

acts.

AXIOM 1 (Framed Uncertainty):
11(a): VA, BeK c¢(AUB)NACc(A)
1.2(C-): VA BeKy c(AUB)NA# @ = ¢(A) Cc(AUB)

1.3 (Aizerman’s Property): VAe K Vfe H f&c(AU{f}) = c(A) C c(AU{f})

Condition « is appealing, since if there is some framing that allows DM to choose
an act from a menu, the same framing would allow DM to chose this act from the

subset of this menu. Since we assume that framing influences only the perception
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of uncertainty, we demand WARP to hold on the domain of menus, consisting of
constant acts, hence C-£. Finally, Aizerman’s Property relaxes 3: one can see that if
fE&c(AU{f}), then c(AUB)N A # @& for B = {f}, and, hence, ¢(A) C ¢c(AUB) =
c(AU{f}) by B. Aizerman’s Property says that if h is chosen from the menu, and
adding f to this menu results in h not being chosen, then at least f should be good
enough by itself to be chosen under some framing.

Our next axiom is a generalization of Gilboa and Schmeidler’s c-independence

axiom for preference relation to the choice setting:

AXIOM 2 (C-Independence): YA € K Vp € Hy VA € (0,1)
cCAA+ (1 =XN)p) =Ac(A)+(1—=Np

C-Independence says that uncertainty regarding s € S does not matter for
evaluation of constant acts, and that DM is able to factorize Knightian uncertainty
and objective uncertainty regarding the prize that lottery f(s) gives in state s. Thus,
even though DM may have different perceptions of uncertainty under different frames,
her choices do not change once we scale payoffs by varying objective probabilities.
Once ( is relaxed, though, C-Independence does not fully capture this intuition, and

we also need the following property:

AXIOM 3 (No C-Hedging): VAe KVfe HVpe Hy VA e (0,1)
fipeAd = c(A) Cc(AU{Af+ (1= Np})

To get the intuition behind No C-Hedging, suppose that under any circumstances
act Af + (1 — A)p seems to be so attractive that DM cannot choose h from A in the
presence of this act. Disregarding DM’s perception of uncertainty either f or p should

be at least as attractive as Af + (1 — A)p, since constant act p cannot effectively hedge
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against bad outcomes in f. Hence, the presence of both f and p in A would not allow
DM to choose h from A under any circumstances as well.
Monotonicity is a natural assumption for the choice under uncertainty. Our

version involves only choices from binary menus:

AXIOM 4 (Strict Monotonicity): Yf,g € H
g(s) & c({f(s),9(s)}) Vs € § — g & c({f,9})

Strict Monotonicity says that DM chooses consequentially. If she cannot find a
reason to choose g(s) versus f(s) for any possible contingency, then she concludes
that there is no reason to choose g versus f whatever uncertainty regarding s € S
she thinks is possible.

Our last structural axiom formalizes assumption (iv):

AXIOM 5 (Indirect Ambiguity Aversion): VYA €K VYhe A Vf,ge H YA€ (0,1)
h ¢ c(AU{f}) and h & c(AU{g}) = h & c(AU{Af+(1-N)g})

If DM is averse to the ambiguity within the frame, she always considers \f + (1 —
A)g to be as good as at least one of acts f or g. If adding either f or g to the menu
does not allow A to be chosen under any frame, so should do their mixture. Note that
the Indirect Ambiguity Aversion axiom keeps track of an act that cannot be chosen,
and not of the act that is chosen.

Finally, we introduce our technical axioms. We endow K x H with a product

topology.

AXIOM 6 (Continuity): { (A, f) e KxH| f € c¢(A) } is

closed
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AXIOM 7 (C-Non-Degeneracy):  3p,q € Hy such that {p} = c({p, ¢})

We use C-Non-Degeneracy axiom instead of a weaker statement c¢(A) # A for
some A € K because if choices over constant acts are degenerate, Strict Monotonicity
has no bite, and pathological models are consistent with axioms 1-6 and ¢(A) # A

for some A°.

2.2.3 Representation

We denote by II the set of all non-empty compact and convex subsets of beliefs
P C AS. We endow II with a Hausdorff metric. Note that II is compact. When we

talk about a set of beliefs P, we assume that P € II.

DEFINITION 1. A Framed Ambiguity model is a pair (U, .A), where U : AX — R
is a non-degenerate vNM expected utility function, and A C II is a non-empty closed

family of non-empty compact and convex sets of beliefs P € II.

DEFINITION 2. A framed ambiguity model (U, .A) represents choice correspondence
c(-) if

o(B) = |J arg max Wp(f) VB e K (2.1)
pPeA  fEB
where
We(f) = min 3 u(s)U(f(s)) (2:2)

Note that each framed ambiguity model represents a unique choice correspondence
given by eq. (2.1), since ¢(B) C B, and taking some P € A # & we can see that

arg max is always non-empty. Wp(-) is a utility function of the maxmin model with

5Lemma B.2.1 in Appendix B.
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vNM expected utility U(-) and set of beliefs P. An act belongs to ¢(B) whenever it
maximizes menu B with respect to at least one of utility functions {Wp}pc 4. Thus, a
framed ambiguity model operationalizes frames via sets of beliefs P € II. This way A
is a set of frames, and each of them could be used as a rational for choosing f € ¢(B).
We maintain an assumption that a frame is an unobserved property of a decision
problem and not a property of an individual act®. Thus, if an act is chosen, it should
be the best under some framing, when all other acts in the menu are evaluated under
the same framing.

Our first main result is a characterization theorem.

Theorem 2.2.1 A choice correspondence has a framed ambiguity representation if

and only if Azioms 1-7 hold.

Theorem 2.2.1 says that framed ambiguity model is equivalent to axioms Framed
Uncertainty, C-Independence, No-C-Hedging, Strict Monotonicity, Indirect Ambiguity
Awversion, Continuity and C-Non-Degeneracy. Our model does not contain redundant

axioms:

Proposition 2.2.2 Azioms 1-7 are independent.

Our second main result is identification of the parameters of the model that pro-

vides a minimum representation.

Theorem 2.2.3 Let choice correspondence c(-) satisfy axioms 1-7. Then there is a
unique minimum family of frames A C 11, a unique maximum family of frames B C I1
and vNM expected utility function U such that (U', A") represents c(-) if and only if

U’ is a positive affine transformation of U, and A C A C B.

5To connect the two notions, we can consider a set of frames with a product structure, where
each coordinate corresponds to a framing of some act. However, if we want to maintain assumption
(iii) about the invariance of the set of frames across menus, we then should consider, for instance,
choice from menu B = {f, g} with all possible framing of not only acts f and g, but all other acts
as well.
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Theorem 2.2.3 tells us that, although we cannot exclude some multiplicity of
the representation, there is a well-defined unique minimum collection of frames that
provides a framed ambiguity representation of choice correspondence ¢(-) that satisfies
our axioms. The main idea behind this result is that unobserved framing of choice
problems induces observed menu effects for the resulting choice correspondence.

To identify frames, for any given act f we find all menus A maximal in the sense
that f is chosen from A, but not chosen from any larger menu. If DM satisfies WARP,
there exists exactly one such menu for any act f—menu, consisting of all acts that
are weakly worse than f. In our model, each frame from the minimum family gives
rise to a maximum menu A for some act f; this menu consists of all acts that are
weakly worse than f under the considered frame.

Theorem 2.2.3 also tells us that there exists a maximum representation that in-
cludes all possible frames redundant for the representation: once there is a minimum
collection A, adding or deleting frames in B\.A does not change the induced choice

correspondence. Proposition 2.3.2 in the next section characterizes frames in B.

2.3 Redundant Frames

Consider the following simple example of multiplicity of representation in our
model. Let X = {z,y} and S = {1,2}. Agents 1 and 2 have the same vNM
expected utility function U(p) = p(x) for p € AX. The first agent operates with
two non-nested intersecting sets of beliefs: A; = {P;, P»}. The second agent uses
the same sets of beliefs and also their intersection: Ay = {P;, P», P; N Py}. Clearly,
Wpe,nap, (f) = max{Wp, (f), Wp,(f)}. Thus, if act f maximizes Wp,~p,(:) in menu B,
it also maximizes at least one of Wp, () or Wp,(-). It follows that both agents have

the same observed choice correspondence. Thus, frame P; N P, is redundant for the
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representation.

DEFINITION 3. Given a non-degenerate vNM expected utility function U and
a collection of frames A C II, frame P € II is redundant if model (U, AU {P})

represents the same choice correspondence as (U, A\{P}).

As we can see from the example, an intersection of frames could be a redundant
frame. To extend the idea for larger state spaces, we introduce a notion of coherent

intersection of compact convex sets (sets of beliefs).

DEFINITION 4. Given a non-empty collection C of non-empty convex compact
sets in AS C R!SI, a non-empty convex compact set P is a coherent intersection of
C if the projection of P on any linear subspace of R!Sl is equal to the intersection
of projections of sets in the collection C. We say that a coherent intersection is

non-trivial if P & C.

Clearly, if P is a coherent intersection of C, then it is an intersection of frames
in C—to see this, take RI®l as a linear subspace of itself. When C has a coherent
intersection P, we say that sets of beliefs in C intersect coherently. Notice also
that any P € II is a trivial coherent intersection of the collection consisting of P
(i.e. C = {P}). Recall that a support functional of a set of beliefs P is a function
Ip: RSl — R given by Ip(2) = ggg s%:s (s) - zs. The next proposition shows some
properties of the coherent intersections.

Proposition 2.3.1 (i) An intersection P of C is coherent if and only if Ip(z) =
maxpree Ip(2) for all z € RIS\, (i) If |S| = 2, any non-empty intersection of a non-

empty closed collection C C 11 is a coherent intersection of C. (i) If |S| > 2, there
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is a non-empty closed collection C C Il that has a non-empty intersection, but does

not have a coherent intersection.

Thus, Proposition 2.3.1 gives an alternative definition of the coherent intersection:
P is a coherent intersection of C is when the support functional of P—which is a
utility function in the corresponding maxmin model—is equal to the maximum of the
support functionals of the sets of beliefs in C. In the proofs, we use this alternative
definition.

Let us introduce one more piece of notations.

DEFINITION 5. Let A C II be a non-empty collection of sets of beliefs, then its

coherent closure is given by

(A) = { Pell| P is a coherent intersection of some C C A } (2.3)

coh

Lemma B.2.2 in Appendix B shows that (A)., is indeed a closure of A with respect
to the operation of coherent intersection, hence the name. Coherent intersections give

rise to the redundant frames. In fact, they are the only source of redundant frames.

Proposition 2.3.2 A frame P € 11 is redundant with respect to A C II if and only if
there is a subcollection C C A such that P is a non-trivial coherent intersection of C.
Let axioms 1-7 hold for c(-). If (U', A") represents c(-), then the collection of frames
B in the mazimum representation (U, B) of c(-) consists of all coherent intersections

of subcollections C C A'.

Corollary 2.3.3 Let choice correspondence c(-) satisfying Axioms 1-7 be represented
by (U, A). If all frames P € A are singletons, then the representation is unique up to

a positive affine transformation of U.

Proposition 2.3.2 characterizes all possible redundant frames. Moreover, it says

that we can start with any representation (U’, A") of a choice correspondence ¢(-) and
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find out the maximum collection of frames B = (A’).,n by coherently intersecting
frames in A’. Notice that we can start with A" = A being the minimum collection
of frames, that is, B = (A)en. In the special case when DM is a subjective expected
utility maximizer with frame-dependent belief, A is a unique collection of frames

(singleton beliefs) in the representation of c¢(+).

2.3.1 Identification of multi-multiple prior models in the lit-

erature

In Frick et al. (2019a), the set of relevant priors—a convex hull of the priors that
are used by DM to evaluate acts—is unique for the representation. This is true for our
model as well: the set of relevant priors is a convex hull of the union of all frames in
the minimum family”. Our model, therefore, suggests a stronger identification result,
since our representation also exhibits a unique minimum family of sets of beliefs.

In Kopylov (2019), the analyst can identify the projections of sets of beliefs that
account for the ambiguity relevant for given decision problems. Our model allows for
the identification of each set of beliefs completely, but some redundant sets of beliefs
may occur, although we fully characterize these redundancies.

Both Frick et al. (2019a) and Kopylov (2019) operate with a preference relation
as a primitive®. Our model makes use of data on choices from larger menus as well,
which is advantageous for the identification purposes—we clarify this point in Section
5.3.

Lu (2014) shows that the distribution of sets of beliefs is uniquely identified if

the analyst knows frequencies of choices from doubleton menus consisting of an ex-

"This follows from Proposition 2.3.2. Moreover, the set of priors that are used by DM to evaluate
acts—and not just the convex hull of this set—is also unique in our model, since redundant sets of
beliefs consist of intersections of sets of beliefs from the minimum family.

8Kopylov (2019) considers also an extension of his model for choice functions.
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ante lottery over Anscombe-Aumann acts and a constant act. His model, therefore,
provides a superior identification result by extending the primitive.

Lu (2014)’s result comes at a cost of assuming linearity over the ex-ante mixtures
of Anscombe-Aumnann acts, and implicitly assuming that the process of assignment
of a menu is independent of the process governing the choice of the set of beliefs
that DM uses. We, in contrast, can allow for a correlation between a menu and a
set of beliefs as long as it is not perfect—we care only about the supports of the
distributions.

Finally, Heller (2012) identifies a convex family of singleton beliefs uniquely from
the choice correspondence, while our Corollary 2.3.3 shows that a non-convex family of
singleton beliefs is also identified uniquely. Our model, even constrained to singleton
beliefs, allows for a richer behavior. For instance, suppose the DM in our model has
two frames: P; = {u}, that favors f to 0.5f + 0.5g to g, and P, = {us}, that favors
g to 0.5f 4+ 0.5g to f. Such DM chooses f and g, but not a compromise alternative
0.5f+0.5g from menu {f,0.5f40.5¢g, g}. In contrast, the DM in Heller (2012) should
necessary choose a compromise alternative 0.5f + 0.5g if she chooses f and g, since
this mixture is the best according to one of the intermediate beliefs Ay + (1 — ) o

for some A € (0,1).

2.4 Frame Sensitivity

In this section, we study the behavioral difference between agents who are sensitive
to the framing of a choice problem—in the sense that they may change their decision
depending on the frame that they have in mind—and agents who are not sensitive to
the framing.

A Gilboa and Schmeidler (1989) maxmin model is a special case of a framed

ambiguity model when the set of frames is singleton: A = {P}. Intuitively, DM is
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able to hold the same perception of uncertainty independently of varying irrelevant
details of the choice problem—either because framing does not matter for her, or
because she is able to recognize the whole set of frames and connect them into a

single frame. Formally:

DEFINITION 6. The DM is not sensitive to framing if her choice correspondence

c¢(-) admits a framed ambiguity representation with a single frame.

If DM is not sensitive to framing, the analyst can use choices from binary menus
(preference relation) to identify the corresponding set of beliefs uniquely, while in
this paper we use data on choices from larger menus to identify a unique minimum
family of frames. Can we achieve the same identification result using just a preference
relation?

Formally, consider the following property:

Normality: VYA€ K c(A)={feA| fec{f g}) Vge A}

Normality says that once the analyst knows choices from binary menus, the analyst
can reconstruct the full choice correspondence by a straightforward way; consideration
of larger menus in this case is not advantageous. We, therefore, are interested in cases
when Normality holds for our DM.

Next, we want to shed some light on our key axioms— Framed Uncertainty, No-C-
Hedging and Indirect Ambiguity Aversion—Dby considering their alternative versions
that bear the same meaning for DM with one frame, but, possibly, different meaning
for DM with multiple frames.

If DM has only one frame, her choice correspondence should satisfy WA RP, which

is strengthening of the Framed Uncertainty axiom.
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The ambiguity aversion axiom for the maxmin model translates from the
language of preference relation to the language of choice correspondence as fol-
lows: f € c({f,g}) implies A\f + (1 — XN)g € c({\f + (1 — Ng,g}). It is easy
to see that this property holds for agent who operates with multiple frames as
well. However, this property does not clarify what happens when DM chooses
from non-doubleton menus. For instance, f € c¢({f,g} U A) does not imply that
Af+(1—=XNgec{Af+(1—-XNg}U{A}), since DM might dislike g. We, therefore,

require that ¢ is also good enough: g € ¢c(AU {g}).

Direct Ambiguity Aversion: VAe K Vf,ge H YA€ (0,1)
fecAU{f}) and g € c(AU{g}) = AN+ (1 —=XNgec(AU{Nf+(1—XN)g})

A decision maker who satisfies Direct Ambiguity Aversion argues in the spirit of
Axiom 5 (Indirect Ambiguity Aversion), but is able to connect her decisions under,
possibly, different framing: if there is a reason to choose f versus acts in A and there
is a reason to choose g versus acts in A, then there should be a reason to choose
their mixture versus acts in A, since mixture hedges uncertainty in f and g. We are
interested in cases when Direct Ambiguity Aversion holds for our agent.

Suppose agent has one frame, and she prefers act h to both act f and constant
act p, i.e. h € c¢({h,f}) and h € ¢({p,h}). Then this agent respects a pairwise
version of No-C-Hedging: it should be that h € c({\f + (1 — A\)p,h}). Can this

property hold for DM with multiple frames as well? Formally,

Pairwise No C-Hedging: Yf,h € H, Vp € H,
he e({h, 1}) and h € e({h,p}) = he c({h,Af +(1— \)p})
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Intuitively, DM who satisfies Pairwise No C-Hedging argues in the spirit of Axiom
3 (No C-Hedging), but she can connect her decisions under different framing: if there
is a reason to choose h versus f, and there is a reason to choose h versus p, then
there should be a reason to choose h versus their mixture, since constant act p cannot
effectively hedge against uncertainty in f.

The next proposition relates frame sensitivity to the violation of these properties:

Proposition 2.4.1 Let choice correspondence c(-) satisfy Azioms 1-7. Then the
following properties are equivalent for c(-): B, WARP, Normality, Direct Ambigu-
ity Aversion, Pairwise No-C-Hedging, DM with choice correspondence c(-) being not

sensitive to framing.

Proposition 2.4.1 says that c¢(-) is inherently not normal: the only case when
an analyst can reconstruct the whole choice correspondence using only information
coming from the binary choices is when DM is not frame sensitive. Notice that an
analyst can also verify frame sensitivity using only binary choices, since Pairwise
No-C-Hedging operates with doubleton menus.

Intuitively, Direct Ambiguity Aversion and Pairwise No-C-Hedging are violated
by a frame sensitive DM not because she doesn’t respect the associated hedging
reasoning, but because she fails to contemplate her choices under different frames,

what is needed to build the premises of the corresponding arguments.

2.5 Connection of Frames and Consistency of
Choices

Imagine two agents who agree on the ranking of prizes, say both prefer x = $100 to
y = $0, but choose differently from menus consisting of acts that yield state-dependent

lotteries over x and y. The ambiguity literature distinguishes two main reasons for
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that: different perception of the relevant uncertainty—that is, ambiguity—and dif-
ferent sentiment regarding the perceived uncertainty—that is, ambiguity attitude®.

Our model allows to distinguish a third reason: difference in the sensitivity to
framing. All else equal, two agents may have different ability to connect the same
information about the environment into a decision procedure. In our comparative
statics analysis, we focus on the situations when one of the agents is more capable
of connecting various decision frames than another. Naturally, the choice of such
decision maker exhibits more consistency and is less frame-dependent.

One way to connect the two points of view is to extend the aversion of ambiguity
to frames as well, and evaluate everything from the worst point of view—when
frames are singleton beliefs, this aggregation idea corresponds to Default to Certainty
in Gilboa et al. (2010), and for non-singleton beliefs this is considered in Cres et al.

(2011) and Hill (2011).

DEFINITION 7. Given a non-empty closed collection of frames C, its convex union

is a set of beliefs P given by

prec

P = com)(U P') (2.4)

Intuitively, an agent who contemplates a subset of frames C at a moment, can
think that any prior in any set of beliefs is possible and be cautious toward this

110

opportunity. An aggregate frame P is then a convex hull*® of the union of all sets of

beliefs in C.
While cautious method of aggregation suggests to consider all possible priors,

an optimistic decision maker can do the opposite: consider only priors that belong

9See, for instance, Ghirardato et al. (2004).

1ONon-convex sets of beliefs—as oppose to non-convex sets of frames—are not identifiable in
our model; also, a decision maker who contemplates beliefs p1 and ps within a given frame could
contemplate as well an intermediate belief Ay + (1 — ) po.
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to every frame in the collection C; that is, the intersection of frames. The choice
behavior of such agent corresponds to contemplating a decision to choose an act
versus a constant alternative within each frame as an argument in favor of this act—
we call this type of reasoning, novel in the literature as far as we aware, an optimistic
learning and analyze it in the end of the section. An obvious pitfall of this approach
is that a collection C may have empty intersection. Some intersections of frames are
coherent, and they play special role in our analysis, as one might guess from our
identification results.

Finally, the agent can try to find a compromise between frames: interpret each
frame as a point of view and assign a weight to it. For instance, if frames are
singletons P, = {1} and P, = {uo}, then a singleton set P = M1} + (1 — M) {2}
corresponds to weighting!'! the first point of view—or expert’s opinion—by X, and

second point of view by 1 — \.

DEFINITION 8. Given a non-empty finite collection of frames C = { Py, ..., Py}, its
convex combination with respect to weights A € A ({1,...,N}) is a set of beliefs P

given by

)

N N
P = NP = {MEAS’EluiePiforizl,...,N: ,MZE)\Z‘/M} (2.5)
=1 i=1

A convex combination!? P of a collection of frames C has a nice property that
the value of an act calculated with respect P is a weighted average of its values with

respect to each of the frames C, and the weights are the same as used in the convex

HThis way of aggregation different opinions is also considered in Crés et al. (2011) and Hill
(2011).

12We consider finite collections for two reasons. First, a version of our results involving infinite
collections lacks proofs at the moment. Second, infinite convex collection is a less intuitive object,
since, for instance, we should require a selection of a prior in each frame to be measurable with
respect to o-algebra on C.
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combination of frames. Thus, the idea of a compromise between different points of
view works simultaneously for values of acts, and for beliefs as well.

In the remaining part of this section, we study the choices of—potentially frame
sensitive—agent 1 who connects some of the frames of agent 2. We say that a collec-
tion of frames C is connected in a non-trivial way in a frame P by one of the discussed

three ways, if P & C.

2.5.1 Decisiveness

We start by considering a natural decisiveness relation.

DEFINITION 9. DM 1 with choice correspondence ¢ (-) is more decisive than DM 2

with choice correspondence cy(-) if ¢; C cs.

Thus, we say that DM 1 is more decisive than DM 2 if she chooses among a
subset of alternatives that could be chosen by DM 2. Proposition 2.3.2 provides us

with necessary tools to characterize this comparative decisiveness relation:

Proposition 2.5.1 Let ci(-) and cy(-) are represented by (Uy, Ay) and (Us, Az). Then
DM 1 is more decisive than DM 2 if and only if Uy is a posilive affine transformation
of Uy and Ay C (Az)

coh*

Recall that (A,),,, is @ maximum collection of frames that represents cy(-). Thus,
Proposition 2.5.1 tells us that a more decisive agent is one who starts with the max-
imum collection of frames that the other agent may have and drops some of those.
Therefore, the only non-trivial way how a more decisive agent may connect the frames

of a less decision agent is by taking a coherent intersection of them.
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2.5.2 Consistency

We proceed with a less demanding notion, which compares instances in which

agents make the same choice consistently.

DEFINITION 10. DM 1 with choice correspondence c¢;(+) is more consistent than

DM 2 with choice correspondence cy(-) ifforall A € K |e2(A)| =1 = |a(4)|=1.

It is easy to see that if DM 1 is more decisive than DM 2, then DM 1 is more
consistent then DM 2, since c(A) = {f} = c1(A) = {f}. Therefore, we know
that if DM 1 considers coherent intersections of frames of DM 2, then she is more
consistent. Note also that the binary relation on the set of framed ambiguity agents
of given comparative consistency is transitive—as well as the binary relation given by

the comparative decisiveness.

DEFINITION 11. Let A C II be a non-empty collection of frames. Then its closure
with respect to the operations of convex union, convex combination and coherent
intersection is a minimum family of frames A* that satisfies (i) A C A*, and (ii) if
P is either a convex union, or a convex combination, or a coherent intersection of a

collection of frames C C A*, then P € A*.

Lemma B.1.26 in Appendix A shows that the closure given by Definition 11 exists
and is unique. As we have seen from Alice’s example, connecting frames by taking
convex unions, convex combinations or coherent intersections of frames (weakly) in-
creases consistency of choices of DM. Our main result in this section is that, in fact,

there operations of frame connection characterise the comparative consistency:

Theorem 2.5.2 Let ¢1(-) and co(-) be represented by (Uy, Ay) and (Us, Ay) respec-

tively, and |Az| < oo. Then the following statements are equivalent:
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(i) DM 1 is more consistent than DM 2.

(i) Uy is a positive affine transformation of Uy, and Ay belongs to the closure of
Ao with respect to operations of convex union, convexr combination and coherent

intersection.

(iii) Uy is a positive affine transformation of Uy, and any P € Ay is a coherent

intersection of convexr unions of convex combinations of frames in A,.

Note that Theorem 2.5.2 assumes additionally that DM 2 has a finite number of
frames'®. If A, is infinite, one has to generalize the definition of the convex combi-
nation of frames to work with closed collections of frames, making it less intuitive!'4.

We conjecture that after this generalization Theorem 2.5.2 will remain true'®.

2.5.3 Identification of frames from binary choices

Despite the fact that—by Proposition 2.4.1—the data on binary choices is not
sufficient for reconstruction of the whole choice correspondence, our next result shows
that this data is sufficient to tell if one DM is more consistent than another according

to Definition 11.

Proposition 2.5.3 Let ¢i(-) and cy(-) satisfy axioms 1-7. Then DM 1 is more con-
sistent than DM 2 if and only if Vg, h € H ¢1({f,g}) C c2({f,9})-

While comparative consistency is defined via choices from arbitrary menus, there

is a reason why this notion can be reduced to comparison of binary choices.

13We acknowledge that we don’t introduce the corresponding behavioral property.

4Weights A generalize to the probability distribution on the Borel sigma-algebra of the given
collection of frames, and selection of priors p; € P; generalizes to the measurable selection from the
given collection.

15To prove that it would be enough to show that eq. (3) in Frick et al. (2019a) works not only
for functions R — R, but also for functions C(Y') — R from the space of continuous functions on
a compact set Y to R
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This binary formulation of comparative consistency allows us to use Theorem 2.5.2
to get identification result for a variant of our model when the primitive is preference
relation—that is, data on binary choices—as oppose to the full choice correspondence.
The next result follows from the fact that ¢1(-) = c2(+) for binary menus if and only

if DM 1 is more consistent than DM 2 and the other way around.

Corollary 2.5.4 Framed ambiguity models (U, A) and (U’, A") with |A],]|A"| < oo
represent the same choice correspondence on the set of binary menus if and only if U
and U' are positive affine transformations of each other, and closures of A and A" with
respect to operations of convexr union, conver combination and coherent intersection

cotncide.

Corollary 2.5.4 tells us that observing choices only from binary menus leaves a
big room for different representations. Moreover, in contrast to Theorem 2.2.3 for
choice correspondence, an analyst may not be able to identify a unique minimum
collection of frames that represents!® a given preference relation!”, which is clear

from the following example.

Figure 2.1: Non-existence of the minimum representation of choice correspondence
constrained to the set of binary menus.

Pr (s=2) Pr (s=2)
H3 H3
Py = {u} Py = {1} Py = {p1} Py = {u,}
[ ] P3 [ ]
Ha Ha
Pr(s=1) Pr (s=1)

Let |S] = 3. Consider priors p; = (0.1,0.2,0.7), uz = (0.3,0.2,0.5), uz =
(0.2,0.3,0.5), ps = (0.2,0.1,0.7) and sets of priors P, = {m}, P = {pa},

16Nothing changes for the identification of the vINM expected utility function, since the restriction
¢o(+) of choice correspondence on the set Iy of menus consisting of constant acts satisfies WARP.
1"Where we define preference relation via choice from binary menus by f = g if f € c({f, g}).
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Py = conv(us, pta), Ps = conv(uy, ps, f1a), Ps = conv(pg, i3, pq). Let the first family of
frames be A; = { Py, P, P53}, and the second family of frames be Ay = { Py, P5, Ps, Ps}.
Note that Ps = conv(P; U P3), and Ps = conv(P, U P3), and P; = P5; N Py, where
the intersection of P5 and Pg is coherent. Hence, the closures of A; and A, with re-
spect to the operations of convex union, convex combination and coherent intersection
coincide.

It is straightforward to see that the corresponding choice over binary menus does
not have a minimum representation, since in the model with the set of frames A3 =
A1NAy = { Py, Py}, the DM’s beliefs regarding s = 2 is fixed: p(2) = u1(2) = p2(2) =
0.2, while the original model allows for p3(2) = 0.3 and p4(2) = 0.1.

In the example above, if an analyst observes choices from non-binary menus as
well, then (U, .A;) and (U, .A;) represent different choice correspondences ¢;(-) and
ca(+). By Proposition 2.3.2, A; is the unique family of frames representing c;(-).
Choice correspondence co(+) admits representations with two different families of

frames: Ay is the minimum family, and (Ay)en = Az U P3 is the maximum fam-

ily.

2.5.4 Application to the Social Choice Theory

Our model has a population interpretation: we can think about a group of
people that agree on the ranking of prizes (share the same utility), are averse
to the ambiguity, but disagree on beliefs. Suppose they want to aggregate their
judgements such that the resulting rule still respects ambiguity aversion, and a

natural Unanimity criterion:

DEFINITION 12. Let {>;};—1..~ and > be preference relations on H. We

say that > satisfies Unanimity with respect to {>;},=1  n if for all f,g € H

79



Then Theorem 2.5.2 helps us to characterize the set of such rules:

Corollary 2.5.5 Let {=;}i—1.. n and = be preference relations on H that satisfy
azioms of Gilboa and Schmeidler (1989) and have maxmin representations with the
same vNM expected utility function, but different sets of beliefs {P,;}i=1,.. n and P.
Then = satisfies Unanimity with respect to {>=;}i—1.. n if and only if P is a coherent

closure of convex unions of convex combinations of {Py, ..., Py}.

Notice also that taking arbitrary number and order of operations of coherent
intersection, convex union and convex combination of { P, ..., Py} always produces a

rule that satisfies Unanimity.

Aggregation of ambiguity averse opinions in the literature

In Cres et al. (2011), the authors study the aggregation of the opinions of a group
of ambiguity-averse experts. They impose a stronger Fxpert Uncertainty Aversion
axiom which is a bit less straightforward then the Unanimity axiom. In terms of our
result, their aggregation procedure is equivalent to taking convex unions and convex
combinations of sets of beliefs, but not coherent intersections. We show that usage of
all three of these operations characterises the aggregation procedure that satisfies the
unanimity criterion. To get this result, we use some of the instruments from proofs
in Cres et al. (2011) and Frick et al. (2019a).

In Hill (2011), the author characterizes the same aggregation rule as Cres et al.
(2011) in terms of the unanimity criterion plus the requirement that an aggrega-
tion rule should remain the same across all profiles of preferences. In terms of our
model, his additional requirement rules out coherent intersections primarily because
not all intersections of sets of beliefs are coherent, hence if a rule includes a coherent

intersection, it cannot be applied for all profiles of preferences.
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2.5.5 Optimistic Learning

Let us return to the idea that DM may consider frames as pieces of information
about priors that cannot be correct. Can we characterise this type of learning via
observed choices?

Suppose the agent considers act h = 0.5f 4+ 0.5¢g; frame P, is favorable for act f,
while frame P, is favorable for act g. DM may then optimistically evaluate act h as
one half of the value of f in frame P; plus one half of the value of g on frame P».
Moreover, if the agent is sophisticated enough, she may also consider consider, for
instance, a decomposition!® A\ + (1 — X\)g = of’ + (1 — 0)g’ for some constant act g,
convex wights A\, o and acts f’, ¢, and figure out the value of h by considering the
most favorable frames for acts f’, ¢’ and then using the C-Independence principle.

The next definition formalizes this idea.

DEFINITION 13. DM 1 optimistically learns from DM 2 if there exist ¢ € Hy such
that for all f € H there exist A € (0,1], fi1,...,fx € H and 0 € A({1,...,k}) such
that:

() M+(1=Ng = Lo,

(1) Af+(1=Ng e a({Af+(1=Ngp}) < fice({fip})Vi=1,...N Vpc Hy

Intuitively, DM 2 interprets f; € co({fi,p}) as an argument in favor of f; versus
constant act p, and then optimistically claims that these arguments should work for
the mixture of acts f; as well. To present our last result, we need one of the two

following technical assumptions.

18The reason why we need this extra step is that the set of acts H is compact. Thus, for instance,
if act f is an extreme point of H in the space of utilities, it does not have a non-trivial decomposition.
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CONDITION 1. A family of frames A is finite, its intersection is non-empty, and

each P € A is polyhedral.

Condition 1 says that each P € A can be expressed via a finite number of linear

19 An equivalent formulation is that each P € A is a polytope—that

inequalities
is, there are finitely many priors p € P that DM uses to evaluate acts with respect
to P. If we need to consider more general sets of priors, we can use the following

condition, where we denote by ri(P) the relative interior of P:

CONDITION 2. A family of frames A is finite, and () 7i(P) is non-empty.
PcA
Intuitively, Condition 2 says that the intersection of frames does not cause the am-
biguity existing in each frame in some dimension to vanish. The following proposition

make use of results from Convex Analysis®:

Proposition 2.5.6 Let choice correspondences ci(-) and c3(-) be represented
(U1,{P1}) and (U, As), and either Condition 1 or Condition 2 holds for Ay. Then
DM 1 optimistically learns from DM 2 if and only if Uy is a positive affine transfor-

mation of Uy, and P, = () P.
PeAs

DM 1 in Proposition 2.5.6 has only one frame in mind, thus ¢;(+) satisfies WARP
and is represented by the maxmin model with vNM expected utility Uy (-) and set of
beliefs P;. Proposition 2.5.6 then says that if DM 1 becomes rational by optimistically
connecting arguments f; € co({f;,p}) (“fi is weakly better than p according to some
frame”), then it is equivalent to learning about priors that cannot be correct—that

is, intersecting sets of beliefs.

9 And equations as well, since a = b is equivalent to a > b and a < b.
20Corollary 16.4.1 and Theorem 20.1 in Rockafellar (1970).
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Chapter 3

Random Choice with Framing

Effects: a Bayesian Model

83



3.1 Introduction

!This paper interprets decision frames as emerging from different unobservable
information structures that signal about the values of the alternatives in the decision
problem faced by the agent. The resulting distribution over posterior beliefs induces
a stochastic choice that admits a random utility representation within each frame. A
question that we address is: is there a connection between choice frequencies across
various decision frames?

We motivate our analysis by two interpretation of this informational model of
framing effects. The first interpretation is that the relevant state space encodes
uncertainty regarding the intrinsic preference of the decision maker. Imagine a person
who does not know precisely some aspect of her true preferences, such as the extent of
her fear of height. She contemplates between spending a weekend at the seashore or
going to a mountain trip. Her decision might then depend on a seemingly irrelevant
detail: whether the day before, the featured Wikipedia article has been “Parachuting”
or not. In the first case, being a Wikipedia fan, the agent reads about parachuting.
Although the article does not provide any objective information regarding the benefits
or costs of going to a particular seashore or mountain trip, reading about parachuting
triggers the agent to think more about her own attitude toward great heights. As a
result, the distribution of beliefs regarding the extend of fear or love of heights in the
population of agents would be different depending on whether such learning of own
preferences has been triggered or not, resulting in different frequencies of vacation
choices.

The second interpretation is that the relevant state space encodes some objective
unobservable properties of the choice problem that matter for the decision making.

For instance, suppose a salesman can be either honest or dishonest; the true value of

IThis chapter is based on the paper “Random Choice with Framing Effects: a Bayesian Model”.
An earlier draft of the paper has been awarded a Marimar & Cristina Torres Prize for the best 3rd
year research paper.
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the items offered by the salesman depends on his type. A buyer acquires information
about the type of the salesman by observing fine details of his facial expression during
a conversation. One decision frame in this example corresponds to buyer wearing her
glasses, while the other—to buyer not wearing her glasses, and hence, having lower
ability to differentiate between salesman’s types.

The primitive of our model is an extended random choice that consists of choice
frequencies from different menus of items under various decision frames. Each frame
is characterized by a collection of observable features that we call frame details. Our
model of Bayesian Agents with Uncertain Preferences (BAUP) introduces a state
space with a commonly known prior and signal structures associated with each frame
detail; the agents in the population have heterogeneous state-dependent utility func-
tions. We say that a BAUP model represents an extended random choice if the prob-
ability that the agent from the population receives a signal that suggest to choose
a certain item from the menu is equal to the corresponding observed frequency, and
this holds for all decision frames.

Our results show that whether there is a connection between choice frequencies
across different frames depends on the cardinality of the state space. We first analyse
the case when the relevant state space could be arbitrary. Our first main result,
Theorem 3.2.3, says that an extended random choice could be approximated by a
BAUP model—meaning that there exists a model that induces the choice probabilities
arbitrary close to the original extended random choice—if and only if the random
choice within each frame admits a random utility representation. Thus, a BAUP
model places almost no restrictions on choice frequencies observed under different
decision frames. One corollary of this result is that the analyst cannot infer the
relative informativeness of the decision frames from the observed extended random

choice. Another application is to the dynamic random choice, where Theorem 3.2.3
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replicates the “almost everything goes” result that could be inferred from the analysis
made in Frick et al. (2019b).

We next analyse the case when the relevant state space is fixed. As an example,
consider a stylized experiment where a population of agents chooses from menus
of alternatives that provide different consequences depending on the random binary
state s € {1,2}. There are three alternatives: z,y, and z. Item x = (z1, z5) provides
consequence z in the first state of the world and z5 in the second state, and similarly
do items y = (y1,¥y2) and z = (z1,22). There are 3 treatments in the experiment
that differ in terms of information about the state revealed to the agents. An analyst
observes choice frequencies of a population of agents from different subsets of items
x,y,z. For each agent, first, Nature draws a state of the world s € {1,2}, and then
reveals a random signal informative about the state according to the treatment’s
signal structure, after which the agent makes a choice.

Let p#(a) be the frequency with which item a is chosen from menu A under
treatment 4, and suppose pi™¥(z) = 0.8, pi"¥(z) = 0.1, pi¥*F(y) = 0.7, and
piEvH (y) = 0. Therefore, under treatment ¢ = 1, the resulting random choice admits
a random utility representation that places probability pim’y}(x) - p‘l{z’y’z}(x) = 0.7
that the agent prefers z to x to y (we write it as z >= = > y). Under treatment

{y,2}

i = 2, a random utility representation should place probability ps* (y) — p§™¥(

y) =
0.7 that the agent’s preference is « = y = z. Thus, at least some agents in the
population exhibit preference reversal—placing item z to the top or to the bottom of
the preference order depending on the treatment.

The stochastic choice behavior in this example can be consistent with expected
utility maximization and Bayesian updating. For instance, suppose that utility values
of items in states 1 and 2 are x = (—1,9), y = (0,0), and z = (5, —15). In this case,
depending on the belief p = Pr(s = 2), the preference is: z = y = x if p < 0.1,

z=x=yifpe (0.1,0.2), z = z = yif p € (0.2,0.25), and x = y > z if p > 0.25. Let
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the prior be m = 0.233, and treatments 1 and 2 induce distributions over posteriors
P =0.200+0.709.19 + 0.1 and P, = 0.169 + 0.20¢.92 + 0.7dg.27. The resulting random
utility model under treatment 1 places probability 0.2on z >y > x,0.7on 2z > = > vy,
and 0.1 on x > y > z. Similarly, the resulting random utility model under treatment
2 places probability 0.1 on z > y > =, 0.2 onz > z > y, and 0.7 on x > y > z,
consistent with the observed choice frequencies.

In fact, if we are concerned only with choice frequencies under treatments 1 and
2, almost any data could be explained by such informational model. However, our
results show that, if the observed choice frequencies under the first two treatments are
as in our example, and the agents in the population are expected utility maximizers, it
must be the case that under treatment 3, p§”* (2) — pi™** (2) < 0.6. This restriction
holds for a population of heterogeneous agents as well, and it does not depend even
on the assumption of Bayesian updating. For this result, it is sufficient to know that
the agents are expected utility maximizers, and the relevant state space is binary.

We provide two type of explicit constraints specific for the binary state space in
Proposition 3.3.1. For instance, the constraint mentioned in the example above is

given by
P (y) = ps" P y) + o5 (2) = o) o () — i () < 2

Our next main results, Theorems 3.3.3 and 3.3.5, generalize Proposition 3.3.1 and
formulate a way to calculate a set of constraints necessary for a BAUP representation
with a given state space S. Theorem 3.3.3 does it indirectly, requiring the existence
of a family of random utility representations coherent in a certain way across frames.
Theorem 3.3.5, in contrast, formulates a set of explicit constraints. It requires to cal-
culate, from the frequencies of choices within each frame, specific Block and Marschak

(1960) polynomials, and restricts the values of certain sums of these polynomials. In
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Corollary 3.3.4, we show that for any fixed state space, if the set of alternatives and
the set of frames are rich enough, these additional constraints do have a bite: there
is an extended random choice that admits random utility representations within each
frame, but fails to be approximated by a BAUP model with the given state space.
The rest of the paper is organized as follows. In the remaining part of the Intro-
duction, we discuss the relevant literature. In Section 2, we develop a BAUP model
and provide results for an unrestricted state space. In Section 3, we analyze a BAUP

model with a fixed state space. All proofs are given in the Appendix.

3.1.1 Related Literature

This paper contributes to the literature on random utility models, random choice
with unobservable information, and to the literature on framing effects.

A random utility model has been considered in Block and Marschak (1960) where
the authors have introduced necessary conditions in terms of linear inequalities on the
choice frequencies that later has been called the Block-Marschak polynomials. In Fal-
magne (1978), it has been proven that these conditions are also sufficient; this result
has been then discussed in Economics literature in Barberd and Pattanaik (1986).
In our model, the random choice frequencies are consistent with the random utility
model within each frame, and the Block-Marschak polynomials play an important
role in our analysis when the state space has fixed cardinality.

Tversky and Kahneman (1981) introduced a notion of framing that serves as a
benchmark that enables the agents to identify some outcomes as gains and others as
losses. In our paper, the framing triggers a specific learning process and is associated
with some unobservable signal structure. Framing effects has been studied in a great
number of papers, for instance in Huber et al. (1982), Tversky and Simonson (1993),
and Salant and Rubinstein (2008); our notion of the extended random choice could be

viewed as a stochastic counterpart of the Salant and Rubinstein (2008)’s “extended
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choice”. The latter consists of deterministic choices from menus under various decision
frames. Menu-dependent stochastic choice is considered in Manzini and Mariotti
(2014).

Preference uncertainty has been discussed in Kreps (1979) and Dekel et al. (2001)
in the context of choice over menus and preference for flexibility; in Karni and Safra
(2016) in the setup of “mental acts”. In Ahn and Sarver (2013), the authors con-
nect the model of Dekel et al. (2001) and the random expected utility of Gul and
Pesendorfer (2006) to identify probabilities over subjective state space and utilities.
In Dillenberger et al. (2014), the authors show how the analyst can recover the unob-
servable private information from the preference relation on the set of menus of acts.
In our model, the analyst has access to a much less rich choice data.

In Frick et al. (2019b), the authors consider a dynamic random choice in pres-
ence of unobservable private information, where the agents choose from lotteries of
today’s consumption and the continuation menu. The most close to our paper is their
analysis of the model of “Bayesian Evolving Beliefs” with restriction to “Atemporal
consumption problems” with “Consumption inertia and learning”.? There are several
differences between their and our setup: first, in their model, the analyst observes
correlations between choices in various periods, while in our model, only marginal
distributions within each frame are observable. However, the proof of our Theorem
3.2.3, in fact, allows us to extend the theorem to the setup where the analyst observes
the joint distribution of choices under various decision frames as well.®> Second, in
Frick et al. (2019b), the lotteries over consumption (and future menus) are considered,
while in our model, we focus on deterministic consumption.* Third, our setup allows

us to consider a more general assumptions on how the agent’s private information is

2Sections 4.2 and 6.2 of Frick et al. (2019b) correspondingly.

3We consider marginal probabilities in our model because it is a more natural primitive; in
general, it is hard to justify the observability of choices of the same agent under different decision
frames if the set of these frames within the model does not admit a linear Blackwell order.

4Thus, our model extends the random utility model of Falmagne (1978), while Frick et al. (2019b)
is extends the random expected utility model of Gul and Pesendorfer (2006).
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connected across the decision frames; an application to a dynamic choice is a special
case of our model. Finally, we analyse the implications of a known size of the relevant
state space, while in Frick et al. (2019b), the authors do not constraint the state
space.

In Lu (2016), the author considers a stochastic choice from menus of Anscombe-
Aumann acts defined on the objective state space. He assumes that the choice results
from an unobservable private information and shows that the analyst can infer the
agent’s private information from her choices. In particular, the analyst can figure out
if one agent is better informed than another.’ In our model, the relevant state space
is subjective, and the utilities of the alternatives depend on the state. An application
of our Theorem 3.2.3 shows that in our setup, in contrast to insights from Lu (2016),
the analyst almost always cannot make any inference about the informativeness of
the signals associated with the particular decision frame from the observed extended
random choice.

In Natenzon (2019), the author considers a decision maker who learns her pref-
erences when she encounters a given choice problem. In his setup, signals are in the
form of an additive Gaussian noise associated with each of the “real” alternatives that
can be potentially chosen and each of the “phantom” alternatives in the menu that
cannot be chosen. Equivalently, each “real menu” consisting of the “real alternatives”
can be encountered under one of the decision frames that correspond to different sets
of “phantom” alternatives (decoys). Our paper complements Natenzon (2019)’s anal-
ysis by considering a general non-parametric setup and a more general set of frames
at the expense of having less sharp predictions.

Several papers study the role of unobserved information structures in explain-
ing the realized choices/deterministic preferences as oppose to the stochastic choice

primitive, considered in our model. In the setup considered in Shmaya and Yariv

5In the sense of the Blackwell information order.
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(2016), the authors show that the Bayesian updating has a bite only when under all
signal realizations, the agent chooses the same option; the counterpart of this result
in the probabilistic world would say that the Bayesian updating put restriction only
on the degenerate choice frequencies, which mirrors “almost everything goes” result
in our Theorem 3.2.3. In Piermont (2017), the author studies a family of preference
relations on the set of Anscombe-Aumann acts indexed by a “menu”; the “menu”
serves as the set of potential consequences of the considered acts. He assumes that
the agent has state-dependent utility function and that each menu is associated with
an unobservable signal realization. Thus, in his model, the state of the world may
have arbitrary correlation with the menu, which yields a version of “everything goes”
result. In our model, in contrast, for any menu, the probability of the state of the
world and the signal structures associated with each decision frame remain the same;
thus, the decision frames are completely disentangled from the menus. Finally, a con-
temporary study Deb and Renou (2021) characterises, under various assumptions on
the signal structures and state-dependent utilities, the set of possible realizations of
the sequences of choices of a population of agents who receive the same unobservable

signals regarding the state of the world.

3.2 Model

3.2.1 Primitive

There is a finite non-empty universal set of alternatives, X. A menu is a non-
empty subset of X. Denote by X the set of all menus; thus, X = 2¥\{@}. A
finite non-empty set D is a set of frame details. We interpret a frame detail as an
observable by the analyst feature of the environment that may be present or absent in
the particular choice problem—such as a certain article in Wikipedia being featured
or not. The set D, hence, is the set of all such features. We call a decision frame a
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subset of frame details f C D and use letters f, g, ... for a generic frame. We denote
by F the set of frames that the agent may face; thus, FF C 2P, F # &.

A primitive of the model is a family of probability distributions {p?}Aex, ser that,
for each menu A € X and each frame f € F', gives the probability p?(a) that the
agent chooses alternative a € A from menu A under the decision frame f. Thus,

supp(p}) = {z € X|p}(x) > 0} € A. We call p an extended random choice.

3.2.2 Bayesian Agents with Uncertain Preferences

A model of Bayesian Agents with Uncertain Preferences (BAUP) consists of a
tuple (S, 7,0, 1), where S is a finite state space, 7 is a prior probability distribution
on S, 0 : D — ¥(S,M) is a mapping from the set of frame details D to the set
(S, M) of Blackwell experiments (signal structures) with state space S and some
finite message space M, and y is a finite-support® probability distribution over state-
dependent utility functions v : S x X — R. For convenience, we call o a framing
function.

Thus, there is a population of agents who share a common prior regarding the
state and interpret the details of the framing as signals regarding the state. Different
types of agents in the population have different state-dependent utility functions”.

Denote by M, the random signal, associated with the Blackwell experiment o(d),
and by my its generic realization. Denote by o(d)(s,m4) the probability of signal

realization my conditional on state s € S; thus,

o(d)(s,m) = Pr(Mg=m|s)

6Considering infinitely many population types does not change the analysis—this follows from
the fact that the primitive is a finite data set.

"An alternative models would allow for a heterogeneity in the prior beliefs and/or in the signal
structures as well. The corresponding analysis leads to similar results. We consider a less flexible
model that still allows to represent a wide variety of primitives.
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If the agent with state-dependent utility function u receives a collection of signals

m = {My = mg}taep for some D' C D, she forms a posterior belief p using Bayes

formula
- m(s)Pr({Mg = ma}aep | 5) )
p"(s) = .
Sres 7(0) Pr({Ma = ma}aen | )
Denote by u™ : X — R the corresponding expected utility function, that is:
um(z) = Elu(z) |m] = > p"(s)us(w) (3.2)

seS

We assume that signals associated with different frame details are independent.

CONDITION 1 (Conditional independence of signals):

P?”({Md = md}dep | S) = HPT(Md =My | S) (33)

deD

3.2.3 Representation

Consider a BAUP model (S, 7,0, ). Given a subset of frame details D' C D,
denote by M = {My}4epr the collection of random signals associated with Blackwell
experiments o(d) for d € D’. We say that a BAUP model (S, 7,0, u) represents an

extended random choice p if forall A€ X, f € F,and x € A,

pi@) = Sop) - Pr({u"D(z) > uMD(y) vy € A}) (3.4)

where the summation is performed over all state-dependent utility functions u : S X

X — R such that u(u) > 0, and «™)(.) is a function given in eq. (3.2) where signal
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M(f) associated with frame f is random and distributed according to

Pr(M(f) = {mitacs) = > 7(s)- Pr(M(f) = {ma}aes | 5) =

ses (35)
= ZS m(s) - dH o(d)(s, ma)

Note that the representation implies that the maximizer of the expected utility for
each menu under each frame is unique with probability one; in other words, ties in
the expected utility occur with probability zero.

We offer two interpretations of a BAUP model. In the first interpretation, each
agent in the population does not know perfectly her own preferences regarding alterna-
tives in X. We capture this uncertainty via a state s € S; the agent knows her utility
us(z) of alternative z depending on s. Absent further information, she uses prior =
regarding the state s. A frame detail d reveals some aspect of the agent’s preferences
in the form of a signal M, with conditional distribution Pr(My; = mls) = o(d)(s, m);
a frame consisting of several frame details reveals the corresponding aspects of the
agent’s preferences. Facing some menu under a particular frame, the agent chooses
the best alternative from this menu, calculating expected utility according to her pos-
terior belief about her preferences. The stochasticity of the observed choices comes
from three sources. Two of them emerge from the population heterogeneity: a ran-
dom state-dependent utility type u—known by the agent and distributed according to
w(-)—and a random sub-type s € S—unknown to the agent and distributed accord-
ing to 7(+). The third source of stochasticity is a random signal M (f) that induces a
random posterior distribution p™/)(-) of agent’s beliefs regarding her sub-type s € S.
Implicitly in the representation, we require coherency of beliefs regarding s, because
prior 7 plays role both in the agent’s updating rule (eq. 3.1) and in the calculation

of the resulting extended random choice via formulas (3.4), (3.5).
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In the second interpretation, the unknown state of the world s € S represents
conditions that matter for the optimal choice; each choice problem, thus, belongs
to one of |S| categories, but agents do not know precisely what particular category
they face. Each agent has a population type given by her state-dependent (category-
dependent) utility function w. Frame details reveal information about the relevant
category in the form of a random signal, and the agent evaluates an alternative by
its expected utility across different categories of problems. Thus, the three sources
of stochasticity in the representation are: first, a random category s € S, second,
a random agent type u, and third, a random signal M(f) regarding the relevant
category of the choice problem.

Following the literature, we say that a random choice that provides choice fre-
quencies for various menus A € X has a random utility representation if there is a
distribution of linear orders® over X such that the probability that item x € A is the
highest-rank alternative in menu A is equal to the probability with which x is chosen
from A. It is straightforward to see that within each frame, a BAUP model reduces

to a random utility model:

Proposition 3.2.1 If an extended random choice p has a BAUP representation, then

for each frame f € F, the random choice py has a random utility representation.

In particular, in a special case when the state space is singleton (|S| = 1), a BAUP

model reduces a single random utility model:

Corollary 3.2.2 [f |S| = 1, then an extended random choice p has a BAUP repre-

sentation if and only if the following two conditions hold:

(1) ps = py for all f,g € F;

(2) The random choice py has a random utility representation for all f € F'.

8 A linear order over X is a complete transitive antisymmetric binary relation =C X x X. We
use the symbol > to denote the asymmetric part of >.
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Recall that a classical random utility model is characterized in terms of the system
of linear inequalities constructed recursively from the observed random choice®. Given
an extended random choice p?, let us define the following Block-Marschak linear

polynomials recursively:

pp @)= Y qp(x,B) ifxg A
gs(x,9) = pj (z) Yo e X, qs(z,A) = BCA (3.6)

0 ifzeA

Note that the summation in the formula above is performed over all subsets B of the
set X that are not subsets of the set A. If p; has a random utility representation,
the Block-Marschak polynomial gs(z, A) gives the probability that set A is a strict
upper counter set of item x; thus, if a BAUP model represents p, it must be that
qr(z, A) > 0 forall z, A, f. Our first main result says that these conditions are almost
sufficient for the representation in the sense, that a BAUP model can approximate

choice frequencies arbitrary close when these conditions hold.

DEFINITION 1. An extended random choice p has a BAUP approximation if for
any € > 0 there exists an extended random choice 7 such that 7 is represented by a

BAUP model, and | pf(z) — 7' (z) [< eforall Ae X,z € X, fe F.

Theorem 3.2.3 An extended random choice p has a BAUP approximation if and
only if qp(x,A) > 0 for all f € F, A € X, v € A, where q are Block-Marschak
polynomials defined in eq. (3.6). Moreover, if qf(x,A) > 0 forall f € F, A € X,
x & A, then p has a BAUP representation.

Corollary 3.2.4 An extended random choice p has a BAUP approzimation if and

only if for each f € F', the random choice py has a random utility representation.

9Falmagne (1978), Barberd and Pattanaik (1986)
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Theorem 3.2.3 is a negative result: a BAUP, as a general informational model
of framing, (almost) does not put restrictions on choice frequencies across different
frames. Moreover, it is clear from the proof of Theorem 3.2.3, that it continues to
hold in case if the primitive of the model is not a family of marginal distributions,
but a joint distribution of choices across all frames instead. The generality of our
primitive—in particular, the flexibility of the set of frame details D and the set of
observable frames F—allows us to use Theorem 3.2.3 to formulate this negative result
in several contexts.

First, suppose F' consists of singleton frames f = {d;}. Then we may interpret
Theorem 3.2.3’s message as the statement that hidden belief updating that starts
from a common prior almost does not bring constraints on the resulted frequencies of
random choices—in the sense that any random choice that admits a random utility
model within one frame can be approximated by BAUP models.

Second, considering a set of frames F' = { f;}, that is nested: f; = {1,2,...,i}, we
can interpret an extended random choice as a dynamic random choice where the agent
gradually learns some payoff-relevant information. Thus, a similar “almost everything
goes” result holds for a dynamic random choice with unobservable gradual learning—
a result that one could infer from Proposition 6 of Frick et al. (2019b)!° by restricting
the menus to include only deterministic options and restricting the set of menus in
each period to be determined in period 1 (period 0 in their model).

Third, assume the analyst knows that some frames are more informative than
others. Thus, the analyst knows a transitive'! binary relation >, ;€ F x F on the set
frames. It turns out, there is a structure of frame details that is coherent with >, ¢
in the sense that f =;,; g implies g C f. For instance, this holds when D = {ds}sep,

and f = {ds} U{d, € D|f =ins g}. In this context, Theorem 3.2.3 says that for a

10T heir primitive is dynamic stochastic choice from menus of lotteries of items and the continu-
ation menu.
Since the Blackwell order is transitive.
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generic extended random choice consistent with random utility maximization within
each frame, it is (almost) impossible to infer which frame is more informative than
another—a conclusion, opposite to the results in the setup considered in Lu (2016).
This follows from the fact that the set of constraints in Theorem 3.2.3 is invariant

with respect to all permutations of the set of frames F' — F.

3.3 Fixed State Space

In this section, we consider the implications of the knowledge of the relevant state
space. Most naturally, this corresponds to the interpretation of a BAUP model in
the objective sense; that is, there are |S| categories the represent various objective
features of the choice situations that the agent may face. The second interpretation
is subjective, in which case we are interested in the fixed set of the agent’s states of

the mind—for instance, whether the agent fears heights or not.

3.3.1 Binary State Space

Let us start our analysis with the binary state space, S = {1, 2}, and let {S, 7, o, u}
be a BAUP model. As it turns out to be, once we restrict the state space to be binary,
there are more conditions necessary for a BAUP representation (approximation) than
those stated in Theorem 3.2.3. In this section, we first provide calculations that
illustrate reasons behind the emergence of these new constraints that are specific to
the binary state space, and then formalize these constraints in Proposition 3.3.1. In
the next section, we discuss how this intuition generalizes to non-binary state spaces.

Consider some state-dependent utility u that occur with positive probability; that
is, p(u) > 0. Consider items z,y,z € X. Since we assume away ties in the BAUP

112

model*“, it is without loss to focus only on the linear orders induced by the expected

12 According to the representation given by eq. (3.4).
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utility function. Let U*(a) = (1 — AN)uy(a) + Mug(a) be the expected utility of item
a when the agent belief is p(2) = A\. If it is not the case that one of z,y is always
preferred to the other, there is some belief \,, that divides the set of beliefs [0, 1] to
the range of beliefs for which x is preferred to y and the range of beliefs for which y
is preferred to x.

Let A;. and Ay, be analogous beliefs that render items x and z, and items y and
z correspondingly indifferent for the agent. The three points Ay, Az, Ay, divide
the space of beliefs [0, 1] by at most 4 distinct regions; for each of these regions, the
expected utility U induces one linear order over x,v, z; the total number of such
linear orders is, thus, no more than 4. Let O = {xyz, xzy, yrz, yzx, zzy, 2zyx} be the
set of all linear orders over alternatives x, vy, z, where term xyz means a linear order

x =1y = z, etc. Given a state-dependent utility u, let
Ow) = {=€0|3INe[0,1]: arb < UNa) > Ub) Va,b € {z,y,2}}
where the symbol > denotes the asymmetric part of the linear order >, and let
© = { O(u) | u is some state-dependent utility function }

One can figure out that © consists of the sets 0, = {xyz, zzy, zzy, zyz}, O =
{zyz,yrz,yzz, zyx}, several subsets of 0y, 6,, and the sets that could be constructed
from 6; and 65 and these subsets by permutations of x,y, 2. The expected utilities
that give rise to types 6; and 6, are illustrated in Figure 3.1. For instance, for 6, we
have 0 < Ay, < Az < Agy < 1, while for 6, we have 0 < Ay, < A\ < Ay, < 1.

Thus, each type 6 € O is a set of linear orders that could be exhibited by an agent
with fixed state-dependent utility function under various frames. Let us now think
about the extended random choice induced by a population of such agents. Take
some set of linear orders ¢» C O, and suppose that for all 6 € ©, ¥ € 6. In other
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Figure 3.1: Subsets of linear orders 6, = {xyz, zzy, zzy, zyz} (left plot) and 0y =
{zyz,yxz, yzz, zyz} (right plot) induced by the maximization of expected utility
with beliefs A € [0, 1].

uy(x)

ulx)

/ el

u,(y)

words, a subset of linear orders v is such that each possible type 6 of agent misses
at least one of the linear orders in ¥»—that is, for all € O, there is =€ ) such that
=¢ 6. One example of such set of linear orders is ) = {xyz, yzx, zzy}. Indeed, one
can see that yzx & 01, zxy & 6, and similarly for the other 6 € ©.

Let us analyse further ¢ = {zyz,yzz,zxy}. Consider an agent with state-
dependent utility u such that pu(u) > 0, and, for an arbitrary frame f, let p} be
the distribution of linear orders induced by the expected utility of this agent, that
is, by a BAUP model (S, ,0,d,) within this frame. Note that since O(u) misses at
least one of the linear orders xyz,yzx, zry, it must be the case that at least one of
the probabilities p}(zyz), p}(yzx), p}(zry) is zero for all frames f € F. It follows

that for arbitrary frames f,g,h € F,

pi(yz) + py(yze) + py(zey) < 2

Summing this inequality over all agents in the population with weights u(u), we get

pr(ryz) + py(yze) + pr(zzy) < 2
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where py for f € F' is a distribution of linear orders induced by a BAUP model
(S,m,0,1). To formulate this constraint in terms of the observed extended random
choice, note that ps(zyz) = p}y’Z}(y) — pjf’y’z}(y), etc. For an arbitrary f,g,h € F
and x,y, z € X, denote by

Wive = p () — pk P (y) + ple(2) — plee () 4 pf @) — o ) (37)

then W2 < 2 is a necessary condition for a BAUP representation.
Continuing this analysis, one can proceed with ¢ = {zxzy, yrz, yzx, zzry} and see
that it also has the property that » Z 6 for all § € ©. Repeating the same arguments,

we consider, for arbitrary f,qg,h,j € F and z,y,z € X,
Qfohj = (3.8)

o @)= D)+ @) =l @) 4017 (2) = i )4 ()= )

Again, since for any type u in the population, at least one of the probabilities p(zzy),
Py (yr2), ph(yzz), pj(2zy) must be zero, then Q%}, < 3. We formalize our analysis
in the next proposition. Naturally, we say that an extended random choice has a

BAUP approximation with a binary state space if each model of the sequence that

approximates the random choice according to Definition 1 has a binary state space.

Proposition 3.3.1 Suppose an extended random choice p has a BAUP approrima-
tion (representation) with a binary state space. Then for any frames f,g,h,j € F
Yz TYz

and any items x,y,z € X, Wi » < 2 and Qyyp; < 3, where W and Q) are linear

polynomials of choice frequencies defined in eq. (3.7) and (3.8).

Note that constraints given in Proposition 3.3.1 emerge solely because the set of
potential linear orders induced by an expected utility is restricted when the state

space is binary; this argument does not involve consideration of the beliefs’ updat-
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ing. Therefore, this result is robust to the assumptions regarding the actual updating
procedure—for instance, if the agent uses Bayes formula or not—as well as assump-
tions regarding common prior and common framing function. Whenever the agents in
the population are expected utility maximizers with binary state space, the observed
choice frequencies should satisfy conditions given in Proposition 3.3.1.

A continuation of analysis of linear orders over three items performed above does
not bring new constraints that are not implied by Wy/w < 2 and Q% < 3. How-
ever, consideration of linear orders over more than 3 items, most likely, brings new
constraints necessary for a BAUP representation with binary state space. The corre-
sponding general analysis is performed in the next section for an arbitrary size of the
state space.

Finally, note that constraint W;%" < 2 has a bite only when all 3 frames are

distinct; indeed, if, say, f = g, then ps(2yz) + ps(yzz) < 1, hence Wiy = py(vyz) +

Y

ps(yzz) +pu(zry) < 2 always holds. Similarly, a constraint Q%

Zj < 3 has a bite only

when all 4 frames f, g, h, 7 are distinct.

3.3.2 General State Space

Assume now that the relevant state space is known—meaning that the analyst
knows |S|—but it may have cardinality larger than 2. Building on the intuition
developed in the previous section, let O be the set of linear orders over items in X.

For each state-dependent utility function u, define
Ow) = { =€ 0| MeA(S): -y « UMNa)>UNy) Yo,y X} (39)

where

UMz) = > Asus(a) Ve e X

seSs
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is the corresponding expected utility function for belief A\ € A(S). An important
observation is that if the set of alternative X is large enough, the set O(u) cannot

contain all linear orders over alternatives in X.

Lemma 3.3.2 For any size of the state space |S|, there is n such that if | X| > n,

then O(u) # O for any state-dependent utility function u.

The intuition behind Lemma 3.3.2 generalizes the observation made by us for
|S| = 2 that the beliefs A,,, A;., A,. divide the probability simplex by at most 4
regions where the induced linear orders remain constant, and uses a Combinatorics

t13

result’ regarding the slicing of the space RI¥I=! by a set of hyperplanes of dimension

|S] — 2.
We consider now a large enough set of alternatives. Define the collection of sets

of linear orders © by
© = { O(u) | u is some state-dependent utility function } (3.10)
and for k =1,2,...,|X|!, define
= {y O\ =k Voeo } (3.11)

where [¢\@] is the number of elements of the set ¢ that are not elements of the set
0. Thus, U* consists of the sets of linear orders 1 such that ecach type 6 € © of the
agent misses at least k linear orders in .

Suppose an extended random choice p has a BAUP representation with state
space S. As we know (Proposition 3.2.1), in this case, for each frame f € F, there is

a random utility representation given by p; € A(O).

13The result is given in the Introduction (page 1) of Orlik and Terao (2013), and, citing them, this
result “was obtained by L. Schliifli on page 39 of his great posthumous work, Theorie der vielfachen
Kontinuitiit (Denkschriften der Schweizerischen naturforschenden Gesellschaft, vol. 38, 1901)”.
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DEFINITION 2. Let O be the set of all linear orders on X and p be an extended
random choice. A family of distributions over linear orders (random utility represen-

tations) {py}rer, pr € A(O) is associated with p if for each frame f € F,

pr({=€ O |z =y Wy € A\z}) = p} ().

Theorem 3.3.3 Assume an extended random choice p has a BAUP approximation
(representation) with state space S, and let U for k = 1,2, ... be defined via eq. (3.9),
(5.10), (3.11). Then there is a family of random utility representations {ps} rer asso-

ciated with p such that for any k, for any ¥ = (=1, ..., =,) € V¥, forany fi,..., fn € F

S pp(=i) < n—k
=1

Theorem 3.3.3 says that fixation of the state space of a BAUP model places a set
of implicit restrictions on the observed choice frequencies across different frames that
can be induced by such a model. Although the number of various restrictions placed
on quantities {pser}rer might be large, the statement of the Theorem is relatively
weak. Indeed, the result is formulated in terms of the random utility representations
rather than in terms of the observed choice frequencies, and, most importantly, it
does not deliver conditions necessary for all such representations, but rather says
that there exists a family of representation that satisfies all considered conditions.
The next Corollary, however, says that for rich enough choice data, these restrictions

do have a bite.

Corollary 3.3.4 For any finite state space S, there are numbers n,m such that if
| X| > n and |F| > m, there is an extended random choice p that admits a random
utility representation within each frame, but does not have a BAUP approximation

with state space S.
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Let us now show how to find some explicit constraints on the choice frequencies
induced by a BAUP model with a fixed state space. The result given in Theorem
3.3.3 is relatively weak because the same random choice p;y within frame f may have
multiple random utility representations py. In a special case when |X| = 3, the
representation is always unique—the fact that we have used to derive Proposition
3.3.1. Note that the Block-Marschak polynomial g;(z, A) gives the probability that
A is an upper counter set of x according to any random utility representation of p;.

Let I" be the set of all pairs (z, A), x € A, A C X such that = ¢ A:
I = {(z,4) e X x2¥ |z ¢ A} (3.12)

Thus, a pair (z, A) € I' indexes a Block-Marschak polynomial ¢;(A,z). We are
not interested in x € A, since in this case, ¢f(z, A) = 0 by definition. For k = 1,2, ...,
define

=F = (3.13)
{5gr’vee@3{(gg1,A1)}§1 €€ 0n{=c Oy~ &yec4) :®W:1,...,k}

In words, an element £ € = is a collection of pairs (z, A) such that for any type
0 = O(u) of the agent with some state-dependent utility function w, there are at least
k distinct pairs (z, A) € £ such that for each of these pairs, there is no linear order

=€ 0 for which the set of items A is a strict upper counter set of the item x.

Theorem 3.3.5 Assume extended random choice p has a BAUP approximation (rep-
resentation) with state space S, and let Z* for k = 1,2, ... be defined via eq. (3.9),
(3.10), (8.12), (3.13). Then for any k, for any € = ((x1, A1), ..., (7., A,)) € ZF, for
any fi, ..., fn € F

i=1

4That is, for # = O(u), an order that could be induced by an expectation of utility us with
respect to some belief regarding the state s € S.
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where for each f € F, qy is a Block-Marschak polynomial constructed from the random

choice frequencies py according to eq. (5.6).

Theorem 3.3.5 provides conditions necessary for a representation (or approxima-
tion) of a given extended random choice with a BAUP model with a fixed state space
S. These constraints are given in terms of the familiar Block-Marschak polynomials
that are used to characterize a classical random utility model. The advantage of this
formulation is that the Block-Marschak polynomials are well-defined linear functions
of the observed choice data. Theorem 3.3.5, thus, provides constraints on the pos-
sible joint values of the random choice frequencies—expressed via a Block-Marschak
polynomial within each frame—across various frames in the form of a simple additive
statistic.

As an illustration, let us show a way to derive Proposition 3.3.1 from Theorem

3.3.5. For that, let X = {x,y, z}, and consider

§ = { wAz}), = Av}), (x.{z}) }

Note that there is only one linear order such that {z} is a strict upper counter set
of item y, namely, * > y > z; and similarly, for pairs (z,{y}) and (z,{z}) the
corresponding unique linear orders are y > z > x and z > x > y. Thus, to prove
that £ € 2!, we only need to argue that each § € © has empty intersection with one
of the singleton sets of linear orders {zyz}, {yzz}, {zxy} C O; but we have already

checked it in Section 3.3.1. Applying Theorem 3.3.5 for £ € =1, we get

a1y, {z}) + qo(z, {y}) + an(z,{2}) < 3-1

Supstituting the expressions for the corresponding Block-Marschak polynomials, we

get Wiy < 2. We can get the inequality Q%;; < 3 in a similar fashion by considering

¢ ={(@.{z}), (@.{v}), (y.{z}), (= {z})} € EL.
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It is worth to mention that, analogous to Proposition 3.3.1, both Theorem 3.3.3
and Theorem 3.3.5 also hold when the agent’s updating procedure is not Bayesian. In
fact, both theorems hold whenever the agents in the population are expected utility
maximizers with state space S. Finally, whether Theorem 3.3.3 describes a different
set of constraints on the extended random choice than Theorem 3.3.5 is an open

question.
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Appendix A

Appendices for Chapter 3

Appendix

This Appendix has the following structure. In Appendix A.1, I analyze a more
general setup that provides tools for the proofs of lemmas, propositions and theorems
from Sections 2-4, and also helps to analyze the extensions discussed in Section 1.6.

In particular, Appendix A.1 introduces a more general setup and formalizes the dy-
namics of the random choice and investigation process performed by the agent in this
setup. Section A.1.1 introduces and analyzes a class of Markov chains that facilitates
the subsequent analysis, then Section A.1.2 introduces a general setup and analyzes
the “global” dynamics that considers multiple investigation processes, performed by
the agent. Next, Section A.1.3 considers a “local” dynamics that considers a single
investigation process. Finally, Section A.1.4 shows how to transform a problem of
solvability of a choice problem via a decision rule into a graph theory problem.

Next, Appendix A.2 returns to the setup, introduced in Section 2 of the paper, but
uses tools, developed in Appendix A.1. Section A.2.1 considers useful Combinatorics
statements that are built on the analysis, performed in Section A.1.4, including the

proof of the lower bound on the language’s complexity. Section A.2.2 introduces a
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universal decision rule that solves the choice problem for any adequate language and
analyzes its properties. Section A.2.3 discusses the automata that can be used for the
solution of problems with languages that admit separable utility representation. Sec-
tion A.2.3 also provides other technical results necessary for the proofs of statements
in Section 1.4 of the paper. Section A.2.4 provides the proof of Proposition 1.4.1 in
advance, since it is used in the proofs of other theorems.

Section A.2.5 uses tools developed in the sections before to prove all statements
from Sections 2-4 of the paper. An interested reader may start from Section A.2.5
to see what lemmas in this Appendix are used in the proofs of a particular theorem
or proposition from the main part of the paper. Section A.2.6 contains references
for proofs of the statements given in Section 5 of the paper. Section A.2.7 formalises
the dynamics of the system, although a more general version of this formalism is
considered in Section A.1.2.

Section A.3 provides proofs for the extensions of the baseline model considered in

Section 1.6.

A.1 Lemmas for a more general setup

A.1.1 Preliminaries

I first consider a more abstract setup that covers the baseline model together with
the extensions.

Let Z = (Zy, Z1,...) be a stationary Markov chain, where Z; takes finitely many
values z; € Z. Let the sample space consists of all sequences of (29, 21,...) € ZN. Let
o be the algebra generated by events {Z; = z Vt € {0,...,T}} for T = 0,1,2, ....
Consider probability p on {2y, associated with the stochastic matrix P with elements

% = Pr(Zy1 = z | Z; = 2') and the distribution of the initial states P? = Pr(Z, =
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z) in a natural way:

w(Z=2Vtef0,..,T}) = PP ﬁ p

Zt—1
t=1

The formula above defines p for events {Z; = z, Vt € {0,...,T}}; there is a unique
extension of p by additivity for all events in €2y. Let €2 be the smallest sigma-algebra
that contains €2y. The Kolmogorov Extension Theorem allows for the unique extension
of the probability u to a probability measure on 2. Similarly, for an event E = {Z =

zr} € Q, I define a conditional probability measure u(-|E) as follows:

T/

M(thzt vte {T+1,..,1T"} ‘ ZT:ZT> - 1] P

Zt—1
t=T+1

and extend it to other events accordingly.

I analyze a specific class of stationary Markov chains C with finite state space
Z which I call the set of absorbing Markov chains with renewal property, defined as
follows. First, Z contains two non-empty disjoint subsets of states Z and Z°. Set Z
admits a partition (Z)aeA, where A is a finite set. Elements of set Z° are indexed
by d € D; that is, Z2° = {z5}4ep. | call elements of Z° starting states. Next, for any
Z € C, there is a probability distribution f on D and number n > 0 such that the

following conditions hold:

(i) V2€Z: p(Zin=2|Z=2) =1

(i) n(2y € 2°) =1

(iii) VdeD: p(Z=29|Z€2°) = f(d)

(i) Vz€Z2: p(Zin€2°|Zi=2) > (1-p(Zu€Z| Zi=2))

(A.1)
where I omit figure brackets in the notations of events such as Z;,; = z instead of

{Z;11 = 2}, ete. for the ease of notations.

110



Condition (i) tells that set Z is a set of absorbing states', and conditions (ii)-(iv)
tell that each period, conditional on not hitting any absorbing state from set Z, with
probability weakly greater than n, the Markov chain Z starts its evolution from the
beginning, with initial distribution supported at Z° = {z9}4ep with likelihoods f(d),
d € D. Denote by

q(d,a) = ,u({ﬂr >0: Zy,€Z,and Zyyw & Z° forall 1 <7/ <71 | Z; = zfj})
q(d, @) p({3r>0: Zy, € 20| 2, = 25})

(A.2)

Note that ¢(d, b) and ¢(d, @) do not depend on ¢, since Markov chain Z is station-
ary; hence, ¢(d,b) and ¢(d, @) are well-defined. Thus, ¢(d, a) is the probability that
Z hits an absorbing state z € Z, conditional on starting at state z$ without going
through starting states 2z’ € Z°; similarly, ¢(d, @) is the probability that the state

returns to some z € Z° without hitting any absorbing state from set Z.

Lemma A.1.1 Let Z be an absorbing Markov chain with renewal property. Then

S q(d,a) + q(d,@) = 1 VdeD

a€A

Proof. Let Ef) = {Zt = zg}. Consider events Elj, = {Elr >0: Zyy € ZO} N EY,
Ei, = {Elr >0: Ziyp € Zgand Zy & Z0 forall 1 < o' < r} N E' and EY) =
E} \ ( U Efla). Note that for any r > 0, we have

a€AU{D}

w(E 1 EY) < p({Zumw ¢ ZU2°VOo<r <r} | EY) < (1= =F 0

Since q(d, a) = p(EL,|EL) and ¢(d, &) = u(EL,|EY), the lemma follows. |

LOur definition allows for the case when the set of starting states Z¢ = {2°} is singleton, and 2°
is an absorbing state. Thus we don’t say that Z is the set of all absorbing states.
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Denote by H, = {Ht ARS 7a} and Hy = Q\ U H,. Then u(H, N H,) = 0 for any

acA
a,b € A such that a # b, and H, N Hy = @ for any a € A.

Lemma A.1.2 Let Z be an absorbing Markov chain with renewal property. If 3d € D
such that f(d) - (1 —q(d,@)) > 0, then u(Hy) =0, and

>aep [(d) - q(d,a) .
>aep 2pea f(d) - q(d,b) ’

p(H,) =

otherwise, u(Hy) = 1.

Proof. Suppose first 3d € D such that f(d) - (1 — q(d,@)) > 0. Let
TF = {(tr, . tr) € (OFUN)* | 0=t < ... <},
and for (ty,...,t;) € T*, denote by
H*(ty, .. ) = {Vt 0<t<ty Z€2° — te{t, ...,tk}}

Thus, H*(ty,...t;) is the event that the state returns to the set Z° at periods ty, ..., t,
and does not return to Z° at any other period before ;. Next, for any a € A, denote

by
H' = {H(tl, o ty) ETE >t \ [Z, € Z2° < te{t,...tx} and Zy € Z}

Thus, H¥ is the event that the state has been at the set of starting states Z° exactly k
times at periods t1, ..., t;, and then went to the absorbing state z € Z,. By condition

(iii) from eq. (A.1) for Z € C,

1(Z, =20 | H (t,otin)) = £(d)
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Then, using the definition of ¢(d, &), we get

S u(H by t) | HE (b, teen)) = 0 F(d) - g(d, @)

te>te—1 deD

Recursively,

= Z Z M(Hk(tb ...,tk) ‘ Hk_l(tl,---,tk—l)) 'M(Hk_1<t1, --.ﬂfk_l)) _
_ (Z f(d) - q(d, @)) . 3 M<Hk—1(t17 ---,tk_1)) _

deD (t1, sty ) €Tk

k-1

= (S -a@) X w(itw) = (5@ . 2)

deD t eT? deD

where we used T = {0} by the definition of 7% and u(H'(0)) = 1 by condition (ii)

from eq. (A.1). Note that by our assumption,

Y f(d)-qld@) = 1= f(d)(1-q(d2) <1

deD deD

Next, by the definition of ¢(d, a) and condition (iii) from eq. (A.1),

n(H}

H(ty, .0 t0)) = Y f(d)g(d; a)

deD

Then

(t150e0th)ETH

= (T saea) (X f@-a@2)

deD deD
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Finally,

() = S = © (T s (3 0 -gwe) -

/06D S R
1 —Ygep f(d)g(d, @) >dep 2vea f(d)q(d,b)

where I used Lemma A.1.1 and the fact that > ;cp f(d) = 1 in the last equality. It

follows that

M(H@) — 1—ZM(HQ) =0

acA
Suppose now that f(d) > 0 implies ¢(d,) = 1; then by Lemma A.1.1,

Saep f(d)g(d,a) =0 for any a € A. Using the same analysis, we get

w(HY) = Y f(dg(d.a) = 0

deD

It follows that u(H,) = Y ren #(HF) = 0, hence [L(Hg) =1. [

A.1.2 Global dynamics

I call “local dynamics” the behavior of state variables in a set of subsequent periods
such that the decision maker investigates and, maybe, choose some alternative without
drawing a new one. I call global dynamics the behavior of state variables in all periods.
In this section, I apply Lemmas A.1.1 and A.1.2 to analyze the global dynamics.

To accommodate the extensions of the baseline model, I consider several general-
izations. First, I allow no questions being asked at a state. Thus, the interrogation
function becomes ¢ : S° — N U {0}, where ¢(s) = @ represents no questions asked.
Define a signal space Z with generic element § € Z by Z = (N x {0, 1}) U {2}, where
0 = (i, 7) represents question i € N asked and answer j € {0, 1} received, and § = @

represents no questions asked.
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Second, I consider a stochastic interrogation rule given by ¢ : S° — A(N U {@}),
where 1,4(7) is the probability to ask question ¢ € N or do not ask any question (i = &)
in state s € S. A deterministic interrogation rule is a special case of a stochastic
interrogation rule with ¢ being a delta-function: 14(i) = 9} for i € N U {@}, where
t(s) is the question asked in state s in the baseline model with the deterministic
interrogation rule.

Third, I allow the agent to draw a new alternative intentionally. Thus, I consider
an automaton with the state space S = S°U {o} U {new}, where state s = new
stands for agent’s decision to draw a new alternative from the menu. The stochastic
transition rule becomes 7 : S° x T — S U {¢} U {new} in this case; 7(¢', s,0) is the
probability to go to state s € S°U {o} U {new} from state s’ € S after signal 6 € 7.
The case when the agent cannot draw a new alternative intentionally is a special case
when 7(s', new, ) = 0 for all s’ € S°, 6 € Z. Recall that in the baseline model, the
transitional probability is given by function 7 : S° x {0,1} — S. To connect the two
versions, define 7(s',s,75) = 7(5, s,1(5'), j), where the left hand side of the equation
denotes the transitional probability in the baseline model, and the right hand side
denotes the transitional probability in the general model with the restriction that the
signal is 0 = (¢(s'), j), where «(s’) is the question, asked in state s'.

In the general model, the automaton strategy (or simply strategy) o = (5,¢,7)
consists of the state space S, the stochastic interrogation rule ¢+ and the stochastic
transition rule 7 described above. As in the baseline model, I denote by X the set of
all such strategies with finite state space.

The set of the positive-probability transitions in the general case becomes
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The set of transitions defined for the baseline model by eq. (1.2) is a special case of

eq. (A.3), which one can see from

T, = {(s,5,1,])

ta(i) - 7(5,5,4,5) > 0} U{(5, 5, 2)

() - 7(s',5,2) > 0}

Define the global state space Z2 = (W,),Z), where w € W = {new,old, o}
encodes whether some item has already been chosen (w = ¢), or a new item is
drawn (w = new), or the investigated item remains the same as in the previous
period (w = old). Next, y = (y,b) € Y = 5° x A describes the flexible state
of the automaton and the investigated item (provided that the item has not been
chosen previously—otherwise, it describes the last flexible state of the automaton
from where it transitioned to s = ¢ and the item that has been chosen). Finally,
7 is a signal space, defined above. The dynamics of the model is then described by
a Markov chain Zy, Zy, Z,.... 1 denote by Z; = (W,,Y;, ©;) the corresponding t-th
period random state of the chain, and by 2z, = (wy, y4, 6;) its realization.

The strategy ¢ = (S,¢,7) and menu B induce the stochastic |Z] x |Z| matrix

Pz = Pr(Zyy = 2|2, = 2') as follows:

z

P = P?“(Zt+1 = (w,s,a,0) ‘ %= (w,’S/’a/’H,)) -

z

063, (85, + (1= 63,)7(s", 0, 1)) if w=o

(1-2462)) {(1 —7(s',0,80))n + 7(s', new, 0")(1 — n)}éslpB(a)ff(G) if w=mnew

(1-202) {1 —7(5,0,0") — 7(s', new, 9’)} (1 —n)o%r(s,5,0)f4(0) if w=old

where
Ls(i) - 5;‘ if 1€ N

1s(D) if i=9
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The distribution of the initial state is given by a | Z|-dimensional row vector P,
with components

P = PT(ZO - (U),S,a, @)) - 53)61” 6; 'IOB(CL) ’ f{z(@)

[

Note that any result, proven for an arbitrary Markov chain induced by menu B
and strategy o = (5, ¢, 7) with generic functions ¢ : § - A(NU{@})and 7: SXZ —
S U{e} U{new} remains valid if we put restrictions on ¢ (such as ¢ being a delta-
function, and ¢5(2) = 0), or 7 (such as 7(s',new,t) =0 for all & € S, 0 € Z), or on
both these functions. In particular, the results are applicable to the baseline model.

To apply Lemmas 1-2 to the Markov chain Z induced by menu B and the decision
rule o, I identify set A with the universal set of items A, and consider D = A x Z.
Thus, Z, = {(<>, s, a, @)}seSO and 27, = (new, 1,a,0). Next, for a fixed menu B and
strategy o, consider f(a, @) = p®(a) - 1(2), f(a,i,j) = p”(a) - 1. (i) - 65 for i € N,

Jj€{0,1}.

Lemma A.1.3 The Markov chain Z induced by menu B and strateqgy o € X is
an absorbing Markov chain with renewal property such that the set Z = {ZL}FA,
where Z, = {(o, s, a, @)}5650, is the set of absorbing states, D = A x I, the set
Z° = {29}4ep = {(new, 1, a, L)}

pP(a) - f1(0).

(a)eAxT is the set of starting states, and f(a,0) =
a,. X

Proof. First, note that sets Z and Z° are non-empty and disjoint. Second, let us
verify conditions (i)-(iv) from eq. (A.1) for Markov chain Z. Property (i) follows
from P75 5 = 6% - 6%. Property (ii) follows from the formula for P,. For property

(iii), recall that 2, = (new, 1, a,0) and consider separately period ¢ = 0 and periods

t > 0. For t =0, we have:

(2o =25 | Zoe 2°) = u(Zo=225) = pPla)- f1(0) = f(a,0) = f(d)
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For t > 0, we have:
w(Ze= 25| Zia=2) = (1=03)- [7(s,new, @) - (1=n) + (1= 7(s',0,0')) -] - £(d)

M(Zt €z ‘ Zyq = z’) = %u(Zt =22 ) Zy g = z’) = > a() fle) = x(2)

eeD

where I denote by
w(2) = (1=63) - [r(s'new,0) - (1 =) + (1= 7(s',0,0)) - 7]
Then
w(ziez) = ZZ:ZM(Zt €2\ Zia=2) - w(Za=7) = Z 2(2)

w(Zi=23) = Y uzi=25]Za=2) p(Za=2) = Y 2(2) f(d)
Z'eZ z
It follows

M(Zt = 29,2 € Z") _ M(Zt = 29
n(2, € 2°) n(zi e 2o

,u(Zt:zg ‘ Zy GZO) =

ez (2) - f(d)

Soeza(z) 1@

To prove property (iv), we use the previous calculations:
W(Zez | z=2) = () > (1-68) [(1=7(s,0,0)) - n] =

(1—p(Zt €z ‘ 71 :z')> n
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Lemma A.1.4 Let Z be the Markov chain induced by menu B and strateqy o. Then
q((b,0),a) =0 for all a,b € A such that a # b.

Proof. The lemma follows from
,u<5|r>0:at+,n7éb,wt+,n/%nelegr'Sr wy £ o, s =1, at:b) =0

since @’ # a implies Pr(Zyy = (old, s,a,0)|Z; = (W', s',d’,0")) = 0 and Pr(Zy, =
(0,8,a,0)|Z; = (W', s, d’,0)) = 0. |
Lemma A.1.5 Let Z be the Markov chain induced by menu B and strategy o. For

a € A, denote by

¢o(a) := u(Elr >0 Wiy = O, Ay = A, Wy # new V1 <7’ <1 | wy = new, s, = 1,0, = a)
(A.4)
then: (i) q,(-) does not depend on menu B, and (ii) the following holds:

> f(d)-q(d,a) = pP(a) gs(a) VaeA

deD

Proof. By Lemma A.1.4, we get

> f(@d)-qlda) = 3> p%(0)-al(b,0),a) = > p°(a)-ql(a,0),a) =

deD beAoverl fel

Zy = (new, 1, a, 9)) =

ZpB(a),u<5|r >0 Wiy = 0, Apyr = A, Wy # new V1 <7’ <1
bel

wy £ o, s =1, at:a) =

pB<a>H<EIT >0 Wiy =0, Ay = A, Wi Znew V1 <7/ <7

p”(a)qo(a)

proving statement (ii). Statement (i) follows from the fact that Pr(Z,, =

(old, s,a,0)|Z, = 2') and Pr(Zi1 = (¢,8,a,9)|Z;, = 2') do not depend on B for

any 2z’ € Z. [ |
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Lemma A.1.6 Let Z be the Markov chain induced by menu B and strategy o. If
Ja € B such that pP(a) - q,(a) > 0, then u(Hy) =0, and

__ rP(a) go(a)
ulHa) = Sben PP(b) - o (D)

for any a € B; otherwise, (Hg) = 1.

Proof. The Lemma follows straightforwardly from Lemma A.1.2, Lemma A.1.3,
Lemma A.1.5 and supp(p?) = B. |

Lemma A.1.7 A decision rule {o,},—12,. € U solves choice problem (Q,>) if and

geee

only if the following two conditions hold: (i) a > b implies q,,.(b)/q,,(a) — 0 for all
a,b€ A, and (i) IF: q,,(a) > 0 for all r > T for all a € A.

Proof. Suppose first that o, solves (Q,*>). Consider arbitrary a € A. Towards a
contradiction, assume there is a subsequence o,: such that ¢, (a) = 0 and consider
menu B = {a}. Then by Lemma A.1.3 and Lemma A.1.1, ¢((a,0),2) = 0 for all
0 € Z. Since B = {a}, then f((b,0)) = 0 for b # a. Thus by Lemma A.1.6,

l—00

w(Hy) = 1, contradicting u(H,) — 1. Thus, property (i) holds; moreover, eq.
(A.5) is well-defined.

Suppose a > b and consider menu B = {a,b}. Since o, solves (@, =), then

Y O R ()
T ) = ey B )

and statement (ii) follows, since p?(a), p?(b) > 0.
Suppose now that conditions (i) and (ii) hold. For an arbitrary menu B, let
B = {a € Bla = b Vb € B} be the set of maximizers of = over B, and B_ = B\B.

Condition (ii) guarantees that p®(a) - ¢, (a) > 0 for any a € B for large enough r.
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Then by Lemma A.1.6,

o | Sen 0P (0) - 4, (b)
1 B) = 1—-1 =1
Jim 1(B) T B0 40 (0) + Tog PP (@) do(@)

where we used the fact that p?(a) > 0 for all @ € B and ¢, (b)/q,,(a) — 0 for any
b € B_, a € B by condition (i). Thus o, solves (Q, ). [ |

A.1.3 Local dynamics

Lemma A.1.7 shows that for our analysis, it suffices to learn the limiting properties
of function ¢, (a) given by eq. (A.4). In this section, I assume that the current
alternative a € A that the agent investigates fixed, and omit it if it does not cause

confusion. By stationarity of the Markov chain Z,
¢s(a) = ,u(EIt >0:w =0, = a,wy Znew V1l <t <t|wy)=mnew,so=1,ay= a)

It is useful to note that, when analysing ¢, (a), we are interested only in the probability
of realizations of Markov chain Z up to the point where either the current alternative
a € A is chosen, or a new alternative is drawn. Thus, we may omit w; and a; in
the description of the state z € Z, and instead focus on s; and ;. To account for
the cases when w, = ¢ or w, = new—these cases correspond to the last period
of our analysis relevant for the calculation of g(a)—I consider a local state space
X = (S" X I) U{¢o} Unew.

To analyse ¢, (a), I, therefore, consider Markov chain X = (X, X7, ...) with real-
izations (zg, 1, ...) € XN induced by strategy o and alternative a € A via a mapping
x: ZN = XN from the set of realizations of the Markov chain Z induced by menu

B = {a} to the set of realizations of the Markov chain X given by the following
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formulas:

= (84,0;) if wpy=o0ldV0 <t <t
x((20, 21, -..)) = (X0, @1, -..) 1§ @y =0 if I <t: wy=o0ldVO<t <t ww=0

ry=new if " <t: wy =0ld V0 <t <t wu =new

where z; = (wy, 4, at,0;). Abusing notations denote by P be the X x X stochastic

matrix, associated with the Markov chain X, then:

PL = Pr(Xi = (2,0) | X, = (,0)) =

0 4+ (1 =065 — o) - 1(s',0,0") ifx=o0
=y O+ (1=6 —0) - In+ (1 —n)-7(s',new, 0] if z = new

(1—=05 =) - (1—mn)-7(s,5,0) - fs(0) otherwise

where

ts(2) - 07 it 0= (i,7)

fs(0) = I
L1s(D) if =0

The distribution of the initial state X is given by
Py? = Pr(Xo=(50) = 6! £(0)

The stochastic matrix P and initial distribution P, induce a probability distribution
i on the sigma-algebra, generated by events {X; = z, V{0, ...,T}} according to the

formula below and its extension by countable additivity on other events:

T

p(Xy =2, ¥{0,..,T}) = Pe-T[ Py (A.6)

Tt—1
t=1
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This probability distribution is a pushforward measure given by p(x(C)) = u(C)
for event C' of the original sigma-algebra of events (2, associated with the global

dynamics. In the new terms, quantity ¢,(a) looks as
¢o(a) = ﬁ(EIt >0 = <>>

Lemma A.1.8 The probability that the state X; € X is not absorbing vanishes with

each period at rate at least (1 —n); that is,
B(X, £ o new) < (17

Proof. The lemma is straightforward. [

A.1.4 A Graph Theory Approach

In this section, I transform an analysis of the solution of the choice problem via a
decision rule into the analysis of properties of specific directed graphs that represent
transitions between the automaton’s states, and in particular, into the analysis of
simple paths going from the starting state s = 1 to the decision state s = ©.

Given a strategy o, define a mapping w : T — (0, 1] by

Le (1) - 7(8,8,4,5) if 0={(i,j) € Nx{0,1}
w(s' s,0) = (A7)
L (D) - 7(s',8,@) if 0=0
[ call w(s',s,t) the weight of the link (s',s,¢). When needed, I use a subscript o to
show the dependence of w on the strategy o.

For an arbitrary alternative a € A and strategy o € X, define the set of links
Te = {(s’,s,é’) S ‘ o) -1(s',s,0) > 0}
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where
L (1) (5? if 1 N

Ly (D) if i=0
Thus, 72 is the set of links that can be potentially used for transitions while

investigating alternative a using strategy o. Note that

Tr = {(s,s0,) €T,

ta(i)-057(s', 5,4,5) > 0JU{(s,5,2) € T,

1s(2)-7(, s, @)}

Consider a directed weighted graph G = G(a, o) = (S,, T, w,), defined as follows.
Set up S = SU{¢} to be the set of vertexes, set up 7% = T2 to be the set of transitions,
given by eq. (A.1.4), where we interpret [ = (¢',s,0) € T2 as a directed link from
state s € S° to state s € S° U {o}, labeled by a signal § € Z. Finally, w(s',s,0) is

the weight of the link (s',s,6) € T*. Note that

le(z’)6j"7(s’, s,i,7) if v=(i,7)

L (D)7 (5, s, D) if 1=0

(¢',8,0) € T} = w(s',s,0) =

= fg(L)'T(S,7 5, 9)

Define a valid (directed) path [ on the graph G to be a finite ordered set of labeled
directed links (Iy, ..., ) € TT such that the following properties hold:
(i) The first link, [y, starts at state s = 1;
(i) If link l; = (s}, 5,4), t < T, ends at state s;, then link l41 = (8,1, Se41, bit1)
starts at state s; | = sy
(iii) The last link, Ir, ends at s = ¢,
Denote by £ the set of all valid paths.

For an arbitrary valid path [ = (Iy,...,l7) € L, define its weight as a product of

the weights of its links times (1 —7)7~!; that is, w : £ — R given by

w(l) = we) =1 =" [Jwl)
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Lemma A.1.9 Let G = (S,T,w) be a directed graph, L be the set of valid paths, and

w be the weighting function defined above, then

Proof. Consider event
(IE(), ...,.Z'T) = {Xt = I Y0 <t< T}
such that xr = ¢, and x; # o, new for t < T. Let D be the set of such events, that is,

Dr = {(mo, ey T)

xteX\({o}U{new}) VO<t<T, xT—o}, D = |JDr
=0
Then D is a partition of the event {3t > 0 : z; = ¢}; thus,

Go(a) = > u(D)

DED
Let

D={DeD|uD) >0}

Since the set D is countable, it follows that

Go(a) = > (D)

DeD

Define a mapping ¢ : D — L as follows. For D = ((so, 6o), (51,61), ..., (s7_1,07_1),
<>) € D, ¢((D) = (ly,...,ly) € L such that l; = (s;_1,8;,0;1) for t = 1,...,T. The
mapping ¢ is well-defined, since for (zo,...,zr) € D we have Pt > 0, and hence,

(St—1,8¢,0i—1) € T forallt = 1,...,T; moreover, u(D) > 0 implies (PO) s 0, hence
50,00
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sg = 1. Next,

_ s1,01 sT—1,97—1 po
M(D) - (PO)SO,GOPSOﬁO'"PST—27‘9T72P

sp_1,07-1 T

Js(00) (1 = n)7 (50, 51,00) fs, (01)...(1 = 0)T(57-2, 571, 01—2) fsr_, (Or—1)T(S7-1, S0, O—1) =

(1—n)™" 1:[1 Forrs (0—1)7 (5121, 80, 0,-1) = (1—n)"" I:IIW(C(D)t) = w(¢(D))

The lemma follows. [

[ say that a valid path is simple if ¢t # r implies s} # s, where l; = (s}, s¢, 6;),
l, = (s,8:,0,). Thus, a simple valid directed path goes via a particular state s at
most one time. I denote by Ly C L the set of all simple valid directed paths.

For an arbitrary valid path [ € £, denote by 7(l) = (W(l)l, o W(l);) the result of

the application of the following recursive procedure m with steps r =1,2,...,7:

1. At the first step, r = 1, the procedure starts at state s' = 1;

2. At step r, assume the state s” € S is given. For [ = (l4,...,Ir), define by ¢, be

maximum ¢ such that the link [; starts from the state s”, that is,
t, = max{t € {1,...,T} | s, =s" for I, = (s, 5, 6)};

3. Define 7 (1), = 1;,;
4. If the ending state of [;, is s;, = ¢, then r =7, and the procedure finishes;

5. If the ending state of I, is s, # o, define "™ = s, and continue the procedure

for step r + 1.

Lemma A.1.10 Consider procedure 7, defined above, then: (i) the procedure 7 al-
ways finishes at step T < T, (ii) the result w(l) is a simple valid path, i.e., w(l) € Lo,

(ii7) if | € Ly, then w(l) = 1.
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Proof. Suppose r and v = r + 1 are two consecutive steps of the procedure. Since v
is one of the steps, then s = st € S. Moreover, Iy, = (s} ,s¢,,6;,) = (s} , 5", 6,,),
hence Iy, 1 = (8", 8411, 0, 11). It follows that ¢,.1 > t,. + 1 > t,. Inductively, v > r
implies t, > t.. Since t, € {1,...,T'}, the procedure finishes after a finite number of
steps 7 < T', proving (i).

Next, since s' = 1, then w(); = (1, 84,04, ), i.e., the first link of 7(I) begins at state
s = 1. Since the procedure finishes at step 7 such that s;, = o, then 7 (l)7 = (s;_, ¢, 0.),
i.e. the last link of 7(I) ends at s = o. Consider 7(l), = (s} ,5¢,,4,). If r <7, then
s"t = s, hence (1), 41 = (St,, St,,1, 04, ); thus, the next link of path 7 (1) begins at
the state at which the previous link ends. Thus, 7 (l) € L.

To show that 7(l) € Ly, consider link 7(l), that begins at state s”. Towards a
contradiction, assume that 7(l),» for 7/ > r begins at state s” = s" as well. Then

s, = s" = s", hence t,, < t,., in contradiction to the proven assertion ., > t,.

,’J

Statement (ii) is proven.
Suppose | € Ly. Then l; = (s}, s¢, 6;) implies s/, # s, for v # t. Then, inductively,
w(l), =1, forall r =1,...,T, hence 7(l) = L. |

Lemma A.1.10 implies that 7 is a surjective mapping from L to Ly. For [ € Ly,

denote by 771(I) the pre-image of [ with respect to 7, that is,
i) = {I'eL|nl)=1}

Lemma A.1.11 Let k = |S| be the number of flexible memory states. Then for any
l e ﬁo,

rer—1(1)
Proof. We prove the lemma by induction in k.
First, suppose & = 1. The set of simple valid paths is then L, =

{{(1,0,0)} | (1,0,0) € T}. Let I = (1) € Lo. For any path I = (I}, ., l})) € 7 }(I)
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we have I. =1, and [; = (1,1,6;) for all t < T. Then

Yo ow(l) =

rer—1(l)

= w(l) Z (1—n)"! Z Hfl (0:)7(1,1,0,)

(01,..t7—1) t=1

_ zlfjl— Y Ao )re (% I A0 (11,6)) <

T—1 O, (01,....07—2) t=1

< ) Sa-n (S T AOr0L0) < . <
T=1 (01,07 —2) t=1

< wl) > A=)t = n7lwl) = n7w()

!
I

where we used Y gc7 fo(0) =1 and 7(5',5,0) <1

Second, suppose the lemma holds for k = k, and consider £ = k + 1. Consider
arbitrary [ € Ly. Assume |I| > 1, then [; = (1,v,0) for some v € S\{1} and 0 € Z.
Denote also [ = (Iy, ..., 7). For L € 77%(1), let

t1(L) = max{t € {1,...,T}| s, =1for L, = (s;,5:,0;)}

Thus, t,(L) is the last period when valid path L € 7~1(I) goes via state s = 1, and
t1(L) = t; when procedure 7 is applied to the path L.

For L = (Ly,...,Ly) € w (), denote by Ly = (ly,...,Ly 1)), and L_ =
(Lty(Ly41, ---Lr); thus, L = (Ly, L_). Let

L.(l) = fj{(il,...,it) 3L e (1) (Lyyoy L) = Ly |

t=1

and

L_(l) = D{(L,...,zt) (3L en' () (Ly, L) = L}

t=1
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Claim A.1.12 The following decomposition holds:
() = {LeL |3t eL (), L2 €L (l): L=(L',1")]

Proof of the Claim. For all paths L € 771(I), the last link of the sequence L is
l1 = (1,v,0), and the first link of sequence L_ starts from state v. It follows that if
L,L €7 (), then (Ly,L_) € 7 *(I). Thus,

7l(l) 2 {LeL|AL e L, (), L* €L (): L= (L' [*)]
To see that

(1)

N

{tec|3artec,(u),?eL ():L=(L"1%},
take L' = L, and L?> = L_ for L € 7 (1). O

Claim A.1.13 Forl € Ly and L. (1) defined above,

Lt

|
oo @-p)E Jlwm)) < 7t w(l)

LleLy () =1

Proof of the Claim. For y = 1,2, ..., denote by
ci() = {L e L) || =y}

Then {ﬁi(l)} ,is a partition of L (1). Thus,

LY

X - Ie(n) = Y- ¥ [Tw(z))

LieL (1) y=1 Liecy () t=1
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v
Recall that I} = (1,v,0) = L, for all L' € £ (l). For any L' = ((s%_l, s, Htl_l)) €

t=1
L4 (1), consider the event (T(L') given by

CH(LY) = {Xi=(s},6) V0 <t <y—2, 5,1 =5}

Clearly, if L', L? € £Y%(l), L' # L3 then ("(L') # (T(L?); moreover, (*(L') N
Yy
L) = . Newt, for L= ((s]-y,sb.61.0)) € £20), ity = 1 then (¢ (L) =

w(So=1) =1, and if y > 1, using the fact that s} € S forallt =1,...,y — 1 and the

formula for the stochastic matrix P, we get
p(¢H (L) = [H (1= mr(strssh 00 £ 8D) | L= 7 (s} 1o s)r.6)0) =
y—1
= (1 - W)yil H fs%71(9g71)7(5%717 St17 9t171> =
t=1

= (1 Telshash 80 = (- [

t=1
Thus, for ally =1,2, ...,

y—1

p(CH (L) = (L= JTw(Lh)

t=1

Then, using (T (L") € {S,—1 = 1} forall L' € £Y(1), (" (LY)N¢T(L?) = @ for L' # L?

and Lemma A.1.8, we get

(T—mpt Hw = At (L)) < p(Sy=1) < (1—n¥!
Ltecy (1l LteLy (1)
It follows
. |L!] 00
o = Tem) < A=)t w(ly) = 9t w(l)
L1€L‘,+() t=1 y=1



proving the claim. 0

Note that state v is the end of the link L, and it is the end of the link L ) = [}
for all L € 7~ '(1). Let S = {1,...,k} U {o}, and S° = {1, ...,k}. Define a mapping
X:{2, .., k+1}u{o} = {1,...,k}U{o}} as follows: x(v) =1, x(s) = s for all s < v,
x(s) = s —1 for all s > v, x(¢) = ¢. Clearly, x is a bijection. Let x~! be the inverse

mapping, and

~

To={(750) € xSxT| (x (7)., x(5).0) T}

Let £ and £y be the set of valid paths and simple valid paths on S , T be the corre-
sponding mapping between L and Ly, and & be the corresponding weighting function,

where

&)

(7.5,0) = fimim(@) - 7@ xTH(8),0) = wx (7). xH(3),0)

For a link (s',s,6) € T® such that s',s # {1}, define x((¢',s,0)) = (x(s'), x(s),0) €

~

7.

Claim A.1.14 Mapping x, applied to the set of links as defined above, is a bijection

between the set {(s',5,0) € T* | ', s # 1} and the set T*.

Proof of the Claim. The Claim follows from the definition of 7-3 and the fact that

X :{2,...k+1} = {1,...,k} is a bijection. O

For an ordered set of links (L1, Ly, ..., Ly) such that (Lq,...,Ly) € L, Lyyq

begins at v, and L; does not go via state s = 1 for ¢t > t/, define x((Lyy1, Lito,

‘”JLT')) = (X(Lt’+1)7 X(Lt’+2)7 ey X(LT'>> S E

Claim A.1.15 The mapping x, applied to the sequences of links as defined above, is

a bijection between the set L_(1) and the set 7' (x(La), ..., x(L7)).
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Proof of the Claim. First, note that links Lo, ..., L7 do not go via s = 1, thus links
X(La), ..., x(L7) are well-defined. The beginning of the link L;;; is the end of the link
L;, thus the beginning of the link x(L;y1) is the end of the link x(L;). Also, link L
starts at s = v, thus x(Lq) starts at x(v) = 1, and Lz ends at s = ¢, hence x(L7)
ends at x(¢) = o. Therefore, (x(La), ..., x(L7)) € L. Next, since every s € S is a
beginning of at most one of the links Lo, ..., L7, then every s € S° is the beginning
of at most one of the links x(Ls), ..., x(L7), thus (x(L2), ..., x(L7)) € Lo, and the set
7 Hx(La), ..., x(L7)) is well-defined.

Next, consider L? L3 € £_(I) such that x(L?) = x(L*). Then |L?| = |L3| = K for
some K > 0, and x(L?); = x(L?); for all t € {1, ..., K}, hence x(L?) = x(L}) for all
t € {1,..., K}, hence, by Claim A.1.14, L? = L3 for all t € {1, ..., K}. Thus, L? = L3,
and  is an injection from £_(1) to L.

Consider arbitrary L? € £_(I). For r = 2,...,T, let ¢, be the maximum ¢ such
that L? goes via state (s')” such that L, = ((s')",s",0"). Then t, is also the maximum
t such that x(L?); goes via state x((s')") such that x(I), = (x((s")"), x(s"),07). It
follows that x(L?) € 7 '(x(l2),..., x(lF)). Thus, y is an injection from L£_(I) to
7 (x(l2), - x (7))

Finally, take arbitrary L = (Ly, ..., L) € @ *(x(l2), ..., x(l7)) and consider L? =
(x Y (Ly), ..., x Y (Ly)). Forr =2,...,T, let t, be the maximum ¢ such that x(L?); goes
via state x((s")") such that x(I), = (x((s')"), x(s"),0"), then t, is also the maximum
t such that L? goes via state (s')" such that [, = ((s)",s",0"). It follows that L* €
L_(I). Since x(L?) = L, then x is also a surjection from £_(I) to 7' (x(l2), ..., x(I5)),

proving the claim. U
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Using Claims A.1.12, A.1.13, A.1.15 and the induction assumption, we get:

Sowm = Y Y (I =

Ler—1(l) LleLi (1) L2eL_(1)
Lll |L2
=YY (1 g Hw ) I w(E2) =
LleL, () L2eL_ (1) =1
iz L)
= X (1—n)'L'-Hw [ S =p)P T W t,,} -
LreL i (l) L2el_(I) =1
o o
= X a-neIlewh-| X a=pF Tl
Llely(l) t=1 LeL: 7(L)=(x(12),x(l)) =1
oz _
- X -V ITed | a(@)| <
LreLy(l) =1 Lem=1(x(l2),x (b))
oz _
< Y - Ted - [ ) e )] <
L1€L‘,+(l) t=1

IN

L=m-n " wh)- :n"“-@(x(zg),...,x(zT))] =

= (=)l [ (=) T a0 =

= (L=n)-n " w(l)- {n’“- (1 —n)TQﬁw(lt)] =

which is the statement of the Lemma for k = k + 1.

133



When [ = {l;}, the same analysis applies, but this time £_(I) = &, and we can
skip the usage of induction assumption and Claims A.1.14 and A.1.15. The Lemma

is proven. [ |

I now provide conditions on £y and w(-) that are necessary and sufficient for a
sequence of decision rules to solve the choice problem.
For an arbitrary alternative a € A and strategy o € X, define [} (a) € Ly and

wi(a) € [0, 1] as follows:

g

wila) = max wi(l), [7(a) = arg max w2(l)
leLo(a,o0) leLo(a,0)

where, if the set of maximizers of w%(l) is not a singleton, then *(a) is chosen from
this set according to a fixed total order on Ly, that I don’t introduce explicitly to

ease the notations.

Lemma A.1.16 A sequence decision rule {o,},—12.. € ¥ solves choice problem

gues

(Q, =) if and only if the following conditions hold:
(i) for all a,b € A: a = b implies W}, (b)/w} (a) — 0;

(i) for all a € A, IF: w (a) >0 Vr >T.

Or

Proof. Since two links of a simple path cannot begin from the same state, the number

of simple valid paths |Ly| is bounded from above by

K = 1] (‘{(3,9) eSxT|(s,s,0) GT}‘+1>

seS

By Lemmas A.1.9, A.1.10, A.1.11 and the definition of w}(a),

Gola) = D wl) = > > wl) <" Y wl) <K wia)

leL leLo l'em—1(1) leLo
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From the other hand,

Hence,

Since n~% and K~! are constant along the sequence of strategies o, that comprises the
decision rule—recall that the set 7 remains constant for all o,—then ¢, (b)/q,,(a) —
0 if and only if w} (b)/w? () — 0 and I7:  g,.(a) > 0 ¥r > 7 if and only if

r: wj (a) > 0 Vr > 7. The statement of the Lemma then follows from Lemma

A1.7. |

For a state s € S°, denote by T (s) the subset of links that begin in state s and
end in some other state v # s; I omit index o from 7, and 7,(s) when it does not

cause confusion. Thus,
T(s) = {(8/,0,0) €T |s=sv# s} (A.8)
and define similarly 7%(s):
T(s) = {(s 0. 0) €T | s =50 #5)

where I omit index ¢ for brevity as well. Note that

T(s) = UT(s), T=UT"
acA a€A
Define also sets
T(s) = T(s)u{z}, T = XsesT(s) (A.9)



and, similarly,

T'(s) = T(s)u{e}, T = XsesT (5)

I interpret 7 (s) as a set of links outgoing from state s that could potentially occur
in a simple valid path [ € L(a,c), where @ € T (s) stands for path [ not going via

state s. For an element e = (eq, ..., ¢/g)) € T, define its weight by

wy(es) = we(s',s,0) if e, = (s,s,0
wo(€) = JJwo(es),  where (€s) ( ) ( )
seS wy(es) =1 if e,=@

I say that a decision rule {0, },—12. . € VU is regular, if the following two conditions

goee

hold:

(i) For all @ € A for all r,v’, I (a) =1}, (a);

(ii) For any e, e’ € T, there exists limy_,o wy, (€)/wy, (€') € [0,00) U {oc}
I denote by ¥y C ¥ the set of regular decision rules.

Lemma A.1.17 Every decision rule {0,},—12.. € U contains a regular decision rule

goee

as a subsequence.

Proof. The Lemma follows from the finiteness of sets A, Ly(a,o) and T. |

Given a regular decision rule ¢ = {0, },-12... € Wy, define the following auxilliary

geon

binary relation = C T x T (where T = T,, is given by eq. (A.9) with the state space

S = Sy and the set of transitions T = T,):

ey e = limw, (€)/wy () >0 (A.10)

r—00

where I use the convention {oo} > 0.
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Lemma A.1.18 Let ¢ = {0, },—12.. € Vg be a reqular decision rule, then the binary

goee

relation Ew defined above, is complete and transitive.

Proof. Since ¢ € Vg, then for any e,¢/ € T, there exist the limits of the
ratios wy, (€)/wey, (€'), wy. (€')/w,, (e), and at least one of them is not zero. If

lim, 00 W, (€) /wo,. (¢') > 0 and lim, o w,,.(€') /wy, (") > 0, then

lin we, () fwn, (") = ( Jim wr. (€)/we,(¢) - ( limy wo, (¢') /e (")

r—00 r—00

implying lim, ., ws, (€)/w,, (") > 0, thus, =, is transitive. |

Denote by symbols <, and =, the symmetric and asymmetric parts of &¢. Note
that

ely e — rli_)rglowgr(e)/wm(e/) € (0, 00),
ey = limuw, (e)/wy, () =00 <= lim wp,(¢')/w, (e) =0

Define a mapping ¢ : A — T as follows:

(s',5,0) if (s',5,0) is a link of [} (a)
%) if A(s,0): (s,5,0) is a link of I}(a)

¢S(a) =

Note that ¢(-) is well-defined, since there is at most one link (s, s, 6) outgoing from

a state s' in a simple path [} (a).

Lemma A.1.19 If a regular decision rule ¢ = {0, },—12.. € Yy solves choice problem

gees

(Q, =), then a = b implies ¢p(a) =y ¢(b)] for all a,b € A.

Proof. Consider arbitrary a,b € A such that a = b. By Lemma A.1.16,

wy (a)/w; (b) — 0. Thus,

lim M = lim M — lim Ll*(lb)| W(l*(b)t) i '(1 _ n)ll*(aﬂ W(l*(b))
e we, (0(a) o TLesw(é(a) I Y w(ir(a)y) e (L= Ow(l*(a))
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It follows that ¢(a) =y ¢(b). |

Note that if a decision rule ¢ = {0, },-12_. is regular, then for any link (s, s, ),
there exists lim, o w(s’,s,6) € [0,1]—to see this, notice that w(&,...,&) = 1 for
(&,...,9) €T, and e € T, where egn = @ if s # s, and e; = (5, s,0).

lim, o w(s', s,6) = 0; otherwise, I call a link strong. Thus, lim, ., w(s',s,0) € (0,1]

for a strong link (s, s,0). Define also @ € T (s) for any s to be a strong link as well.

Denote by
Tweak(s) = {(S,U,e) € 7-(8) ’ rh_)}g]@w(s)v’e) — 0}’ Tweak — UTweak(S)
seS
TStrong<S) = {(S7U76) S T(S) TlLrglow(s,v,H) € (0, 1]}7 Tstrong — UTweak(S>
ses

Note that {Twe“k(s), 7'5”0"9(8)} is a partition of 7 (s).

For an arbitrary alternative a € A, define

Fla) = ¢s(a)

SES: ¢s(a)eTweak

Thus, the set F(a) consists of all weak links that are used in a simple path [*(a) that
maximizes the probability to go from state 1 to state ¢ among all simple paths for a.
Denote also by

Sweak(q) = {se S| (I*(a))s € TV}

Thus, S“*(a) is the set of states s € S such that there is a link in the path *(a),

outgoing from state s, and this link is weak.
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Lemma A.1.20 Let a reqular decision rule v = {0, },en € Yo be given. Suppose
e,e € Ty be such that for all s € S if e € T (s) or €., € TY*(s), then €., = e,.

Then e~ye’.

Proof. Note that e, € T (s) if and only if ¢, € T (s). Let S = {s € S|e, ¢
Tweak(s)}. Then

lim w(e) _ )E& H~W(ef)' :(6/«9; — lim Hw(es) _

T—00 w(e’)

since lim, o, w(es), lim, o w(el) € (0,1] for all s € S. The statement of the Lemma

follows from the definition of t¢. [ |

Lemma A.1.21 If a regular decision rule ¢» = {0, },—12.. € Yo solves the choice

gooe

problem (Q, =), then for any a,b € A, a = b implies F(a) # F(b).

Proof. Towards a contradiction, assume that a > b, but F(a) = F(b); hence,

Sweak(gq) = Sweak(p) = S for some S C S. Then

im 92O ) w@s0) _ 6s(0) _
L (@) ngwsw L) Loosg{sow<¢s<a>>
oy limew(6(8)
- sel;[\shmr%ow(qﬁs(a)) -0

where we used ¢,(b) = ¢4(a) for s € S, and lim, o, w(d4(b)) > 0, lim, o w(ds(a)) > 0
for s € S\S. Therefore, ¢(b) =, $(a), in contradiction to Lemma A.1.19. |

Lemma A.1.22 For a regular decision rule 1 € Wy, the number of indifference

classes of the preference relation %w defined by eq. (A.10) is less than or equal to

Mees (T34 (s)] + 1).
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Proof. Consider a subset T C T given by T = X,cg (Tweak(s) U {@}) By Lemma
A.1.20, every element e € T is indifferent to some element ¢/ € T. Since |T| =

Maes (|73 (s)| + 1), the Lemma follows. -

A.2 Proofs for the baseline model

In this section, as well as in the rest of the Appendix, I consider a setup of the
baseline model; that is, the interrogation rule is deterministic; and also ¢ : S — N.
Thus, the agent always asks a question in a state. Next, the agent cannot draw a

new alternative intentionally. Thus, the stochastic transition rule is 7 : S° x {0,1} —

A(S U {o}).

A.2.1 Other Combinatorics statements
Lemma A.2.1 For k € N, let functions f* g*: (NU{0})* — N be given by

k k

(g, nay) = H($i+1), (21, ..., ) = sz
i=1 =1
If z; =0, z; > 1 for some i,j € {1,....;k} then f*(z') > (4/3) - f*(z) and ¢*(2') =

g* ("), where x} = xy for 1 #i,7, z; =1, 2} = 2; — 1.

Proof. Let z, ' are as above, then f*(z') = f*(z) -2+ (z;/(z; +1)) > (4/3) - f*(x),

since (z;/(x; + 1)) > 2/3 for x; > 2. |

Lemma A.2.2 Let the preference relation = have m indifference classes, and a de-

cision rule p = {0, }r—12.. € ¥ solves choice problem (Q,>). Let Q" C @ be a

geoe

collection of questions that are asked with positive probability in some state s € Sy.

Then |Q'| > [logy(m)].
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Proof. Pick one representative a* from each indifference class of the preference
relation »=. Towards a contradiction, assume that |Q’| < n = [logy(m)]. Then the
maximum number of different vectors of binary answers is bounded above by 2771
Since m > 2"~!, then by the pigeonhole principle, there is a couple of alternatives a*,
a* such that a® = a¥ for all i in the index set of '. It follows that all probabilities of

transitions between the states of the automaton 1 are equal for a and b. Therefore,

¢-(a) = ¢,(b) and hence, by Lemma A.1.7, ¢ does not solve (@, =), contradiction. W

Lemma A.2.3 Let = have m indifference classes and n = [logy(m)]. Suppose that
the decision rule ¢ = {0, },—12.. € VU solves the choice problem (Q,>), then r(¢) >

3n.

Proof. Assume first that a decision rule ¢ = {o,},—12. € W solves the choice
problem (@, >). By Lemma A.1.17, there is a regular subsequence 1y C v that also
solves (@, >). Without loss of generality, assume 1)y = 1. Pick one representative
a* from each indifference class of the preference relation =. By Lemma A.1.21, the
sets of weak links corresponding to the alternatives from different indifference classes
should be distinct, that is, F(a*) # F(a*) for k # k’. Since F(a) C T for all
a € A, then by the pigeonhole principle, 27"l > m, hence |T¢*| > log,(m),
implying | 7%*| > [logy(m)], since |T%*| is an integer.

Next, by Lemma A.2.2, there should be at least n = [log,(m)]| questions being
asked in different states of S;. Each question can have one of the two answers:
1 or 0, and, conditional on receiving one of the answers, there should be at least
one transition with positive in the limit probability to some other (or the same)
state—otherwise transitional probabilities from the corresponding state conditional
on answer received would not sum up to one. Recall that, given a regular sequence

of decision rules {0, },—12,.. € Wy, a link (s,s',¢) € T is strong if the corresponding
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transitional probability converges to non-zero number. It follows that the number of

strong links is bounded above by |[T7"| > 2.n =2 [logy(m)]. Then
k() = [Tyl = [T+ T7") = [logy(m)] +2 - [logy(m)] = 3 - [logy(m)]

proving that the lower bound on complexity of an arbitrary language @ is 3- [log,(m)].
[ |

A.2.2 Universal decision rule

In this section, I introduce a universal decision rule that serves for the proof of
Lemma 1.2.2 and provides an upper bound for Theorem 1.3.4.

For an arbitrary preference relation = on A and language (Q, adequate for >,
consider the automaton ¥ € W, defined via the recursive procedure R described
below; I write ¢ = R(Q, =) for the resulting automaton.

Recall that C(a) = {a’ € Ala’ ~ a} is the indifference class of alternative a with
respect to . Define m(a) to be the number of indifference classes C' of > such that
a’ = a for any ¢’ € C; thus, m(a) = 1 for any first-best alternative, m(b) = 2 for
any second-best alternative, etc. Take some parameter ¢ € (0,1)—we will consider

¢ — 0 later on.

Procedure R: define recursively by steps r = 1,2, ... the following sets, interrogation

and stochastic transition rules, and auxiliary functions

1. Forr=1,define s(r)=1,K' ={1}, ' ={1}, J' =2, Vi =g, A' = A.
2. For r > 1, if K" = @&, finish the procedure. Otherwise, define s(r) = min K",
denote by s = s(r) and assume that sets J°, V* and A® C A, such that |A%| > 1

are given.
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Case aA® = {a,b} for some a,b € A.

Let i € {1, ..., N} be the smallest index such that a; # b;. Define

type(s) = «

t(s) = i
7(s,0,a;) = e™a1
7(s,8,a;) = 1— ¢l
7(s,0,b;) = em®)1
7(s,8,b;) = 1— em(b)—1
£ = K\
gl _ g

and repeat the procedure for step r + 1.

Case BlA%| > 2, and 3i € N, a € A® such that a; # b; for all b € A*\{a}.
Let s = max S", and let i € N be the smallest index such that there exists

a € A® such that a; # b; for all b € A*\{a}. Define

type(s) - B
L(s) = 4
7(s,0,a;) — m(a)-1
7(s,5,a4) — 1 — ¢mla)-1

T(s,s +1,1—a;)) = 1

K = (K\{s})u{s' +1}
St = S"TU{s+1}

VARE = J°U{(i,1—a;)}
Ve = VoU({s}

A = A\{a}

and repeat the procedure for step r + 1.
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Case 7]A°| > 2, and Ai € N, a € A® such that a; # b; for all b € A*\{a}.
Let s = max S", and let i € N be the smallest index such that there exists

a,b € A® such that a; # b;. Define

type(s) = 7
t(s) = i
(s, s +1,1) = 1

T(s,s' +2,0) = 1

o = (K\{s})u{s'+1}U{s +2}
St = STU{s +1}U{s +2}

VA = J°U{( 1)}

VARS = J°U{(i,0)}

Ve = V*U{s}

Vet = V*u{s}

At — {a€A%q; =1}

A5+ — {a € A%la; = 0}

and repeat the procedure for step r + 1.

3. If the procedure finishes at step 7, define S = S7.

Thus, the procedure R defines an automaton with a binary tree structure, where
the vertexes are the states s € S; for each s, the set V* encodes all predecessors of
s up to the root s = 1, the set A® is the set of alternatives for which the automaton
can reach state s, the set J is the set of signals that partitions A into A® and A\ A®.
The sets K™ and S™ with » < 7 are auxiliary for the procedure: the set S" is a set
of states that have been introduced by the procedure, and the set " C S” is the set
of states such that the procedure hasn’t applied one of the cases «, S or v yet and,

in particular, hasn’t defined the interrogation rule g and transition rule 7. Finally,
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type € {a, 3,7} stands for the type of a vertex that is defined by the corresponding

condition for cases «, 3, .

Lemma A.2.4 The decision rule v = {(S, g, T)c}ems0, where (S,9,7)e = R(Q, =) is
well-defined:

(i) If s = s(r) for some step r, then J*, V5, A% C A have been already defined, and
|A®| > 1;

(ii) The cases o, B, v are mutually exclusive and exhaust all possibilities;

(7ii) For each of the cases a, B, 7, the index i is well-defined;

(iv) The procedure finishes after a finite number of steps T;

(v) The interrogation rule v and the stochastic transition rule T are defined for all
states s € S,

(vi) The state space S, the interrogation rule v and the set of positive-probability

transitions T do not depend on € € (0,1).

Proof. The proofs of statements (i),(ii),(v),(vi) are straightforward, but bulky, and
omitted. The statement (iii) is true since the language @ is adequate for the preference

relation ». To prove statement (iv), consider

h(r) = Y 10

seT

Let us show that A(r + 1) < h(r) if the procedure was not finished at steps r and
r+1. Suppose Case « realized at step r, then K™™' = K"\{s}, thus h(r) —h(r+1) =
1014°1 > 0. Suppose Case « realized at step r, then K'+! = (IC”\{S}) U{s +1}
and A5+ = A*\{a}, hence h(r) — h(r +1) = 104° — 104°\a}l > 0. Suppose Case
realized at step r, then K™ = (KT\{S})U{S/—Fl}U{S,"‘F?}, A = {a € A%a; = 1},
A%+2 = {a € A®|a; = 0}. Since function b/ given by A'(z) = 10% is strictly convex,

then h(T‘) _ h(?“ + 1) — 1O\As/+1|+|As/+2| - 10|As/+1| _ 1O‘As/+2| - 0.
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Therefore, h is a decreasing integer-valued function of the step r. It follows that

r < h(1) = 10 for any step r of procedure R, proving statement (iv). [ |

Lemma A.2.5 Let v = {0.}cs0 = R(Q,>) be the decision rule, constructed via
procedure R. Then:

(i) ¢ solves the choice problem (Q, ).

(ii) k() = 3|A| — 2 — x, where x = |{a € Ala = d’ Ya' € A}|;

(i) 154] = 4] - 1.

Proof. First, let us prove statement (i). Note that for an arbitrary alternative
b € A, there is a unique valid simple path [ = [*(b); indeed, for each memory state
of the automaton that is reached with positive probability while investigating a € A,
there is only one link to the other state. Next, this path goes via states for which
the procedure R applies either case v or case a for some a # b; in this cases, the
probability of a transition to the next state in the path is 1. Finally, finally [*(b)
reaches a state s’ such that either case [ applies, or case a applies with a = b. In
both cases, the last link in the path [*(b) has probability 7y (o, g(s'), by(s)) = emb)—1,
Thus, for all b € A,

w*([)) — €m(b)71

By Lemma A.1.16, the decision rule ¢y = R(Q, *) solves the choice problem (@, *),
proving statement (i).

Second, let us prove statement (ii). Note that type(s) = « if and only if there are
no s’ € S such that s € V*'; thus, states where case o applies are leafs of the binary
tree of transitions between the flexible memory states, and only such states are leafs.
For a state s € S, denote by £(s) the maximum length of the path to the state ¢ ; in
other words, define £(s) recursively as follows:

(1) £(s) = 1 for all s such that type(s) = «;
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(2) if type(s) = B or type(s) =7, then £(s) = max,. scvv &(s) + 1.

Next, for s € Sy, define

D(s) = U [Tu(s)l,  k(B) = {a€B|m(a)=1}

s’ s€V(s)

Thus, D(s) is the number of transitions outgoing from the states of the branch of
the tree that starts at state s, and k(A®) is the number of first-best alternatives that

reach this branch of the tree.

Claim A.2.6 If D(s) and k(A®) are as defined above, then:

D(s) = 3|A°| — 2 — R(A?)

Proof of the Claim. First, note that the Claim holds for all s such that £(s) = 1.
Indeed, if O(s) = «, then D(s) =4 if m(a), m(b) > 1, D(s) = 3 if m(a) = 1, m(b) > 1
or if m(a) > 1, m(b) = 1, and D(s) = 2 is m(a) = m(b) = 1. Next, assume that the
Claim holds for all s such that £(s) < £, and consider arbitrary state with £(s) = £+1.

Consider the case when type(s) = 3, then |T(s)| = 3 if m(a) > 1 and [T (s)| =2

if m(a) = 1. Therefore,

D(s) = 3—k({a})+D(v) = 3—k({a}) +3|A"| —2—k(A") = 3|A°| —2—k(A")

where v = s’ + 1, and s = max S” is the state defined according to the case § by
procedure R; i.e. s + 1 is the successor of s such that 75(s" + 1,¢(s),1 —a;) = 1. In
the above equation, we used A* = A¥+! = A%\{a} and the fact that £(s) = £(v) + 1,
hence £(v) = £ and the induction assumption applies.

Consider the case when type(s) =, then |7 (s)| = 2, and

D(s) = 24+ D(s+1)+D(s'+2) =
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= 24 3[4 — 24 B(STHY) 4 3|ATF2 — 24 k(ST = 3|A%| — 2 — k(A

where s’ = max S” is the state defined according to the case v by procedure R, and
states ' + 1 and s’ + 2 are the successors of the state s. In the above equation,
we used the fact that {S**! S**2} is a partition of S*, and the fact that £(s) =
max{&(s'+1),&(s'+2)}+1, hence £(s'+1),£(s'+2) < € and the induction assumption

applies. O

Statement (ii) of the Lemma follows from Claim A.2.6 applied to the root of the

tree: k() = D(1) = 3|A| — 2 — k(A).

Finally, let us prove statement (iii). Define
E(s) = |{s': seV '} +1

Thus, E(s) is the number of successors of the state s in a tree plus 1.
Claim A.2.7 If E(s) is as defined above, then E(s) = |A%| —1

Assume £(s) = 1, then E(s) = 1. Suppose now that the Claim is true for all s such
<

that £(s) < €. If type(s) = 3, then
E(s) = 1+E(s+1) = 1+]4A" -1 = |A*] -1

where state s’+1 is a unique successor of the state s defined by case  of the procedure

R, and we used the induction assumption for s’ + 1. If type(s) = v, then
E(s) = 1+E(s+1)+E(4+2) = 14|87 —14+5 -1 = |4°] -1

where states s’ + 1 and s’ + 2 are successors of the state s defined by case 7 of the

procedure R, and we used the induction assumption for E(s'+ 1) and E(s' +2). O
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Statement (iii) of the Lemma follows from Claim A.2.6 applied to the root of the
tree: |Sy| = E(1) = |A| — 1. [

A.2.3 Additive languages and automata

I say that language () with the index set of questions N is additive with respect
to preference relation > if there exists a vector A € RY such that \; # 0 for alli € N,

and
ar=b <= wv(a)>v(), where v(a) = > Na; fora€ A
i€N

For an additive language @, let ™ (Q,>) = {oc}cs0 € ¥ be the decision rule,
defined as follows: o, = (5,¢,7), where |S| = |N|, «(i) = 4, and the stochastic

transition rule 7 is

T(s,s+1,1) =1, 7(s,s+1,0) =€, 7(s,8,0) =1—¢* if X\, >0
7(5,5+1,0) =1, 7(s,s+1,1)=¢?, 7(s,8,1) =1—¢? if A\, <0
where T(‘S|7’S‘+17)E(’S‘7O7)

The set of positive-probability transitions of ¥+ (Q, =) is
T = {55+ 1,10} U{(s;5+1,00J U{(s,51D)A <0} U{(s,5,0)|\s > 0}

where (|S],|S|+1,-) = (|S],,). Clearly, T does not depend on ¢, so the decision
rule ¥7(Q, =) € ¥ is well-defined.

Lemma A.2.8 Let Q be an additive language for preference relation = and v*(Q, >)
be the decision rule, described above, then:

(i) v7(Q, ¥) solves the choice problem (Q, =),
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(i) The complexity of the decision rule ¥ (Q, =) is 3|N]|, i.e.
K(UT(Q,z)) = 3|N|

Proof. For the decision rule 9", a simple path [ for any alternative a € A should go
via states 1,2, ..., |S], ¢ consequently, and also, for every state s and any alternative
a € A, there is only one link outgoing from state s that can be a part of the simple
path, namely, link (s,s + 1, a,s)). It follows that for any alternative a € A, the set
of simple paths is a singleton: Lo(a, o) = {I*(a)}, where I*(a) = (l1(a), ..., [[5(a)),
l3(a) = (s,5 + 1,a,) with the convention that (|S|,[S| + 1,a.)) = (|S], 0, aus))-

Therefore,

(1-— n)l’ls‘w*(a) = H w((s,s+1,a5)) =

SES:

LI ()

g(s)>07 a;= SES: Ag(s)<0: a;=1
— ( H EAL(S)'(I_G‘L(S>)) . ( H G_AL(S))
seS s€S: L(5)<0

Thus, w*(a) > 0 for all a« € A. Moreover, if a > b, then v(a) > v(b), and

w*(b)/w*(a) — HGAL<S).(aL(S)_bL(S)) — ev(a)—v(b) — O
s€S

By Lemma A.1.16, the decision rule ¥ (Q, =) solves the choice problem (Q, =), prov-
ing statement (i).

Statement (ii) follows from

)\L(s) < O} U {(S, S, O)

Tot@r) = {(s,s—i—l,l)}U{(s,s—l—l,O)}U{(s,s,l) Aus) > O}

where (|S],|S] +1,-) = (I5],0,). u
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For a given preference relation > and language @@ with |[N| > n = [logy(m)]
questions, I denote by W the set of decision rules ¢ = o, where € = (€1, ...,€,) €

R", with ¢, — 0 for all ¢ € {1, ...,n}, that have the following properties:

(i) The state space is S = {1,...,n};

(ii) The interrogation rule ¢ : S — N is an injection;

(iii) Thereis x = (21, ..., z,) € {0,1}" and permutation i : {1,...,n} — {1,...,n} such
that A(1) = 1, and the transitional probabilities satisfy the following properties
for all s € S:

(a) T(s, k" (h(s) + 1), z5) = 1, where h™'(n + 1) denotes o;
(b) 7(s, A7 (h(s) +1),1 — x,) = €5, where h™'(n + 1) denotes o;

(c) There exists a unique s’ such that h(s") < h(s) such that 7(s, s, 1—z,) = 1—¢,.

Note that 1) is well-defined, since transitional probabilities conditional on any event
(s,¢) that may occur sum up to one. Note also that there are no other positive-
probability transitions of 1 except those described in (a),(b),(c).

Note also that U+ = Wt where W' the set of decision rules, defined in Section

4 of the main part of the paper.

Lemma A.2.9 Let the preference relation = have m indifference classes, and n =

[logy(m)]. Then for any ¥ € VIt k() =3n

n 7’

Proof. In each of the n states, there are exactly 3 transitions outgoing: (s, h~!(h(s)+

1),zs), (s,h"1(h(s) +1),1 — z,) and (s,s’,1 — x,). Hence, x(x)) = 3n.

Lemma A.2.10 Let ¢ € U+, Then:
(i) For an arbitrary alternative a € A for arbitrary valid simple path l € Ly(a), | goes

consequently via states h(1) =1, h(2),...,h(n), o;



(ii) For a € A, any simple path that consists of positive-probability links starting
from a state s such that s = h(k) and ending in state ©, consequently goes via states
h(k),h(k + 1), ..., h(n),o; moreover, the total number of different simple paths with

the described properties is 2" F+1.

Proof. A valid simple path should start at s = 1. The only two positive-probability
transitions outgoing from state 1 and ending not in s, end at state s’ = h(2), hence
one of these to links should be [;. Recursively, there are exactly 2 positive-probability
transitions outgoing from state s = h(k) that end at state s’ such that h='(s") > k,
and these transitions end at state s’ = h(k + 1), where h(n + 1) denotes ¢. The third
transition outgoing from state s = h(s) goes via one of the already visited states
{s € S|h™!(s) < k} and, hence, cannot be a part of a simple path. Therefore, one of
these two transitions should be a link [, of | € L.

The same argument works for a simple path that starts from an arbitrary state
s € S. Note that in state s, there are exactly two possible links that can be used in
such simple path, and a path goes consequently via h(k), h(k + 1), ..., h(n),o, hence

the total number of such paths is 2" *+1, [ |

The next lemma facilitates the proof of Theorem 1.4.3. Let us first introduce the

following notation:
N = {meN\{1}|3IneN: (3/4)-2" <m<2"}

Thus, N = {2,4,7,8,13,14,15,16, ...} is the set of natural numbers that represents

the condition on m given in statement (ii) of Theorem 1.4.3.

Lemma A.2.11 Let the number of indifference classes of preference relation = be
m € N, and n = [logy(m)]. If a reqular decision rule ¢ = {0,},—1.. € Uy solves

the choice problem (Q, =), and k(¢)) = 3n, then 1) € U+,
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Proof. First, let’s prove the following claims.

Claim A.2.12 [f a reqular decision rule v = {0,},—12.. € Yy solves the choice
problem (Q, >) above, and k(¢) = 3n, then:

(1) The state space of ¢ is Sy = {1,...,n};

(2) The interrogation rule v : S — N is an injection;

(8) There are exactly n weak links, and from each state there is exactly one outgoing

weak link.

Proof of the Claim. First, note that by Lemma A.2.2) language @) should contain
at least n questions. Each question is associated with a state at which it is asked
and with at least 2 strong links. Hence, the number of strong links is at least 2n. By
lemma A.1.21 and the pigeonhole principle, the number of weak links should satisfy
27" > m, hence |T™%| > n. Since k(1)) = 3n, the number of weak links should
be exactly n, and the number of strong links should be exactly 2n. Since n state
are associated with 3n links, and k(¢)) = 3n, then S, = {1,...,n}; since there are n
difference questions asked, then g : S — N is an injection. This proves statements
(1) and (2).

Next, Let x5 be the number of weak links outgoing from state s. By Lemmas
A.1.20 and A.1.19, for ¢ to solve (@, >), it should be that f"(z) > m, where f" :
(NU{0})™ — N is given by f™(x) =11, (zs + 1).

n

w1 T; =n, then

Towards a contradiction, assume that x; # 1 for some s. Since )
there are §', s such that zy = 0 and xy» > 1. Consider z € (NU{0})" given by z; = z;
for I #',s", zg = 1, and zg» = xe» — 1. By Lemma A.2.1, f"(z) > (3/4) - f"(z).
Note that the number of states such that z, = 0 is the number of states such that
s = 0 minus one. Keep replacing z by 2 € (N U {0})" in the manner described
above, until z; > 0 for all s—this process stops in no more than n steps. Note

that the result of this procedure is z = (1,...,1). Let k& be the number of steps of

the described above procedure that is needed to transform z into (1,...,1). Then
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M1, 1) > (4/3)F - o (x) > (4/3) - f(w), since k > 0 for z # (1,...,1). Then,

Y z) < (3/4)- f*(1,.,1) = (3/4)-2" < m

in contradiction to f"(z) > m, proving statement (3) of the Claim is proven. O

Claim A.2.13 Suppose ) = {0, },en € Vg solves the choice problem (Q, ). Define

the decision rule ' = {0} },en as follows:

1. Sy =S5y and vy = ty;

2. If s=1ors #1,s, then Ty (s,s",j) = Ty(s, 5, J);

3. Ty(s,1,5) =0 fors#1;

4. If s# 1, then 1y (s, s,7) = 1y(s,1,j) + y(s,s,7) for all s # 1.

Then the decision rule 1" solves the choice problem (Q,>), and k(¢') < k().

Proof of the Claim. Since links (s,s,7) and (s, 1,j) cannot appear in the simple
path [*(a) for any alternative a, then wj,(a) = w;(a) for all @ € A. Since 1 solves
(Q,>), then by Lemma A.1.16, ¢’ solves (Q,>) as well. Next, if (s,s,7) € Ty \Ty,

then (s,1,7) € Tp\Typ. It follows that |Ty| < |Ty|, proving the Claim. O

Consider m = 2, then n = [log,(m)] = 1. Suppose ¥ solves (@, =), and k(¢) =
3n. By Lemma A.1.21, ¢ should have at least one weak link, and by lemma A.2.2,
at least one question ¢ should be asked, thus there are at least two strong links,
associated with this question at a state s. It follows that v should have one state
s = 1 with g(1) = ¢ for some ¢ € N, one transition—strong link—corresponding to
some answer ;(a) = xy, i.e. link (1,0,21), and two transitions—strong and weak
links—corresponding to the opposite answer Q;(a) = 1 — zy. If link (1,¢,1 — 1) is
strong, then ¢(a) > 0 in the limit for all alternatives, and by Lemma A.1.7, ¢ does
not solve (@, =), in contradiction. Hence, link (1,¢,1—x) is strong, and (1,1,1—1z)

is weak. Denote by €¢; = 7(1,¢,1 — x1), then ¢ € U+,
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Suppose that the statement of the Lemma holds for all mg € IN such that
[logy(mg)] < ng, where ng > 1 and consider arbitrary m € N such that ny <
[logy(m)] < no+1. Consider state s = 1. By Claim A.2.12, there is exactly one weak
link, outgoing from this state. Without loss of generality, this link is v; = (1,8, 1—14)
for some § € S\{1} and z; € {0, 1}—recall that a weak link cannot end at the same
state as it begins. Since there are two strong links associated with each state s € S,
then the other two outgoing links from s = 1 are v, = (1,5, 1—2) and v3 = (1,5", 1)
for some s',s"” € S.

If s" = 1, then an alternative with a,) = 21 is not chosen from a singleton
menu, consisting of this alternative—mnote that by the definition of a language, there
should be at least one such alternative, since the partition {Qga)z;, Qg(1)1-2, } Of A is
non-trivial. Hence, s # 1.

Towards a contradiction, assume that s” = ¢, then for all alternatives a € A
such that a,) = 2, we have g(a) = 1 and w(¢(a)) = 1. Consider T C T given
by T = {( )} X [ X g>1 (Twe“k U {@})} Since a,q) = 1 — x; implies
(¢(a))y = (1,8,1 — 1), then by Lemma A.1.20, for all a € A such that agq) =1— 2
there exists e € T such that ¢(a) <, e. Thus, ¢(A) = {e € T)Ela €A e= ¢(a)}
contains at most 1 + [],5; <|Twe“k| + 1) = 1+ 2" ! indifference classes, then by
Lemma A.1.19, > cannot contain more than 1 + 277! indifference classes. Thus,
m <14 2"71 < (3/4)-2" < m in contradiction, where we used 1+ 2"~ < (3/4) - 2"

for n =ng+ 1 > 1. Hence, s" # @.

Claim A.2.14 If (1,s',1 — x1) is a strong link described above, then s = 1.

Proof of the Claim. Towards a contradiction, assume that s’ £ 1. If s’ = o, then
for all a € A such that a,(1y = 1 — x1, we have w(¢(a)) = 1. Then, we can repeat the
argument above with T = {(1, s", xl)} X {xs>1 (Tweaku{g})} and get a contradiction

m < 14271 <(3/4)-2" <m. Thus, s’ € S\{1,0}.
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Let vy be a weak link, outgoing from state s'; that is, T%*®* = {v,}. Towards
a contradiction, assume that there is a € A such that the path [*(a) contains both
a weak link v; = (1,8,1 — x1) and a weak link vy. Thus, I*(a) = vyltvyl? for some

(possibly, empty) paths I',1%. Note that an alternative path [ € £(a) is vav4l>. Then

since vy is a strong link, and vy is a weak link. Hence, w(l) > w(l*(a)), contradicting
the definition of [*(a). Thus, for all alternatives a € A, both weak links v; and vy are

never in use in a path [*(a). Let T C T be the following set:

A

T = {eeT’

(e1,€0) # (v1,v1)},  where T' = x,e5(7T"*(s) U{2})

By Lemma A.1.20 and the proven fact that vy, vy are never used together in [*(a), for
any a € A, there is e € T such that ¢(a) <, e. Note that |T| = 3- 272 since only
3 out of four combinations {vy, @} x {v4, @} are possible, and [T (s)| = 1 for all
s. By Lemma A.1.19, (3/4) - 2" = 3-2"2 > m, contradicting (3/4) - 2" < m. The

Claim is proven. 0

Thus, the 3 links outgoing from state 1 are: a weak link v; = (1,§,1 — x1) with
transitional probability (s, §,1—x1) = ¢, — 0, a strong link vo = (1,1,1 — ;) with
transitional probability 7(1,1,1—x;) = 1—¢; — 1, and a strong link v3 = (1, 5", x1)
with transitional probability 7(1,s”,z;) = 1.

Let Ay = {a € Ala,y = 21}, and Ay = {a € Ala,qy = 1 — 21}, then (A, Ay) is
a partition of A. Let m; be the number of indifference classes of = on A;, and ms
be the number of indifference classes of > on As, then m; + mo > m. It follows that

there is ¢ € {1, 2} such that m; > (3/4) - 2"~ 1.
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Suppose my > (3/4) - 2"~ Let ¢’ be the decision rule constructed according
to Claim A.2.13, then it has the same set of links, outgoing from state 1 such that
Y, it solves (@, =), and k(¢') < k(¢) = 3n. By Lemma A.2.3, k(¢)') > 3n, hence
k(1) = 3n. Moreover, by Lemma A.1.17, there is a regular decision rule " that
consists of a subsequence of automatons of 9" and solves the choice problem (@, >).
Without loss of generality, " = /.

Consider the following auxiliary choice problem: the set of alternatives is Ay, the
preference relation is >, restricted on As, and the language is (). Construct the
decision rule ¢ as follows. Let x : {2,...,n} — {1,...,n— 1} be the following bijection
(recall that state § is the state at which the weak link beginning from state 1 in the
decision rules ¢ and ¢’ ends): x(8) =1, x(s) = s for all s < §, and x(s) = s — 1 for
all s > 3. Then, the flexible state space of 1& is § = {1,...,n — 1}, the interrogation
function is 2(s) = «(h~'(s)) for s € {1,...,n — 1}, and the transitional probabilities
are 7(s,s',7) = 7 (x " *(s), x"1(s'), j), where 7 are the transitional probabilities of the

decision rule ¢, described above.

Claim A.2.15 The decision rule 1& solves the auxiliary choice problem with the set

of alternatives Ay, preference relation > and language Q.

Proof of the Claim. For an arbitrary alternative a € A,, let £y(a) be the set of
simple paths defined with respect to the decision rule 1/;, and Ly(a) be the set of
simple paths defined with respect to the decision rule ¢'. Note that for any a € A,
forany | € Lo, [; =v; = (1,5,1 —x1). Then x : {2,...,n} — {1,...,n — 1} defined
above induces a natural a bijection between Ly(a) and ﬁo(a)i for | = vivj,...v5,,

X(1) = x(vj,).--x(vz,) , where x(s,5", j) = (x(s), x(s'), j). Note that

(I=n)-7(L351—z1) wx() = w(l)
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A,

Denote by &*(a) = max; s (w(l)). Then for all a € A; we have

@*(a) = (w'(a))/((1=n)-7(1,8,1 = 11))

Since v’ solves the original choice problem, then by Lemma A.1.16, w*(a) > 0 for
all a € As, and for all a,b € Ay such that a > b, (w*(b))/(w*(a)) — 0. It follows
that &* has the same properties, thus by Lemma A.1.16, @E solves the auxiliary choice

problem. 0]

A

Note that x(¢)) = 3n — 3, since it has the same (after re-numeration of states via
mapping x) set of links as v/, except of the 3 links, outgoing from the state s = 1
in 9. Since v solves the auxiliary choice problem, by Lemma A.2.3, it should be
that my < 2771, Thus, (3/4) - 2" < my < 2"7! and we can apply the induction
assumption to show that ¢ € ¥;*,. In particular, there is 2 = (21, ..., 2,_1) € {0,1},
(é1,...6n—1) € (0,1)" ! with & — 0, and a permutation b : {1,....,n—1} — {1,...,n—1}

such that A(1) =1, and

(a) For all s € {1,...,n — 1}, #(s, h =" (h(s) + 1), &) = 1, where A~ (n + 1) denotes o;
(b) For all s € {1,...,n—1}, #(s, h =" (h(s)+1),1 —2,) = &, where h~!(n+1) denotes
<3

(c) For all s € {1,...,n — 1}, there exists a unique s” € {1,...,n — 1} such that

h(s") < h(s) such that 7(s,s”,1—2,) =1 —&,.
where 7 are the transitional probabilities of zﬁ

Claim A.2.16 Let vy = (1,5',1 — x1), vs = (1,5",21) be links of ¢ defined above.

Then s' = s".

Proof of the Claim. Let z, €, h are defined above. Towards a contradiction, assume

that s” # ¢/, then k = h(x(s")) # h(x(s')) = 1, hence k > 1. Lemma A.2.10 applied
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for the decision rule 1/3 € U/ implies that, when we consider a decision rule 1, a
valid simple path [ € Ly(a) for arbitrary alternative a € A; should go consequently via
states 1, x(h(k)), x(h(k + 1)), ..., x(h(n)), o; moreover, the total number of different

simple paths that can be used by all alternatives a € A; is 2"~ 1+*#*1 It follows that
Hz €1[0,1] ‘ Ja € Ay : w*(a) = z}‘ < QnrlrkL L gne2

where we used k£ > 1, because s” # §'. Since ¢/’ solves the original choice problem,
By Lemma A.1.16, A; should contain no more than 272 indifference classes, that is,
my < 272 Since my < 2771 it follows that m < my + my < 2772 427 < (3/4) - 27,

in contradiction. O

Thus, s’ = s”. Define a permutation h as follows: h(1) =1, h(s) = h(x(s))+1 for
s €{2,..,n—1}. Note that n~'(1) = 1, and h~' (k) = x " '(h(k—1)) for k € {2,...,n}.
Next, z1 and €; has already been defined. Define x5, ..., z,, by xs = & (s), and €3, ..., €,

by €; = €,(s) for all s € {2,...,n}.

Claim A.2.17 The decision rule ¥ with h,x,€ defined as above, satisfy conditions
(1),(it),(iii)(a,b,c) in the definition of 1 € W}iT.

Proof of the Claim. We already know that Sy, = {1, ...,n} and g, is an injection.
Next, let us check (iii). For s = 1, we get A1 (h(1) + 1) = h=1(2) = x (A "'(1)) =
X '(1) = s = s”. The set of links, outgoing from s = 1 is v; = (1,2,1 — z;) with
probability 7(1,2,1—x1) = €1, vo = (1, 1, 1—24) with probability 7(1,1,1—z1) = 1—¢;
and vz = (1,2, 1) with probability 7(1,2,x;) = 1. Hence, properties (iii)(a,b,c) hold
for state s = 1.

Third, let s > 1, then, by the definition of the decision rule 1&, the transitional

probabilities of the decision rule v’, outgoing from state s, are:

(@) 1 =7 (s B () + Dl ) = (557 (h(s) + 1), 2,);
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(b) €5 = Eyie) = T(s, X ATHAX(S) + 1], 1= Eye)) = 7(s, h 7 (A(s) +1),1 = ,);
(c)l—e=1—¢€y) = T(S,Xfl[ﬁfl(fz(x(s)))], 1- @x(s)) = T(S, s,1— xs).

Thus, property (iii) in the definition of W+ holds for ¢’ as well. O

Claim A.2.18 Ifv{' € UIT, where ¢ is constructed via 1) € ¥y according to Claim

n )

A.2.13, and 1 satisfies the properties stated in Claim A.2.12, then ¢ € Ui+,

Proof of the Claim. Clearly, properties (i) and (ii) in the definition of ¥} hold
for 1». We show that if h, x and € are such that property (iii) of the definition of W}
holds for ¢" than this property also holds for ¢ with the same h, x and e.

Since k(¢)') = 3n = k(¢), then there is a bijection between the set of links
T'=Ty\Ty and T2 = Ty \Ty. The set T is comprised from the links that go from
states s € S’ to state 1 for some S’ C S\{1}, and the set of links 72 is comprised of
links that goes from states s € S’ to themselves. Thus, for any s € §’, the link in
T? outgoing from s is a strong that correspond to case (c) in the definition of ¥+,
but since h(1) = 1, the link in 7', outgoing from s corresponds to case (c) in the
definition of ¥t as well. Since the other links of ¢ and v’ coincide, we conclude
that ¢ € Ut O

The Claim A.2.18 finishes the proof for the case when my > (3/4)-2"!. The case

when m; > (3/4) - 2"7! is analyzed by the analogous way. [

Lemma A.2.19 Let the preference relation = have m equivalence classes, and n =
[logy(m)]. Then language @ is adaptive if and only if there exists a decision rule

W € UHT that solves the choice problem (Q, >).

) —

Proof. First, suppose that language @) is adaptive for a preference relation >. Then

there is a subset Q' = {Q;}ien of questions such that |[N'| = n = [log,(m)] and
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A\ € RY such that

a-b = w(a)>v(b), where v(a) = > N
iEN

Claim A.2.20 Let preference relations =" and > on A be such that a > b implies
a >"b for all a,b € A, and let Q be an arbitrary language, adequate for ='. If a

decision rule ) = {0, }r—12,... € V¥ solves the choice problem (Q,>"), then 1 solves the

goae

choice problem (Q, >).

Proof of the claim. Consider arbitrary a,b € A such that a > b, then a =" b. Since
1 solves the choice problem (@, =), by Lemma A.1.7, ¢,,(b)/q,,(b) — 0. Therefore,

by Lemma A.1.7, 1) solves the choice problem (@, >). O

Let >’ be the preference relation on A, induced by the utility function v(-); that
is,

v(a) >v(b) <= a>'b Va,b € A

It follows that the language @' is additive for a preference relation >'. Then, by
Lemma A.2.8, the decision rule ¢)*(Q’, >=') solves the choice problem (@', ='), and the
complexity of this decision rule is k(¢ (Q’,*’)) = 3n. By Claim A.2.20, (@', =)
solves the choice problem (@', >) as well, and hence it solves the choice problem

(@, =), since Q' C Q.

Claim A.2.21 Let ) = ¢t (Q', =) be the decision rule, defined for an additive (with
respect to preference relation =') language Q)" as described above, where language @'

contains exactly |[N'| = n = [logy(m)] questions. Then YT (Q',=") € Ui+,

Proof of the Claim. First, note that S, = {1,...,n}, and the interrogation rule
g(i) = i is an injection; thus, properties (i) and (ii) in the definition of ¥ * hold.

Second, consider a unit permutation h given by h(i) = i, let x; = 1{\; > 1}, and
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¢ = el for all i € {1,....,n}. Then it is straightforward to verify that 1) satisfies

conditions (iii)(a,b,c) in the definition of W;+. O

Thus, ¥+ (Q',>") € Wl solves the choice problem (@, ), proving the only if direc-
tion.

Suppose now that ¢ € U solves the choice problem (@, >) with m indifference
classes, and n = [log,(m)]. Let x,h,e be as in the definition of W *. Note that
for any alternative a € A, its set of simple paths is a singleton: £y = {l*(a)}, where
I = (h(k), h(k+1), Qun)) (o)) for k € {1,...,n} with the convention that h(k+1) = o.

Hence,

=

wa) = (L=n)""" [T (A(k), h(k + 1), Quay (@) =

k=1

= (1=n""-11 {E{Qb(h(k))(a) = Tny } + H{Qunry (@) =1 — zpp } - Eh(k)]
k=1

= (1-n"t II ey = (L—n)"""- 11 €s
ki Qun(ky) (@)=1—2n (k) st Qus)(a)=1-xs

It follows that

log(w*(a)) = (n—1)-log(l—n)+ > log(es)
81 Qus)(a)=1-wms

Since 1 solves (@, *), then by Lemma A.1.16, for all a,b € A, a > b implies

w*(b)/w*(a) — 0O

Thus,
2s: Qg(s)(D)=1—1s 1Og(€s)
25 Qyey(a)=1-z, 10g(€s)

log(w*(b))/log(w*(a)) = — 0

Recall that € = (ey,...,€,) is, in fact, a sequence converging to (0, ...,0). Since the

number of pairs (a,b) with a,b € A is finite, there is an element of this sequence such
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that

> log(es) < > log(e;) Va,be A: a>b (A.11)
s: QII(S)(b):l—mS s: QL(S>(a):1—:pS

For i € N’ = (), for this element of the sequence ¢, define

—log(es) if xz,=1
A = Ay = g(es)

log(es) if z,=0

Note that \; are well-defined, since ¢ : S — N is an injection. Then for any a € A

> log(es) = > log(es) + > log(es) =

st Q) (a)=1—xs st xs=1, Q,(5)(a)=0 st 2s=0, Q,(s)(a)=1

= Y logle) X (lgle))+ X logle) =

st xs=1 s: xs=1, QL(5>(a):1 st 5=0, Q,(s)(a)=1

= = D At Aay

s: xs=1 seS

Thus, a > b implies

Z)\SCLL(S) > Z)\SbL(s) — Z )\Sai > Z )\SbZ

seS seS ieN’ 1EN’

Since |S| = n = [logy(m)], g(S) = N’ and ¢ is an injection, then |N'| = [log,(m)].

If \; = 0 for some i € N’, then

H Z log €

seS"

%] g S// g S}‘ S 2|S|—1 — 2|N"—1 — 277,—1 <m

in contradiction to eq. (A.11). Thus, @ is an adaptive language, proving the if

direction of the Lemma. [ |
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A.2.4 Other Lemmas

The next lemma proves a generalized version of Proposition 1.4.1.

Lemma A.2.22 For any preference relation = with m > 2 indifference classes, there

is an additive language @ with n = [logy(m)]| questions.

Proof. Enumerate indifference classes of preference relation = by C° C*, ..., C™
such that a € C7, b € C* implies a = b iff j > k. Denote by k(a) the index of the
indifference class of a, i.e. k(a) = k" iff a € C*¥. Denote by n = [logy(m)]. Let
x1T9...x, be the expression of k € {0,1,...,n — 1} via a base-2 number—it is well
defined because of our choice of n—and denote by k; = x; the corresponding digit of
the base-2 expression of k. Consider the language @ with Q;; = {a € A | ki(a) = j}
for j € {1,2}, and let \; = 2"~*. Consider an additive utility function v : A — R

with weights A, then

n

v(a) = i/\iai = > 2"ki(a) = k(a)

=1

It follows that v(-) represents . [

A.2.5 Proofs of statements in Sections 2-4

In this section, I use previous calculations to prove statements from the main part

of the paper.

Proof of Lemma 1.2.1

The Lemma follows from Lemma A.1.6 by substituting p?(a) = p(a)/ Xpep p(b).
|
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Proof of Lemma 1.2.2

By Lemma A.2.5, for any preference relation > and adequate language (), the

decision rule R(Q, >) solves the choice problem (Q, >). [

Proof of Theorem 1.3.1

The lower bound is proven in Lemma A.2.3.

Consider an arbitrary preference relation > on A with m > 2 indifference classes.
By Lemma A.2.22, there is an additive with respect to preference relation > language
Q@ with n = [logy(m)] questions. By Lemma A.2.8, the sequence of decision rules
1 (Q, =) solves (Q,*>); moreover, k(T (Q,>)) = 3|N| = 3 - [logy(m)] proving the

tightness of the lower bound. [ |

Proof of Proposition 1.3.2

First, by Lemma A.2.2, if ) € U solves (Q, =), then at least n = [log,(m)] should
be asked in various states, thus |S| > [log,(m)].

Second, assume that » € ¥ solves (@, >) solves (@, >), and x(¢)) = 3n = 3 -
[logy(m)]. Towards a contradiction, assume |S| > n = [log,(m)]. Similar to the
proof of Theorem 1.3.1 given above, by Lemma A.1.21 and pigeonhole principle,
2T > m, thus [T“¢*| > [log,(m)] = n. Next, by Lemma A.2.2, there should be
at least n states with question asked in each state, and there are at least two strong
links outgoing from each such state. Since from every state there is an outgoing strong

link, then |75"°"9| > 2n, and hence,

li(d)) — |Tweak| + |Tstrong| >n42n = 3n

in contradiction to our assumption that k() = 3n = 3 - [logy(m)] [
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Proof of Proposition 1.3.3

Consider set A = {a} U {b,...,b*} with k + 1 alternatives, and preference relation
>~ on A such that @ = b" and b ~ b for all i,7’. Then > has m = 2 indifference
classes. Consider language Q = {Q;}F_, with Q; = {b'} and Qi = A\{b'} for all
i=1,....,k. Note that the language @Q is adequate, since for any i € {1,..., k}, b} # ¢,
for any ¢ # b'.

Suppose 1 € U solves (@, =). Towards a contradiction, assume that question Q;
is not asked in 9, i.e. As € S : «(s) = i. Then the set of links that can be used
for transitions between the states for alternatives a and b* coincide, that is, T%(s) =
T (s) for all s € S. It follows that q(a) = g(b’), which is a contradiction by Lemma
A.1.7, since a = b*. Thus, questions Q1, ..., Q) should be asked in 1. Note that each
question 7 asked in state s is associated with at least two links (s, ,0), (s,s”,1) € T,

and different questions are associated with different links, thus
k() = |T|>2k Yy e W: 4 solves (Q, =)

Thus, k(Q) > k, proving the Proposition. [

Proof of Theorem 1.3.4

Statement (i) of the Theorem follows from the Lemma A.2.5, since the universal
decision rule ¢ = R(Q), =) solves the choice problem (@, =) and uses k() = 3|A| —3
transitions.

Let m € {2,...,]A|}. Let = be a preference relation such that a > b for all
b € A; that is, a is a unique =-best element in A, and let > have m indifference

classes; clearly, such preference relation exists. Enumerate alternatives in A\{a} by

a',...,al=1, and consider language Q = {Q;}/2" with Qi1 = {a'}, Qi = A\{a'}.
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Assume a decision rule 1) solves the choice problem (@, >); by Lemma A.1.17, it is
without loss of generality to assume that ¢ is regular. Note that all questions of the
language @ should be asked in 1); otherwise, if @; is not asked, then [*(a) € L(a),
w*(a) < w*(a), and by Lemma A.1.16, v does not solve (Q,>), in contradiction.
Thus, Ty contains at least 2- (JA| — 1) strong links. Next, since > has m indifference
classes, then by Lemma A.1.21, the sets of weak links used by alternatives from
distinct indifference classes should be different. Tt follows that 2!7"! > m, hence

T2 > [logy(m)]. Hence,
W) = [Tyl = ITE"™ ]+ T3 > 21A| ~ 2+ logy(m)]

Since the above inequality holds for arbitrary decision rule ¢ that solves the choice
problem (@, >), then k(Q) > 2|A| — 2 + [logy(m)]|, proving statement (ii) of the

Theorem. |

Proof of Proposition 1.3.5

The proof of the Proposition mirrors the proof of Theorem 1.3.4 above. Statement
(i) of the Proposition follows from the Lemma A.2.5, since the universal decision rule
¥ = R(Q, =) solves the choice problem (Q, ) and uses |Sy| = [A| =1 memory states.

Let m € {2,...,]A|}. Let = be a preference relation such that a > b for all
b € A; that is, a is a unique =-best element in A, and let > have m indifference
classes; clearly, such preference relation exists. Enumerate alternatives in A\{a} by
a',...,al=1, and consider language Q = {Q;}\2" with Qi1 = {a'}, Qi = A\{a'}.

Assume a decision rule 1) solves the choice problem (@, >); by Lemma A.1.17, it is
without loss of generality to assume that ¢ is regular. Note that all questions of the
language @ should be asked in 1); otherwise, if @; is not asked, then [*(a) € L(a),

w*(a) < w*(a), and by Lemma A.1.16, v does not solve (Q,>), in contradiction.
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Since all questions of the language @ must be asked in W, then |S,| > |Q] = |A] — 1.
It follows that M(Q) > |A| — 1. By the proven statement (i), M(Q) < |A| — 1, hence

M(Q) = |A| — 1, proving statement (ii) of the Proposition. |

Proof of Proposition 1.4.1

The Proposition follows from Lemma A.2.22. |

Proof of Theorem 1.4.3

Suppose that language () is adaptive for a preference relation > with m indifference
classes, and n = [log,(m)]. By Lemma A.2.19, there is a decision rule ¢ € U,/ * that
solves the choice problem (@, >). By Lemma A.2.9, k(1) = 3n, thus the language @
is simple.

Suppose now that (3/4)-2" < m < 2" for some natural n, ¢ € ¥ solves the choice
problem (@, >), and x(¢) = 3n. By Lemma A.2.11, ¢v» € ¥;'* and thus by Lemma

A.2.19, the language @ is adaptive. [ |

Proof of Proposition 1.4.4

Statement (i) of the Proposition is proved in Lemma A.2.19. Statement (ii) of the

Proposition proved in Lemma A.2.11 |

A.2.6 Proofs of lemmas and claims from Section 5

Lemma 1.5.1 is proven in Lemma A.1.7 in this Appendix, Lemma 1.5.2 is proven in
Lemma A.1.16 in this Appendix, Claim 1.5.3 follows from Lemma A.1.19 and Lemma
A.1.22 in the Appendix, Claim 1.5.4 is proven in Lemma A.2.1 in the Appendix, Claim
1.5.5 follows from Claim A.2.12 in the Appendix, Claim 1.5.6 is proven in Claim A.2.14

in the Appendix, Claim 1.5.8 follows from Claim A.2.15 in the Appendix.
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A.2.7 Formalizing the dynamics

The realized menu B C A and the sampling probability p? from B determine
the economic environment. The language @) and the automaton o = (S,¢,7) € X
determines the agent’s decision procedure. Together, the economic environment and
the decision procedure, induce a dynamic random choice in a straightforward way.

Let Y2 = B x S be the global state space; denote by y = (a,s) its generic
element. Thus, a € B represents the currently drawn alternative, and s € S represents
the state of the automaton. In the following, I will omit a superscript B in the
notations whenever the menu B is fixed. Let Y = (Y}, Y5, ...) be a Markov chain with
realizations y = (y1,¥2,...) € YN that describes the dynamics of the model in periods
t=1,2,... as follows.

In the first period, a random alternative is drawn and the automaton’s state is
s =1:

Pr(vi=(os) = o5

where I denote by 6F = 1 if i = k and §F = 0 if i # k. The dynamics of the Markov
chain Y in the subsequent periods (¢t > 1) is described by the following stochastic

Y x Y matrix:

Pr(Yi=(a.s) | Y = (0,0)) =

(1 - T(v,o, QL(U)(b)anB(a)(S‘f +(1— 77)5,‘}7‘(1), S, QL(U)(b)) if v,s#0
T(U,O, QL(U)(b))él‘} if v£0,5=0
5bos it v=o

(A.12)

Thus, the first case in eq. (A.12) tells that a transition between the two memory
states occurs in one of the two ways. First, if the alternative has not been chosen

in the previous period, then with probability 1 a new alternative is drawn according
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to the probability distribution p?(a), and the state moves to s = 1, hence the term
07. Second, it can be that the decision procedure prescribes to go to state s with
probability T(U,S,QL(U)<Z))) as a result of the information “Q,(b) = j” with j €
{0,1} acquired in the previous period. If this transition occurs, it must be that a
new alternative is not drawn, hence the multiple (1 — 7), and the current alternative
remains the same, hence the multiple §¢. The other two cases in eq. (A.12) are
interpreted similarly.

For each period t € {1,2, ...}, the probability that alternative a € B is chosen in

some period t' < t is given by
Pr (a is chosen from B in period ¢’ < t) = Pr (YtB = (a,o))

In this paper, I am concerned with the total probability of an alternative to be chosen

in some period from the menu. Thus, I analyze the stochastic choice rule given by

pP(a) == lim PT(Y;B = (a,o)) (A.13)

t—o00

Note that p®(a) depends on the language  and the automaton o via the stochastic
matrix given by eq. (A.12) that governs the evolution of the Markov chain Y. T will

use a subscript o to show this dependence when needed.
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A.3 Proofs for the extensions

A.3.1 Proofs for the model with endogenous dismissal deci-
sion
Proof of Proposition 1.6.1

First, note that analysis, performed in the Appendix A.1, applies for the model
with endogenous dismissal decision. Let ¥ be the set of decision rules in the baseline
model, and ¥’ be the set of decision rules in the model with endogenous dismissal
decision. Then ¥ C V', and, hence, for any language, its memory load and complexity
in a model with endogenous dismissal decision should be weakly less than in a baseline
model. To prove the reverse statement, let us consider a mapping ¢ : V' — ¥ defined
as follows.

Let ¢' = ((¢)). Then Sy = Sy and vy = 1y. Next, for all s € 5, j € {0,1},

_ Ty(S,v,7) if v#s
Ty (8,0, ) =
Ty(8,8,7) + 1y(s,new,j) if v=s
Thus, the decision rule ¢’ = ((¢) has the same state space and the same in-
terrogation rule as . Moreover, it has the same probability of transitions between
two distinct memory states. The only difference is that, instead of transitioning to

the dismissal decision with probability 7,(s, new,j), the agent remains in the same

memory state. Note that

Note that the highest-probability paths of the decision rules ¢’ and v are identical,
since non of them can contain transitions to the dismissal state or a loop transition

to the same memory state. Thus, by Lemma 1.5.2, if ¢/’ solves (Q, =), then 9 solves
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(@, =) as well. Hence, for any language, its memory load and complexity in a baseline
model is weakly less than in a model with endogenous dismissal decision, completing

the proof of the proposition. [ |

Proof of Corollary 1.6.2

The corollary follows immediately from Proposition 1.6.1. |

Proof of Proposition 1.6.3

For convenience, denote by W’ the set of decision rules in the model with endoge-
nous dismissal decision, and by W the set of decision rules in the baseline model.

Then W C V. Let us prove an analogue of Lemma A.2.19:

Lemma A.3.1 Consider the model with endogenous dismissal decision. Let the pref-
erence relation = have m equivalence classes, and n = [logs(m)]. Then language Q
is adaptive if and only if there exists a decision rule ¢» € WFdismissal 4hat solves the

choice problem (Q,>).

Proof of Lemma A.3.1. Suppose first that language @) is adaptive for preference
relation >, then @ is additive for > as defined in Section A.2.3. In this case, 1 (Q, =
) € ¥ C ¥, where ¥7(Q,>) is defined in Section A.2.3. Next, it is straightforward
to see that Claim A.2.20 continues to hold in the model with endogenous dismissal
decision as well. Tt follows that the decision rule (@, =) solves the choice problem
(Q,=). Moreover, x(1"(Q,=)) = 3n, hence T (Q, =) € W tdismissal ' nroyving the if
direction of the lemma.

The proof of the only if direction of the lemma is identical to the corresponding

part of the proof of Lemma A.2.19. 0

Lemma A.3.1 proves the first statement of the proposition. By Corollary 1.6.2,

Theorem 1.4.3 continue to hold for the model with endogenous dismissal decision,
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which in conjunction with the proven first statement of this Proposition implies its

second statement. [ |

A.3.2 Proofs for the model with recall of the past investiga-

tions

In the model with recall of the past investigations, analysis, performed in Section
A.1 is no longer valid, since the Markov chain that describes the evolution of the
system is no longer a Markov chain with renewal property according to the corre-
sponding definition. Let us define formally the Markov chain that we are interested
in.

As in the baseline model, let Y2 = B x S x {new, old} be the global state space,
where a € B denotes the currently drawn alternative, s € S = S° U {¢} denotes the
automaton’s state, and € {new,old} denotes if the current alternative has been
just drawn from the menu (z = new), or not (z = old). Denote by y = (a,s,z) a
generic element of the global state space. In the first period, a random alternative is

drawn and the automaton’s state is s = 1:

new

Pr(Y¥ = (a,5,2)) = p%(a)-0i-0;
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The dynamics of the Markov chain Y in the subsequent periods (¢t > 1) in the model

with recall of past investigations is described by the following stochastic ) x ) matrix:

Pr(YtB = (a,s,x) ‘ VP = (b,v,z)) =

[(1 - T(U,O, QL(U)(b)))mQ(v, s) + Tl(v, 8, Quwy (), new)]pB(a) if v,s0, T=new
(1 —n)oert (U, $, Q) (b), old) if v,s#£0, x=old
7 (0,0, Q) (b)) 34024 if v£o,s=0
00030314 if v=o

As usual, I analyze the stochastic choice rule given by

pP(a) == lim Pr(Y;B = (a,o, 0ld)—i—P7“<Y;B = (a,o, new)) = lim PT(Y;B = (a, o, old))

t—o00 t—o00

Lemma A.3.2 Consider the model with recall of the past investigations. If the deci-
sion rule ¥ solves the choice problem (Q, =), and N' is the image of the interrogation

rule Ty, then for any c,d € A such that ¢ > d there ezists i € N’ such that ¢; # d;.

Proof of Lemma A.3.2. Towards a contradiction, assume that 1 solves (@, *),
and there are ¢,d € A such that ¢ = d and ¢; = d; for all N’. Consider the menu

B ={c,d}.

Claim A.3.3 Consider the model with recall of the past investigations. Let N’ be the

image of the interrogation rule T, of a decision rule . If ¢; = d; for alli € N', then

't (c)/pteP(c) = ptoP(d) /p!="(d).

174



Proof of Claim A.3.3. Denote by B = {c,d}. Note that since Q,)(c) = Q. (d)

for all v € S9, then
PT(YtB = (a, s, 0ld) ’ VB, = (a,v,x)) = Pr(YtB = (b, s, 0ld) ’ = (b,v,x’))

for all z,2’ € {new,old} for all v € S° s € S. Let ¢(a,s) be the probability to
choose alternative a € {¢, d} during a single investigation process when starting from

memory state s € S°. Applying the above equation recursively, we get

alc;s) = qld,s) VseS°

Thus,
B 00
p°(c) 1 t ¢
= PrY'=y") 1{z; = new, a; = ¢, s; =v}-qc,v) =
20~ Pos B &)

)
— i > Pr<Yt = yt) - 1{zy = new, sy =v}-qlc,v) =

t=1 yteYt ves°

~ B({ > > ZPT<Yt:yt)'1{xt:”€w7 ag=d, sy =v}-q(d,v) =

) t=1 yteyt vese
)

where Y = (Y1, ..., Y}), and ' = (y1, ..., y¢) € V. O

By Claim A.3.3, pied(c)/pledt(c) = plodi(d)/pte?(d), hence pled(c) <

pledt(c) < 1, hence p{®¥(c) does not converge to one in the limit, contradicting

the assumption that ¢ solves (@, =), and proving the lemma. [ |

Proof of Theorem 1.6.4

Let us prove the first statement of the theorem, that is, if ¢ solves (@, >), then

M()) > n, where n = [log,(m)], and m is the number of the indifference classes of
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». Towards a contradiction, assume that 1 solves (@, >=) and M(v)) < n. Let N be a
set of attributes about which the agent inquires when using the decision rule v, then
|IN| < n. It follows that there is a pair of items a,b € A such that a > b, and a; = b;
for all i € N, in contradiction to Lemma A.3.2.

Note that any decision rule that the agent can use in the baseline model is feasible
for the agent in the model with the recall of past investigations. Hence, the second

statement of the theorem follows from Proposition 1.3.2.

Proof of Theorem 1.6.5

Since any decision rule that the agent can use in the baseline model is feasible for
the agent in the model with the recall of past investigations, the first statement of
the theorem follows from Proposition 1.3.5.

Let us prove the second statement of the theorem.Let m € {2,...,]A|}. Let =
be a preference relation such that @ > b for all b € A; that is, a is a unique =-best
element in A, and let > have m indifference classes; clearly, such preference relation

Al-1
., aldl

exists. Enumerate alternatives in A\{a} by a!,. , and consider language Q =

{QA" with Qu = {a'}, Qo = A\{a'}.

Towards a contradiction, assume that v solves (Q,>), and Sy, < |A| — 1. Then
there is i € N = {1,...,|A| — 1} such that the corresponding attribute is not investi-
gated in any memory state of ¢». Thus, @ > a" and a; = CL; for all j € N, contradicting
Lemma A.3.2. Hence, M(Q) > |A| — 1, which in conjunction with the proven first

statement of the theorem proves the second statement of the theorem. [ |
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Appendix B

Appendices for Chapter 2

B.1 Proofs of Main Results

In this section, we provide proofs of all main statements—theorems, propositions
and corollaries—except of Proposition 2.2.2, which is proven, among some other state-

ments, in section B.2.

B.1.1 Proof of Theorem 2.2.1

The proof that axioms follow from the representation is straightforward. We omit

it except of the proof for the Continuity axiom.

Lemma B.1.1 Function W : II x H — R given by eq. (2.2) is continuous.

Proof. Follows from the Berge theorem (Theorem of Maximum). U
Assume choice correspondence c¢(-) has representation (U,.A).  Consider
(A% f*) — (A, f) such that f* € c(AF) for all k = 1,2,... . Then f* € A

and p({f}.4) < d(f,f*) + p({f*}, A) < d(f. f*) + p(A*,A) — 0, hence
f ecl(A) = A. Since f¥ € ¢(A*) for k = 1,2, ..., then there exists P* € A such that
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Wer(f¥) > Wp(g) for all g € A*. Since II is compact, there is a convergent subse-
quence P*» — P € II. Since A is closed, P € A. Since A¥» — A, for arbitrary
g € A there exists g"» € A¥» such that g — g. Then Wpkn (f5) > Wpkm (g*m)
for all m = 1,2,... . Since function (P, f,g) — Wp(f) — Wp(g) is continuous by
Lemma B.1.1, we conclude that Wp(f) > Wp(g). Since this holds for all g € A, then
f € ¢(A). Thus, Continuity holds for ().

Assume now that choice correspondence c(-) satisfies Axioms 1-7. We show that

¢(+) admits a framed ambiguity representation.

Lemma B.1.2 Continuity (Aziom 6) implies azioms defined below:
Act Continuity: VA€ K {f € H | f€c(AU{f})} is closed
Menu Continuity: Vf € H {Ae K | f € c(A)} is closed

Proof. Act Continuity follows from " — f = (AU{f"}, f") — (AU{f}, [).
Menu Continuity follows from A" — A = (A", f) — (A4, f). O

We say that the restriction of choice correspondence ¢y on the set of
compact menus of constant acts K; has an expected utility representa-
tion, if there is a vNM expected utility U AX — R such that
VA € Ky [(py..,p) €c(A) <= [U(p)>U(q) Vqe A]]. Note that if c(-)

satisfies Axioms 1-7, so does ¢y(-).

Lemma B.1.3 Given Axioms 1-7, co has a non-degenerate expected utility represen-

tation that is unique up to a positive affine transformation.

Proof. Consider binary relation >, C Hy x Hy given by p =, ¢ if p € co({p,q})-
Axioms « and C-f imply WARP for ¢y, thus >, is complete and transitive. The
C-Independence for co(-) implies Independence for >.. Act Continuity implies

{g € H|p*r q} is closed, and Menu Continuity implies {¢ € H | p <., ¢} is closed
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Vp € Hy. C-Non-Degeneracy implies p ¥ q for some p,q. The Lemma follows from

the Mixture Space Theorem. O

Lemma B.1.3 allows us to identify U(-) from ¢(-). Since X and AX are compact,
there is the best prize z € X and the worst prize y € Y. Abusing notations, we denote
d; € AX by x and 6, by y. We normalize U(-) by 1 = U(z) > U(p) > U(y) = 0 for
all p e AX.

Lemma B.1.4 If ¢() satisfies Azioms 1-7, then it satisfies the following aziom:
Monotonicity: Vf,g € H f(s) € c({f(s),9(s)}) Vs € S implies
VAe K (i)]g€c(A) = fec(AU{f})] and (i)[f € A = ¢(A) C c(AU{g})]

Proof. For all menus A € K and acts f € H denote

Aos = 0.5A+0.5(0.52+0.5y),  fos = 0.5f +0.5(0.5z + 0.5y)

Assume f(s) € c¢({f(s),g(s)}) Vs € S. Then by Lemma B.1.3, U(f(s)) > U(g(s))
Vs e S.

Proof of (i) Let g € ¢(A), then by C-Independence gos € c(Aps). Consider fll. =
(1—=1/n) fos+ (1/n)x for n =1,2,.... Then Vs € S we have:

U(fis(s)) =(1—=1/n)(0.5U(f(s))+0.25) +1/n >
0.5U(f(s)) + 0.25 = U(fo.5(s)) = U(go.s(s))

By Lemma B.1.3, gos(s) & c({g05(5), fi5(s)}) Vs € S. Strict Monotonicity implies
gos & (g0, f75}). then by  we have gos & c(Aas UL} }). By Aizerman’s Property
1o € c({Aos U f§5}). Since fi's — fos, by Act Continuity fos € c(Aos U{fos}).
By C-Independence f € c(AU{f}).

Proof of (ii) Assume f € A and consider h € ¢(A). By C-Independence hos €
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c(Aps). Consider gj5 = (1 —1/n) fos+(1/n)y for n =1,2,.... Then Vs € S we have:

Ulgos(s)) = (1 =1/n) (0.5U(f(s)) +0.25) <
0.5U(g(s)) +0.25 = U(gos(s)) < U(fos(s))

By Lemma B.1.3, ¢{5(s) € c({905(5), fos(s)}) for all s € S, by Strict Monotonicity

905 & c({gbs, fos}), by a we have gj- & c(Aos U {gls}). By Aizerman’s Property
hos € c(AosU{gis}). Next, Ags U{gls} — AosU{go5}, then by Menu Continuity

hos € c¢(Aos U {gos}). Finally, by C-Independence h € c(AU {g}). O

Define binary relations >*,~ C H x H by

ferg it f(s)€c({f(s),g(s)}) Vse S, fr~yg if [f="gandgz"f]

Using Lemma B.1.3, we get [ >=* g <= U(f(s)) > U(g(s))Vs € S and f ~
g <= U(f(s)) =U(g(s)) Vs € S. Thus, ~ is an equivalence relation on the set of
acts. Consider a subset of acts that yield a convex combination of x and y at each

state of the world:
H = {hEH | 3z € [0,1)% - f(s):zsx—f—(l—zs)stES}
For each act f € H construct a canonical act f € H as follows:

f(s) = U(f(o)z+ (1 =U(f(s)y

Act f is well-defined, since 0 < U(f(s)) < 1. We can see that if f ~ g, then f=3
and also f = f, since U(x) = 1, U(y) = 0. Thus, a canonical act f represents an
equivalence class of relation ~. Given menu A € IC, define canonical menu A to be

the set consisting of canonical acts corresponding to all equivalence classes of relation
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~ in A:

A={heH|3fcA: f~h} (B.1)

Lemma B.1.5 Assume Axioms 1-7 hold. Then for any menu A € K the correspond-

ing canonical menu is a menu, i.e. Aek. Moreover,
fecd) < fecd)

Proof. We first show that A is a menu. Consider an arbitrary sequence { f”} C A,
where {f"} C A. Since A is compact, there is a convergent subsequence f™ —s
f € A. Therefore, by continuity of U(-), U(f™(s)) — U(f(s)) for all s, hence
f"’f — f € A. Since an arbitrary sequence in A contains a convergent subsequence,

Ais compact, and since A non-empty, Aeck.

Claim B.1.6 Let {hq,...,h;} C H. Assume Vi 3g; € A: g; ~ h;. Then:
c(AU{hy,....h}) = c(A)U{he{h,....hx} | 3g € c(A) : h~g}

Proof of Claim B.1.6. Let h ~ g € B. Case (a): g &€ ¢(B). If h € ¢(BU{h}),
then by Monotonicity, g € ¢c(BU{h}), and by «, g € ¢(B), contradiction. Therefore,
h & ¢(BU{h}), and by Aizerman’s Property and «, ¢(BU{h}) = ¢(B).

Case (b): g € ¢(B). If h & ¢(BU{h}), then by Aizerman’s Property, g € ¢(BU{h}),
and by Monotonicity, h € c¢(B U {h}). Next, since g =* h;11, by Monotonicity,
¢(B) C ¢(BU{h}). By a and the above calculations, ¢(B U {h}) = ¢(B) U {h}.

Note that by Monotonicity and «, if hypr ~ hy for 7 < k and
hj € c(AU{hy,...;ht}), then g; € c(AU {hy,....,ht}) for g; € A. A straight-
forward induction argument that uses cases (a) and (b) completes the proof of the

Claim. 0

181



For any menu A, since it is compact, there exist a finite set of acts F), such that
F,CAC U A{geH|dg,f)<1/n}. Denote by F" = 6 F,,. ﬁ":{h€ﬁ| af €
feF, m=1

F":h=f}.
Claim B.1.7 For any menu A: (i) F*UA — AUA, (ii)) AUF" — AU A.

Proof of Claim B.1.7. Statement (i) is obvious, we prove statement (ii). We
know that F" C A. Consider h € A. Then df € A such that f ~ h. Since
each of F), induces a cover of A by balls of radius 1/n, for any n there is f" € F,,
d(f, f") < 1/n, hence f* — f; note also that {fm}”mzl C ™. By continuity of
U(-), U(f(s)) — U(f(s)), hence f* —» f = h. Since U(-) is uniformly continuous

on a compact set AX, and AU E™ C AU A, then

p(AUF" AUA) = max min d(g,h) < max min d(g,h) — 0 O
heAUA geAUF" heA geFn

Assume [ € ¢(A). Without loss of generality (WLOG), f € F; C F". By Claim
B.1.6, f € c(AU F™) for all n. By Menu Continuity and Claim B.1.7, f € ¢(AU ;1)
By Monotonicity, f € c(AU ﬂ) By a, f € c(ﬁ)

Assume f € ¢(A). WLOG, f € F; C F". By Claim B.1.6, f € ¢(AU F™). By
Menu Continuity and Claim B.1.7, f € C(A U A). By Monotonicity, [ € c(ﬁ UA).

By a, f € ¢(A). 0

Lemma B.1.5 allows us to focus on finding a representation for the choice correspon-
dence restricted to the subset of canonical menus. Once we find a framed ambiguity
representation of the restriction, it will automatically represent the whole choice cor-
respondence as well, since U(f(s)) = U(f(s))) for all s € S and f € H. Thus,
we assume for now that H = H. The set of canonical acts is isomorphic to the

|S|- dimensional hypercube [0,1]!S! via identification of z € [0,1]!S! with f € H by

zs = f(s)(x). We will use both z € [0,1]'l and f € H as generic acts in the sub-
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sequent calculations. Denote ¢« = (1,...,1) € RISl then act z € [0, 1] is constant if
and only if z = Z: for some z € [0,1]. Next, the premise of the Strict Monotonicity
Axiom for acts z,z’ looks as z >> z’, and the premise of the Monotonicity Axiom

looks as z > 7'.

Lemma B.1.8 Let Menu Continuity hold. Then ¥Vf € H VYA € K if f € ¢(A), then
there is a menu D € IC such that A C D, f € ¢(D) and D is maximal subject to this;

that is, for any menu D" # D such that D C D', f & ¢(D’).

Proof. Consider the set of menus that contain A such that f is chosen:
Q(A, f) = {BeK | fecB)and AC B},

partially ordered by set inclusion. Notice that A € Q(A, f) # @. Let T be an
arbitrary non-empty chain (totally ordered subset) in Q(f, A). We argue that T has

an upper bound in Q(f, A) equal to

c - cz<UB>,

BeT

where closure is taken with respect to the topology on the space of acts H, and that
C € Q(A, f). Notice that H ~ [0, 1]'%! is compact. C'is a closed subset of a compact
set, hence it is compact, and C' € K. Next, B C C for all B € T by construction. It
remains to show that f € ¢(C). Let us show that for any e > 0 there is B € T such
that for any B’ € T such that B C B’ it is true that p(B’,C) < e. Consider an open

cover of C' by a family of open balls of radius €/3 centered at all points of C:

G = {{geH|plg,f)<e/3}s}rec
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Since C'is a compact set, there is a finite subcover

{oeH plg. f)<e/33rLi G, C < U {geH|plgf)<e/3}

Recall that B C C for any B € T, hence

p(B,C) = Sup( inf d(g, h)) < e/3+i€fnax ( ing d(fi,h)>

gGC heB

Since f; € C, for any i = 1, ..., N there is B; € T such that there is g; € B; such that
d(fi,g:;) < €/3. Since T is totally ordered by set inclusion, there is B € {Bj, ..., By}
such that B; C B for all i = 1,..., N (every totally ordered finite set has a maximum
element). Therefore, {gi,...,gn} € B, hence p(B,C) < 2¢/3. Since we can find such
B e T for arbitrary e > 0, it follows that C' € ¢l (B). Therefore, by Menu Continuity
f € ¢(C). We proved that every non-empty chain in Q(A, f) has an upper bound in

Q(A, [), hence by Zorn’s Lemma Q(A, f) has at least one maximal element D. W

For a given act z € H denote
L(z) = {AeK|zec(A)and [ACA zec(A) = A=A} (B.2)

In other words, £(z) is a set of menus that are maximal with respect to z being chosen
from a menu. Lemma B.1.8 implies that £(z) # @& for any z € H, since z € c({z}).
For A € (0, 1] denote

Zy = N0,1]¥1 + (1 —X){0.5:} (B.3)

Thus, Z, is a hypercube homothetic to Z; = H = [0, 1]‘S| with the same center point
0.5¢. Similarly, for arbitrary menu B € K denote By = AB + (1—\){0.5.}. Notice
that By C Z,. Next, by C-Independence ¢(By) = Ac(B) + (1—X){0.5.}. Therefore,

we are able to reconstruct the full choice correspondence knowing choice from menus
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B, C Z,. For arbitrary z and maximal menu A € L£(z) define menu’s “certainty

equivalent”

a(A) = max {b€[0,1] | b-1 € A} (B.4)

Function a(.) is well-defined, since by Monotonicity any maximal menu contains the
worst act (0, ...,0), and compactness of A insures the existence of maximum. Consider

the set of menus that are maximal for some act z € Z;5:
DO.Q = {A e ’ dz € ZO.2 A€ E(Z)} (B5)

Since 0.4¢ < z < 0.6¢ for all z € Zys, by Monotonicity a(A) > 0.4, and by Strict
Monotonicity a(A) < 0.6 for any A € Dyy. For a vector v € RISl denote |v| =
max |vs|. We do not use Continuity in calculations involving | - |, thus we don’t care

about the compatibility of | - | with metric d on H. Let

O = {VER'Sl > v, =0and |V|=1} (B.6)

seS

Define function J : Dy x O — R by the following formula:
Jav) = —max{be[-1,1] | a(A)e+01-v+0.1-b-1€ A} (B.7)

Notice that b € [-1,1] and v € O, thus for z = a(A)t +0.1- v+ 0.1-b - ¢ we have
020 <z <08, thusz € Zyg C Z; = H, and z is an act; and the maximum exists,
since A is compact. Next note that a(A)t+0.1-v—0.1¢ < a(A)t, hence by Monotonicity
a(A)t+0.1-v—0.1c € A. Similarly, for any € > 0 we have a(A)t40.1-v+0.1-(1+€)t >>
a(A)e, hence by Strict Monotonicity a(A)t+0.1-v +0.1- (1 +€)e ¢ A. Thus, there
is no loss of generality to consider b € [—1, 1] versus b € R in the definition of J.(-).

Therefore, for any v € O, A € Dy and any b such that a(A)t+0.1-v+0.1-b-1 € Z
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is an act, using Monotonicity and maximality of A € Dys, we may conclude:
b< —Jalv) <= a(A)+01-v+01-b-1€ A (B.8)

For z € RI®! consider its unique decomposition

z=%-1+z, , where z=|S]""-Y (z); , and z, =z-z-¢ (B.9)
s€S

Then Y ,cq(z1)s = 0. Define function I : Dys X RISl — R as follows:

]

v \zly-JA<“> if 7, #£0

|z |

Ix(2) = (B.10)

if ZJ_ZO

|

The following lemma is an analogue of Lemma 3.3. in Gilboa and Schmeidler (1989).

Lemma B.1.9 Let Azioms 1-7 hold. Then for all A € Dyy and all z € Zy 4 we have
z €A < I4(z) <a(A). Moreover, function I4(-) is:

(i) Monotone: z > z' = 1a(z) > 14(Z).

(ii) Positively homogeneous: I4(az) = ala(z) for all a > 0.

(iii) Concave: To(Az + (1 — N)Z2') > A 4(z) + (1 — N)I4(2') for all X € (0,1).

(iv) C-additive: 15(z+ B -1) = Ia(z) + I4(5 - 1) for all B € R.

(v) Normalized: 14(t) = 1.

Proof. Statements (ii), (iv) and (v) hold by construction. Let f € Zy, be an act
such that A € L(f). It exists by the definition of Dys. Let’ prove the main statement
z €A <= I,(z) <a(A), so assume z € Zj 4.

Case 1. |z,|=0.1, thenz € A <= 14(z) <a(A) by eq. (B.8).

Case 2. |z,|=0,thenz € A <= 14(z) < a(A) by the definition of a(A).
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Case 3. |z, | #0,0.1 and |z — a(A)| < |z.|. Denote

y = [a(A)jLO.lZ _0.1a(A)] L+ 0.0t
.| .| 71|

Since a(A) € [0.4,0.6], we have 0.2 = (0.4—0.1—-0.1)¢ <y < (0.6+0.1+0.1)c = 0.8,
ZL

thus y € Zy¢ C Z;. Since
|z |

€ O, by eq. (B.8) we have:

yed e 20 (”) — I, <Z> <) @) <a(4)

zi| |z — = |z

Case 3.1. |z, | < 0.1. Denote A = 10|z | € (0,1). Then we have
z = Ay+ (1—=XNa(A4) -

Let 14(z) < a(A), then {y,a(A) -t} C A, and, since f € A, by No C-Hedging f €

c(AU{z}), thus z € A by maximality of A € L(f). Now assume that [4(z) > a(A).

1—X I4(z) —a(A)
A A

(B.8) and our choice of € also y — e ¢ A. Similarly, (a(A) +

Take ¢ = 0.01min {1, } > 0. Then y —er € Z;, and by eq.

1_>\e>a € 7y, and

<a(A) + 7 i )\€> v ¢ A by definition of a(A). Finally,

z = NMy—e)+(1—-X) (a(A)+1i)\e>L

By maximality of A € L(f) we get f & c¢(AU {y — e}) and f €&

c (A U {(a(A) + 1 i /\E> L}) Therefore, we can apply Indirect Ambiguity

Aversion to get f & c(AU{z}), implying z ¢ A.

Case 3.2: |z, | > 0.1. Denote A = (10]|z,|)~* € (0,1). Then

y = Xz+(1—XNa(A) -
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Consider 14(z) > a(A). Theny ¢ A. Assume for a contradiction that z € A, then by
No C-Hedging f € ¢(AU{y}), hence by maximality of A we get y € A, contradiction.
Thus, z ¢ A. Consider now [4(z) < A. Then y € A. Assume for a contradiction
that z ¢ A. Since AU {z — (1/n)t} — AU {z}, then if for arbitrary large n we
have f € c(AU{z — (1/n)t}), the by Menu Continuity f € ¢(AU{z}), contradicting
maximality of A € L(f). Therefore, there exists N such that z — (1/n)c ¢ A for
all n > N. Take ¢ = 0.0lmin {1/N,(1 —A)/A} > 0. Then z — €. € Z;\A and
<a(A) + 7 i )\6> v € Z1\A. Next,

Since f € c(AU{z —e}) and f € c (A U {(a(A) + ﬁe) L}), the Indirect Ambiguity

Aversion implies f & ¢(AU{y}), contradicting y € A.

Case 4. |z | # 0,0.1 and Z — a(A) > |zy|. Then z = zZL + 2z, >>
(a(A)+0.5(z—a(A)—|z.]))e >> a(A)e. Thus f & c(AU{(a(A)+0.5(z—a(A)—|z_|))t})
by the definition of a(A), and by Monotonicity f & ¢(AU{z}), implying z ¢ A. In

this case [4(z) > Z — |z, | > a(A), so the main statement of the Lemma holds.

Case 5. |z,| #0,0.1 and Z —a(A) < —|z,|. Thenz =%+ 2z, <a(A). € A. Hence,
f € ¢(AU{z}) by Monotonicity, and z € A by maximality of A. From the other
hand, in this case 14(z) < Z + |z, | < a(A), so the main statement of the Lemma
holds.

Case 1-5 cover all possibilities, thus z € A <= 14(z) < a(A) forallz € Zy4, A € Dy 2.

Proof of (iii). It is easy to see from the definition of I4(-) that |I4(z)| < 2|z

for any z € RIS,  Consider arbitrary z,z € RISl If z = 2 = 0, then
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In(z +7) = 14(0) = 0 = 14(0) + 14(0) = I4(z) + Ia(Z"). Otherwise, denote
t =0.01- (max{|z|,|2'|})" > 0. Then —0.02 < I(tz), I4(tz') < 0.02. Consider

7z = tz+ (a(A) — 14 (tz)) ¢, 7 = 1z + (a(A) — 14 (tz') .

Take arbitrary e € (0,0.01). Since a(A) € [0.4,0.6], then 0.3 < Z + e, 2’ 4 e < 0.71,
hence z + €1, 2z’ + e € Zy4, thus the main statement of the Lemma applies to these
acts. Next, [4(Z+et) = I4(z' +e) = a(A)+¢ > a(A), hence Z+e1, 2/ +e. ¢ A. Thus,
f&c(Au{z+e})and f & c(AU{Z + e}), hence by Indirect Ambiguity Aversion,

maximality of A and the fact that Zy, is convex, for all A € (0,1) we have:
Mz+e)+(1=N)(Z'+e) € Zos\A = Li(AZ+e)+(1-N)(Z+e)) > a(Ad) =
— LOZE+1-NZ)+e > a(d) = L+ (1-NZ) > a(Ad) =
— La(A[tz + (a(A) = La (t2)) o] + (1 = N) [tz' + (a(A) — L4 (t2)))]) = a(4) =
= Iy(Mz+ (1=MNtz) > Ma(tz)+ (1= N4 (tz) =

— Liz+(1-N2Z) > Ma(2z)+ (1 - N1 (2)

Thus, I4(-) is a concave function.

Proof of (i). Consider arbitrary z,z" € RS and let z > z/. If z = 2z = 0,

then the statement holds. Otherwise denote t = 0.01 - (max{|z|,|2/|})™" > 0 and

z = tz+ (a(A) — La(t2)) ¢, 7 = tz + (a(A) — Ia(tz) L

Notice that we use 14(tz) and not I4(tz') in the definition of z’, like we did to prove

concavity of I4(+). This way I4(z) = a(A), Z’ <z, and z,7Z' € Zy 4. Therefore, z € A,
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and by Monotonicity f € ¢(AU{z'}), thus by maximality of A we get z’ € A, hence

I14(Z') < a(A) = 14(z). Using statements (ii),(iv) and (v), we get [4(z') < 14(z). B

Lemma B.1.10 Let Z be the set of monotone positively homogeneous concave con-
stant additive and normalized functions I : RISl — R, and II be the set of non-empty

convez and closed sets of probabilities P C AS. Then there is a bijection 7 : 11 — T

given by
T(P)(z) = min Y u(s)zs vz € RI¥l (B.11)
HeP scs
(1) = o(l) = {uGAS S u(s)zs > I(z) VzGR'S} (B.12)
s€S

Proof. This is a well-known statement. We provide a full proof in Section B.2. N

Recall the definition of the set of menus Dy, given by eq. (B.5) and function 74 given

by eq. (B.10). Define a collection of sets of beliefs A by

A= {Pell|3A€Dyy: I4=71(P)} (B.13)

Notice that A # @, since 0.5 € Zy9, hence there exists A € L£(0.5t) C Dyo, and
Iy € Z, thus 7(P) = I, for P = 0(14). Next, by lemma B.1.3 U(+) is non-degenerate.
Therefore, (U,cl(A)) is a well-defined framed ambiguity model, where cl(A) is a
closure of A with respect to the Hausdorff metric on II. Let us abuse notation and
say that model (U,.A), where U is a vNM expected utility function, and @ # A C 11
represents a choice correspondence c¢(+) if ¢(A) is given by eq. (2.1) but A is not

necessary closed.

Lemma B.1.11 Let U be a vNM expected utility function that represents c¢o and A

be defined via eq. (B.13). Then model (U, A) represents c(-) on the set of menus

consisting of canonical acts f € H = Z, = [0,1]15.
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Proof. Let ¢4y be choice correspondence induced by the model (U,.A), given by
eq. (2.1). By definition z € ¢y 4)(B) if and only if there exists P € A such that
Wp(z) > Wp(Z') for all 2 € B, where we implicitly use U(-) in the definition of

Wp(+). Lemma B.1.10 implies VB € K

z € cua(B) <= FAE€Dyy: Ia(z) > 14(2') V2 € B

Step 1. We'll firstly show that the statement is true for all menus B C Z .

Step 1.1. We want to show that z € Zy, and A € L(z) imply I4(z) = a(A).
By lemma B.1.9 I4(z) < a(A). Assume for a contradiction that [4(z) < a(A).
Consider z' = z + 0.5 - min{0.01,a(A) — Ia(z)}¢. Then 7z’ € Z;, and also
IA(Z') < 0.514(z) + 0.5a(A) < a(A), hence z7 € A. Since z € ¢(A), a implies

z € c({z,2'}), but 2’ >> z, contradicting Strict Monotonicity.

Step 1.2. We want to show that ¢(B) C cwa(B). Let z € ¢(B). Then
there is A € L£(z) such that B C A and z € ¢(A). Using Lemma B.1.9, Lemma
B.1.10 and Step 1.1, we get 14(z") < a(A) = I4(z) for all 2/ € B C A. Therefore,

Wo14)(2) > Wor,)(2') for all 2’ € B, hence z € ¢y 4)(B).

Step 1.3. We want to show that ¢y (B) C c¢(B). Let z € cy.a(B). Then
there is f € Zpo and A € L(f) such that [4(z) > [4(2') for all 2’ € B.

Case 1: I4(z) = a(A). Then for all 2’ € B we have 14(z") < a(A), hence by Lemma
A6 7 € A, thus B C A. Consider z" =z + (1/100n)t € Zy4 for n = 1,2, .... Notice
that z" — z. Next, [4(z") = Ia(z) + (1/100n) = a(A) + (1/100n), therefore by

Lemma A.6 z" ¢ A. By Aizerman’s Property z"" € ¢(AU{z"}). By Act Continuity
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z € ¢c(AU{z}) = c¢(A), and « implies z € ¢(B).

0.7 — a(A)
0.7 — ]A(Z) '
since a(A) € [0.4,0.6]. Then for all z' € B we have

Case 2: [I4(z) > a(A). Denote A = Observe that A € (0,1),

Ia(M2 + (1= M\)(0.70)) = Mu(z)+(1—N)-0.7 <

< Mu(z)+(1=2)-0.7 = a(A) = Ii(Az + (1 — X)(0.70))

We can apply Case 1 to conclude that Az + (1 — X)(0.7¢) € ¢(AB + (1 — A\){0.7¢}).
Then by C-Independence z € ¢(B).

a(A) —0.3
IA(Z) —0.3
proof used for Case 2 with menu AB + (1 — X){0.3¢} to get z € ¢(B).

Case 3: [s(z) > a(A). Take A = € (0,1), and then repeat the

Step 2. We finally show that the statement is true for all B € K

z € cun(B) < 3f € Zysy: A€ L(f): 1a(z) > 14(2') VZ' € B —=

< 3f € Zoo: JA € L(f) : 14(0.22+0.8:(0.5¢)) > 14(0.22'+0.8-(0.50)) VZz' € B <—
<= 0.2z +0.8-(0.50) € c,4(0.2B+0.8-(0.5)) =
< 0.2z+0.8-(0.5t) € ¢(0.2B+0.8-(0.51)) < z € ¢(B)

where we used properties of I4(-) given by Lemma B.1.9, the fact that
0.2B +0.8-(0.5¢) C Zya, Step 1 and C-Independence. [ |
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Lemma B.1.12 Model (U, A) represents a choice correspondence c(-) if and only if
it represents choice correspondence c(-) restricted on the set of menus, consisting of

canonical acts.

Proof. We have already established that f ~ ¢ is equivalent to U(f(s)) = U(g(s))
for all s € S, which implies Wp(f) = Wp(f) for all f € H, P € A. Therefore,
fe cwa(B) < f € cw.u(B) for a canonical act f ~ f and canonical menu B.

From the other hand, lemma B.1.5 says that f € ¢(B) <= f € ¢(B). |

Lemmas B.1.11 and B.1.12 show that ¢(-) admits a representation given by eq. (2.1)

with non-degenerate U(-) (by lemma B.1.3), but we don’t know if A is closed.

Lemma B.1.13 If azioms 1-7 hold for c(-), and model (U, A) represents c(-), then

model (U, cl(A)) represent c(-) as well.

Proof. Let P* € A for all k = 1,2,..., and P¥ — P € II. Notice that (U, {P})
is a framed ambiguity model, and let c{py(-) be the choice correspondence repre-
sented by this model. By the proven first part of the Theorem, cpy(-) satisfies
Axioms 1-7. Consider an arbitrary menu A € K, and let f € c(py(A). Then by
C-Independence we get fos € cgpy(Aos), where fo5 = 0.5f 4+ 0.5(0.52 4 0.5y) and
Aps = 0.5A4 + 0.5(0.52 + 0.5y). Therefore, Wp(fo5) > Wp(gos) for all g € A. Take
fis =1 —=1/n)fos+ (1/n)x. Then Wp(fj's) — Wp(gos) > 1/(4n) for all g € A. By
lemma B.1.1, Wp(h) is continuous w.r.t. (P, h), thus for large enough N (k) we have
Wi (fis) > Wpi(g) for all n > N(k) and all g € A. Therefore, fJ's € c¢(Aos U{fis})
for all n > N(k). Take n(k) = max{N(k),k}, then fmk) 5, hence by Menu
Continuity fos € c(Aos U {fos}) = c(Aos). C-Independence implies f € ¢(A). Thus
cipy(A) C c(A) for all A € K, and we conclude that ¢'(4) C c¢(A), where ¢(-) is a
choice correspondence, represented by the framed ambiguity model (U, .A). From the

other hand, since model (U, .A) represents ¢(-) and A C cl(A), then ¢(-) C ¢/(-). We
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conclude that ¢/(-) = ¢(-), thus framed ambiguity model (U, cl(.A)) represents ¢(-). B

Part 2 of Theorem 2.2.1 follows from lemmas B.1.11, B.1.12 and B.1.13. [

B.1.2 Proof of Theorem 2.2.3

Step 1. Let (U, cl(A)) be a framed ambiguity representation of ¢(-) constructed
in the proof of Theorem 2.2.1, and (U’, A’) be an arbitrary framed ambiguity
representation.  Since both U and U’ represent the same restriction of choice
correspondence on menus consisting of constant acts, then U’ is a positive affine
transformation of U by Lemma B.1.3. Since for a maxmin utility function Wp(-)
for any P € Il and any acts f,g € H statement Wp(f) > Wp(g) is invariant with
respect to the positive affine transformations of the associated vINM expected utility

function, we can normalize U’ = U.

Step 2. By lemma B.1.12 we may assume H = [0,1]'¥l. Recall the defini-
tions of L(-), a(-), La(-), 7(-), o(-), A given by egs. (B.2), (B.4), (B.10), (B.11),
(B.12), (B.13), and properties of function I4(-) given by Lemma B.1.9. Let P € A.
Then 3f € Zyo and A € L(f) such that Iy = 7(P) and A = {z | 14(z) < a(A)}.
Moreover, 14(f) = a(A) by Step 1.1. of Lemma B.1.11, and a(A) € [0.4,0.6]. Let

C ={PeA|ACBP)} , where B(P)={zeH|7(P)(f)>7(P)2z)}

Since f € ¢(A), and (U, A’) represents c(-), then there is some P’ € A’ such that
Wp(f) > Wpi(z) for all z € A, where we use function U(+) in the definition of Wp/(+)

given by eq. (2.2). Thus, Wp/(z) = 7(P’')(z) for all z € H. We conclude that C' # .
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Step 3. Assume for a contradiction that B(P') € A for some P' € C'. Then
by Lemma B.1.8 there exists D € L(f) such that A C B(P') C D and A # D,
contradicting the maximality of A € L(f). We conclude that A = B(F’) for all
P’ € (. In particular, a(A) = I4(f) = 7(P’)(f), since bb € A <= b € B(P'), and
Ia(bt) =b=71(P")(be) for all b € [0, 1].

Step 4. Let us show that I4(z) = 7(P)(Z) for all z € RIS for all
P e C. If z = 0, then 14(0) = 0 = 7(P')(0). Otherwise consider
w = O.1|§~|+0.5L € Zyo. Then w+0.4b € Z; = H for all b € [—1,1]. Notice also that
w—0.40 << 0.4 < a(A)e <0.60 << w+0.4¢. Therefore, since 4 and 7(P’) are mono-
tone, I4(w—0.4¢), 7(P")(w —0.4) < a(A) < I(w—0.4¢), 7(P")(w — 0.4¢). Next, by
C-additivity I4(w+0.4bt) = I4(w)+0.4b and 7(P")(z+0.4bt) = 7(P’)(w) +0.4b. Fi-
nally, by Step 3 Ix(w+0.4bt) > a(A) <= 7(P')(w+0.4bt) > a(A) forall b € [—1, 1].
Therefore, there is b € [—1,1] such that I4(w + 0.4bt) = a(A) = 7(P')(w + 0.4¢).
By C-additivity and positive homogeneity of I4 and 7(P’) we get I4(w) = 7(P')(w)
and 14(z) = 7(P’)(z). Since this holds for arbitrary z, then I, = 7(P’). Hence,
P=o(r(P))=0(la) = o(7(P")) = P'. We conclude that P € {P} =C" C A". Since
it holds for all P € A, we get A C A’. Therefore, cl(A) C cl(A") = A". We conclude

that (U, cl(A)) is a minimum framed ambiguity representation of ¢(-).

Step 5. Consider

B = U A’ (B.14)

A'CIIL: (U,A") is a framed ambiguity model representing c(-)

We show that model (U, B) represents c(-). Let act f maximize Wp(-) over menu B
for some P € B, where we use U(-) in the definition of Wp(-) according to eq. (2.1).

Then there is a framed ambiguity representation (U, A") of ¢(:) such that P € A’,
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hence f € ¢(B). For the converse, let f € ¢(B). Take arbitrary representation
(U, A'), then there is P € A" C B such that f maximizes Wp over menu B. Thus
indeed (U, B) represents c(-). Finally, for any framed ambiguity representation
(U, A") we get A/ C B. By lemma B.1.13 a framed ambiguity model (U, cl(B))
represents c(-), thus B = ¢l(B), and we conclude that (U, B) is a maximum framed

ambiguity representation of c(+).

Step 6. Finally, let cl(A) C A" C B, and A’ be closed. Then ¢(-) C ¢'(-) C

"(+), where ¢(-), ¢"(+) and ”(-) are choice correspondences represented by framed
ambiguity models (U, cl(A)), (U, A’) and (U,B). Since by previous steps ¢(-) =

d"(-) = c(-), then ¢’(-) = ¢(-), hence (U, A’) represents c(-). Theorem 2 is proven. W

B.1.3 Proof of Proposition 2.3.1

Consider the following alternative definition of the coherent intersection:

DEFINITION 4*: Given a non-empty collection of sets of beliefs C C 1II, a set
of beliefs P € II is a coherent-* intersection of C if its support functional is equal to

the maximum of the support functionals of sets of beliefs in C, and this maximum

exists:
Ip(z) = max Ip/(2) vz € RIS (B.15)
where I: RISl = R isgiven by Ip(z) = min X u(s) -z
HEP se§

Consider a natural embedding of AS in R". Lemma B.1.14 proves statement (i)

of the Proposition.

Lemma B.1.14 There exists a coherent-* intersection P* of a non-empty collection

of sets of beliefs C C 11 if and only if there exists a coherent intersection P of C, where
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sets of beliefs are considered as subsets of R™ with the requirement that Y1 | (i) = 1;

moreover, P* = P.

Proof. Suppose that P is a coherent intersection of C. For an arbitrary z € RIS,
let 2’ be its component, orthogonal to (1,...,1). The projections of P and C on the
linear subspace R, = {x € R" | 3X € R: x = A2’} are an interval [a(P),b(P)]

and a collection of intervals {[a(P’ ), b( P’ )]} Then, without loss of generality,

Pec
Ip(z) = a(P') for all P" € CU P. Since P is a coherent intersection, then

[a(P),b(P)] = (] [a(P"),b(P")]

P'eC
It follows that
S S
Ip(2)=> 2z, = Ip(?) = a(P) = rg%a(P’) = max (P (2') = rggglp,(z’)—z,zs

Thus, P is a coherent-* intersection of C.

Claim B.1.15 Let P C R" be the intersection of sets in a collection C, P, and C, are
projections of P and C on an arbitrary linear subspace R, and let P be an intersection

of sets in C,, then P, C P.

Proof of the claim. Consider arbitrary £ € P,, then there is x € P such that
x" = x,, where z, is a projection of x on R,. It follows that = € P’ for all P’ € C,

hence 2" = x, € P! for all P' € C, hence 2" € P. The Claim is proven. |

Suppose now that P* is a coherent-* intersection of C. Let P} and C, be projections
of P and C on an arbitrary linear subspace R, of R™ that can be shifted to a subspace
of AS; that is, > | x; = const for all z € R,. Towards a contradiction, assume that

P> is not the intersection of sets in C,. By Claim B.1.15,

NP 2P
PéGCO
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Since all sets are convex, by the Separating Hyperplane Theorem, the above equation

implies that there exists z € R® such that

I'n plz) < Ip(2)

Pleco

It follows that

paxlp(z) < I ple) < In(2)

Let z, be a component of z that is orthogonal to R,, and 2’ = z — z,. Since
Ip/(21) = Ip/(z1) for any P, P) € C, U{F,}, then

/ !/
max Ip () < Ir;(7)

and

/ !/
%%)C(]P/(Z) < Ip«(2)

in contradiction to P* being a coherent-* intersection of C. For a linear subspace
R, that cannot be shifted to a subspace of AS, consider the additional projection to

{z € R,| X1, x; = 1}, and repeat the argument above. [

Consider a binary state space |S| = 2 and a non-empty closed collection C C TII.
Then AS is isomorphic to [0, 1] C R, where p € [0, 1] corresponds to u(1), and p(2) =
1 — p(1). Thus we can consider each set of beliefs as an interval P’ = [d/,b] C [0, 1]

with @’ < b'. Assume that there is a non-empty intersection P of sets of beliefs in C.

Then
P= (NP = [ [dV] = (B.16)
PeC [’ b]eC
sup a' , inf b’} = [ max ¢ , min 0 | # @
[’ b']eC la’]eC la’V]eC [a’,b']eC
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where we used the closedness of C to get maximum and minimum instead of suprenum
and infinum. Consider z = (21, z3) € R? with 2; > 2. Then

Is(21, 20) = ( max a’) 21+ <1 — ({max a')) 2o = max Iy (21, 22)

[a’b']eC a’b'leC [a’b']eC

A symmetric argument works when z; < z,. Thus P is a coherent intersection of C,
proving (ii).

Consider now |S| > 2. Let py = (0.1,0.1,0.8,...), po = (0.3,0.1,0.6,...), uz =
(0.2,0.2,0.6, ...), where ... denotes zeros for all s except of the first 3 states. Let C =
{Py, P} with P, = conv({p1, u3}) and Po = conv({pz, u3}). Then PN Py = {pus}.
From the other hand, consider z € RIS with 2, = 1 and 2, = 0 for all # 2. Then
Ip(z) = Ip,(z) = 0.1 < 0.2 = Ij,,. Thus, C C Il is a closed collection of sets
of beliefs with non-empty intersection, but it fails to have a coherent intersection,
otherwise it should have been pu3 = P, N P, by Step 2, but this is not the case.

Proposition 2.3.1 is proven. [

B.1.4 Proof of Proposition 2.3.2 and Corollary 2.3.3

Step 1. For a fixed vNM expected utility function U(-) and some non-empty
collection of sets of beliefs C C II denote c¢(+) to be a choice correspondence that is
represented by (U, C). Such choice correspondences exist as we have argued in Section

2.3. Notice that by eq. (2.1) VB e K

CCUD(B) = Cc(B) @) CD(B), CCA = Cc(B) - CA(B),
CC(B) = PLJC C{p}(B)
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Let P be a non-trivial coherent intersection of a non-empty subcollection of sets of

beliefs C C A. Then for any f € H and B € K we have

fecpy(B) = Wp(f) 2 Welg)Vg € B = maxWp/(f) 2> maxWe(g)Vg € B =

AP" e C: Wpn(f) > maxWp/(g) > Wpi(g) Vg€ B = [ € ce(B)

~ PleC

which implies cgpy(B) C c¢(B). Since P is a non-trivial coherent intersection of C,

then {P} ¢ C. Therefore, C C A\{P}, and for any B € K we get

CAU{p}(B) = CA\{p}(B)UC{p}(B) C CA\{p}(B)UCc(B) = CA\{p}(B)

Therefore, caupy(B) = ca\qpy(B) for all B € K, hence P is a redundant frame given
U and A.

Step 2. Assume that, given a non-degenerate vNM expected utility U(-), frame P
is redundant for a collection A. Since caurpy(B) = ca\(p}(B) U cpy(B) = caypy(B)

for any B € K, then for any B € K and f € B we have
Wp(f) > Wp(f]) Vg €eB — f € C{p}(B) —

— fecap(B) = IP e A\{P}: Wpl(f)>Wp(g)VgeB

Since U(+) is non-degenerate, WLOG 1 = U(x) > U(y) = 0 for some z,y € AX.
The above equation is true in particular for menus consisting only of canonical acts
f: S — A({r,y}). Thus we assume for now that H = [0, 1]/°!. Recall the definition

of sets Z,0 C RSl given by eqs. (B.3), (B.6) and support functional Ip(-) given by
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eq. (B.10). Denote
B ={ze€ H|Ip(z) <0.5}, z¥ = (0.5—-0.011p(v))4+0.0lv € Zy5 C Z; = Hforv e O

where we used |Ip(v)| < |v| = 1 implied by the properties of Ip(-) € Z proven
in lemma A.6. Recall that with the normalization U(x) = 1,U(y) = 0 we have
Wp(-) = Ip(-) for acts in H = [0,1]!¥l. Then for all v € O we have Ip(z") = 0.5,
thus z¥ € ¢(py(B) C ca\py(B). Therefore, for every v € O there is P¥Y € A\{P}

such that zV € cipvy(B).

Step 2.1. Assume for a contradiction that Ipv(z¥) < 0.5. Then
Ipv(0.5 - 2V 4+ 0.5 - 0.5t) > Ipv(zY), but Ip(0.5-2z¥ + 0.5 0.5) = 0.5 and
0.5-2¥+0.5-0.50 € Zy = H, hence 0.5-2" +0.5-0.5¢ € B, therefore z¥ & c(pvy(B),

contradiction.

Step 2.2. Assume for a contradiction that Ipv(z¥) > 0.5. Then
(0.5 — 0.02Ip(v)) + 0.02v € H, and Ip((0.5 — 0.02Ip(v))e + 0.02v) = 0.5,
hence (0.5 — 0.02/p(v))e + 0.02v € F. Next, since z’ = 0.5 - ((0.5 — 0.021p(v))t +
0.02v) + 0.5 - 0.5¢, then Ipv((0.5 —0.021p(v))e +0.02v) > Ipv(zY). We conclude that

z¥ ¢ c(pvy(B), contradiction.

Step 2.3. We conclude that Ipv(z¥) = 0.5. Notice that for arbitrary v € O
we have Ip(z"') = 0.5, hence z¥' € B. Therefore, Ipv(z"') < Ipv(z¥) = 0.5. For

arbitrary v € O consider

¢ = {PeA(P} | In")=05a0d Ip(z") <05W €0} # o
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where C¥ # @ for all v € O by our calculations. Then for all v e O

v J— J— v _ v
Ip(z¥) = 0.5 = max max, Ip(z¥) = max Ip(zY)

where

c=Uc car

v'eO
Step 2.4. Now consider arbitrary z € RI®l and recall its decomposition z =z -1 +z

given by eq. (B.9). If z; = 0, then /p(z) = Z = max Ip/(z). Otherwise s 0,
€

Pec |Zl|
and
VA VA
b = zriml i (2] = sredpie (2) < ppieo

We conclude that P is a non-trivial coherent intersection of C.

Step 3. Let (U,B) be the maximum framed ambiguity representation of c¢(-)
existing by Theorem 2.2.3, and (U’, A’) be any other framed ambiguity representa-
tion of ¢(-). By Theorem 2.2.3, it is WLOG to consider U’ = U. Assume P € B\ A'.
Then for any B € K

capy(B) = ca(B) C caupy(B) C cs(B) = ca(B) = cayry(B)

Therefore, by Step 2 P is a non-trivial coherent intersection of a subcollection C C A.
From the other hand, if P € BN A’, then P is a trivial coherent intersection of
C ={P} C A’. We conclude that B consists of coherent intersections of subcollection

of sets of beliefs in A’. Proposition 2.3.2 is proven. [

Proof of Corollary 2.3.3. If all P = {u} € A are singletons, then P, N P, = &

for any two different frames. Thus by Proposition 2.3.1 a non-empty set of beliefs
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is a coherent intersection of C only if C = {P} = {{u}} which is a trivial coherent
intersection. Thus by . Finally, if all frames are singletons, then {yu;} N{pe} = @ for

any two different frames. [

B.1.5 Proof of Proposition 2.4.1

Lemma B.1.16 Let ¢(-) satisfies arioms 1-7. Then the following conditions are
equivalent for c(-): (i) every representation (U, A) of ¢(-) has a unique frame: |A| =1
(ii) B (iii) WARP (iv) Normality (v) Direct Ambiguity Aversion (vi) Pairwise No-C-

Hedging.

Proof. Firstly note that WARP and [ are equivalent under axioms 1-7, since
one of the axioms is a. We then are going to show the following implications: (1)
Al = 1 = Direct Ambiguity Aversion, Pairwise No-C-Hedging, WARP —

Normality, and (2) |A| > 1 = violation of WARP, violation of Direct Ambiguity
Aversion, violation of No-C-Hedging = violation of Normality. Taken together,

these implications are equivalent to the statement of the Lemma.

Step 1. Let A = {P}. Notice that U(-) is non-degenerate, otherwise ¢(A) = A for
all A € IC, and C-Non-Degeneracy fails. Then

WpAf+(1=X)g) = min{Wr(f),Wr(g)}, Wp(Af+(1=N)p) = AWp(f)+(1-N)U(p)

for any f,g € H,p € Hyand X € (0,1). Take any A € K and suppose f € ¢c(AU{f}),
g € c(AU{g}). Then Wp(f),Wp(9) > Wp(h) for all h € A. Therefore,
WpAf+(1=N)g) > Wp(Af+(1—=X)g) > min{Wp(f), Wp(g)} > Wp(h) forall h € A.
Hence, A\f + (1 —N)g € c(AU{Af+ (1 —N)g}), and Direct Ambiguity Aversion holds.

Suppose that h € ¢({h, f}) and h € ¢({h,p}). Then Wp(h) > Wp(f),U(p). There-
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fore, Wp(h) > AWp(f)+ (1= NU(p) = Wp(Af + (1= \p), h € e({h, Af + (1= N)p}),
and Pariwise No-C-Hedging holds. Notice that with a single frame P choice
correspondence ¢(-) is a result of the maximization of utility function Wp, hence it

satisfies WARP. Normality follows from f € ¢(A) <= Wp(f) > Wp(g) Vg € A <=
fec{f gh)vg e A

Step 2. Assume |A| > 1. Then there are P, P, € A and act f € H such
that Wp, (f) > Whp,(f), otherwise P, = P, for all P, P, € A. It is easy to see

that there are constant acts ¢, ge such that Wp, (f) = U(q1) and Wp,(f) = U(ga).

Indeed, take ¢ = f <arg minU(f(s))) and ¢ = f (arg maxU(f(s))), then
- seS s€S
U(q) £ Wp,(f) < Wp (f) < U(q), and we can take ¢; and g as convex combinations

of ¢ and @ (choice of s € argmin..., if it is not a singleton does not matter).

Step 2.1. Notice that C({Q2Jf}> = {q27f}7 but C({q17q27f}> = {q17f}7 since
Wp(q1) = Ulqr) > U(ga) = Wp(qo) for any P € A C II. Thus, condition § is

violated: {q2, f} N c({q1, g2, [}) = {f} # @, but g2 € c({q2, [}) € c({a1, a2, [})-
Therefore, WARP is violated.

Step 2.2. Now take g = 0.25¢; + 0.75¢> and consider b’ = 0.5f + 0.25¢; + 0.25¢s3,
h = 05f 4 059 = 05f + 0.125¢; + 0.375¢5. Let menu A = {h'}. Then
Wp(f) = Ulq) = 0.75U(q1) + 0.25U(g2) = Wp, (), hence f € c({AU {f}}).
Next, Wp,(h') = 0.25U(q1) + 0.75U(q2) = Whp,(g), hence g € ¢(A U {g}).
However, h' strictly state-wise dominates h, therefore by Strict Monotonicity

h & c({l,h}) =c({AU{h}}). Therefore, Direct Ambiguity Aversion is violated.

Step 2.3. Consider p = 0.5¢; + 0.5¢> € Hy. Notice that ' = 0.5f + 0.5p. We have:
Wp,(h) = Wp,(0.5f + 0.5(0.25¢; + 0.75¢2)) = 0.125U(q1) + 0.875U(q2) > Ul(gqe) =

204



Wp,(f), hence h € c({h, f}). Next, Wp, (h) = 0.625U(q1) + 0.375U(q2) > 0.5U (q1) +
0.5U(q2) = U(p), hence h € c({h,p}). However, h & c({h,h'}) = c¢({h,0.5f + 0.5p}).
Thus, No-C-Hedging* is violated.

Step 2.4. Finally, suppose that Normality holds. Recall that No-C-Hedging and
condition « hold by the assumption of Proposition 2.4.1. Consider arbitrary h, f € H
and p € Hy and A € (0.1). Suppose that h € ¢({f,h}) and h € ¢({h,p}). Then
h »=. f and h >, p, hence by Normality we have h € c({h, f,p}). Therefore, by
No-C-Hedging we get h € c({h, f,p, \f + (1 — A)p}). Hence, by condition o we have
h € c({h,\f + (1 —X)p}). We conclude that No-C-hedging* holds, in a contradiction

to what we have proven before. [ |

Proposition 2.4.1 follows from lemma B.1.16. [

B.1.6 Proof of Proposition 2.5.1

Lemma B.1.17 Let ¢; and co have framed ambiguity representations (U, Ay) amd
(U, Ay). Assume that for all f,g € H we have co({f,9}) ={f} = a{{f,g}) =

{f}. Then Uy and Us are positive affine transformations of each other.

Proof Let x maximizes U; and y minimizes U, over p € AX (exist by
continuity of U(-) and compactness of AX), then Us(z) > Us(y) by non-
degeneracy. Assume that U;(Z) > Uj(xz). Then for small enough ¢ > 0 we
have c1({ey + (1 — €)7,2}) = {ey + (1 — )T}, but cx({ey + (1 — €)7,2}) = {z},
contradiction. Similarly, if Uy(y) < Ui(y), then for small enough € > 0 we have
a({ex+(1—€)7g,y}) = {y}, but co({ex+(1—¢€)7,y}) = {ex+ (1 —€)y}, contradiction.
Using continuity of the vNM expected utility function, we conclude that for any

p € AX there is A(p) € [0,1] such that Us(p) = Ap)Us(x) + (1 — A(p))Us(y),
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and it is easy to see that Ui(p) = Ap)Ui(z) + (1 — AP)Ui(y) (apply
o({f,) =1/} = a({f.9}) = {f} for choices from menus {p, Az + (1 — Ay}
with A € [0,1]). Normalizing Uy(z) = Us(z) = 1, Ui(y) = Us(y) = 0 we get
Us(p) = Us(p) for all p € AX. n

If U; is a positive affine transformation of U; and A; C (Ay),,,, then for all B € K

we have

a(B) = |JargmaxWp(f) € |J argmaxWp(f) = c2(B)
peA, JeB Pe(A2),,;, 1B

Hence, DM 1 is more decisive than DM 2. Conversely, assume that DM 1 is more
decisive than DM 2. Then by Lemma B.1.17 U; is a positive affine transformation
of Us. In particular, (Us,.A;) represents c¢;(-) as well, and we can assume that Wp is

evaluated using vNM expected utility Us and set of beliefs P € II. Since

U arg maxWp(f) = a1(B) € «(B) = |J arg maxWp(f)
peA, J€B Pe(Ay) feB

coh

then (U, Ay U (Asz),,,) represents co(-). Therefore, by Proposition 2.3.2 we have

A C A U (Az),,, € (A2) u

coh*

B.1.7 Proof of Theorem 2.5.2

Throughout the proof Ip(-) is a support functional of set of beliefs P defined by eq.
(B.11). We'll firstly prove the supporting lemmas, and then will prove implications

(1) = (iii) = (i1) == (i) for the statements of Theorem 2.5.2.
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Lemma B.1.18 If ¢(-) has a framed ambiguity representation with finite number
of frames, then any framed ambiguity representation of c(-) has a finite number of

frames.

Proof. Let (U, A) be a representation of ¢(-) with finite number of frames |A| < oo
and non-degenerate U(-). Then |(A),,,| < 2M < oo from eq. (2.3). Then we can

use Proposition 2.3.2 to conclude the proof. [

Recall Definition 10: DM 1 is more consistent than DM 2 if for all A € K
(A =1 = |a(4) =1

Lemma B.1.19 Let ¢1(-) and co(+) have framed ambiguity representations. Then the
following statements are equivalent:

(i) For all Aec K |e2(A)|=1 = |ci(4)] =1

(ii) For all Ac K and f € H c(A) ={f} = a(A)={f}.

(iit) For all f.g € H o({f, g} ={f} — a{f.g})={f}

Proof. Implications (ii) = (i), (iii) are obvious. Let (Ui, .4;) and (Us, As) be
framed ambiguity representations ¢;(-) and cz(+). Given a choice correspondence c(-),
denote =, to be its induced binary relation given by f =. g if f € c¢({f, g}); let =,

be the strict part of =..

Step 1. (iii) = (ii). By Lemma B.1.17 U; and U, are positive affine trans-
formations of each other. Let Wp(-) be a utility function of the maxmin model
with founded above vNM utility function U; = U, and set of beliefs P € II. If
c2(A) = {f}, then by o we have f ., g for all g € A\{f}. Therefore by (iii) we
have f . ¢ for all g € A\{f}. It follows that Wp(f) > Wpr(g) for all g € A\{f}
for all P € Ay, hence ¢;(A) = {f}, and (ii) holds.
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Step 2. (i) = (ii). Assume that (i) holds. Let z € AX be a maximizer and
y € AX be a minimizer of U; over AX. Let p = 0.5+ 0.5y. Assume for a contradic-
tion that (ii) fails for DM 1 and DM 2, then there is a menu A such that c3(A) = {f}
and c;(A) = {g} with g # f. By C-Independence it is equivalent to ca(Ags) = {fos}
and ¢1(Ags) = {905}, where Ags = 0.5A + 0.5p, fo5 = 0.5f + 0.5p, etc. Let Wp()
be the maxmin utility function with vNM expected utility U(-) and set of beliefs
P € 11, and similarly Wp(-) for Uy(-) and P € II. Then Wp(fos) > Wp(gos)
for all P € Ay. Since Ay is closed and Wp(gos) is continuous in both P and go3s,
then Je > 0 such that Wp(fos) > Wp(h) for all h € H : d(h,go5) < €. Thus,
c2(Aos U{h}) = {fos} for any h € Vi(gos) = {h € H | d(h,go5) < €}. Consider
¢: Vi(gos) = R given by ((h) = IgéiAnl (Wp(gos) — Wp(h)). Clearly, € is a continuous
function. Next, for big enough D > 0 act (1 —€/D)gos + (¢/D)x strictly state-wise
dominates go5 and belongs to V.(go5). Similarly, (1 —¢/D)gos + (¢/D)y is strictly
state-wise dominated by go5 and also belongs to V,(go5). Thus, ¢ takes positive and
negative values on V(go5), hence ((h) = 0 for some h € V.(go5), because V.(go5) is
a connected set. Since A; is closed, it follows that there exists P € A; such that
Wp(h) = Wp(gos) > Wp(h') for any h' € A. Therefore, {h, gos} € c1(Aos U {h}),
contradicting |ca(Ags U{h})| =1 = |c1(Aos U{h})| = 1. |

Lemma B.1.20 Let C C II be a non-empty closed collection of sets of beliefs. Then:
(i) If P is a conver union of C given by eq. (2.4), then P € 11, and Ip(z) =
min Ip/(z).
(ii) There is unique P € 11 such that Ip(z) = Irjrmc% Ipi(z). Moreover, P is a convex
‘e

union of C.

Proof of (i). Obviously, P is non-empty and convex. Next, let u” € |J P’ be such
P'eC

that u» — p € II. Then for every n = 1,2, ... there is P" € C such that " € P".

Since C is compact (as a closed subset of a compact set II), there is a convergent
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subsequence P — P’ € C. Thus, there is g™ € P’ for k = 1,2, ... such that
| — ™| — 0. Therefore, |a™ — p| < |a™ — p™| + |p™ — u| — 0. Since P’ is
closed, i"* — pu € P'. Thus, Puc P’ is closed. Therefore, its convex hull P is closed
(by Corollary 5.33 of Aliprantis 6and Border (2005)), and P € II. Notice that by the
Theorem of Maximum the support functional Ip/(z) is continuous in P’, and recall
that C is compact. Then

Ip(z) = glei}glgsﬂ(S)zs = min gg}ggsﬂ(sm = min Ip(z)

Proof of (ii). Denote I(z) = g}gcl Ip/(z) for z € RISl Notice that I(-)
is monotone, positively homogeneous, C-additive and normalized. Also,
Iz + (1 —MN7Z) = g}gé Ip(Az + (1 — N)z') > g}g& Mpi(z) + (1 — N Ip(2') >
)\gie%[p/(z) + (1 - )\)g}ieréfp/(z’) = M(z)+ (1 = N)I(z') for A € (0,1). Thus, I(-) is
concave. By lemma B.1.10 there is a unique P € II given by eq. (B.12) such that
Ip(-) = I(-). From the other hand, by (i) we have I5(-) = I(-), where Pellisa

convex union of C. Therefore, by lemma B.1.10 P = o([) = P. [ |

Lemma B.1.21 Let C = {Py,..., Px} C1II be a non-empty finite collection of sets of
beliefs, and A € A({1,..., N}). Then:

(i) If P is a convex combination of C with respect to weights \ given by eq. (2.5),
then P € 1l, and Ip(z) = ]Zvjl \ilp, (z)

(ii) Function ¢ : A({1,...,N}) — II given by ((\) = ‘NZ1>\iPi is continuous.

(iii) There is a unique P € II such that Ip(z) = g:l Ailp.(z). Moreover, P is a

convex combination of C with respect to weights \.

Proof of (i). Obviously, P is non-empty. Next, let " € P for n = 1,2,...; and

u" — p. Then there exists u € P, for all n = 1,2,..., ¢ = 1,...; N such that

ur = ;ZVII Al for all n = 1,2,.... Notice that iglpi is compact with respect to the
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product topology, thus there is a subsequence p™ such that p;* — p; € P; for all
N

i =1,..,N. Then p = hm ,u”k = hm Z)\Zu?’“ = > \ili, hence p € P, and P is
i=1

—)OOZ

N
closed. If pu, ' € P, then there are p;, pu; € P, for i = 1,..., N such that p = > A\,
i=1

N
and g = ‘21 it Since each P; is convex, pu; + (1 — p)u, € P; for all p € (0,1),

N
hence pu+ (1 — p)' = 3 Ni(ppi + (1 — p)p), and P is convex. Finally,
i=1

Ip(z) = min Y p(s)zs = 1 ZZ Niui(s

sESz 1

:ﬁj Ai (migsz (s > Z Nlp,(z

N
Proof of (ii). Let p € > \;P;, then there is y; € P; for i = 1,..., N such that
i=1

N N N N
= > Aip;. Consider p/ = > Nop; € S N;P;. Then pp—p/ = 3 (A — X)p; — 0 when
i=1 i=1 i=1

i=1

N N
N — A A symmetric argument shows that for any p/ € > A\.P; there is up € > AP
i=1

i=1

N N
such that ¢/ — pu — 0 when X' — A. Thus, > A.P, — > \;P; with respect to the
i=1 i=1
N
Hausdorff metric, when A — A. We conclude that ((A) = > \;P; is continuous w.r.t.

re AL, .. N, :

N
Proof of (iii). Let I(z) = > M\lp(z) for z € RIS, It is easy to see that
i=1
I(-) is monotone, positively homogeneous, concave, C-additive and normalized. By
lemma B.1.10 there is a unique P € II such that Ip(-) = I(-). From the other hand,

by (i) we have I5(-) = I(-), where P is a convex combination of C with weights .

Therefore, by lemma B.1.10 P = o(I) = P |

When vNM expected utility function is fixed (up to the positive affine transforma-
tion), denote ¢p(+) to be the choice correspondence represented by the framed ambi-

guity model (U, D), and =p to be the corresponding binary relation given by f >=p ¢

210



if f € cep({f,g}), with >=p being its strict part. If D = {P} is a singleton, we’ll use

= p instead of =¢p, for brevity.

Lemma B.1.22 Let ¢i(-) and c3(-) have framed ambiguity representations (Uy, Ap)
and (Uz, As). Then the following statements are equivalent:

(i) DM 1 is more consistent that DM 2.

(i) Uy is a positive affine transformation of Uy, and

[f =p, g YPy € As] implies [f =p, g VP € Aj].

(iii) Uy is a positive affine transformation of Uy, and

[f P, g VP, € ./42] implies [f ~p g VP, € Al]

Proof. Step 1. (i) = (iii). Let (i) holds. By Step 1 of the proof of lemma B.1.19
we know that Uj is a positive affine transformation of Us. Next, [f >=p, g VP € As]
if and only if {f} = co({f, g}), which by lemma B.1.19 implies {f} = ¢1({f, g}), that

is equivalent to [f >p, g VP € A4].

Step 2. (iii) = (i). Let (iii) holds. Normalize U(-) = Ui(-) = Us(-) such
that 1 = U(z) > U(p) > U(y) = 0 for all p € AX. Since [f =pg VP € A;] if
and only if {f} = ci({f,g}), then {f} = co({,g}) implies {f} = :({f,9}). Now
assume f € co({f,¢}). Consider fyo5 = 0.5f + 0.5(0.5z + 0.5y), similarly go5, and
f3s = (1 —=1/n)fos + (1/n)x for n=1,2,... . Then {fi's} = c2({fs: 905}), hence
{8} = aal{f§s, 905}). By Act Continuity we have {fos} € c1({fos,905}), hence
f€a({f,g}). Using lemma B.1.19, we conclude that DM 1 is more consistent than

DM 2.

Step 3. (iii) = (ii). Let (iii) holds. Assume [f >=p, g VP, € Ay]. Us-
ing  fos, fos, 905 defined in Part 2, we get [fi's>=p, go5 VP € Ay], hence
[fg% =P 905 VPl - Al] By continuity of ipl we get [f0.5 ipl 905 VP1 & Al],

which implies [f =p, g VP, € A4].
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Step 4. (ii) = (iii). Let (ii) holds. Assume [f >p, g VP> € As]. Notice that
¢: I x Hx H given by (P, f,g9) = Wp(f) — Wp(g) is continuous on Ay x H x H.
Since Ay is compact (as a closed subset of a compact set II), Ay x H x H is
compact, therefore ¢ is uniformly continuous on it. Then there is ¢ € (0,1) such
that Wp(f) > Wp(g) + 2¢ for all P € A,. Recall the definition of fy5, go5 from Part
2, then Wp(fos) > We(gos) + € for all P € A,. Consider f§- = (1 — ¢€)fos + €y,
then Wp(f5s) > Wp(gos) for all P € As, hence [f§5 =p, gos VP2 € Ay] and
[fss =P gos VP € Ay, and in particular Wp, (fos) > Wp (f§5) > W, (go5) for all
P, € A;. Tt follows that [fo5 >=p, gos VP € Aj] and [f >=p, g VP € Ay]. [

The following lemma is closely related to lemmas 1-7 in Cres et al. (2011). The
difference is that > p does not satisfy EUA axiom from Cres et al. (2011) with respect
to > p,, but only the Unanimity axiom. We also borrowed some of the proofs and

ideas of proofs from their lemmas 1-7.

Lemma B.1.23 Fiz a non-degenerate vNM function U. Let D = {Py,...,Py} C 11
be a non-empty finite collection of sets of beliefs, and @ # P € Il. IfVf,g € H we
have [f =p, g Vi=1,...,N] = f =p g, then there is a function 1) : RN — R such
that Ip(z) = Y(Ip,(2), ..., Ipy(2)) for all z € RI!. Moreover, we can choose 1 to be
simultaneously:

(i) Positively homogeneous: (At) = \p(t) for all A > 0.

(i) Monotone: t >t = (t) > (t).

(iii) C-additive: (t+ B - (1,...,1)) = (t) + (8- (1,...,1)) for all B € R.

(iv) Normalized: ¥ (1,...,1) = 1.

Proof. Denote e = (1,...,1) € RY. Normalize vNM expected utility function
1>U(x) > U(p) > U(y) = —1 for all p € AX and consider acts in the utility

space (U(f(s)))ses =2z € H = [—1,1]15l. This way W5(z) = I5(z) for z € [-1,1]1%],
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where I3(+) is a support functional of set of beliefs P given by eq. (B.11). Define

IV = (I, ..., Iy) for brevity. Denote also ~5 to be the symmetric part of = 5.

Step 1. Take arbitrary z',z € H. We argue that if INV(z') > IN(z), then
Ip(Z') > Ip(z), and if IV (2') = IV(z), then Ip(z') = Ip(z). Indeed, if IV(z') > 1V (2),

then z’ =p z for alli =1,..., N, hence 2z’ =p z, and Ip(z’) > Ip(z).

Step 2. Let Q = IV([-1,1]¥l) be the image of the set of acts H = [—1,1]¥

with respect to the vector of utility functions IV = (Ip,);—;. n, representing =p,

.....

i=1,...,N, and let cone(Q)) be a minimum cone that contains (), which is given by
cone(Q)={t€ RN | It € Q and v > 0: t =~t}. Define function ¢ : cone(Q) — R

by
¢(t) = ~Ip(z) for some vy >0,z € H such that I"(z) =~ 't (B.17)

Notice that ¢ is well-defined. Indeed, firstly, let ¢ € cone(Q), then there is v > 0 and
t € @ such that t = 4f and there is z € H such that IN(z) = { = y~t. Secondly,
let z,z" € H be such that IN(z) = v~ 't and IV(Z') = (y/)~'¢ for some v,7 > 0.
WLOG, v > 7. Then (v'/7)2z' € H, I¥((v'/y)2') = (v//")1(2) = v~ 't = IV(2).
Therefore, by Step 1 we have (v'/v)Ip(z)) = Ip((7'/7)2') = Ip(z). Thus,
o(t) = 7'Ip(z') = ~vIp(z) does not depend on the choice of v and z such that

V(z) = v 1t.
Step 3. Notice that, since IN(0) = 0, and Ip(0) = 0, then ¢(0) = 0. Let us

show that ¢ is positively homogeneous, monotone, C-additive and normalized. We

consider arbitrary t,t" € cone(Q). Then there are z’,z € H and v,7 > 0 such that
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IV(z) = v, IV(Z') = (v/) "¢, and we have ¢(t) = vIp(z), ¢(t') = +'Ip(z').

Step 3.1. Let ¢/ = Bt for > 0. If t =0, then ¢ = 0 and ¢(#') =0 = 8-0 = B - (¢).
If 8 = 0, then ¢ = 0, and ¢(#) = 0 = 0- ¢(t). In other cases, 3 > 0
and t,t # 0. Suppose that (v8)/7 < 1. Then (v8)/y -z € H. Next,
Y((B)/y - 2) = ((B))Y) -t = ()78 -t = () = IV@E).
Thus, by Step 1 (v6)/y - Ip(z) = Ip((78)/' - z) = Ip(z).  Finally,
o(t') = v'Ip(z') = v - (v8)/ - Ip(z) = Bylp(z) = Bé(t). The case when
(v8)/y > 1 is proven by a symmetric argument, considering (v'/(y3)) - 2 € H.

Thus, ¢ is positively homogeneous.

Step 3.2. Let t > t. Assume 7/7y/ < 1. Then (v/9) -z € H, and
((y/) - 2) = (v/7) T¥(z) = ()"t = (/)7 = I¥(). Thus by Step 1

o(t) =vIp(z) =~ Ip((v/Y)-2) > v'1p(2z') = ¢(t'). We conclude that ¢ is monotone.

Step 3.3. Consider « = (1,...,1) € H. Then IV(1) = e, hence ¢(e) = Ip() = 1.

Therefore, ¢ is normalized.

Step 3.4. Lett =t'+ -efor f € R. If =0, then ¢(t') = ¢(t) = &(t) + (0 - e),
thus C-additivity holds. WLOG, g > 0 (if 8 < 0, then consider t' =t + (—=f) - e).
Denote 6§ = min{+//(38),1/3}. Then 0 -z’ + 63(y)"' -« € H. We have
V(0 -2 +0B(Y)™ ) =0 - TN(Z) +08(Y) e =0(y) - (V+B-e) =0(y) " - L.
Therefore, ¢(t) = (v//0) - Ip(0z' + 0B(7)™" 1) = (¥//0) - (6Ip(2) + 0B(7)7") =
YIp(Z') + B = o(t') + B = ¢(t") + Bo(e) = d(t') + ¢(3 - €) by Steps 3.3. and 3.2.
Thus, ¢ is C-additive.

214



Step 4. Take v = 1, then by the definition of ¢ we have Ip(z) = ¢(IV(z))
for all z € RISl whenever t = IN(z) € cone(Q). To see that this always holds,
IV(z) = |z| - 1V(z/(|z])) € cone(Q) for |z| # 0, and IV(0) € Q C cone(Q). Thus,
Ip(z) = ¢(IV(z)) for all z € RIS

Step 5. Define ¢ : RN — R by
P(t) = inf {o(t') | t' € cone(Q) and t' > ¢} (B.18)

Notice that, since ¢, (—t) € H, then e, (—e) € @, and - e € cone(Q) for all 5 € R.

Since (‘_minNti> ce<t< (‘_HllaXNti> - e, then inf in eq. (B.18) exists, and #(-) is

.....

well-defined.

Step 5.1. Let us show that Ip(z) = (IV(z)) for all z € R/, We argue that
Y(IY(z)) = ¢(I"(z)). Indeed, I(z) = |z| - I¥(z/(|z])) € cone(Q) for |z| # 0,
and IV(0) € Q C cone(Q), thus ¢(IV(z)) is well-defined; if ¢ > I™(z), then

o(t') > ¢(IN(z)), since ¢(+) is monotone by Step 3.2. Step 4 finishes the proof.

Step 5.2. Let v > 0 and ¢t € RIl. Then

(yt) = inf {o(t') | t' € cone(Q) and ¢ > 4t} =
= inf{¢(¥) | t' € cone(Q) and v ¥’ >t} =
= inf{o(t) | v "' € cone(Q) and v~ '’ >t} =
= inf {¢(1t") | t € cone(Q) and ¢ >t} =
= inf {yo(t") | ¢ € cone(Q) and t >t} =

= ~-inf{o(t") | t” € cone(Q) and " >t} = (¢)
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If v =0, then 1 (~t) = (0) = y1(t). Thus, ¢(-) is positively homogeneous.

Step 5.3. Let t > t' for some ¢,t € RISI. Then
{t”ECOﬂG(Q) |t”2t} C {t”ECOTLG(Q) |t”2t/}

Therefore, 1(t) > ¥ (t'). We conclude that (-) is monotone.

Step 5.4. Since e € cone(Q), and ¢(-) is monotone and normalized, then

(e) = ¢(e) = 1. Hence, 9(+) is normalized.

Step 5.5. Let’s firstly show that ¢ € cone(Q) implies t + fe € cone(Q) for all 5 € R.
We already know this for t = 0. Case § = 0 is also trivial, so consider ¢t # 0 and 5 # 0.
By the definition of cone(Q) there is z € H and v > 0 such that t = yI"V(z) (since
t # 0,7 #0). Take 6 = min{v/(3|3]),1/3} > 0. Then dz+dy~'3-. € H. Therefore,
IV (z) + 07 13- e =TV (0z+ 5713 -1) € Q. Hence, t + Be = vIV(z) + Be € cone(Q).
To see that v (-) is C-additive,

Y(t+pe) = inf{o(t') |t € cone(Q) and t’' >t + e} =
= inf{¢(t) | ¢’ € cone(Q) and t' — Be > t} =
= inf{(t) | ¥ — Be € cone(Q) and ' — Be >t} =
= inf {¢(t" + Be) | t" € cone(Q) and " >t} =
= inf{op(t") + B | t' — Be € cone(Q) and t' — Be >t} =
= inf{¢(t") | " € cone(Q) and t" >t} + 3 =

= )+ 5 = ¥(t)+PY(e) = ¥(t) +¥(Be)

To summarise, function ¢ : RY — R given by eq. (B.18) is positively homogeneous,

monotone, C-additive, normalized, and satisfies Ip(z) = ¥(IV(z)) for all z € RI°|. A

216



We next want to make use results from Frick et al. (2019a).

Lemma B.1.24 Let function v : [0,1]Y — R be positively homogeneous, monotone,
C-additive and normalized, then there is a non-empty compact (w.r.t. Hausdorff met-
ric) collection © of non-empty compact and convex sets of weights A C A({1, ..., N})
such that for all t € [0,1]Y

Y(t) = max mmg:/\iti (B.19)

AEO NeA ;=1

Proof. This formula is eq. (2) in Frick et al. (2019a), and later is discussed in their

Remark (iv). Frick et al. (2019a) give the formal proof in their Appendix B1. [

The next lemma is Proposition 1! in Creés et al. (2011) formulated in the utility space:

Lemma B.1.25 Let A C A(1,...,N) be a non-empty closed and conver set of
weights, then
- S|
Ip(z) = rArLEZXL;)\JPZ.(Z) Vz e R

if and only if

N
P = {MGAS‘HAeAandMeB: M:ZAM}

=1

Proof. Normalize vNM expected utility function U(:) such that 1 = U(zx) >
U(p) > U(y) = —1 for all p € AX. Then use Proposition 1 from Cres et al.
(2011) to argue that the statement is true if we change the domain of Ip(z)
and Ip,(z) from RS to [~1,1]%l. Then use positive homogeneity of Ip, Ip to ar-

gue that the statement remains true if we expand the domain from [—1,1]// to R!S|. B

'We demand A to be non-empty, so that Jy in eq. (5) of Crés et al. (2011) is well-defined.
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Fix a vNM expected utility function U(-). For an arbitrary non-empty collec-

tion of frames D denote (D) _ to be its closure with respect to the operations of

agg

convex union, coherent intersection and convex combination, given by Definition 11.

Lemma B.1.26 For any non-empty collection of sets of beliefs D C II its closure
with respect to operations of convex union, coherent intersection and convex combi-

nation exists and is unique.

Proof. Let F be the set of collections of sets of beliefs F such that D C F C II and
F is closed with respect to the operations of convex union, coherent intersection and
convex combination for all 7 € F. Notice that Il € F # @. Then the unique (D),,,

is given by (D) = N F [

ag9 FeF

Lemma B.1.27 Let uNM expected utility function U(-) be fized, and @ # D C I1. If

Pe (D), then [f =pr g VP € D] implies f =p g.

agg’

Proof. Let £ C (D), be the collection of all sets of beliefs P € (D), . such that

agg agg

[f =prg VP €D]implies f =p g. Notice that @ # D C £. Take an arbitrary
non-empty closed subcollection C C €. Normalize 1 = U(z) < U(p) < U(y) = 0 for
all p e AX.

Case 1. Assume that P is a convex union of C given by eq. (2.4). Using lemma
B.1.20, we get Wp(f) = g/lierchp/(f) for all f € H.

Case 2. Assume that P is a coherent intersection of C given by eq. (B.15). Then
Wp(f) = Ilgllzé:é(Wp/(f) for all f € H.

Case 3. Assume P is a convex combination of C = {P,..., Py} with weights A,
given by eq. (2.5). Using lemma B.1.21, we get Wp(f) = ﬁl A\iWp,(f) for all f € H.
Now let [f >=p g VP €D]. Since C C &, then f >: g for all P' € C, thus
Wpi(f) > Wpi(g) for all P' € C, which in all three cases implies Wp(f) > Wp(g)

and f =p g. Notice that since C C £ C (D),,,, and (D), is closed with respect to
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all three operations, then P € (D) Therefore, P € £. Hence, £ is closed with

agg’

respect to all three operations. Since D C £ C (D), , we conclude that £ = (D),

which proves the lemma. [ |

Lemma B.1.28 Let ¢1(-) and cy(-) have framed ambiguity representations (Uy, A;)
and (U, As) with |As| < oco. Then the following statements are equivalent:

(i) DM 1 is more consistent than DM 2.

(ii) Uy is a positive affine transformation of Us, and Ay belongs to the closure
of Ay with respect to operations of convex union, coherent intersection and convex
combination.

(iii) Uy is a positive affine transformation of U, and any P € A; is a coherent

intersection of convex unions of convex combinations of sets of beliefs in A,

Proof. Step 1. (i) = (iii). Suppose DM 1 is more consistent than DM 2. Let P €
A;. By lemma B.1.22 U; is a positive affine transformation of Us, thus we normalize
Ui(-) = Us(:) = U(-) without loss of generality. Lemma B.1.22 also implies that for
any f,g € Hif [f =p gVi=1,..,N], then f »=p g. Therefore, by lemma B.1.23
there is a positively homogeneous, monotone, C-additive and normalized function
¢ : RN — R such that Ip(z) = ¢¥(Ip,(z),...,Ip,(z)) for all z € RI¥l. By lemma
B.1.24 there is a non-empty compact collection @ C 22{L+N of non-empty compact

convex sets of weights A C A({1, ..., N}) such that

N
= ' , |S]
Ip(z) max I)fleljr\li;)\zfpi (z) VzeR (B.20)

Notice that by lemma B.1.21 for arbitrary A € A € © there is a unique P* € II given
N N

by P* = S AP (eq. 2.5) such that Ipa(z) = Y \ilp,(z) for all z € RIl. Thus, P*
i=1 i=1

is a convex combination of P;, i = 1,..., N with weights A. Therefore, for arbitrary
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N
A € © we have r){nlr\lZ)\ini (z) = IAm/l\l Ipr(z) Vz € RI®!. For arbitrary A € © consider
s €

N
Dy, = {Z)\ZPZ} = {PA}/\eA C 1II. Since A is compact, and since by lemma
i=1 AEA

N
B.1.21 ¥ \;P; is continuous with respect to A € A({1,..., N}), then D, is compact.
i=1

Therefore, by lemma B.1.20 there is a unique P* given by a convex union of P*,

A € A (eq. 2.4) such that

N
Ipr(z) = minlpi(z) = minyAilp(z)  Vae R (B.21)
Therefore,
— |S|
Ip(z) = max Ipn(z) VzeR (B.22)

We conclude that any P € A; is a coherent intersection of sets of beliefs P*, A € O,
where each P is a convex union of sets of beliefs P*, A € A, and, in turn, each P*
is a convex combination of P; € {Py, ..., Py} = Ay with weights A.

Proof. Step 2. (iii) = (ii). The statement is obvious.

Step 3. (ii) = (i). By lemma B.1.27 for any P € A; for any f,g € H if

[f =p g VP € Ay], then f =p g. Therefore, by lemma B.1.22 DM 1 is more

consistent than DM 2. [ |

Theorem 2.5.2 follows from lemma B.1.28. [ |
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B.1.8 Proof of Proposition 2.5.3, Corollary 2.5.4 and Corol-

lary 2.5.5

Proposition 2.5.3 follows from lemma B.1.19. [

Proof of Corollary 2.5.4, Part 1. Assume firstly that c¢({f,g}) = ¢({f,g}), then
by Proposition 2.5.3 DM with choice correspondence c¢(-) is more consistent than
DM’ with choice correspondence ¢/(-), and vice versa DM’ is more consistent than
DM. Therefore, by Theorem 2.5.2 U(-) and U’(-) are positive affine transformations
of each other, and A C (A')yy, and A" C (A)ygy, Where (+)qq, denotes the closure
with respect to the operations of convex union, convex combination and coherent
intersection. Observe that (-)qg, is monotone with respect to set inclusion, thus
(Aagg S (A)agglagg = (Aagg and (A')agg S ((A)agglagy = (Aagg- Therefore,
(A)agg = (A)agg-

Part 2. Assume now that U and U’ are positive affine transformations of each
other, and (A)qgy = (A')agg- Then A C (A')qgy and A" C (A)ggg, and DM is more
consistent than DM’, and DM’ is more consistent than DM by Theorem 2.5.2.

Therefore, by Proposition 2.5.3 for all f,g € H we have c¢({f,¢}) C <({f,g}) and

d({f,9}) € c({f,g}). We conclude that c({f,g}) = ¢({f,g}) for all binary menus
A=1f9} u

Proof of Corollary 2.5.5. Consider DM 2 with a with choice correspondence c(-)

represented by a framed ambiguity model (U, {P;}i=1... n), where U(-) is a common

vNM expected utility function that is a part of representation of =;, ¢ = 1,..., N
and >, and DM 1 with with choice correspondence ¢;(-), represented by (U, {P}).

These models are indeed well-defined, since U(+) is non-degenerate because of non-

degeneracy of >;, >, and families of frames are finite. Therefore, by lemma B.1.22 >
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satisfies Unanimity with respect to (U, {P;}i=1... ) if and only if DM 1 is more con-

.....

sistent than DM 2, which is equivalent by Theorem 2.5.2 to {P} C ({1, ..., Pn})ag, B

B.1.9 Proof of Proposition 2.5.6

Lemma B.1.29 Let Condition 1 or 2 hold. Then

:zi = Z} (B.23)

(2

I p(z) = sup g:fpi(zz‘)
_ =1

where for each z € R¥ the suprenum is attained, and Ip(-) is a support functional of

set P given by eq. B.11°%.

Proof. If Condition 2 holds, the statement follows from Corollary 16.4.1 in
Rockafellar (1970). If Condition 1 holds, the statement follows from Theorem 20.1
in Rockafellar (1970) for the indicator functions f;(-) = 0(:|P;), where f;(-) are
polyhedral because P; are polyhedral (Corollary 19.2.1 in Rockafellar (1970)). |

Now let’s prove Proposition 2.5.6. Rename A; = {P,} to A; = {P} for convenience
and denote Ay = {Py,..., Py}

Part 1. Step 1. Assume that U; is a positive affine transformation of Us, and
N

P = NP. WLOG, Uy(-) = Us(-) = U(-) normalized such that U(z) = 1 and
i=1

U(y) =0, where z is the best, and y is the worst prize, and we use this vNM utility

function in our calculations. Take ¢ = 0.5z 4 0.5y.

2Notice that we define support functional as a minimum of a linear function over a set, while
Rockafellar (1970) defines it as a maximum. Hence we get sup instead of his inf in lemma B.23.
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Step 2. Consider arbitrary f € H. By lemma B.1.29 there exist zy,...,zy € R!°!
N N
such that Wp(U(f)) = Z]pi(zi) and U(f) = X (z;), where U(f)s = U(f(s)).

i=1

Consider z; = z; + <Z Ip,(z5) — Ii(z )) t. Since Ip,(+) is C-additive and normalized,
U

i) —
N N
then z = ‘géi, Wp(U(f)) = ; p (%), and Ip(Z;) = Wp(U(f)) for all i =1,..., N.

77777

AU(f) 4+ (1 — X)0.50 = Zzi, and by positive homogeneity and C-additivity of the
i=1

N
support functional we have Ip(AU(f) + (1 — X)0.5¢) = > Ip(%;). Consider f; € H,
i=1

1 =1,...,N given by

A
Notice that because of our choice of A we have (%), — NU(f(s)) € [0.3,0.7],

thus f; are valid acts. It is easy to see that Af + (1 — N)g = XF, 0:fi
for o; = 1/N. Next, U(fi(s)) = U((%)s), thus Wp(f;) = Ip(U(f;)) =
Ip(AU(f) + (1 — A)0.50) = Wp(Af + (1 — N)g) for all i = 1,..,N. Since
Af+ 1 =Ng € a({Af+ (1 = Ng,p}) <= Wp(Af + (1 = A)g) = U(p), then
We.(fi) 2 U(p), thus fi € co({fi, p})-

Step 3. Take oy, f; and A from the previous step. Assume f; € c({fi,p})

for all ¢+ = 1,..,k. Then Wy (f;) > ll’IllaXNWpi(fj> > U(p). Therefore,
ﬂP 1=1,...,

by quasi-concavity of W(:) we Thave Wy (Af+ (1 = XNg) = U(p), hence
ﬂP

A4+ (1= XNg € aa({Af + (1 = Ng,p}). We conclude that DM 1 with choice

correspondence represented by (U, P) optimistically learns from DM 2.

Part 2. For the other direction, suppose DM 1 optimistically learns from DM 2.

Notice that DM 1 satisfies WARP, and hence her choice is represented by the utility
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function of the maxmin model (Uy, {P}). This utility function is equal to

W) = sw (@) - (- NU@)

Ae(0,1]

where

Ouf) = Sup{Ug(p) ‘ pEHy: 3o fy € Hoe A{1,...N}):  (B.24)

>oifi =M +(1=Na. fi € al{fin))]

Notice that by our calculations in Part 1, maxmin model (Uy, () P;) is represented
i=1,..,N

by the same utility function. Therefore, these two model represent the same choice

correspondence, hence U, is a positive affine transformation of Uy, and P = () P,
1,.,N

1=

B.2 Proofs of other statements

B.2.1 Proof of Proposition 2.2.2

Part 1. Independence of Framed Uncertainty. Let X = {x,y,z} and S be

arbitrary. Consider

sES

o(A) = {feA = (5)(x) 2 3 0()(0) vgeA} U

o {rea

S F6)) = S(s)() g € A }

sES

Notice that c¢({z,0.5z + 0.5y}) = {z,0.52z + 0.5y} and c({x,0.52 + 0.5y,y}) =

{z,y}, thus C-B, and, hence, Framed Uncertainty is violated. It is easy to see
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that C-Independence, No-C-Hedging and Strict Monotonicity are satisfied. Next,
let the premise of the Indirect Ambiguity Aversion holds for acts h, f,g and
menu A. Suppose that for some i € {z,y} we have Y h(s)(i) > > h'/(s)(i) for
all B € A. Then Y h(s)(i) < X f(s)(:) and Eh(sjif) < Zg(S;?iS), therefore
s€S s€s s€S s€s
SHO) < SO + (1= Vo)), hence b & (AU A + (1= Ng})
and the Indirect Ambiguity Aversion holds. Next, let f* € c(A¥) for k = 1,2, ...,
and (A% f*) — (A, f). Then at least for one i € {x,y} there exists a sub-
sequence (A%, fk) such that Zsfkl(s)(i) > ng(s)(i) for all ¢ € A*. Since
(AR fky — (A, f), it followssethat Zsf(s)(i)sez ng(s)(i) for all ¢ € A, hence
f € ¢(A), and Continuity holds. F;Ifally, z ¢ C(S{EO.EW + 0.5y, z}), thus C-Non-

Degeneracy holds.

Part 2. Independence of C-Independence. Let X = {z,y}, S = {1,2}.

Consider

= arg max where = ALz + /2)(w)
o(A) = axg maxtV(f),  where 1W(f) 1+ 72)(x)

Let f = (0.4x 4+ 0.6y,y) and g = (y,x). Then W(f) = 04 < 0.5 = W(yg),
hence c({f,9}) = {g}. Next, let p = (z,z), and consider f" = 0.5f + 0.5p =
(0.7x 4+ 0.3y,0.52 + 0.5y) and ¢ = 0.5¢9 + 0.5p = (0.5 + 0.5y,z). Then
W(f) =12/15 =4/5 > 3/4 = 1.5/2.0 = W(g'), hence ¢(0.5{f,g} + 0.5{p}) =
{f'} = {0.5f + 0.5p}, contradicting C-Independence. Next, c¢(-) has a con-
tinuous utility representation, thus WARP, and, hence, Framed Ambigu-

ity holds, and also Continuity holds. Clearly, C-Non-Degeneracy holds:

Wi(y,y) = 0 < 1 = W(x,z). Next, since W(p) > W(q) iff p(z) > ¢(x), and
f(
W(f)=1- wg;g; Strict Monotonicity holds as well. Finally, since 4 < 2
A 1—MNec
implies % < )\Zj__(()\)) < 2 for positive a,b,¢,d and A € (0,1), it follows

225



that min{IW(f),W(g)} < WO + (1 — A)g) < max{W(f),W(g)}, which imply
No-C-Hedging and Indirect Ambiguity Aversion. Indeed, the premise of the former
axiom implies W (h) > max{W (f), W (p)} for h € ¢(A), and the premise of the latter

axiom implies W (h) < min{W (f), W (g)} whenever h € c(A).

Part 3. Independence of No-C-Hedging. Let X = {z,y} and S = {1,2}. Then

H ~ |0, 1]2. Take some 0 < p < 7 <1 and consider

c(B) = U arg max Wy(f)

ke€[0,00) feB

where

1 =m(fQ) - f2)+ /2 if f(1) = f(2)
f) +p-min{(f(2) = f(1)),k} if f(1) < f(2)

Wk(f) =

for any B € K. Take menu A = {(0.2,0.3),(0.2,1.0), p}, where p = (0.2 4+ 0.14,0.2 +
0.1p) is a constant act. Then (0.2,0.3) € arg max Wi (f) if and only if £ = 0.1. Notice
that Wy 1(0.5 - (0.2,1.0) + 0.5 - p) = Wo,l(({.z + 0.0544,0.6 + 0.054) > W51(0.2,0.3).
Therefore, (0.2,0.3) € ¢(A), but (0.2,0.3) € ¢(AU{0.5(0.2,1.0) + 0.5p)}}), violating

No-C-Hedging.

It is easy to check that «, Aizerman’s Property, C-8, Strict Monotonic-

ity and C-Non-Degeneracy are satisfied for c(-). Notice that for arbi-
trary k € [0,00), A € (0,1), act f € H = 0,1 and constant act
p = (a,a) we have Wi(Af + (1 — Np) = AWin(f) + (I — Aa, hence

WeAf + (1 = X)p) > Wi(Ag + (1 — X)p) <= Win(f) = Wia(g). Since
A [0,00) = [0,00) given by A(k) = k/X is a bijection for A € (0, 1), we conclude

that c(-) satisfies C-Independence. Next, Wi.(f) = min{ (1 —&)(f(1) — f(2)) + f(2),
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f() + p(f(2) = £(1), f(1)+ pk } is quazi-concave, thus Wy (h) < Wi(f), Wk(g)
implies Wi(h) < Wir(Af + (1 — N)g), hence Indirect Ambiguity Aversion holds for
¢(+). Finally, consider (A", f*) — (A, f) such that f* € A" for all n = 1,2, ....
Notice that Wy(h) = Wi(h) for all £ > 1 and h € H. Therefore, for all n = 1,2, ...
there is k(n) € [0,1] such that Wiu)(f") > Wiwy(h) for all h € A". Since
[0,1] is compact, there is a convergent subsequence k(n,,) — k € [0,1]. Next,
since A" — A, for any g € A there is ¢"™ € A™ such that ¢"™ — ¢g. Hence,
Winm) (f"™) = Wi(nm) (g™™). Obviously, Wy,(h) is continuous w.r.t. (k,h) € [0,1]xH.
Therefore, Wi (f) > Wi(g). Since this holds for arbitrary g € A, we conclude that

c(-) satisfies Continuity.

Part 4. Independence of Strict Monotonocity. Let X = {z,y}, S = {1,2},
and

o(A) = argfelzlaxW(f), where  W(f) = 2f(1)(z) — f(2)(z)

Consider f = (0.3z + 0.7y,0.3xz + 0.7y) and g = (0.4z + 0.6y,0.7z 4+ 0.3y). Then
f) & c({f(1),9(1)}) and f(2) & c({/(2),9(2)}), but W(f) = 0.3 > 0.1 = W(g),
hence f € c¢({f,g}), and Strict Monotonicity is violated. Since ¢(-) has a contin-
uous utility representation, it satisfies WARP, and thus Framed Uncertainty, and
also it satisfies Continuity. Next, W(Af + (1 — N)g) = AW (f) + (1 — N)W(yg),
thus C-Independence, No-C-Hedging, Indirect Ambiguity Aversion hold. Finally,
W(z) =1,W(y) = 0, hence C-Non-Degeneracy holds as well.

Part 5. Independence of Indirect Ambiguity Aversion. Let X = {z,y},
S ={1,2}, and

co(A) = af%efgaxw(f), where  W(f) = max{f(1)(x), f(2)(x)}
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Let h = (0.7x + 0.3y,0.7z + 0.3y), and A = {h}. Notice that h & c({h, (z,y)}) and
h & c({h, (y,z)}), but h € c({h, (0.52+ 0.5y, 0.5z +0.5y)}), hence Indirect Ambiguity
Aversion fails. Since ¢(-) has a continuous utility representation, it satisfies Continu-
ity and Framed Uncertainty. Next, since W(Af + (1 — N)p) = AW (f) + (1 — N)p(x),
thus C-Independence and No-C-Hedging hold. Finally, W (z) =1 > 0 = W (y), thus

C-Non-Degeneracy holds.

Part 6. Independence of Continuity. A choice corresondence that maxi-
mizes a lexicographic preference relation works as a standard example. Another
example is a model that uses representation given by eq. (2.1) and eq.(2.2) with
X =Azy}, 5 = {12}, Ulp) = plx), A = {{u} € AS [0 < p(l) < 1}, then
(,y) € c{(z,y), A+ (1 =Ny, Az + (1 = N)y)}) for A € [0, 1), but not for A = 1, so

Continuity fails. One can see that other axioms are satisfied.

Part 7. Independence of C-Non-Degeneracy. A trivial choice corre-

spondence ¢(A) = A for all A € K satisfies all axioms except C-Non-Degeneracy. B

B.2.2 Proof of Lemma B.1.10

Step 1. We firstly argue that 7(-) and o(-) are well defined. One can see that
if P € II, then indeed 7(P) € Z. Now consider I € Z. Notice that I(0) = 0
by positive homogeneity. Next, notice that I(-) is continuous. Indeed, since
z + rgleasg({zs — 2} e > 2/ we get |I(z) — I(2')] < |z — 2|. Thus for arbitrary
z € RS set D(z) = {£ € RS | I(2) > I(2)} is closed. Next, D(z) is convex,
because I(-) is concave. Moreover, since I(-) is monotone, z — (1/n)¢ € D(z) for
any n = 1,2,..., and z — (1/n)¢ — =z, hence z is boundary point of D(z), and
by the Supporting Hyperplane Theorem there exist 4 € Rl and ¢ € R such that
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S u(8)zs +c=I(z) and Y p(s)Z, + ¢ > I(2) for all 2 € RS, Positive homogeneity
ses ses

of I(-) implies that ¢ > « (Zu(s)zs - I(z)) = ac for all @ > 0, hence ¢ = 0. Next,

seS
assume p(3) < 0 for some 3 € S. Consider ez € RISl such that (es), = 1{s = 5}.

Then, since es > 0, we get 0 > > pu(s) (e5), > I(es) > 1(0) = 0, contradiction.
ses
Finally, > pu(s)-1> I(¢) =1 and Y u(s)-(—1) > I(—¢) = —1 imply > pu(s) = 1.
seS seS seS
Therefore, p € AS, and o(I) # @.

Next, function & : AS x [-1,1]¥1 — R given by &(u,2) = meiélu(s)zs — I(2)

is continuous, therefore by the Theorem of Maximum function n : AS — R
given by n(p) = [min]ls| &(p, z) is continuous. Take a sequence u" € o(I)
ze[-1,1

that converges to some u € AS. Then n(p®) > 0 for all n, and

we conclude that n(u) > 0. By positive homogeneity of I(-) we get

Su(s)zs — I(z) > 0Vz € 1,19 & S u(s)zs — I(z) > 0 Vz € RIS
s€S

ses
thus u € o(I), hence o(I) is closed. Finally, o(I) is obviously convex, thus (/) € II.

Step 2. Let us now show that 7(o(1)) = I forall I € Z. Obviously, 7(o(I))(z) > I(2)
for all z € RISl since Y pu(s)zs > I(z) for all u € o(I) for all z € R®l. From the
s€S
other hand, by Step 1 for all z € RSl there is u € o(I) such that 3 u(s)z, = I(2).
ses

Thus 7(c(1))(z) < I(2) for all z € RII. We conclude that 7(co(1)) = I.

Step 3. Let us show that o(7(P)) = P for all P € II. Take any pu € P,
then s%:su(s)zs > lﬂpeir];sgsu’(s)zs = P(z) for any z € RI®l, thus P C o(7(P)). Assume
for a contradiction that there exists u € o(7(P))\P # @. Since {u} and P are
disjoint compact subsets of RIl, by the Separating Hyperplane Theorem there exists
z € Rl such that Y pu(s)z, < ¢ < min %:Sp/(s)zs = P(z), contradiction. Thus,

seS WEPg

o(r(P)) C P.

Step 4. Since 7(0(I)) = I for all I € Z and o(7(P)) = P for all P € II,

229



then 7 : II — Z is a bijection with the inverse 77! = ¢. Indeed, 7(P) = 7(P’)
implies P = o(7(P)) = o(7(P’)) = P’, thus 7 is an injection. And for any P € II we

have 7(c(P)) = P, thus 7 is a surjection. |

B.2.3 Other Proofs

Lemma B.2.1 There is a choice correspondence c(-) that satisfies azioms 1-6 and

violates axiom 7 (C-Non-Degeneracy) such that c(A) # A for some A € K; moreover,
c{f,9}) #{f,g} for some f,g € H and c(A) = A for all A € K.

Proof. Let X = {z,y}, S = {1,2}, then H ~ [0,1]?. Consider

o(A) ={feAlf)=f@2)} U {fecAlf(2)=g2)VgecA}

Obviously, ¢(A) C A. Since A € K is a compact set and function v : H — R given
by u(f) = f(2) is continuous, there exists f € A such that f(2) > ¢g(2) for all g € A.
Thus, ¢(+) is a valid choice correspondence. Consider f = (0,0.5), g = (0.1,0.7) and
A = {f, g}, then ¢(A) = {g} # {f,9} = A. Notice that p(1) = p(2) for all p € Hy,
therefore ¢(A) = A for all A € Ky, and in particular C-Non-Degeneracy is violated.

It remains to check that other axioms are satisfied:

(@): Let fec(AUB)NA. If f(1) > f(2), then f € c(A). If f(1) < f(2), then
£(2) > g(2) for all g € AU B, thus f € c(A).

C-B: Follows from ¢(A) = A for all A € K,

Aizerman’s Property: Let h € c(A). If h(1) > h(2), then h € c(AU {f}).
Otherwise h(2) > ¢(2) for all g € A. Then if h(2) > f(2), then h € ¢(A U {f}).
Otherwise f(2) > h(2) > ¢(2) for all g € A, hence f € c(AU{f}).

C-Independence:  For p € H, denote fi, = Af + (1 — \)p, etc. Notice
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that p(1) = p(2). C-independence holds since for any A € (0.1) we have:
(1) = [1(2) <= F(1) = f(2) and fA(2) > gx(2) Vor € AMA+(1=N)p <= [fi(2) =
9r(2) Vg € A.
No-C-Hedging: Let h € c¢(A) with f,p € A If h(l) > h(2), then
h € c¢(AU{Nf + (1 — N)p}). Otherwise, h(2) > ¢g(2) for all ¢ € A, and in
particular h(2) > f(2),p(2). Thus, h(2) > Af(2) + (1 — A)p(2). Therefore,
hec(AU{Af+ (1—X)p}).
Strict Monotonicity: Since c({p,q}) = {p, q} for all p,q € Hy, the premise of the
axiom is never satisfied.
Indirect Ambiguity Aversion Consider h € A. If h ¢ c(A), then, by proven
condition a we have h & c(A U {A\f + (1 — N)g}). Suppose h € c(A). If
h(1) > h(2), then h € c(AU{Af + (1 — N)g}). Otherwise, h(2) > h'(2) for all
h' € A. Let now h & c(AU{f}) and h ¢ AU {g}. Then h(2) < f(2),9(2).
Therefore, h(2) < Af(2) + (1 — N)g(2). Given that h(1) < h(2), it follows that
h g c(AU{Nf+ (1 —X)g}).
Continuity: Let (A", f") — (A, f) be such that f* € ¢(A™) for all n = 1,2, ...
If f(1) > f(2), then f € c¢(A). Otherwise f(1) < f(2) and, since f" — f,
then f"(1) < f"(2) for large enough n. Therefore, f*(2) > ¢g(2) for all g € A".
Notice that function v : K — R given by v(A) = max g(2) is continuous, thus
function u : K x H — R given by u(h, A) = h(2) — max g(2) is continuous. Hence,
fm(2) — ge%; g(2) = 0 for all large enough n implies f(2) — rgleajc g(2) = 0 in the limit.
It follows that f(2) > ¢g(2) for all g € A, hence f € ¢(A). |

Lemma B.2.2 Let A C 11 be a non-empty family of sets of beliefs, then (A)con given
by eq. (2.3) is such that: (i) A C (A)con, (i) if a non-empty subcollection C C (A),,,

has a coherent intersection P, then P € (A)con, and (iii) if A" is such that A C A,
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and if a non-empty subcollection C C A’ has a non-empty intersection P, then P € A,

then (A)eon C A'.

Proof. Statement (i) follows from P € A being a trivial coherent intersection of
{P} C A. Statement (iii) follows from the definition of (A).; and the fact that
C C A’ for any non-empty subcollection C C A. To prove (ii), consider an arbitrary

non-empty subcollection C C (A)__, that has a coherent intersection P. Then for each

coh

P’ € C there exists Cpr C A such that P’ is a coherent intersection of Cp/. Therefore,

for any z € R

P i) = g @) = e T
P’e
pPec g

We conclude that P is a coherent intersection of |J Cpr C A, hence P € (A)_,. B
Plec
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Appendix C

Appendices for Chapter 1

C.1 Proofs

C.1.1 Proof of Proposition 3.2.1

Let BAUP model (S, 7,0, 1) represents an extended random choice p. For each
frame f, consider the distribution r over utility functions v : X — R given by the

following formula:

re(v) = Y p(u)- Pr(uM(f) = v)

u

Then

p?(m = > plu)- Pr({uM(f)(x) > uMD (y) Wy € A}) =

> plu) - Pr({uM(f) =0 ) v(z) > v(y) Yy € A}) = rf({v ‘ v(x) >v(y) Yy € A})

Thus, for each frame f € F, a random utility model r; represents the random

choice py within this frame. |
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C.1.2 Proof of Corollary 3.2.2

When |S| = 1, the state space is irrelevant, and the expected utility is given by

function u;. Hence,

pi@) = n({u| w(@)>u(y) vy € A})

The Corollary 3.2.2 follows immediately [ |

C.1.3 Proof of Theorem 3.2.3

We start with the second statement. Without loss of generality, assume that any
combination of frame details is a possible frame; that is, F' = 2P,

Let O be the set of all linear orders (complete, transitive and antisymmetric binary
relations) on the set of alternatives X, and let O = O be the set of vectors of linear
orders indexed by the frames f € F. For o € O, we write zoy;y when z € X is
ordered higher than y € X according to order oy under frame f € F'. Let p € AO be
a probability distribution over O. We say that a BAUP model (S, 7, o, 1) represents
(or induces) probability distribution p over vectors of linear orders o € O if for all

feF,and x,y € A,

plo) = Sop(u)- Pr({uD(z) > uM(y) <= wopy ¥f € F})  (C1)

where the summation is performed over all state-dependent utility functions u : S x
X — R such that p(u) > 0, and u™)(z) is a function given in eq. (3.2) of a random

signal M (f) associated with frame f and distributed according to eq. (3.5).

Lemma C.1.1 There is a state space S and a framing function o : D — %(S) such
that for any € > 0, there is a prior probability m € /\(S) such that for any o € O, there
is a state-dependent utility function u : Sx X — R such that BAUP model (S, m,0,d,)
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induces a distribution over vectors of orders p € A(O) such that p(o) > 1 — €, where

0, denotes a degenerate distribution that places probability 1 on wu.

Proof of Lemma C.1.1. Consider a state space S = {0,1}”; thus, s =
(81,...,8p|) € S, where s4 € {0,1} for d € D. Consider binary message spaces
My = {d} x{0,1} for frame details d € D. Denote by M the space of joint messages
(all combinations of messages/absence of messages for different frame details) and

define the signal structures o(d) as follows:
o(d)(s,(d,i)) = 1{sq=1} for i € {0,1}

In other words, signal (d, i) reveals the d-th component of the state: s; = i.
Denote by ¢ the state ¢ € S such that ¢y = 1 for all d € D. Define 7 € A(S) as

follows:
€

() = 1—e¢, m(s) = BT 1

if s£.4
For all f € F,let V; : X — IR be the following utility function:
Vi(z) = Ky € Xl|zopy}| (C.2)
Next, for s € S, denote by
L(s) ={d € D|sq =1}
and define the following state-dependent utility function:

ug(xr) = (m(s))*- > (=1)VI=IEGE APy () 4 ()
J: L(s)CJCD

where function v : X — (0,1) will be specified later.
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Consider an arbitrary frame f € F. Note that state s is a vertex of a binary
D-dimensional cube. For convenience, denote by sy the projection of s on f C D.
Consider signal realization ¢y = {(d, 1) }4es € M. The corresponding expected utility

of item z is

(=)D, () 4 () =
W({S S S’Sf = Lf}) st sp=tf  J. L(S)ZCJCD ’

1 B B
21D _o[7] > (PRI () 4u(e) =

L= Smr=€ L. ycreico

1
PR [2|DI_|fo(37) + (—1)"]_L2'D—'J'VJ($)} +o(r) =
1 — S L.J: JCLCICD, J4f

1 B _ ~
o PPV Y )PV S ()] ) =
1 = 5o Ji fCICD, J£f L: fCLCJ

1
—mr o V(@) +u(z)
1-— STBT 1 €

where we used the Binomial theorem to get

/]

)DENCIRCIEED SRS DI CE IR

L: fCLCJ k=|f| L: fCLCJ, |L|=k

(—1)7V Jiﬂ LJ’_W (—1)™* = (~) M. - = g

for J # f.

Claim C.1.2 There is a function v : X — (0,1) such that for any frame f € F,
function u¥ (+) represents linear order oy, and for any signal realization m € {0,1}7,

the expected utility u™(-) represents some linear order 6 € O.

236



Proof. Note that [zosy and x # y] implies

1 1 1
1 _ 22l Vi(z) = 1 _ 2PT—alfl Vily) > 1 _ 212l z 1
21011 2[DT—1 21011

Hence, u*f(z) > u*(y) if and only if zosy, proving that the first statement of the
Claim holds for any function v : X — (0, 1).

Next, note that for any signal realization m € M, for any x,y € X,
u™(@) —u"(y) = Cn(r) = Culy) +o(z) = v(y)
where {C, (%) }memaex s a finite set of quantities that does not depend on v(-). Let

C = min_{|Cp(x) = Chn(y)| such that |C\n(2) — Cou(y)| > 0}

meM;x,ye X

hence, C' > 0. Enumerate alternatives z € X arbitrary by k = 1,2,3, ..., | X| and let

k(x) to be the number of alternative x. Define
v(z) = min{C,1} e *@

It is straightforward to see that u™(x) # u™(y) for all m € M, z,y € X, hence the

second statement of the Claim holds as well. O

By Claim C.1.2, BAUP model (S,7,0,d,) induces some distribution of linear

orders p. Next, note that for state . = (1, ..., 1),

o(d)(,(d, 1)) = 1
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Hence, using Claim C.1.2, we get
p(o) > Pr({Mf =1 Vf e F}) =7(t) = 1—c¢

proving the Lemma. [

Lemma C.1.3 Let Y = {1,...n,n+ 1}, and 3y’ = (y{,...,yiﬂ) for g =1,2,... be
a sequence such that y? € A(Y) for alli,j, and y] — &; for alli=1,..,n,n+ 1.

Then for any p € A(Y) such that p(i) > 0 for alli = 1,....n,n+ 1, there is j such

that p € conv({yl, ...,y 1 }).

Proof of Lemma C.1.3. Since X'y, = 1 for all ¥ € A(Y), it is enough

to consider Yy = {z € R"|z; > 0 Vi € {1,...,n}, Yr,x; < 1} and a sequence
o= (2], 20,2 1), 5 = 1,2,.. such that 2/ € Yy, 2/ — e; for i € {1,...,n},
where e; = 1, e;x=0, for k # i, and z£+1 — €9, where ¢y = (0,...,0). Con-
sider now ¢ € Yy with ¢; = p; for i € {1,...,n}. Note that half-spaces x; > 0,
Yoz, < 1 include n = I1-dimensional faces F; = Conv<{eo,el,...,en}\{ei}>,
1 = 0,1,...,n of the polytope Sy, and their intersection is equal to Y. Clearly,

for large enough j, F/ = conv({yg,y{,...,yﬁ;}\{yf}) for ¢+ = 0,1,....,n com-

prise the set of m — 1 dimensional faces of Z7 = Conv{yé,y{,...,yfl}. Since
J

<5

— e;, it follows that Z7 is equal to the intersection of half-spaces Hz-j ,
i € {0,1,...,n}, where H] = {z € RS, epar + x5 > e} for i € {1,....n},
H) = {z € RSP, (1 4+ €)x) < 14 €y} for some e/, — 0. Since ¢; > 0, and
" < 1, for large enough j, X0_ € g + q; > €y, and X0 (1 + €, )qp < 1+ €.

Thus, q € HZ for all + € {0,1,...,n}, hence ¢ € Z7, and p € conv({y{, ...,yflﬂ}). [ |

Lemma C.1.4 There is a state space S and a framing function o : D — 3(S) such

that if the distribution p € ANQO of vectors of linear orders satisfies p(o) > 0 for all
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o € O, then there is a prior m € A(S) and a distribution over state-dependent utility

functions pu such that the BAUP model (S, m, 0, 1) induces p.

Proof of Lemma C.1.4. Let S be a state space, ¢ be a framing function, and,
for given € > 0, let 7 € A(S) be a prior probability and for each o € O, let
u(o) : S x X — R be a state-dependent utility function such that (S, 7, 0,0, )
induces a distribution of vectors of linear orders pS with the property pS(o) > 1 —e.
By Lemma C.1.1, we can find such objects. Next, a space AQO of a probability
distributions over vectors of linear orders is a | X!|l¥l-dimensional probability simplex,
and p; — 0, for ¢ — 0. Therefore, by Lemma C.1.3, for small enough e,
p € Conv<{pg}oeo), hence p = Y co aop;, for some convex weights a. Consider a
distribution over state-dependent utility functions p such that u(uf) = «,, then a

BAUP model (S, 7,0, 1) represents p. [ |

Now, let p be an extended random choice such that gf(A,z) > 0 for all f € F,
A e X, x € A, where quantities g are defined in eq. (3.6). Consider p: FxXxX — R
defined by

0 = ot 15 Heed

1—e¢
where € > 0 is a small parameter. Note that 57 (z) = Oforz & A, and 3,4 p7 () = 1.
Moreover, since p?(a:) = qp(2, X\A) + X pcaqs(x, B) > 0 for z € A, it follows that
for small enough e, ﬁ}“(w) >0 forall fe F;Ac X, x € A, hence p is an extended
random choice. Let ¢ be an associated with p set of linear polynomials according to
eq. (3.6). Then for small enough €, G7(x) > 0 for all f € F, A€ X, x € A. For each
frame f, by the results of Falmagne (1978), p; admits a random utility representation;
following Barbera and Pattanaik (1986), we consider the associated distribution over
linear orders 7 € A(O). Let 7%"/or™ he a uniform distribution over linear orders

given by 7uniform(d) = 1/|0| for all d € O. Notice that 7%/ represents random
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I{z € A}

choice given by Pr(choose x from A) = A Since
_ I{zx e A
pita) = (1= ) + e

it follows that p/ has a random utility (random order) representation given by

uniform

= (1—€)-Tr+e-T

Construct a distribution of linear orders p € O given by

p(o) = I 7s(oy)

fer

€
O]
C.1.4, p has some BAUP representation (.S, 7, o, ). Since marginal distributions of p

F
Note that, since 7¢(of) > €/|0], then for any o € O, p(0) > ( )' | > 0. By Lemma
are given by 7 for each frame f, and they comprise random utility representations of
random choice py for each f, then (S, 7, o, 1) is a BAUP representaion of the extended
random choice p. Thus, we have proven the second statement of the Theorem.!
Suppose now that ¢s(z,A) > 0 forall fe FF, Aec X,z € A and let € > 0 is

given. Consider an extended random choice 7 given by

T7(@) = (1=€/2) - pf (@) + (€/2) W

Then

@) — @) < (e/2)- ﬂ{ﬁj’“}—pm <

ITo see that our assumption F = 2P is without loss of generality, notice that we can always
augment the set of frames to 2P be creating fictitious random choice frequencies that replicate those
in one of the existing frames. We then can apply the proof for the case F = 2P
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Next, let g“/orm(z; A) for € X, A € X be the Falmagne polynomials associated
I{zx € A}
4]
Barbera and Pattanaik (1986), ¢(x, A) is the probability that A is an upper counter

with the uniform random choice Pr(choose z from A) = . According to
set of x according to a random utility model that rationalizes the random choice.
Since uniform distribution over linear orders rationalizes uniform random choice, it
follows that g*"/or™(z, A) > 0 for all A € X, a &€ A. Let G;(z,A) for f€ F, A€ X,
x € A be Falmagne polynomials constructed according to eq. 3.6 from the extended

random choice 7, then
Gr(z, A) = (1—€/2) - qp(x, A) + (¢/2) - g™ (2, A)

Hence, ¢s(z,A) > 0forall f € F, A€ X, x € A. By the proven second statement of
the Theorem, the extended random choice 7 admits a BAUP representation. Since
this holds for arbitrary € > 0, the if part of the first statement of the Theorem is
proven.

Finally, assume that an extended random choice p has a BAUP approximation
given by a sequence of BAUP models {(S’j,ﬁj,aj,pj) }j=1,2,...' For any j, a BAUP
model (Sj, 7, ol 1 ) induces a random utility model within each frame f € F with
the induced random choice p‘jc. By the results of Falmagne (1978), it must be that
qje(x,A) > 0 for the associated Falmagne polynomials. Since pgc — py for every
f € F, it follows that q}(x,A) — qf(z, A), implying gr(x,A) > 0 for all f € F,

A€ X, x € A. The only if part of the first statement of the Theorem is proven. W

C.1.4 Proof of Corollary 3.2.4

The Corollary follows immediately from Theorem 3.2.3 and the results of Falmagne
(1978), Barbera and Pattanaik (1986) that the random choice ps has a random utility

representation if and only if ¢;(z,A) > 0 forallz € X, A e X. [ |
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C.1.5 Proof of Proposition 3.3.1

The major part of the proof is given in our analysis in Section 3.3.1. We comple-
ment it by calculating the set ©. Note also that for our purposes, we do not need to
calculate the set © precisely; it suffice to calculate a set ©9 C © such that for each
0 € O, there is 0y € Og such that 0 C ,. It follows from the fact that ¥ & 6y for all
0y € Oy if and only if ¢» Z 0 for all € ©.

Thus, it is without loss of generality to assume that both () and wus(-) do not
exhibit ties. There is always a permutation of z, y, z such that u;(x) > ui(y) > uy(2).
If us(2) > ua(y) > us(x), then either O(u) = 0, = {zyz,xzy, zzy, zyx}, or O(u) =
0y = {zryz,yxz,yzx, zyx}; see Figure 3.1. If us(y) > ua(z) > ug(z), then O(u) =
{zyz,yzz,yza} C by If us(2) > ug(x) > us(y), then O(u) = {zyz, xzy, zay} C 6. If
ug(y) > ug(x) > uz(2), then O(u) = {xyz,yxz} C Os. If us(x) > ug(2) > ua(y), then
O(u) = {zyz,xzzy} C 0;. Finally, if us(z) > us(y) > use(2), then O(u) = {zyz} C
01,65. 1t follows that the set ©y consists of the sets #;, 0y and the sets induced from
0, and 0y by the permutation of items z,y, z, supporting the analysis provided in
Section 3.3.1.

Next, consider ¢ = {xyz,yzx, zzy}. Note that ¢ & 60;,6,. Next, the orbit of ¢
with respect to permutations of x,y, z consists of ¢ and ¢ = {yxz,zzy, zyx}. We
can check that yxz &€ 01, and xzy & 0, proving that ¢ is not a subset of any 6 € Oy,
and hence, 1 is not a subset of any 6§ € ©. The rest of the analysis for the necessity
of Wy, < 2 is provided in Section 3.3.1.

Consider now ¢ = {zzy,yxz, yzz, zzy}. Since || = 4 = |6,] = |62, it suffice to
see that ¢ is not a result of applying of some permutation of x,y, z to 6, since the
latter always features only 2 and not 3 different items on the top of the preference
order, and, similarly, it is not a result of applying of some permutation of x, y, z to 6,

since the latter always features only 2 and not 3 different items at the bottom of the
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preference order. The rest of the analysis for the necessity of Q%,;; < 3 is provided

in Section 3.3.1. [ |

C.1.6 Proof of Lemma 3.3.2

Let |X| = n, and assume O(u) = O for a state-dependent utility function u.

IS]—1 IS]—1

Consider a probability simplex AS as a subset of R consisting of points p € R

such that p; > 0, ZE; 'p; < 1. Define (expected) utility of item = € X depending

on p € R¥1 to be

[S]-1 |S]—1
Vip,x) = Z pi - ui() + (1 - Z pi) ws) ()

Since all linear orders in O are induced by an expected utility for some ©m € AS, it
follows that for each pair of items z,y € X, there is an open half-space of R/l
such that V(p,z) > V(p,y) and an open half-space of RI*I"* such that V(p,y) >

V(p, z), divided by an |S| — 2 dimensional hyperplane consisting of points p such that

V(p,x) = V(p,y). Thus, "(”2_1) hyperplanes given by equations V(p,z) = V(p,y) for
various pairs z,y € X divide R°I=! on multiple cells. Within each cell, the expected
utility V'(p, ) induces the same linear order over X. The total number of linear orders

induced by V(p,-) for various p may not exceed the maximum number of potential

cells Y. By Orlik and Terao (2013) (page 1),

IS n(n —1)/2

v- %

k=0 k
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m m)!

where = ———— is a Binomial coefficient. Since |O] = |X|! = n!, we have
I I(m —1)!

S n(n—1)/2

> nl
k=0 k
For n > 2|S|, we have
IS0 n(n—1)/2 n(n—1)/2
=AY S|

Since any fixed k, n! > const - n* for large enough n, the above inequality does
not hold for large enough n. Hence, for large enough n = | X|, O(u) # O, proving the

Lemma. |

C.1.7 Proof of Theorem 3.3.3

Suppose an extended random choice p has a BAUP representation (S, .o, u).

For each u € supp(u), consider an induced family of random utility representations

{P}}rer given by
pi(=) = Pr({az =y = UMD (z) > UMD (y) Va,y € X})
and a family of random utility representations {py}ser given by

pr(z) = > p(upi(=:)

Consider arbitrary ¢ = {>=1,...,=,} € U¥, then for any state-dependent utility func-

tion u, there are linear orders >; , ..., >=;, € ¥\O(u). It follows from the definition of
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O(u) that

Hence,

n

i=1
It follows that

n

lepfm) — Y ulu

i=1

Finally,

pf({ =€ O|lx=yVy € A\x}) =

Thus, a family of random utility models {p;} ser satisfies all desired properties. Since

non-strict inequalities are preserved in the limit, the statement also holds for a BAUP

(=) = éﬂ{i i, ..

=1

h(m) = Zu(uép;(zi) < n-k

Z,u(u)Pr({UM(f)(ac) > UM (y) vy e A\x})

u

approximation with state space |S)|.

C.1.8 Proof of Corollary 3.3.4

Let |[X|=n, |F| =m =n!l,and let O = {1, ...
on X; enumerate frames by fi,..., f,, € F. Consider an extended random choice p

induced by the family of distributions of linear {ps} rer such that p;, = d»,. That is,

p(x)

Towards a contradiction, assume that p has a BAUP approximation (S, 77, o7, p?),

7 = 1,2,... with state space S. That is, for any ¢ > 0, if j is large enough, a

= I{z =,y Vy € A\z}
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BAUP model (S, 77,07, i7) induces an extended random choice 77 such that ‘ pi(x) —

(Tj)?(;p)’ <eforall z, A, f.

Claim C.1.5 The family {ps}ser is the unique family of random utility representa-

tions associated with the extended random choice p that it induces.

Proof. Assume that some other family {¢;}scp is associated with the same extended
random choice. Then there is a frame f; € F and a pair of items x,y such that
x >; y and t;({>€ Olz > y}) < 1, but this contradicts T being associated with p,

since p}m’y}(x) =1. O

By Lemma 3.3.2, if n is large enough, O € ©. By Theorem 3.3.3, for any BAUP

model (S, 77, 07, 7)), there is a family of random utility representations p’ (in fact,

induced by the corresponding BAUP model) with the property that

o
> opp(=) < 0] -1

=1

Consider € = (2|0])72. Then the above inequality implies that there is i € {1, ...,|O|}
and a linear order »=%#>; such that pif(i) > €. Since =#>;, then there are items
z,y € X such that  >=; y and y > x. Hence, p}f’y}(x) =1, (Tj)}f’y}(x) <l-e
Since such frame and pair of items could be found for any j, this contradicts our

assumption that (S, 77,07, /) approximates p. [ |

C.1.9 Proof of Theorem 3.3.5

The proof of Theorem 3.3.5 partially repeats the proof of Theorem 3.3.3.
Assume that an extended random choice p has a BAUP representation (S, 7, o, 1)

with state space S. For each u € supp(u), consider an induced family of random

246



utility representations {p}} rer given by
pi(=) = Pr({x =y = UMD (z) > UMD (y) Va,y € X})
and a family of random utility representations {py}ser given by

pr(=) = Y plw)pi(=:)

Note that py represents p; for each frame f € F. Therefore,? for x ¢ A,

qr(x, A) = pf({ EEO’y>x <:>y€A})

Then

n

f:qu,-(xi,Ai) = Y pwph({zc0|y-2 oyeA}) =

=1

Zu(@ipﬁ({ EGO]y>:Ei <:>y€Ai}> < n-—k
u i=1

where we used the definition of = to find that for any state-dependent utility function
u, there are at least k pairs (z, A) such that for any f, p}ﬁ({ =€ 0 ‘ Y= Sy e
A}) = 0 and, therefore,

n

ZP;{.({EEO‘ZJ>:& @yeAi}) < n—k

i=1

for any state-dependent utility function u. Thus, we have proven the necessity of con-
straints for a BAUP representation with a fixed state space S. Since the constraints
are linear polynomials in choice frequencies, they continue to hold for a BAUP ap-

proximation with state space S as well. [ |

2See the argument in Barberd and Pattanaik (1986).
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